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WORKBOOKS INTRODUCTION

There are many opportunities for student to work individually during the course of the lessons
described in the other content strands. In the Workbooks strand, however, it is this individualized
work which becomes the chief end of the majority of lessons. The goal in this strand is to provide
students with opportunities

* to review many of the ideas they have met in other content strands;

e to apply their acquired knowledge to new situations requiring various kinds of strategic
thinking; and

¢ to learn how to read and use mathematics workbooks.

The following six workbooks are provided:

* Arcade of Problems #1
* Arcade of Problems #2
* Arcade of Problems #3
* Arcade of Problems #4
* Arcade of Problems #5
* Arcade of Problems #6

...and one storybook.

e Election in the Number World

Each workbook contains problems of varying levels of difficulty. Approximately the first ten pages
of each workbook are easy problems, the next ten to twelve pages are average level difficulty, and
the last ten pages are more challenging problems. For each workbook, we suggest that all students
start work at the easiest level (i.e., on page 2) and then work through as many pages as they can
handle during the two lessons scheduled for that workbook. We estimate that, in a typical class,
about two-thirds of the students will correctly finish the first ten pages, about one-third will finish
the first twenty pages, and a few will finish all or most of the workbook. These proportions will
vary from class to class.

This guide contains an answer key for each workbook. The key follows an introduction to the
workbook and a suggested collective lesson. The lesson either presents the workbook to the whole
class or provides a warm-up activity, usually on a problem similar to one found in the workbook.

The storybook Election in the Number World touches some important areas of mathematics with the
motivation of a story context. This booklet allow students to become deeply involved in an appealing
fantasy as they struggle with difficult mathematics problems. The situations support topics and
strategies developed in other strands.
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WORKBOOKS INTRODUCTION

il Use of the Workbook Strand for Evaluation Purposes

The workbooks provide an excellent instrument to assess the progress of your students on a regular
basis. You may not feel it is necessary to check every page and problem for each student, but you
should develop a procedure for checking students’ work with which you are comfortable. This may
include checking one or more specific pages, discussing some particular mistakes with individual
students and letting them correct their work, or just looking carefully at a few pages to be sure the
students have understood the general idea of the problems in that particular workbook.

In the Blacklines, you will find a record-keeping tool for each workbook to help you assess student
progress in the various strands. This tool may also assist you in parent conferences and in filling out
periodic progress reports.

Here are some important points to bear in mind for workbooks.

* Always read the introductory material for each workbook and give the short introductory
collective lesson(s).

* All students should start at the beginning of each workbook and progress as far as they can.

* All students should begin a new title on the same day, even if some students have not
finished work on the previous title.

* Not all students should be expected to complete a given workbook. Only some students
will reach the most challenging problems. Other students may succeed only in doing the
easiest problems, although you should not assume this automatically — surprises are not at
all uncommon.

* Students should be allowed to use calculators except on pages you specify beforehand.

Note: Some pages in a workbook have problems that are related to calculators or are best attacked
with the support of calculators; however, there also are pages for which the use of calculators may
not be appropriate. We encourage you to review a workbook before distributing copies of it and to
inform the class beforehand on which pages your are not allowing the use of calculators. Certain
pages you may wish to use for special evaluation purposes; other pages would not be effective if
calculators were allowed, for example, pages that primarily focus on paper-and-pencil computation,
“wipe-out” pages that involve subtraction of decimal numbers, pages where using patterns permits
students to solve problems from previously solved problems, and pages where the problem is to
insert missing decimal points in answers to calculations.
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WORKBOOKS INTRODUCTION

il Content Overview

Workbooks

The six Arcade of Problems workbooks both review and extend many of the ideas introduced in
the content strands. The extensions occur through problems which require students to apply the
mathematics to new situations or to synthesize their knowledge in new ways.

Lessons: W1,2,3,4,5,6,8,9,11, 12, 13, and 14.

Positional Systems

The storybook Election in the Number World provides an introduction to the full decimal positional
system of numeration. Special attention is given to the relationship between fractional and decimal
names for numbers.

The first lesson on positional systems does not make use of the storybook, but rather discusses a
variety of positional notations for numbers. For example, the lesson explores a base five and a base
twelve system. Students find that in base twelve they must invent new names for ten and eleven.

IGV W-3






W1 ARCADE OF PROBLEMS #1 (LESSON ONE) Wi

Capsule Lesson Summar

Use a calculator relation to review patterns in both positive and negative integers through
repeated subtraction of tens. Begin the workbook Arcade of Problems #1. (This is the first
of two lessons using this workbook.)

Z
( Materials )
Teacher  Colored chalk Student e Arcade of Problems #1
‘Workbook
e Calculator
g » Colored pencils, pens, or crayons /
il Description of Lesson
Draw this arrow picture on the board. E@E Ve
T: Put 6153 on your calculator. Press [=] [1]0] [=], 5 123 e ®
and then slowly press [=| many times. Watch the numbers
that appear on the display. What pattern do you notice?
S: The ones digit is always 3.
T: If you keep pressing (=], what are some numbers less than 100 that would eventually
appear?
S: 93,83,73, and so on.
What is the least positive number that would appear?
S: 3.
Relabel the starting dot of the arrow on the board. E@E vee
. ® > ®
T: What negative numbers would appear? 3

Encourage students to predict some negative numbers that would appear before pressing any more
keys.

T: Put 3 on your calculator and again press =] (1101 [=] ... .
What numbers appear?

S: 7,717,727, and so on. All of the negative numbers end in 7.

Repeat the above activity with one or both of the following arrow pictures.

(=hd=] - =I5]=] .-

® > ® ® > ®
7647 9999
Pattern: All positive numbers end in 7. Pattern: All positive numbers end in 9 or 4.
All negative numbers end in 3. All negative numbers end in 1 or 6.

IG-V W-5



W1

Distribute copies of the workbook Arcade of Problems #1, and let students work independently for
the rest of the class period. You may need to work more closely with students new to CSMP or let
those students work with veteran CSMP students for awhile. If many students are having difficulty
with a particular problem, you may wish to have a collective discussion about that problem.

At the end of the class period, collect the workbooks for your review. They will be used again in
Lesson W2.

Bl Writing Activity

You may like students to take lesson notes on some, most, or even all their math lessons. The
“Lesson Notes” section in Notes to the Teacher gives some suggestions and refers to forms in the
Blacklines you may provide to students for this purpose. In this lesson, for example, students may
note problems in the workbook they found especially difficult or especially interesting. They may
also like to create other problems, similar to ones in the workbook, for their classmates or a family
member to solve.
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W2 ARCADE OF PROBLEMS #1 (LESSON W2

Capsule Lesson Summar

Review a division algorithm. Continue individual work in the workbook Arcade of
Problems #1. (This is the second of two lessons using this workbook.)

J
( Materials )
Teacher » None Student e Arcade of Problems #1
Workbook
e Calculator
\__ o Colored pencils. pens. or cravons./

il Description of Lesson

Begin the lesson with some mental arithmetic for division. Suggested problems with student
responses in boxes are given below.

S:

8 )560 8)16 8)576

72 R = 1 72R = 4
8)577 8)580 8 )584

Nabu has various packing jobs. Suppose he is assigned to pack balls into boxes of 12.
How many balls will fill 2 boxes? (24) 3 boxes? (36) 30 boxes? (360) 31 boxes? (372)

One day he is given 8 717 balls to pack. How many boxes can he fill?
We need to divide 8 717 by 12.

12)8717

Write the problem on the board.

T: Can he fill 1000 boxes? (No) 100 boxes? (Yes) 200 boxes? (Yes) 900 boxes? (No)
S: Let’s try 500.
T: How many balls can Nabu put into 500 boxes?
S: 6000; 12 x 500 =6 000.
T: How many balls will he have left to pack

after filling 500 boxes? 12)8717

- 6000|500

S: 2717. 2717
Include this information in the problem on the board. -2 g?g 200
Continue letting students suggest how many boxes Nabu can fill —240| 20
at each step and then what is left to pack. Record the result in the 77
division calculation. Observe that Nabu can fill a total of 726 boxes —-72 6
and there will be 5 balls left over. 5

IG-V
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W2

Distribute students’ copies of the workbook Arcade of Problems #1. Ask students first to correct or
complete pages from the previous week’s work, and then to continue working in their workbooks.
You may wish to have a collective discussion about some problems that were difficult for many
students the first week.

At the end of the class period, collect the workbooks for your review. After checking the workbooks,
you may wish to ask some students to work further in the workbook during a study time or to take it
home as an assignment.

Bl Assessment Adtivity

An individual student progress record for this workbook is available on Blackline W2(a). You may
like to use this form to monitor student work.

il Home Activity

If you choose to send workbooks home with students, you may want to include a letter to parents/
guardians about the workbook. Blackline W2(b) has a sample letter.
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W3 ARCADE OF PROBLEMS #2 (LESSON ONE) W3

Capsule Lesson Summar

Use an arrow picture to present mental arithmetic problems involving decimal numbers
and the relation +10. Begin the workbook Arcade of Problems #2. (This is the first of two
lessons using this workbook.)

\ Z
( Materials h
Teacher  Colored chalk Student e Arcade of Problems #2
Workbook
e Calculator
g » Colored pencils, pens, or crayons_/
il Description of Lesson
. . c
Draw this arrow picture on the board. ® N ® N ®d
Put 65000 at b. Invite students to find ¢ (6 500) =10
and d (650) Do not write the letters on the board.

They are here just to make the description
of the lesson easier to follow.

Present some of the following or similar problems. Label the indicated dot and let students label the
other two dots. Discuss techniques for calculating 10x and +10.

dot  number dot  number dot number
b 20 800 c 40 300 d 9.4
b 78 c & d 0.8672
b 590 c 0.64 d 0.0013

Draw a blue arrow from b to d.

T: What could the blue arrow be for? -
S: +100. S ® S
=-10

If students suggest +20, check that this does not work
when you label the dots.

T: The arrow picture suggests that one way to divide a number by 100 is to divide it by 10
twice. What is 82 = 100?

S: 0.82;82+10=82and8.2 +10=0.82.

Present some of the following problems to the class. (Student responses are in boxes.)

960 000 + 100 =9 600 56 + 100 =| 0.56 |
470 +100=| 4.7 | 7+100=|0.07 |
492 + 100 = 3.4+ 100 =(0.034

IG-V W-17



W3

Distribute copies of the workbook Arcade of Problems #2, and let students work independently for
the rest of the class period. If many students are having difficulty with a particular problem, you may
wish to have a collective discussion about that problem.

At the end of the class period, collect the workbooks for your review. They will be used again in
Lesson W4.
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W4 ARCADE OF PROBLEMS #2 (LESSON W4

Capsule Lesson Summar

Introduce calculator sentences, and look for numbers obtained as a result of putting
operation keys in this expression: [9] — [3] — [5] — [2] [=]. Choose a possible resulting
number, and find which operation keys need to be used to get that resulting number.
Continue individual work in the workbook Arcade of Problems #2. (This is the second of
two lessons using this workbook.)

Z
( Materials )
Teacher e Calculator Student e Calculator
e Arcade of Problems #2
Workbook
* Colored pencils, pens, or crayons
L e _Compass
il Description of Lesson
9] =B =21 E]
Write this expression on the board.
T: On your calculator, press these keys in the order given here. What number is on the
display?
S: 11.

This is a calculator sentence for 11. We call it a calculator sentence because it is how a
calculator does the operations in the order we press the keys.

Note: This description of a calculator sentence assumes that the calculator does the operations in
the order of entry, that is, chain operations. See “Role and Use of Calculators” in Section One, Notes
to the Teacher to learn more about such features of a calculator. If your calculators do not do chain

operations, you will need to adjust the lesson description accordin. =]

Erase the operation symbols in the expression and ask,

T: If we put different operation keys in the sentence, what are some other numbers we could
get?

There are many possibilities (more than 50), so accept several. Each time, ask the student to
announce which operation keys he or she used. For example:

19. I used all three [+] keys [9] [+] 3] [] [5] [+] [2] [=] 19.
6; 91 =1 B[] [5] =] 2] [=] 6.

T: What is the greatest number we could get? (270)
What is the least number we could get? (-4)

As students work on finding the greatest and least possible numbers, you are likely to get some
discussion about comparing decimals or comparing decimals to negative numbers. For example,
0.5 is more than -1, and ~1 is more than 4.

IG-V W-19



W4

The greatest and least possible numbers result from the following choices of operations.

Ol BB RIE 4

Ol =B B X R2IE 4

Choose a possible whole number that has not been mentioned, such as 15, and ask,

9] -Bl-5-2]=1B

9] [x] B [x] 5] [x] [2] [=] 270

T: What operation keys would we use to
get a calculator sentence for 15?

In this case there are two possible solutions.

OIHBIH B RIENS OIHBIXEIERIE B

Distribute copies of the workbook Arcade of Problems #2. Ask students first to correct or complete
pages from the previous week’s work, and then to continue working in their workbooks. You may
wish to have a collective discussion about some problems that were difficult for many students the
first week.

At the end of the class period, collect the workbooks for your review. After checking the workbooks,
you may wish to ask some students to work further in the workbook during a study time or to take it
home as an assignment.

Ml Assessment Adtivity

An individual student progress record for the workbook is available on Blackline W4. You may like
to use this form to monitor student work.

il Home Activity
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W5 ARCADE OF PROBLEMS #3 (LESSON W5

Capsule Lesson Summar

Use estimation to determine the correct placement of missing decimal points in a list of
calculations. Begin the workbook Arcade of Problems #3. (This is the first of two lessons
using this workbook.)

e

Z
Materials )
Teacher * None Student * Arcade of Problems #3
‘Workbook
Compass
Metric ruler

Colored pencils, pens, or crayons
Calculator

\

il Description of Lesson

Write the following list of problems on the board.

9x373=127

1.793 x 3.02 =4 & 1

&-7631=01

734 — 9.9734 =6 3

1.7x91=15

0.93 x 8234=76576 2
03 x79=237

T: The eraser gremlin erased the decimal point in the results of all these calculations.
Where should we place the decimal point in each result to make the calculation correct?

S

S

9
200

7

6
4
4

Encourage students to use estimation in deciding where to place the decimal points. For example, in
the first problem ask,

T: What whole number is closest to 3.73? (4)
What number should the result be close to?

S: 13; 9 +4 =13.
Where should we place the decimal point in the result?

S: Between the 2 and the 7; 12.73 is close to 13.
Continue in the same manner, asking students where to place the decimal point in the remaining
problems. Each time, ask students to explain their responses. Encourage students to give

explanations that involve estimation.

The correct placement of decimal points for all of the problems is shown below.

IG-V W-29
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9x373=12723
1793 x 3.02 =4.613
&-7631=0169
754 - 9.9734 =6 34206 0
1.7 x91=1647
0.93 x 6234 =7657 6 2
0.3 x 79 =2 3.7

Distribute copies of the workbook Arcade of Problems #3, and let students work independently for
the rest of the class period. If many students are having difficulty with a particular problem, you may
wish to have a collective discussion about that problem.

At the end of the class period, collect the workbooks for your review. They will be used again in
Lesson W6.
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W6 ARCADE OF PROBLEMS #3 (LESSON Wé

Capsule Lesson Summar

Find missing digits in a division calculation. Continue individual work in the workbook
kArcade of Problems #3. (This is the second of two lessons using this workbook.) D
a .

Materials )

Teacher * None Student * Arcade of Problems #3

Workbook
e Compass
e Metric ruler
* Colored pencils
G e Calculator )

il Description of Lesson

Put this algorithm puzzle on the board, leaving the boxes empty.

[[71[3] & =[9]

Invite students to suggest how to fill in the boxes.
Remind them that each box is for one missing digit. 1 j 29 0
Encourage students to explain their responses. If -17 @@ 100
many students have difficulty getting started, lead [1][2] B [O]
the discussion to determine that the divisor is 17. _ 8 4l 0
The problem is solved when all the boxes are filled 6 &[0
in, as shown here. 5 @
[Bll1lol| 30l
6 0
—- (5111} 3

Distribute students’ copies of the workbook Arcade of Problems #3. Ask students first to correct or
complete pages from the previous week’s work and then to continue working in their workbooks.
You may wish to have a collective discussion about some problems that were difficult for many
students the first week.

At the end of the class period, collect the workbooks for your review. After checking the workbooks,
you may wish to ask some students to work further in the workbook during a study time or to take it
home as an assignment.

Bl Assessment Adtivity

An individual student progress record for the workbook is available on Blackline W6(a). You may
like to use this form to monitor student work.

il Home Activity

This would be a good time to send a letter to parents/guardians about addition, subtraction,
multiplication, and division practice. Blackline W6(b) has a sample letter.
IG-V W-31






Wé

Rur e ol e numbe: i e HIiNg plaure. Pl 4t FAI T Lr s skt o0 [l ok Nl g ol iy
3 I.I. 5 "Il' ||:| <Al rig WA Sl hdr ared L Ty o ¢ dreckine
@@ @ EE GO S @
|Potilue dubor e 45 | Porlbe dlaore o 20
BE el |
= Serr
ORF
& =)
[ =_1d E:I:—
Rt 4t ol fee rumbe: 40 1he Hing plawre.
g 2 b B 36 (]
BEERE =N =
(o] I .
[ _5E

Marp soubore are possible.
]

o e : IIIA:-I-c-r o ol el Hiapes b, B anober name 1o
1he NTOMR; T, 1 T STORE NI . L dugpHed by, e pRire,
one B odone 1or ol ’ bl

WAL, ALl ane Pk b

£ 53:‘ n

ol

=&

Cher soludon s ae posibie, '&=% #=%
+

£
Ol er colorin g are possible,

IG-V W-33



Wé

Paribe 153,
Lx A%
=i £
L &%
+i3 +4
—24 il b

Comphas - d etk mih & compa+ and red craon +0 ha
o 18 Hepodred red Homer.

W-34

Thri Arserir grard o brief Arserid I A reed poAnd I6oGdch e,
Fod In Hedried podrd o o Diad L Sd ksl orar e STad.

LT+ 3+ 0.27T=| 4]
ENT—2.NT=294T23
B—leTa=[L:2T7

FgAax0W=2458219

B AAxadlz=214 83048

Labeed the ot +-4nd BEin ihe Eapet lorihe smom.

10 g - s

e -

IGV



Wé

IG-V

B B adeCr I mumh .
Clusl

By b In hH smompkigre.

i

12

|@iraader ko 5| |Wedp el 2|
——
BycaMbe 3, 3 o 12
3
| oy Har

Ko 1+ 0ar ?__ﬁ

Eulld sn smosreadinom 10101 1 Exh mommud b or
ol o 1 rea o

+2 +8 —E -8 X m§ 2 &85

by

Er |

Chher sol1ons are posslble,

Iz

Pl 4 orel B3 vk X I aech b Derrri B T cid cubd oo
=T

&[E]
slele 7 £ 82
+T[ET + | [ET
Ea &E EER;

Fhel it pein b B o aed Tbeir o ad Dbt 6 ordir, Thes el
I pelrd - m dered | pe

PrEL LB R T @ a o e R aE s
TR T A TS TR BT
S A R o R, H

s
e
]

W-35



Wé

AN he b= 410 e s moms.

Foad: Egre |4 i e inhrgad el -l L op borar, Onlbet phnad
< O, el p h-w.h- o0 Tl Bt e ol e, Foscdh o] oo, +
mlmhgl-a- k- pl el Thrr

Bans
-y
B b & F

Hewr rownyp Toabeiar wll 1 ot 1 bu hirct Fack g nst _E

W orcddred Bn o ol L D b e rih boeor ool 1] R 1
bshna Fudey _2Tashearwd {Ftadsw s
2Taabrawr ard 2 Ebcbowor 2 Bhcbow and 4 Fhsakas

14

Pakihe 13
Pl & ot g0 Rourkr i Liech B=e ] rrvded L S boubal e
=T,
&[5 4
ET0O = 7 [2]
x & S EEN
t EE & GET 80
5 [ [Es &
SEl T Ry
sJ&TEH
-3 ag a|dlaaa
| T2H
-OEaal| SEA
i |
-@Asa L)
33
-5 5 3
H
iF

W-36 IGV



Wé

IG-V

The read babeed B o of 1he 4 The bl Labed 1400 e of thee

.,_|_' Rallp 4l T 3

L st 1hee wrings,
[ wuimies o1z | [Pesue duhon o1zn

Fao 144 #:0rd mumbs=t

[

Flo 1400 o 1 mumhoers.

- )
ey =
L] s =L - ng

i |
1.E . =az

I

Flo [0 of e . L ke 1he Gk

WL n bl paipd L urng e rnlbe Bk B bz pt bl
Thettynl B 14l ad ey & padb puparefl b ke The el L

< Pt b e sebera L Brreen el -3 pl Thed e 1
<hbh I B lirgy pop He Bk i chp o il & B 3

e Al Bl ARrind il 3 ezur willh bR e TRELL
rid b ke,

Wcar ririy el P 1o et ol o1 rckh - rdmn

QOO0
00
O 00

W-37



Wé

E Tah4 brd T4 read-Lr.
Wil 410 masmUm mumber ol S5 4 STE 0u can b, Chal
108 +10.00 > ENpl-S 0T 50 HRE.

%]l Fwd T-Ih-il-!lnlhl'-l.ar-a-u pure -

3 Hamp+
I uaﬁuwﬂ:n Hj 1_%3 o
D0 HAMP+ okl HEA4D
W HAMP+ codl $3E0 40
lth snadher g, oucanbu., _ i
| more Hamp. wo ¥l HAMpE ikl e
R A 0 b 3 RN -

= #

Tadrv b ret o TEelad ranik-Lre,

Bk A nemmpapr oot S5 4 da e mcep) Bund A andihe : Arealud e Ader Ll T
aundy, paper oo 1B R b dpdon coie FEE00 quaned, M b feAtels

or onlounh of 4 a0 Deoe & Hbecriplon +0e mons,

Embaln .o s, s 12 28=_+= 5 Lla=_z0
Fora meeh bdat o S50 s da 14 450 and 6 unds
-:-:-ﬂ++|.9';l1. En:-al‘h-rm NPT RO, 1] [ 2l=_41 [ Lla=_40

Ao a4 5 meeks, and & quanes [anelowrh ¢
Bt [Emeeht. |5 Mk a0 E00 pir ek odt ﬂmu

Rubtcipibon cobing 42500 48064 HL00 quaner, Rt e

e
firis

List e b mume: 1400 1he Hing plaure, On el dons lor,ow

&= |3 = & [2 = |G
5= 7 o=z |2 = |4
[& =7 13 =T NEAE
0T |5 = 30 =T

Ldreg 4 rakg Bred ot B arrcd o Tbel rovkps ab=con Do
1] Lot Aregiha b Dhboege __ S5
L Lodmle Muwvork _ S22 o
T Oblcwge lobllard _ 5 an

4 an= T ke, wiek | e L edho o B rect 1or 4ech
IheL ke

Nk wisnkm wmZi00km
11 4 P4l e g 200 ki p Ar b, b=l b Bereg seceuld b
T3 Hrvid L Iror Loae Argpl e b Obl iz 1o bt il 7 min

Bomeph o oae SPPrOXiMAEOrd: 3ch a3 betvween
EFu ard Tholrs. o=

W-38 IGV



Wé

Labeed e i+ ared BE 0 ihe b bar 1he red Smom. Pur & Hreges kgl 0 esch b 040 1 Ree nombers ane sl
g o 3.
. = sRY 502 = 37[M, 428

STE, 74T 42, 307, SE G

Pur & b ol 1he umber+ e aingpkione,
|23, 448, TAT 77, 222,000
THTLTTT 3053037 867,785

by b sl reaneder,

T

Rt s L R b dedd i Do poired <] parard bl o ]2 ke

The red bbeel Boone o The 42 The bluelab= 1+ome o 1he:

A PR
BxT—4+8
b Grsnlar lhan
R pareic o
L sk 1he Hringt

areakrhan W | [Podte disore otz |

IGV W-39



Wé

W-40

Bim B a4 crd mumher.

e

=] -

[Foslbss prirva rowvkre | (Wullpiae £

P b e rarrd-Ln

[ |
Fom L |0 = 30

Pomnceddbe 5 LIS e S0

Pom[] |8= 3

Forn 2oud B0 3_ -a-r_E_.

P San B-L pAal on Dhbe bolind e mp e by ed e Ll e el
-a-ll\.u-l.dugl-uwu: h :II 2 &

@@ D
|4
< &

Feed and mhie bt are Hrung mih 4 paem

Homman, 1o s besd+ o hiddeninhebyy s 45
Hommman, red b b e e bg v 39
Homman, mhle besds e nihe by 76

Homuman, 1044 bead 4 0 HddenIn e bag 7 g2
Hommman, red b b e e by v 15
Homman, mhle besds sre nihe by 7 29

Ferd ane] mhlp: bttt are LI WD A L R PR

IGV



W7 POSITIONAL SYSTEMS W7

Capsule Lesson Summar

Using an abacus as support, discuss a base five and a base twelve system of numeration.
Invent some symbols for ten and eleven to use in base twelve writing.

e

Teacher » Magnetic checkers (optional) Student e Worksheet W7

J
Materials A

J

il Description of Lesson

Note: Because there are several bases referred to in this lesson, it is necessary to be careful about
how you read numerals. For this reason, we often indicate how to read a numeral.

Exercise 1

Draw this abacus on the chalkboard. Put
(draw) one checker on the ones board. s

T: What number is on this abacus?

S: 1.

Label the ones board and move the checker 7
one board to the left. .

T: What number could this be?

The choice is arbitrary. Let students suggest many whole numbers greater than 1. In fact, it could be
a negative integer, but do not mention this if no one suggests it.

T: You can’t know for sure what number it is until I tell you the rule for this abacus. The rule
is that five checkers on a board trade for one checker on the next board to the left.

Demonstrate the rule by putting five checkers on the ones board and then making a trade.
1 1

...I : . I
[ I

Leave the checker on the abacus.

T: Now, what number is this?

S: 3.

Label the appropriate board and move the
checker one board to the left. ° !

T: What number is this?
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S: 25, because 5 x 5 = 25.

S: 25, because according to the rule we can trade this checker for five checkers on the fives
board.

Move the checker to the left one board at a time as you ask for the value of each board. When you
have six or seven boards to the left of the bar labeled, put one checker on the board to the right of the
bar.

T: What number is this? 3125 625 1256 25 5 1

S s, °

T: Why?

S Five checkers on that board trade for one checker on the ones board. So the value of one

checker on that board is 5.

Demonstrate this trade on the abacus.

26 5 26 5 1
o o

Move the checker to the right one board at a time as you ask for the value of each board. Label three
or four boards to the right of the bar.
3125 625 126 256 5 1 5 2 125

T: This is a base five abacus. Who can put 100 on this abacus?

Accept any solution, but lead to a solution with at most four checkers on a board (see illustration
below).

T: Who can write the base five name for 100?

Invite a student to write the number by aligning the digits of the base five number with the boards of
the abacus.

o=
N
a
N
a

3125 625 125 25 5 1

4 O O

Note: Read “400” in base five as “four, zero, zero, base five” instead of as “four hundred.”

T: Why is this 100?
S: 4 x 25 =100.
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Begin this table on the board.

T: Who can put 333 on this abacus and
write its base five name?

3125 625 125 25 5 1 13 25 125

2 5313

Decimal Base five
writing writing
100 400

333

T: In our regular decimal writing of numbers we need ten digits: 0,1,2,3,4,5,6,7,8,and 9.

How many digits do we need in base five?

S: Five: 0,1, 2, 3, and 4.

Why only five? What happens if I show a number by putting more than four checkers on a

board of the abacus?

S: If there are five or more checkers on any board of the abacus, we can make a trade of five

checkers for one checker on the next board to the left.

Add the following information to the table.

Decimal Base five
writing writing
T (pointing to 302): Which decimal number is this: 100 400
S: 77, because (3 x25) +2 =77. 3373 2313
T (pointing to 21.3): Who can put this number on the 502
abacus? Which decimal number is this? 21.3
S: 11% or 11.6, since /5= 0.2 and %5 = 0.6.
625 125 25 5 5 2 625 126 25 5 5 %
[ J

5 0 2

Add the information to the table.
Distribute copies of Worksheet W7 and direct students

to complete it. When many students are finished, invite
some students to present their solutions.

IG-V

Decimal Base five
writing writing
100 400
333 2313
77 302
11.6 21.3
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Exercise 2

Erase the labels from the abacus except for the ones board. Put one checker on the abacus on the

board to the left of the ones place.

T: Suppose we change the rule: One checker on a board trades for ten checkers on the next

board to the right. If this is the rule, what number is on the abacus?
S: 10.

This is now a base ten abacus. 10

How many digits do I need to write

numbers in base ten? °
S: Ten:0,1,2,3,4,5,6,7,8,and?9.
T: Will numbers written in base ten be familiar to you?
S: Yes, it’s our usual way of writing numbers.
T: Base ten is another name for decimal.
Change the rule of the abacus again and indicate it in the following way.

12 1
. !

T: The new rule is this: One checker on a board trades for twelve checkers on the next board

to the right. What number is on the abacus?
S: 144, because 12 x 12 = 144.
Label that board, and begin a table on the board. Decimal Base twelve

writing writing
144 100
T: Who can put 100 on this abacus? 100
144 12 1
& 4
Note: Read “84” in base twelve as “eight, four, base twelve.”
T: Why is this 100?
S: (8x12) +4 =100. Decimal Base twelve
writing writing
Extend the table with another decimal number. 144 100
100 &4
46
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T: Who can put 46 on the abacus?
144 12 1

o

T: How can we write the base twelve name for 462

Note: Students might suggest incorrectly 310, writing 3 beneath the twelves board and 10 beneath
the ones board. If this occurs, ask the class how they would distinguish between the following two
numbers written in base twelve. The first one is 46 and the second one is 444; they are different
numbers.

144 12 1 144 12 1

oo :Z:::I ool I
3 10 3 1 0

T: What is the problem? Why is it difficult to write the base twelve name for 46?

Lead the class to observe that you cannot represent ten checkers on a board until you have a base
twelve name for 10.

T: How many digits do we need to write base twelve numbers?

S: Twelve.

Yes, but we have only ten digits: 0, 1,2,3,4,5,6,7,8, and 9. What numbers do we still
need new symbols for?

S: 10 and 11.

Let’s invent a new symbol for 10 to use in base twelve writing.

Invite several students to suggest new symbols for 10, and let other students express their opinions
of the suggested symbols. The following symbols are ones like students might suggest.

O FO X A

After a few symbols have been drawn, present some desirable characteristics of the new symbol. For
example:

T: The new symbol should be simple to write and not look too much like other mathematical
symbols, such as the numerals 0 through 9 or the operation symbols +, —, x, or +. Also, the
symbol need not remind us of the numeral 10.

Write the numeral 6 on the board as you ask,

T: Our symbol does not have to suggest quantity; for example, does the way this symbol is
written suggest six objects?

S: No, but we have learned to think “six” when we see that symbol.
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T: Our new symbol for 10 need not remind us of 10 objects or of the numeral 10. It can be

entirely new.

Using these criteria, let students discuss the symbols they have already suggested and invite them
to suggest a few more symbols. Then ask the class to select the symbol they prefer. For example,

suppose a class chooses /\.
T: Now who can write the base twelve name for 46?

Insist that students use the new symbol

. Decimal Base twelve
chosen by your class, for example: writing writing
144 12 1 144 100
[ ] XYYy} 100 84
® @ [eccee 46 3A
T: Who can put 71 on this abacus? 144 12 !
Can we write the base twelve name for 71? .’ :::::I
[ I ] o

S: Not yet; we need a new symbol for eleven.

Ask students to suggest symbols for eleven, and then let the class select one of their symbols, for

example, N, as the base twelve name for eleven.

T: Who can write the base twelve name for 71? D;gi;rir;agl Bazﬁi;;ivleve
144 12 1 144 100
:::::I 100 o4
[ I J °
46 3A
5 N 71 50

Exercise 3 (optional)

This discussion of positional notation is optional. You may wish to include it in this lesson or at

some future time.

T: Today we looked at a base five abacus and at a base twelve abacus. In other lessons you

have used a base two abacus and a base three abacus. What is similar and what is different

about these different bases?

One point you should discuss is that one checker on the first board to the left of the bar is always 1.

1

d

The rule for the abacus is arbitrary. However, once the rule is chosen (for example, five checkers on
a board trades for one checker on the next board to the left), the values of the boards are determined
by the multiplication rule (e.g., 5, 25, 125, 625, ', Ys, and so on).
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Also, students should observe that the rule chosen for the abacus determines the number of digits
needed to write names for numbers on that abacus. For example, we need five digits (0, 1, 2, 3, 4)
to write base five names.

T: Why do you think we usually write base ten names for numbers instead of some other
base?

In the discussion you may observe that people have ten fingers and that this may have led to a base
ten method of writing numerals.

T: What bases do you think other earlier cultures may have used? Why?

After the class has suggested a few possibilities, mention that the Romans used a mixture of base
five and base ten; that the Mayans of Central America used a mixture of base five and base twenty;
and that the Babylonians used a mixture of base ten and base sixty, from which our method of
keeping time originated (60 seconds = 1 minute; 60 minutes = 1 hour).

Write this expression on the board. positional notation

T: Each of these ways of writing numbers is an example of positional notation.
Why do you think we describe the notations as positional?

S: The position of a checker on an abacus determines its value.
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W8 ARCADE OF PROBLEMS #4 (LESSON w8

Capsule Lesson Summar

Use rectangular regions to support addition and subtraction of fractions. Begin the
workbook Arcade of Problems #4. (This is the first of two lessons using this workbook.)

( Materials )
Teacher ¢ Fraction manipulative (optional) Student * Arcade of Problems #4
e Meter stick Workbook
¢ Colored chalk * Colored pencils, pens, or crayons
e Metric ruler
L » Calculator J

il Description of Lesson

Note: If you have a fraction manipulative that would work well for this activity, you may prefer to
use it rather than to draw and color rectangles.

Draw five 2-by-3 rectangles on the board, as in the next illustration.

1

Write this addition problem on the board. 1 + 1 3 =

1
2
T: Let’s see if we can use the rectangles to help us with the calculation.

Accept student responses. Then invite one student to mark in red 1% rectangles and another student
to mark in blue 1% rectangles. For example:

4n4 v 4x4 4u4
x4 v VIV
454 v VIV

T: What is 1’4 + 1V5?
S: 1%.

Students may suggest putting the extra three red and two blue marks in one rectangle. For example:

V|V x4 I/
A4 IV A4
A4 v A4
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Present the following problems in a similar manner. Let students predict each sum before using the
rectangles. (Answers are in boxes.)

1 5 _ [zl
5 T 25 =95

4 _2 2 141
|6 T3 2z + 13 =45

o=
(]

Pose this subtraction problem.
T: What is 2 — /2?2

After accepting students’ answers, let one student mark 2% rectangles in red, and let another student
erase marks from ' rectangle.

V0|V V| v
VA4 |
V0|V |

T: What is 2Ys — 1/5?
S: 1% or 1%5.

Present the following problems in a similar manner. (Answers are in boxes.)

4-2L =12 21 —12 =|2=2 3¢ — 13 =|12 =1

(SN

Distribute copies of the workbook Arcade of Problems #4, and let students work independently for
the rest of the class period. If many students are having difficulty with a particular problem, you may
wish to have a collective discussion about that problem.

At the end of the class period, collect the workbooks for your review. They will be used again in
Lesson W9.
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W9 ARCADE OF PROBLEMS #4 (LESSON \\A%

Capsule Lesson Summar

Continue individual work in the workbook Arcade of Problems #4. (This is the second of
two lessons using this workbook.)

.
( Materials )

Teacher » None Student e Arcade of Problems #4
Workbook
* Colored pencils, pens, or crayons
e Metric ruler
\ * Calculator J

il Description of Lesson

Distribute students’ copies of the workbook Arcade of Problems #4. Ask students first to correct or
complete pages from the previous week’s work and then to continue working in their workbooks.
You may wish to have a collective discussion about some problems that were difficult for many
students the first week.

At the end of the class period, collect the workbooks for your review. After checking the workbooks,
you may wish to ask some students to work further in the workbook during a study time or to take it

home as an assignment.

l Assessment Adtivity

An individual student progress record for the workbook is available on Blackline W9. You may like
to use this form to monitor student work.

IG-V W-51






W9

IGV

Pur &2 h ol thets mumbsr+In e Hing p ko
27T &8 Il |z

[Potlst dbdore ] 24|

| Poo bt Ao #od 22

@

¥
*
Pur #3501 of 1he Iumbeens 0 e Hing ploure.
—_— ——
2 & 20 25 A0
[l e 2| | el b1 41

e G phank Gam

Jorbhr s ¢80 T (ks A G phane
Blephank ¢ Umpihre ¢ 1m0 r Gam

The,. Al Jump Irom e 45me- 45000 plecs Sang 4 chal Ine
domn hemidde ol he dimal

Blning
Pl

o -y
w

L

k]

L4 .4 BT B e e 1he Hnd oniherlied Jumg.
Dirsmm ol +1he +ame -:-:l-:nﬂﬁlrmrm There ae ma.,
COMEC| ATHIE, b mesre candull

i

Eulld 50 smosrodd [rom 3w 100, Bl STO TR b ko rone
of 1he # e laka

+o+E 4

=& =Y XL +h +5

Py solufons are poss Ible. (2]
%

W-53



W9

Pl 4 o B30 neard-ar Inarch B-xl vk el cakoal e

oorad.
Gaoq.3
ElT.4 [za.0
T2 5[ — 2[4.5
4 7[E.2 53-]3
Add Sk irard
E-JF+ 5—3;+-£— &3T.OT — 838

Sk lour- Hmhs o sadh thaps red

Dmesr b e e I et Fedaribed il aneid 4] e phecia

1. Dorae 3ol Ibele oand e
i, Drrase dedwal lbetr Inlarecdingp onle

To Dondrld sy Rl B vy b .

Do s Bred 14 ek L oend P lEed e 1

*arrd larg bt __ QST =
Do Theiris BRAL.

iz

qbi- are potible,
Pu 4 mhol s numt= i ach

W-54

Al It vk arebed ddnirslpodnbe, Bl T arasr grarndin
Ardarid 4 A ried pAR TR i kLI 4 aech Ll o
Flidars paal hdrn b arcke

2.3 % 4.6=10.58
bBZ+ 29.6= b2
597 -4 78 | = 7.87

0EXWT=2 94|

Lz — i = o4

IGV



W9

IG-V

Fodd e Iy A rasckar o Dbl orel P B < Dbl RAlind Sorpad 4r
bap i reg card e rrl S LRl Shel hre

L €]
L LT L LY -, e
Ar, A dnurkr LY LU LE T
o =
Y il = 2
22w wrecdbear wzhulizn A, 6 ared 10 e e r el ulicrar,
A reallipdd o 40 Arealiph A 5
LHE * |G
'ib. ) - ok
200w ancdbar wchilion
A p- b PR rrok-r Arunnk-r i 4 Thein 60
RE o=
EE 17 * =
E e wrecthar wohulion 41 ancdbar ezhulion

Fabraye ared B wp b o nk | o kgl beir, Bl B wwpd--ue haee
kIR Ed4r Thiy 4gm 4 ke ek A Thed r 4 amin gl aor 1l e

Fokey o FF wibel rruisr EHn i be F5

WRLRFL Ly 0l 64 hose monsch dos Baun gube _FTO00

WAL REd4r g, o rovsch doete Fadeuy oty 5000

PApfrt I Lol prennd Berlbe (L1
Hesn reasch d-a-LiRdn.:,lgd‘?_E_':':'_

Hear reosch Lo Bn gk 12500

Craew 4 Irbungh Thd
* briaP - e < ek prinde wnd
© betar 4 Arak ] [ el g eqaaraled ol

l.l"'t =
L
iy,
| i
WT T [ A R EERE
1! T Al
R
r
| IENERas

Wtekl ard Thel ordimd padre o I Thrad STl i Ll dereght
wadewrr [ F, B) (5. F) (5.2

11y e ubH Thel s e ] T I el 4, 3;.I = an’ Erede st
YR IrHn g I ek L B B T

N bead | L e 4l Ik Sreire < IH e g o7
B is Bt 2 17, 2

b r el W pan b, B g Hy e et o I b
11

AN ihe ko 4 lor B moes.

W-55



W9

Ll 2
358 T3 8 938
£ & =70 =T &
S EZ B ES EE 0 [ ]
S EE Q0
T1 28 &
T38 938
g = T4
S e Z.E S EIZ.E
ES EEQ
EE 2228
[= [T 57
+ ==
ISTESTS| 6375+ 15 =[ses ]
E Q0 0
Goie AET.4 = |5 =[tz=]
T = . -
_ra| o &ETE + |5 =4z |
[n]
14

red and 11 inihe bon

ko o Al 1 regien

W-56

Cokr menied o 1hh reglon
red and 11 he bon

3.4 144 = Mumker.
Chal

3 canbe ponon 4 ik ompus b, s3ding © el one o
1he 4 che-chers.

2 D |3

o

e A DB BT
I I I I - I

ChHE

G [ +Inhi+ Smomp ki,

aK

AN 1he bape1or e amoms and b ihe g

1re o

IGV



W9

IG-V

kare, Thaen B I 5 ap- ot ared eudbe B malor
T dTn W%:.ﬁa::u prdltn‘l 4+ Tdn Ay
Sk ur ok

St-[Zxs)= o+ —e0= 2t @

Proiiton ore dozen

Proiton 1%+ doren 2%
=14

aE

Z=0

IIE

Elmut-th barsr 7 rea Hored alab-rbcwrBhebd b rod Bor B rovndy
I i MPHELE S L S e B
Frrarok-r 4 iz 1ddan

1 my

123 =+

1T
Ciber m ethiods o Feouiion are possible,

Codd ared Lad b oo meamnd-Lre,

[Cerr ]

Do rrd Ld s e IFelsd roaroks r

M: Sreahd saroneen Sder u: Lided x-ridven uliph

Mllle=_+_ &lla =_=
B4 =_s LT =_=
pTMl2l=_s  pPUY%=_s
45 [Me2o=_s Bl e=_1
ChHE

£
Whe e Dule =

Wk b L T

FRIr b b e sllb o2 raad-ine e rrkbred BpHOP - 3,

3 A=Y
&6 H6lE]
A2

FRIr b beis e T g Hor willh ofel- A B3 rasik-Lre ]2 moabel
ARArLnd readlip Hae A B
¥ e Saoiotioo

+[g] 5[]
4Esh utin
L JEFY:N Gl
YHaA  +E =[]

+[o] =[]

Doofn -t o]+ I b sdedrys, Thet B r e o ridy Berar gp-Loe
dorade R U TR B karls ghet hirnles e rad s, g Heel.
[Thet e iy ube <k reil bt 14 B4 S1rand Kieede, J4YHd art
habp deodad o JUBre] 4 g derad ared 4 beodaypdonad 7 L
Ihl e eqaars k- lired Thei prot-abd B

J & HFS
J
v Wl b [he prodeu bRy <
Iireg & Jd d-angul-l"-di
H ﬁ'.tyd-a-rﬂ.:':;' Eﬂ
F5

HIHT: Hear ririd by et boid do-up Thel Badiar bl wrbelrs el pl-dor
Thet Nl dered s % Shernr Beul I Ibe pldure
AR it i 3 red | chei i bose iy Shebol G-
dhiihas bribn sconddondy %t Showr halin
Ikt plchare.

=

W-57



W9

Eurch drohi bebr e 2and e rearbeid sllbobored 3. Th deniir
o aech drch e 45 a0

\J\_J

Ytedd Lelbel Hrogh 0 it BRH Mgrend T

Wb Lelbe Hrogh ol et BRH sgroend s

Witesd Lelbe prrird e b b Icheg By

=

W-58

AL Ik En e s b rund re

— S LT
7 =[] 5 [ =]
7* =[] 5 [ 12e]

20° wzom] 5" [ sz

r

1 - [1] =121
Fag z-fﬂm

L

[¢] = 2l8

78 - 5|2

Labeed 1he o4, Goame of (e numib=r+ B w0 name sl
Wl bt TR DOF 1Pk TR 14 B b3 TR .

a+4  |S5+04 2-%

: 3.5 3
z

| R
FThE wEim T mte

IE -1 Lxo.s Imxol

Aal+a 4 mumi=r.
Clual

Ral+one of 1hets mumbers,

Clusi

Ral+one of 1k doH. Labd 1he dob.

- L ] i -
—To1= 5.1 ) B
al | . @|_
- T ik

IGV



W9

IG-V

Idach exchrsd 19 W & bl k).

5 -+ 7 0.55
<]

I —1& R 4.3
F+5 H 0,063

Q.7=x0.9 L .5
TH0.9 77 0.63

0.7=0.09 _&L 0. &

G+ A ol +

Th-L-a-p-Lﬂlm' secrbar on b nounskLne, HAr arL el S,

ZkP=8 o v
ok 5= bt ik
&% = 28 *
Dw & =% L

Cul
T#|=g

CuwribL b i o 1L

as 'bzfat ixk
Lt Ihe b=z mab ber ke IR b B oo,

T+ & =[x S 7T =[]
T+ 2 == Gke =3z

I 1.2 = pad T [24] = 44
i+ L€ = B 1+ % =[]
t5x[E] = g9 =[5]

b3
b dwrgigiae F Iharbh wa poarible

A revarbedd rd i anch ey o S0 p Lip L keared TEed Thead -k
1 e s & WO Rard g leslThe el b gl
o & SR I T ey, SO0 e R e d b A YO
Arrd & Sornpallar, Hewe roardsin bl s o wretd relBber 4 W0 F
| T Y mmﬁ_ﬂﬂsﬁ;

Erqpd sl tacoar anmeir bk s,

L 0= 43

AT pepH Sarrd 4O
w0 =0

T e 4 Tpan)
LY 3 s areld Bl WO ] 4 Sl T

ﬂhw Thri dmaraiy et comreld Al beir 4 WOFS o8 4 -T s,

In L el PansU, Tl riirh are | s d ek ] e Bl 2 DEe
Frasfd i b WO ke wradch rived ar ey rnd aed onscbedl
A b WD L T s AL el A b el
#uH hyn e weid e W0 Eq-Hdn beor hibecanb4 na.
Treirs s 150 p-LipH I WO ST
Bel sy et aareld WO
duim=12
™ s | e W0

b il TS pLopH
| beidr WEH b HEL
T b,

+x 45 =20
T reLtr L

Ihm Ford

Theim -l AE 70 proph e e e W08 kb howd - ared
1L T i

B4 B 4 0 numi=.

EH- can b o ot b il comparer b addng e sl one

Gichecher,
I <)

Bracoukbe B0, nd 00, I8, 14 6 B56,
Adlf wirh.

£l ol
=

Bracoube 32 125 236 416, o TL6

= —— —_—

Aname lor B+acants s nb., 0 309 100 44 4 0] pars
10 b B,

8wy +06 = 5

P b Biar 416

o

W-59



W9

The red baboe] B one of The 42 The bluel b= 1+one o 1hea: Heow iy wadp <4 Thetop ROl T red wmangy L T bl bed

:ﬂnrh-nix: Ared e bk o et _SRE
Fririrtrik-srited hhard a0 sea e 1o wrarep & shlab vede and
Hrad EHArd P o e T e ek
0 xE -
M ﬁ _— = XEZ
5
@1--!“-1—@-”-“
Hibs Al or+ 21

L sk 1he Hringt

[Postue divisorsotod|  [Poste dison o0

Lo H Lo vl webecd L roand-ir,

Loki [115 =4

Fired 4 padlum ke rib vk anelbed Lol coul B

LMo 5 o 10 20 25 05 40

E8 w55 wndmn (T of S
ChHE EE 1v, Inukbipke g 2
L .
-3 LeH

Fired 4 padlum ke ribe rearvkeare L ok skl B4

L@H@MHE_WEWEWE‘H'Euﬂﬁ“‘
(e kipbees o 20
[omr] i o et
[WES iRtipkes O 3

LM

W-60 IGV



W10 ELECTION IN THE NUMBER WORLD W10

Capsule Lesson Summar

Review positional systems. Introduce a relationship between the fractional and the
decimal names for numbers through reading the storybook Election in the Number World.

J
4 )
Teacher o FElection in the Number World Student e FElection in the Number World

Storybook Storybook
* Magnetic checkers (optional)

\ J
il Description of Lesson

Materials

Note: Because there are several bases referred to in this lesson, it is necessary to be careful about
how you read numerals. For this reason, we often indicate how to read a numeral.

Wait to distribute copies of the storybook until after Exercise 1.

Exercise 1

T: I’m going to put a number on the board, but I’'m not going to tell you what kind of writing
I’m using.

Write 213 on the board.

T: What number is this?
S: Two hundred thirteen.

T: It looks like two hundred thirteen, but could it be any other number?

Let the class discuss the question. 213 could name a number written in any base greater than three.
If no one suggests that you could be writing in a base other than base ten, proceed as follows.

T: I’ll give you a hint. Do you remember putting numbers on different kinds of abaci
(abacuses)?

Your students should recall that they have used abaci for several bases; for example, base two, base
three, base five, and base twelve. Then the class should realize that 213 could name several numbers
depending upon which abacus or base writing is being used.

Draw an abacus on the board (see the next illustration).

T: Who can use checkers to put 213 (read as “two, one, three”’) on the abacus regardless of
which kind of abacus it is?
[}
[ BN ] [ J PREPY !

2 1 3
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Point to the board with three checkers.

T: What is the value of this board?
S: One.

Label the ones board and point to the board with one checker.

Could the value of this board be five?
Yes.
If so, what would be the rule of the abacus?

Five checkers on a board trade for one checker on the next board to the left.
Label that board 5 and point to the board with two checkers.

T: What is the value of this board for a base five abacus?
S: Twenty-five, since 5 x 5 = 25.

Label the board 25.

T: Therefore, what decimal number is on the abacus?

S: 58, since (2 x25)+ (1 x5)+(3x1)=58.

Display the equivalent base five and decimal names for the number.
25 5 1

R Base five writing Decimal writing
®®| ¢ |ee 213 = 58
five ten
2 1 3

Erase the base five labels from the abacus. Again point to the board with one checker.

T: Could the value of this board be seven?
S: Yes.

In a similar manner as above, ask students to determine the decimal number equivalent to 213 (read
as “two, one, three”) in base seven.

49 7 1

. Base seven writing Decimal writing
*Ce| ® |ee I 215 = 108
seven ten
2 1 3
Repeat the activity with base twelve and obtain the following result.
12 l Base twelve writing Decimal writing
e ® |ee I 213 = 303
twelve ten
2 1 3
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T: We’ve looked at 213 (read as “two, one, three”) as a number written in base five, in base
seven, and in base twelve. Could 213 be the name of a number written in any other base?

It could be the name of a number written in any base more than three. Accept several student
suggestions and then ask,

T: Could 213 be the base two name for a number?

S: No, only 0 and 1 are used in writing base two names for numbers.

Similarly, conclude that 213 cannot be the base three name of a number since only O, 1, and 2 are
used in base three writing.

Write this expression on the board. POQiti onal notation

T: Writing numbers in base five, in base seven, and in base twelve are all examples of
positional notation. We call it positional because the position of a digit in a number
or of a checker on an abacus determines its value.

Exercise 2

Distribute copies of the storybook Election in the Number World.

Pages 1-2
Read pages 1 and 2, and write the following information on the board.

Fractional writing Positional writing
2 1
1 + 335 1.4+ 3.5

T: On page 2, Nabu is considering the positional way of writing numbers and the fractional
way. I have written two calculations on the board, one with fractions and one with decimal
writing. Which calculation is easier to do?

Even without doing the calculations, students should agree that adding with the decimal writing of
numbers is often easier than adding with fractions.

T: One advantage of a positional notation is that it is usually easier to add numbers with it.

Pages 3-7
Read pages 3 through 7 together.

Look at the arrow road on page 7. What could the blue arrows be for?
S: 10x, because 10 x 0.1 =1; 10 x1 =10; 10 x 10 = 100, and so on.

T: Find 1000 on the arrow road. Let’s start at 1000 and read the numbers in order as we
follow blue arrows.

Giving help when needed, invite students to read the numbers in order:
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ten thousand, one hundred thousand;

one million (1,000,000), ten million, one hundred million;

one billion (1,000,000,000), ten billion, one hundred billion;

one trillion (1,000,000,000,000), ten trillion, one hundred trillion;
one quadrillion (1,000,000,000,000,000), and ten quadrillion.

Pages 8-9
Read page 8. Then write these expressions on the board. decimal
. . bina
T: The numbers are going to vote on which method of (or base twc%/
writing numbers they prefer. Let’s take a vote in this fractions

class. If we were planning to use only one of these
ways of writing numbers, which would you vote for? Why?

After a class discussion, take a class vote. Point out that the results from the numbers voting are on
page 9. Ask students to read page 9.

T: Which system received the most votes?
S: Decimal writing.

T: Who can explain these results: 95%, 4.7%; and 0.3%?

Encourage a discussion of the voting results. For example, the class may realize that in this situation
95% means 95 out of every 100 were for decimal writing.

Pages 10-21

As you and the class read pages 10 through 21, stop briefly to solve each problem by asking students
to point to the answer in their storybooks.

Pages 22-31

Read pages 22 through 31 collectively. Briefly discuss the ideas as you wish, but try to finish the
storybook in this one lesson.

il Home Activity

You may like to allow students to take home copies of the storybook to read with family members.
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W11 ARCADE OF PROBLEMS #5 (LESSON ONE] Wi

Capsule Lesson Summar

Review addition and subtraction of decimal numbers. Begin the workbook Arcade of
Problems #5. (This is the first of two lessons using this workbook.) )
( Materials )
Teacher * None Student  Arcade of Problems #5
Workbook
* Colored pencils, pens, or crayons
e Compass
\ * _Metric ruler J

il Description of Lesson

Write these problems on the board.

428.655 x 36.935 x 691.07=1056 6 6
6294 - 373.601=455599

T: These calculations are correct except that a decimal point is missing from each result. Who
can place a decimal point correctly?

Let students place the decimal points and explain their answers. Encourage the use of estimation.
The correct results are 1056.66 and 455.599.

Write these two problems on the board.

96.037 x ©27.44 x 85 x 0.9 =
62.174 - 5.6 =

Ask students to copy these problems. First ask for estimates of each result. Students’ estimates
should be near 800 for the addition problem, and about 75 or 76 for the subtraction problem. Then
instruct students to complete the calculations and to check their work by comparing their results to
the estimates.

After a while, invite students to solve the problems at the board.

986.037
627.44 82.174
85.0 - 5.8
+ 0.9 76.374
&11.377

Review the discussion from Lesson N20 Decimals #4 about the need for aligning the decimal point
when adding or subtracting decimal numbers.
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Distribute copies of the workbook Arcade of Problems #5, and let students work independently for
the rest of the class period. If many students are having difficulty with a particular problem, you may
wish to have a collective discussion about that problem.

At the end of the class period, collect the workbooks for your review. They will be used again in
Lesson W12.
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W12 ARCADE OF PROBLEMS #5 (LESSON W12

Capsule Lesson Summar

Find equivalent names for two fractions with different denominators in order to add them.
Continue individual work in the workbook Arcade of Problems #5. (This is the second of
two lessons using this workbook.) P
4 Materials )
Teacher » None Student e Arcade of Problems #5
Workbook
* Colored pencils, pens, or crayons
e Compass
\ *_Calculator )
il Description of Lesson
Begin with a discussion about adding fractions.
When are fractions easy to add and when are they hard to add?
S: They are easy to add when their denominators are the same. They are harder to add when

their denominators are different.

What could we do to add fractions with unlike denominators?

S: Find other names for the fractions that have the same denominators.

Write this problem on the board. 15 " %
T: Why are we sure that /> + % is not equal to %7?

S: Y» + %5 is greater than 1, but %7 is less than 1.

T: Let’s find some other names for these fractions.

On the board, list equivalent fractions for %2 and % as students name them. Continue until names are
given that have the same denominator, for example, Y10 and %0. Using these names, complete the
problem with the class.
1 3 _ b 6 _ 11 1
zF5=1%6"i0- 10t
Distribute students’ copies of the workbook Arcade of Problems #5. Ask students first to correct or
complete pages from the previous week’s work and to continue working in their workbooks. You
may wish to have a collective discussion about some problems that were difficult for many students
the first week.

At the end of the class period, collect the workbooks for your review. After checking the workbooks,

you may wish to ask some students to work further in their workbooks during a study time or to take
them home as an assignment.
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Bl Assessment Activity

An individual student progress record for the workbook is available on Blackline W12. You may like
to use this form to monitor student work.
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W13 ARCADE OF PROBLEMS #6 (LESSON ONE] W13

Capsule Lesson Summar

Use fractional regions of a circle to support addition and subtraction of fractions.
Begin the workbook Arcade of Problems #6. (This is the first of two lessons using this
\\x/nf]{hnn]{ )
Materials )
Teacher * None Student * Arcade of Problems #6
Workbook
* Colored pencils, pens, or crayons
e Compass
e Metric ruler
g e Calculator _J

il Description of Lesson

Draw four circles on the board and ask students to divide each of these circles first into halves, then
into fourths, and finally into eighths. See the next illustration.

Write this addition problem on the board. 1 % + 1 % —
T: Let’s see if we can use the circles to help us with the calculation.

What number is 174 + 13/5?

Invite students to color (or mark) 1% circles in red and 134 circles in blue.

96 - &

How many circles are colored?

S: 3%.

Complete the calculation on the board: 1% + 1% = 3%.

Repeat this activity with the following calculations. (Answers are in boxes.)

12 +12 =22 17 — 2 =|13 3 —12 =14

When doing a subtraction problem, you may wish to ask students only to mark regions with a color
(rather than color entire regions) in order to make erasing easier.

Distribute copies of the workbook Arcade of Problems #6 and let students work independently for

the rest of the class period. If many students are having difficulty with a particular problem, you may
wish to have a collective discussion about that problem.
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At the end of class period, collect the workbooks for your review. They will be used again in Lesson
W14.
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W14 ARCADE OF PROBLEMS #6 (LESSON TWO) W14

Capsule Lesson Summar

Continue individual work in the workbook Arcade of Problems #6. (This is the second of
two lessons using this workbook.)
7z
( Materials )
Teacher * None Student * Arcade of Problems #6
Workbook
* Colored pencils, pens, or crayons
e Compass
e Metric ruler
L e Calculator )

il Description of Lesson

Distribute students’ copies of the workbook Arcade of Problems #6. Ask students first to correct or
complete pages from the previous week’s work and to continue working in their workbooks. You
may wish to have a collective discussion about some problems that were difficult for many students
the first week.

At the end of the class period, collect the workbooks for your review. After checking the workbooks,
you may wish to ask some students to work further in their workbooks during a study time or to take
them home as an assignment.

Ml Assessment Adtivity
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