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The demands on teachers are heavy.
The fifth or sixth grade teacher with
25 to 30 students is often responsible
for covering many subjects besides
mathematics. The seventh or eighth grade
teacher may be teaching only mathematics
burt be working with 125 to 150 students
each day. Within this assignment the
teacher must find time for correcting
homework, writing and grading tests,
discussions with individual students,
parent conferences, teacher meetings and
lesson preparations. In addition, the
teacher may be asked to sponsor a stu-
dent group, be present at athletic
events or open houses, or coach an
athletic team.

Demands are made on the teacher
from other sources. Students, parents
and educators ask that the teacher be
aware of students' feelings, self~images
and rights. School districts ask teachers
to enlarge their backgrounds in mathema-—
tical or educational areas. The state
may impose a list of student objectives
and require teachers to use these to
evaluate each student. There are pres-—
sures from parents for students to
perform well on standardized tests.
Mathematicians and mathematics educators
are asking teachers to retain the good
parts of modern mathematics, use the
laboratory approach, teach problem solv~
ing as well as to increase their knowledge
of learning theories, teaching strategies,

and diagnosis and evaluation.
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There is a proliferation
of textbooks and supplementary
material available. Much of
this is related to the demands
on teachers discussed above.
The teacher in small outlying
areas has little chance to see
much of this material, while
the teacher close to workshop
and resource centers often
finds the amount of available
material unorganized and

overwhelming.

The Mathematics Resource Project was conceived to help with these concerns.

The goal of this project is to draw from the vast amounts of material available

to produce topical resources for teachers.

teachers provide a more effective learning environment for their students.

These resources are intended to help

From

the resources, teachers can select classroom materials emphasizing interesting drill

and practice, concept-building, problem solving, laboratory approach, and so forth.

When completed the resources will include readings in content, learning theories,

diagnosis and evaluation as well as references to ather sources.

resources 1s given below.

problem solving have been proposed.

A list of the

A resource devoted to measurement and another devoted to

NUMBER SENSE AND ARITHMETIC SKILLS (preliminary edition, 1977)
RATIO, PROPORTION AND SCALING (preliminary edition, 1377)

GEOMETRY AND VISUALIZATION (preliminary edition, 1977)

MATHEMATICS IN SCIENCE AND SOCIETY (preliminary edition, 1977)
STATISTICS AND INFORMATION ORGANIZATION (preliminary edition, 1977)



JNTRODUCTION

ry edition of RATI(O, PROPORTION AND SCALING.
teachers with
which involves

This is a prelimina
is intended to provide
portant work

The resource
ideas and materials to help them in their im-
the minds and personalities of their students.

WHAT IS IN THIS RESOURCE?

sDidactics

eTeaching Emphases
eClassroom Materials
eTeacher Commentaries
eAnnotated Bibliography

The bDidactics papers give information
on:
@% Learning Theories
&g Teaching

Diagnosis and Evaluation
7 =4

Techniques

4£$1@0315 and Objective
The titles of the Didactics papers in
this resource are:
@a Piaget and Proportions
50 Reading in Mathematics
JEiQBroad Goals and Daily Objectives
>~ Evaluation and Instruction
A list of the Didactics papers for all
of the resources is given on page 10.
The Teaching Emphases section stresses

important areas which may help to teach
most topics. These include:

Calculators

Qg)AppLications

3? Problem Solving

@B Mental Arithmetic

:: Estimation and Approximation
Qg,Laboratory Approaches

The Classroom Materials section in-
cludes:

ePaper and pencil worksheets
eTransparency masters
elaboratory cards and activities
eGCames

sTeacher directed activities
sBulletin board suggestions

The Teacher Commentaries which
before the subsections of the classroom
materials intend to:

appear

sProvide new mathematical information
(historical, etc.)

sGive a rationale for teaching a
topic

eSuggest alternate ways to introduce
or develop topics

sSuggest ways to involve students

eHighlight the classroom pages

eGive more ideas on the teaching
emphases

The Annotated Bibliography lists the
sources which were used to develop
resource. These sources contain many
additional ideas which can be of help
to teachers.

HOW ARE THE IDEAS RELATED?

this

The classroom materials are kty“d to
each other within the section, to the
teaching emphases, and to the commen-
taries with symbols and teacher talk as
shown on page 9.

The commentaries refer to specific
classroom pages (cited in italics)
and often a classroom page is shown
reduced in size next to the discussion
of the page. The commentaries relate
the various teaching comphases to the
mathematical topic of that subsection.

Each teaching emphasis includes a
rationale, highlights from the class-
room materials, and a complete list of
classroom pages related to that
emphasis.

HOW CAN THE RESOURCE BE USED?

Each teacher will decide which material
is appropriate for his/her students. The
importance of the teacher's role in making
these decision cannot be emphasized strongly
emough. A teacher might use as few of the
paper and pencil worksheets to supplement
the textbook, use the laboratory activi-
ties to give more "hands-on" experience,
or organize a unit around a teaching empha-
sis. Thus, the resource can serve as a
springboard to develop a more flexible
mathematics curriculum. More importantly,
the teacher can supplement the resource
with his/her own ideas to build a dynamic
instructional program.



FEATURES OF CLASSROOM PAGES

When a ditto master is made using the thermofax process, the material in blue
will not reproduce. Thus, the student's copy will contain only the material printed
in black. The corners are designed to describe the content on each page.

The symbols below identify These are the topics of the page. The sub-
the teaching emphases in section and section headings are useful for
this resource. Each of locating and refiling pages.

these is discussed 1n the
section Teaching Ewmphases.

%Z Enrichment (inveatigations or extensions)

/5% Skill-building (drill and practice)

= Introduction (concepts and meanings)

Calculators

’&@ d"&& WA Any other blue

Applications

material on the
‘? page 1s teacher
talk or answers.

Problem Solving

E If a page is

FATIMA, OMAR ‘S WIFE;, SENT HIM TO THE WELL TO GET EXACTLY ONE
Mental. LITRE OF WATER, HOWEVER, HE HAD ONLY A 5-LITRE JUG AND A Z-LITRE JUG, referred to by a
Arithmetic CAN YOU HELP OMAR FIGURE OUT HOW TO GET ExactLy 1 LiTRE? didactics paper,
one of these
~ symbols 1s used.
it Learning
, . Theories
Estimation and - ATER AN HE CARRY 10
» WHICH OF THE FOLLOWING AMOUNTS OF WATER CAN f HOME USING .
Approximation ONLY HIS S5-LITRE AND 2-LITRE Jugs? == TeaCh{‘ng
1,28, 30,846, 566¢,72,8¢ Techniques
~ Diagnosis and
WHAT AMOUNTS OF WATER CAN BE OBTAINED USING ONLY 3 £, 5 ¢, Evaluation
anp 11 ¢ Jues?
Laboratory Goals and
SEE IF YOU CAN FIND THREE JUGS THAT WILL MEASURE AMOUNTS FROM .
Approaches 1 LiRE To 20 LITRES USING NO OTHER CONTAINERS! Objectives

COULD YOU, HAVE USED ONLY TWO JUGS?

Here 1s the type of activity. Credit 1s given here to the source if the
This refers to the suggested page is a direct copy. Ideas from other
use of the page. sources are alsoc noted.



LIST OF PAPERS ON THE LEARNING THEORY
AND THE PLEASURABLE PRACTICE OF TEACHING

NUMBER SENSE AND ARITHMETIC SKILLS
,gl;;L_\_ Student Self-Concept
@ The Teaching of skitls
C;\ Diagnosis and Remediation
€3 Goals through Games

RATIO, PROPORTION AND SCALING

@@ Piaget and Proportions

C*\ Evaluation and Inmstruction
GEOMETRY AND VISUALIZATION
Q?} Planning Instruction in Geometry
@? The Teaching of Concepts
9 Goals through Discovery Lessons
7 Questioning
Cx\ Teacher Self-Evaluation
MATHEMATICS IN SCIENCE AND SOCIETY
@@ Teaching for Transfer
€59 Teaching via Problem Soluving
&7 Teaching via Lab Approaches
@% Middle School Students
STATISTICS AND INFORMATION ORGANIZATION
Compovents of Instruction--an Overview
&3 Classroom Management

Q?} Statistics and Probability Learming

NOTE: A complete collection of all the papers from each resource
is available as a separate publication.
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PIAGET AND PROPORTIONS

The child 1s not a miniature adult.

How would your students do on this
problem?

Mr. Short (given, with a chain of
paper clips, to the students) is 4
large buttons in height. Mr. Tall
(deliberately not shown to the stu-
dents) is similar to Mr. Short but
is 6 large buttons in helght. Mea-
sure Mr. Short's height 1in paper
clips (he is 6 paper clips tall)
and predict the height of Mr. Tall
if you could measure him in paper
clips. Explain your prediction.

MR. SHORT : 4 BUTTONS
MR, TALL @ & BUTTONS

If your students are like those in a study which used this problem (Karplus, et al.,
1974), nearly 30% of the eighth graders and more than 50% of the fourth graders would
respond like this:

Mr. Tall is 8 paper clips high. He is 2 buttons higher than Mr. Short,
gso I figured he 1s two paper clips higher.

Perhaps you have tried questions
like the one above or like those in the ,_FUN AU'THE FAIRo /

activity to the right (from PERCENT: As

a Ratic). If so, you no doubt have

noticed that some students do not seem
to grasp the idea of proportions even
after instruction and even though they
may carry out the mechanics all right
when the situation is clearly labeled,
"Solve with proportions." It is inter-
egting to look at proportional thinking
from the framework of the developmental
psychology of Jean Plaget and his
colleagues. The Piagetians have noted
the stages in the natural development of
thought patterns——but not how the develop-

ment can be accelerated or how the

patterns can be Improved. Indeed, Piaget

is usually reluctant to suggest what his

NOTE: Unless otherwise noted, subsections c¢ited are in the RATIO section of the
resource Ratio, Proportion and Scaling. 11
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DIDACTICS

work might dictate to educators. [Hill, 1972, p. 19]

PIAGET AND PROPORTIONS

has offered this comment on the value of his work to teachers:

It is essential for teachers to know why particular operations are
difficult for children, and to understand that these difficulties must
be surmounted by each child in passing from one level to the next. It
18 not the stages that are important; it is rather what happens in the
transition. Teachers must understand, for example, why reversibility
cannot be taken for granted with 4-year-olds, and why 12-year-olds have
difficulty reasoning from hypotheses. What changes take place from one
level to the next, and why does it take so much time?

Too many people take the theory of stages to be simply a series of
limitations. That is a disastrous view. The positive aspect is that
as soon as each stage 18 reached, it offers new possibilities to the
child. There are no "statie! stages as such. FEach is the fulfillment
of something begun in the preceding one, and the beginning of something
that will lead on to the next. It is just as disastrous, moreover, to
assume that a child has or has not reached a certain stage just because

he is a certain age. The ages I have mentioned are only averages.
["Piaget Takes a Teacher's Look,'" 1973, p. 25]

Let us look at these '"'stages' to which Piaget refers.

STAGES OF COGNITIVE DEVELOPMENT
Piaget has identified stages of

mental development which can be des-
cribed in terms of how one thinks dur—
ing those stages. The existence and
order of the stages have been confirmed
across cultures. Except as is neces-

sary for illustration, we will consider

only the last two stages in the diagram:

\

When pressed, however, Plaget

Stage

Sensorimotor
Preoperational
Concrete opeéerations

Formal operations

Approximate Ages

O to 2 years
2 to 7 yeers
7 to 11 years
11 to 15 years

or older

the concrete operations period and the formal operations period, since virtually all

middle school students should be in these two stages.

above about taking ages too literally. The diagram gives the usual age guidelines

Recall that Piaget warned

although considerable data suggest that the age 1indicated for the start of the for-

mal operations period (11 years) might be too young for many people [Lovell, 1971;

Chiappecta, 1975].

The Concrete Operations Period

Concrete operations are parts of an organized structure of mental activities




DIDACTICS PIAGET AND PROPORTIONS

©

about physically real objects. These objects are not necessarily present. However,
if they are not, 1t is assumed that they have been experienced in the past. Some
characteristics of the thinking of the concrete operations period become clearer by
considering two of the famous Plagetian tasks that younger children cannot handle.

The two examples also show why Plaget is of such interest to teachers in the primary

grades.

Conservation of number. If pre-
schoolers are given two rows of counters (A\) ©o00000
arranged as in (A) and (B), they will (B) O o0 00O o0
agree that the two rows "have the same." .
If, however, one row is then spread out, (A') OO0 000 O0

as in (A') and (B'), most preschoolers (B') o 0o 0 o o o

WHICH ROW HAS MORE 7

will assert that row (B') has more!

Before the concrete operations period,

children do not seem to realize that the number 1n a set remalns the same no matter
what the rearrangement of the set—-they do not "conserve numerousness.'" Rather,
they tend to focus on some domlnating perceptual characteristic like the distance
between the end counters. Thus, a preschooler may not consider other features, like
the greater spacing, which would compensate for the greater apparent ''size" of the
row. Not until the concrete operations perlod does a c¢hild simultaneously take

into account perceptually less compelling aspects. When the child can reverse a
mental spreading out of the counters and mentally reposition them in the original

display, he can conserve number. This reversibility characteristic is one of the

key requirements for a mental activity to become an "operation' in Piagetian terms.

Conservation of amount. Show a pre-

schooler a ball of clay and then have
the child make another ball just like

the first one (or start with two balls
the child agrees have the same amount).
If you then roll one of the balls into

a wiener shape or flatten it into a

pancake shape, the child will likely

say that the changed shape now has more

than the unchanged shape. He is focusing on the greater length or area and may be
unable to reverse (mentally) the rolling—out transformation to roll the wiener or

pancake shape back into a ball.

13
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@

taking into account compensating aspects (greater length may be compensated for by

During the concrete operations stage children become increasingly adept at

less thickness) and at reversing mental actions like those above. They are much

less prisoners of their immediate perceptions. 1In addition, they become able to

deal with classifications, even multiple classifications such as a figure being both
a polygon and a triangle. They also become more and more skillful at placing objects
in order, based on characteristics like length, size and color intensity. Alchough
they can note a relationship like 4-buttons-to-6-buttons (for Mr. Short to Mr. Tall),
they cannot mentally relate that ratio to an equivalent ratio (6-paper—clips-to-how-
many). They cannot manipulate relationships between relationships mentally. Further,
their thinking seems to be tied to the real world in the sense that they are not com-

fortable in dealing systematically with what 1s theoretically possible. The extension

of thought from the actual to the potential is a main characteristic of the next peri-
od of development, the formal operations period.

The Formal Operations Period

As an example, suppose that

students of various ages are asked to
give all the possible choices for a

double-dip cone when there are six APPLE BERRY CHERRY DAIQUIRI EGGNOG FUDGE

kinds of ice cream. Children during e G
. 7
the concrete period may proceed semi- .
() (o) .
systematically (e.g., choose all
adjacent pairs) but may not fimd all

the possibilities except by a trial-

and-error procedure, [Piaget and

Inhelder, 1975, ch. 7] One mark of the formal operations stage i1s that the student

can list all the possibilitiles in a very systematic manner:
AB, AC, AD, AE, AF, BC, BD, etc.
This ice cream cone problem reveals a small facet of a much deeper change. The
concrete operations student works primarlly to organize and order what is present.

What the student cannot do, but what the formal operations student can do, is to

list all the possibilities at the start and then try to figure out which of these

14



DIDACTICS PIAGET AND PROPORTIONS

\

possibillities are all right. .

the real becomes a special case of the
POSSIBLE
possible, not the other way around.'
[Flavell, 1963, p. 205] Piaget regards
"this reversal of direction between
reality and possibility” as the funda-

mental property of formal thought.

[Inhelder and Piaget, 1958, p. 255] CONCRETE e

the novelty of formal operations

is that they bear on hypotheses——that is to say, on statements that are not known,
nor supposed tc be true at the outset—-and on behaviour and properties of objects
that cannot be directly observed.” [Sinclailr, 1971a, p. 9] (Using the label 'hypo-
thetical reasoning” for this stage should not, however, be construed to mean that
younger students can follow no "if-then'" arguments about familiar things.) The stu-
dent also becomes able to set up experiments to test the effects of varlables—for
example, with a pendulum, which of the variables length-of-pendulum and weight-of-
bob affects the time for a complete swing?

Concrete thought focuses on real objects and events; formal thought can focus

on these concrete thoughts (or statements about them) and proceed to work with these

thoughts (or the statements). It is this "work with thoughts' that relates to
proportions. As was noted for the Mr. Short-Mr. Tall situation, a proportion is a
relation (equality) between two relatilons (ratios). Hence, full understanding of
proportions should theoretically require formal thought. The results of the Mr.
Short experiment support this assertlion, and Piaget has justified the assertion

(and may have thought of 1it) through several experiments. Here are two of the

axperimental set-ups.

Similar triangles. [Plaget and Inhelder, 1967,

ch. 12] Suppose that students in the concrete period R

are asked to draw a triangle with exactly the same

p
shape as the triangle to the right but with one side “ S (e) Q

being'Fa. Many will focus on the difference of 6 units

between PQ and PS and extend PR by 6 units to get the

triangle. Admittedly, they often recognize that the

result "doesn't look right,' but the point is that <Gl//\\\

their natural focus 1s on the difference rather than on // \\

a proportional relationship. Receall that this same Ga?ll \\
focus on differences was apparent in the Mr. Short e <) S____&ﬁ__a
experiment.

15
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Lever-arm balance. (Cf. Inbelder (\
8 8 &4 2 ? 2 &~ & 8
and Piaget, 1958, ch. 11) Suppose c ... frocate- P - )
students at the concrete stage are aj
5 [
asked to place a weight on a lever-arm 44

balance so as to balance a weight
already on the balance (as to the

right). Some students may count from

the ends of the balance arms. Others [ 1

will have no idea how to predict the balancing position. Once again, some may focus
on the difference in weights (1 unit) and feel that the 4-weight should be placed 1

unit farther out (onto the 9-peg) to adjust for this difference.

SO 4 .« . 7
"All very Interesting, but what does it mean to a teacher?'" you may be think-

ing. Piaget's veluctance to suggest exactly how teachers should use his findings
was noted. However, many Piagetian disciples and interpreters are willing to suggest
implications. The following three areas seem to involve sgsafe assertions:

1. Xnowledge of stages. As the early guote from Piaget indicates, some knowl-

edge of the developmental stages enables one to be more sensitive (a) to how the
student may be viewing things and (b) to topics that the student may not be able to
absorb, in particular by strictly verbal

means. FYor example, if teachers know

that students may notilce the difference

relationship in a setting actually in-

volving proportions, they would be likely

to use pages like Comparison 1 in

the Getting Started section to develop

awareness about ratios and other sorts

of relationships. Or, if one knows that

reasoning based on hyporheses contrary

to fact is difficult for some student,

then he would realize that indirect

proofs might miss the target. The dif-

ficulty, of course, is in determining

at what stage a student is. A brief

treatment of Piaget wmay leave the
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concrete operational or formal operational. This is not the case. Pilaget indicates

impression that a middle school student can be neatly categorized as being either

that one can use formal operations in some familiar area without reaching the formal
level in other areas [Pilaget, 1972]) and quite often students are in a transitional

phase between stages.

2. Knowledge of factors in development. Pilaget includes these factors in the

natural development of the operational stages: maturation, experience, learning

from others (''social transmission') and

the more technical "equilibration.' FACTORS IN COGNITIVE GROWTH
[1964] The first factor——maturation—-— ——MATURATION

reminds us not to expect an overnight ——EXPERIENCE

development of formal thought even ~-SOCIAL TRANSMISSION
though we might give careful verbal ——EQUILIBRATION
explanactions of, say, the proper way

to handle proportions. We might be better off to glve more attention to the experi-
ence factor by providing bases in physical realities for proportions. Pulaski com-
ments that ‘''Piaget feels that children in the classroom suffer from 'cognitive
passivity'; they need to take a more active part in discovering facts and relation-
ships."”" [1971, p. 125]

Piaget's feeling about the importance of social transmission is particularly

strong when it comes to a student's learning that there are other points of view than
his own (see numbers 6 and 7 on pages 10 and 11). Small group work or discussions
seem to offer an excellent way to hear others' viewpoints. Social transmission also,
of course, includes information received from the teacher; Piaget warns, however, that
the student must be "in a state where he can understand this information.'" [1964,

p. 177] For example, a student who does not yet have a ''feel'" for the meaning of a
ratio has to resort to rote memory or patterns to write equivalent ratios. Piaget

is emphatilc in insisting that words cannot do everything: "I don't believe in the
language factor . . . Language is fundamental for giving precision and clarity to
thought. But it is not the source of thought and verbal development is8 not a source
of the . . . development of intelligence." [Hill, 1972, p. 19]

Piaget regards the last factor, equilibration, as the fundamental one since it

"explains" how one's mental structures change (1f the other factors allow). So long
as new experiences fit into an existing way of cthinking, there is no need to change

that thought pattern. For example, so long as looking at differences enables students

17



DIDACTICS PIAGET AND PROPORTIONS

v

to make correct predictions, then they

will continue to look at differences.
20 YOU CAMN SEE TUAT MR. TALL

18 © PAPER CLIPS TALL.

If, however, a student's way of think~

ing leads to an erronecus prediction

for some new situation, then this

WHAT ?

discrepancy may provoke a change in how I TUOUGHT QJ

the student thinks. If he makes an in-
correct prediction in the Mr. Short
experiment, he may be receptive to
changing his way of thinking. All the

"mays" come in because there can be

deficiencies—-in maturation, experi-

ence or other human sources--which do not allow the thought patterns to change.
Hence, if the situation is "ripe" (which is hard to tell), having students work in
situations where reality may be contrary to what some of them predict——as in the Mr.
Short experiment--may instigate a change in their ways of thinking. If students mis-
predict about the ratlo of the surface areas of different cubes (see Surface Area
and Ratios 1 in the RATIO: Equivalent section), then some may experience a "dis-
equilibrium" and change their thinking ro compensate for it.

3. Attention to foundations. As a rule of thumb, Inscruction for middle school

students should start with the concrete operations stage in mind. Making sure that
the students do have some concrete bases for their mental manipulations may require

providing concrete experiences. Aebll, a Piaget student, gives his interpretation:

(The teacher) will arrange the learnming materials so that these
operations can actually be carried out by the student . . . and then see
to 1t that the student does carry them out. Suppose he wishes to teach
the elementary notion of fractions. He would do well to eschew pictures
of objects divided into equal parts in favor of actually dividing a con-
crete object before the class or, better still, getting the student to
make the partition himself . . . (Later, get) the student to perform the
requisite action with progressively less and less direct support from
the external givens. [Flavell, 1963, p. 368]

This quote supports a practice that many teachers believe in: start a toplc as con-
cretely as possible, move to drawings or pictures, and gradually include work with
strictly abstract symbols. TFor example, work with ratio might begin with activities

from the section RATIO: Gettlng Started

18
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Ratios by Picture I and Shady Ratios could provide '"semicon-

crete' experience before work with numerals only.

——1

::I ::::C l:2 = : 4
5:10 = 1:
__FLASHLIGHT FOR EVERY 3: = 6:8

__BATTERIES OR

There 1s other research support for the use of non-symbolic aids. Portis [1973]
Cested upper elementary students on proportions, using either physical aids, piec-
torial aids or symbols only. His findings? 'So low were the mean results
when symbolic alds (words only) accompanied the tests that the study raises a ques-
tion about the appropriateness of arithmetic problem solving tasks . . . when only

symbolic aids are used.'" [p. 5982]

SUMMARY

Concrete Operations Period

The student becomes able to—-glve simple or multiple classifications for
objects
-—order objects with respect to one or more
attributes
—deal with number ideas and operations
—~conserve length, area and interior volume

Formal Operxations Period

The student becomes able to—initlate thought by systematically listing
possibilities
-—-reason with premises that are not necessarily
true
—-—use proportions
——design experiments to control variables

Piaget's experiments surely indicate that the child is not a miniature adult in how

he thinks. Middle schoolers will likely be in the concrete operations period, the
formal operations period or, in many cases, somewhere between these two. Tor some
topics our teaching may provide not the complete structure but only the underpinnings
for a student's full understanding at a later time. The theory (and the successful
practices of many) seems to suggest starting instruction with physical realities famil-
iar to the student before working solely with abstract symbols. Better results are

likely if the students are active participants In the classroom, not just passive 19
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observers. See the reference list for sources for further study of Plaget and devel-

opmental psychology.

PYYYPYD

Try some of the Plaget-type experiments with children of different ages. For
exanmples, with a 5-year-old and an 8-year-old .

a. conservation of number

b. conservation of amount +

or, with a 9/10-year-old and a 12/13 -vear-old

Mr. Short-Mr. Tall

ice cream cones

silmilar triangles

lever—arm balance

MmO AD

Diagnose Jasper's problem and plan how you would remedy it.

7 17 1
b @ 8 A A _ 7
' - — = —_- = — = —
Jasper's work: 3 s 6 G ) 3
(Discussion) Piaget: ". . . there exists a fundamental lacuna in our teaching

methods, most of which, in a civilization very largely
rellant upon the experimental sciences, continue to dis-
play an almost total lack of interest in developing the
experimental attitude of mind in our students.'" (1971,
p. 37—The quote actually dates from 1965.)

What can we do 1n mathematics classes to develop an "experimental attitude"?

"As regards the teaching of the new mathematics, for instance, which constitutes
such a notable advance over traditional methods, experience is often falsified
by the fact that although the subject is 'modern,' the way in which it is pre-
sented is sometimes psychologically archaic insofar as it rests on the simple

transmission of knowledge . . .'" [Piaget, 1973, p. 17, emphasis added]
a. What alternatives to the "“simple transmission of knowledge' might Piaget
endorse?

b. In a recent survey more than 807 of the polled fifth-grade teachers used
manipulative materials in less than one-fourth of their lessons. [National
Advisory Committee on Mathematical Education, 1975, p. 75] 1Is this consis-
tent with Piaget's assertion above?

Reasoning with verbal statements is not necessarily formal thought. '. . . all
verbal thought is not formal and it is possible to get correct reasoning about
simple (statements) as early as the 7-8-year level, provided that these (state-
ments) correspond to sufficiently concrece representations.'" [Inhelder and
Piaget, 1958, p. 252] You might try the following two problems on an 8-year-old
and a 13-year-old.

a. Jim is taller than Dale. Matthew is taller than Jim. Who is tallest?

b. Mary runs faster than Ann. Mary runs slower than Jane. Who runs the fastest?

Piaget uses the word egocentrism to refer to the tendency to see things from only
one's own point of view. (This use should mot carry the usual negative connota-
tion of willful self-centeredness. It is natural; the person is not even aware
that other viewpolnts or perspectives exist.) Piaget has noted a recurrence of
egocentrism at the different stages of development.
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6.

(continuead) a
a. If student A (usually 8-9 years A

0ld) views a display as to the @ G Cc

right, he may not be able to

describe, or pick out a picture \ '-} _
showing, how the display would \ é
look to student B or C. Relate ﬁ s
this phenomenon to egocentrism
(you may want to try 1t on a U g U
few of your students). (Cf.

Pilaget and Inhelder, 1967, Ch.8.)

b. Look at 3 Paces You Should Have Seen 1in SCALING: Supplementary Ideas in
Scaling in terms of egocentrism.

Egocentrism refers to more than the visual perspectives in number 6. TFor example,

egocentrism during the concrete operations period follows these lines: Since the

student can now carry on considerable mental activity, his egocentrism takes the

form of an "inability to differentiate clearly between what he thinks and what

he perceives . . . In the course of . . . reasoning the child often fails to

digtinguish between his hypotheses and assumptions on the one hand and empirical

evidence on the other. It is this lack of differentiation between assumption and

fact that constitutes the egocentrism of the concrete operational period."

(Elkind, 1970, pp. 54-55] For example, a student may reinterpret or reject facts

to fit his idea, rather than use facts to test his idea.

a. (Discussion) Does thils notion of egocentrism account for any behavior you
have noticed in students?

b. Flavell notes that Piaget "has stressed the paramount importance of inter-
action with peers as the principal vehicle by which the child is liberated
from his egocentrism.'" [1963, p. 369] Why does this make sense?

(Discussion) Sinclair, in reporting on the Piagetians' work with memory, notes

that excessive emphasis on rote memory could well lead to an underdeveloped

self-organized type of memorizing. In addition, " a certain amount of rote

learning is, in the present system, Inevitable. But as regards mathematics and

allied disciplines, it appears that it is the concept formation itself that

should be fostered by all possible means . . ." [1971b, p. 134]

a. What things are, in your opinion, most efficiently learned through rote?

b. What are some 'possible means' to foster the formation of the concepts of
ratio, proportion or percent?

If a largexr unit is used to measure a length, fewer units are required (as in
the Mr. Short experiment). Abramowitz [1975) feels that students need to have
explicit exposure to such "inverse' situations and to contrast problems in which
an increase in one thing is associated with an increase in another (e.g., things
bought and money spent, or speed and distance covered, or—--usually——time spent
on homework and number of exercises finished). Plan how you might handle these
inversely related variables:
a. slze of area unit and number of units required to measure a plane regionm.
b. size of volume unit and number of unilts required to measure a space region.
¢. number of teeth in a gear and number of turns, as in

T'm Beat! How About You? in the PROPORTION: Application subsection.
d. distance from fulcrum and weight peeded to balance a weight, as in a lever-

arm experiment.

21
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@

It is likely that you would endorse

L

the first row to the right as satis- :::k/ THEN :::j;/
factorily showing that one-half and C;;;; —
two—fourchs are equivalent fractions. C;ﬁjj o
You might, however, be reluctant to /i:::
accept the secondlrow of drawings = '
as demonstrating < = - since the ® ' ® )
units are different. Yet, the !
second row does seem acceptable for O O i o O O O
showing that 1:2 and 2:4 are equiva- 12 E 24
lent ratios. Many writers regard
ratios and fractions as being the same (see the commentary and mathematical
content section for RATIO); whether they are the same 1s a minor issue in mathe-
matics education.
a. What is your view?
b. Is this issue only an academic question or does it have implications for

classroom practices?

11. (Outside reading) Read the Nelsen [1969] or Van Engen [196Q] article for more
on the are-ratios—-the-same—as—-fractions issue. A more technical article is the
one by Van Engen and Cleveland [1967].

12, This excerpt dealing with probability may interest you in
trying something similar with your students. With respect
to a spinner like that to the right, "Which is more prob-
able: two on each color with sixteen spins, or about one
hundred on each with eight hundred?”

Chen (11 years, 1l months): 'More likely with sixteen

spins and two on each color because two is less than one

hu?dred. Whgn there's chaﬂce,‘its (sic) easier (t9 reach (Ramo”s ARE OF
uniformicy wich 16 tries)." [Piaget and Inhelder, 1975, DIEFERENT COLORS)
pp. 76-771 What would you do with a student who responds

like Chen?

13. Here are some more quotes from Piaget and Inhelder's work with probability.
[1975, pp. 153-156] You may want to try similar questions with your students
and plan how you will deal with students who respond in similar fashions. The
students are asked which of two situations gives the better chance of drawing
a marker with a cross on it. The notation 3:4 means that in one situation 3
out of 4 markers have crosses.

a. Given 1:3 and 1:4, Ram (9 years, 9 months)
chooses 1:3 '"because there are only two without
crosses.”" Given 1:2 and 2:4, Ram says, 'Here (:> or (:>
(2:4). No, here (1:2) because there is only
one without a cross.” <:) (:> (:) <:) CZ)
"Why did you say the other?"
"Because there were two crosses . . ."

b. Mey (11 years, 1 month) (1:2 and 2:4) ’''Here (2:4) it's more certain because
there are two crosses."
"But are there two without crosses also?"
"Well then it's the same."
"Which do you choose?"

(continued)
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13. (continued)
'""This one even so (1:2) because there's only one without a cross . . .

(2:5 and 1:3) '"It's the same because there (2:5) there are three without
crosses and two with crosses, and here (L:3) one with the cross and two
without."
"And if I put this (1:3 and 2:6)?"
"I prefer this (1:3) . . ."

¢. Bis (12 years, 2 months) Bis recognized the equal likelihood in 1:2 and
2:4 situations. For 2:5 and 6:13, '". . . it's the same. There is as much
risk on one side as in the other. Here there are six with crosses and
seven without crosses, and there two and three [thus a difference of one
on each side]."
"And if we compare three piles, 1:2 and 20:21 and 100:101, which is the
most likely to give a cross?"
"There where there is one more out of one hundred, there is less chance of
getting it than there is wirth the one more out of twenty (after a long
hesitation)."
(See Fischbein, et al. [1970], Lovell [1971] and Romberg and Shepler [1973]
for other research on probability with students.)
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IN MATHEMATICS

EVERY TEACHER A READING TEACHER?

Should the mathematics teacher

be expected to teach reading? If you

live in a state where a course in the

BUT YOU CAN
TEACH BOTH'

I TEACH MATH,

teaching of reading is required for
NOT READING.

secondary certification, you know

that some certification boards think

the answer is, 'Yes." And there seems

" student

to be good reason:
achievement is improved if the reading

skills instruction is integrated with

the content instruction.' [Laffey, 1972,
p. vii; see also Aiken, 1972, pp. 369-
370) Certainly you will agree that it is unreasonable to expect that the language

arts teacher will have much trainling in mathematics. But by the same token, unless
you have had training in the teaching of reading, what can you be expected to do?
This sectlon can only skim the surface of this important topic. We have attempted to
collect here some recommendations of various experts. Most of the suggestions fall

into a ''good idea" category and seem usable in mathematics classes.

WHAT CAN WE DO?
1. We need all the help we can get: Befriend the language arts teachers and

the reading specialists. They are the experts . . . and their training programs

usually encourage them to illustrate word-attack and comprehension skills with
vocabulary lists and reading assignments from teachers of other content areas. These
teachers can also give you information about reading difficulties of particular stu-
dents. If you are involved in writing materials for students, a reading specialist
can be an invaluable consgultant.

2. Diagnose. ''One recommended device in a content class is simply to give, at
an early meeting, a reading text assignment with accompanying questions. The tea-

cher calls each individual to his desk to read excerpts quletly from the selection.

NOTE: Unless otherwise noted, subsections cited are in the PROPORTION section of
the resource Ratio, Proportion and Scaling.
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The teacher can quickly differentiate those who can and cannot cope, at least mechan-

ically, with the reading, and he can obtain some estimate of the range of proficiency

within the group." ([Burnett, 1974, p. 109] Note the '"at least mechanically." Many
apparently 'good" readers cannot interpret a paragraph they can read smoothly.
(Caution: Some poor oral readers understand quite well.) You might wish to check
the students' reading scores in their permanent records if you do not want to take
time to have them read aloud.

3. Point out features of the book that help to organize the material and enable

the reader to review. A student may not know what information is in the table of
contents, how the Iindex 1s used, what and where the glossary is, or where specilal
reference tables are located. Point these features out agaln as they are needed.
Providing an overview of the chapter may remind the students that the parts are re-
lated. It may be worthwhile to look at pages to study the organization of explana-
tory material; the role of underlined, italicized, colored or shaded print; and the
use of diagrams to support narrative explanations.

4. Make certain that words and

symbols megn something, (See also The

28

Visualizatlion, Mathematics Resource

Teaching of Concepts in the section
POLYGONS & POLYHEDRA in Geometry and

ONTOGENY RECAPITULATES
PHYLOGENY . ...

Project.) You may have had the experi-
ence of reading every word in some

sentence perfectly, yet having no idea

of what the sentence said--and you are

a college graduate, We may need to

review vocabulary, especially before a reading assignment. Below is a list of terms
and phrases and the percents of a large group of seventh and eighth grade students
who checked the terms and phrases as '"known.'" Note the results particularly relevant
to work in this resource: ratio (37.2% of the students felt they did not know the
term), proportion (53.6% unfamiliar), mean (467% unfamiliar), extremes (72.1% unfamil-
iar), percentage (27.2% unfamiliar), scale drawing (32.9% unfaniliar). And, in a

large-scale study with sixth graders, Ebeling found ". . . the average sixth grade
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abacus (39.9)
adjacernt (25.8)
algorithm (3.8)
alternate exterior
angles (30.0)
alternate interior
angles (31.8)
arc (48.6)
array (24.5)
assoclative (76.6)
associativity (39.1)
bisect (27.2)
calculate (49.8)
capacity (41.9)
centroid (6.1)
commutative (71.4)
commutativicy (44.8)

congruent (33.8)
consecutive (22.7)
cross product (36.3)
decagon (24.7)
distributive (67.9)

complementary angles (37.5)
concentric circles (16.1)

SELECTED TERMS AND PHRASES WITH PERCENTS OF "FAMILIARITY'*
distributivity (38.1)

dodecahedron (2.5)
ellipse (21.2)
equate (23.6)
equilateral (49.2)
exceed (29.7)
extremes (27.9)
factorization (46.9)
heptagon (24.9)
hyperbola (2.7)
icosahedron (2.4)
integer (33.2)
isosceles (31.1)
magnitude (9.1)
mean (54.0)
midpoint (41.1)
motion (36.5)
obtuse angle (58.7)
octagon (49.7)
octahedron (6.8)
ordered palr (43.8)
origin (45.4)
parabola (3.4)
percentage (72.8)

x

"Familiaricy" was determined by whether the 7th and B8th grade students checked
"know'" when given the term or phrase.
Kane, Bymme and Hater.

Entries selected from Appendix A in
(1974, pp. 75-90]

perpendicular (48.3)
perpendicular
bisector (22.4)
pi (36.5)
polygonal region (24.9)
polyhedron (6.3)
probability (32.9)
proportion (46.4)
Pythagorean
theorem (3.2)
quantity (68.1)
ratio (62.8)
reciprocal (44.0)
region (49.3)
rhombus (29.3)
scale drawing (67.1)
scalene triangle (36.5)
sides of an
equation (43.1)
tangent (8.2)
tetrahedron (5.2)
trapezoid (37.6)
velocity (25.0)

student has the ability to associate fewer than half of the algorithms with their

mathematical terms.' [1974, p.

lary and symbolism!

Warn students about words that can be easily misread:

lelogram and parallel,

mathemacics words which have everyday (non~mathematical) meanings:

7515]

for example.

Certainly, we must give attention to vocabu-

tens and tenchs, paral-

Look over a reading assignment for the many

point, interest

means, prime, extremes, product, round, foot, yard, scale, set, adjacent, altitude,

base, check, cube, and many others.

These should be called to students' atctention

since there is some evidence that readers, particularly poorer readers, give the

everyday interpretations to such words.

ings, also.

Some mathematics words have multiple mean-

For example, students may encounter equivalent sets, equivalent frac-

tions, equivalent ratios, equivalent sentences, logically equivalent, equivalent
expressions during their machematics work.
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5. Have the students read! '"Although some teachers of mathematics prefer to

provide initilal explanations themselves in an oral presentation and let the students

work alone only on the exercises or

problems, it seems unfortunate that
pupils should be taught always to rely
so heavily on the teacher for new
learning."” ([Catterson, 1974, p. 158]
When will the students ever learn to
read? The greatest factor in whether
students learn something is whether A
they have the opportunity to learn it. ’* DON’T ASK THEM TO READ .-
Yet it is so easy to make assignments of ECHCN L

A VICIOUS CIRCLE ?
exerclges from a textbook and never even

mention the accompanying explanatory material in the book, let alone give any advice
on reading mathematical discourse. Perhaps 1t should be no surprise when so many

students don't 'understand" word problems.

Reading experts suggest a few methods. [Catterson, 1974, p. 158]

¢ Ask the students to read a paragraph or two of narrative silently and then to

answer oral questions.
e Prepare a few written questions as a reading study guide for the students.

o Devote a few minutes to silent reading of material as the routine before the

exercises are assigned.

e Give students some guidance before a reading assignment: What should they
look for? What vocabulary and symbols are in the passage that may need review or
explanation? What earlier material is the passage related to? What is the role of
accompanylng figures and tables, 1f any? Do the students have paper and pencil

ready to fill in gaps or check assertions in the book?

s Form small groups of mixed reading ability occasionally. Have the fluent
readers read orally with the others following along. Then the whole group can

discuss the passage or written questions.
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6. You will probably want to give
explicit attention to the reading of

charts, diagrams, tables, graphs, mea-

suring tools. Quite often charts,

diagrams and tables are not read from
left-to-right or top—-to-bottom., Learn-
ing to make charts, ete., helps in
learning to read them. You know that
students need instruction in reading
rulers, protractors and other measuring
devices; they are mentioned here as a
reminder of the variety of types of
reading required in mathematics.

7. Remind students that reading in mathematics is much slower thar most other

reading. You cannot get much from a paragraph of mathematics reading by whizzing
through at comic-strip or fiction-book speed. Symbols and information-packed sen-
tences cannot be absorbed by fast reading. They require concentration since missing
even a part of a symbolic expression or sentence may cause a complete lack of under-
standing. Skimming a chapter or reading a summary first to get an idea of the "big
picture' may be worthwhile, but mathematics vreading for understanding requires so
many fixation pauses, regressions, intentional re-readings and references to diagrams
or parallel numerical work that one's reading rate cannot be great. (Point out that
this necessarily slow reading is the reason you assign only a litrle reading, not
because the reading is unimportant.)

8. Try to have available (in the room or in the library) a collection of

"recreational" reading books on mathematical themes. For example, Weyl's Men, Ants,

and Elephants: Size in the Animal World [1959] might be of interest to a student

after work with ratio and scaling. Books of activities, games and puzzles like

Patterns and Puzzles in Mathematics [Horne, 1970] or The I Hate Mathematics! Book

[Burmns, 1975] are easy for a student to browse in even if there are only a few min-
utes available. The NCTM publicaticn by Hardgrove and Miller [1973] annotates trade
books on mathematics. Librarians often have lists of recently-published books and
welcome specific requests from mathematics teachers (except perhaps in times of bare
budgets). If the librarian does get some of your requested books, be sure they are

used by the students!
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9. What about the very poor reader, the one who has so much trouble with each

word that he has forgotten the beginning of the sentence by the time he gets to the
end? Well, you did befriend the reading specialist, didn't you?! . . . General
guidelines do include these two: 'illuminate, perhaps even magnify, each gain the
learner makes, and . . . avoid unfavorable comparisons of the learner's performance
with that of other pupils." [Burnett, 1974, p. 104] Besides the reading in small
mixed groups mentioned earlier, Burnett also suggests . tape recording a better
reader's oral reading of assigned chapters and encouraging disabled readers to read
silently along with the tape while listening with headphones.' [p. 209] If you have
a whole class of poor readers, you might read to them or with them, sentence by sen-
tence. If you have an "individualized'" program of some sort, for less severe cases

you might be able to find a textbook with a more nearly appropriate reading level.

SUMMARY

We can attack the reading problem by .

e informally assessing the students' reading ability;

s working with the reading teachers, especially for students with sévere reading
problems;

e making certain our students know helpful features of texts, understand the
vocabulary, have a realistic approach to a mathematics reading rate, and get instruc-
tion in reading diagrams, charts, etc.; and

s above all, insisting that the students get some reading practice.

WORD PROBLEMS

One of our most important areas is outr students' hardest: word problems. It
is no surprise that reading skill is related to success with problem solving (e.g.,

see Balow, 1964).

I know what to do by looking at the numbers in the reading.
If there are only two numbers about the same, I subtract.
If there are lots of numbers, I add. If there are just two
numbers and one is smaller than the other, then it is a
hard problem. I divide to see if it comes out even, but if
it doesn't, I multiply.

Adapted from Burton, 1962, p. 106
‘SOLVING” THE \WORD- PROBLEM PROBLEM

1. Students must learn that a single reading of a word problem is not enough.

Three readings might be enough: the first a fairly fast one to get the 1dea of the
32
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sitvation, the second much more slowly to interrelate the data, the third to go back
and pick out specific pieces of information. (Let's call it two readings to keep
students from fainting!) Having students paraphrase a word problem is recoumended

by some authors since paraphrasing requires reading for meaning and not just reciting
the words.

2. The students must have a good conceptual base. If a student's '"concept”

of multiplication consists only of the x-sign and an associated algorithm, he may
not see a situation in a word problem as fictting multiplication instead of some
other operation. Without a proper foundation, success with word problems involving
proportions, say, may depend on the problems being within a sequence of problems
dealing with proportions. Time spent on developing meaning for symbolism and vocab-
ulary seems to be worth it. [VanderLinde, 1964]

3. The student may uneed a reminder that making diagrams, figures or sketches

is often a helpful problem-solving aid. Sometimes students seem to think that only

numerals should be written, or resist doing things they may not regard as being
important for getting an answer. Some teachers make a specific assignment on making

diagrams only or require dlagrams for most word-problem assignments.

4, Artgention to the choice of word-problem situations may help performance.

In a very small study with fifth gradexs, Lyda and Church [1964] found that lower
ability students seemed to do better on word problems involving situations like
those actually experienced by the students (buying groceries, buying milk in the
cafeteria, for example). In some work limited to ninth grade boys, Travers [1967]
found that the students preferred "social-economic” situations (selling hot dogs,
saving money for a date, organizing school committees) to situations labeled ''mechan-
ical-scientific" (repairing tractors, learning to drive a car, testing spark plugs)
or "abstract" (solving secret codes, counting imaginary objects like "ooks' and
""zooks'"). However, performance on preferred types was about the same as performance
on non-preferred types. Using students' names or local school situations in word
problems seems to help some students.

5. To increase weaker students' chances of some success with word problems,

you may need to rewrite some problems, using shorter sentences, easy vocabulary and

accompanying diagrams. (You might have some better students rewrite some for you to
use next year or with another class this year.) For multi-step problems, having the
numerical data presented in the order they are used in the solution makes the prob-

lems easier. [Burns and Yonnally, 1964] For example, in "Jo bought 2 loaves of bread
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at 69¢ a loaf and a package of cupcakes for 25¢. How much did these items cost?"
the data fit (2 x 69) + 25 exactly. Note, however, that the students may 'learn'” a

t

wrong thing from such problems: '"Always use the numbers in order,'" and would be in
trouble with "Jo bought 2 loaves of bread and a package of cupcakes. The cupcakes
were 25¢ and the bread 69¢ a loaf. How much did these items cost?"” An intermediate
step in helping your students might be to have them order the numerical information

without actually solving the problem.

6. Just as making graphs helps one

learn to read graphs, writing story

CHALLENGES FROM PEROD 3

mimlujnln]ufs
P00t
r

Similar sorts of activities can be based on these ideas: give data and have

problems may help students interpret

other story problems. You might have

students write word problems and pre-

pare an assignment or a bulletin board

with their "challenges.'" Small groups

Seem to prepare better written, more
imaginative problems than some individ- v U‘) m

uals do. Such problems may not be easy!

students ask questions, or gilve an equation and have students write a word problem
for it. This last actlvity may reveal some misconceptions. For example, suppose
that students are to write a word problem for §-= 5%3 and one student writes, 'Kay
saves $2 out of every $5 she gets. She has saved $30. How much did she get?" The
student may have made a careless error, but he might lack "feel" for proportions.

7. Students should have exposure to some word problems which give insufficient

information and others which give too much information. Both sorts force the student

to read for understanding. Some problems should require the use of "hidden" infor-
matlon (e.g., if the price per kilogram is given and the cost of 135 grams is sought,
the "hidden" relationship between kilograms and grams must be used). Each of these
three aspects—insufficient data, superfluous data, 'hidden" facts—appears in out-—
of-school problems. Indeed, it may be only in school that word problems present the
necessary and sufficient data in a tidy three-line package.

8. A final point is also related to "don't make it easy pot to read." If all

the word problems in a list are of the same type or require the use of only the
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algorithm practiced for the last two days, students can often get correct answers
without reading all the problems. Their technique? Just use the recent algorithm
or perhaps read the first problem, see what operation is to be performed and then
go through each of the other problems, pick out the numbers and perform that same

operation. To avoid this version of "problem solving,' different operations (or

irrelevant data) could be included in every list of word problems.

IN CLOSING

Experience suggests that students can become bet-
ter readers of mathematics if we give them some help.
If instruction on mathematical reading makes the stu-
dent a more self-sufficient learner and a more confident

worker of word problems, the time will be well spent.

PYYPYY

1. (Discussion) How do you handle the reading of mathematics? Do you give a read-
ing assignment, but then always reteach it?

INTERESTING ?
YOU CAN BANK ON [T !

2. Suppose you were to have students
read the narractive portion of che
page to the right. Outline what you
would say before they started and
what questions you would ask after
they had read 1it.

SAVINGS ‘

+ 900
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a. Talk to the reading speclalist (or consultant) in your school about reading
in mathematics. Or ask the district reading consultant to talk to the
department. Or ask that an inservice day be devoted to reading in the con-
tent areas.

b. Find and study a standardized test which gives reading '"levels" for students.
Does it give you any ideas for types of reading skills you could foster?

Pick a typical textbook passage and plan what you might say as you assign it.

a. Does your textbook include a regular vreview of vocabulary? If not, plan how
and when you feel vocabulary review should be worked in.

b. You might like to poll your classes at the start of the year to see how many
students know the word ''glossary."

¢. (Discussion) Have students make up sentences using a particular vocabulary
word and record them on tape. The whole class, small groups or individuals
could listen to the playback (you can expect lots of giggles until the novel-
ty wears off). Do you have other ideas for vocabulary practice? (See Feeman,
1973.)

About how much work with a new word does a student need? One (undocumented) claim
1s that the "average learner must see, hear, and use a word approximately 40 times
before he can be expected to decode it and apply it successfully.” [Bureau of
Elementary Curriculum Development, 1972] When some new term is introduced, audio-
tape the class session(s) until you feel that the students can work with the term.
Listen to the playback to see whether the estimate 40 seems about right.

Following are some terms and the corresponding percents of seventh and eighth
grade students who claimed to be familiar with them (from Kane, Byrne and Hater,
1974). Account for the low percents.

abacus (39.9) isosceles (31.1)
bilsect (27.2) probability (32.9)
concentric circles (16.1) rhombus (29.3)
hypotenuse (12.9) trapezoid (37.6)

It is surprising that some very similar words had very different familiarity
percents in the Kane, et al. [1974] lists:

associative (76.6) commutative (71.4) divisible (81.9)
associativity (39.1) commutativity (44.8) divisibility (59.2)

What are the implications of such results for us?

(Discussion) Have you tried anything to impress upon students the importance of
vocabulary (e.g., have them keep a vocabulary-spelling list, have vocabulary
quizzes)? Do you try to work new and recent vocabulary into the discusslon as
much as possible (see number 6)?

The results of the Ebeling study [1974]) suggest that we give more atteution to
the meaning of mathematical symbols. Design a worksheet over some collection of
symbols, using any of the following modes (or choose your own way).
a. Write expressions without words for each of these:

the product of 17 and 4.5 17 x4.5

the sum of 17 and n
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12.

13.

&

one—third of 82.2

L% increased by 5
the ratio of 6 to 9

8 divided by 2

b. Match:
6+n A. some number decreased by 6
6-n B. 6 from some number
6:n C. the ratio of 6 to some number
D. 6 increased by some number
E. the ratio of some number to 6
F. 6 decreased by some number
c. What symbol is suggested?
add multiply more than is more than
difference ratio quotient percent

Students must learn not to interpret reading piece-meal, but to read for total
meaning. For example, the student who thinks that "and" always means "add"
should be asked, "What is the product of 5 and 7?" Think of pairs of sentences
which would point out to the student the importance of reading for total
meaning

a. 1in contrasting
"less than' and "is
less than." Sﬁﬁﬂmo4%p¢‘k5f“

b. when a student
thinks that ''longer
than" always cues
addition.

c. 1in being alert to
common meanings for
technical words-~
"product' might
appear in a word
problem involving
addition or
subtraction. From the commentary for FRACTIONS: Multiplication/Divi-

sion, Number Sense and Arithmetic Skills, Mathematics
Resource Projecrt.

MHAZ
have 11 o\lf'Fqu.-"N}\l
out 7 Ulith Fact i vl
“of “ means
it iply , e

John has 10 friends.
He has called % of
chem, How many has
he calied?

(Discussion) Many ceachers (and textbooks) suggest to students that they follow
a sequence of steps to organize their approach to word problems.
For example, Read
Re-read
Determine the question asked
Estimate the answer
Write equation
Solve equation
Check the answer by comparing it with the estimate.
Discuss the value (or shortcomings) of such outlines.

to understand the problem and get the facts

Suppose you plan to discuss reading in word problems. Outline what you will
say (include the problem(s) you would refer to).
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14.

15.

16.

17.

18.

2 X

(sl

Suppose you plan to discuss reading in word problems. What would you say for

each of these problems?

a. Nida can buy candy bars at the rate of 3 for 49¢. Estella can buy the same
kind at the rate of 6 for a dollar. Who has the better buy?

b. Jasper took 3 hours to hike 8 miles. At that rate how long will it take
him to go 6 miles?

Consider adding verbiage to make second versions of Petite Proportions 1 and 2
in PROPORTION: Getting Started. Use both versions with a class to point out
the importance of getting the magin ideas from a word problem.

In an effort to get students to think about the meaning of a word problem, some
teachers emphasize key words and the meanings they connote. For example,
"remove'" indicates a subtracting actiomn. Students sometimes misinterpret this
advice to mean that the word "remove'" signals 'subtract.'" This incerpretation
can, of course, cause errors:
Dan's father removed 56 kg of junk from the garage on Saturday. If he
removed 45 kg Sunday, how many kilograms of junk did he remove that
weekend?
Prepare word problems to convince students that they must think about the total
situation and not trust single words to tell them what to do if the students
think

a. ''give" always means to subtract.

b. "all together" or "in all" always means to add.
c. '"cut off" always means to subtract.

d. "eut up" always means to divide.

This practice 1s sometimes advocated: Present the students with a word problem

without numbers and ask them what information they would need.

Example: Ellie had some money. Then she bought a record and a bracelet. She
put the rest in the bank. How much did she spend?

Evaluate the practice. If you like the idea, write 5 or 6 such problems and

try them out with a class.

Since the question in a word prob- "Gil will trade 4 of his Giants baseball
lem puts the focus on what is cards for 3 Dodgers cards. How many
sought, it would seem that putting Dodgers cards can he get for 12 Giants
the question at the start of the cards?"

problem might improve performance OR.

with word problems. You may wish to

to try this idea with your classes, "How many Dodgers baseball cards can Gil
especially since many real-life get for 12 of his Glants cards? He will
problems do start with a question trade 4 Giants for 3 Dodgers."

("Can we afford a new TV?").
[Williams and McCreight, 1965]
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19.

20.

21.

22,

23.

24.

25.

26.

(&

(Discussion) Some teachers use the following to initiate a discussion about

the importance of reading directions., Evaluate and add to the list.

a. Give a collection of easy calculations (5 - 3, L2 x 2, 100 — 10) but have
the directions say, 'Change all + signs to -, all - signs to +, (etc.) before
giving the answers."

b. Title of sheet: Can you follow directions?
Directions: Read all 20 exercises before starting.
1. Write your name. 2. Add your phone number to your house number.
3. Multiply your age by 25. (etc.) . . . 20. Do only number 1 and then hand

your paper in.

¢. Don't assign any exercises until everyonme has (had time to) read the direc-
tions. Then have someone tell what the directions say. Then assign the
exercises.

(Oucside reference) If you serve on a textbook selection committee, you may
hear references to readability levels. These levels are not subjective opinions
but are usually established by one of several '“objective' methods. Typical
factors might include average sentence length, a measure of vocabulary familiar-
ity, number of question marks, number of long words, . . . . Sctudy and compare
two or three of the methods of arriving at a readability level. (Kane, Byrne
and Hater, 1974, outline some of the approaches.)

Are there '"hidden infecrmation" exercises in your textbooks? If not, you may wish
to write some and give them to your students.

Some teachers prepare dittoes sheets of word problems and have students cross out
useless information and underline clues. You might like to try this idea out and
evaluate 1t.

One study with second and fifth grade teachers revealed that "students actually

read less than one page, or at most one or two pages of textual materials out of
five." [National Advisory Committee on Mathematical Education, 1975, p. 72] How
much of the reading in the text do you assign to your students?

One aspect of vocabulary is that some mathematical words have many synonyms.
One of the "worst" is lemgth. For example, distance, perimeter, width, height
2ll refer to the same characteristic that length does. Are there still other
synonyms for length?

To help students with weak mathematics vocabularies, some teachers

a. use mulctiple-choice instead of fill-the-blank test exercises.

b. list possible answers to a mathematics crossword puzzle in a scrambled list.
Do you have any additional ideas?

Sedlak [1974] used some 'modified cloze'" word problems in his work with
learning-disabled students. The items may suggest a form you could adapt to
use as a diagnostic test or to emphasize the importance of reading a word prob-
lem. Here are some samples,

i. The cook had 6 eggs. The cook 3 eggs. The cook now has 9 aggs.
(a) broke {b) colored (c) borrowed
i1. (extraneous information) The man had 4 cars. The man bought 2 trucks.
The man 3 cars. The man now has 7 cars.
(a) painted (b) bought {c) sold

iii. (distracting verb) The baby had 4 dolls. The baby lost 2 toys. The baby
3 dolls. The baby now has 7 dolls.
(a) touched (b) received (¢c) lost 39
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27. Manzo [1975] has outlined a "guided reading procedure' which students seem to
enjoy, but which requires careful and purposeful reading, gatheving information
and interpreting the author's message. You might like to try it two or three
times a year on reasonably sized text passages or recreational mathematics
reading (not more than 5 to 7 minutes reading time).

Step 1. Tell the students to read and remember everything,

Step 2. With the passage concealed, the students tell what they can remember.
The teacher records on the board, probably abbreviating. (Be patient
in waiting for students to start talking.) When no one can remember
anything else, the class studies the information recalled, looking for
incompleteness and inconsistencles.

Step 3. The class rereads the passage to £fill In the gaps.

Step 4. The class suggests an outline (simple or elaborate).

Step 5. The teacher asks questions to develop full understanding. (This serves
a modeling function.)

Step 6. The teacher gives a test of unailded recall (true-false, matching,
multiple-choice, etc.).
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"Would you tell me, please, which way I ought
to go from here?"”

"That depends a good deal on where you want
to get to," sald the Cat.

(Lewis Carroll, Alice in Wonderland)

What are we really after in teaching middle school mathematics? This important
gquestion has answers on two different levels: (a) the global "aims of education"

level and (b) the day-by-day level.

BROAD GOALS

We shall confine our attention here to those broad goals which are mathematics-
based. This restriction should in no way be interpreted to detract from the general,
and in many cases most important, middle school goals which cut across subject matter
lines: developing the students' views of themselves as maturing individuals, provid-
ing maximal opportunity for the students to explore different areas, etc.

If you have never thought about the broad goals of middle school mathematics
education, you might take a few minutes to jot down a list--pretend you are preparing
a report for the school board

Inservice teachers usually include such goals as the following:

—-The gtudent should acquire the mathematical skills needed in everyday living.

-—The student has the mathematics background needed for subsequent school work
(non—mathematical as well as mathematical).

--The student should be able to think logically.

——The student should be able to solve problems.

—The student can use mathematics in other areas.

——The student can communicate about mathematical ideas and techniques.
—The student likes mathematics.

-—-The student appreclates the worth and value of mathematics and its relation
to other subjects.

There often are references to ''mathematics in our cultural heritage,' "an 1Inquisitive

mind," '"the power to visualize" and others, but the list above is fairly typical.
What do other experts say? As times have changed, different groups of distin-

guished teachers and mathematicians have composed lists (see Osborne and Crosswhite,

1970, for a discussion of several of these recommendations). Such statements of

NOTE: Subsections cited are in the SCALING section of the resource Ratilo, Proportion

and Scaling.
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goals are, of course, quite compatible with the lists of inservice teachers.

BROAD GOALS AND DAILY OBJECTIVES

=

Goals

for School Mathematics [1963], for example, mentions

1. the acquisition of skills,

2. contact with the key ideas of mathematics and the precision offered by
mathematical terminology and symbolism,

3. the development of a genuine understanding of mathematical ideas,

4. exposure to the liberal-education aspects (mathematics is a growing, man-
made field, marked by hard work and genius),

the building of self-confidence in one's analytical power, and

an appreciation for the power of mathematics but at the same time an aware-

ness of its limitations.

A statement of goals—-either our oun or someone else's——glves us direction in

choosing what to teach and, to some degree, how to teach.

goals are not to be merely academlc exercises,

plans and daily lessons. Are we giving
enough attention to problem solving?

Is computation taking too much time?
What do we mean by 'think logically"?
Shouldn't we spend more time on approxi-
mation--that's very much needed in
everyday living? Frequent re-evaluation
of our broad goals——and whether we are
doing more than paying them lip-service--

1s a worthwhile investment of time.

DAILY OBJECTIVES

If our statements of

they should be the basis for our unit

HMM. T QETTER THINK ABOUT
THE IMPLICATIONS OF THESE :
HAND CALCULATORS
METRIC SYSTEM
CHANGING STUDENT POPULATION

Broad goals describe general areas and define our direction, but by their very

nature broad goals are vague.

When we are planning a lesson, we cannot be vague.

One development of the last 15 years--the increased use of behavioral objectives——

has been both championed and cursed.

Let us review this two-edged sword so that we

can use 1t to improve, not impoverish, our teaching.

The Case for Behavioral Objectives

Mr. Denson may jot down only 'Pages 158-159" in his plan book, but he probably

has more in mind than that.

If asked, he might cite as his objective, '"To cover

proportions," or perhaps, 'The student will understand proportions.'" Although 1t

does emphasize the student rather than the teacher, even this last statement is
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vague. Does it mean that
BERAVIORAL OBJECTIVES FOR TODAY

the student can solve a
LKNOCK THE STUFFING OUT OF ANYONE

proportion? . . . Define WHC SMARTS OFF,
2. GIVE A TEST THIRD HOLR.

YOURE RIGHT, CHARLEY

"proportion'"? . . . Solve )

3 GRADE THE TEST PreEP PERIOD YOU DOUT QUITE
a word problem using a 4 LAST UNTIL 3:30 UNDERSTAND THE USE
proportion? . . . Illustrate OF BEHAVIORAL

OBJECTIVES.

a proportion with a concrete
model? Each of these last
aspects is a possible
interpretation of '"under-

stand''--and that 1s why

"understand" is vague.

Phrases like ''solve a

proportion, " "define," "solve a word problem'" and "illustrate with a concrete model"
are less subject to alternate interpretations than "understand." They describe a
clearly observable behavior, whereas USUALLY ACTION

- VAGUE ORENTED
"understand" may seem to be an internal
gsort of thing. These behavioral understand name conjecture
"actions'" are (fairly) unambiguous. A know construct choose
substitute teacher could read the comprehend write give (example)
behavioral objective, 'The student can develop state define
make a scale drawing," and have a much appreciate solve order
better idea of what to do than if feel demonstrate sketch
confronted with the non-behavioral . justify calculate
"The student will know about scale :
drawings."

To summarize, behavioral objectives meet these requirements:

—Behavioral objectives put the emphasis on the student. They describe what the
students, rather than the teacher, will be doing.

—--Behavioral objectives describe what observable behavior we are seeking. Verb
forms with many interpretations are avoided in favor of "action' verbs with
narrow meanings.

Purists usually demand additional conditions for a 'true" behavioral objective: a
careful description of the conditions under which the student is to act, and a clear
specification of time restrictions and proficiency level. Although these are impor-

tant for evaluation purposes, we will not emphasize them here. See Mager [1962] if
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you have never been exposed to an extensive treatment of behavioral objectives.

oBT. TO KNOW OBJ. "STUDEMNT CAN oBJ. "WHEN ASXED,
ABOUT APPLICATIONS GWE 4 APPLICATIONS STUDEMT CAN STATE
OF PERCENT. OF PERCENT.” L4 APPLICATIONS OF
s S PERCENT I 1 MINUTE
®, WITHOLUT ERRORY

Proponents of behavioral objectives poilnt out these advantages:

1. The emphasis is where it belongs. Our whole reason for being in the class-
Toom is to help the student to grow in some area.

2. A behavioral objective provides a clear focus for a lesson, Rather than
just following the book, the teacher understands exactly what he is trying to achieve
and can use that as a guide in planning instruction. (Behavioral objectives are
particularly valuable to the beginning teacher. They keep the teacher on track
or help to find the track.)

3. Since behavioral objectives are explicit about what will be expected from
the students, evaluation is easier. Some teachers have noted that writing sample
test items before teaching a unit can help to determine what many of their objectives

really are.
4, It may help to tell the gtudents what the objectives are. Then they don't

have to guess what is expected of them! Walbesser and Eisenberg [1972] surveyed
several studies dealing with the effect on performance of telling students the
(behavioral) objectives. They concluded that there was ''cautious support' for the

pogsitive influence of telling students the objectives on these measures: achievement,

rate of acquisition and resistance to forgetting.
What Are the Objections to Behavioral Objectives? BEHAVIORAL OBJECTIVES

Despite their advantages, the use of behavioral
objectives may restrict objectives (and instruction) or g,
to things that are easily described in behavioral )

terms. First, this misugse can result in having only

"low-level” objectives. It is easy to write,

~-"The student can give an example of a scale drawing," or

-~"The student can use the given scale to find lengths represented in a scale
drawing,' or even

—-"The student can make a scale drawing of, for example, the floor plan of a
house.”
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But it is much harder to put in behavioral terms what we expect from students when
we give them monroutine problems about scale drawings. So, some early efforts at
compiling objectives omitted "higher level" concerns. Walbesser [1372], for example,
said, "For whatever reason, most behavioral objectives that are available for mathe-
matics curricula name trivial behaviors.' [p. 437] And because of this, ''Behavioral
objectives are now a negative force in contemporary mathematics education.'" [p. 438]

A second misuse of behbavioral objectives may occur if the evaluation of a stu-

dent (and the teacher) is to be based
only on achievement of a narrow list -
WE LL HAVE TO PUT
THAT AWAY NOW.
disturbing hypothesis: ", . . most KALEIDOSCOPES AQEM'T
teachers . . . will not 'waste time' ON THE DISTRICT TEST

on letting students 'mess about' with

of objectives. Davis expressed this

materials, but will restrict themselves
to getting students to memorize rote
superficial knowledge, and to testing
students for thelr possession of such
knowledge.'" (1973, p. 36]

Certainly, we do want to let students ''mess about,'" experiment, explore, con-

jecture, use their Imaginations and test ideas. We do not want to cut off a promis-
ing student question because its consequences do not fit into an extermally imposed
list of objectives. We do not want to lose sight of important objectives which are
hard to describe in behavioral terms (e.g., '"'the student appreciates the value of
mathematics"”). We do not want to confine our students to only "trivial, rote, super-—
ficial knowledge." 1s there a way to use behavioral objectives yet guard against
giving attention only to "low-level'" ones? Yes. Make consclous use of an ordered
classification system for objectives,

Ordered Classification Systems—--Taxonomies

The first part of the best-known taxonomy of educational objectives is usually
called "Bloom's taxonomy,' [Bloom, et al., 1956], and is devoted to the cognitive
domain (objectives having to do with thinking). The second part [Krathwohl, et al.,
1964) deals with attitudes, interests, appreclations, awareness, feellings—-the
affective domain. These general works have given rise to subject-oriented taxonomies
which naturally relate better to the pertinent fields (for examples in mathematics,
see Epstein, 1968; Romberg and Wilson, 1968; Wilson, 1971). We shall use one sug-
gested by Avital and Shettleworth [1968] to illustrate the nature of such taxXonomies.

' Taxonomies of

47

It has three categories (all cognitive), called "levels of thinking.'
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objectives usually imply an order of complexity; the higher levels are more complex

and usually involve thinking from lower levels as well.

The lowest level of the Avital- Avital-Shettleworth
Shettleworth classification schene Levels of Thinking
describes thinking which involves only Open search Productive

thought
recognition or recall of learned mater- '
13l. For example, 'The student can Algorithmic )
give an instance of a real-life use of thinking, ]
generalizations Reproductive

scaling," would require thinking at of varying degrees ,  thought
this level if the teacher/book has '
glven such an example. Working a word Recognition,
problem exactly like one done in class recall J

could involve this level of thinking since the student might just repeat a memorized
solution. Objectives at this level are quite proper; facts, information and proce-
dures provide the basils for "higher" levels.

Avital and Shettleworth's second level of thinking processes—--algorithmic think-

ing, generallzations——includes all routine applications of learned procedures:

Computation with algorithms; generation of slightly different examples; translation
among verbal, numerical, graphic forms; word problems with only slight différences
from ones done in class; Interpreting a scale drawing very similar to one in the
book; etc. For example, "The student can draw a figure similar to a given figure,
with a given scale factor" could fit into the second level; test items for this
objective would involve figures or scale factors not seen by the student but which
nonetheless are easily handled by the learned procedure. As an illustration of the
gradations within this second level, a scaling activity based on, say, a scale of
2.5:1 would be a bit higher than one based on a whole number not covered in class
with whole number scales (as in Bigger Than Life in Making a Scale Drawing).

Situations at this level are new to the student (otherwise they would belong to the

first level) but vary so little from the
learned situations that the same step-
by-step procedures, the same algorithms,
yield the solutions. As the examples

or tasks become less and less similar

to those covered earlier, they become
more and more difficult and occupy a
higher gradation within the second

level,
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Since the thinking required at the first two levels is so close to the original

learning, Avital and Shettleworth call these levels reproductive thinking. Their

third level—open search--involveg productive thinking, the production of something

new to the student. A question about a scale drawing of a scale drawing of another
scale drawing——uunless covered in class--might require a new interrelating of tech-

niques and be "above" the second level. Or, the problem, "Solve L +—t
1 1 1 x 3 3 x5

5% 7 + . . .+ 39 % 101 - © would be at the open search level for most students.

Open search thinking requires the ''non-

routine manipulation of previously

/
learned material and, at a higher level, MY KIOS CANT
DO THOSE

THINGS !

discovery of relationships among pre-
viously learned material and, at a
(still) higher level, discovery of

relationships among previously unrelated

concepts and propositions." [Avital

and Shettleworth, 1968, p. 19) Certainly thinking at this level is more complex and
demanding. Yet, if we never give our students an opportunity to work on open search

problems, how will they learn to attack

nonroutine problems, to “"think logically,"
“to interrelate data? Note, moreover, how auT I GUESS
much skill work would be likely even in WE CAMN

an insightful solution. Working on open TRY SOME
search problems exercises lower levels

of thinking as well as higher levels.

Three notes should be kept in mind when using any taxonomy.

1. Where a particular objective fits in the taxonomy depends on the background
of the student. A very high level task for some sixth graders might be a
low level one for eighth graders or even other sixth graders who have had
specific instruction on that task.

2. There are '"gray" areas between levels of a taxonomy and gradations within
levels. Fine distinctions may be important to theorists or evaluators,
but our use of taxonomies will probably be only as a reminder to gilve
attention to higher level types of thinking and to affective objectives.

3. The existence of different levels does not mean that each level gets the
same amount of attention. What we do want to guard against 1s ignoring
some levels completely.
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The Avital and Shettleworth taxooomy gives guidance in writing cognitive objec-

The Affective Domailn

tives. Naturally-stated objectives having to do with appreciation or attjitudes or
other areas of the affective domain do not usually fulfill the coundition of describ-

ing observable behavior of the student. For example, the following objiectives are

reasonable--but they are not behavioral:

--"The student will appreciate the compactness of scientific notation,"

--"The student will approach a problem with confidence."

——"The student will feel good about mathematics."
To state such objectives behaviorally is possible but seems artificial (see
Krathwohl, et al., 1964; Mager, 1968). We could (should?) use objectives like '"The
students will not have pained looks on their faces when they come to mathematics
class' ot "Each student will say, 'Hey, neat!' at least once a month.' The thing
to remember is that affective objectives are legitimate and of great importance for
middle school students. Just because measurable affective objectives are awkward
to write, we cannot ignore the affective domain and hope it will take care of 1ltself.
Objectives devoted to feelings, attitudes and appreciations are necessary whether

they are stated behaviorally or not.

USING A TAXONOMY

A taxonomy comes in handy in planning--or in keeping track of--the work for a
particular topic. With a taxonomy and charts like the one below, teachers can plan
the work so that they give some attention to all the different levels and types of

objectives. Checkmarks or brief entries can reveal whether some level is neglected.

Toplc: Drawilng similar figures
Level (use pages in Making a Scale Drawing section)
Recognition, Vocabulary: enlargement (use What's the Point?)
recall seale factor, shrink
Algorithmic 1. Practice technlique, with 2. Reverse: give
thinking, various scale factors. drawing, ask for
generalization (use Bigger Than Life and A Shrink) scale factor.
Open search Ask: What happens to the area of a region 1if you make a 3:1
scale drawing of it?
Affective Drawing usuvally interest-provoking. Back-up: Use for “art"
domain project.
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Behavioral objectives, particularly if used with a reasonable taxonomy, can be

A Position

a valuable tool in planning, organizing and evaluating instruction. The tool must
not, however, become the master and result in a narrowed, inflexible curriculum

which ignores higher cognitive levels and affective dimensions of learning.

PYYYY

1. Make your list of the broad goals of middle school mathematics. Which are "need-
to-meet"” and which are only 'nice-to-meet" goals?

2. Choose a couple of the following content areas and describe specifically how
each can be relevant to each of your broad goals.
a. Addition of fractions
b. Division of fractions
¢. Scientific notation
d Proportions
e. Scale drawings
f. Percent
g. Activities like 3 Paces You See in the Supplementary Ideas in Scaling section.
h Activities like those in the Maps section.

3. a. Be your own devil's advocate and attack each of your claims in number 2.
For example, 1f you felt that addition of fractions contributed to a broad
goal like "mathematics needed in everyday life," attack that claim by asking
how many times a month a person adds fractions or by counterclaiming that
estimation and approximation are what people actually do with addition of
fractions.
b. Defend (or alter) your claims.

4. Mr. Youngblood: "I don't get it. Why should I be concerned about broad goals?
Let's face it, the people who wrote the book know more than I
do. And daily objectives? Why not just use the ones in the
teacher's manual?"

Your respomnse:

5. (Discussion) One's view of what is important about mathematics seems to depend
somewhat on the person's mathematics background. Write a short paragraph giving
your answer to the question, What 1s mathematics? Compare your description with
others (if you can, find someone who has studied more mathematics than you have,

and someone who has studied less).

6. (Discussion) Toffler, in Future Shock [1971], makes the statements below in
writing about education. Discuss the merit of the statements and their implica-
tions for our broad goals and classroom work,

a. "Parents look to education to fit their children for life in the future."
(p. 398)

b. Future technology will require people "who can make critical judgments, who
can weave their way through novel enviromments, who are quick to spot new
relationships in the rapidly changing reality.”" [pp. 402-403]

(continued)

51



DIDACTICS BROAD GOALS AND DAILY OBJEGCTIVES

ek

6. (continued)

c¢. "The rapid obsolescence of knowledge and the extension of life span make it
clear that the skills learned 1In youth are unlikely to remain relevant by
the time old age arrives." [p. 407]

d. "(N)othing should be included in a required curriculum unless it can be
strongly justified in terms of the future." [p. 409]

e. "Tomorrow's i1lliterate will not be the man who can't read; he will be the
man who has not learned how to learn." [p. 414]

7. The statement was made that our broad goals might influence how we teach (page 2).
Explain.

8. Which of the following objectives are not behavioral (in the limited sense of
page 3)? Why not?
a. The student should understand our numeratlon system.
b. The student should know the importance of mathematics in society.
¢. The student should be able to appreciate the work saved through abstract

thought.
d. The student should be able to deal with percent.
e. "Explain the example on p. 134." (From a lesson plan)

9. Clarify the following objectives by making them more behavioral.
a. The students know how to use ratios.
b. To introduce proportions.
¢. The student understands scale drawings.
d. To show how to make and use a hypsometer.
e. The student will study how changing the dimensions of a cube affects the
area and volume of the cube.
f. The student appreclates the size of the solar system.

10. Do you use behavioral objectives in your teaching? Why or why not?

11. A specific activity may serve different objectives, depending on who 15 doing
it. Write an objective for which one might choose to use Archie Texs’' Ruler
(in the Making a Scale Drawing section) if . . .
a. the student needs more work with measurement.
b. the student needs practice at following directions.
¢. the student is already good at something the rest of the class needs more
work on.

12. If you are famlliar with Bloom's taxonomy [1956], you might like to see
Avital and Shettleworth's relation of their thinking processes to five of
Bloom's six levels:

Avital and Shettleworth Bloom, et al.
Recognition, recall . . . . . . . . . 1. Knowledge
Algorithmic thinking, {2. Comprehension

generalization ST T T T T 3. Application

Open search , , ., . . . . . . . .. 4. Analysis
5. Synthesis
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Here is another example of a cognitive taxomomy written specifically for
secondary school mathematics. Wilson [1971) lists the categories below to
define areas for cognitilve objectives. Relate these to the Avital and
Shettleworth levels.

Computation: Knowledge of specific facts.
Knowledge of terminology.
Ability to carry out algorithms.
Comprehension: Knowledge of concepts.
Knowledge of principles, rules and generalizations.
Knowledge of mathematical structure.
Abillity to transform problem elements from one mode to
another.
Ability to follow a line of reasoning.
Ability to read and interpret a problem,
Application: Ability to solve routine problems.
Ability to make comparisons.
Ability to analyze data.

Ability to recognlze patterns, isomorphisms and symmetries.

Analysis: Ability to solve nonroutine problems.
Ability to discover relationships.
Ability to construct proofs.
Ability to criticize proofs.
Ability to formulate and validate generalizatioms. [PP-
646-647)

The National Assessment of Educational Progress [1970] included a section of
goals on the "appreclatlon and use of mathematics," to include the following:
--recognition of the importance and relevance of mathematics to the
individual and to society
--enjoyment of mathematics
—-use of the content and techniques of mathematics
——participation in the learning of mathematics beyond the minimum
What sorts of things can we do in the classroom to meet these goals?

Do any of your broad goals (number 1) seem to call for open search or affective-

oriented activities?

(Discussion) Miss Elto: "You can talk about higher-level objectives all you
want--my fifth period class can't even get the low-
level ones.”

a. What can we offer Miss Elto besides a sympathetic, "I know what you

mean''?

b. Would you have a different list of broad goals for weaker students?
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18.

19.

20.

21.

Ak

Suppose that the inmstruction on proportions has covered the meaning of propor-

tions, the usual vocabulary and solving proportions of the form —n
whole whole #
whole #° Where in the Avital-Shettleworth framework would you classify each

of these:
6 _ 21 /‘
a. Asking students to solve = =,
n 48
Giving students drawings like
the one to the right and hav-
ing them measure, write ratios //
and look for proportions. <
¢. Giving students drawings like the
the one to the right, putting
the students in small groups, ‘/ ‘
and telling them to see what

4 A
™~
v

A
[~
Yy v

they can come up with. 31
n 2 n .8
d. Asking students to solve zl =~ and 2.1 - 8.4
2

~

2
e. Asking students what they think 3 might mean.
10

f. Asking students to define "proportion."”

For one of your classes examine your last few lessons with respect to the chart
on page 9. Are all the rows represented?

Use a chart something like the one on page 9 to plan some part of your work on
percent.

(Discussion) Neale [1969] points out that studies indicate that student atti-
tudes account for only & small part of the variation in achievement. Ajken
[1972] feels that nonetheless we should be very concerned about attitudes since
they may have a bearing on persistence, ambition In class or school, satisfac-
tion, and further work 1in mathematics. How do you feel about the importance of
attitudes?

Do you agree with these principles for using objectives? [School Mathematics
Study Group, 1972, p. 18]

“II. . . . statements of objectives should be taken as floors, not ceilings. If
a teacher or a school can go beyond stated objectives, so much the better."

"IV. If statements (of) objectives are to be taken seriocusly, then the objec-
tives must be clearly verifiable and feasible . . . Before (an objective)
should be advocated, it should have been positively shown to be feasible
(and verifiable).”

"VI. Also, to be in conformance with point IV, we advocate at present no
affective objectives. There is no evidence available to show that atti-
tudes toward mathematics can be manipulated, so such objectives are not,
at present, feasible,"

"WII. None of the above should be taken as suggesting that we ignore goals
which are, at the moment, not feasible or not verifiable. Indeed, such
goals indicate the most important areas in which to concentrate our
future research efforts.”
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How would you react to these statements?
a. "I'm not sure word problems are worth all the effort they take to teach.

Aftey all, how many word problems does a person do outside of school?"

b. Faculty-lounge gadfly: 'You math teachers are frauds! If the school
board had any sense, they would fire you and use part of the money to buy
each kid a good calculator. Teaching wath is about as important as teach-
ing soap-making nowadays."

a. What educational value might result from these activities?
—-Class project: make a scale model of the town or neighborhood.
——Individual project: wmake something artistic, as in Room Decorations in
Making a Scale Drawing.
—Individual project: talk to a high school science teacher about the use
of ratio and proportion in high school science.
--Individual project: see how mathematics is used at a gasoline service

station.

Eisner [1969], in attempting to recognize the legitimacy of activities which
"seem" right but do not suggest clearly defined behavioral objectives ahead of
time, introduced the notion of expressive objectives:
". . . an expressive objective is the outcome of an encounter
or learning activity which is planned to provide the student with
an opportunity to personalize learning. It Is precisely because
of the richness of these encounters or activities and the unique
character of the outcome that the expressive objective becomes so
difficult to describe in advance. . . . engagement, emotional or
intellectual immersion, is a better indicator of educational
value than achievement test scores.'" [pp. 130-131]
For example, the activities in part (a) might result in expressive objectives.

b. Criticize expressive objectives from the behavioral objectives viewpoint.
¢. Do you endorse the spirit of expressive objectives? Explain.

(Outside references) You might want to read one of these more recent reports on
middle school mathematics: the Cape Ann conference report [Physical Science
Group, 1973], the Orono conference report [Beard and Cunningham], or Intermediate
Mathematics Methodology [1968]. Broader looks at the mathematics curriculum are
in the Estes Park conference report [Comprehensive Problem Solving in Secondary
Schools, 1975] or the Snowmass conference report [Report of the Conference on the

K-12 Mathematics Curriculum, 1973].
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EVALUATION AND INSTRUCTION

What is the purpose of evaluation?

Assigning grades?

Motivating students? Per-

haps the best viewpoint of evaluation 1s that the purpose of evaluation is to improve

instruction.

EVALUATION AND OBJECTIVES

Since evaluation is built on objec-
tives, let us review the major points

about objectives from Broad Goals and

Daily Objectives (in the SCALING section):

1. Behavioral objectives describe
the desired instructional outcomes in

texrms of observable student behavior.

2., Using an ordered classification
system-—a taxonomy—-can remind us of the
variety of objectives we could be working
toward. Objectives should include atten-—
tion to the affective as well as the

cognitive domains.

TLL BET T CAN FIND
A GOOD OPEN SEARCH
ACTIVITY FOR THIS

Open
Search
Generalization,
algorithmic thinking Appreciatrions
Recall, Attitudes
Recognition Feelings
Thinking levels Affective

(based on Avital and
Shettleworth, 1968)

If our broad goals are to be taken serilously, we must attempt to evaluate

the objectives that the goals give rise to.

The merit of stating behavioral objec-

tives and using some system to assure attention to several mental levels becomes

especlally clear when we evaluate.

Using behavioral objectives in planning forces

us to consider what sort of evidence we can gather about an area of instruction.

Behavioral objectives are relatively easy to translate into evaluation items, at

least for the lower levels of a taxonomy.

Objectives The student can

Give percent equlvalents of common
fractions without calculation,

Express any decimal as a percent.

For higher levels of a cognitive
taxonomy, even when we have a '"good'
behavioral objective, it may not be so
easy to find a situation with which to
judge attainment of the objective,
Avital and Shetcleworth, for instance,

include as an appendix several items

NOTE:
resource Ratio, Proportion and Scaling.

Test items.

Here are two examples.

Fill in the blanks. Work mentally.

1 _ q 1 _ 9 3_ .
> % 4 % 2 %

.57 = Z 1.2 = Z .025 = %

In buying a certairn object you receive
first a reduction of 20%, then an addi-
tional reduction of 15% on the new price.
What 18 the total reduction, in percent?

A Grade 8 test was passed by 76%Z of all
students. 80%Z of the boys passed, and
70% of the girls passed. What is the
percentage of boys in Grade 8?

(from Avital and Shettleworth, 1968,
pp. 48-49)

Unless otherwise noted, subsections clted are in the PERCENT section of the
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. 45-51] since most teachers

have had little experience at making up items for this level.

Evaluating affective objectlves 1s challenging.

are difficult to state behaviorally,

When they can be,

(""pays good attention,

starts homework at once,

First of all, such objectives
the behavioral evidence

checks out library books on

mathematics') 1s not the sort that one routinely records.

Researchers attempt to

measure attitudes by student responses to paper-pencil items but usually acknowledge

that results with pre-high school students may not be reliable.

A FRAMEWORK FOR EVALUATION ACTIVITIES

It is likely that a wide range of objectives will require a wide variety of

evaluation techniques.

evaluation methods and see which ones fit the different sorts of objectives.

One way to organize our approach is to list several types of
The

list below gives a staret.

Basis: s
a.

o aan T

Basis: ¢t
2.
ht

rh

Basis: b

J-
k.

EVALUATION TECHNIQUES

tudent performance on

eceacher-made

--pretest

—diagnostic test

——quiz

standardized test

homework

project

student evaluation report (see below)

eacher observation

casual observation (in and out of class)
small group

interview

oth student performance and teacher observation
seatwork

boardwork

classroom dialogue

In the list "student evaluation report' refers to asking the students their

evaluations of something.

they are doing with percent problems.

For example, they might be asked to write down how well

The information could identify some appre-

hensive students you would want to check with or at least could give you an 1ldea of

how the class as a whole feels about their work on the topic.

be reports on whether such information from middle schoolers is reliable.

There do not seem to

In any

case, the reports might help student-teacher rapport and the students’' self-concepts

("It matters how I feel").
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The use of most of the techniques on page 2 to evaluate lower-level objectives

Evaluating the Cognitive

is self-explanatory. Similarly, "higher-level' objectives seem to fit most of the
techniques. That is, the techniques seem to fit IF we can come up with good higher-
level situations. It is not a trivial matter to come up with problems that require
a depth of understanding or some imagination and are accessible to middle schoolers.
You can get some ideas from lists of test items (e.g., the Avital and Shettleworth
one}, other text series, tests of other instructors or your own file of '"questions
that will see if they really understand.” Some teachers keep a file of 3x5 cards
with their "best" items on them.

A deeper knowledge of a topic may suggest some facet that can be translated
into an open search activity for students. For example, the student pages Surface
Area cnd Ratios 1 and 2 and Volume and Ratio 1 and 2 in the RATIO: Equivalent sec-—
tion arose from knowing how doubling the dimensions of a cube affects the area and
volume of the cube (and knowing how troublesome these relationships are for students).
Although these pages do not themselves present open search activities, the ideas
could easily be transformed into higher level tasks: '"Investigate to see what hap-
pens to the area of a cube if you double all its dimensions.'" As another example of
how a good background can help, one who has studied transformation geometry might
think of this open search item: '‘Suppose you do an enlargement with scale factor 3,
Then on the resulting figure do another enlargement with scale factor 2. What can
you predict?" Similar questions about combinations of shrinks or "mixtures"” of
enlargements and shrinks could also be used, although the experience in working out

the answer to the first question would put the later questions at a lower level.

Some higher-level objectives wmay -

be evaluated most easily by teacher LETS TRY IT
b . durt 11 K g WITH ONLY
observation 4during Sma group work, an FOUQ
interview or classwork. For example, [ COUNTERS
listening to students in a2 small group ()

or to an individual giving an explana- n y S éﬁ
tion could help to evaluate whether "the [=— /:;7 /j/?_ NN -
student uses problem—solving strategies [ : :;

in attacking unfamiliar problems.' An - -
objective like "the student can justify - -

the answer by using concrete materials' can be evaluated by a paper-pencil item, but

seems almost to demand a hands-on exhibitlon during an interview, a small group
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discussion or classwork. For some objectives (''the student will be able to use pro-
portions to choose 'best buys''), confronting the student with a collection of price-
marked boxes or cans would be a more nearly lifelike evaluation not complicated by
reading problems. We must make it clear to the students that the things they do on
paper-pencil tests are not the only important things.

Whenever we write our own test items, whether for lower- or higher—-level objec-
tives, we want them to be clear, to cover the material in a2 fair manner, and to give
us valid and reliable information about our instruction. Writing such items takes

planning, time and care. NCTM's Evaluation in Mathematics [1l961) covers various

aspects of evaluation; Merwin's chapter in particular contains several specific sug-
gestlons for writing clear, fair items. Suydam [1974a] or more general works like

Ebel's [1972] also offer lots of information on writing test items. Whenever possi-
ble, it is a good idea to have a colleague read your tests to catch those misleading

things that are sometimes so obvious to a '"fresh eye."”

Evaluating the Affective

Finally, which of the page 2 evaluation techniques seem applicable to objectives
in the affective domain?

1. There are standardized tests for attitudes (see Dutton, 1956; Dutton and
Blum, 1968) and a teacher could make a 'quiz" for testing attitades, but the dubious
reliability of such tests has been noted; will widdle school students respond honest-
ly or will they try to give the "right' answer? Asking for anonymous answers may
glve more reliable information but only for the class as a whole, not for individuals.
Corcoran and Gibb [1961] note that ". . . the general rapport between teacher and
students has as much bearing on the candor of the (answers) as the question of whe-
ther or not they are signed.'" [p. 116)

2. Homework can provide some possible information about affective aspects. Is
Tom interested enough to do it regularly? Does Ricardo care enough to do it neatly?
Does Sherry do extra work? The problem is, do these reflect influences other than
interest? Perhaps Tom's parents keep tabs on his work, Ricardo does everything
neatly and Sherry wants to get an A.

3. Projects (reports, bulletin boards, art, models . . .), unless required or
for extra credit, should indicate which students are doing something because they
like 1t.

4. Student evaluation reports seem promising. The reports could be based on

rather specific, recent events ('"Write 2 or 3 sentences telling how you felt about
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Counting Every Body or "Complete this sentence, 'When we were doing percents,
I. . .") or more general topics ("Write a paragraph on 'What I Think About

Mathematics'" or "Jot down your answers to 'Things about mathematics that I like'
and 'Things about mathematics I don't like'"). Or you might give the students class
time to keep a journal. Topics like "What I liked best this week,'" "What I found

most difficult,” "I would like more activities like . could give valuable feed-
back. If the teacher does not react negatively to the comments and obviously uses
some of the suggestions, the students will become accustomed to, and freer in,
expressing their feelings. You may wish to keep che report '"themes" quite narrowly
focused on specific topies to avoid personal remarks that can be unfair (and hard on
the ego).

5. Perhaps the most commonly used technique is through observational methods.
Smiles, enthusiastic hand-waving, spontaneous questions, diligent seatwork or shared
amazement can make a teacher's day-—and provide information on the success of a

lesson. And scowls, groans, near—tears, nervousness or indifferent slouches also

communicate something about Interests, anxietles, attitudes and appreciations. All

these things, the good and the bad, MARA | BOB

give us data with which to evaluate. . PAYS ATTEMTION v
2. DOES WORK. A oA lx [ x

3. LIKES MATH

53
w

In some cases, anecdotal records or

<
<

s x| XX

the less time-consuming periodic

recording on a checklist might pro-

OH,OH, BOB SUPPED
THIS MOMTH. T SHOULD
HAVE A CHAT WITH HIW.

vide a "critical mass' of information.

More on Affective Evaluation

At an advisory conference for the Mathematics Resource Project {Hoffer, l§74,
pp. 63-64] teachers and other experts made the following suggestions for getting
information about-—-and even enhancing—-the affective dimension. Some of the tech-
niques would naturally spill over into diagnosis of cognitive work also.

6. Observe class attendance. Note the students' behavior and working habits
on tasks given in the classroom.

7. Walk around the classroom and listen to comments.

8. Lead a class discussion where students can talk about their feelings and
behavior. Encourage the students to ask for as well as lead such discussions.

9. Talk to students in a small group or individually where a teacher can show
empathy and compassion for the students.

10. Ask students to identify mathematical topics they understand and enjoy.
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11. Note the students' willingness to cooperate and behave acceptably with the
class and teacher.

12. Look for students' exhibiting a sense of humor and a willingness to talk
about their activitiles outside of school.

13. Note the students' ambition and initiative in trying mathematical problems
and in getting 1Involved in mathematics.

14. Note the correlation between student friendliness to the teacher outside
of the classroom and teacher friendliness to the students outside the classroom.

15. Have students write comments and observations on their daily assignments
and quizzes as they react to them. For example, when taking a paper—pencil test,
the students may circle words, phrases and problems they do not understand, even

though they may try the problem.

STANDARDIZED TESTS—--TOOLS, NOT TOTEMS

Wilson {1973] points out some of the abuses possible from the use of standardized
tests. For example, a test might cover only lower level objectives, neglecting com-
pletely some that are regarded as important in a particular school's program but
including others that are not considered very important locally. The use of only a
single score to 'describe” a student ignores the many aspects of mathematics covered
by the test (see number 10 on p. 8). Using norm scores makes sense only if we give
attention to the nature of the norm group--how similar or different was the norm
group from our community? Buc, above all, Wilson laments the implied belief that a
standardized test measures everything we care about. Higher-level objectives, goals
like problem-solving ability which take time to realize, and affective objectives

may not be adequately treated.
If we keep standardized tests in perspective and remember their shortcomings,

however, they can give valuable information. They can provide, depending on the norm
group and local curriculum emphasis, measures of how well a school's program stacks
up. Analysig of performance on an item-by-item basis can pinpoint local strengths
and weaknesses. Used over a long period, growth (or decay) trends can be spotted.

So long as the standardized test 1s chosen carefully, is interpreted properly and is

not used to dictate or confine the curriculum, the test can be another valuable

evaluation tool.

SUMMARY

To determine whether we are meeting our objectives, we must evaluate. To

evaluate a reasonable set of objectives, we will likely require more than
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paper—and-pencil evaluation tools. Evaluation of higher cognitive levels and affec-
tive objectives, in particular, may best be evaluated by technliques which yield only

"soft" data.

YYD

1. a. Give at least three more specific statements of objectives, all of which are
aspects of "The student will understand percent."
b. Write a test item for each of your objectives.

2. Write sample test items for these objectives.
a. The student can express a given fraction as a percent.
b. The student can compare performances in situations like More Fun at the Fair
in the As a Ratio section.
c. Given the tag price and the percent discount, the student can determine the
selling price.
d. Using percent, the student can summarize data in a novel situation.

3. Discuss the use of out-of-class settings like those below as sources of evalua-
tion data.
a. Four students are to collect information at a basketball game and report the
statistics (field goal percent, foul shot percent).
b. Pairs of students are to shop for the best buys for a given list of items.
c. Students are to comparison-shop for 10-speed bicycles, trail bikes,
records, . . .

4., (Discussion) Would you tape-record a test (a) for use with the whole class? (b)
for use with poor readers?

5. TFormal tests are also used to guide subsegquent instruction, of course. One
systematic way to proceed is to perform an item analysis. For example, suppose
a unit test includes these three items:

1. %»= % #4. = = % #8. 20 is what percent of 167

Part of the tabulation for a class might include wrong answers and look like this:

Item Bet Cam Dee . . . Class (28 students)
#1 (0] ¢ OK oX 25 right

#a4 OK 80% 1.25 15 right

#8 80% 807% 0K 11 right

a. How do you feel about Dee's performance on these items?
b. Bet and Dee each missed one of the three items. Can you conclude that they
have the gsame achievement?
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c. What misconception might account for the class results on items 4 and 8?

d. It is easy to get the whole~class totals. Call for the hands of those who
missed #1, record, call for the hands of those who missed #2, etc. What
argument could you give against this procedure?

The easiest source of slightly higher level items is a topic which the students
will see later in mathematics. For example, students who have worked only with
percents up to 100% might be asked what 1257 would mean. Give some other
examples.

Mrs. Washington: "I don't understand all the worry about evaluating affective
objectives. Can't you tell just by paying attention to the
students?"

While agreeing with Mrs. Washington, suggest some ways that could help
a. to make observational evaluation objective.
b. to keep observational evaluvation from being haphazard.

One way to get an ildea of how students regard mathematics 1is to use a list of
pairs of words like those below and, for each pair, have them check the position
on the line which describes how they feel about mathematics.

MATHEMATICS IS

useless————————————————— useful
fun- - ——-drudgery
easy—————————m—— e difficult

Make up such a checklist and try it out. Include other subjects for comparison.

Track down a copy of a standardized test and evaluate the appropriateness for
your students of the content covered. Do the items test any higher level objec-
tives (in terms of your students)?

Standardized tests usually cover several topics. Hence, it can be very deceptive
to use only total scores in planning instruction. For example, Jose may have
gotten 4 out of 4 geometry items correct but missed 4 out of 5 percent 1ltems.
Rose may have missed none of the 5 percent items but all of the geometry items,
with the result that both students get the same total score. Obviously, the

two students are quite different. How can we avoid this total-score '"trap'?

(Discussion) Do any of the following have any value with middle school students?

a, take-home tests

b. open—-book tests

¢c. small groups collectively working on a test, with each group member getting
the same grade

Norm-referenced tests refer to tests for which the passing score 1s determined
by comparison with some group, with the lowest scores receiving the lowest marks.
Criterion-referenced tests use a pre-specified level to determine the passing
mark. Which sort do you use? Why?

(Discussion) What are the pros and cons of basing a student's grade partly on
homework?
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Michael received scores of 75 on Test 1 and 83 on Test 2. You might conclude
that he did better on the second test until you find that his score of 75 on
Test 1 was tops whereas his 83 on Test 2 was only average. One way to make
scores on (norm-referenced) tests comparable is to transform them so that they
have the same mean and the same standard deviation., With a hand calculator,
what was once an uninviting chore is easy. Use these steps:

sum of scores
number of scores

1. Calculate the group mean: mean =

2. Square each score
and calculate the
standard deviation: s5.d. =

sum of squared scores
number of scores

- square of mean

3. Suppose you want standard scores for each test to have mean 50 and
standard deviation 10. Then calculate

actual gcore — group mean
standard deviation

std. score = 50 + 10 -

Try this on a couple of tests. (If you report the standard scores to your
students, you may decide to choose a different mean score--use 80 or 100 in-
stead of 50 in step 3--to avold being suspected of 'cheating' some students!)

It is possible to treat paper chemically in such a way that when a student
answers a multiple-choice or true~false item, the treated paper indicates whe-
ther the answer is right. If the answer is wrong, the student tries another
answer (for fewer points). (Answers are marked with felt-tip pens.) What are
the advantages/disadvantages of this technique if

a. the test covers items that involve the same idea or calculation?

b. a student gets very nervous during tescs?

Should students be graded on quality of work, on effort or on some combination
of these?

Can you think of some examples which show that how one teaches a subject has a
bearing on the affective domain?

"More educational jargon--taxonomy, cognitive, affective--why don't they just
let us teach!?" Your response?

Does your school use grade level scores for standardized test results? The

National Advisory Committee on Mathematical Education [1975] points out these

drawbacks in grade level scores:

a. Under a norming procedure, half a population will necessarily perform below
grade level.

b. One expects an increase 1n grade level score of one year after a year of
instruction even for a below-grade-~level student,

c. Grade level scores are easily misinterpreted (a sixth grader with a score of
9.5 is not necessarily performing like a mid-year ninth grader).

Test 1 (25 possible): Mutt--15 correct (60%); Jeif--20 correct (80%)

Test 2 (50 possible): Mutct—-40 correct (80%); Jeff—30 correct (60%)

What causes the discrepancy between the averages of the percents for the two boys
and their averages based on total points? (See the mathematical content Ratzo.)
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21. (Outside references) Look at The Arithmetic Teacher for the 1975-76 school
year for articles on the first National Assessment of Educational Progress.
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CALCULATORS

RATIONALE

As early as the seventh century B.C,
the counting board or abacus was in-
vented and used for simple whole number
computations. Merchants and traders of
anclent times probably would have found
the abacus cumbersome tc carry around in
their back pocket. TIf they were alive
today, they could not only have a cal-
culator ia their pocket but they might
have a computer terminal in their brief-
case! Electronic calculators are one
of the hottest selling items around the
world. They are becoming as popular
and inexpensive as watches. They give
instantaneous effortless answers to
many computations. They are small,
quiet and cheap.

Using a calculator is relatively
easy. You push a few buttons in sequence
and 'Voila!" the keyboard display flashes
the answer. ’''‘Most of us have sc far
explored numberland by the very laborious,
manual rcute. The hand calculater lets
you travel by automation, and explore
far afield effortlessly." [Wallace Judd]
Paper ard pencil calculations are often
slow, inaccurate and tiresome. Interest
and enthusiasm for mathematics is often
killed by such drudgery. The calculator
becomes a fantastic tool that frees us
to do investigations and problem solving.
Its speed allows us to keep pace with our
racing minds as we search for solutions,

conjectures, and more questions.

The electronic calculator is NOT a
fad; it is here to stav. Like the radio
and television, soon everyone may own
one (or two or three). The calculator
is bound to change our way of life just
as other advances in technology have.
Already educators are arguing about the
use of the calculator in the mathematics
classroom. Should the calculator be
used when teaching arithmetic skills in
elementary schools? Will children need
to memorize addition and multiplication
facts 1f they learn to compute using a
calculator? wWill senior high students
need to learn how to use logarithmic
tables or should chey use an electronic
calculator instead? 1In other words, the
whole mathematics curriculum from kinder-
garten through college will need to make
serious adjustments to account for the
use of the electronic calculator. Be-
cause the calculater is becoming avail-
able to all members of our society,
including children, educators will need
to decide how electronic calculators
fit into the school curriculum.

Recently, pocket or desk calculators
have been used in mathematics classrooms
to motivate students and expand their
ability to solve "messy"” real-world
problems (i.e., stock investments, tax
forms, interest on car payments, pollu-
tion controls). The calculator prevides
the immeciate feedback of answers and a

probelm-solving flexibility that
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encourages the student to become in-
volved in complex computations.
However, one needs to be careful!
Most calculators do not retain and
display all the numbers or operations
entered. If wrong numbers are entered
or operations are entered in the wrong
order (a faulty algorithm sequence),
the incorrect answer must be recognized
by the student. To tell a reasonable
answer from an unreasonable one, a
student needs to know how to compute
using the basic arithmetic facts, how
to round numbers, how to estimate and
approximace answers, and how to place
a decimal point., Arithmetic skills
and number sense are very important if
the hazards of a calculator ere to be
avoided. The calculator does not
replace thought processes. It is a
tool that saves time and energy and
frees us to think and do mathematics
above the computational level.

SUMMARY

I. Calculaters fit into the classrcom
in different ways:

1. Noun-electric calculators (atacus,
etc,)

a. teach concepts 1n counting,
p_ace value, and arithmetic
computations, and

b. demonstrate algorithms for
solving computational problems.,

2. Electronic calculators free the
students from tedious pencil and
paper calculations. They allow
the student to . . .

IT.

1.

I1I.

CALCULATORS
(e

a. speed up ''messy’” calculations,
and

b. investigate and work on mathe-
matical prcblems and applica-
tions that would otherwise
involve long, unmanageable
calculations,

The teacher can prepare students for
electronlec calculators by . . .

Emphasizing estimation and approx-
imation skills which are vital in
checking answers and placing the
decimal point correctly.

Teaching the student to determine
the reasonableness of exact answers
by approximate calculations.

Introducing situations and problems
where the hand calculator is an
obvious aid to cumbersome, time-
censuming calculations.

Asking students what types of mis-
takes can be made while using the
calculator.

Teachers can prepare themselves
for using the electronic calcula-
tor in instruction by . . .

Experimenting with it themselves.
(Let the students see the teacher
using a calculator.)

Reading current periodicals and
checking the rathematics publica-
tion companies for nev 'calculator"
books. (There is currently nc body
of knowledge about how to use a
calculateor in the classroom.)

Having an open mind about the use
of the calculator before cdeciding
that the calculaters will be a
"cure-all" to teaching computation,
or that they should be banned from
the mathematics curriculum,
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Selected Sources for Calculators

Glenn, William H. and Donovan A. Johnson. Computing Devices, McGraw-Hill.

Judd, Wallace. Games, Tricks & Puzzles for a Hand Calculator, Creative Publications,
1975.

Kenyon, Raymond G. I Can Learn About Calculators and Computers, Harper-Row, 1961.

National Association of Secondary Scheool Principals (NASSP), Curriculum Report,
October 1974,

Popular Scilence, February 1975.
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EXAMPLES OF CALCULATOR PAGES FOUND

I. Electronic Calculators

CALCULATORS

IN THE CLASSROOM MATERTALS

Multiplying and adding large
numbers can be frustrating and
pginful to do manually. The
electronic calculator provides
aguick answers; then basic con-
clusions can be drawn from the

data.

"I TotTaL Fer 20 Daws
e _‘_.'.'l

CERTAIN GROWTHS ARE BENEFITLIAI

Na
rate compounded a

» compute the
wmlly for 20 years
b a f st of

SIMPLE INTERCST

Simple and compound interest
have easy formulas, but messy,

repetitive computations that

can be handled very efficiently &74 sus7.e3

by the electronic calculator.

COMPOUND T\' CeEsT ("led rq\e) (fired amount)

’VAqu of Amor.m In‘rere:l Amoun' Age of | Amount| Fixed i
depasih deposit|  at amount of
W beqmnmq °/:. !rd‘evem- i in beqinning!interest
Yaars years of eredited |

year | | | year |each year
thOOOO % 5000 |¢1050 OO | ‘ 1 |$1000 D;‘ 450 00 «‘

|
005000 ‘52 50 |t|[00_ 50 I%I050.00 | ¢50.00

3 Auoz SC- t55 13 tl'5763

b 5‘7.86 &IZIS. L1l

Digeuss the wo sugeomes.
growth during the
LeT
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When measuring and recording
data, the calculator is a
welcome assistant for ana-
lyzing results and making

guick numerical comparisons.

II. Non—-Electronic Calculator

GRID PECRCESNT
CALCOLATOR I

A
—\ SIS
0 [l === A qria like ths can
i h, be uzed 'ofind Atrach o pece of yarn
il u||||| approxmale onswers or string at poind As
20 3 Yo peveent problems, A shple or tack could b

u=ed The elrina needs
% be forg enough to

30 Ll g C s

4°.J_}JULHLLU.U&L‘JLLUM‘[Im

5o:||-|ll 1 ||||||-|||||||||'|||||||||m
& -l—II_L|LlL‘.,.ull[i.'I|‘1IIIUILI_JJIllll1I_ uu.luu;m
o fetb ol unluum

80 bl uulodus wdu o alogud

20 Lol

ao |y wiprrnieen g e oo dud oot o b gpln

wodolndedue by bbbl beedbeeoleo o b ndsiionle

agreent ling Al percents
In Yhe problems are read

0% 0% 207 307 40% 5076602 0% B8O 907 1007

CALCULATORS

This calculator can be used as

a visual learning a2id. The student
Sees percents actually being com—
puted through the use of the simple

paper model.
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CALCULATORS FOUND IN
RATIO:

Rate

FIX THAT LEAK

I NEED A JOB LIKE THAT!
Equivalent

1'D WALK A MILE
Ratio as a Real Number

PI'S THE LIMIT

CLOSER & CLOSER

PROPORTION:
Getting Started

THE SOLVIT MACHINE-~-A DESK
TOP PROPORTION CALCULATOR

Application

CRUISING AROQOUND
WORLD RECORDS
I MEAN TO BE MEAN!
PERCENT:
As a Fraction/Decimal
THE PERCENT PAINTER RETURNS
Sclving Percent Problems

THE ELASTIC PERCENT
APPROXIMATOR EXTENDED

GRID PERCENT CALCULATOR I

CALCULATORS

CLASSROOM MATERIALS

DETERMINING RATES

USING RATES TO DETERMINE EARNINGS

DETERMINING AND COMPARING

APPROXIMATING

RATIO AS A REAL NUMBER

CROSS PRODUCTS METHOD

USING PROPORTIONS TO CONVERT MEASURES
USING PROPORTIONS TO COMPARE MEASURES

DETERMINING MEAN PROPCRTIONS

AS A DECIMAL

USING A PERCENT CALCULATOR

USING A PERCENT CALCULATOK
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GRID PERCENT CALCULATOR 11
GRID PERCENT CALCULATOR III
GRID PERCENT CALCULATOR IV

GRID PERCENT CALCULATOR
EXTENSTONS

PELARGONIUM

COUNTING EVERY BODY

CERTAIN GROWTHS ARE
BENEFICIAL

CALCULATORS

USING A PERCENT CALCULATOR
USING A PERCENT CALCULATOR
USING A PERCENT CALCULATOR

USING A PERCENT CALCULATOR

FINDING PERCENT OF INCREASE

FINDING PERCENT OF INCREASE

FINDING AMOUNT OF INTEREST

77

f—



RATIO, PROPORTION, AND SCALING

Placement Guide for Tabbed Divisors

Tab Label Follows page:
1)) 1D N I [ TP 10

Piaget and Proportions. ... .....iiei ettt e 10
Reading in Mathematics. ... ... e e 26
Broad Goals and Daily ODbjeCtiVes. ... ..c.uuiiiiiii i e 42
Evaluation and InStrucCtion. ...........ooiiiiii i e e e 58
TEACHING EMPH A SE S . .. e e, 70
CalCUIALOTS. .o e 70
e o) 0] 5 or- 15 1) 4 1= 78
Problem SoIVINg. ... e 90
Mental ArithmeETiC. . ... .o e e e e 100
Estimation and ApproXimation..........o..ueeeeiiiiitet it eie e e e e e 106
Laboratory ApPProaches. ... ..oinuiiiii i e e 114
CLASSROOM MATERIALS . ... e e e 130
R A T O .o e e e e 130
L€ oD s e 721 4 (T D TS 140
Rt .. e 158
EQUIVALNL. . ..o e 180
Ratio asa Real Number..... ..o e 212
PROPORTION. ...ttt e e e e et e e e e aeeeas 222
L€ oD s Ve 721 4 1T DS SR 230
KN o) o) F e 13 ) + D RPN 248
SC A LN G . . e 266
L€ oD s Ve 721 4 1T DTN 286
Making a Scale DIawing. .. ......oooiuiiiiiii i e e 304
Supplementary Ideas in Scaling...........o.ooiiiiiiiiii e 328
A 01 350
PE R CEN T ... e e 364
PorCONt SO, .. ettt e 376
AS A RATIO. ..., 430
As a Fraction/Decimal. ... 450
Solving Percent Problems. ....... ..o 476

ANNOTATED BIBLIOGRAPHY ... e 504



APPLICATIONS

RATIONALE
Over 2000 years ago man developed

number symbols, arithmetic calculations
and geometry to describe and record
real-world happenings. Mathematics was
used to solve the problems of merchants,
sclentists, builders and priests.

About 600 B.C. Greek mathematicians
took a different approach. They
began studying numerical patterns and
geometry for their aesthetic qualities.
Mathematics became an intellectual
exercise with no necessary applications
in mind. The development of mathematics
was soon traveling in two directions:
practical or applied mathematics, orig-

inating from the Egyptians, and ''pure”

mathematics, originating from the Greeks.

Practical and ''pure' mathematics are
not always separable. One often in-
epires and directs the other; they
become interwoven. As a result, appli-
cations of mathematics fall into three
categories:

1) applications to real-life situ-
ations such as business, finance,
sports, polls and census taking

2) applications to other disciplines
(i.e., science, music, art)

3) applications to other branches of
mathematics (problem-solving acti-
vities in the realm of "pure'"
mathematics)

The Egyptians, for example, were inter-
ested in learning as much as they could
about their enviromnment and how to con-

trol it. Today we are also curious

about the rapidly changing enviromment
we have created. Because of the complex-
ity of our culture and its emphasis on
technology, mathematics 1s very important
to us In our jobs, in our dajly living
and in our future.

We face many problems in our daily
living. Since all problems require the
collection of information before solu-
tions can be found and analyzed, mathe-
matics is often a helpful tool in solving
problems; yet few people relate mathema-
tics to real-life situations or real-
life situations to mathematics.

Many teachers have neglected to teach
applications of mathematics for a number

of reasons:

1) "I have little background in
applications of mathematics."

2) "My students often have litcrle or
no backgrourd in science, art,
music and cther disciplines."

3) "Applications require elaborate
equipment and preparation.”

4) "My students are not interested in
applications.

3) "Good applications take too much
time to teach. There 1s plenty to
teach in the math textbook."

6) "How can my students apply mathe-
matics when they do not even have
basic computational skills?"

Yet educators and the public agree
that applications of mathematics are
very important and should be taught in
the mathematics classroom. Society 1is
demanding accountability and relevancy

in our education system. Studente need
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&

ample opportunity to experience mathe- g) How much time would it take to

9
matics in a practical sense so that teach?
wi h) What equipwent and materials are
they will be better equipped to apply eeded or available?

it as adults.

_ . SUMMARY
Even though certain applications o 1. Applications of mathematics fall into
mathematics require special equipment three categories:
and materials, much of this equipment a) applications to real life situa-
tions

can be constructed from inexpensive

b) applications to other disciplines
substitutes and common materials. Once PP P ’

and
the equipment is collected or made, it c) applications to other branches of
will last for years. Also, various mathematics.
applicatlons can be adapted to fit 2. Down through the centuries, mathe-

matics has been a useful tool for
solving real work problems and
Applications should include appro- analyzing our environment.

available materials and equipment.

priate topics and activities. Here 3. Even though many teachers have ne-
glected to teach applications of
mathematics, our complex society
choosing an application of mathematics: demands that public education teach
practical mathematics and problem-
solving techniques.

are a few questions to consider when

a) Is it interesting to the students
and the teacher?

4. Mathematics can be used to solve
problems in the real world ard in
other disciplines.

b) Does it start at the appropriate
skill level?

c) Does it extend and develop the
computational and/or problem-
solving skills of the students?

5. Applications to real life situations
and other subject areas (i.e., phy-
sics, social science, econcmics,

d) Does it include topics, skills or art, music) make abstract mathematics
ideas which might help the stu- more meaningful and understandable.
dents contribute to soclety and 6. Applications should include appro-

deal with real-life situations? i . .
a t 8 priate, interesting topics and

e) Could it be done as a laboratory activities for students and teachers.
activity?

f) What concepts does it imply and
develop?

Selected Sources for Applications

Hodges, E.L, Protect R-3 Materials, T.M.T.T., San Jose, California, 1973.

Information Please Almanac Atlas and Yearbook, Dan Golenpaul Associates, 1975 (or
current yearbook).

Jacobs, Harold R. Mathematics-—A Human Endeavor, W.H. Freeman and Co., 1970.
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The Man-Made World, McGraw-Hill Book Company, 1972.

McWhirter, Norris and Ross. The Cuinness World Book of Records, Sterling Publishing
Co., Inc., or Bantam Books, 1975 (er current yearbook).

The Official Associated Press Sports Almanac, Dell Publishing Co., Inc., 1674 (or
current yearbook),

SRA Math Applications Kit, Science Research Associates, Inc., 1971.

USMES (Unified Science and Mathematics for Elementary Schools), Education Development
Center, Inc., 1973.

The World Almanac and Book of Facts, Newspaper Enterprise Association, Inc., 1975 (or
current yearbook).
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APPLICATIONS

&

EXAMPLES OF APPLICATIONS FOUND IN THE CLASSROOM MATERIALS

I. Real-World Applications

From sport events to grocery shopping to government spending, we are exposed

to applications of mathematics. If

we know how to work with numbers and mathematical

ideas, we can often use mathematics to help us deal with real-life situations.

A3

Find Lhe wit cost
(cosl of one dem) £

A 3 teris bojk cost §267

B. 2 dezon perciks cost 1 e
C a G-pade pop et BIMY

o Famburge
cost B3 45 2

Find the befter by by finding the wnt ceel,
for eample cost pér cince.

G 12 e of scap-for §132
o 15 oz fr B15O

H. 10 oz .of pafate chipsfor

BO¢or 6oz for B1.12

J 4 g of milk for B 250
T qre. of milk for §2.24

K A8 For 2 pairs of jearr
329 ST oS paard o
Jeans

Unit pricing is frequently posted
below the items sold in grocery

and department stores for the con-
venience of the customer. As a
consumer we can develop an awareness
of prices and quality. Compare
prices by finding the unit cost
and determine which item is the

better buy.

Physical fitness 1s measured,
in part, by one's body pro-
portions., Once standard growth
patterns are tabulated and
verified, the average height
and weight of a person at a
given age provides a measure

for comparison.
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MILES DRIVER QUALTOIN BRAKING
PER DISTANCY MSTANCE
HOUR Fr FT
20, 22 ., 18-22 S, AD-44
20 33, .. 36-45 , ... Ga-76
Al L44a, . L. 64-80 _, .., l0B-124
50 85 L, . 1053 10 -1BG

STOPPING DISTANCES QF STANDARD
PASSENGEIR CARS

From Eratosthenes who
determined the circum—
ference of the earth to
Boy Scouts determining
the height of a cliff,
the use of indirect
measurement is a useful

application of mathematics.

APPLICATIONS

The automobile is one of the main
reans of transportation. Each sta
requires that a motorist pass a

driver's test and obey certain rul
of the road, especially speed limi
Automobiles and the problems they

&

te

es

ts.

create are frequently discussed by

students since riding in a car and
being conscious of driving skills
are experiences they all have in

common.
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II. Applications to Other Subject Areas

APPLICATIONS

&

A "basic working knowledge" of mathematics is often required for the study and

mastery of various subjects.

Science, music, art, geography, computer science

and

many other disciplines use mathematics in the formulation of their research problems

and applications.

The geography of the United
States and the transportation
systems are important to any-
one traveling around the U.S.A.
Thinking of distance in kilo-
metres is 2 new experience for

most Awrericans.

1cm represents 100 km

kilometouring
around
the usa

Usée the map on the npext page. Measur

1 om represents L00 km, Figure out

Fetweéen the cities. The flrst ons is

feno, Nevada to New York City 18.5 cm

Seattle, Waghington to Miami, Florida em xn

Texan cm X

St, Paul, Minnesota to Houston,

Rutte, Montana to Rapid City, SD em 'k

Washington, D.C. to 5t. Louis, MO om xr

4 Loz Angeles to Cleveland, Ohio cm knt

SCALL M KILOMETRES

6 5 wo 3% Ao

oRLEANS

MUAMI
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III. Miscellaneous Applications

APPLICATIONS

@

The need for certain mathematical concepts and tools may arise naturally in the

context of variocus situatious.

The teacher can provide interesting activities that

arouse the students curiosity whether they are real-world problems or not.

These short story problems
deal with percents that are
smaller than 17%. Situations
are presented to provide

meaning and understanding.

]
2 p*
jected.
checked.
rejecced.

20,000 have been
egps are

1
10 for every 100
1 for every
for every 20,000

6) A %-cup serving of
rice has %? of che min-

imum daily requiremenc

of all eggs are re-

of Viramin C. How many tual shedfliage 1= ZZ‘how
cups would you have to much is loet if you wash
cook in order to have 100 yds. of cloth?
enough Vitamin C for
one day?

—

1) In 1973 abour 400 auto
thefts were reported for
every 100,000 people.
Whae percent of the popu-
lation had cars stolen?

400 for every 100,000

4 for every
_ _ for every 100

7) Many clothing labels
say, ''Less than 1%

shrinkage.” 1f the
1

ac=

85



86

TEACHING EMPHASES

RATIO:

Rate

APPLICATIONS

&

APPLICATIONS FOUND IMN CLASSROOM MATERIALS

RATES ARE RATIOS

THE FRENCH BREAD PROBLEM:

FIX THAT LEAK
AS THE RECORD TURNS

MY HEART THROBS FOR YOU

STEP RIGHT UP

I BELIEVE IN MUSIC
WHICH IS A BETTER BUY?
WHICR IS BETTER? 1
WHICKH IS BETTER? 2

BUT I ONLY WANT ONE

EIGHT HOURS A DAY

Equivalent

EQUIVALENT RATIOS BY PATTERNS

RATIOS IN YOUR SCHOOL
ONE MAN ONE VOTE

PEOPLE RATIO

IDENTIFYING DIFFERENT RATES
DETERMINING RATES
DETERMINING RATES
DETERMINING RATES

USING RATE OF HEARTBEAT TO DETERMINE
PHYSICAL FITNESS

USING RATE OF HEARTBEAT 70 DETERMINE
PHYSICAL FITNESS

DETERMINING RATES

USING RATES TO COMPARE PRICES
USING RATES TO COMPARE PRICES
USING RATES TO COMPARE PRICES
USING RATES TO COMPARE PRICES

USING RATES TO DETERMINE EARNINGS

CONCEPT, GENERATING

SIMPLIFYING

SIMPLIFYINGC

SIMPLIEYING



TEACHING EMPHASES APPLICATIONS

&

PROPORTION

Getting Started

PETITE PROPORTIONS 1 SOLVINC PROPORTIONS

PETITE PROPORTIONS 2 SOLVING PROPORTIONS

DID YOU KNOW THAT . . . SOLVING PROPORTIONS

Application

PROPORTION PROJECTS TO APPLICATIONS
PURSUE

IT'S ONLY MONEY USING PROPORTIONS TO CONVERT CURRENCY

ONE GOOD TURN DESERVES USING PROPORTIONS TO DETERMINE
ANOTHER DISTANCES

THAT'S THE WAY THE OLD BALL USING PROPORTIONS TO FIND HEIGRT
BOUNCES

GET IN GEAR USING PROPORTIONS WITH GEARS

WHAT'S YOUR TYPE? USING PROPORTIONS TO CONVERT MEASURES

LIMIT YOUR SPEED USING PROPCRTIONS TO CONVERT MEASURES

CRUISING AROUND USING PROPORTIONS TO CONVERT MEASURES

WORLD RECORDS USING PROPCRTIONS TO COMPARE MEASURES

PROPCRTIONS WITH A PLANK USING PROPORTIONS WITH LEVERS

INVERSE VARIATION

I'M BEAT! HOW ABOUT YOU? USING PROPORTIONS WITH GEARS
INVERSE VARIATION

MAKING MEANS MEANINGFUL APPLYING MEAN PROPORTIONS IN A
RIGHT TRIANGLE
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SCALING:
Getting Starced
A PERFECT FIT

ELEMENTARY, MY DEAR WATSON

Making a Scale Drawing

BE CREATIVE THBIS CHRISTMAS

HOW MUCH IS YOUR CARDEN
WORTH?

STAKE YOUR CLAIM

ANOTHER STAKE OUT

Supplementary ldeas in Scaling

MAKE A DIPSTICK

CAREFULLY CONSTRUCTED CARTONS

A SCALE MODEL OF THE SOLAR
SYSTEM

HOW HICR THE MOON

Maps
THE GREAT LAKES
KILOMETOURING AROUND THE
U.S.A.

AROUND THE U.S,A.

APPLICATIONS

MOTIVATION

MOTIVATION
USE OF A SCALE MODEL

ENLARGING WITH GRIDS

REDUCING WITH A RULER

REDUCING WITH AN INSTRUMENT
FINDING LENGTHS USING AN ALIDADE

REDUCING WITH AN INSTRUMENT
FINCING ANGLES USING A TRANSIT

USING A SCALE TO DETERMINE DEPTH

CONSTRUCTING 3-D MODELS

MAKING A SCALE MODEL

MAKING A SCALE MODEL

USING A SCALE DRAWING TO FIND
DISTANCES

USING A SCALE DRAWING TO FIND
DISTANCES

USING A SCALE DRAWING TO FIND
DISTANCES

®



APPLICATIONS
@

FOREST FIRES ARE A REAL USING ANGLE READINGS TC LOCATE POINTS
BURN ON A SCALE DRAWING

TEACHING EMPHASES

WHERE'S IT AT? USING A TIME SCALE TO LOCATE POINTS

OUR TOWN READING A MAP

USING A SCALE DRAWING TO FIND
TRAVEL TIME

IT'S ABOUT TIME

DO YOU KNOW THE WAY TO SAN READING A MAP

JOSE?
PERCENT:
As a Ratio
PERCENTS OF SETS-II PERCENT OF A SET
FUN AT THE FAIR USING PERCENT TO COMPARE
MORE FUN AT THE FAIR USING PERCENT TO COMPARE
BE CCOL--GO TO SCHOOL USING PERCENT TO COMPARE
PUNY PERCENTS PERCENTS LESS THAN 17
Solving Percent Problems
B-BALL TIME SOLVING PERCENT PROBLEMS
THE SHADY SALESMAN SOLVING PERCENT PROBLEMS

INTERESTING? FINDINC AMOUNT OF INTEREST

ON 1T!

YOU CAN BANK

AT THAT PRICE, I'LL BUY IT FINDING AMOUNT OF DISCOUNT

PZRCENT PROBLEMS 1 WORD PROBLEMS

PERCENT PROBLEMS 2 WORD PROBLEMS

PELARGONIUM

STATE THE RATL

FINDING PERCENT OF INCREASE

FINDING AMOUNT O SALES TAX
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COUNTING EVERY BODY

CERTAIN GROWTHS ARE
BENEFICIAL

HIDDEN COSTS IN A HOME

APPLICATIONS

FINDING PERCENT OF INCREASE

FINDING AMOUNT OF INTEREST

FINDING AMOUNT OF INTEREST

®
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ROBLEM SOLVING

RATTIOMALE

Learning to solve problems is preb-
ably the most important aspect of one's
education. No matter who we are, where
we live, or what we do, there will
always be problems fcr us te face and
problens for us to solve if we want to
solve them. Sometimes it is not easy
to determine whether a situation really
is a problem for a particular individ-
ual, What is a prcblem to one person
may be an exercise to another. Per-
forming or practicing somethirng (a
task) that one already knows how to do
is an exercise. Therefore, the task
may require only a routine procedure
which leads to the solution(s). How-
ever, if the individual has a clearly
defined, desired goal in mind, but the
pathway to the goal is blocked, then
the individual has a "problem’ to
solve. "“A true problem in mathematics
can be thought of as a situation that
is novel for the individual called
upon to sclve it. It requires certain
behaviors beyond the routine application
of an established procedure.'" [Troutman
and Lichtenberg]

Mathematics teachers should pose and
provide problems that have no cbvious
method or algorithm to follow in reach-
ing 2 solution. Too often students are
given page after page of variovs cempu-
tational exercises which use one or more

"essential" algorithms the students have

“"memorized." Once outside the classroom,
students rarely use the algorithms they
have memorized because the algorithms do
not seem applicable. They come across
ambiguous, disorganized situations that
require considerable thought aund skill
for making a decision or finding a rea-
sonable solution., Developing the abil-
ity to think independently and make wise
decisions will help people to solve
future problems by themselves,

Problem solving is a structured pro-
cess., George Polva, in his book How to
Solve It, divides the protlem solving
process into four steps:

1) Understanding the problem.

2) Devising a plan.

3) Carrying cut the plan.

"4) Looking back and checking the

resulrs.
Other authors have discussed the problem
solving process with similar steps that
match or fit into Polya's four steps
(see Selected Sources for Problem
Solving). These steps provide a struc-
ture which guides the problem solver
through a search for the solution(s) to
a problem. In the discussion which
follows, geveral questions to answer and
"“things to try'" are given under each of

the four steps.

Understanding the Problem:

State the problem in your own words.
(If the student cannot read the
problem well enough to understand
its meaning, the teacher mavy need to

[l
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Lo

1.

read it to him. If the student can
read but does not understand the
problem, the teacher could rephrase
the problem. The teacher should
check for stumbling blocks. If

the student has read the problem
but seems bothered, ask what he
thinks about the problem. Perhaps
the student sees the situation as
unrealistic, inconsistent or incom-
plete.)

What are vou trying to find out?
What 1s the unknown?

What relevant information do you
get from the problem?

Is there any information that is
not needed tc solve the problem?

Are there any missing data that you
need to know to solve the problem?

Are there any diagrams, pictures
or models that may provide addi-
tional information about the prob-
lem?

Can you try some numerical examples?

Is it possible to recreate, drama-
tize, or make a drawing of the prob-
lem?

Can you make an educated guess as
to what the solution(s) might be?

Devising a Plan:

Make a diagram, number line, chart,
table, picture, model or graph to
organize and structure the data.

Guess and check. Organize the trial
and error investigations into a
table.

Look for patcerns.

Translate the phrases of the problem
into mathematical symbols and sen-
tences.

Try to solve one part of the problem
at a time (i.e., break the problem
into cases).

Have you worked a problem like this

PROBLEM SOLVING

7. Can you solve a simpler but related
or analogous problem?

before? What method did you use?

8. Keep the goal in sight at all cimes.

Carrying Out the Plan:
1. Keep a record of your work.

2. Perform the steps in your plan;
check each step carefully.

3. Complete your ciagram, chart, table
or graph.

4, TFollow patterns; organlze and gen-
eralize them,

5. Compare your estimates and guesses
with your work.

6. Solve the mathematical sentence;
record the calcularions and answer.

7. Work out any simpler but related or
analogous problems. Compare the
solutions.

Looking PRack:
1. Can you check your regult? Is the

answer reasonable?

2. What does the result tell you?
What conclusions can be made?

3. 1Is there another solution? 1Is there
another way of finding the answery?

4, Make uvp some prablems like the one
you worked. Is there a rule or
generalizaticn that can be used to
solve similar problems?

5. What method(s) helped you get the
answer(s)?

Teaching Problem Solving

"The best way to learn problem solving
is by working problems and studying the

precesses we used in working them.'

(Hints for Problem Solving] 1If a person

is going to become z problem solver,

he/she will need to be involved in 2



TEACHING EMPHASES PROBLEM SOLVING

XS

variety of problem—-solving experiences. No teacher or student has to memorize
Before any problem can be tackled, Polya's four steps and its list of
there bas to be the desire to solve "things to try," but there are specific
the problem. The teacher can motivate skills from the list that can be the
the students by giving them problems focus of a lesson. Some activities,
within their range of experience and such as Patterns for Introducing Eaiio,
interests. Stimulating questions can Ratio of Ages and Fropcritions with a
guide the students through the problem- Plank, have specific patterns to follow
solving process. Getting the students when finding the solution and then
to the point where they WANT to solve finally arriving at a generalized
the problem is the most important step solution. Other activities like Poppin’
that will lead tec successful problem Wheelies in a Ping, Surface Areca cna
solving. To further insure the success Ratios 2, Percent with Cubes, The Per-
of a problem-solving activity, the cent Painter Returns and Sealing a
teacher should stress a thorough under- Skyseraper all use manipulatives orx
standing of the problem and encourage cubes to build models of each situation.
students to devise and carxy out their These activities using visual aids
own plan for finding the solution. It encourage active participation by the
is important to provide all students students who ofcen have little confi-
with enough time to arrive at the solu- dence in their ability to tackle a
tion independently without the faster problem—solving situation. Many of the
students blurting out their solutions. specific protlem-solving suggestions

In che beginning the teacher should discussed earlier can be tried and
realize that most students are NOT prob- applied while working the problem-
lem solvers. They become frustrated solving activities found in the class-
quickly and tend to give up easily. room materials.
They often make incorrect conjectures Why Teach Problem Solving?--A Final
and fail to check the reasonableness of Argument
their answers. They lack a knowledge ". . . In the minds of all but a few
of problem—solving techniques and the college freshmen, problem solving is
ability to use them. Some students nct a process by whichk one ascertains
have not acquired the necessary compu- the truth. Rather, it is a process by
tational skills or reading/comprehension which one gets the answer in the back
skills needed to carry out the problem-— of the book by a sequence of steps,
solving process. each of which tas been authorized by
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the teacher.'" (Edwin E. Moise, Sdiam

News, Feb. 1975) Indeed, too meny
mathematics assignments do require vrote
procedures to be followed while finding
the same answer as the "answer in the

back of the book," but this is really

drill and practice, not problem solving,

and the students are doing exercises,
not problems.

If our students are to become

Selected Sources for Problem Solving

Atlanta Project.

"Mathematics Education:

PROBLEM SOLVINC

independent thinkers and problem
solvers, it is impecrtant that we give
them many situations which cannot be
routinely solved. It is important
that we as educators provide guidance
and examples that involve a variety of
problem-solving techniques. Problem
solving is a process of thinking that
"emancipates us from merely routine

activity."

Problem Solving in Llementary Mathematics,"

College of Education, University of Georgia, 1972.

Butts, Thomas.

Problem Solving in Mathematics, Scott, Foresman and Company, 1873.

Dewey, Jchn. How We Think,

Gagné, Robert M.

The Conditions of Learning,

1965, pp. 214-236.

Hints for Problem Solving,

D.C. Heath and Co., 1933.

Holt, Rinehart, and Winston, Inc.,

Topics in Mathematics for Elementary School Teachers,

IFcoklet No. 17, National Council of Teachers of Mathematics, 1969.

Polya, Ceorge. How to Solve It,

Schaaf, Oscar.
mimeograph.

Troutman, and Lichtenberg.

"Problem Solving in the General Mathematics Classroom,’

Princeton University Press, 1957.

"Problem-Solving Approach to Mathematics Instruction,' unpublished

1

The Mathematics Teacher, Nov, 1974, pp. 590-597.




TEACHING EMPHASES

EXAMPLES OF PROBLEM SOLVING FOUND

I. Manipularives and Models

Manipulatives and models enhance the understanding of the problem,

PROBLEM SOLVING

IN THE CLASSROOM MATERIALS

They pro-

vide a representation of the situation, creating visual and physical feedback that

is often necessary in the search for a solution.

The Spirograph creates many
exciting patterns. How does
it work?
move together in ratios te

create intricate designs.

't PERCENT
AINTER

ity:

1} Build & 10 x 10 =

The wvheels and vings

fumbaer
4 faces ponted 4 5 4 Faces 4
3 faces panted 28 3 faces
2 faces posnted 7~ 2 Foces
neaves’
Total! lotal
percent,

vl
'pcpp‘\h‘ Wheelies 1 Qms

7 £

LN (centined)

Rxamine the t
many numbere on
This meane

(he ring end 144 on the mitside
the wheels. The largest tmmber rells you
reach 4v has.
1) Use che 94 ring and the 32 wheel. UVraw

A partexn with [t,
2) How many loops are there on the
3} How many rLlmes must the wh

the Insfde of the ring before the pattern hepine
to tepear?

Using 1CGC cubes and a calculator,

a percent model can be investigatecd.
By observing the patterns found, one
can predict and perhaps generalize

what happens in similar problems.
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PROELEM SOLVING

Students learn to inter-
pret a model or drawing
by experiencing prob-
lem situations that
involve its use.
Sometimes students

will solve a problem
more readily if they
build a scale model

or look at a drawing

of the situation.

sach building {z
evach bullding

vn

washer {5 on the side
» from the sildewalk
rom bu lding #1

2} 4 window wasner 1s working an the
frome of building #2, 20 metres
th 10 metres

n x (o show

II. Research Problems

Research is a fundamental process that all disciplines use to gain and expand

knowledge in their fields. Situations are encountered where the answer is not knowr.

Unless one performs some experiments, gathers data and, in genetral, does some

research, the answer may never be clear, not even with educated guessing.

Which letters of the alphabet
occur most frequently in
printed materials? How can
we find out?--do a little
research and compile the
vesults. Use the informa-
tion to create your own
"Morse code" and compare it

to the real Morse code.
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Set up an experiment and record i

weight and distance in a table. ' PLANK ﬁﬁx
q:“f)s,, o

What patterns are noticed after

Lng block, bathroom

the data is recorded? 1Is there

a relationship between the 432 t61 o balanes the ana

weights and distances?

\AIelsH of _Ib.sfnma w " 2 =
ecsoncal ey | WD [ WD [W#D | wxD

The General Rule 1s 1 W x0, " WikDeyor W, _ D,
W D

III. Miscellaneous Problem Solving

These ''petite'' story prcblems give common situations
PETITE
that use numbers and proportions. The format of the
prop PROPORGTIeNS 2.

problem makes the proportion easy to identify.

®.

“1 NEED A REFILL &F vouRk
MEST POPULAR PRTScAPTION,
e

1) 2 dezen far 51.68.
S doezen for

2) 24 peneils for Bdc.
18 pencdls for

1} 6 ecane of peas fov $1.80. W
4 cans of peus for .

/Ty i
 inch 100,600,000 miky y W
o el (- VaaV > T et

This samrple bulletin board display

associates a reasonable scale with its
corresponding drawing or picture. A
brief discussion centered around the

display may increase the students'

understanding of scaling and its rela-

tionship to their visual world.
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PROBLEM SOLVING

PROBLEM SOLVING FOUND IN CLASSROOM MATERTALS

RATIO:
Getting Started
CAN YOU FIND THE PATTERN?
PATTERNS FOR INTRODUCING RATIO
CONSTANT COMMENTS
ROWS AND RATIOS
WHAT'S IN A RATIO?
RATIO OF AGES
Pate
FIX THAT LEAK
WHICH IS A BETTER BLY?
Equivalent
POPPIN' WHEELIES IN A RING

SURFACE AREA AND RATIOS 2

PROPORTION:
Cetting Starcted
PERSONALTZED FROPORTIONS
PETITE PROPORTIONS 1
PETITE PROPQRTIONS 2
CCUNTEREXAMPLE
Application

IT'S ONLY MONEY

USING PATTERNS

USING PATTERNS

USING PATTERNS

DETERMINING RATIOS FROM PATTERNS

INTERPRETINC RATIO STATEMENTS

USING RATIOS TO COMPARE CHANCE IN AGE

DETERMINING RATES

USING RATES TO COMPARE PRICES

SIMPLIFYING

SIMPLIFYING

SOLVING PROPORTIONS

SOLVING PROPORTTONS

SOLVIKG PRCPORTICNS

RECOGNIZING INCORRECT PROPORTIONS

USINC PROPCGRTIONS TO CONVERT CURRENCY
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‘IP:
.

PROPORTIONS WITH A PLANK USING PROPORTIONS WITH LEVERS
INVERSE VARIATION

SCALING:

Getting Started

YOUR MOD BOD USING SCALES TO REPRESENT HEIGRTS

CHOOSE THE SCALE CHOOSING A REASONABLE SCALE
Making a Scale Drawing
RCOM DECORATIONS ENLARGING WITH A COMPASS AND RULER

Supplementary Ideas in Scaling

THE PERPLEXING PENTOMINOES WORKING WITH SHAPES

HOW WELL DO YOU STACK UP BUILDING 3-D MODELS FROM SKETCHES
THIS TIME?

3 FACES YOU SHOULD HAVE SEEN IDENTIFYING 3-D MODELS FROM SCALE

DRAWINGS

SCALING A SKYSCRAPER USING A SCALLE TO LOCATE POINTS

SCALING SEVERAL SKYSCRAPERS USING A SCALE TO LOCATE POINTS

BUILDING A SKYSCRAPER CONSTRUCTINC 3-D MCDELS

PERCENT:
Pexcent Sense

DOLLARS AND PERGENTS 2 REFERENCE SET GF 100%*
MONEY MCDEL

PERCENT WITH CUBES REFFRENCE SET OF 100%
SET MODEL
THE PERCENT PAINTER REFERENCE SET OF 100
SET MODEL
PERCENTS: BACKWARDS AND F.CDELS*
FORWARDS 4

*Indicates percents greater than 100% are used on the page.
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THE WHOLE THING
FINDING 100% FROM BELOW
FINDING 100% FROM ABOVE
PEACE-N-ORDER
As a Ratio
PERCENT PICTURES - II
PUNY PERCENTS
As a Fraction/Decimal
THE PERCENT PAINTER RETURNS
Solving Percent Problems
A SIGN CF THE TIMES
PERCENT PROBLEMS 1

PERCENT PROBLEMS 2

CERTAIN CROWTHS ARE
BENEFICIAL

PROBLEM SOLVING

SET MODEL
AREA MODEL
AREA MODEL*

AREA MCDEL*

GRID MODEL

PERCENTS LESS THAN 1%

AS A DLCIMAL

SOLVING PERCENT PROBLEMS

WORD PROBLEMS

WORD PRCBLEMS

FINDING AMOUNT OF INTEREST

*Indicates percents greater than 1007 are used on the page.

i)
X 2
5.
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MENTAL ARITHMETIC

RATIONALE

Manv of our dav-to-day calculations

are done mentally., Without using pen-

cil and paper or a hand calculator, we

of tern think about answers to such
questions as: Did the clerk give me

the right amount of change? How long

will it take me to travel across cown?

How many boxes of candy will have to
be scld for a fund-raising project
needing $5007

Mental arithmetic is an important
basic skill which can be applied to

many situations. One might perform

mental checks on routine computations.

Mental arithmetic can help students
develop a better number sense and a
Letter feeling about their ability to
calculate answers. It may also im-
prove their knowledge of basic facts
and motivate them to move on to mere
advanced cr appliecd mathematics.
People can use mental arithmetic to
improve the procese of estimation and

approximation by .

Selected Sources for Mental Arithmecic

1) Checking fcr reasonableness and
correctness of answers.

2) Getting "ball-park" estimates.
3) Rounding.
4) Computing with simplified numbers.

5) Multiplying and dividing by powers
of ten.

The use of mental arithmetic can
quicken the problem-solving process~=-
especially for those problems which
involve trial and error.

Just as any skill must be developed
through practice, the ability to do
arithmetic mentally can be improved with
drill and mental calculations. These
can be short and part of the daily rou-
tine (such as a five-minute warm-up
activity). Or the activities can be
longer and stressed early in the school
vear to develop the habit of using
mental arithmetic. Encourage the stu-
dents to do mental calculations whenever
they are involved in checking pencil and
paper calculationrs, calculator activi-

ties, and problem solving.

Cutler, Ann and Rudolph McShane. The Trachtenberg Speed Svstem of Basic Mathematics,

Doubleday, 1260.

Garvin, Alfred E. Shertcuts, Checks and Approximations in Mathematics, J. Weston

Walch, 1973.

Kramer, Klgss. Mental Computation, Sclence Research Associates.
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MENTAL ARITHMETIC

EXAMPLES OF MENTAL ARITHMETIC PAGES FOUND [N THE CLASSROOM MATERIALS

I. Games and Puzzles

Games and puzzles often require quick thinking.

Figuring on paper or using a

calculator is not always necessary or convenient.

Rules:

11 FPlayers eact
the die,
nusher g

ay @ epaces fot
each dot on

the dle
b) ¥ epaces for
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This game involves chance and
strategy. The player makes an
educated guess between a scale of
2:1, 3:1, or 4:1 for each toss
of the die. This requires a quick
mental evaluation of the position
on the playing board, the number
on the die, and the best choices

of a scale.

Equivalent ratios form patterns

that can be assimilated mentally.
This puzzle matches equivalent
ratios and displays self-

correcting answers.
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II. Concepts and Patterns

Once a basic concept is understood, one can use mental arithmetic and shorctcuts
to cut down computation., Patterns often lead to the answers and mentally fellowing

a pattern can reveal the final answer with minimal effort.

WL MVST WORK TOGTHER Proportions can be solved by
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Quick mental computation discloses

the simple patterns and compari- rﬂggﬁﬁﬁﬂ' r_lél | e

sons displayed in the charts.
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MENTAL ARITHMETIC FOUND IN CLASSRCOM MATERIALS

RATIO:
Getting Started
CAN YOU FIND THE PATTERN?

PATTERNS FOR INTRODUCING
RATIO

Equivalent

EQUIVALENT RATIOS BY
FATTERNS

EATING CONTEST

A LOVELY DESIGN

SPIDER TO FLY RATIOS

SPICY RATIOS

A STATEMENT OF PRIME
IMPORTANCE

THE WEATHER REPORT
PROFCWLION:
Getting Started

GETTING BULLISH ON
PROPORTIONS

WE MUST WORK TOGETHER
AN EXTREME TOOL
A STEWED SURPRISE
SCALING:
Getting Started

SCALY

USING PATTERNS

USING PATTERNS

CONCEFT, GENERATINGC

GENERATING

RECOGNTIZING

RECOGNIZING

RECCGNIZING

RECOGNIZING

RECOGNIZING

MULTIPLICATION METHOD

CROSS FRODUCTS METHOD
CROSS PRODUCTS METHOD

SOLVING PROPORTIONS
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PERCENT:

As a Ratio

WHAT DO A CAT AND A SKUNK
HAVE IN COMMON WITH %°?

Solving Percent Problems
HOLLYWEED SQUARES

A SIGN OF THE TIMES

MENTAL ARITHMETIC

EQUIVALENT FORMS

REVIEWING SKILLS

SOLVING PERCENT PROBLEMS
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ESTIMATION
and APPROXIMATION

RATICNALE
Why estimate and approximate? Why

should we be concerned with educated
guesses (estimation) or a process to
improve the accuracy of an educated
guess (approximation)?

Today, according to some authorities,
75% of adult non-occupational uses of
arithmetic is mental. If we are con-
cerned about students having a number
sense, then we need to work on such
things as: mental computation, rounded
results, reasonableness of answers, =z
feel for large and small numbers, and
numbers representing measures.

In our daily lives we use inéexact
numbers every time we measure. News
sources frequently use approximations
when discussing large numbers. Exact
results are often not necessary, and
they often obscure the issue. (¥Which
would be better--49,717 people attended
the football game, or "about 50,000,"
The family income is $11,978 vs. The
family income is $12,0007)

For example, we make many educateg
guesses every time we

a) plan a trip (How long will it
take, when will we arrive, how
much will ic cost, what should
we take?)

b) determine a budget (I think we
can go out for dinner and a show
once this year.)

We make a life and death estimation
when we decide if ic is safe to cress

the street, or if we can stop a car or

bike in time.

The reasonableness ¢f calculated re-
sults can mean a difference of many
dollars to each of us, whether it be in
checking the change at the supermarket,
figuring- taxes, or making time payments
on large purchases.

Often we need to locate the decimal
point in computations by hand, with a
slide rule, with a calculator, or in
using square root tables. Even when we
do long division problems we usually
use some type of ''guess and check' method.

We make '"ball park" estimates for

2) how many (hot dogs to order for a

football game)

b) how things compare (can 1,000
people fit into the ballroom?)

¢) personal information (if we
could spend a dollar a second,
how long would it take to spend
a billion dollars?)

d) functioning effectively in our

daily lives.

Before anyone can make an estimation
that is more than just a guess, he must
first of all have a familiarity with
certain reference points for measures
of length, weight, time, area, veolure,
cost, and so on. Most of these come
from experiences in the person's day to
day world. They can be extended through
development of measuring skills, arith-
metic skills, and a number sense for
large 2nd small numbers. To obtain a

"good" estimate, it is also useful to
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have a knowledge of counting methods.
(For additional information see Peas

and Particles,)

Before a person can quickly check the
reasonableness of an answer he must
have already developed a wide variety
of arithmetic skills. These must
include:

a) ability to perform accurately
single-digit operations (9
million x 7 million requires
9 x 7 = 63)

b) ability to multiply aund divide
by powers of ten

¢) ability to perform cperations
with multiples of powers of
ten--mentally if possible

d) being comforcable with inequal-~
ities and other relationships

e) ability to round whole numbers
and decimals to one or two signif-
icant digilts.

It is also helpful for more difficult
approximations 1f a person has a
familiarity with exponential notation,

Here is an example which illustrates
most of these points: About how long
is a billion seconds?

1,000,000,000

60 x 60 x 24 x 365 ~eArs®
1x lO9 _1lx 109
60 x 60 x 20 x 400 ~ 3600 x 8CCO
~ 1x 10° ) 1 x 10°
4% 10° x 8 x 100 32 x 10°
1x10° 1 2
z—7=‘3‘x10 = 33 years
3 x 10

ESTIMATION AND APPROXIMATION

-~
A
There is much to be said for knowilng

when to estimate and when to approximate,
when to use an estimation or approxima-
tion, and when to use an exact answer.
The use of estimation and approximation
should help all persons to deal with
exact numbers, understand and perform
operations with numbers arising from
measurement, deal comfortably with num-
bers through approximate calculations
and rounding off, and in general develop
a number sense. Finally, it would seem
most worthwhile 1f teaching the tech-
niques of estimation and approximation
helped to eliminate the "exact answer"

syndrome.

SUMMARY

These are the key points to be empha-
sized when teaching estimation and
approximation:

1. When do we need t¢ estimate and
approximate to find a rough answer?

2. When do we need exact answers?

3. VWe often estimate "how many" (e.g-»
objects, people, items) or "how
much" (e.g., money, air, water).

4, We often estimate the dimensions,
capacity or amount of something we
would measure. (Measurements are
always arproximate.)

5. Problem solving and computaticn is
alded by the use of estimation and
approximation to

a) check the reasonableness of
answers

b) narrow the sccpe of your in-
vestigations

¢) simplify computations
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6. The students need a2 sound back-
ground in arithmetic skills,
number sense, and finding re-
ference points.

Selected Sources for Estimation and Approximation

Garvin, Alfred D. Shortcuts, Checks and Approximations in Mathematics, J. Weston
Waleh, 1973.

Herrick, Marian, et al. Mathematics for Achievement/Individualized Course 2, Book 5,
Houghton Mifflin, 1972.

Mathex Book 5 Measurement and Estimation, Encyclopedia Britannica, 1970

Peas and Particles (Teacher's Guide), Elementary Science Study, Webster/McGraw-Hill,
1969.
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ESTIMATION AND APPROXIMATION

"

EXAMPLES OF ESTIMATION AND APPROXIMATION IN THE CLASSROOM MATERIALS

I. Estimating "How Many"

Estimate the number of
people that work at your
school. How is the
student-teacher ratio

determined?

BEANS,
BEANS

Actdviey:

{1y Lucl
T

ale 1 length :
W average numiny

0 ar 20 mevks wowld be

¥ Jar aund sdd beacs to the first mar

uumbérs from

II. Estimating "How Much"

How much money can you save on
sales? Approximate your savings
on various items that are dis-

counted a given percent.

your teacher.

ACTUAL NUMBER.,
] Tora

TEACHERS l
PRINC/PALS|

How many beans in the jar?
The container's volume plays
an important part in finding
a reasonable estimate for the

number of beans.
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(LC LY (T
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o U iatl st A
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CALCULATOR iS50
KNG EQUIPMENT l 300

TV (4245

CAMOING EQUIPMENT ! EY |:é 5 |

FCTORCYCLE
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Draw the amount of area that
represents the given percent.
A reference set is always

necessary before an area can

be compared and then drawn.

ESTIMATION AND APPROXIMATION

i~
.

RECTANGLE
PERCENTS =
Lﬁ—% [ m.n— b )
u\... gurcants ""' Traw &
|ulF ere
mji N
Q=
ok R _- ——%elR opualr
Q-
VI %R 50% of Q@
-0 | 3 0
5% of B — B et R IO o R=
y |
—% ol R — % ofR O0% o7 R=
FOR EXPEHETS ONLY!
dole
00% as R S0% ef R

SEE-THROUGH DEMONSTRATION
to ctass and display them on e tadle whers
tese rubem, glass or plastie aublcal
old measuring cups, drinking glusaes,
and some 0dé-shaped glass cogtalasrs (L.e ases, sphatrical glass :c\, %, cones, Winw
glazsss),
Ll lidea
|
1 i
—~oda 91.-44 |
L
ja»\gfm \ |
,.utm—-&
A number of concepl® canm be ctaught uwing these comtalners as visual slds snd morive-
1o fach comcaioer
Ask the students to ATy t t of water in taloey (a4 gompar
the wolume of the vhole almer). mple, how full Ls the glass?
Fosnibla reapemses: 1/2 full, full, %0% enpry, The mest
€t i\ fesponse would be { Encourage stodents to glve aguivalent
 In percent and i
st ratlen by pouring vetsr int
111 wach (or oma) com
(Dtacuss

Estimate the amount of water
it will take to fill each

container-E or 50% full. How

can you teil the real volume
of each odd-shaped container?
These experiments with volume
test spatial relationshilps and
the ability to estimate

three—dimensional quantities.
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ESTIMATION AND APPROXIMATION

ESTIMATION AND APPROXIMATION FOUND IN CLASSROOM MATERIALS

RATIO:

Rate
MATH IS A FOUR-LETTER WORD
Equivalent
RATIOS IN YOUR SCHOOL
ONE MAN ONE VOTE
PROPORTION:
Application
I MEAN TO BE MEAN!
SCALING
Getting Started
BEANS, BEANS
CHOOSE THE SCALE
Making a Scale Drawing
PACE OUT THE SPACE
Maps

THE GREAT LAKES

PERCENT
Percent Sense

GUESS AND CHECK

DETERMINING RATES

SIMPLIFYING

SIMPLIFYING

DETERMINING MEAN PROPORTIONS

USING A SCALE TO MAKE PREDICTIONS

CHOOSING A REASONABLE SCALE

REDUCING WITH A GRID OR RULER

USING A SCALE DRAWING TO FIND
DISTANCES

REFERENCE SET OF 100
GRID MODEL
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THE TRANSPARENT HUNDRED

ELASTIC PERCENT APPROXIMATOR

PERCENTS OF LINE SEGMENTS

PERCENTING: LINE SEGMENTS

STRINGING ALONG WITH PERCENTS

PERCENTS OF RECTANGLES
RECTANGLE PERCENTS
GEOBOARD PERCENTS
PEACE-N-ORDER
As a Ratio
THAT'S "ABOUT'" RIGHT
BE COOL--GO TO SCHOOL
As a Fraction/Decimal

PERCENT WITH RODS &
METRES - III

THE PERCENT BAR SHEET
HALLELUJAH I'VE BEEN
CONVERTED

SEE-THROUGH DEMONSTRATION

Solving Percent Problems

THE ELASTIC PERCENT
APPROXIMATOR EXTENDED

GRID PERCENT CALCULATOR I

ESTIMATION AND APPROXIMATION
"
"~
REFERENCE SET OF 100%

GRID MODEL

REFERENCE SET OF 100
NUMBER LINE MODEL

REFERENCE SET OF 100*
NUMBER LINE MODEL

REFERENCE SET OF 100
NUMBER LINE MODEL

REFERENCE SET OF 100%*
NUMBER LINE MODEL

AREA MODEL*
AREA MODEL*
AREA MODEL

AREA MODEL

AS A RATIO

USING PERCENT TO COMPARE

AS A FRACTION/DECIMAL*
NUMBER LINE MODEL

AS A FRACTION/DECIMAL*
NUMBER LINE MODEL

AS A FRACTION/DECIMAL
NUMBER LINE MODEL

AS A FRACTION/DECIMAL
VOLUME MODEL

USING A PERCENT CALCULATOR

USING A PERCENT CALCULATOR

*Indicates percents greater than 100% are used on the page.
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GRID PERCENT CALCULATOR II
GRID PERCENT CALCULATOR III
GRID PERCENT CALCULATOR IV

GRID PERCENT CALCULATOR
EXTENSIONS

THE OLD OAK TREE
ENORMOUS ESTIMATE
LOVE IS WHERE YOU FIND IT

INTERESTING? YOU CAN BANK
ON IT!

AT THAT PRICE, I'LL BUY IT!

COUNTING EVERY BODY

ESTIMATION AND APPROXIMATION

USING A PERCENT CALCULATOR
USING A PERCENT CALCULATOR
USING A PERCENT CALCULATOR

USING A PERCENT CALCULATOR

SOLVING PERCENT PROBLEMS

SOLVING PERCENT PROBLEMS

SOLVING PERCENT PROBLEMS

FINDING AMOUNT OF INTEREST

FINDING AMOUNT OF DISCOUNT

FINDING PERCENT OF INCREASE
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1.ABORATORY APPROACHES

RATIONALE
What is the Laboratory Approach?

For many decades, learning, instead
of just memorization and training, has
been the primary emphasis of education.
Each society or community decides what
should be learned. We are required to
learn mathematics, reading, science
and other subjects. Yet our schools
have been organized for teachers to
teach and not necessarily fer children
to learn. The laboratory approach is
a philosophy which emphasizes "'learning
by doing' and breaks free from formal
teaching methods. "It is a system
based on active learning and focuses
on the learning process rather than
on the teaching process."” [Kidd, et
al.] Experiences are devised to help
the student learn mathematics by see-
ing, touching, hearing and feeling.

An environment--the math lab--emerges
where the teacher and the students
work and communicate with each cther
to plan activities and learn by doing.
At the level of their abilities and
interests, the students discover
relationships and study real-world
problems which utilize specific mathe-
matical skills.

A laboratory approach breaks the
monotonv of stralght textbook teaching.
It extends and reinforces the sctudents'
understandings and skills while pro-

viding background experiences fer

later development of abstract concepts.

It also offers a unique, concrete way to
learn mathematics. The laboratory
approach can be integrated into the class-
room and used along with, not in place of,
many other equally valuable teaching
strategies.

Lab activities help to eliminate the
unrealistic one-method syndrome so
characteristic of mathematics classes. A
variety of methods of attacking a problem
can be explored. Open-ended activities
encourage students to make discoveries,
formulate and test their own generaliza-
tions (i.e., problem solving). Lab
assignments can be used to challenge the
studects by providing them with oppor-
tunities for developing self-confidence,
habits of independent work, arnd enjoyment
of mathematics. The relaxed atmosphere
can encourage student involvement and
positive attitucdes toward mathematics.

By direct observation, the teacher can
assess the student's skills in problem
solving and computing while the student’s
attitude and work habits can also be
evaluated.

The Mathematics Laboratory

The math lab is an environment that
provides for active learning and encour-
ages active participation. In terms of
physical organization, three basic kinds
of mathematics laboratories are most
often discussed.

1. A centralized laboratory--a room
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especially designed (or adapted)
and equipped for use as a pexr-
manent math lab. Classes are
usuvally brought into the 1ab
room on a rotating schedule that
allows each mathematics class to
use the lab materials several
times a week as needed.

2. A rclling or movable lsboratory--
a set of lab materials placed on
a cart, stored in a central loca-
tion, and wheeled from classroom
to classrcom as needed.

3. A decentralized laboratory--a
self-contained set of lab materi-
als stored in the teacher's
classroom and readily available
fer the students to use,

For most schools, the decentralized
laboratory is the most practical and
desirable math lab, Lab materials can
be collected and organized at a modest
rate as they are constructed, donated
or purchased.

Eventually a set c¢f lab materials will
grow to a size large enough to be quite
The classroom environment

Flat

versatile.
needs to be versatile as well.
tables, bookcases, movable carts and
other furniture can be added to provide
work areas for the students and storage
space for the lab activities.

that is a Laboratory Activity?

A laboratory activity is a task or
mathematical exercise that emphasizes
"learning by doing."” It can be a game,
a puzzle, a2 paper and pencil exercise,

a set of manipulatives with a task card,
or an experiment using apparatus and

instruments to take measurements. A

LABORATORY APPRCACPES

IR

game involving two or more students
might review the concept of equivalent
fractions. A challenging puzzle could
require a student to apply several
problem-solving techniques. A lab
activity could use Cuisenaire Rods to
illustrate decimal concepts, or multi-
base blocks to show place value, ot
wocden cubes to demonstrate spatial
relationships, or factor boards to
clarify an algorithm. Manipulative ob-
jects often provide physical models that
can introduce or clarify a mathematical
concept to the student. There are also
experiments which can be performed to
take measurements and gather data. Stu-
dents learn how to use certain equipment
and toecls in their search for solutionms.
Laboratory activities can directly in-
volve students in "hands-on' assignments,
often with group participation. Lab
activities encourage the student to take
an active role in learnrning mathematics
rather than the passive role of "you
teach me."

Getting Started

There are many ways to implement the
lab approach. The descriptions below
provide several suggestions to consider
when starting to use the laboratory
approach.

Mr. Largford has a class of thirty
seventh graders. FEe was not sure about
using lab materials, so he decided to

start small. He set up an "activicy
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corner’ in the room. Three lab cards
with the necessary equipment (e.g.,
squared paper, ceramic tile, measuring
tape, metric wheel) were set up In the
"activity cornmer.' Each day for a
week a different group of six students
were allowed to work in pairs using the
lab matevials. The rest of the class
worked on related paper and pencil
exercises. All week was spent on the
study of area, All thirty students had
a chance to do the lab activities, and
the activities integrated well with

the week's mathematics concepk of area.
Mr. Langford wants to collect or write
task cards that mix well with his estab-
lished curriculum. Later, he might try
other ways of using the lab activity
cards.

Ms. Wilkins decided to assign each
Friday as a '"lab day" for her eighth-
grade class of 28 students. She had
watched several classes using a "'lab
day" once a week and decided to try it
herself. She prepared two sets of seven
lab cards covering seven different mathe-
matic topics. Each student was assigned
a partner, and the pair would work
together for each of the seven "lab
days." For seven weeks the students
rotated to a new lab activity each
Friday.

record of their results and follow the

They were asked to keep a

planned rotation schedule. Ms. Wilkins

found that this seven-week period with

LABORATORY APPROACHES

oY

She developed

one '"lab day" a week colncided well
with the nine-week term.
a second set of lab materials for another
seven weeks. This time there were 14

task cards put into 14 shoe boxes along
with manipulatives, paper, or other mater-
ials needed for each activity. Each card
was written on the topic of measurement
and contained various levels of abstrac-
tion and enrichment options for the
students.

Mr. Jeffreys and Ms. Slone had adjoin-
ing sixth-grade rooms. They had been
team teaching a number of units in mathe-
matics. They decided to try the lab
approach for cheir unit on Base 10 and
Other Bases. Their school had recently
purchased two Chip Trading Math Lab Sets.
Mr. Jeffreys and Ms. Slone picked out
several chip trading activities to be
used every other day for two weeks.

They divided the class into groups of

3 or 4 students. TFor each 'chip trading
day" ore student in each group was re-
sponsible for picking up and distributing
the manipulatives to each member of the
group. The days between each ''chip
trading day" were used for discussions,
board work, and worksheets that emphasized
paper and pencil computation in base 10
and other bases.

The above are examples of teachers whe
were willing to support an active approach
to learning. They prepared for using the

lab approach by collecting and organizing
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materials and deciding on the content
of lab activities. It helps to gain
the support of other teachers; their
contributions and ideas can rapidly
increase che number of lab activities
developed.

Most difficulties that arise in the
math lab result from students not
knowing what to do. The teacher needs
to find, organize and store lab materi~
als for easy use; tell students where
lab materlals are, what to do with them
and how to schedule their use; prepare
task cards or directions for the lab
activities; instruct students in prch-
lem-solving methods of attack and
investigation; interact enthusiastically
with students and share in their experi-
ences; and evaluate each student's
attitudes, work habits and accomplish-
ments.

Start small--in no way can most
teachers and students survive a com-
plete change of program. Students who
have become passive learners need time
to adapt to the role of active learners.
They need supervision and guidance from
the teacher as they learn to function
in the lab enviromment. Eventually,
the students should be able to select
materials for each lab activity and
return materials tc the proper Sstorage
area when Iinished. By keeping a work
record, the students can evaluate their

progress and try to improve their skills

LABORATORY APPROACHES

o

and understanding. The students need to
develop inquisirive attitudes that moti-
vate them to keep at a problem and not
give up. Small groups or pairs of stu-
dents will require the cooperation of
each individual and the sharing of ideas.
Initially, when selecting material and
equipment te use in the math lab, find
readily available materials in the school.
As time goes on, you will be able to buy,
make or scrounge other materials as they
are needed for particular activities.
Ideas for laboratory activities can be
found in any of the sources listed in
the selected sources. Many perilodicals

(such as The Arithmetic Teacher or The

Machematics Teacher) include sections

in each issue which contaln ideas for
activities that require a minimum of
preparation and materials. Notice the
interests of the students. Be creative
and use your own ideas or their ideas
as a source of lab acrivities. Discuss
and exchange ideas about math labs with
other teachers.

Begin with a lab activity that every-
one can do at the same time. Later on,
the stucents can separate into groups or
small teams (students usually work best
in small groups cof 2 or 3). Experiment
with the size and the make-up of the
groups. In the beginning it is a good
idea to provide activities where each
group member has a specific rcle. Pro-

vide several lab activities and let each
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group move from one activity to another.
Have specific objective(s) in mind

for each activity, and have a clear
idea of its mathematical content. Go
through the lab actilvity to find what
background concepts or skills the stu-
dents will need to tackle it. Check
for any difficulties the students might

encounter as they do the activicy.

SUMMARY

1. The laboratory approach is a
system that emphasizes learning by
doing; it involves the student in
multi-sensory experiences that often
require social interaction as well
as physical participation and pro-
blem-solving skills.

2. There are several types of math
labs--even math lab is versatile;
each includes lab materials:; each
requires careful organization and
upkeep.

3. A laboratory activity is a task or
mathematical exercise that provides
an active role in learning for the
student.

Selected Sources for Laboratory Approaches

LABORATORY APPROACHES

IR

One can implement the lab approach
in various ways:

a) Set up an activity corner and
allow a few students each day to
work on assigned lab activities.

b) Declare a lab day; perhpas once
a week the whole class will be
involved in lab activities.

¢) Pick out a particular topic or
unit in mathematics; develop a
number of lab activities for the
specific topic and have the stu-
dents work through the various
activities each day or every
other day.

d) Be brave; try the laboratory
approach and plan your own
creative schedule and activities
for the students.

Most difficulties that arise in the
math lab result from students not
knowing what to do.

Start small--there are many materials
and ideas to use in a math lab. Do
not be overwhelmed, but collect lab
materials gradually, adding manipu-
latives, games, task cards, etc. as
you have time to make and/or develop
them.

The Arithmetic Teacher, National Council of Teachers of Mathematics.

Biggs, Edith and James MacLean. Freedom to Learn, Addison~Wesley (Canada) Ltd., 1969.

Hamilton, Schmeltzer and Schmeltzer. ''The Mathematics Laboratory,' Teaching Mathe-

matics in the Junior High,

Kidd, et al. The Laboratory Approach to Mathematics, Science Research Associates,

Inc., 1970.

Krulik, Stephen. A Mathematics Laboratory Handbook for Secondary Schools, W.B.

Saunders Co., 1972.

The Mathematics Teacher, National Council of Teachers of Mathematics.

Reys, Robert F. and Post, Thomas R. The Mathematics Laboratory: Theory to Practice.
Prindle, Weber and Schmidt, Inc., 1973.
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Sobel, Max and Maletsky, Evan. Teaching Mathematics: A Sourcebook of Aids,
Activities and Strategies, Prentice Hall, Inec., 1975.

Teacher-Made Aids for Elementary School Mathematics, Readings from the Arithmetic
Teacher, National Council of Teachers of Mathematics.
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EXAMPLES OF LABORATORY ACTIVITIES FOUND IN THE CLASSROOM MATERIALS

I. '"Homemade' Materials

When selecting materials and equipment to use for lab activities, it is rela-

tively inexpensive and simple to use available materials in the school.

or equipment can often be made by the students.

ment activities helps to build concepts through visual, concrete experiences.

A measuring instrument (in this
case, an alidade) is often used
to record mathematical data and

to analyze our environment.

Apparatus

Active participation in measure-

There are 2 nunber of ways 1o muke & wcale drawing of o fteld, Some mezhods

use expeasive pleces of equipmeat to do thia accurgrely, bur it iz pogsible ro
make a good seale drawlng uslag equipment from £he ¢lasaroam.

Equipmear: Flar radle or board
placed on 1op of an
1avereed wastebasker
Rulex
Tape

*hlagnde
Large sheer of drawing
papey

*An alidide {s a stratghtedge
with sights and can de made
with 2 ruler and cwo nails,

1. The students should familisrize
themselves with the regfon before
beginning cthe scale drawing.
Londmarks, especially thoze that
indlcate the shade of the region,
should be located. The land-
marks covld be listed or a
rough skereh of the region

grxwn with each landmark la-
beled. Markers sre neaded 1t
che corsers of the fiald {f
nztural landmarks do not oceur.

4. Place polar P over stake P,
Uxe the altdade tuo 1fne up
point Q on the paper with
stake ) (You =ay have ro
urn the tabie slightly).
The table must remain ia
this posttion as you sjght
aach Landmark {rom polot P,
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II. The Cube as a Lab Manipulative

Cubes are versatile, "hands-on" objects.

LABORATORY APPROACHES

The students develop an awareness
of their body and how it can be
described and compared using

mathematics.

between abstract thinking, scale models and physical reality.

The students look at the abstract
two—dimensional drawings of a solid
and then construct the correspond-
ing three-dimensional figures using

cubes.

If

They can be used to bridge the gap
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Students build physical

models to clarify the

problem and help them

dateriuls needed: set of centimecre cubas
understand the concepts L feds |4 timecra cub

ll:l." #¢ the cubes apnd. =
b} The volume ({n cm

of volume and ratio.

o wide as Model 1.

ulde, snd tuice 48 MODEL 1

Rotio of the
volumes of this | Simplifred
[made! to Model 3| vaho
e -

[ B Volume
Madel |Dumerigiong (2':))

| o | gzsl |izewt
"

Ratia of The
volumes of this

Simplified

Volume

de .Dumens_lons (cm3) model to m o 1| votio

d 9x2 | 18 cm” ‘ e : ']

£ |
(4) Compare t sipplified ration with the =imi in Volune and Fasto 1.
(3) If the simplif ratie of the voluses of a =

al 1 is L6:1, how

5 are four times larger

To fill in the table, the students
can make each model or look at the

diagrams, depending on their

ability to abstract the situation.

ITII. Grid Activities

Grids and grid paper are used as two-dimensional models that pictorially
represent many concepts in ratio, percent and scaling. Construction activities that

involve making mecdels, scale drawings or geometric figures often utilize grid, iso-

metric paper or squared paper.
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This activity features several
puzzles, such as fitting together
all the pentominoes to cover a
given area, and a game with
pentominoes. Puzzles and games

entertain yet provide important

practice with shapes and 1deas.

LABORATORY APPROACHES

X

{LAIE ¢ ISLAND
BOARD

TTTT 1]
T

{ , tslaage?
i I a na over the area what ara her chances of
larding on Island A?

T PrrEEXNG
RNTaMmINGES

o8, 3 centimelreN on & side, =nd centimetre
saper or five I~inch tiles =od Ineh grid paper.

Marerials narcded:

Aceivicy:

1) A pentoming is s pattern made by joining 5 wquares cogether
so that gach shares a common side with ancther., How =any
different pentominoes de you think there arel

2)

3) Check wirh your teacher ch me pentoming,

to see i you have found
211 the pentominoes.

&) Tyt

[=E ta . Do
oot o lap the piecces.
There ate more than 2000
ways ro do thist

the mat.

The winney iw the last perava
o succesalully place o
pentoming on the mat.

The Lake and Island Board can be
constructed for use with a numberx
of lab activity cards. Here the

students use the board to do percent

exercises.
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LABORATORY ACTIVITIES FOUND IN CLASSROOM MATERIALS

RATIO:

Getting Started

Rate

ALL ABOUT YOU

M&M'S

MATH IS A FOUR-LETTER WORD
SPY ON THE EYE

LET YOUR FINGERS DO THE
WALKING

FIX THAT LEAK
A4S THE RECORD TURNS

MY HEART THROBS FOR YOU

STEP RIGHT UP

I BELIEVE IN MUSIC

Equivalent

RATIOS AND CUBES 1
RATIOS AND CUBES 2

I'D WALK A MILE

POPPIN' WHEELIES IN A RING

SURFACE AREA AND RATIOS 1

DETERMINING
DATA

DETERMINING

DETERMINING
DETERMINING

DETERMINING

DETERMINING

DETERMINING

RATIOS FROM STUDENT

RATIOS

RATES

RATES

RATES

RATES

RATES

USING RATE OF HEARTBEAT TO

DETERMINE

PHYSICAL FITNESS

USING RATE OF HEARTBEAT 10

DETERMINE

DETERMINING

PHYSICAL FITNESS

RATES

CONCEPT, GENERATING

CONCEPT, GENERATING

DETERMINING

SIMPLIFYING

SIMPLIFYING

AND COMPARINGC

B
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SURFACE AREA AND RATIOS 2
VOLUME AND RATIO 1
VOLUME AND RATIO 2
CUBISM

Ratio as a Real Number
A VERY SPECIAL RATIO
PI'S THE LIMIT
BUFFON'S PI
CLOSER & CLOSER

PROPORTION:

Getting Started
AS THE SQUARE TURNS
THE BOB AND RAY SHOW

THE SOLVIT MACHINE-~A DESK
TOP PROPORTION CALCULATOR

Application

ONE GOOD TURN DESERVES ANOTRER

THAT'S THE WAY THE OLD BALL

BOUNCES

GET IN GEAR

I'M BEAT! HOW ABOUT YOU?

LABORATORY APPROACHES

SIMPLIFYING
SIMPLIFYING
SIMPLIFYINGC

SIMPLIFYING

APPROXIMATING
APPROXIMATING
APPROXIMATING

RATIO AS A REAL NUMBER

RECOGNIZING PROPORTIONS
GEOMETRIC MODEL

CROSS PRODUCTS METHOD

USING PROPORTIONS TC DETERMINE
DISTANCES

USINC PROPORTIONS TO FIND HEIGHTS

USING PROPORTIONS WITH GEARS

USING PROPORTIONS WITH GEARS
INVERSE VARTATION

Iy
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SCALING:
Getting Started
YOUR MOD BOD USING SCALES TO REPRESENT HEIGRTS

ELEMENTARY, MY DEAR WATSON MOTIVATION
USE OF A SCALE MODEL

BEANS, BEANS USING A SCALE TO MAKE PREDICTIONS

BAVE YOU GOT SPLIT ENDS? USING A MICROSCOPE TO ENLARGE

Making a Scale Drawing

GEOBOARD DESIGNS COPYING DESIGNS

BE CREATIVE THIS CHRISTMAS ENLARGING WITH GRIDS

PACE OUT THE SPACE REDUCING WITH A GRID OR RULER

ARCHIE TEXS' RULER ENLARGING WITH A RULER

PROJECTING THROUGH A PINHOLE DEMONSTRATION OF PERSPECTIVE

A SNAPPY SOLUTION TO SCALE ENLARGING/REDUCING WITH RUBBER
DRAWINGS BANDS

STAKE YOUR CLATIM REDUCING WITH AN INSTRUMENT

FINDING LENGTHS USING AN ALIDADE

ANOTHER STAKE OUT REDUCING WITH AN INSTRUMENT
FINDING ANGLES USING A TRANSIT

Supplementary Ideas in Scaling

MAKE A DIPSTICK USING A SCALE TO DETERMINE DEPTRH
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THE PERPLEXING PENTOMINOES
HOW WELL DO YOU STACK UP?

HOW WELL DO YOU STACK UP
THIS TIME?

3 FACES YOU SAW

3 FACES YOU HAVE SEEN
CAREFULLY CONSTRUCTED CARTONS
BUILDING A SKYSCRAPER
BUILDING SEVERAL SKYSCRAPERS

A SCALE MODEL OF THE SOLAR
SYSTEM

HOW HIGH THE MOON

Maps

THE GREAT LAKES

PERCENT:

Percenc Sense

STICKING TOGETHER WITH

PERCENTS

YOUR BODY PERCENTS

PERCENT WITH CUBES

THE PERCENT PAINTER

HUNDREDS BOARD PERCENT

WORKING WITH SHAPES

DRAWING SKETCHES OF 3-D MODELS

BUILDING 3-D MODELS FROM SKETCHES

MAKING SCALE DRAWINGS OF 3-D MODELS

MAKING SCALE DRAWINGS OTF 3-D MODELS

CONSTRUCTING 3-D MODELS

CONSTRUCTING 3-D MODELS

CONSTRUCTING 3-D MODELS

MAKING A SCALE MODEL

MAKING A SCALE MODEL

USING A SCALE DRAWING TO FIND
DISTANCES

REFERENCE SET OF 100%
GRID MODEL

REFERENCE SET OF 100%*
NUMBER LINE MODEL

REFERENCE SET OF 100*
SET MODEL

REFERENCE SET OF 100
SET MODEL

REFERENCE SET OF 100
SET MODEL

*Indicates percents greater than 1007 are used on the page.
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As

PERCENT WITH RODS &
SQUARES - 1

PERCENT WITH RODS &
METRES - I

ACTIVITY CARDS - NUMBER LINE

STRINGING ALONG WITH
PERCENTS

PERCENTS OF AN ORANGE ROD

Fraction/Decimal

BE A REAL CUTUP

PERCENTS WITH RODS &
SQUARES - II

PERCENTS WITH RODS &
SQUARES - III

PERCENT WITH RODS &
METRES - II

PERCENT WITH RODS
METRES - I1I

Solving Percent Problems

LAKE & ISLAND BOARD

LABORATORY APPROACHES

REFERENCE SET OF 100
GRID MODEL

REFERENCE SET OF 100%
NUMBER LINE MODEL

NUMBER LINE CONCEPTS

REFERENCE SET OF 100%
NUMBER LINE MODEL

REFERENCE SET OF 100%*
NUMBER LINE MODEL

AS A TRACTION/DECIMAL*
GRID MODEL

AS A FRACTION/DECIMAL*
GRID MODEL

AS A FRACTION*
GRID MODEL

AS A FRACTION/DECIMAL¥
NUMBER LINE MODEL

AS A FRACTION/DECDMAL
NUMBER LINE MODEL

GSING A MODEL

*Indicates percents greater than 100% sre used on the page.

Jx
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RATIO

Ratio is one of the most useful ideas in everyday mathematics. Here are a

few examples of the use of ratio in newspapers and magazines.

In the last year of the Civil War
the North had 4 soldiers for every
soldier from the South.

TEL AVIV

Israel has the
highest ratio of
physicians. There
is one physician to
every 420 people,

SPORTS

LONDON

Jack Nicklaus is
a 1-4 favorite to
capture the British
Open which starts
Wednesday at Car-
noustie, Scotland.

In 1973 1 out of
every 25 homes in
Fugene, Oregon
was burglarized,

DURHAM, NEW HAMPSHIRE
VOTED 14 to 1 AGAINST
PROPOSED OIL REFINERY

A ratio is an ordered pair of mea-

¢ G o
P HASC T A =
sures. The ratio of Northern soldiers [&%% .
, o e

to Southern soldiers in the last year ), 45/‘ Z

of the Civil War was 4 to 1. This tells

us that for every 4 soldiers from the
North there was only 1 soldier from the
South. From this ratio we know the
relative size of the two sets but we

are not given the numbers of soldiers.
This is the essence of the idea of ratio;

it gives relative measures which can be

used for comparisons.
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INTRODUCING YOUR CLASS TO RATIOS
Each of the pictures from the student page Ratzos by Picture IT in the section
RATIO: Equivalent illustrates a ratio. For each ratio there is a corresponding

list of pairs of numbers which are in the given ratio.

® @ ©
o (oo
e (= O OF oo“&

Flashlights to Batteries Shoes to Horses Tires to Cars
1 for every 2 4 for every 1 5 for every 1
2 for every 4 8 for every 2 10 for every 2
3 for every 6 12 for every 3 15 for every 3
4 for every 8 16 for every 4 20 for every 4

.

With these lists of pairs of numbers the student can answer such questions
as: If there were 6 cars, how many tires would there be? 1If there are 12 flash-

lights, how many batteries would there be?

Guessing Game

This game can help your students develop the idea of ratio. Place two kinds

of objects in a box, for example, pencils and chalk, and tell your class the

ratio. Suppose the ratio of pencils
to chalk is 2 to 3. You may wish to
explain this means there are 2 pen-

cils for every 3 pieces of chalk. Now

the class, or possibly teams from the Pencils Chalk Total
class, try to guess the number of pen- 2 3 5
cils and chalk. For example, 8 pencils 4 6 10
and 12 pieces of chalk would be one 6 9 15
possibility. Ten pieces of chalk would 8 12 20

not be possible. What are the possi~
bilities for the total number of pen-

cils and pieces of chalk?
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SIMPLIFYING RATIQS

Ratios involving whole numbers are usually stated with the smallest possible
whole numbers. In the example of the Durham, New Hampshire voters there were 14
against the refinery to every 1 for the

refinery. The ratio is also 1190 to 85,

since for every 1190 votes against the
refinery there were 85 votes for the
refinery. However, the smaller numbers,

14 to 1, are preferred. Conveying the

relative size of large sets by small
numbers is one of the advantages of the

idea of ratio.

In the tables of ratios shown on

the previous page, each pair of num-

bers is a multiple of the first pair.

Therefore, dividing any pair of numbers
in a table by a common factor will Number Against tc Number For
produce a smaller pair of numbers which 1190 . . . . . . 85.0;\0
are also in the table. When the two Divia

238 . . . . . . 17.°(PIVEOC
whole numbers in a ratio have no com- by 17

mon factors other thanm 1, the ratio 14 . . . .. . l4—Simplified Ratio

is said tc be a2 simplified ratio.

Activiries for Simplifying Ratios

Play the Guessing Game described Pencils to Chalk
. . Guess Simplified
above by placing a number of pieces of 3. ... 54— Ratio
chalk and pencils in a box. This ctime 6 . 10
tell the students the number of each 9 . . . . 15
i hem £ i ified
kind and ask them for the simplifie 12 . . . . 20 Muleiply numbers in
ratio. Suppose, for example, there are 15 . . . . 25 the simplified
18 pencils and 30 pieces of chalk. When 18 . . . . 30 ratio by 6.

a ratio is given, have them check by list-

ing its equivalent ratios.
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There are some tables in the student text where the students complete the

data and compute the corresponding ratios. Here are some examples,

simplified
number ratio ratio
Students that are left-handed
Students that are right—handed
simplified
number ratio ratio
Students that ride a bike to school
Students that do not ride a bike to school

RATES ARE RATIOS

A rate is a special kind of a ratio in which the two sets being compared have

different units of measure. Some texts call such a ratio a rate pair.

The two units in this

cartoon are dollars

and cords. The rate,
$95 per cord, is a
ratio between number
of dollars and num-
ber of cords and

gives rise to the

pairs of numbers
shown in this table.

Dollars to Cords

95 . . . .1
190 . . . . 2
285 . . . .3

“VYou ask me what I see in the dancing flames ? 3
I see logs that ost ninety-five dollars a dord., thats what .

,A Gal Miles

lons

Suggested Activities

Srtarc a bulletin board of rates.

Have each student bring in an example of

. . I 22

a particular rate. Rates, such as miles
P ’ 2 m
per hour, cost per hour, births per day, 3 &6
H 88

accidents per month, gallons per mile,

etc., will be easy to find in newspapers

and magazines.
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The Guinness Book of World Records

and almanacs are valuable sources of rates.
Your students might be interested in finding
out which countries have: the highest
birth rate; the greatest income per person;
the lowest infant mortality rate; the great-
est density of people per square mile; and
the highest death rate. There are speed
records for people, animals, birds, planes
and cars where the rates usually involve a

unit of length and a unit of time.

USTNG REAL NUMBERS TO REPRESENT RATIOS

Sometimes the first number of a ratio
is divided by the second number, and the
resulting quotient is used to represent
the ratio. For example, Federal law says
that the ratio of the length to width of
the official United States flag must be
1.9. This means that no matter what the
size of the flag, the length divided by
the width should be 1.9. The largest flag

in the world is the Stars and Stripes

displayed annually on the side of J. L.
Hudson's store in Detroit, Michigan. Its length ie 235 feet and its width is 104
feet. Does the number 1.9 represent the ratio of the length to the width of this
flag?

Students often have difficulty solving ratioc problems when a single real num-
ber is used to represent a ratio. The same difficulty often occurs with rates.
To eliminate this problem the classroom materials of this resource ,use the ratio

notation (1.9:1) whenever practical.
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Suggested Student Activities

1. Measure the length and width of your school flag. Divide the length by the
width and compare this number with the official ratio represented by 1.9,
2. Draw several different squares

and compute the real number which represents

the ratio of the length of a diagonal to the

length of a side. Compute this number to ny

%
SIDE

one decimal place. Will this number always

be the same? See the student page A Spectial

Ratio in all Squares in the section RATIO:
Ratio as a Real Number.

3. Draw several circles of different
sizes and find the ratio of the citcumfer-

ence to the diameter. Computing the related

real number to one decimal place, will this

number always be the same? See student

pages: Pi's the Limit, A Very Special Ratio
and Buffon'’s P7 in the section RATIO: Ratio

as a Real Number.

Terminology

The word "ratio' has never been a favorite outside the mathematics classroom.
In newspapers, books and magazines the word ''ratio" and notations for ratiocs are
usually avoided by such expressions as: 4 to 3; 2 out of 5; 9 for every 1l; etc.

Ratio is a Latin word for the verb reri (past participle, ratus) which means
to think or estimate. In the Middle Ages it was commonly used to mean computation.
To express the idea of ratio as we use it today, the medieval Latin writers used the
word "proportio,’ and most mathematical
works of the Renaissance times used the
word ''proportion.'" This language has by
no means died out as can be seen in such
expressions as: ''Mix the sand and water in
the proportion of 3 to 1;" or ''Divide this
in the proportion of 2 to 3." The use of
the word proportion for ratio was never
universal, and over the years ratio has

become the accepted term in mathematics.
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Notation

It is pedagogically sound to introduce students to a concept before bringing
in notation. The examples and activities up to this point have not required the
use of ratio notation, and yet the basic idea of ratio has been introduced and
used, When a notation for ratios is used two of the most common are

a:b and

ol

Both of these are read as: "the ratio of a to b.'" These notations can be avoided
in the introductory stages of using ratios and perhaps should be avoided by merely
writing out the exptession 'a to b." The fractlon notation % is especially con-
fusing to students when it is used as a ratio to compare two disjoint sets, This
wlll be examined further in the next section.
RELATIONSHIP OF RATIOS TO FRACTIONS
In some cases,the same situation may be described by either a fraction or a
ratio. Although not all authors agree, this resource uses the terms ''ratio" and
"fraction'" in the following way.
Ratio: A ratioc is an ordered pair of measures. Any
two positive real numbers may be used in a ratio.
These numbers may be whole numbers, fractions, or 2 \/3-'
irrational numbers. For example, in any 30-60-90

right triangle the ratio of the length of the hypot-

enuse to the length of the longest side is always O 90

2 to V3. 1

Fraction: A fraction is a number represented by an

ordered pair of integers, written %» for b # 0.

Fractions are often used to describe part of a

whole as shown by the diagram at the right. 7
—— of the rectangle
10

Fractions' are also used to compare 1s not shaded.
part of a set to the whole set. In the

example shown here 1% or % of the balls -

are white. The fraction 7 compares part - -
of the set (a subset) to the whole set. (::) (::)
A ratio is often, though not always, used - -
to compare two disjoint sets. TFor example, <P o !
the ratio of white balls to black balls is
® O

3 to 9 (lto3or%).
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In this example both the fraction and the ratio tell the relative sizes of the
two sets, but neither gives the actual size. The fraction % compares a subset
with a set, and the ratio 1 to 3 compares two disjoint sets. This example shows
how the use of fractions to represent a ratio can be confusing. The ratio of
white balls to black balls is %;and yet only % of the balls are white,

Sometimes a ratio is used to compare a subset to a set. Using che 12 balls
above, the ratio of white balls to the total number of balls is 1 to 4 or %n In
this case, the idea of ratio 1s being used like a fraction, that is, part of a
set is being compared to the whole set.

Here are four examples of the use of ratio. The first two of these examples

compare disjoint sets; the third compares a subset and set. How would vou inter-

pret the fourth example?

a) Durham, New Hampshire voted 14 to 1 against a proposed oil
refinery.
b) In the last year of the Civil War the North had 4 soldiers to
every soldier -from the South.
¢) In 1973 1 out of every 25 homes in Eugene, Oregon was burglar-
ized,
d) Israel has the highest ratio of physicians. There is 1 physi-
cian to every 420 people.
Ratio statements can often be
replaced by fraction statements. To do
this it is necessary to look at the
sets being compared. Suppose, for
example, that the ratio of hospital
patients with type O blood to those
without type O blood is 3 to 2. In

this case, two disjoint sets are being

il
il i
3 ) . i J'I.",’I-f' W

say that g-of the patients have type 0 7l il
N\ / 4

blood or that 2 do not have type 0O

compared. We can use fractions and

5
blood.




COMMENTARY RATIO

Sometimes we wish to convert
ratio statements given by odds into
fraction statements. Suppose the
odds on Blue Boy winning were 1 to
3. This means that for every dollar
that is bet on Blue Boy the odds
makers will put up 3 dollars. 1In

terms of fractions Blue Boy has %

l W ( - "

= f ing. liketo pla That means we
(not 3) c.>f E,l chance of winning id 25339?'&;3 P‘&-FLj You 575”

Ratio is one of the most bet on Blue Bow” i+ he wins.

fundamental and important ideas

in mathematics; yet it is not given much attention in many elementary ot secondary
classrooms. We could increase students' abilities to understand many word problems
and applications involving rates and ratios if we would provide them with a better
intuitive idea of ratio. Using tables and the ''for every" phrase seems to make
ratio much more understandable. Writing a rate such as 30 g/cc as 30 grams for
every 1 cubilc centimetre or 30 g for every 1 cc can help students start a table.
Answers to rate problems can be seen as logical when they occur in such a table.
Let's give students a chance to use their intuition and logic on ratio problems

before they learn to solve them formally.
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AP EHT DN

@)
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D)
2@' Yo i3 tThe soame as to
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@ A to B is the same as M Yo

iS the same as to T
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KTEN to NET (Sthe same as

[ZabTEAD to ART is the same as DULL to

IDEA FROM: Math Activity Cards {Macmillan Elementary Mathematics), by David M. Clarkson.
142 (Copyright © 1869, 1970 Macmillan Publishing Co., Inc.)
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COMPARISON 1

It is often useful to compare numbers or measurements. These are
some phrases that are used for making comparisons.

$40 more than 2 sizes smaller than
$5 less than 6 inches larger than
10 inches shorter than 2 floors higher than
3 ‘centimetres taller than 4 metres lower than
20 pounds fatter than 23 years older than
1% kilograms heavier than 8 times as long as

Example #1:

Write the numbers 2000 and 20 on the chalkboard. How can we
compare these two numbers?
I) 2000 > 20 (greater than)
II) 2000 is 1980 more than 20 (difference)
ITI) 2000 has two more digits (zeros) than 20
IV) 2000 is 100 times as much as 20 (times)
V) Be receptive to other student responses.

Example #2:

Write the measurements "100 cm" and "3 metres" on the chalkboard.
How can these measurements be compared?

I) 3 metres > 100 centimetres (Note that 100 > 3, but we are not
comparing the numbers.)

IT) 3 metres is 200 centimetres longer than 100 centimetres.
III} 3 metres is a shorter way of writing 300 centimetres.
IV) 3 metres 1is 3 times as long as 100 centimetres.

V) Any other student answers?
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PATTERNS FOR INTRODUCING RATIO

There are many patterns all around us. Some are difficult to see or
understand. Other patterns seem obvious and are taken for granted.

Show the students various patterns. By making some easier, some harder,

you can set the pace, reinforce responses and challenge the class. Have
students continue the patterns.

a) 1, 2, 3,

b) 1, 2, 4, 8,

o L1234
27 3" 4 5

d) 1, 4, 9, 16,

e) 1,1,2,3,5,8,

Continue the patterns by writing the next two pairs of numbers.

a) (1, 2) b) (1, 2) c) (1, 1) d)y (0, S5) e) (5 2)
2, 3) 2, 4) 2, &) (1, &) G, 3
(3, 4) (3, 6) (3, 9 (2, 3) G 9
4, 5) 4, 8) (4, 16) (3, 2) g%, 5)

Each set of number pairs is related by a constant (same) sum, difference,
product, or quotient. Discuss these relationships carefully with the students.

Students should identify the pattern and write three more number pairs in
each problem.

a)  (10,5) b) (3, 4) o) (70, 10) 4) (2, 5)
1.3

(8, 3) %3 24) (28, 4) G &)
(16, 11) (12, 1) (21, 3) (4, 3)
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Costant Commonlts®

Look at the following sets of number pairs. The pairs in each set are related
by a constant (same) sum (+), constant difference (-), constant product (x),or
constant quotient (¢). How are the pairs related? Write three more number pairs
which fit the pattern.

&CQMP'Q: The patiern 15
(10) 2) 10+=2=5

2= (6, 6) (12, 0) (18, 9)

50-=~)0=5 s /

(50,10) H5-5-5 (36, 1) (2, 10) (14, 7)
2, 18) (8, 4) 6, 3)

(25, 5)
40,8
100,20 /
37,7 Sisthe

(IYEﬂUnTIGUhehf

(l’ ql) (15, 3)
2 (20, 8)
(5, 5) (1%, 1

1
(5, 48)

£, 65) l (3, 1D
1 <::>( 6, 14)

(e, 1 (12, 3) (35, 77) (4, 12)

‘ (2, 96)

20) (2, 24)

(16, 24)
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RATI

0S BY PICTURE I

WRITE THE RATIO THAT IS SUGGESTED BY EACH OF THESE PICTURES,

p (P &

B)

c)

D)

E)

FLASHLIGHT FOR EVERY ___ BATTERIES OR 1:2

@ ___ HORSESHOES FOR EVERY HORSE OR :

o
0o
0.0
<’) Slolele
rr SRS Slolele)

OOCOO

O 0 0 0O
0 o OO

O O OO
/9%

TIRES FOR EVERY CAR OR :

EGG CARTON FOR EVERY EGGS OR '

CHECKERS FOR EVERY SQUARES ON A CHECKERBOARD OR :

DRAW A DIAGRAM AND WRITE A RATIO FOR EACH OF THESE STATEMENTS,

F)
G)
H)
1)
J)

1 SINGLE DIP ICE CREAM C
6 CANDY BARS FOR /9¢

3 TENNIS BALLS FOR 1 cAN
25¢ FOR EVERY 3 PACKS OF
5 BATS FOR EVERY 9 BASEB

ONE FOR EVERY 15¢

GUM
ALL PLAYERS



wwasi il

1. A) The ratio of the number of shaded

rectangles to the number of unshaded
rectangles is 3 to 5. This ratio

may be written 3 to 5, 3:5, or ¢

B) The ratio of shaded rectangles

to small rectangles is 3 to 8,

3
3:8, or 3"

C) The ratio of small rectangles

to unshaded rectangles 1is

8 to 5, 8:5, or %.

Use the figure to describe a ratio of:
A) 3 to 6--3 shaded triangles to

&“'
LE N} “\\‘R\T
?%ﬁ '%ﬁ 9
‘ C) §——Small triangles to

Xn you find a ratio of 9:1? )

3. Use this figure to describe a ratio of:

A) 5 to 4
4

B) 3

C) 9:5

D) 1l to 9

The ratio is all small triangles to one large triangle.

IDEA FROM: Activities with Ratio and Proportion

Permission to use granted by Oakland County Mathematics Project

B) 6:9-- to small triangles.
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aqu W‘ﬂq (CONTINUED)

4, For the figure on the right write

and describe at least 3 ratios.
A)
B)
C)
D)
E)

5. Write the ratio of:

A) Number of shaded sguares to

number of unshaded sguares.

B) Number of shaded squares to

numpber of small sguares.

C) Number of small squares to

number of unshaded squares.

6. Write the ratio of:
A) Shaded rectangles to unshaded rectangles.

B) Small rectangles to shaded rectangles.

..7'_?;

¥ b
“ f.\\c/é

<) Unshaded rectangles to shaded rectangles.

—

7. Shade to show a ratio of 8. Shade the circles to show a
6 shaded hexagons to 1 ratio of 7 to 10. 1In how
unshaded hexagon, 6:1. many different ways can this
In how many different be done?

ways can this be done?

148 IDEA FROM: Activities with Ratio and Proportion

Permission to use granted by Oakland County Mathematics Project



We can use ratios
to compare the

numbers of two

kinds of things.

The ratio of small triangles to rhombuses is 22 to
We can write this as 22:11.
Determine these ratios:

1) Rhombuses to Small Triangles

to or

2) Hexagons to Rhombuses

to or :

3) Small Triangles to Hexagons

to or :

4)Atov_to or : 7)
5)""to

“.l-__ to or : 7
6)‘ Y AT or : 8)t° _,_,_tO_or s
9)andto VA to or :

A X
N/

149

to to or :
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/ 2 3 H

)

]
1

EEEEEE

LL

[T T 111

THESE GRIDS EACH HAVE 100 SMALL SOUARES,
WITHOUT COUNTING, GUESS:
A) WHICH NUMERAL SHADES THE MOST SQUARES?
B) WHICH NUMERAL SHADES THE LEAST SQUARES?
C) WHICH 3 NUMERALS SHADE THE SAME NUMBER OF SOUARES,

FOR EACH NUMERAL COUNT THE SHADED SQUARES AND WRITE
THE RATIO OF THE NUMBER OF SHADED SQUARES TO THE TOTAL

NUMBER OF SQUARES.

G 7 8 9

IN THESE GRIDS SHADE THE VOWELS OF THE ALPHABET.

THEN WRITE THE RATIO OF SHADED SQUARES TO UNSHADED SQUARES,

T T

5

I l i

] I 1 1

WHICH LETTER OF THE ALPHABET
DO YOU THINK WOULD SHADE

THE MOST SQUARES?
IDEA FROM: Activities with Ratio and Proportion

Permission to use granted by Oakland County Mathematics Project




Write the ratio of the pumber of:

a)

e)

Can you
see a
pattern?

A's to B's

H's to I's

to letters in the bottom 5 rows

botcom row.

b) E's to D's

£)

ROWS ARD RATIOS

c)

How many letters are in

Write 4
more rows.

the extended triangle?

C's to F's

C's to all the letters

h)

letters in the top row to letters

a) Could the triangle be extended past 10 rows?

d)

J's to G's

g) letters in the top 5 rows

b) What letter would be in the 24ch row?

c) How many of this letter would be in the 24th row?

d) How many rows would be in the completed triangle?

e) How many total letters would be in the completed triangle? Study the
chart below. You might see a way to do it without adding each row. The
total is

NUMBER ofF
w1 1|23 /4|54 7|20/21]23/23 24|25 |26
e S

If you had the completed triangle of letters write the ratio of the number of:

a)
b)
c)

different letters to total leccers.

letters in the top 3 rows to letters in the bottom 3 rows.

letters in the 5th row to letters in the 15th row.

in the
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In a group of 24 people there is about a 50 percent chance that 2 people
in the group will have the same birthday (month and day, not necessarily year).
This interesting fact can be the lead-in to using the birthdays of the students
in your class to study ratios. (See Probability and Statistics for Everyman by
Irving Adler.)

Record the birthdays of your students on the overhead or chalkboard. Be
sure to include your own birthday. A chart or table will help to organize the
data.

TAN | MAY | GER J|F IMAIMT|T|IA|S|IO|INID

FE& J’u.ne faX)d

/V\ARA JuLY NV

ADR Auc_ DEC .

Older students are sometimes hesitant about revealing
personal information. You may have to record the
data with a show of hands or record a birthday with
no reference to a name.

Questions gsuch as these can be used.

1) What is the total number of birthdays recorded?

2) Which month has the most birthdays? The fewest?

3) What is the ratio of birthdays in ( May ) to the total number
of birthdays? (Fill in any of several months.)

4) What is the ratio of birthdays in ( March ) to birthdays in ( May )?

5) What is the ratio of the number of birthdays in the first half of
(_March ) to the birthdays in the second half of ( May )7

6) What is the ratio of birthdays in the first 6 months to the
birthdays in the second 6 months?

7) What is the ratio of birthdays that are holidays to the total
number of birthdays?

8) What is the ratio of people having a birthday on the same day
as another person to the total number of birthdays?

Note: This is a nice way to get information about your students
50 you can personalize your class and wish them a Happy Birthday.
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ARM SPAN

Al ABDUTY,

Materials Needed: 2 or 3 students;

metre stick; string or metric tape measure.

For each student measure and

record these lengths to the

nearest centimetre.

/N

\Z

PAUM sPON

distAnce
ARoUNd

head

NAME —

AVERAGE

heia-H+(No sHoEs)

ARM SPAN

hand sPAN

Paum SPAN

Little finvcer

Mmiddl. e fineea

he Ad

‘oot

Use your chart cto

find the ratios of thes

e lengths.

094 Use the

F<~AVE —

AVERAGE

ARM SPAN —+O hefgh'f

fost To heightt

rJTI‘LE FINGER To MIDOLE FINGER_

l—JAuD SPAN To MIDOLE FINGER

PALM SPANTO HANDSAN

head To foost

IDEA FROM: Activities with Ratio and Proportion
Permission to use granted by Ozkland County Mathematics Project

Add the three
numbers and
divide by 3.

numbers in
the average
column to
find these
ratios.
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Get a package of M & M's from your teacher. Carefully open
the package and put the candy on your table.

DONT EAT

How many M & M's are in

your package? ANY YET

How many different colors
do you have?

COLOR NUMBER OF M & M's / ‘
Brown (B) 6
Tan (T) li
Red (R) <::> !
Orange (0)
Yellow (Y)

Green (G)
Use your numbers and write these ratios in
fraction notation.

a) GtoO e) BtoG _

b) RtoB f) RtoT __ “EI’
¢) TtoY __ g) (R+Y) to total

d) Y toO h) (G+ R+ B) to (Y+ O+ T)

Write these ratios in fraction notation.

1) a) T to total 2) d) O to B 3) g) G¢toR
b) B to total e) Rtoy h) G to ¥
c) (T + B) to total f) (0 4+ R) to (B + Y) i) 6 to (R +Y)

* NOW YOU CAN EAT THE CANDY
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1) The

A)
B)
C)
D)

WAAT'S IN A RATIC?

ratio of the length of Lucy's hair to the length of Sharon's hair is 3 to 1.

has the longer hair.
Lucy's hair is times longer than Sharon's hair.

Sharon's hair is very short. T or F?

The ratio of the length of Sharon's hair to Lucy's hair is

2) The ratio of the area of the red triangle to the area of
the blue square is 1 to 2.

BLUE

A) The color of the shape with the greater area is
B) The area of the red triangle is square centimetres.

C) If the area of the red triangle is 10 square centimetres
then the area of the blue square is square

centimetres.

ﬁggii:::::::::::=’— D) The ratio of the area of the blue square to the area of

3) In chis picture the ratio of the

the

number of cars is 10 to 2.

the red triangle is

E) The has the greater perimeter.

number of bikes to the

A) There are times
as many bikes as cars.
B) A car is times
longer than a bike.
C) TIf there were 150
bikes there would be
cars. (Assume
the ratio is the same
as in the picture.
LENNY 4) The ratio of the distance Lenny Lightfoot lives from school
I- to the distance Sally Speedball lives from school is 4 cto 1.

A) lives farther from school.

B) If chey bike to school at the same speed,what can you

i ?
| H:‘ - SCMOOL say about the time each takes?
C) If cthey bike to school in the same amount of time what

can you say about their speeds?

IDEA FROM:

D) The ratio of Sally's height to Lenny's height is

The School Mathematics Project, Book D

Permission to use granted by Cambridge University Press 155



RATIO OF AGES

Part I1:

There are two brothers; Jon is 13 years old, Ron is only 1 year old. As the
two grow older the ratio of their ages will change. Neatly organize a chart so
the students can compare the ages. Do a few lines and suggest that they continue
the pattern until Jon is 24 years old.

Jon Ron Ratio of Ages Times As 01d As
i3 1 13:1 Jon is 13 times as old as Ron
14 2 14:2 Jon is 7 times as old as Ron
15 3 15:3 Jon is 5 times as old as Ron
16 4 16:4 Jon is 4 times as o0ld as Ron
24 12 24:12 Jon is 2 times as old as Rom

Ask the students 1f they see any patterns in the chart.
a) How old will Jon and Ron be when Jon is 2 times as old as Ron?

b) When will Jon be ll times as old as Ron?

2
c¢) If Jon is 100 years old, then he is times as old as Ron.
d) If Jon is 500 years old, then he is times as old as Ron.

e) When will Jon be 1 times older than Ron?

If students fail to see that the ratio of their ages approaches but doesn't equal
1 another example may be needed. Persomalize the activity by selecting a student
with a younger brother or sister.

IDEA FROM: Synchro-Math/Experiences

Permission to use granted by Action Math Associates, Inc.
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RATIO OF AGES (cONTINUED)

Part II:

The ratio of ages pattern can be investigated by working backwards in age.
Suppose Lynn 1s 12 years old and Mark 1s 8 years old.

Lynn Mark Ratio of Ages Times As 0l1d As
12 8 12:8 l% times as old as
11 7 11:7
10 6 10:6

9 5 9:5
8 4 8:4
7 3 7:3
6 2 6:2
-5 1 5:1
~4 0 nonsense

Extend the table using months. If calculations become too burdensome
use calculators.

60 12 60:12 5 times as old as
59 11 56:11

58 10 58:10

57 9 57:9

56 8 56:8 7 times as old as
55 7 55:7

54 6 54:6 9 times as old as
53 5 53:5

52 4 52:4 13 times as old as
51 3 51:3 17 times as old as
50 2 50:2 25 times as old as
49 1 49:1 49 rimes as old as

Change Lynn's and Mark's ages to days and continue the countdown. When will Lynn
be 100 times as old as Mark? . . . 1000 times as old as Mark? . . . 10,000 times?
1 million times? (Try hours and minutes.)

{IDEA FROM: Synchro-Math/Experiences
Permission to use granted by Action Math Associates, Inc.
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RATIO: RATE
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My Heart Throbs for You

Step Right Up

I Believe in Music

Which is a Better Buy?

Which is Better? 1

Which i1is Better? 2

But I Only Want One

I Need a Job Like That!

CONTENTS

PAGE

160

162

163

165

166

167

168

169

171

174

175

176

177

178

179

TOPIC

Identifying different
rates
Determining rates

Determining rates

Determining rates

Determining rates

Determining rates
Determining rates
Determining rates
Determining rates
Using rate of heart-
beat to determine
physical fitness
Using rate of heart-
beat to determine
physical fitness

Determining rates

Using rates to
compare prices

Using rates to
compare prices

Using rates to
compare prices

Using rates to
compare prices

Using rates to
determine earnings

TYPE

Paper and pencil
Bulletin board
Transparency

Activity

Activity

Activity

Activity

Activity
Activity
Activity
Activity

Activity

Activity

Activity

Transparency
Bulletin board

Transparency
Paper and pencil

Transparency
Paper and pencil

Paper and pencil

Paper and pencil

159



160

RATES AR

RATIOS

A rate is a special kind of ratio.

miles per hour.

WHAT RATES
s Do THESE

PICTURES
2 ' ' lW\AKE You
P THINK, OF ?

One common rat

J

With the rate the two

measures being compared have different units, and the units cannot be
converted to one another. e 1s the rate of speed,
This means the ratio of miles traveled to the number

of hours spent traveling is 55 miles to 1 hour,

RATE

TJUNIOR. HiGH SCHOOL
PRINUPAL.

RATE

RATE

or 55 mph.




PATTERN GAMES

At the bottom of the page are 40 numbers. By placing your finger
on each circle touch each number in order starting at 1. You will have at
most 1 minute. Don't start until you hear "Go" and stop immediately when
you hear "Time's Up." 1In the table record the number you finish on and the
time in seconds. If you finish before one minute, stop and record your time.

Write your rate in the table. See if you can improve your rate with each
trial.

Triol  |Number|Seconds| Rate = Number : Seconds
]
2
3

IDEA FROM: /deas and Investigations in Science: Life Science, by Harry Wong, Leonard Bernstein,
and Edward Shevick. © 1973, |dea B/Investigation 6. Reprinted by permission of 161
Prentice-Hall, Inc., Englewood Cliffs, New Jersey.




PATTERN GAMES

[

Use the same procedure as in Game I. Record the information for each
trial in the table. Can you discover a pattern?

Tvia |l |Number|Seconds|Rate = Number : Seconds .

IDEA FROM: [deas and Investigations in Science: Life Science, by Harry Wong, Leonard Bernstein,
and Edward Shevick. © 1973, Idea 6/Investigation 6. Reprinted by permission of
Prentice-Hall, Inc., Englewood Cliffs, New Jersey.
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RTEL 1s A FOUR-

LETTERWORD

A. 1. Look at the four-letter words and 4-digit numerals on the next page.

2. Record in the table an estimate of how many words you could copy by
printing for 15 sec., 30 sec., 1 minute,

3. Check your estimate by copying words as your partner times you. Don't
copy the same word twice.

4. Record your results in the table. Write your rate,

5. Are the three rates for 15 sec., 30 sec. and 1 minute equivalent?

6. How many words could you copy in 5 minutes?

IS sec.

30 sec.
60 sec

B. 1. Repeat A, except this time copy in cursive writing.

2. Record in the table.

3. How does your printing rate compare to your cursive rate?

Repeat the same procedure, except copy from the list of 4-digit numerals.

Record in the tuable.

For which of the three activities is your rate the best?

Why do you think your rates differ?

DID YOU KNOW ., . . Monks used to copy the Bible by hand. Using your
rate, how long would it take you to copy the Bible?

IDEA FROM: New Oxford Junior Mathematics, Book 4 163
Permission to use granted by Oxford University Press




& T8l 1s A Foup-
LETTER WORD

(CONTINUED)

math boac four 4159 5268 3085
word mice post 3917 3045 4921
bike love swim 6134 8898 4822
time farm come 7751 2506 4537
golf hike nice 4887 6586 5252
kite kick much 3221 3531 4517
some from slip 4945 2543 1132
date mate late 1036 3031 1993
name rate bill 4924 8454 8793
rest play here 5074 3283 2004
sail take find 89973 6561 7397
tail time sanme 9614 3254 9664
coat many know 8123 1504 8815
they with hand 3425 9054 1930
foot ring shoe 8754 8093 3425
knee like snow 2494 3425 2254
fill rain pill 3425 5054 3114
your game help 5064 8612 7935
self home that 7349 5243 5002
hail what less 2935 5204 1364
soup salt grid 2763 6531 7461
iron ball bent 1173 4328 7938
toad code cold 2554 7639 4253
warm half mean 3986 4104 8114
bite only over 5243 9061 3425
meat body fair 1123 7946 1871
seat toss tall 2793 4103 4926
able cope card 7728 1749 3384
came work fail 4196 4085 7683
dear pass heat 5877 7415 8315
sick this past 7351 2663 5671
year copy sent 8924 6223 5073
back deer note 4605 8604 3053
colt were case 1084 3335 2213
term face wave 7037 3425 5133
once pond path 8773 4141 5243
best draw life 3154 3080 4515
long shop rail

mail five hear

talk nine fall

pike pipe tape

hate goat mate

baby pair palm

seek mile drip

taxi

IDEA FROM: New Oxford Junior Mathematics, Book 4
Permission to use granted by Oxford University Press
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SPY O THE EYE

Materials Needed: Clock with a second hand

Activity:

2 secretive, spying students

(1) For 1 minute count the number of
blinks your partner makes and record
blinks per minute in the table. Ask
your partner to blink 1n a natural
way.

(2) Have your partner find your rate of
blinking.

(3) Move to a bright area--near the
window, near a lamp, in the sun-
shine--and find out if the blinking
rates lncrease.

(4) Secretly find the blinking rate of

4 other students, 2 girls and 2 boys.

Record.
(5) Do the same for your teacher.

(6) TFind and record the blinking rate
of someone wearing contact lenses.

(10)

(7) 1s there any difference in the blinking race of boys and girls?

(8) Is the blinking rate of the student wearing the contact lenses

faster than the other rates? Why?

(9) Use your blinking rate to find the number of blinks you will make

in a day? a year?

If your eyelids move 2 cm in a blink (1 cm in closing and 1 cm in
opening), how far will your eyelids move in a day?
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Materials needed: Telephone book,

paperback novel, catalog,
Y stopwatch or clock with a
< second hand.

:_ﬁi Activity:

-.v4 (1) Turn the pages in the telephone

» book one page at a time. Have a

S partner time you for 1 minute.

g Record the number of pages turned
per minute in the table below. Now
time your partner as he/she turns
the pages. Record in the table.

CATALOG

S
SR}P}GH d (2) Repeat the activity with the paper-
& \Séﬁ 0 i back novel. Record both rates in
Q\/V‘ $</\!\ o the table.
@ (3) Repeat the activity with the catalog.
il (4) With which book did you get the
‘f: fastest rate? your
-fﬁ partnerxr?

(5) What are some reasons why the rates
might differ?

.:_ Te{ephone book

) PhpekbaCk book
Catalog
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French bread comes in many sizes and shapes. Some loaves are fat and
round. Some loaves are braided or odd-shaped. Other loaves are long and
thin, about 1 co 2 metres long.

Bring 2 60 cm loaf of French bread to class. Cut the loaf into two
equal pieces. How long would each piece be? (30 centimetres)

How long would each piece be if the loaf was divided into three equal
pieces? (20 centimetres)

Make a chart on the chalkboard (or overhead transparency) and list
the answers that students give.

Number of
Pieces Rate

60 . .

2 — 30 centimetres pexr piece
60 , )

3 3 20 centimetres per piece
60 )

4 % 15 centimetres per pilece
60 ] ,

5 ~s 12 centimetres per piece
60 , .

6 ry 10 centimetres per piece

Have students continue
the pattern for a while.

1. How many pieces of bread will there be in the loaf if each piece is two
centimetres thick?

2. Bread is sliced about one centimetre thick to fit into a toaster. How
many pileces of toast could be made from the loaf if each piece was one-
. 1 . .
centimetre thick? E—centlmetre thick? (Have students follow the
pattern in the chart if they do not know how to find the answer.)

3. 150 pieces of toast are needed for a large breakfast. About how many
60-centimetre loaves of French bread would be needed?

4., 1 out of every 5 pieces of toast is too dark to serve. How many pieces
out of the 150 slices of toast are too dark? __ How many more
loaves will be needed to get enough toast?
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FIX THAT LEAK
b ) b !

Materials needed: Graduated beaker
Clock with a second hand
Calculator, if available

Activity: (1) (a) Turn on a faucet so it drips at a
steady rate.
(b) Count the number of drops falling
from the faucet in 30 seconds.
Repeat the count for accuracy.
The water is dripping at a rate of drops per

drops per
drops per

drops per

b

(2) (a) Measure the volume of 100 drops of water in millilitres.
(b) Use the data above. The faucet is dripping at a rate

of millilitres per minucte.

millilitres per hour.
millilitres per day. b

millilitres per year.

(¢) The last rate is equivalent to a rate of
litres per year.

(3) Call your local water board to find the rate charged for
residential water use. (The rate will probably be dollars
per 1000 gallons of water. 1 litre = .2624 gallons.) How
much money is wasted by this dripping faucet in one year?
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Materials needed: Record player with variable speeds

Questions: How fast does a record turn?

Several popular 33% albums, 45 singles and a 78
record (if available)

Stopwatch or clock with a second hand.

What do the speeds on a record player mean?

l 4}
Place a small marker onlthe outer edge of a 333 vyecord album. Set MARKER
the record player to 333 and carefully count the number of revolu-

tions the marker makes in 1 minute. Make a cable like the one

below and record the number. Repeat the count two more times for

accuracy.
NUMBQY‘ 0{-‘ Find the sum of the revolutions.
Vevolu‘h()ns Find the average by dividing by 3.
minule |
minufe 2
inufe 3 J

IT.

III.

Iv.

Repeat the activity again using a 45 record.

If you have a 78 record, repeat the activity again.

MARKER

Place a small marker on the label of a 33% album., Repeat the

activity. Find the average for the marker on the label.
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N RE
4URN?'0@0WD>

The following are additional activities and questions that can be used as

a follow-up to the As the Record Turns student page.

(a) Play a 33% album at 45 rpm. How is the sound distorted? How
many times faster is the record revolving compared to its normal
speed?

(b) Play a 45 single at 33% rpm. How is the sound distorted? How

many times slower is the record revolving compared to its normal

speed?

Note: Most record players have a different needle setting for 78 rpm
records, so you should not try to play one of these records at a different

speed.

(¢) Measure the time a song plays at its normal speed. (This figure
can also be found on the label.) Compute the time of the same
song played at a slower or faster speed.

(d) 1If a song takes 3:30 minutes (3% minutes) to play at 4S5 rpm,
how many revolutions does the record make?

(e) If it takes 21 minutes to play one side of an album at 33% rpm,

how many revolutions does the turntable make?

Did you know that .

—— the first needle used to play records was a cactus needle?

-- 78 rpm was the first speed used for records because it seemed like
a convenient speed?

-- RCA tried to corner the market on records when they patented the
45 rpm single record with the large center hole?

-- with the Invention of more refined and sharper needles, records
could be made with finer grooves which played best at 33% rpm?

~~ some commercials played on radio stations run at 16 rpm and start

from the center and play to the outside?
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M
MY HEART THROBS

\Foz You//

Materials Needed: 2 students
Stopwatch or clock with a second hand

Activity: L1l. On your paper drawv a chart like the one below.

Tnactive Active Recovery
Name Pulse Pulse Pulse

Self  [Potner | Self  |Qdner | Self  [Pavtner

2. a) Guess how many times your heart beats in
one minute. __ bpm (beats per minute)
b) Have your partner take your pulse and
record it in the inactive column as
bpm.

¢) Take and record your partner's pulse.

3. a) Run in place for two minutes.

b) Record your pulse rate in the active
column.

¢) Have your partner run in place for two
minutes.

d) Record your parctner's pulse rate.

REST 5 MINUTES

4. a) Record both of your pulse rates in the recovery column.
b) Have your pulses returned to normal?

c¢) 1Is your recovery rate faster than your partner's?
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STEP RIGHT LP

Numerous ads to eat wisely and exercise regularly encourage students to think
about their physical condition which, in turn, affects the pulse and recovery time
following exercise. In general conditioned persons have a slower resting pulse and
a slower pulse during exercise. Thelr pulse will recover to the resting rate quicker
following strenuous exercise than persons who are in voor condition. Because of
heredity some persons inherit efficient hearts with slower rates, while others are
born with relatively inefficient hearts. However, both types can be improved.

Since the physical condition of an individual affects his heartbeat, pulse
tests can be used to measure physical fitness. Four pulse tests are described
below, and tables to interpret the results are provided. Better results could be
obtained from the first two tests if they are done at home with parental help.

I. Pulse Lying:

The pulse lying is the slowest, resting pulse of a person. The student can
find this rate by taking her pulse for 30 seconds before she gets out of bed in
the morning. If donme in class, have the student lie down and attempt to completely
relax for ten minutes. In the lying position count her heartbeats for 30 seconds.
The student should continue to rest in the lying position for 2 more minutes and
repeat the count. If it is the same double the count to get the pulse lying, and
record the number. If less the student should rest longer and repeat the count.

II. Pulse Standing:
To obtain the slocwest, resting, standing pulse have the student rise slowly

after finishing the pulse lying test and remain standing for two minutes. Count
the heartbeats for 30 seconds and double the number to get the pulse standing.

Have the student subtract the pulse lying from the pulse standing. This
number is the pulse differeunce. By checking Table A the student can find her physi-
cal fitness rating.

TaBLe A

Ph siCCL\ %,
D & oD
FiJr:\iess )
Roting

Pulse Luing  |40|54(57/58(60l63(66]ea |71 [73]75|77/78|79|80|82/84 86 05

Pulse SJradeinq 46|63|67/68|70 (74|77 [80|83(85|87(90(91 |92|94]96(98|101 123

Pulse Difference|a |9 0o fio i [n [0 i2fz[i2i3]i3]i3]i4]14]14]15 |8
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STEP RIGHT LP

(CONTINUED)

ITI. Simplified Pulse Ratio Test:

{a) While sitting, have the student count and record her heartbeats for

one minute.

(b) Have the student face a chair (approximately 45 cm high) and step up
with the left foot, up with the right, down with the left, and down

with the right.

The student should do 30 of these steps in one minute.

In order to set the cadence the teacher or another student can call

out "up, up, down, down' at the required speed or play a taped record-

ing of the cadence.

(¢) Immediately after completing the 30 steps, the student should sit,
count and record her heartbeats for two minutes.

(d) Have the student write her pulse ratio.

Pulse Ratio = Heartbeats for

2 minutes following the exercise : Heartbeats for 1 minute before

exercise. Simplify the
ratio by dividing the first
number by the second, cor-
rect to one decimal place.
Check Table B to find the
physical fitness rating.

IV, Three Minute Step Test:

This test is administered like
the previous test, except the
student steps for three minutes,
and the cadence is 24 steps per
minute. In addition wait one
minute after the student com-
pletes the exercise and count
the heartbeats for only 30
seconds. The efficiency score
is the ratio of

number of seconds stepping x 100
pulse for 30 seconds x 5.6

Divide and check Table C to find
the physical fitness rating.

*This table is accurate foxr junior
high girls. The efficiency scores
may need to be raised for jumior
high boys. At the grade school
level there is not much differ-
ence between boys and girls.

IDEA FROM: Physical Fitness Workbook, by Thomas Cureton.

Company.

Permission to use granted by Stipes Publishing Company.

TaeLe B

Pulse phkﬂsical
Ratio |Fitness Qo:l-inq}
15— 1.7 | Excellent

.8- 2.0 | Very Good
21-23 | Above Average
2.4-25 Avenlqe
26-28 | Below Avero_?e
2.9-3.1 | Poor

32-3.4 | Vevru Poor

TasLe C*

Efficienc pth‘C ol
Score Fithess Ratin
72 - 100 Excellent -
62-7\ Very Good

51- 6t Good

41-50 Fair

31-40 Poor
0-30 | Very Poor

Copyright © 1944

by Stipes Publishing
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Macterials Needed:

(Pal

mai

PRVASIN A

T LB e s w

b o

S

v Lj

c

Records and record player, clock witn second hand,

metronome, plano, drums, guitar, flute or other

instruments, sheet music.
I. {(a) Select several musical pieces that have different‘tempos
(beats per minute), for example, a slow country western
song, a Sousa march, a rock and roll piece, and a classical ~
arrangement. Ask your students to bring some of their
records to play.
(b) Have the students determine the tempo of the song by
counting the number of beats in 10 seconds. The students
can keep time with the music and count the beats by
tapping their feet or hands, dancing, or setting a metronome.
(c) Have the students repeat the count to check for accuracy and record- the
results in the table as a rate; number of beats : 10 seconds.
(d) Rewrite the rate and express it in the table as number of beats 60 sec.
(e) Look at the record to find the total time of the song and record the time
in the table.
(f) Estimate and record the total number of beats in the song.
Musical Number of |[Number of | Total time [Estimde of ¥otal
Selection  |beats: |0sec|beats : 60sec| of song  |numberof beats
! .10 -
: : 10sec. : 60se.
2
3
4
5
&
1I. Have a student or the music teacher play a selection at various tempos.

Use a metronome to determine the tempo.

A student with a set of drums could keep the beat.

tempo and record the time in the table.
new time for the somng.

at the new tempo.

Time a song at a specified

Select a new tempo and estimate the
Check the estimate by having the musician play the song

174

student estimate the tempo by tapping his foot.
Have the musician play the selection.

the metronome.

Musical Tempo = | Total time | New fempo=| Estimated
Seleclion beats:|minide| of sonq beats : Iminute | time of son
I . : i i
2. Sy [Py S
3. s
4
IT1. Select some sheet music. Read the tempo suggested on the music. Have a

Check the estimate with
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WHICH I1s BETTER 7 ]
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WMICH IS BETTER? 2
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Find the unit cost
(cost of one ite\m) i

A. 3 tennis balls cost $267

B. 2 dozen pencjls cost §1.68
C. a. ©~packef popccsfﬁil.l”r

S,

D. | dozen eggs cest $ae

E.3 T-shirs

cost 3,36

F. 5 poupds of hamburger
cost $3.45 g

Find the beffer buy by finding the unrt cost,
for example cost perounce.

G. |12 oz. of scapfor $1.32
or 15 oz.for $1.50

H. 10 oz.of pstato chips-for

80¢or |6 0z. for $1.12

d. Y qts. of milk For $ 1.24 or
/qfs. of milk for $ 2.24

K. $2098 for 2pairs of jeans
or $3).77 -ForQNB pa\in‘% of

Jeans
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I NEED A JOB LIKE THAT!

Mr. Pennypusher, I have a 20-
day job for you to do, but I
cannot pay you very much.

That's ok, Mr. Pushover. How about payin
me 1 penny the first day, 2 penniles the
second day, 4 pennies the third day, 8
pennieg the fourth day, and so on for the
20 days?

Yes, it is a
good deal.

gounds like a
sood deal to me.

Fill in this chart of earnings for Mr. Pennypusher. Use a calculator to
get each day's wages and the total earnings for all 20 days.

DAY EARNING S DAy EarniNG S a) What is the average
amount Mr. Pennypusher
| 4+ |1 £ . made per day? (Divide
the total earnings by
2 & |2 % 20.)
3 % 13 %
b) If he worked 8 hours
4 # 14 ¥ per day, what 1is the
average amountC he
5 3 |5 + made per hour?
6 £ 6 &
7 p \ 7 % c) How much did Mr.
Pennypusher
8 4 (8 £ average per
minute?
S * 19 r
10 + . :2() 1
ToTAL For 20 Daxs 4%

(d) 1If you were paid as much as
Mr. Pennypusher averaged
per minute, how much would
you make for the time you
are in your mathematics
class?

per day?
?
per week? 179

per school year?
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WORWNG DAYS

THE BOSS sSAlD SHE COUL

o
m
b3
-
=z

TERRY APPLIED FOR A JOB AS A MECHANIC.
$176 FOR 55 DAYS OF WORK,

6
oo e e
& '
1 P
N 3
4 [ ’
! |
3 [ :
2 L !
- ]
H \
[ !
L ). L . L A A A A L 1. 1 1 i L '} :I 1 A I A A d
£20 $40 $60 80 Ao 2O $MO {160 §IBO {200 {220 §2490
EARN INGS
A) EROM THE GRAPH FIND ABOUT HOW MUCH TERRY WILL EARN IN:
1) 2 pavs .
2) dopavs .

3y 1 pay .
B) TERRY WORKS § HOURS PER DAY. ESTIMATE FROM THE GRAPH HOW MUCH

SHE EARNS PER MOUR, =l
€)  AFTER 3 MONTHS OF GOOD WORK,
FILL IN THE CHART TO SHOW TERRY'S CUMULATIVE EARNINGS AFTER HER

RAISE.

DAYS | (2 |3 |4 |5 |5%

EARNINGS

D) PLOT TERRY'S FARNINGS ON THE GRAPH ABOVE.

TERRY RECEIVED A $1.00 PER HOUR RAISE.

n
)
m

sam’'s JoB PAYS $N.5D PER HOUR, FILL IN TUE CHART T0 SHov sap‘c ®p
OF EARNINES FOR AN EIGHT=HOUR DAY.

Houps | r |2 | 314185 |6 | 218

GARNINGS

PLOT SAM’S CUMULATIVE NAGES ON THE GRAPH BELOW. SEE THE EXAMPLE.

o
8-—
'7 -
W oef
o 5~
E adn
3 3F
| SR
F TR P FENES T N E S SRS SR RSN s
¢5 3|0 a5 420  a25 &30 435 540 «45
EARNINGS

A)  WHAT DO YOU NOTICE ABOUT ALL THE POINTS?
B) CONNECT THEM,
() USE THE GRAPH TO FIND SAM'S EARNINGS FOR:
1)  SATURDAY WHEN HE WORKS ',:-1- HOURS,
2) SUNDAY WHEN HE WORKS 3 HOURS, 30 MINUTES. .

1
3)  FRIDAY WHEN HE Works 973 Houms.
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RATIO, PROPORTION, AND SCALING

Placement Guide for Tabbed Divisors
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RATIO: EQUIVALENT

TITLE

Ratios by Picture II
Ratios and Cubes 1
Ratios and Cubes 2

Animal Ratio

Equivalent Ratios with

Geometric Models
Equivalent Ratios by
Patterns
Eating Contest

I'd Walk a Mile

A Lovely Design

Spider to Fly Ratios

Spicy Ratios

A Statement of Prime
Importance

The Weather Report

Ratio Dominoes
Monster Ratio
Ratio Rummy

Animal Ages

CONJENTS

PAGE

183

184

185

186

187

188

189

190

1381

192

193

194

185

1396

200

201

TOPIC

Cenerating
Concept, generating
Concept, generating

Concept, generating

Concept, generating

Concept, generating

Generating

Determining and
comparing

Recognizing

Recognizing

Recognizing

Recognizing

Recognizing

Recognizing
Recognizing
Recognizing

Simplifying

TYPE
Paper and pencil
Manipulative
Manipulative
Paper and pencil
Paper and pencil
Transparency
Activity
Paper and pencil
Activity
Paper and pencil
Puzzle

Paper and pencil
Puzzle

Paper and pencil
Puzzle
Paper and pencil

Puzzle

Paper and pencil
Puzzle

Game
Game
Game

Paper and pencil
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TITLE PAGE TOPIC TYPE

Ratios in Your School 202 Simplifying Paper and pencil
One Man One Vote 203 Simplifying Paper and pencil
Poppin' Wheelies in a

Ring 205 Simplifying Activity
Manipulative

People Ratio 207 Simplifying Activity
Surface Area and Ratios 1 208 Simplifying Activity
Surface Area and Ratios 2 209 Simplifying Activity
Volume and Ratio 1 210 Simplifying Activity
Volume and Ratio 2 211 Simplifying Activity
Cubism 212 Simplifying Activity
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RATIOS BY PICTURE II

Write the equivalent ratios suggested by each of these pictures.

®

g

(:CO—-—D

flashlights
flashlights
flashlights
flashlights

for
for
for

for

every 4 batteries

every

every

every

6 batteries
8 batteries

20 batteries

@ @ 8 horseshoes for every horses
oz 12 horseshoes for every horses
@ @ 16 horseshoes for every horses
28 horseshoes for every horses
@ o o tires for every 6 cars
tires for every 50 cars

@ ololele

QOO
OO0

€gg

cartons for

every 144 eggs

® /,_ 15

ice cream

ice cream
ice cream

ice cream

cones

cones

cones

cones

for
for
for

for

every 30¢
every 45¢
every 60¢
every 90¢

(F) prmrpmem

24 inches - 2 feet

inches for every 1 foot

inches for every 3 feet

inches for every 5 feet

© &

25¢ for 3

$1.25
$2.00

50¢ for every
75¢ for every
for every

for every

candy bars

candy bars

candy bars

candy bars
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Materials: 24 blue cubes and 24 red cubes

Activity: B wmeans blue cube.

R means ved cube.

©

A. Use 1 B and 2 R.
1. The ratio of B to R is _

Use another group of 1 B and 2 R.

2. The ratio of B to R is now _2 :

Use another group of 1 B and 2 R.
3. The ratio of B to R is now 6

4. If you continued using groups of 1 B and 2 R,

write the ratio of B to R that you would get.

SARY

S : : 22 _10 : ) 18

) !

Each ratio was formed using groups of 1 B and 2 R.
The ratios are equivalent ratios.

B. Use 4 R and 3 B.

l. The ratio of R to B is -
Use another group of 4 R and 3 B.
2, The ratio of R to B now is __
Use another group.

3. The ratio of R to B is now

DOD B D
A AL A Y A

|
SALARY

4. Continue using groups of 4 R and 3 B.

Write the ratio of R to B.

6 : 1) 124 | 24

b )

The ratios are equivalent ratios.

Each ratio was formed using groups of 3 R and 4 B.

C. Use these groups and write equivalent ratios.
O 35, o2,
@ 114, _5_: , 12

@ 83, 5,32

;

IDEA BASED ON: The Laboratory Approach to Mathematics by Kenneth P. Kidd, Shirley S. Myers,

184 and David Cilley. © 1970, Science Research Associates, Inc.
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Materials: 24 blue cubes and 24 red cubes

B means blue cube.
R means red cube.

Activity:

A.

Use 8 B and 16 R,

1. The ratio of B to R is : .
Separate each color into two equal groups.

2. Using one group of each color,
the ratio of B to R is _ : 8 .
Separate each group into two smaller
groups.

3. Using one smaller group of each
color, the ratio of B to R is 2 :
Separate again.

4. Using one group of each color,
the simplest ratio of B to R is .
The ratios above are equivalent ratios.
Each can be formed using __ B and __ R.

Use 24 R and 18 B.

1. The ratio of R to B is : .
Separate each color into three equa
groups.

2. Using one group of each color,
the ratio of R to B is _ : .
Separate each group into two smaller
groups.

3. Using one smaller group of each
color, the ratio of R to B is
Separate again.

4. Using one group of each color, the

simplest ratio of R to B is : .
The ratios above are equilvalent ratios.
Each can be formed using R and B.

Find the simplest ratio that could be used to form these equivalent ratios.

1. 8:4 4., 25:40
2. 18:30 5. 30:100
3. 9:27 6. 180:150

IDEA BASED ON: The Laboratory Approach to Mathematics by Kenneth P, Kidd, Shirley S. Myers,

and David Cilley. © 1970, Science Research Associates, Inc. 185
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ANIMAL RATIC

T G T T T T T
/0 no 12 13 14 /5 /6 17 I8

1. a) How long is the fish?
b) How long is the snake?
c¢) Write a ratio to compare the length of the snake to the length of

the fish :
d) How many fish placed end—to end would be needed to have the same
length as the snake?

e) The snake i1s times as long as the fish.
f) Find two lengths on the ruler, so the longer length is 3 times the
shorter length. and
g) What are the two shortest lengths (whole number of centimetres) on
the ruler, so that the longer is 3 times the shorter? and
h) Write the ratios from (e) : , (f) : and (g) : )

These ratios are called equivalent ratios. Can you see why?
i) Write another ratio equivalent to the ratios in (h)

2. a) Write a ratio to compare the lengths of the gerbil to the snake : .

b) The gerxrbil is times as long as the snake. 1

c¢) Find two lengths on the ruler, so the shorter length is B of the longer
length and write their ratio : 1

d) Find the two shortest lengths, so the shorter length is 5 of the longer
length. and

e) Write the ratios from (a) : » () : , (d)

These ratios are equivalent ratios because the shorter length is %—of
of the longer length in each case.
f) Write another ratio equivalent to the ratios in (e) : .

3. a) Write a ratio to compare the length of the gerbil to the length of the

fish,
b) The gerbil is times as long as the fish.
¢) Find two lengths, so the longer is 1 1/2 times the shorter. and
d) TFind the two shortest lengths, so the longer is 1 1/2 times the shorter.
and
e) Write the ratios from (a) iy (o) : , (@)
These ratios are equivalent ratios because the longer is 1 1/2 times the
shorter.

f) Write another ratio equivalent to the ratios in (e) :
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EQUIVALENT RATIOS WITH GEOMETRIC MODELS

A series of equivalent ratios can be generated by keeping the shaded

area and total area of a figure constant but changing the number of

parts. - EXAMPLE 3
EXAMPLE 1 ARV
i T R T 1T et e e et e ]
.... i RPN I R e e VAT
L] 2] | r
: L !
o, P
! ] : lll .I.I,I' PR L T 5 o ¢
1:3 2:6 3:9 4:12 s LR
- .u...s‘.‘.h‘o.-.o-.'.o.o 4:6
!
R PO B O
* .‘.l‘......‘.'. .|¢..‘...
n. ...l:“l . .c,o.. . "o .
e ® L vae, o ...J.:.nlﬁ :‘: 8:12
| ! !
) {

1:2
Sample questions in example 1 might be:
l) Has the shaded area changegd?
2) Has the size of the square changed?
3) Can you see a ratio of 1:3 in each diagram?
Student worksheets can be developed to:

a) have the students shade the figures to represent the equivalent ratios.
I 1 [

4]

1:5 4:20 3:15
b) partition the figures to show the eguivalent ratios.

1:4 2:8 4:16 5:20
These activities c¢an give an intuitive feeling for generating equivalent
ratios by the algorithm of multiplying both terms of the ratio by some
number. The models show how the number of shaded parts and total parts
are both doubled, tripled, etc.

IDEA FROM: Activities with Ratio and Proportion 187
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EQUIVALENT RATIOS BY PATTERNS

Developing the concept of equivalent ratios by using patterns can be accom-—
plished as a bell work, warmup, or mental arithmetic drill at the beginning of
class. These activities can be started in advance of the introduction of ratio
notation by presenting problems with different word phrases 1n place of the colon.

Examples of problems which can be prepared for an overhead or the blackboard

might be:
1) $ 4 for 1 hour's work. 2) 30 students for every 1 class.
$ 8 for ___ hour's work. ____ students for every 2 classes.
$12 for ___ hour's work. _ students for every 5 classes.
___for 4 hour's work. 300 students for every ___ classes.
___for __ hour's work. ___ students for every ___ classes.
for hour's work. students for every __ classes.

Various ratio notations and ratio tables can be used. The problems might
start with the "unit quantity"” given (see 3, 4, 5) and then develop into ones
where the "unit quantity" must be found (see 6, 7, 8).

3) ltod 4) 2:1 6) 2:16 7) 18 to 6
2 to 4: 1 __tol
to 12 :3 3 12 to
4 to __ Y 8:___ ___to 5
5 to___ 10: U _to __
to i o ___to ___
_~t0_ o
1 __ 4 _ 16 _ __ gy 0 L1 _ 12
5) 5) lo’ ’40) 2 ’ ) 20) )89 » >

Rates that students would be familiar with can be given in the form of ratio tables
(see 9, 10, 11).

miles | 50 100 200 250
9)

hours 1 3

ose | @ | 55
10)

minutes 1 10 5

[— — — —

pounds

of meat

11)
cost | $6.00 $4.50 |[$12.00

In each problem provide a few blanks for students to write their own equivalent ratios.
The development of this technique will be useful in the solution of simple proportion
problems, such as: A bagger in a supermarket works 2 1/2 hours and earns $8. How
much would the bagger make in 10 hours? 1 hour?
This type of solution avoids work with Possible Solutions: 2 1/2 hours at $8
cross products and division using fractiouns. 5 hours at $§16

10 hours at $32

1 hour at $3.20
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EATING CONTEST

Harry, Morgan, and Fddy had a
hamburger eating and milkshake
drinking contest.

1) Harry ate 2 hamburgers for every 1 hamburger Eddy ate.
a) Who ate more hamburgers? Harry or Eddy?
b) How many hamburgers did Harry eat during the contest?
¢) Fill in this chart of possibilities.

NUMBER OF HAMBU

wrre e |2 | 4 10 26
NUMBER OF Havpy)

ooy sre ] ! 3|4 7 10

2) Morgan drank 3 milkshakes for every 1 milkshake Harry drank.
a) Who drank the most milkshakes? Harry, Morgan or Eddy?
b) Fill in this chart of possibilities.

NUMBER OF MILKSHAKES, 3 q |/ 2 / 8

MORGAN DRANK,

NUMBER OF MILKSHAKES I ;L, f; é; I/

HARRY DRANK.

3) Harry ate 4 hamburgers for every 1 hamburger Morgan ate.
a) Fill in this chart of possibilities.
b) Who ate more hamburgers? Morgan or Eddy?

NUMBER OF HAMBURGERS I 3 5 7

MORGAN ATE

NUMBER OF HAMBURGERS 4 8 16 24 36

HARRY ATE
4) Use the information in the problems above to fill in this chart of possibilities.

NUMBER oF HAMBURGERS
MORGAN ATE , ;l‘ fs.

NUMBER oF HAMBURGERS
HARRY ATE / 6 qo

NUMBER OF HAMBURGERS ‘; ,‘; ,:Z.

EDDY ATE
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D WALK A
MILE &5t

Materjals needed: Stopwatch
Tape measure
Bicycle

15 sec. 30 sec. | minute
feet feet feet

(1) Walk in a straight line for 15 seconds, 30 seconds and 1 minute. Re-
cord your rate in the chart above.

(2) Find the speed for each of the below in feet per minute. A calculator
can help with the computation.

lmile n 4 min

&Jm jr\pm

(3) The speed of the sprinter is times faster than your walking rate.

(4) 1If the speed of the dragster is 200 times an adult's walking rate what is
the adult's speed?

(5) Outside, find your speed for riding a bicycle 15 seconds, 30 seconds and
1 minute. Record.

I5 sec. 30 sec. | minute

feet feet feet

(6) How does your bicycle speed compare to your walking speed?

IDEA FROM: WNew Oxford Junior Mathematics, Book 4
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sa o
27
°® 28 (2 52
29 (1l
7o 30 1O so
31 9
22 32 8 48
33
72 34 46

78 39 40 | 42

Start with 1 and use a line segment to connect each point with amothex point so
that the numbers joined are in the ratio 1:2. For example, connect 18 to 36 and
connect 37 to 74,

IDEA FROM: Aftermath, Book 4 191
Permission to use granted by Creative Publications, inc.



IDEA FROM: Patterns in Space
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PICY RATIOS
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5 = 15 7 : : .
30 2 45 60:100 2:8  25:40

14
JOt50 6108 5Ww/8 48 5:30 9:18 50:00 &:18
o = = J2to24 S0Toé0 5tolo  3toF

/8:20 20:25 4Ho:loo 5:50 /8:36 2 6t/ 3/2 OW/6

2 75 /0 /O

e 7 23 >0 3to/8 8Bto/le 6tl/2 2tob
[ 3

21:24 20 )00 3:6 10 : 100 % % 7%_
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S61

Whats The Weatner Reeort In Mevico Ciry ?

TO FIND THE ANSWER, WRITE THE LETTER OF £ACH
RATIO ABOVE AN EQUIVALENT RATIO N THE CHART
BELOW. USE EACH RATIO ONLY ONCE. SOME RATIOS
IN THE BOXES WILL NOT HAVE AN ANSWER.

£, 8:16 N. 44:4 031%8
I 2 4ol B. 15:20 A. 80 to 20
A, 33: 11 H 14 1o 16 T 20t 5§
O 21:56 L. 5 Yo 50 D. 2:10
E. 50 to 100 D. 5:25 C.41%w5
T 4t L. 3:30 T 40t 10
T 10:5 Y | o 8 A.39:13
M. 3t 85 A G to 2 H. 35:40
I~ Wi
" —
W|l—- ||| (3 -~ 2l | O[O~ W
- N R e e I e e e
o} Ny -0 | p o} ) — | 0 o 0
> » | o o o8 ® N|{O|0 | D
G =8 o[B8 ;2 w 8|85
A R A PR o
m T g N o " |09 51]0
3 b o
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FATIO DOMIMOES

Wanted:
2 or more players
Set of ratlo dominoes
1 gallon of enthusiasm

a)

b)

c)

e)

f

These are the rules:

All dominoes are placed face down
on the table.

Each player draws 5 dominoes one
at a time,

The player drawing the largest
double (equivalent ratio on both
parts of the domino) plays it in
the middle of the table. If no
player gets a double in the
first 5 draws all players
continue to draw in turn until
someone gets a double.

d)

8:1 69 3

1:3

T~

The next player to the lefct tries
to play a domino on the end of
the double. If a play cannot be
made, the player draws extra
dominoes until he can play.
continues to the left.

Play

1t03:1:8

‘//’/////;7

%3

I:8

This domino can be played on
either end of the double.

All doubles (except the first) are placed at right angles to give more places

to play.
®©
10 % -'g 1:3 13| 1:8 —
-j0

) The first player to play all of his dominoes is rhe winner.



a)

b)

e)

d)

e)

RATIO DOMINOES (CONTINUED)
CONSTRUCTION HINTS

A suggested size is 3 cm by 6 cm.

The dominoes can be made from note cards, tagboard, poster board, or scraps
of lumber. (Perhaps you have a student that would like to cut the lumber
as an extra project.)

The following are suggestions for a set of 45 dominoes made using the ratios
1:2, 1:3, 1:4, 1:5, 1:6, 1:7, 1:8, 1:9, 1:10. Of course, you may choose any
set of ratios that you want. Each is paired with an equivalent ratio to form
nine doubles. Then each is paired with all other ratios to form the remainder
of the dominoes.

For each ratio the three ratio notations should be used, 1 to 2, 1:2, and %,
and also two equivalent ratios are needed, say 5:10 and 50 to 100.
Suggested pairings for the 45 dominoces.

1:2 1:3 1:4 1:5 1:6
2, 1to2 13% %,2t08 1tos,1§g 1:6,1—2
22, 3 3, 1o =, 2 ltoS, 1to6 =0
1to2, ¥ 1:3, 1 to 5 1:4, 1 to 6 ==, 1:7 2,

316, 2:10 % l—g 1to 4, 1:7 1—8, 1 to 8 1
1 to 2, 5:30 1:3, 2 to 14 2 to 8, 22 % % 1:6, 1 to 10
%, E% 4 to 12, 1:8 g%, 2:8 1:5, 1 to 10

5:10, % 2, 1to9 1:4, T3

1:2, 1:9 1to 3, 1—08

wso, 2

1 5

= 1:7 1:8, 1 to 8 1l to 9, 2:18 ga, 10:100

s o 19, 1

1:7, 1 to 9 1 to 8, 5:10

1:7, 1:10
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Rules:
a)

b)

c)

d)

e)

MONSTER
RATIO

You will need the
Monster Ratio cards
and 2 or more players.

The dealer deals out all of the cards, one at a time, to the players,

All players lay down the matches in their hands. A match is two cards
showing equivalent vatlios. Some examples of matches are shown.

A B
1t % Jte5 5

3:50 30:]00 3 2638

When all matches have been laid down from the players' hands, the dealer

draws a card from the hand of the player to the left and, using the card,
tries to make a match. If no match can be made, the player keeps the card
in his hand.

The player to the left then draws a card from the next player, and so on.

The player that finishes the game holding the Monster card is the loser.



a)

b)

¢)

d)

e)

MONSTER
RATIO

(CONTINUED )
DIRECTIONS FOR MAKING RATIO RUMMY
AND MONSTER RATIO CARDS.

The deck consists of 54 cards ~ (
with an additional Monster card.

/ = ( B
There should be 6 cards for each ratio used, ?r‘t;:;A,/é; kf’ “X \§-)
3 cards using the 3 ratio notations, and 3 { A (“ \
cards using equivalent ratios. For example, S~ N
ng eq or example \\1,429d

1 2
1l to2, 1:2, 3, 4 to 8, % 50:100.

If possible, one of the equivalent ratios should be expressed with 100 as
the second term as readiness for percent.

The choice of ratios is left to the teacher with these suggestions,

Perhaps two decks, Ratlo 1 and Ratio 2, could be made with 1:2, 1l:4, 3:4,
1:5, 4:5, 1:10, 3:10, 7:10, 9:10 (these all easily convert to hundredths)
as the first deck, and 1:3, 2:3, 2:5, 3:5, 1:6, 1:8, 3:8, 5:8, 7:8 as the )
second deck.

The cards can be made from 3 x 5 note cards. By cutting the note cards into
two 3 x 2%-cards you will have convenient sized cards. Blank cards with
rounded corners may be purchased at the rate of $3.30 per 500 cards. These
cards must bz ordered on an order form that can be obtained from:

Personalized Instruction Center
NCEBOCS

830 South Lincoln

Longmont, Colorado 80501
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ealic. (’»umrgg

a) 2-5 players are needed.

b) Each player is dealt 7 cards.

¢) The remaining cards are placed
face down to form z stack with
the top card turned up to form
the discard pile.

d) The player to the left of the
dealer draws the top card, eilther
from the stack or the discard
pile. A player must discard each
turn.

e) Each player tries to lay his
cards on the table by:

‘N&N““‘“"“MW

all

2) Making a Type II book of 3 or more cards that show equivalent ratios.

3) Playing a card on a Type II book already played by someone else. 1:4 or

T% could be played on the above book.
£) Scoring
1) Score 5 points for the first person to lay down all his cards.
2) Score 1 point for each card laid dowm.
3) Subtract 1 point for each card not laid down.
4) TFirst player to get 30 points wins the game.
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ANIMAL AGES

Average Life Span (in years)

Buffalo - 20

Elephant - 50

Chimpanzee - 30

Write a ratio comparing the average life spans of these animals. Then simplify each ratio.

a) Buffalo to Rabbit : = :

b) Gorilla to Elephant : =

¢) Chimpanzee to Cat : =
d) Rabbit to Buffalo : =

e) Chimpapnzee to Elephant : =

f) The ratio of the average life span of the Buffalo to Man is 1:3. About how many
years can Man expect to live?

g) The ratio of the average life span of a Gorilla to a Gerbil is 5:1. About how
long can a Gerbil be expected to live?

h) The ratio of the average 1ife span of a Buffalo to a Guinea Pig is 5:1. About
how long can a Guinea Pig be expected to live?

i) The ratio of the average life span of a Cat to a Dog is 1l:1. What 1is the
expected life span of a Dog?

j) The ratio of the average life spans of a Bat, a Cat, and a Grizzly Bear is 1:3:6.
About how long is the average life span of a Bat and a Grizzly Beax?

IDEA FROM: Activities with Ratio and Proportion
Permission to use granted by The Oakland County Mathematics Project
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The

Fill in this
chart. Guess
first then

|

]

get the |
actual l |
numbers from : —
your teacher. [ '
TEACHERS A E

PRINCIPALS 5 i

Cooks | !

CUSTODIANS I |

SECRETARIES : !

TOTALS | I

PEOPLE IN GUESS ES

ACTUAL. NUMBER

o8 vomBER numgeR. numaea
o

COUMSELORS [

YOUR SCHOL . e 2fies| mates | TOTAL  |pfhies| mits | TOTAL
|

Use the chart of actual
numbers tc find these
ratios. If possible
write each ratio in
simplest form.

ratio of:

a) Males to females in your class is ____to __ or _ : .
b) Students in your class to all students is to or
¢) Principals to all students is to or

d) Cooks to everyone in school is to or

e) Female tecachers to male teachers is to or

f) Female teachers to total teachers is to or

g) Male cooks to female cooks is to or

h) Male principals to female principals is to or
i) Female secretaries to male secretaries is to or
j) All teachers to all students is to or

k)
L)

Pupil-Teacher Ratio is the closest whole number of students for each
teacher. For example, in a school with 224 students and 10 teachers
the pupil-teacher ratio is 224 to 10 or about 22 to 1.

Find the pupil-cteacher ratio for your school.

Find the pupil-~counselor ratio for your school.



ONE MAX
OMNE YOTE

From a world almanac find
(a) the number of senators in Congress
(b) the number of representatives in Congress
(c) the ratio of senators to representatives is
or about :

How many senators does your state have in Congress?

How many representatives does your state have in Congress?
Write the ratio of senators to'representatives in your state
Are the two ratios equivalent?

In the 94th Congress the House of Representatives has Democrats and

Republicans. The ratio of Democrats to Republicans is about
What is the ratio of Democrats to Republicans in the House of Representatives
in your state?

There are 16 women in the 94th Congress All serve in the House of Representatives.
The ratio of women to men is : , or about 1 woman for every men.

The number of representatives each state has is based on the population of the
state. Oregon has 4 representatives out of 435 or about 1:100. If the population
of the United States is about 200,000,000 people, approximate the population of
Cregon.

Check in the almanac to see how clese your approximation is.

Use 2,000,000 people as the population of Oregon and approximate the population of
these states.

Number of Approximate Actual

Stafe Representatives| Population | Population

Tennessee
Maine
Massachusetts
Nevada

California

On a map of the United States color the states according to the number of
representatives.

1i-5 Red 21 - 25 Blue

6 - 10 Orange 26 - 30 Purple
11 - 15 Yellow 31 - 35 Violet
16 - 20 Green 36 - more Black

Can you see an area of the United States that has a large population? a small
population?
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SR
OOQD\ " Wheelies In C/\\)\Ring
.,/’ by \° (/

Use Spirograph rings and wheels for your experiment.

Look at the patterns below. Can you decide which rings and wheels have been
used to draw each of them?

If you think you know, try drawing them to see whether
or not you are right,

LT

Look at the numbers on the ring and wheel for each pattern. Do these
help you decide what patterns you can get?

Examine the two rings in the set. Both have
many numbers on them. One ring has 96 and 144.
This means there are 96 teeth on the inside of
the ring and 144 on the outside.
the wheels.

teeth it has.

Look at one of
The largest number tells you how many

1} Use the 96 ring and the 32 wheel.

Draw
a pattern with it.

2) How many loops are there on the shape?

3) How many times must the wheel go around

the inside of the ring before the pattern begins
to repeat?
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_ A
V'l
Qopp’\r?’/ Wheelies 1 C@
// ! ‘L\\“ (continued)

Use the information in the table to draw more shapes. Before you start
drawing, try to decide how many loops the shape will have and how many times
the wheel will have to go round the ring before the pattern is repeated. You
select the vring and wheel sizes for the last experiment.

105
96
105 | 45
96 56

Can you explain why you have to go around the ingide of the ring a numbet
3 2
of times to complete some shapes and why a certain number of loops appear:’

(1) Predict how many loops you will get with the
105 ring and the 60 wheel. . Check
your answer by drawing the shape.

(2) Use the 96 ring. Which wheel would you use
to get a shape that has 16 loops if the wheel
goes around the ring 7 times before the pat-
tern repeats?

(3) Draw some more shapes. Predict how many
loops each shape will have before you draw it.

(4) Look at the shape on the right. It was made
using a 96 ring. By counting the loops, can
you decide which wheel was used?
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PEOPLE RATIO

Population density is the average number of people for each square mile of
land considered. It is computed by comparing the total population to the total
land area. To make this ratio meaningful to students modified population densities
can be investigated.

I. Gather data from the students informally during class discussion.

a) Find the average number of people per household for the class. Example:
There are 28 students in the class, each from a2 different household. Each
student reports the number of people living at home. These numbers are
added to obtain the total population, say 105. The ratio 105:28 is about
equivalent to 4:1 or 4 people per 1 household.

b) TFind the average number of pets per household for the class.

c¢) Find the average number of dogs (cats) per household for the class.

ITI. Use local census data and an almanac.

a) Have students find the population density of their city (county). (Popula-
tion figures can be obtained from census data which is usually filed in
city libraries.) Has the population density increased or decreased in the
last fifty years? What are some of the changes that occur in the community
when the population increases (decreases)? How are jobs, transportation
systems and housing affected?

b) Have students find the population density of their state. Compare this
density to the population density of the city or county. Compare the
densities of nearby states. What conclusions can one make?

c) Ask if there are students who have visited or lived in foreign countries.
Have students make a chart of these countries which includes the population,
area and population density for each country.

Country Population (1970) Area (sg. miles) Population Density
203 51 people

U.S. 203,235,298 3,536 Pl sq. mile

Canada

Mexico

Compare and discuss the population density of the different countries.
What problems result from high population density?

III. Have students use the almanac to find the birth rate for the foreign countries
listed in II. (c).
Does the birth rate have any relationship to the population density? What
effects does the "population explosion' have on population density? Why do
some countries have higher birth rates than others?
Discuss the “population explosion" problem. Predict the population of various
countries by the year 2000. How will the predictions affect the population
density?
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SURFACE AREA & RATIOS 1

Materials needed:

® .

b)
c)
d)

Activity:

@

b)
c)

/(//'—F74CE:

A set of 125 centimetre cubes ~—FLC0OGE

Use L cube., Call it the unit cube.
How many faces on the cube?

Each edge is 1 em, so each face is 1 em by 1 cm or 1 cm”.
The unit cube has a surface area of x 1 cm2 or cmz.

Build a model of a larger cube, so all edges are 2 cm.
You should have used 8 cubes.

What is the area of each face?

What is the area of this cube? 6 x or

@ Continue to make larger cubes with edges of 3 cm, 4 cm,

5cm . . . until you run out of cubes. Find the surface
area of each cube and record it in this chart. See if you
can finish the chart up to a cube that has an edge of 10 cm.

M oF REACE AREA_ | RATIO oF SURFACE. AREAS| SIMPLIFIED

CEgGEE(C?Js:) W?JLéIECgBES !A?EAQE(W 2) g)Fa}BECG*\ 2) | oF LARGE cuBe O sSMALLcLBE]  RATIO
! i | =) 6 o6 ] &
2 8 —H 2 H 24 T & H: 1
3 27
LT o L
5
2}
=
8
,‘?

(::) Predict the ratio of the surface area of a large cube to the

surface area of the unit cube if

the large cube has an edge of:

a) 20em L
b) 12 cm N
¢y L.5em -
d) »n cm

08 IDEA FROM: New Oxford Junior Mathematics, Book 5
Permission to use granted by Oxford University Press



SURFACE AREA & RATIOS 2

Materials: A set of centimetre cubes (at least 200)

MODEL 1

Activity:

@ a) Make a 3 x 2 x 1 model from the cubes.
h) Each face of each cube has a surface area

area of 1 rmZ
¢) The model has 6 faces. What is the surface area of the

top? cm2, bottom? cmz, front? cm2
y
back? cm2, lefe? cmz, right? cm2
d) The surface area of the entire model is cm2.

<::> a) Enlarge Model 1, so it is twice as long, twice as wide
and twice as high.

b) Model 2 is now X X )
¢) In Model 2 what is the surface area of the top? cm”,
bottom? cm2, front? cm2, back? cmz,

left? cmz, right? cm2 9

d) The surface area of Model 2 is cm”.

e) The ratio of the surface areas of model 2 to model 1
is : or :

(::>a) Enlarge Model 1, so it is three times as long, three times
as wide, and three times as high.

b) Model 3 is now X X . 9

c¢) The surface area of Model 3 is em” .

d) The ratio of the surface areas of Model 3 and Model 1
is : or

(::) Use the results of Surface Area & Ratio 1 to complete this chart
for models that have dimensions 4 times the dimensions of Model 1;
5 times; 6 times.

MODEL.| SIZE SURFACE ARFA(cm?,

RATIO OF THE SURFACE AREA OF THIS
B3 x2 x| [NODEL T THE SURFACE AREA OF MoDEL |

|

2 66X H X2 88: 22 = 44 ¢ |
3 X6 X3 t 22 = o
Ly ‘22 = |6 ¢
5 : = :

A : = :

(::) Can you predict the ratio of the surface area of a model with
dimensions that are 10 times the dimensions of Model 17 :

that are n times the dimensions of Model 1?

IDEA FROM: MNew Oxford Junior Mathematics, Book 5
Permission to use granted by Oxford University Press 209



Materials needed:

(]:) Use a centimetre

cube is 1 cm x 1

@ Make 3 different

MODEL.

b) one twice as

¢c) one twice as

VOLUME AND RATIO 1

A set of centimetre cubes.

cube as the unit cube The volume of this unit

89

cm x L em = 1 cm .

models:

a) one twice as long as the unit cube.

long and twice as wide as the unit cube

long, twice as wide

(A) J2x1x1

B |2x2x1
‘E’ 2 x2x2

i i i and twice as high as the unit cube.
RATIO of THE volume of this mopel.

€)

MODEL [ pImeENSIONS | VoL (em3)

Make 3 different models:

d) one three
e) one three
f) one three

unit cube.

times as long as the unit cube.
times as long and three times as wide as the unit cube.

RATIO of the VoLume oF FHIS Mope
4he volume of the umit cobe

Medel

Make 3 different models:

g) one four times as long as the unit cube.

h) one four times as long and four times as wide as the unit cube.

i) one four times as long, four times as wide and four times as high as the
unit cube.

DIMENSIONS RATIO Of 4he VOLUME OF THIS MoDEL

vl (cm 3

®

210

To the yolume of the UNT cube

The Jones have a swimming pool that is 2 metres deep, 4 metres wide and 7
metres long. Mr. Smith, who lives next door, wants to build a larger pool.
How many times as much water will Mr. Smith need if he builds a pool twice
as long and twice as wide?

IDEA FROM: New Oxford Junior Mathematics, Book 5
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Materials needed: A set of centimetre cubes

Activity:
(1) a) Use the cubes and,make this model.
b) The volume (in cm™) of this model is

(2) Make 3 models:
a) One twice as long as Model 1.
b) One twice as long and twice as wide as Model 1.
c) One twice as long, twice as wide, and twice as MODEL 1
high as Model 1.

Ratio of the

D . Volume | volumes of this Simpl'ncied
IMensions 1 (cm?) model o Model 1 ratio

o G x2 x| 12 cm? A toy

C

(3) Make 3 more models:
d) One three times as long as Model 1.
e) One three times as long and three times as wide as Model 1.

f£f) One three times as long, three times as wide, and three times as high as
Model 1.

Poj’i() O‘F The
Volume |volumes of this|Simplified
(cm3)  |imodel To Model 1| ratio
d 9x2 x| 18 cm?® N~ :

£ Q L

Mode!l |Dimensions

{4) Cowpare the simplified ratios with the simplified retios in Voluwme and Ratio 1.
75Y If the simplified ratio of the volumes of a model tc Model 1 is 16:1, how
many of the dimensions are four times larger than Model 17

IDEA FROM: New Oxford Junior Mathematics, Book 5
Permission to use granted by Oxford University Press 211
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Materials needed: Construction paper, scissors and
paste, glue, or tape.

Activity: (1) Copy this pattern on the construction
paper. Cut it out and fold it on the
dotted lines to make a cube with each
edge 2 cm long.

|
/N

Use a similar pattern and make 3
cubes with edges of 1 cm, 4 cm
and 8 cm,

Make a table like this and write
the simplified ratios of lengths
of the edges, areas of the faces
and volumes of the cubes.

lem Yo 2cm | 2emto 4 em | 4em to Bem

{: 2
| 14

Length of edges
Area of faces
Volume of cubes

(4) Make cubes and a chart to show the
simplified ratios of 3 cubes with
edges of 1 ¢m, 3 cm, 27 cm.

(5) Compare the 1 cm cube to the 4 cm cube;
1 cm cube to the 8 cm cube;
2 cm cube to the 8 cm cube.

Do you see any patterns?

IDEA FROM: New Oxford Junior Mathematics, Book 2
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A” Squo.res are H’\e Same Slhope

All square

Materials needed:

Activity: (1)
(2)

(3)

A SPECIAL RATIO IN ALL SQAUARES

s are Similar
Lﬁ -
Metric ruler and centimetre (or % cm) grid paper. Sid@.j
diqgonql

On the centimetre grid paper draw a square 4 cm on a side.
Measure the diagonal of the square. Did you get about 5.6 cm?

Draw a square 7 cm on a side. Measure the diagonal. Is it

about 9.8 cm?
Draw squares with the sides shown in the table, and measure
the diagonals.

Record the results on youy paper.

Side Diagonal | Ratioc of Stmpl&ﬂed
(cm) (Cm) iagonal o side ratio
1 1
2 : ] Divide both terms
3 1 by the |
4 56 564 14 1 3 the length
5 T of the side.
6 * 1
7 9.8 9.8:7 1
8 1
(4) For each square write the ratio of the length of the diagonal
to the length of the side. Then simplify each of the ratios
by dividing the length of the diagonal by the length of the
side.
(5) The simplified ratio is always about :1. This means the
diagonal of a square is about times the length of a side.
(6) Use the above fact to find the length of the diagonal of a
square if the side measures
(a) 1.5 cm (d) 3.8 cm
(b) 1.8 cm (e) 5.7 cm
{(¢) 2.5 cm (f) 6.5 em
Check these by drawing the squares and measuring the diagonals.
Challenge: What is the length of a side of a square if the diagonal is:
(a) 1.4 cm? (b) 4.2 cm? (c) 7 em?

IDEA FROM: New Oxford Junior Mathematics, Book 3
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Materials: Metre stick, cans of varying
diameters, rolls of tape, small wheels,
string or paper to wrap around objects
ITTU1

Procedure:
1. Place the metre stick on a level surface.

2. Measure the diameter of a can by placing it on the metre
stick. Record on the chart. (See Diagram A.)

[m¢¥5;bﬁp4 E3 3. Wrap string or paper around the can one time and measure
the length of the string or paper.

4. Record the measurement in the chart.

5. Carefully vroll a can along the metre stick for one
complete turn to check for accuracy in step 3. (See
Diagram B.)

6. Complete the chart. Use a calculator to find the values
correct to two decimal places.

DIAMETER. | LENGTH [TLENGTH + [LENGTH — |LENGTH X |[LENGTH =<
OF CAN |OF STRING [|DIAMETER. |DIAMETER | DIAMETER |DIAMETER

In which column are the numbers nearly the same?

If you were careful in carrying out your experiments, you found that
the circumference (length of the string) divided by the diameter of the
can is about 3.1 or 3.2. This can be expressed as the ratio,
circumference : diameter = 3.1:1, which is approximately 3:1.

To represent this ratio we use the Greek letter 7w (pi). 7 is pronounced

"pie,"

7 cannct be exactly expressed as a decimal, no matter how many decimal
places are used.

7 is approximately

3.1415926535897923238462643383279502884%09716939937510

IDEA FROM: Math Workshop, Level F
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220
DIAGRAM 1 DIAGRAM TI DIAGRAM TIT

I
1.
1.
1.
7

216

Draw a circle with a radius of at least 6 cm. Mark between 8 and 15 points
on the circle any distance apart. They need not be equally spaced. Label
the points with lower case letters. (See Diagram I.)

Connect consecutive points with line segments. Measure each segment and record
the length in millimetres next to the segment. Add the measures and record the
total in the top part of the table below. (See Diagram II.)

Record the diameter of the cirecle in millimetres.

Outgide the circle draw line segments that touch the circle only at the points
you have already marked (a, b, ¢, etc.). Label with capital letters the points
where the line segments cross. You should have the same number of capital
letters as lower case letters., Measure each new line segment and record its
length as before. Add these measures and record in the table below.

(See Diagram III.)

Lecord the diameter of the circle in millimetres.

Total of measures of segments inside of the circle

Total of measures of segments outside of the circle

Hint: To
compute the
average, add
the two totals
and divide
by 2.

Average of totals

Compute: Average of totals _
Diameter of circle

Repeat the experiment with a larger circle.

IDEA FROM: Math Workshop, Level F
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P Is A\W)\@ONTINUED)

Purpose and Use:

This activity provides the student with an alternative and historical method
for approximating m. In addition, the activity could be used as an exercise
for measurement with a ruler. A calculator would facilictate the computation.

Suggested Procedure:

After the activity, introduce the term circumference as the distance around
the circle. Some sample discussion questions could be:
1) Do you understand why the circumference is smaller than the total of
outside measures and larger than the total of inside measures of segments?
2) 1Is the average of totals a good approximation to the circumference?
3) How does the number of points on the circle affect the accuracy?

Content:

average of totals
diameter of circle
circumference of a circle

diameter of the circle
circumference

diameter

The ratio closely approximates the ratio

, Which is about 3:1. The Greek letter m is used to

express the ratio , Since the ratio is a constant and cannot be
exactly expressed as a fraction or decimal.

Historical TFacts & Curiosities:

1) Archimedes (287-212 B.C.), a great mathematician and scientist of
ancient Greece, used a method similar to the one performed by the
students to estimate that 7 was between 3.140845 and 3.142857.

2) 1In China Tsu Chung-Chih (470 A.D.) gave w = 3,1415924 which is correct
to seven decimal places.

3) Today with the help of computers 7 has been found to more than 500,000
places. 7 correct to twenty places is 3.14159265358879323846.

4) The symbol 7 was first used in the 17th century.

5) In 1873 using 2 formula and making the computations with paper and pencil
William Shanks of England computed pi to 707 decimal places. His repre-
sentation of pi was used until 1948 when two men, using a computer,
discovered that Shanks had made an error in the 528th decimal place.

1 - = - - 7
. - ‘LI_‘I“E
3. | 41592¢5

6) Another method is to set 7 to music. The music shown above represents T
in the key of C, with F having a value of 3, D the value of 1, and so on.

Penye—

™
sl

An excellent source for informatiorn about % is A Fistory of 7 by Petr
Beckmann published by the Golem Press.

IDEA FROM: Math Workshop, Level F
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| METRE SQUARE
CLOTH Equipment:
10 toothpicks
1l metre square cloth
Mark the cloth with parallel
lines. The distance between
the lines should be twice
1 the length of a toothpick. T R
The cloth will keep the
//f/ ﬁ \&"" toothpicks from rolling. y,ra1 Total
\\:===;// // ﬂ number  number
. 2-4 people of picks of picks

dropped touching
|00

[ ole)

300

Hoo

500

600

?00

800
Soo

000 ]

Place the cloth on a flat surface. Select a person to record the data and one to
drop the picks. You may wish to exchange positious.

U T @@ mooO B>

I Hold the 10 toothpicks a metre above the cloth and carefully drop them. Repeat

* this ten times. Each time record in Chart A the number of toothpicks touching

or crossing a line. Total the number of picks touching and record in Column T.
Divide 100 by this total. Round to two decimal places and record in Columm R.

. Repeat the experiment. Record in Chart B. Total the number of picks touching
and add this to the previous total of toothpicks touching. (See Column T.)

Record the new total in Column T. Divide 200 by this total and record in
Column R.

]]]:. The ratio Total toothpicks dropped : Total toothpicks touching a line should
approximate 7 whose value is about 3.14. Continue the experiment and check
the ratio after each trial. In 1901 Lazzerini, an Italian, found 7 correct
to 6 decimal places or 3.141592 from 3408 drops.

IDEA FROM: Exploring Mathematics on Your Own
218 Permission to use granted by Donovan A. Johnson and John Murray (Publishers) Ltd.



CLOSER « CLOSER

Iﬂvesﬁaoiioh I:

A) Make a sequence of counting numbers by selecting two numbers and.writing them
in the first two blanks below. Each number after the first two is obtained by
adding the two previous numbers.

E xample: S : 7, 12 S .

b
(5+7) (7+12)

Choose vyour own numbers.

’ Y ) ) y s 1
3) Now use the sequence above to write a sequence of ratios. The ratios are
obtained by comparing each number to the number on the right.

I€ YO\-L LLSQC{-’ 5 , 7 , 12. , |9 y -
. = Z 12
The vaTios are (1) = y (@)= _ (3= ...
0 , (2) , (3 , @ , (5) , (@) , @ , (8l ,
(9) , (10 , @n , (12) ,(13) (T
C) Use your calculator to change each ratio to a decimal.

| 8.

2. Q.

3 1O

4. W

5 2.

G 13

Z {4

D) What do you notice about the sequence of ratios?

E) If each decimal is rounded to three places, cthe ratios get close to what
number?

F) Pick two different numbers and repeat the steps. What do you notice about
this sequence of ratios?

G) Suppose your friend picks any two counting numbers and repeats the steps to
get a sequence of ratios. If these ratios are written as three place deci-
mals, what number do they get close to?
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Tnvestigation I (CONTINUED)

A) Make a sequence of counting numbers by selecting three numbers and writiug
them in the first three blanks below. Each number after the first three is
obtained by adding the three previous numbers.

Example : 5 1T 2 14 23
(5+7+2) (7+2414)

Choose your own nwumbers.

) [ 3 ) 3 ) ’ )

’ ) ) » ’ ) 3 - -

B) As in Investigation I, write a sequence of ratios by comparing each number to
the number on the right. € YOU. used: 5 - 2 , A

) 3
5 A £
The vatios ave:(D_7 (22 @)_1&

() (2) , (3 ) , (5) G , D , (&

)

©) , (10) , D , (12) , (3] , 14)

C) Use your calculator to change each ratio to a decimal.

N O U W N -

D) What do you notice about the sequence of ratios?
E) If each decimal is rounded to three places, the ratios get close to what

number?
) Pick three different numbers and repeat the steps. What number do these

ratios get close to?
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RABBITS, PLANTS AND RECTANGLES

ACTIVITY I

Agnes, Betty, Carol, and Diane are competing in a beauty

contest. You are the judge. Who has the best shape?
Use a ruler to find each girl's

measurements in millimetres. Complete the table.

Divide the
W|d+lq by the

Covtestant | Width (ti?gl?) E?@g}ﬁi :g?:::::
AGNES L |
BETTY : : decimal.
CAROL : d
DIANE : |

iIs the ratio of Diane's width to height about .618:17?

The ratio .618:1 is called the Golden Ratio. In a rectangle if the ratio of the
width to the height is the Golden Ratio the rectangle is a Golden Rectangle. Many
examples of the Golden Rectangle can be found in both art and architecture--the
United Nations building, the Parthenon at Athens. Tind pictures of these buildings
and check to see if they are Golden Rectangles. Can you find examples of Golden

Rectangles in the classroom?
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RABBITS, PLANTS AND RECTANGLES

ACTIVITY @

Can you make a Golden Rectangle?

D 4 C D C
Next, locate point F,

First, draw

4 the midpoint of segment
a 4 cm square. 4 AB. Join C to E.
P — ATZE 28
D C 0 C M

Extend side AB
and mark point
F so that EF is
the same length
as segment CE.

Complete the
rectangle.

A E 8 F A E B P

To check your drawing, find the ratio:

length AD .
ength end express it as a three-place

length AF
decimal.
. . F
Write the ratio: lsgELgl—B—-and express it

length CB

as a three-place decimal. What can you

say about rectangle CBFM?
Whats In A Cigere 7

The circle to the left has five equally
cpaced points marked on it.

Join points A and D, D and B, B arnd E,
E and C, C and A. You have just drawn

a five-pointed star.

Locate the point where line segments
A EC and AD cross and label it T.

Measure the segments TD and AT. Find

., TD ,
the ratio D and express it as a

C three-place decimal. What do you
notice? Do you see a way to draw a
smaller five-pointed star?
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In 1973 the ratio of juveniles to adults prosecuted for burglary was 11 to
9. This ratio can be represented by any of the pairs of numbers in the table

below. These pairs of numbers are called equivalent or equal ratios.

Juvenile Adult
Burglars Burglars
11 9
22 18
33 27
44 36

f k A it

'1|I ! €| hlJh
My PN
Jﬁmﬂhpmm alll y /’Mn*ﬂ,rﬁ’.nh/

Wl A '“”" oy O ’wu U/”)UJ"

o g, P

‘Tt says here,'Uou have permanently lost gour
e pictu ne(jo the Midnite Phgni’om

A proportion is a statement of equality between two ratios. Here are two

ways of writing a proportion:
ab = c¢:d or B‘= %

These proportions are both read as "the ratio of a to b is equal to the ratio
of ¢ to ¢." Sometimes the expression "a is to b as ¢ is to d" is also used.
INTRODUCING YOUR CLASS TO PROPORTIONS

Two equal ratios contain 4 numbers. When 3 of these numbers are given, it is
possible to derermine the fourth number. For example, using the ratio of juvenile
to adult burglars, 11 to 9, how many juvenile burglars would there be for every
90 adult burglars? Your students will be able to answer this question by extend-
ing the above table to the tenth row, which is the row containing the 90 adult
burglars. Most students will understand this use of tables, and given any 3 num-

bers,they will be able to use multiples of a given ratioc to find the fourth

number of the proportion.

Proportions occur naturally when

Cost Number of
dealing with rates. Here's a familiar in Cents Kilowatt Hours
kind of question. If the cost of elec- 3 2
tricity is 3 cents for 2 kilowatt hours, g 2

how much will 8 kilowatt hours cost?
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COMMENTARY PROPORTION

Your students will find a variety of ways to answer such questions. Here

are a few examples of sound reasoning which all produce the correct answer.

I used this table X Ii?v;wmﬁ»ﬁ 8 kiowstt hours
1o show the cost A ™ TIMes as great as
. 7 n 2 Kilowoett hoors._Thene{bng,
is 12 cerits. ke the cast of 8 Kilowdt ho
o IS 4times 3¢ or
12.¢

Kilowatt First, 1 Figured.out
Hours in Cents ot 1 kijowrtt hour
3 costs 1% cenits. (It this
g rRote 8 kilowddt hours

@ would. cost 2 cerifs.

2
4
6
8

You may wish to have your students graph some rates. These graphs will
always be straight lines if the rate stays constant. The following graph shows
the rate of 3 cents for every 2 kilowatt hours. Some of your students will he

able to use this graph to determine the cost of 5 kilowatt hours.

NUMBER 12 1 /+/
OF CENTS
e

I 2 3 4 S8 & 7 8 9 10
NUMBER OF KILOWATT HOURS




COMMENTARY PROPORTION

A TEST FOR EQUALITY

When a proportion is written in the form a:b = c:d, the first and fourth
numbers are called the extremes, and the second and third numbers are called the
means. Two ratios are equal whenever the product of the extremes is equal to the

product c¢f the means.

a:b=c:d  whenever ad = ke
MEANS
EXTRCMNMES

When the proportion is expressed by fractions,we have:

&=-§4 whenevey ad=be

b

The products ad and bc are commonly called cross products. Students can

a c
remember this with the following aid. b 3

The test for equality of ratios is
useful for finding the fourth number of
a proportion when 3 of its numbers are

known. Here is a typical rate problem

which can be solved by using cross pro-
ducts. The Boeing 747 has a cruising
speed of 595 miles per hour. How long
will it take to travel 1500 wiles at

this rate?

It will be instructive for the students to try solv- Hours Miles
ing this problem with a list of numbers. The student will 1 - 595
be able to see that the answer is between 2 and 3 hours. 2 1190
Some students will estimate that the answer is close to 3 1785
1
2= hours.

2
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COMMENTARY PROPORTION

Lecting T be the unknown time, the given information can be expressed by
the following equation. It must be emphasized to the student that the ratios

are hours to miles on both sides of this equation.

1 T

595 ~ 1500

Using cross products, (1) x (1500) = 595T, and so T = 2.5Z.
It is somewhat remarkable that proportions can be set up in so many difrrerant
ways and still produce the correct answer. Look at the examples below. The same

value of T = 2.52 satisfies each of the equations.

1 hr. - T hr. 595 mi. _ 1500 mi. 595 mi. _ 1 hr. 1500 mi. _ T hr.
595 mi. 1500 mi. 1 hr. T hr. 1500 mi. T hr. . 595 mi, 1 hr.
3 1 hr. _ 1500 mi. , 5
Could we use the expression 595 mi. T hr. to solve this problem? If we

examine the cross products 1 hr. x T hr. and 595 mi. x 1500 mi., we see the unit

of measure in the first product is hr, x hr. and in the second is mi. x mi. The
units of measure of the cross products are not the same; we cannot use the expres-
sion above to solve the problem.

Cften students try to zpply propertions without noticing the units of mezsure

s

giver in the problem. Consider this problem: "A worm travels 12 cm every 4 seconds.
How many metres does he travel in 48 seconds?" A student might set up the prob-

ignore the units and give 144 as the enswer. If the unics are
12 cn _ Ym

4 sec. 48 sec.
cm x sec. is not the same es sec. x m. The problem can be solved bv changing 12 cm

lem as 12 = 3
ST 48°

included and their cress preducts checked, it can be seen that

L
tc metres or by finding &n answer in centimetres and ther converting it tc metres.

12 m Y Y ;
12 m = Y m 12 cm = cm s Wwhere SR = the number of metres.

4 sec, 48 sec. °T % sec. 48 sec. 1Q6

Being conscious about the units of measure will not guarantee that the pro-

porticn is set up correctly. A student might try te solve the a2irplane problen

, . ) : ., . T hr. _ 595 mi. . -
discussed above with this propertion: T he, = 1500 wi. " The units of the cross

products are the same,but this ie certainly neot a correct proportior. To avoic
thls confusion teachers often have students form prcportions in 2 standard way,

say miles to hours c¢n both sides of the equation.




COMMENTARY

Suggested Exercises

PROPORTION

Some interesting proportion problems can be solved by using cross products.

If your students use the Guinness Book of World Records, they will find that fre-

quently three of the four numbers of a proportion are given.

The numbers in the Guinness Book

of World Records may be too large for

some of your students. These propor-
tion exercises from the student page
Petite Proporttons 2 contain some
common rate questions with smaller

nunbers.

2)

11)

2 pantsuits for $35.
7 pantsuits for .

Car goes 10 km on 2 litres of gas.
Car goes km on 16 litres
of gas.

There are many interesting proportion ideas and applications in the classroom

materials. Here are a few examples:

measuring heights of objects by using

shadows; determining gear ratios on 1l0O-speed bikes; using the Golden Ratio; plac-

ing weights on balance beams ox teeter-totters; computing driver reaction times

and brzaking distances for cars; using money exchange tables; and comparing your

weight and height to standard growth charts.

INTQUALITIES OF RATIOS

There are times when it is useful to determine the greater of two ratios.

2 out of 5 households watched the Super Bowl.

1 out of 3 households watched the World Series.

7 out of 25 households watched the Riggs-King Tennis Match.
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COMMENTARY PROPORTION

One way Co compare two ratios is to wrilce them in fraction notation and find
the greater fraction. Since % is greater than %, more households were tuned into
the 1973 Super Bowl than the 1973 World Series. Another approach is rto represent
each ratio by a real number. Since 2 ¥ 5 = .4 and } * 3 = .33, the Super Bowl had
the greater audience. How did the T.V. audience for the Riggs-King Tennis Match
compare with that for the World Series?

You may have noticed that in the above examples the ratios were used to com=-
pare part of a set to the whole set. The following examples

use ratlos to compare disjoint sets.

For every 8 men there were 5 women who watched the Super Bowl.

For every 5 men there were 4 women who watched the World Series.

For every 9 men there were 11 women who watched the Riggs—King Tennis Match.

Was there a greater ratio of men to women watching the Super Bowl or the World
Series? To answer this question we may use the same approach as above. The

ratio 8 to 5 is greater than the ratio 5 to 4 because % is greater than %.



COMMENTARY PROPORTION

Let's use our test for proportion to determine the cost per ounce of the

69¢ package of Complete Buttermilk Pancake Mix.

HO oz. = loz.
69 cents Ycents

By cross products, 40y = 69,s0 y = 1.7¢. In a similar manner we can find

that the cost per ounce of the 85¢ package is 1.5¢. The contents of the first
package sells for 27¢ per pound, and the second package sells for 24¢ per pound.
How does the price per pound of the Variety Baking Mix compare with the price
per pound of the Buckwheat Mix?

There is an abundance of practice with proportions in computing unit prices.
Your students could collect information (prices and weights) of different brands
for unit pricing comparisons. Using a calculator will simplify the computations
and allow students to focus on the proportions and comparisons.

For additional ideas in using proportions to compare rates see Proportion
Projects to Pursue in the section PROPORTION: Application.
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PROPORTION:

TITLE

I Like Your Form

Prop or Shun

As the Square Turns

Getting Bullish on
Proportions

The Bob and Ray Show

We Must %Work Together

An Extreme Tcol

The Solvit Machine--A Desk

Top Proporticn
Calculator

Persconalized Proportions

Petite Proportions 1
Petite Proportions 2

Did You Know That

A Stewed Surprise

Counterexample

CONTENTI

GETTING STARTED

PAGE

232

233

234

236

237

240

241

242

243

244

245

246

247

248

TOPIC

Recognizing
equivalent notatiocn

Generating
proportions

Recognizing
proportions

Multiplication method

Geometric model
Cross products method

Cross products method

Cross products method

Solving proportions
Solving preportions
Solving proportions

Solving proportions

Solving proportions

Recognizing incorrect
proportions

TYPE

Paper and pencil

Paper and pencil

Activity

Paper and pencil
Activity

Activity
Paper and pencil

Paper and pencil
Puzzle

Activity
Manipulative

Paper and pencil
Paper and pencil
Paper and pencil

Paper and pencil
Puzzle

Paper and pencil
Puzzle

Paper and pencil
Puzzle
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= H 2:5=4:10
112, 1t 2 '% 70 545 =

H1p (O
. 3.‘6:5:/0

@ 3tr5=610/0

36C/a2 @ ©3:6=/:2

.2
Use line segments o3 &
to connect the dots
that name the same

proportion.

W
N
NG
®

The result is startling!

3.5 @ @263 =4t
G /0
%:AL ® 0 3%6=5¢/0

/83=2¢¢ ® ° 03:5=¢:/0

2_!
——— #
G 2
Write the other forms for these proportions. _
H 12 Use the four numbers 2, 6, 9, 27 to write
3 715 a proportion. Then write the other forms.
2:7=8:28 . _
Did you get the same proportion as your
neighbor? Compare and see.
Can you make another proportion from
12402 = 6o | the four numbers?
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PROP o= SHUN

In order to introduce or diagnose a student's concept of equivalent ratios,
one could approach the subject intuitively. The presentation of various methods
of checking for equivalent ratios can come later. Students need to be shown
equivalent ratios in various forms such as 2:3 and 6:9, 1 to 5 and 4 to 20, or
3 6
— and 3.
4 8
A first activity might be as follows: Several pairs of ratios can be written with
open frames. The student £11ls in the frames with the appropriate value and deter-
mines if the rarios are equivalent. For example, let:

[:] = L+ Set up several pairs of ratios,
<:>i:3/;Z [:] and _égi_ ) :(:) and <::>:ZCS
A= 8 O O

<::>—- 6 and ask the students to determine which pairs are equivalent.

The activity could be done as a student worksheet or as a class activity on
the overhead.

A second activity might be to present students with one of the ratios and ask them
to supply an equivalent ratio.

For example let: a = 3 Sample questions could include:
b= 5 1. What ratio is represented by E?
c= 9 2. Write a ratio eaquivalent to the above ratio.
d =15 3. Represent this ratio using the letters.
. . ] a b
Write a ratio equivalent to = H E ; etc.

At this time you may also wish to acquaint students with the terminology
"a i3 to b as ¢ is to d."

A third activity could then ask students to supply pairs of equivalent ratios
given four numbers.

For example:
Use the numbers 1, 12, 4, 3 and write as many pairs of equivalent
ratios as you can.

Extension: Have students write 3 equivalent
ratios using these numbers. 2, 9,
6, 3, 4 (The numbers may be used
more than once.)

IDEA FROM: Simifarity and Congruence
Permission to use granted by Oakland County Mathematics Project
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{ 5
(1) Make a square. Label ic like this.
3 5
1
. 5
(2) Flip the square over and label the back like this. :
l
|
s . 3
1
. 1 5 .
(3) Look at the original square. See two ratlos 7 and s Do the ratios form a
proportion? (Yes or No)
ortion? e
(4) Rotate the original square. rop
. 5,15
Ratios are 1 and 3 3 s _

W ") St €
3 Proportion?

(5) Rotate again. Ratios l% and-I.

- ™ ] {
Sl € -
/“\> © Proportion?
(6) Rotate again.
S $ ) &1
[}
S (5 N R
(7) Flip the original square. : Proportion®
1
I
3 ! 15 15 3
[
] 5 |e | .,
(8) Flip the original square. | <:> Proportion?
—— —— — —— ..1_
3 15 t S

%

,

! /5 " Y Proportion?
Ve

(9) Flip the original square.

.// |s - Lo
/7
\T———
N
I\ 5 - ) . 9
(10) Flip the original square. N | Proportion
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(CONTINUED)

Similar activities can be developed using a hexagon, octagon, etc. A general
form can be generated using non-zero values to a, b, c, etc.

ob loc
In the example on the student page
a=1,b=1, ¢c=15, and d = 3.
ad cd
( ®
abc bef

Using the gix rotations and six
reflections of a regular hexagon,
twelve proportions occur. The

abd cof glacement of the‘numbers that _
orm the proportion are shown in
the second diagram.

aed def, d o

Using the eight rotations and
eight reflections of a regular
octagon, thirty—-two proportiouns
occur in each position of the
octagon. The placement of the
numbers that form the proportion
are shown in the second diagram.
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Dale

;&ON PROPORTIONS

Some proportions can be solved by multiplying. Study these examples.

OF - s 2 .
< = @_ 5 ®470D=8TO\8@D.6=
«3 _ O T 0O
¥ ws 0 s =
30 i ] Cl<-
5 »l5 NoESSE ot

3 x

Solve the proportions to discover the answer to this feed problem.

IF PAPA BULL (1200 POUNDS) CAN EAT 8O0 POUNDS
OF HAY IN 4 DAYS, AND BABY BULL (200 POUNDS)
CAN EAT 80 POUNDS OF HAY (N 24 DAYS, HOw
LONG WILL IT TAKE MAMA BULL (GO0 POUNDS)
To EAT 80 POUNDS OF HAVY?

3.8 N 12
5 25

S5
7

OTO 8 =25 TO 40 7 TO O = 28 TO 24
9TO 8 =3 TO H 32 TO 40= R TO O

3:8 =T:24 9:7 = 27:M
30:L = 15 :20 A:20= 3:5

2

N

© oW

M\

a

>
w oW

» dinn

236



THE BOB AND RAY SHOW

This activity uses geometric models to determine equivalent ratios and can be
used to solve simple proportions. Using the included script, taping the lesson in
advance and/or having students present 'the lesson could provide a unique experience
for your class.

Included in this acrivity are (1) a teacher page indicating the steps used to
determine if two ratios are equivalent, (2) a transparency master for a demonstra-
tion of these steps, (3) a sample script that could be used with the demonstration
and (4) a student page to follow up the activity.

A. Is the rartio i%-equivalent to the ratio %ﬂ

Use two rectangles that are the same size. Divide one vertically and one hori-

zontally as shown and shade the appropriate parts, 1% of one and % of the other.

Transparency 1L Transparency II

Place one rectangle —

rlace o el EEEERS 7
et me e L2 00

dividing lines of

e

each rectangle on

the other.

Slide the rect-

angles apart and

restate the ratios

in terms of the

new subdivisions,

] 5 20

Since — = 5=, and

10 %0’ VX
5 20 N ) /ﬂ/ﬂf//// ﬂ?/?? Z
— = —-—, the ratio 5 20 2
4 40 10° 20" 3% 127499949845 92 748 /ﬂ(j
—é-is equivalent
10 2
to the ratio %

. 2 , o1
Is the ratio 5 equivalent to the ratio Z?
The same transparency master can be used for this demonstration.
Since 2.8 and 1.3 2 # 1
5 20 4 20° 5 4°

IDEA FROM: Activities with Ratio and Proportion
Permission to use granted by Oakland County Mathematics Project 237
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THE BOB AND RAY SHOW (pAcE 2)

Transparency Master for Geometric Models

-

-+

<+
+

-
3

IDEA FROM: Activities with Ratio and Proportion

Permission to use granted by Oakland County Mathematics Project




THE BOB AND RAY SHOW (pace 3)

Use these rectangles to decide if the ratios are equivalent.
one rectangle horizontally and the other vertically.

6)

4
2

N~

Remember to divide

@

See if you can use rectangles to solve this proportion:

V[

IDEA FROM: Activities with Ratio and Proportion
Permission to use granted by Oakland County Mathematics Project
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We MVST WORK TOGETHER
.
&

We are both found in proportions.
Do you know the mathematical meaning of mean? The means are in the middle.
“Uahe mean
)s inbefveon”

:@=%% A
! S

MEANS
In politics the extremes are the far left and far right.

meqne extremes by w10 extremes are 4 and 15
v v 6 15 means are 6 and 10.
1:2 = 3:6 3 to 4 = 12 to 16
extremes

T2 =1:3

Complete the table. |IEXTREMES MEANS [EXTREMES MEANS

S and 4 12and 3
ADD THEM 22
SUBTRACT THEM 5
MOLTIPLY THEM
DWIDE THEM 27

Did you discover a rule? Does it work for these proportions?

3.2 18 = 62
a) T ¢) 12:18 = 6:9
b) 6 to 12 =1 to 2 oy 2.8

12 3
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The Cross Products Rule can be used to check if two ratios are equivalent or
used to solve proportions. Rule: 1In a proportion the product of the extremes
equals the product of the means.

Examples: % = 1%- 3:4 = 18:24 15 to 10 = 6 to 4
2 x10=4x5 3x 24 =4 x 18 15 x 4 =10 x 6
20 = 20 72 = 72 60 = 60
No these ratios form proportions? Solve these proportions.
@6 = 10e16 < Hfeon comere bt 0 @3 = w ] u[J- 3D st b0

I:I 1fD= < 32 connect D to H

_ if Yes, connect I to L_ 4 _
@12 to 3 =36 to 9 <: if No, connect C to G 9 18° , connect L to M
()_é _ 21 if Yes, connect M to N [:] _ 12 if: '= <:"72, connect D to O
9 45 if No, connect G to L C) 6 24’ 3, connect G to J
= . if Yes, connect H to K } _ 80, connect Q to D
@ 1424 = 35:10 < fp o Comnen SN o:4 = [ Ji20, it ]= 45 comect G to

15, connect M to P

@ > tOD= 15 co 9, ifD= <3, connect B to G

Q
A * F:
G
®
° N
J z m P °
s L
I P *0 H
c " ~
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THE SOLVIT MACHINE -
A DESK TOP PROPORTION CALCULATOR

Needed for Construction: 1) A piece of pegboard, 5 holes by 9 holes.

2) 4 vwooden discs - about LZ in diameter.
3) String and 8 brads. —=

4) Chalkboard paint

a) Paint the discs and the symbols
with chalkboard paint.

b) Put a staple on the back of
each disc, loose enough to
allow the disc to move freely
along the string.

c) Place the brads and strings
in the positions shown.
Thread a disc on each string.

EXAMPLE 1:

x| +®

2 L2 13
= EXAMPLE 23— = —2

x(?) =()x x(B)=(B)x
= a) The student writes the numbers —
@ on the discs. @ @

@@= O®=0B®
— b) By sliding the lower discs carefully —
along the strings, the student can

show the cross products.

D=@®@ SB= @

— c) By slidinp the coefficient of the —
unknown down the string, the
student can see and compute the @

solution to the problem.
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IDEA FROM: CO.LAMD.A

Permission to use granted by Northern Colorado Educational Board of Cooperative Services



PERSONALIZED
PROPORTIONS

The names and interests of students in your class can be a viable source of
material for word problems. By directly involving the student (and teacher), story
problems can be more interesting than those typically found in textbooks. Textbook
problems, however, can be adapted simply by using the students' names. Personalizing
word problems is a neat way for humanizing instruction and establishing ceacher-
student rapport. Here are some sample problems to be used in a proportion unit.

YouR clASS "TALKER " THE cLASS “AHiere’

1. Mark can talk at the rate 2. Brooks lifts a 4-ft.
of 16 words every 5 sec- steel pipe that weighs |
onds. How many words can 15 1bs. How much does
he say in a minute and a he lift with a similar
halft? pipe that is 7 ft. long?

THE CLASS' BOOK v TNE class" PAPERTWROWER”

4, Paul hits the waste-
basket 4 times for every;
6 wads of paper he
throws. At the end of
the week how wany hits
will he have if he
tosses 30 wads of paper?

‘rversT

6. Amy can type 155 words
in 5 minutes. How
long would it take her
to type a 2500-word
English theme?

3. Doris can read 4 pages of
a novel in 7 minutes. At
this rate how long will
it take her to read a
chapter which is 26 pages
long?

“ e0op MATH

5. June gets the top score on
a math test: 29 out of
30. If she always does
about the same, how many |
points would she get on a |
100-point math test?

Y EATER
7. Derek's favorite candy
bars cost 25¢ for 3., How
much does he pay for 20

THROW ONE IN PER LESSON

THAT CANT BE SOLVED
8. Cindy saved $27 in 4 weeks. At that
rate how much does she weigh if she
is 5 feet, 2 inches?

of them?
W n
“THE STUDENT WHO ALWAYS ™ TRIES HARD
9. can correct 10, Julie can work 3 math problems
math papers at the rate in 14 minutes. How long will
of 2 assignments every 3 it take her to do this work-
minutes. How long will sheet?

it take her to correct

the papers from this

class today. (There are
students here.)

have the students make up some problems about each other.
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PETITE
PropoTionsd

Tired of those large numbers creeping into your problems? Want to avoid straining

your brain? Pounce on the problem. Try FETN‘E %mmﬂs, our most

popular prescription,and become a positively perfect and proficient problem solver.

1) 13 heartbeats in 10 seconds.
How many in 60 seconds?

tey these (ETITE FPROPORTION'S,

Divide before you find the final product.

3) 5 hits every 15 times at bat.
How many hits in 75 times at bat?

2) 100 kilometres in 2 hours.
How many in 3 hours?

4) 5 candy bars cost 59¢. 5) $3.50 for 5 magazines.
How much for 20 candy bars? How much for 10 magazines?
6) $3.98 for 4 pounds. 7) 4 cans of beans for $1.00.
How much for 2 pounds? How much for 6 cans?

@r\’ﬂ\ e
8) Run 50 metres in 8 seconds. 9) 6 donuts for 53¢.
How many in 4 seconds? How much per dozen?

10) 21 problems solved in 3 minutes.
How many solved in 24 minutes?
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PROPORTIONS 2

7) 3 records for $11.94.
2 records for

8) 20 minutes to do 30 math problems.
50 minutes to do math

"1 NEED A REFILL O&F YOuR problems.
/MOST PoOPULAR PRESCRIPTION,

PETTTE. PROPORTIONS . “

9) 2 pantsuits for $35.
7 pantsuits for

1) 2 dozen for $1.68.
5 dozen for

2) 24 pencils for 88¢.
18 pencils for

3) 6 cans of peas for $1.80. 10) 2 cm on a map represents 100 km.

9 cans of peas for 5.3 cm represents __ km.

4) A drill turns 240 rimes in 3 seconds. 11) Car goes 10 km on 2 litres of gas.
A drill turns times in 60 Car goes km on 16 litres
seconds. of gas.

L// 77

o
5) 192 cm of pipe weighs 8 kg.
cm of pipe weighs 2 kg.

6) 100 metres of fencing cost $89.50. 12) Check 14 cars in 30 minutes.
20 metres of fencing cost . Check cars in 75 minutes.
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There is an 8-word,
alphabet.

Solve the proportions to discover the sentence.

DID YOl KNOW THAT . . .

32-letter sentence that uses all 26 letters of the
The sentence is a great typing exercise.

Write the problem

letter under the answer to the problem in the table below.

A
8

C

4 I ©® m m ©

X 4

[

8 correct out of 15.
correct out of 75.

1 inch represents miles.
10 inches represents 500 miles.

5000 revolutions per minute.
revolutions per 15 minutes.

45 words per minute.
225 words per minutes.

17 miles per gallon.
238 miles on gallons.

vards per pass.
62 yards on 9 passes.

heartbeats per minute.
19 heartbeats per 15 seconds.

10 feet in 20 seconds.
feet in 60 seconds.

"12 apples for 60¢.

apples for $1.00

for 1 pound.
$1.95 for 3 pounds.

46 hits out of 200 times at bat.
hits out of 1000 times at bat.

for 3 cans.
$1.55 for 5 cans.

F455 miles in 1 hour.

N $.74 for 1 dozen.
for 6 dozen.

o pounds per cubic foot.

50 pounds per 6 cubic feet.

D made out of 56 tries.

5 made out of 8 tries.

Q 250 kilometres on 40 litres.
50 kilometres on litres.

R 240 kilometres in hours .
80 kilometres in 1 hour.

S 3 centimetres represents 90
kilometres.
____ centimetres represents
180 kilometres.

T $4.00 per hour.
for 8 hours.

U 100 won out of 150 played.
10 won out of played.

V $200 per month.
$2400 per months.

W3¢
12°

X 4 beats per measure.
36 beats in measures.

Y for 5 yards of fabric.

rise in 1 hour.
rise in hours.
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385 in ___ hours. $2.50 for 1 yaxd.
Z 3 tennis balls per can.
____ tennis balls in a dozen
cans.
s : g
35 40| % [230 ? f2so|  |S0[25!9 4 [2032[30 18 [20]12 |14
5 2536 |14 | [o3]e0| 8 |15 253 ] %55 |7¢] ¢




b
~SURPRISE

SOLVE THE PROPORTIONS BELOW AND FIND YOUR
ANSWERS N THE CODPE AT THE BOTTOM OF THE PAGE.
FOR EACH ANSWER IN THE CODE WRITE THE LETTER
IN THE PROPOLTION ABOVE (T

KEEP WORKING OUNTIL YOU HAVE DECODED THE
LIMERICK.

AL <53

.

i 1:2=T:8 8 5:7=A:{4 14 3:1t=6:D
T=__ = _ D =

2. 8:W=2:3 9. 4:3=H:6 15, 3:5 =21:U
W = = =

3. 2:5 = 10:C 0. T7:5=228:G 8. 3:2 =Q:20

C = = s_

4 6:S =37 H M6 =18:36 7. S:10=45:R

= M=___ =

5 L:15=6:5 12. 36:9= F:4 18 8:72=9:T
= F = =

8. T:2=DB:12 3. 3:8 =30:0 19 15:27=5:EC

= o= =

7 VV:il4=12:7 20. 7:4 = N:l6

V=___ =

10 20-9-28-4-18-9-3-10-28 22-8/-28-81-28-20 10-4 25-50-9-12-9
|6-80-35-2822 30-35-81-4-9 10 |810-20-50-9 23-80-35-14-9 8I-28 8-8!-14 14-
b

{14-10-81-22 4-8-9 12-10-81-4-9-50 22-80-28-4 14-8-80-35-4

10-28-22  12-10-24-9 81-4 10-42-80-35-4

80-50 4-8-9 50-19-14-4 12-8l-18-18 42-9 12-10-28-4-81-28-20 80-28-9 4-80-80

4-9-12
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048

COUNTEREXAMPLE

Tont & wonderful,
Dv. Einstein! That rocket
evperiment M{i youvr
theory aqain.

adam, o thouso.nd
experiments never prove

me vight but g
m&ﬁ@.a\h

prove me wrong,

Assume §-= % and
none of a, b, c, or
d are zero. Try to
find counterexamples
for each of the prob-
lems. Shade the
problems that have
counterexamples to find
a letter in the alpha-

bet.
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PROPCQRTION: APPLICATION

TITLE PAGE TOPIC TYPE
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ROPORTON
ROTECTS

TO
URSUE

1) In an almanac find the world records
for the 100-metre dash, 400-metre
dash, 1500-metre run, and the 3000
metre run. Are the rates of distance
to time for each race proportional?
If a 6000-metre run were a track
event, predict the world record time,

2) Go to the supermarket and find several
sizes of the same product. Record the
prices and the net weights (weight of contents only) of the different sizes.
Are the rates of price to net weight proportional? Investigate cereals, soap
powders, shampoos, hamburger, and sugar.

3) Check the phone book and approximate
the number of Smiths living in your
city and surrounding area. Choose
several other cities and approxi-
mate the number of Smiths living in
these cities. (Most public libraries
have phone books of other cities.)
Compare the ratios of number of
Smiths to total population for each
city. (Remember to use the total
population of the city and surround-
ing area.) Are the ratios proportional?
Use the ratio of your city to predict
the number of Swiths living in San
Francisco; New York; your state, the
United States.

IDEA FROM: The School Mathematics Project, Book 2
Permission to use granted by Cambridge University Press
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]P ROPERTION] ]PROCTECTS TO ]Pu:asu&
(CONTINUED)

4) From the post office get the rates
for mailing letters and packages. Is
the cost of mailing a light package
proportional to the cost of mailing
a large package? Is the cost of
mailing a package a short distance
equivalent to the cost of mailing
the same package a long distance?

5) From a catalog of Montgomery Ward, Penney, Sears Roebuck, or Spiegel,
find the shipping rates for orders. Is the cost of shipping a light
package proportional to the cost of shipping a heavy package? 1Is the
cost of shipping a package a short distance proportional to the cost of
shipping the same package a long distance?

6) Find out the cost
of train fare from
your nearest rail-
road station to
four other sta-
tions. Are the
rates of cost to
distance traveled
proportional for
the trips?

Find the same information for buses and airplanes. Which of the three
types of tramsportation has the most consistent rate?

IDEA FROM: The School Mathematics Project, Book 2

Permission to use granted by Cambridge University Press

252



(e)

(e)

(£)

(g)

IT'S OMLY MONEY

This chart is taken from the financial page of
a newspaper. It can be used as a source of many

Fonngn Exchange proportion exercises. SFudents can pring the chaFt
from home. Before starting an activit explanation
y
NhEW Yolﬂk I:P) - Yucsdfv Forelgn f .
X ¢ M
&Mfg%ﬂga%mg@a?mmsia of the chart may be necessary; necessary, i.e., 1
Acoening (a0 PR LA peso = $.09, 1 Sweden krona = $.256, and 1 South
a?é&q%&ﬁ% Fﬁﬁ)‘jﬁg Africa rand = $1.475. Explanation of the decimal
Broti (¢rurens) e e part of a cent may also be necessary.
8riain {pound) 23260 2.1240 .
20 Doy Folores 7300 33008
y Fuiures A s . .
90 Dov Folures 23000 2.000 Exercises could be developed like the ones that follow.
(onada (dollar) 9760 9750
Colombla tpesa) 0)40 0340
Elenmurl' (krone) 860 (1850 . , . .
z;g¥g$m3” o (a) A fawily planning a2 trip to the United States
ﬁ§25§3ﬂW) jﬁ%s:%gm wishes to exchange 1000 dechmark. What country is
; ,
::Dr:ln vem S03i40 Zooog?no the family from? How much
exlco (pesn . .08 7 ] 1
Norwoy (Krone) 2040 208 American money will the family receive according
rivgo! (¥} K bas
South Africa (rand) 14750 1.4750 to the Tuesday exchange rate?
Seain {peseto) 0180 .018)
Sweden (krono) L2560 2560
s’mltmloﬂd (fronc) 4050 4030 . . . i
vistusio lbaivat) 28 20 (b) An American businesswoman will be visiticz a

factory in Hong Kong. She wishes to exchange
$2000 into Hong Kong dollars. About how many
will she get?

An investor in Belgium has 1,000,000 francs to exchange. Which would have been
the better day to make the exchange? How many more American
dollars would the invescor receive by choosing the better day?

An unlucky investor waited until Friday to exchange 700,000 Australian dollars
to American dollars. How much did he lose by waiting? Should
he keep his money and wait until next week?

A livestock buyer will be going from the United States to Spain and then to
Argentina. To avoid exchanging the peseta back to American dollars and then
to peso, find the exchange rate between peseta and peso.

One solution strategy:

1 peso = $.09 200 peso = 3$13.00 ~» 200 peso = 1000 peseta, so
1l peseta = $.018 » 1000 peseta = $18.00 1 peso = 5 peseta

Investigate the different coins of a country. Is the value of each coin
related to the decimal system or to some other place value system?

Investigate the monetary system of countries not listed on the exchange table.
Can you find the exchange rate according to an American dollar?
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"Stretch' Smith, a basketball
star, predicts his age and height
will remain in the same ratio.

At 12 years "Stretch' was 160
centimetres tall.

Age : Height = 12 yrs. 160 cm

Complete the rables:

How Tall Will 'Stretek Be 2

A H
12 Yes. 160 cm
15 Yrs.
& Yrs.
24 VYes.
30 Yes.
36 Yvs.

a) Graph the information
from the tables.

b) What do you netice
about the graph?

c) Use the graph to
approximate his height

at these ages.

1. A= Oyrs., BH=
2. A= 33 yrs., H =
3. A= 4 yrs., H=
4. A = 50 yxs., H =
d) Use the graph to approximate
his age when his height has
these values.
1. A= , H 30 cm
2. A= , H= 100 cm
3. A= ____ , H= 600 cm
4, A = , H= 0 cm

Are your age and height propor
tional, that is, do they stay
in the same ratio?

Does "Stretch' know what he is
talking about?

Can you think of any two things
about you that are proportional?

SMITH
— .

lne'uaH‘ 1n centimelres

®

&

How Old Was Shvetch 2

A H
12 Yes. 160 em
Yrs [120 em
Yrs. | 80O em
Yes. | A0 em
Yes.| 20 em
Yes| 10 em
J
550
500 1
450 ;
400 1
350 1
200 4
2501
200 1
T
00
50 1
O 3 6 9 12 15 18 21 24 27 30 33

agelh years

o=
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beCCLUSQ I ao Qrouhd
in Cireles.

Materials needed: 1 bicycle wheel or a round I
piece of wood
1 tape measure
1 piece of rope
1 roll of masking tape

Activity 1: Place a marker on the wheel. Tape a straight line
on the floor approximately 4 metres long. Place
the wheel so the marker is at one end of the tape.
Carefully roll the wheel 1 turn along the tape.
Measure this distance in centimetres or feet.
Repeat this to check your measurement. Write the
ratio that compares 1 turn of the wheel to the
distance measured (the circumference of the whleel).

I tuvn: (feel or c«anfime‘f’res)

Activity 2: Find the length and width of your classroom.
Activity 3: Find the length of the sideline and baseline of your basketball floor.

Activity 4: Use the ratio to find the number of turns needed to go 50 metres.
Check the answer with the wheel.

Activity 5: Tape the rope to the floor in a curved line and use the wheel to
find its lengcth,

’?\rﬁ_\ X

255



Materials needed: Tennis ball

(1)

(2)

Metre stick
Strip of paper or tape
3 metres long

Use the metre stick to mark the strip of
paper (tape) into decimetres. Mount the
strip of paper on the wall. Be sure the
zero mark is at the base of the wall,

Drop the ball from the heights listed in the table. Each time write down the
height of the first bounce. Repeat the drops to check the accuracy of your
readings. Select four different heights for the last four trials.

Heingr of bounce indecimefres

Heiaht of dropin decimetres

(3)

(4)

256

. heig f bounce in decimetres
Examine the table and compare the ratio: ?ht 2 0 .
height of drop in decimetres

for the various drops.

If you measured carefully, the eight ratiocs should be nearly equivalent.
Since the ratio of the height of the bounce to the height of the drop is
nearly the same, we can say that '"the bounce is proportional to the drop."

Use this information to complete the following:

If the height of the drop is 40 decimetres, the bounce will be
about ‘

If the height of the bounce is 7 decimetres, the ball was dropped
from a height of

IDEA FROM: The Schoo! Mathematics Project, Book 4

Permission to use granted by Cambridge University Press



Have a student bring a 5 or 1G speed bicycle to class.

that the gears can be shifted.
Have the students count the teeth in

each gear and record in Table 1. (The
number is not standard. The front gears
vary from 52 to 39 teeth and the rear
gears from 34 to 1l4.)

Write the gear ratios and simplify.
Record in Table 2.

The following activities are suggested

Turn the bike upside down so
Put a piece of tape on the rear wheel of the bicycle.

" ; C o TABLE 2
for student investigation: TABLE 1 —
A Gear | Rafio, of | Simplifie
1. Selec‘:t a simple Gear Number ) number P _
gear ratio, for example, of Tegt?—\ Ratio of teeth |[Teeth Ratio
13 to 4, and set the
gears to correspond. X Xto A
Check the gear ratio by Y Xt B
slowly turning the
pedals. The pedals A Xto C
should turn four times B Xto D
and the wheel thirteen.
(Hold the reavr tire c Xto E
lightly to aid in D Y+to A
counting the turns of
the wheel.) Check E Yto B
some other gear ratios Yito C
by counting pedal and
rear wheel turns. Yto O
Yito £

2. Select a back gear and use the small front gear.
shift to the large front gear.
change do you notice in the back wheel?
gear ratios?

3. Move the gearshifts so the chain is on the smallest back and front gears.
Shift only the back gear so that the chain travels
What change occurs in the back wheel?

the pedals at a constant rate.
from the smallest to the largest gear wheel.

Can you explain?

Turn the pedals slowly and

Can you explain. What are the corresponding gear ratios?

Continue turning the pedals at the same rate.
What are the corresponding

What

Turn

4. If the pedals were turned at a constant rate, which ratio would cause the back

wheel to turn the fastest?

Ordexr the simplified gear ratios from largest to smallest.

Students could use a calculator to change each ratio to a decimal and then order the

decimals.

5. In riding the bicycle, which gear setting is the easiest to pedal?

difficult? Experiment on the playground.
the farthest for one turn of the peadal?

6. Select a gear setting.
second, thirty turms per minute, etc.).

7. Select a gear setting.
to travel a distance of one mile?

the most
Which gear setting allows you to travel
Devise a method for checking your prediction.

Suppose vou pedal at a constant rate (one turn per
How far would you travel in 20 minutes?

How many turns of the pedal are needed for the bike
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1. Weigh yourself and measure your height.

2. Change your weight to kilograms.
1 pound =~ .45 kilograms.

3. Change your height to centimetres. (l inch =~ 2.5 centimetre57

4. TUse the chart to determine your body type.

pounds

inches

45 ki[Ograme _

! pound

—\Weight in kilsgrams ~SEEEEEN NN UNNNEE NN WS

Height in centimetres GROWTH CHART FOR GIRLS
1O Yrs [V Yes. 12 Yrs. 13 Yrs 14 Yrs. IS VYrys.
Tall 143-155 | I153-163 | 157-168 G2-170 | 162-173 | e4-173
Average | 134-142 | 140-152 | 147-t56 | I152-16l | 154-161 |156-163
| Short 125-133 | (30-138 [ 135-146 140‘:}_52{ A6 -t53 | 1477 - 155
(| Heavy | 40-52 | 45-59 | 49-63 | 55-68 | 572-71 | 60-72
4| Average | 29-39 33-44 36-48 41 -54 45-56 47- 59
|| Light 23-28 25-32 | 28-35 31-40 36-44 39-46

— Weight in Kilograms

Height in centimetres GROWTH CHART FOR BOYS

IO Yrs. It Yrs. 12 Yrs. 13 Yrs. {4 VYrs. (5 Yrs.

Taltl 1495-1585 |149-163 |[I57-168 | 162-178 | {69-183 | 169-185
Average | I34-148 | 139-148 | 142-156 | 149-IG] 154-168 | 152~168
Shovt I25-133 | 130-138 | 133-141 138-148 | 1A3-153 [ 148-158

Heavy 38-52 43-57 48-G63 50-70 6\-75 c7-78

(| Avevage | 30-37 33-42 38-47 39-49 45-60 A9S-g6

Light 23-29 27-32 29-37 31-38 34-44 40-48

S. Sue is 15 years old, weighs 127 pounds, and is 5 feet, 7 inches tall.
a) Fipd her weight in kilograms.

b)

Find her height in centimetres.

¢) What is ber body type?

(Hint:

12 inches =

1 foot)

6. John is 11 years old, weighs 65 pounds, and 1s 53 inches tall.
z) Find John's weight in kilograms.
b) Find John's height in centimetres.
¢) VWhat is his body type?

7. TFred is 14 vears old, weighs 120 pounds, and is 65 inches tall.
Guess his body cype.

Check your guess by changing Fred's measurements to metric.
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LIMIT vour

The state of Oregon has the following speed laws.

20 MILES PER HOUR

TN

Find out the speed laws for your state or use
these questions.

1) What is the speed limit in kilometres per
hour in front of your school?

2) What is the speed limit in kilcmetres per

3) What would be a reasonable speed limit in
driving in your sctate?

i district. when
S| 5 . :’T’hanf:/ s:ss;?:;sschool grounds ortcrdosswa\ks
; X i osted.
EED d signs are p
i are present an
Y T ’ _ o5 MILES PER HOt’JF: o .
[ ja . -
Y ref\‘dsgaches where motordv)emc e
o - ted.
? Odn (c;\ maximum limit, or as ?::Nise .
mmeln.cny public parks. uniess O
"
ns fher

those for Oregon to answer

imile ~ 1.6 kilometvres

hour in front of your home?

per-

sted.

kilometres per hour for freeway

4) 1If a trailer is being towed by a pickup or truck, the maximum speed limit
is 50 miles per hour. What 1is the speed in kilometres per hour?

5) This curve can be safely driven at

per hour.

40 mph

kilometres

6) What speed in kilometres per hour will cars be going in the Indianapolis

5007 Use an almanac to help you.
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L IMIT Your
| SPEED

(Conﬁnued)

II.

STOPPING DISTANCES OF STANDARD
PASSENGER CARS

MILES DRIVER REACTION BRAKING TOTAL STOPPING
PER DISTANCE DISTANCE DISTANCE
HOUR FT FT. FT

20 . 22 .. ... ... \8-22 . ... ... 40-44

30 ... ... ... 33 ... ... . 36-45 .. ... .. 69-78

40 ... ... 44 .. c4-80 . ... .. 108-124

50 ... ... .... 55. . ...... 05-131 . ...... (60-186

cO .. ..... ... o ........ 162-202 .. .. ... 228-268
’70..........77._. L R37-295 ... .. 34 - 372

80 . ......... . 334-418 .......4d22-506

‘ _ t'
_—

The distances in the table are based on tests
given on dry, level ground. Stopping distances
increase when the road is wet, snowy,or icy.

imite =~ 1.6 kilomefres

1) If you are driving at a speed of 50 kilometres per hour, could you stop the
car in 24 metres?

2) If you are driving at a speed of 84 kilometres per hour, hov close can you
safely follow another car? . metres

3) If a driver's 67 Kilometres per Y\ogv

reaction time is
about 26 metres,
his speed is

about
kilometres per f o — s N
P -4———-—-»- |

hour.

4) 1f both drivers / |
hit cheir brakes,
will the two cars 27 meires
crash?

\
I20metres \ (17 kilomefres per hour
260 v 8 N ~



Bokersfie

Bakersfield
Banaor
B’lrminaham
Des Moines
Olympia
San Aritonio
Santa Fe
Pittsburgh

Bakersfield RS

Bangor
Birmingham
Des Moines
Olympia
San Antonio
Santa Fe
Pittsburgh

d

/
=L SING

.Birm'mqho.m

100
200
300
400

o

Scale of

miles

b
d
b
g
N

NS

rate in kilometres
per hour is

]
Q
<
~_ T o 9
2760 % g The table to the left is a
1900 siaiy 8 i mileage chart for air routes.
1440 1310 SOO f bj;) -—E,‘ Et}inge each d:‘i.stanceatci he
[ ilometres and record in
860[2660[2(60 & 3 cable below.
1320 1980|760 (920 il g 2 o
760 [218011260 |820 1250|730 [ & Remember: 1 mile = =
2200|640 |6GO0 | 780 22401340 (1500 [ kilometres
R
2 e lmile 27c0 miles
- e =
K 5 d % kilometres 72 kilometres
s T e g 10
R &) £ o o G 3
R . = d ‘£
co 9 a O If a plane cruises
ST = g\ < at a rate of 570
) qé miles per hour the
T 3

Pittsburgh
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WORLD RECORDS

3:50.1 means 3 minutes
5! and % secondsg

WORLD RECORDS

1)

2)

3)

4)

5)

6)

262

1 mile - 3:51.0 Each of these three recoxrds is
2 miles - 8:13.8 roughly proportional to running
3 miles - 12:47.8 a mile every minutes.

Steve Williams of the U.S. ran the 100-metre dash in 10.1 seconds and
the 200-metre dash in 20.6 seconds. His speed was about metres per second.

Tommie Smith of the U.S. ran both the 200-yard dash and the 200-metre dash.
The time for both is 19.5 seconds. Does this mean he ran the same speed for
each race? If one race has a faster speed which race is it?

These are world records. Rank them from slowest to fastest based on the time
taken to go 1 kilometre (1000 metres).

a) Canoeing (1000 m) 3:48.06 e) Running (1000 m) 2:16

b) Swimming (1500 m) Men 15:31.85 f) Swimming (1500 m) Women 16:49.9
¢) Running (1500 m) Women 4:01.4 g) Cycling (1000 m) 1:7.51

d) Xce Skating (1500 m) Men 1:58.7 h) Ice Skating (1500 m) Women 2:15.8

Is the world record of 9.9 seconds for 100 metres faster or slower than the world
record of 9.1 seconds for 100 yards?
(1l yd. =34 mor 1 m=a~1.1 yd.)

The world land speed record for a jet-propelled automible is about 622 miles per
hour. At this rate how long would it take to drive to the mooun (if there was a
road) 240,000 miles away?

Based on information taken from The Official Associated Press Sports Almanac 1974.
Permission to use granted by the Associated Press



Materials needed: Ten-foot plank, four-inch concrete building block, bathroom

II.

III.

IV.

VI.

Eavth

scale, measuring tape, metre or yard stick.

Balance the plank by placing the block in the middle. Ask for a volunteer (or
the teacher) to stand on one end of the plank. Have different members of the
class try to balance the plank by standing on the opposite end. For the plank
to balance students should realize the weights of the volunteers should be about
equal. Weigh the volunteers.

Pick two members of the class having different weights. Weigh them and record
the weights. Keep the block in the middle and ask them to stand on opposite
ends of the plank and balance each other. Students will probably use their pre-
vious experience with teeter-totters to accomplish the task.

Again pick two members of the class having different weights. This time their
task is to stand on the ends of the plank and balance it by moving the block.

Have the students use the three activities above to formulate a conjecture about
bow a balance occurs. Students will probably say that the heavier weilght is
closer to the block, and the lighter weight is farther away from the block.

Ask students to examine the relationship between the weights and distances by
completing a table. By using two students whose weights are considerably dif-
ferent, a pattern can be discovered. The results in the last column will be
approximately equal.

: Dista.nce w
Wengm of '|sS+‘rowe. \W+D wW-D WD \WxD
person{w)|block (D)

The General Rule is 1 WxD,=W,xDz2, or W, _ D,

w, D

Students can apply the general rule to solve problems: TFor example, John weighs
90 1lbs. and stands 4 feet from the block. Tim balances the plank by standing 3
feet from the block. How much does Tim weigh?

"Give me a place to stand, and I will move the Earth."
This is what the famous Greek scientist Archimedes (287-
212 B.C.) was supposed to have boasted after discovering

the law of the lever: wl b Dl = W2 X D2. Assume that

Archimedes weighs 150 lbs., and the fulcrum of the lever
is 4,000 miles from the Earth. How far from the fulcrum
would he have to stand in oxrder to move the Earth? The
Earch weighs 13,176,000,000,000,000,000,000,000 lbs.
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(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

9)

(10)

(11)
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IMBEAT
HOW ABOUT Y

2
N

Materjals: 1 hand eggbeater AP

Turn the crank one complete turn and have your partner count the number of
turns of the beater.

How many beater revolutions are there when you turn the crank 4 times?
6 times?

Write a ratio showing the number of beater revolutions for 1 turn of the
crank.

Predict the number of beater revolutions if the crank makes 8 turns.
Check your prediction by turning the crank and counting.

If the beater revolves 45 times, how many times will the crank turn?

Do oL knouu hOw
the geax—*ee4h affect
my bea+ev+UYﬂS?

\3\0

Count the teeth in each gear and record your answer. s
Write a racio that compares the number of teeth in the large gear to the
number of teeth in the small gear.

There are teeth in the large gear for each one tooth in the small
gear. Write this ratio. __ This ratio should be equivalent to the
ratio in question 6.

Compare the ratio in question 3 to the ratio in question 7. (Beater revolu-
tions : 1 turn of the crank = number of teeth in large gear : 1 tooth in
small gear)

Is the ratio of beater revolutions to turns of the crank always equivalent to
the ratio of the teeth in the large gear to the number of teeth in the small
gear? Use the information in questions 4 and 6 to help you decide.
beater revolutions : 8 turns of the crank = teeth in large gear

teeth in small gear.

An egg beater has gears with 64 and 14 teeth each. If the crank is turned
28 times, how many revolutions will each beater make?

In making the meringue for a lemon meringue pie, you must beat the egg whites
until they are stiff. This may take 4 minutes of rapid beating. If you turned
the crank 100 times a minute, how many times would each beater revolve during
the 4 minutes?

IDEA FROM: Activities with Ratio and Proportion

Permission 10 use granted by Oakland County Mathematics Project



A oroportion is o mean proportion
when the fwo means arve equa.l.
¥4

O.9

N
AN

I mean to be

MEAN/

T oo mean

& A

Circle the propos—ﬁohs thot are

mean propov—Tions-

E XAMPLES : 1

proportional
between

O\

AN

A) Find a mean proporﬁonal

between 3 ond 2.

Solution:

3_.®
12

3x12=C)x &
36=x&
6=

B) Find an cpproximate mean
proportional between 12 and 4

Find the mean propov‘[‘iono.l

between:

a) 4and 16
b) Band 45
c) Zand 50
d} 8and 2

e) {00 and 4

_J Solutions
—
7x7=49,s0 | 12 _
Im o little 4
less 'Hﬁo.n
7, about 6.9 )1?_x4=x
N (W2 48 = XQ}?

Approximo}e the mean
propovtional between:

- \ a) 3and 16
b) Sand 7

Challenge : Find three pairs c) 8and 4
of numbers for which & d) Sand 3
IS the mean proportional. e) \2 and #
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Hasone
“EANONG FUL

In each right triangle below draw a line through B perpendicular to the
line through A and C. Where the two lines cross, label the point E. Measure
the line segments AE, EC, and BE to the nearest centimetre and record below to

complete each ratio. B

B

A E C

O AE . 4om  BE . @ _AE BE .
BE 2cm EC BE EC

13

B

Q) AE _ BE _ L
BE £C

A C In each problem what do
you notice about the ratios

AE nd BE

BE EC

When two ratios are equal,
they form a proportion,

AE _ BE
BE EC

The extremes are AE and

The means are and

Since the means are equal, the

@ AE = BE = proportion is called a mean
BE EC proportion.

BE is the mean proportional.
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THE MEANING ANL USES OF SCALING

The words scale and scaling are used in many different ways.

There are pay scales, musical scales, and scales for comparing weights and
temperatures. In this resource the word scale will refer to a ratio. A scale of

L cm : 2 km can be interpreted as the ratio 1 cm for every 2 km. The scale might be
useful on a city map where 1 cm on the map represents 2 km in the actual city. A

scale (ratio) of 1 cm : 100 people might be used as a basis for a number line graph.

' . ' ‘ ' ’ s L —p
o 100 200 300 400 500 600 700 800

Scaling means to make use of a scale. Some
examples of scaling are: finding distances
with a map using the given scale, scaling a
recipe up or down according to a given
ratio and mzking a scale enlargement or
reduction of a drawing.

Scale Drawings

Scale drawings are indispensable in the
design and construction of objects. The huge

tire shown in the picture at the right was

designed from small scale drawings. Most

manufactured objects were initiaslly drawn & (1, YA A TR R AISSHRE, g

to a scale. The dimensions of a scale

drawing may be smaller than, equal to, or

larger than the diwmensicns of the object.
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Small objects, such as those found in clocks, transistors, radjos and miniature cal-
culators, are scaled up so they can be canveniently designed. Buildings, cars,
furniture, clothing and other relatively large objects are scaled down to fit on

blueprint and drawing paper.

Drasawn to AC*U.O.\ Size

When the dimensions of the scale
drawing are equal to the dimensions of the

object the scale drawing is said to be to

actual size. This scale drawing of the

grasshopper is drawn to size with a scale ! 1
of 1 to 1 (1:1). Scole of 1|

When the dimensions of the scale drawing are greater than the dimensions of the

object, the scale drawing is called an enlargement. The scale drawing shown below

~

is a 2 to 1 enlargement. Using ratio notation, this can be written as z:1l. Using

. . 2 .
fraction notation,we can write T and say that the scale factor is two. (A few text-

books reverse the notation for scales and instead of writing 2:1 enlargement as we

have here, they will write 1:2 enlargement.)

EY\Ianemeh-t-

Scale of 2:f

When the dimensions of the scale drawing are smaller
than the dimensions of the object, the scale drawing is
called a reduction. This scale drawing of the grasshopper

is a 1 to 2 (1:2) reduction. In this case,we can say that

the scale factor is %.
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"Twice as large"

An exerpt from a magazine states,
"If you want to make the original design twice as high and twice as wide, make the
square twice as large.” While it is common to speak of something as being twice as

large when its linear dimensions are doubled, SQUARE A SQUAQE 8

this practice can be a source of confusion.

For example, the sides of square B are twice

as long as the sides of square A ,and yet its

area is four times as great.
This newspaper clipping
says that the big knife is
three times larger than the
conventional Sccut knife.
This means that the length
and width are three times as
great. As in the above exam-
ples, the comparison of sizes
refere to the linear dimensions
and not cto the surface area,
volume or weight. For example,
the weight of the large knife
is 4l pounds, and this is much

JA
wore than 3 times the weight of

a conventional Scout knife.

Prepared for anything

While such expressions as,
What could be the world's largest Scout-type knife is ready for the world's
”tWiCB as large," "three times largest potato. \Vayne Goddard, 2 professional knife-maker who works ac his
home at 473 Durham Str., Eugene, turned this one out for Denmnis and Raymond
Cllingsen, Eugene knife collectors. Complecely funcricnal, the knife ls 24%
inches long when opened. It weighs 4% pounds and is three times larger than
the conventional Scout knife.

as large,” "half as big," etc.,
usually refer to lengths, there
are exceptions. If a farmer
speaks of one plot of land as being twice as large as another, he is referring to the
area or acreage and not the length and width. If he wants a silc which is twice as
large, then he is referring to a volume which is twice as large and not the height or
width of the silo. The change in area and volume as related to a scale is discussed

further in this commentary under "Supplementary Ideas in Scaling.'
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GETTING STARTED ON SCALING

Representation

Representation is very important in the study of scaling. Bar graphs use a

given scale to represent information. Maps represent geographic areas based on the

scale given in the legend of the map. Since scaling is often concerned with repre-

senting information and/or objects, you might

like to begin a unit on scaling with some

F1 EMENTARY MY
DEAR WATSON

discussion of representations. Students can

be asked to think of pictorial ways to repre-

sent or identify people. They might think

of snapshots, shadow profiles, fingerprints

or sketches. The studeut page Elementary, My

Dear Watson would be appropriate here.
The page What Am I? can be used to begin
a discussion on identifying objects from

their outlines. When do we need to know

more than size and outline to identify some-

thing?

Scales on Enlargements or Reductions

Representations of objects can be the

same size, smaller than or larger than the

objects. This idea can be introduced along

with the use of ratio notation for scales

with the page Bug Off! The page shows three
scale drawings of a grasshcpper, one of which is identified as actual size. (Note:
if you show the page on an overhead screen, your students might point out that all
of the grasshoppers are enlarged.)

Once students know the meaning of the

scales 1:2, 1:3, they can be given activi-

ties which require them to determine the

scale. The student page What Scale? }&

Y
WAL CeAES 2400/ \

SCALE OF U

offersopportunities for this.
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MAKING A SCALE DRAWING

Students have already made many 1:1 scale drawings. Common examples are tracing
the outline of a hand or figure, or making fingerprints which are mirror 1l:1 scale
representations of the patterns on fingertips. Usually the scale drawings we want
to make are enlargements or reductions. A 2:1 ENLARGEMENT
2:1 enlargement means that each linear mea-

surement on the scale drawing will be

ORIGINAL
twice as long as the corresponding linear
1:2 REDUCTION
measurement on the original. A 1:2 reduc-
tion will have linear measurements one-half Ei]
- —f—————————p= e o
the corresponding measurements on the tem 2 em %ﬁcn”

original.

Snapshots, television shows, and billboards are examples of scale representations.
Most of these are made with the aid of cameras, projectors ané other technical devices,
but there are several useful methods for making scale drawings by hand. These methods
are discussed below.

Using Crids to Make Scale Drawings

Grids can be used to make scale drawings in several ways. Since each of these
ways involves transferring a design from one grid to another, some practice in copying

designs is helpful. The student page Border

Designs asks students tc continue geometric

patterns with a 1:1 scale. These same pat-

terns could later be enlarged or reduced in
) A BORDER DESIGM
size.

The grid of nails on a geoboard can be the basis for a rubber band pattern. This
pattern can be transferred onto a paper grid of dots where each dot on the page repre-
sents a nall on the geoboard. The dot grid can be any size. If it is smaller than
the geoboard, the scale drawing will be a reduction. The
butterfly shown at the left is a reduction of a geoboard

design. Any two nails which are joined by a rubber band

on the geoboard are represented by two dots joined by a

. line segment. In both of the activities Border Designs

and Ceckoard Designs students are involved in counting
A GEOBOARD DESIGN squares or dets, finding corresponding points and check-
ing to see that their scale drawings really look propor-

tional to the originals.
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To make an enlargement or reduction
to a specific scale, place the original
design on a grid of squares. To enlarge
the design to a scale of 2:1, make a
grid with squares twice as long and wide.
Copy the design one square at a time onto
the new grid. To make a 1:2 reduction,

make a grid with squares half as long and
wide. Copy the design. The classroom

pages I Have Designs on You, Grid Graphs,
and Paint Your Wagon use these ideas
with grids. Sometimes it is helpful to
number the lines of the grid as shown

in Grid Graphs.

ORIGINAL J:2 REDUCTIOM

»

31} ENLARGEMENT

/

SCALING

ORIGINAL 2:1 ENLARGEMENT

o=¢

1:2 REDUCTION O ]

Another way to make a grid
enlargement is to use the same size
grid for the scale drawing as for
the original. For a 3:1 enlargement
the edge of one square on the original
will correspond to the edge of 3
squares on the enlargement. Notice
on the scale drawings at the left
that the circle on the original
occupies one square, but on the 3:1
enlargement it occupies 32 or 9
squares and on the 1:2 reduction it
occupies C%)Z or % squares. The stu-
dent page The Parthenon has students
make a 1:3 reduction using the same
size grid paper. Your students can
probably draw other designs to enlarge

or shrink.

Students who have enjoyed making scale drawings in two dimensions might

like to try scale drawings of three-dimensional objects. Isometric grids
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ISOMETRIC
GRIDS

are useful for three-dimensional scale

drawings. The edges of the figure at

the right are not on the grid lines them-
selves, but they do connect vertices of
the grid. To draw a 2:1 enlargement of
this figure, count the horizontal and
vertical spaces for each edge of the

figure and double these lengths on an

isometric grid.

Using a Ruler to Make Scale Drawings

Perhaps you have seen a triangular

ruler like the one shown here. Rulers

like this are used by architects and ARCHITECTS

, , ) RULER
engineers for scaling. There is a pat-
tern for making an architect's ruler on
, (PATTERN)
the student page Archie Texs' Ruler. The T T T T T 7 T T 7T T T T T T T 17
l:l 1 23 4 5@ 7 89 101120 %16 @171 818
page can be run on tagboard to make a @
P2 N R S S 2 B N A 2 |
sturdy ruler. The students are asked to 7 T T T LRI
complete the six number lines according 31 o
| 1 2 3 4
to the given scales as shown at the 4‘1 lT - r L T -
right. S: >
c:l : ? :
211 ENLARGEMENT FOLD UNDER AND PASTE TOBACK OfF C
ORIGINAL
Enlargement To make a 2:1
enlargement, measure each side of the
original using the 1:1 scale, then
. 1 |
Moy 2 2 1 2 reproduce the figure using the 2:l
scale. Notice that the units change
ORIGINAL when making the scale drawing, but
the number of units read on the ruler
stays the same.

1:3 REDUCTIOM Reduction To make a 1:3 reduc-
tion, measure each side of the original
using the 3:1 scale and then reproduce

I the figure using the 1:1 scale.
3:1 1 11 1 2
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Combinations of these scales can be used. For example, for a 3:2 enlargement
first reproduce the original figure by a 3:1 enlargement and then reproduce the
resulting second figure by a 1:2 reduction.

Architect's rulers are useful, but most of our measuring is done with common
inch or metric rulers. Using a ruler with one number line to make a scale drawing
involves a different process than using the architect's ruler which has several

number lines.

To make a 2:1 enlargement with a centimetre ruler, the number of units for

each linear measurement must be doubled. 2 cm—¥»4 cm, 5 cn—»10 cm, .... 1In
other words, the units stay the same, but the number of units changes.
ORIGINAL
The rectangle at the right has width
3 ecm. To make a l%:l enlargement, each
centimetre in the original must be stretched
to l% centimetres in the enlargement. This 17T 7 T 7 17
1 ya 3
1s equivalent to multiplying each linear I
1 ] IE ENLARGEMENT
measurement by 15. For the 2:3 reduction
. , ) 2:3 REDUCTION
3 centimetres on the original is shrunk
to 2 centimetres in the reduction. This is
. . 2
equivalent to multiplying each length by 3.
I I
| 2
[ T ] T T T *I' T I T |

t 2 3 A4 5
The ability to enlarge with a

ruler is useful for making home decor-

ations. The geometric design at the
left is che basis for an elaborate
line design. To make a wall-size line
design, the geometric pattern must be
enlarged to the desired size. Nails
or holes are spaced at equal distances
along all the edges. The design is
then sewn or wrapped with thread. To
enlarge this design with a ruler, the

basic geometric shapes must be identified

and scaling techniques applied. You can

LINE DESIGN find patterns for line designs in Line
274 Designs by Dale Seymour.
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‘The classroom page. in this resource which involvesmaking scale drawings using

a ruler is Take Me Out to the Ball Game.

Using Projection Points

to Make Scale Drawings

The Renaissance painters
were interested in depicting
the natural world. The
specific problem they coped
with was that of painting
three~dimensional scenées on
canvas. The solution was
the creation of a new system
of mathematical perspective.
The most influential of the
artists who wrote on per-—
spective was Albrecht Durer.
Durer thought of the artist's canvas as a glass window through which the scene ro
be painted is viewed. From omne fixed point Ilines of sight are imagined to go through
the artist's canvas to each point of the scene. This set of lines is called a
projection.

Durer's method is very handy for reproducing
figures for a given scale factor. In the figure
shown to the right, triangle A'B'C' is a 2:1

enlargement of triangle ABC. To obtain this

enlargement, the points A, B and C are projected

(pushed out) from projection point P so that the
points A', B' and C' are twice as far from point
P as the corresponding points A, B and C. By

this method the sides of A A'B'C' are reproduced

twice as long as the sides of AABC. o
Surprisingly, it does not macter where the projection

point is placed. If we place the projection point P in-

side A ABC as shown at the left and then project the

points A, B and C out twice as far from P, we again ob-

tain a reproduction which is a 2:1 enlargement.
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The scale factor for a projection
may be a fraction or a negative number.
A scale factor of -2 has been used here
to enlarge the smaller flag. For a
negatlve scale factor the original
figure and its reproduction will be on

opposite sides of the projection point.

For example, Y' is twice as far from

the projection point P as Y, but in the

opposite direction.

The lenses of our eyes and of cameras invert the images of

scenes much like a projection with a negative scale factor. The

® scene is reproduced upside down on the retinas of our eyes and

on the film of a camera. Your class might like to make a pinhole

PINHOLE CAMERA  camera. You can find plans for such a camera in World Book

Encyclopedia. The following student pages use perspective points

to make scale drawings: What's the Point, Bigger Than Life, A Shrink, A Negative
Feeling and Projecting Through the Pinhole.
Using a Pantcgraph to Make Scale Drawings

A pantograph is a mechanical device
for enlarging and reducing figures. It
can be easily constructed from four strips
of cardboard or from an erector set.

These
four strips are connected so the strips

move freely. Point P acts like the pro-

jection point and should be held fixed.
As point D is placed over each vertex of

a polygon, a pencil at point A can be used

S

to mark each vertex of the enlargement.
As the new points are found, the ratio PA:PD remains the same. 1In the picture above
PA is twice as long as FB, s0 the scale factor is 2. 1In order to use the pantograph
for a reduction, the pencil should be placed at point D, and point A should be placed

over various points of the original.
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The pantograph on the student pages has just one set of holes for enlarge-
ments with a scale factor of two. There are several holes in the arms of the

pantograph shown below to allow for different ratios of PA to PD., The following

illustrations show two more settings of the pantograph.

As the pantograph is changed As D moves farther from P,
so that D rnoves closer to P, the ratio PA:PD gets smaller.
the ratio FK:?E'gets larger. In this illustration the

In this 1llustration the scale factor is %.

scale factor is 4.

Pantographs are not always made out of rigid material. Your students might
enjoy using the rubber band pantograph described in A Snappy Solution to Scale
Drawings.

Using Indirect Measurement to Make Scale Drawings

Often we cannot measure distances Acc ROING o g ) —
. . CALCULATIONS, THE SUN |- \
directly--can you imagine a tape measure (S 93 MILLION MILES N )
HIGH . R

stretching to the sun? The heights of ——y

trees, buildings, mountains, etc. can be

\\:’{5 \\\\;‘jr/b

—

determined from scale drawings which are

reductions of the actual scene. The

Greeks created and applied methods of

Al

)
SURE IS A LONG FALL
indirect measurement. They found the
circumferences of the earth, moon and sun B
. ISZ
and computed the distances to the moon / ~ phad
, , { ik
and the sun. Such things, which at first | g
seem incredible, can be accomplished with
L — |

only a knowledge of scales and proportions.

B.C. by permission of Johnny Hart and Field Enterprises, Ioc.
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Measuring with Shadows: The use of
a.stick and its shadow to measure the
heights of objects is very old. As
long ago as 600 B.C. the Greek mathe-
matician Thales (th3a’l&z) used this
method to measure the heights of pyra-
mids. The method is simple and uses
proportions. Suppose a stick of height
4 metres is held perpendicular to the
ground and has a shadow of length 3
metres. Then the ratio of height to
length is 4:3. 1If the length of the
tree's shadow is 24 metres, then the
height of the tree can be found by

solving .the following proportion.

x _ 4
24 3

Measuring with a Hypsometexr: The
hypsometer is a simplified version of
the quadrant, an important instrument
in the Miliddle Ages, and the sextant, an
instyument for locating the positions
of ships. The grid on the hypsometer
is used to set up a scale. For example,
if you are 55 metres from the base of an
object, this distance can be located on
the right-hand side of the hypsometer by
representing ten metres as one unit on
the edge of the grid. Following the
dotted line on this hypsometer to the
string of the plumb line and then down to
the lower edge of the grid shows that the
height of the object above eye level is
25 metyes. The units on the grid may
represent feet, yards, centimetres,

metres or any other convenient measure.

SCALING

/-"imetrcs

x_~3metreg

T
24 metres

HOMEMADE HYPSOMETER
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A common mistake in using the hypsometer is forgetting to add the distance from
the ground up to eye level. For the position of the hypsometer which is shown above,
the height of the wall from A to B in the following diagram is 25 metres. To get the
total heipght of the wall, the distance of the eye above the ground must be added to

25 metres.

8
a
& ||wALL
Ly
S
7o)
N
__________________________________ A
55 METRES
=<4 GROUND

Using a Plane Table to Make a Scale Drawing

A plane table is one of the simplest ways of making a scale drawing of a small
region, such as a room, backyard or field. With this device it is unnecessary to
measure the angles or distances between objects. Only one distance needs to be known.
The following series of pictures show the plane table being used to map the location
of objects onto a piece of paper. In the second picture the line ?5 has been repre-
sented on the paper by the line 5761. The use of a plane table is illustrated on the

student page Stake Your Claim.

landmarks
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Using a Transit to Make Scale Drawings

When making a scale drawing of a
Metre Stick

geographic area, it is often necessary to

know the angles formed by imaginary lines

joining trees, buildings and other land-

marks. The transit is an important instru- -.fhpeS.H Pw(gh;;aic;égv
ment for measuring horizontal and vertical HOMEMADE  TRANSIT
angles in civil engineering. Like the

early transit, the homemade transit shown here and developed on the student page
Another Stake Out is capable of measuring only horizontal angles.

Suppose we wish to find the distance between points Q and T shown in the diagram
below. If we had a scale drawing of the area, we could easily determine the distance.
A stake can be placed at point Q and another stake placed at an arbitrary point P.

The distance from P to Q is measured. The transit is used to measure the angles P and
Q of the triangle PTQ. In each case the metre stick part of the transit should be

held parallel to the lipe through stakes P and Q.

A
&h/ ‘A‘I.b

/2’17! /

U il

In the classroom a scale drawing of the tri-

/

angle can be drawn on paper with angles P' and Q' .

equal to angles P and Q, respectively. The length g
of 5767 can be chosen conveniently to set up a g
scale between the lengths of PQ and P'Q'. For N
example, 1 centimetre might represent 10 metres. Q 5 cm T

Since Q'T' is 5 cm long, QT has length 50 m.
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SUPPLEMENTARY IDEAS IN SCALING

Scale drawings and maps are common topics in scaling, but there are many other
scaling actlvities which involve important mathematical content. Students might use
a given scale to make 2 dip stick (see Make a Dip Stick) for measuring the volume of
irregular containers. The effect of different scales on graphs can be tested
These and other topics in scaling are developed in the classroom

materials in this section.

Many of the student pages in this
section are devoted to 3-dimensional
scaling. One of the simplest ways of

introducing scaling in three dimensions ORIGINAL

is through the use of cubes or building
blocks. The larger of the two figures \\\\\
shown here is a 2:1 enlargement of the \\\\\ /////
smaller figure. This means that the \\\\\ \\\\\\/////
length, width and height of the larger \\\\\ /////
figure are each twice as long as the \\\\\/////

2:1 ENLARGEMENT

length, width and height of the smaller
figure. A 2:1 enlargement can alsoc mean that
each cube or building block is to be
replaced by a 2:1 enlargement. In this
case, the 2:1 enlargement of the smaller
figure would have bigger cubes.

Since different size cubes are

ORIGINAL

normally not available, enlargements

with the same size cubes are used in the

[ [ [/

following illustrations and on the stu-

2:1 ENLARGEMENT

dent pages.

Some Classroom Activities

a. Build some skyscrapers out of
cubes. Set up a scale and pose some

questions. For example, if the edge of

a cube represents 15 feet, how long is

the building on Main Street? For

similar questions see the student pages MAIN

Scaling a Skyscraper and Building a STREET “WASHINGTON
Skyscraper. STREET 281
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b. Build a box-shaped figure of cubes and then build an enlargement for some

given scale factor. For a 2:1 enlargement, as shown here, each linear dimension of

the original figure is doubled.

ORIGINAL 2:1 ENLARGEMENT

c. Build some irregular figures, such as the one shown here, and then build a
2:1 enlargement. This activity i1s much more difficult than enlarging box-shaped

figures as in Activity #2 and will probably generate discussions.

ORIGINAL 2:1 ENLARGEMENT

Scales, Area and Volume

Imagine meeting the Terex Titan
on ‘a highway. This truck 1s so wide
that it would require three regular

road lanes. It is 4.6 times larger

and 4.8 times wider than the
Chevrolet Luv pickup which is shown
on its dumpbox. Needless-—to-say, the
Terex Titan does not cost just 4.8

times more than the Chevrolet pick-

up nor is its capacity only 4.8

times greater.

t truck, this #7=foor-long
wide and T®
Lo undery
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The relationships between scale enlargements and the increase in area and volume
can be discovered by your students through the use of cubes or building blocks as
suggested Iin the above activitiles. These relationships are discussed in the following
paragraphs.

Area. If we refer to the figures
shown here as buildings and the faces
of the cubes as windows, the area of
each side of the smaller building can
be compared to the area of the corres-
ponding side of the larger building in OR\GINAL 2: ENLARGEMENT
terms of windows. For example, there
are four times as many windows on each side of the larger building. By varying
the scale factors and comparing areas, your students will be able to see that the

area of the enlargement is always the product of the square of the scale factor

and the area of cthe original figure.
Volume. In the enlargement activities
suggested on the previous page your stu-
dents will guickly discover that if the
original figure has too many cubes, they

may not have enough cubes for the enlarge-

ment. For the 2:1 enlargement shown here
ORIGINAL 2:1 ENLARGEMENT

there are 8 times as many cubes in the

large building as in the swmaller one. By varying the scale factors and comparing

the numbers of cubes needed in a building and its enlargement, your students will

become acquainted with the fact that the volume of the enlargement is always the

product of the cube of the scale factor and the volume of the original figure.

The relationships of linear dimensions with areaz
and volume are responsible for governing the sizes of
living things. For example, it would be impossible for
a fly to be the size of a horse, or a rabbit to be the
size of a hippopotamus. For an interesting discussion

on this topic read "On Being the Right Size" by J.B.S.

Haldane. This essay can be found in Readings in HORSE

Mathematics, Volume 2, edited by Irving Adler, Ginn

and Co. or in The World of Mathematics, Volume 2,

edited by James R. Newman, Simon and Schuster.
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MAPS

Maps have been indispensable since

the beginning of recorded time. The

first maps may have been directions
drawn on the ground. Today there are
many types of maps which represent the

earth's surface and parts of this sur-

face. There are maps of towns, states,

regions and countries, all of which can
be easily obtained for use in the class-
room, Maps show the relative locations

of objects, and it is the lack of ob-

jects which is causing the difficulty

for the cartoon character at the right.

Scales on maps are often indicated by a line segment and the distance which the
line segment represents. Here is an example which was taken from an American Automo-
bile Association map of Western United States. The five small spaces to the left of

0 can be used for smaller subdivislons of the 20-unit intervals.

20 O 20 A0 &0 80 .
[ m - | 1 I ] Scale in Miles
20 O 20 40 &0 80O .
"8 ) . T I ] Scale in Kilometres

One inch represents approximately 40 miles or 64 kilometres.

Since scales are ratios, it is common to see scales written in the following two

ways.
1 inch to 40 miles or 1 inch : 40 miles
While the use of equality, such as 1 inch = 40 miles, is mathematically incorrect,
it is frequently found on maps. Students will need to realize that 1 inch on the map

represents 40 miles on the corresponding geographic region.
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Local, state and regional maps are
available for classroom use. The mileage

to various points of interest ean be

computed along with the travel costs to
such points. The bus, train or auto- gmgggaamauﬂam@mmmgﬂgsaﬁumﬁunﬂﬂaﬁﬁ§%zs
mobile costs can be approximated, includ- %
ing gas, oil and tolls. The scales on

different maps can be compared. What happens to scales for larger and larger
rvegions of the earth? Most of the student pages on maps contain examples and

questions for developing and reading maps.

You could obtain some contour maps of
your region and have your students find
the highest and lowest points of eleva-
tion. All the points which have a given
elevation are shown with a contour line.

For example, the points with 150-foot

elevation on the contour map shown here

are on the heavy line.

Your students might enjoy making a

map of an area of their own choice. They A ! 2 3 4 5
can measure the distance to each landmark {' SCHOOL
by counting blocks, paces or turns of a 8 \\ PARK |
trundle wheel. A homemade transit can /) y
be used to measure angles between objects c f ' - OONS
and a convenient scale chosen to fit the L\ HOLSE
map onto paper. Some students might like D ELLENS
to make a treasure map and have other HOUSE
classmates use the map to find the treasure. c
MY
F __*hOUSE STORE
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RATIO, PROPORTION, AND SCALING

Placement Guide for Tabbed Divisors

Tab Label Follows page:
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SCALING: GETTING STARTED

TITLE

What Am I?

A Perfect Fit

Bug Off!

Your Mod Bod

Elementary,
Watson

My Dear

What Scale?

Scaly

Beans, Beans

A Picture's Worth
1000 Words

The Pirate's Dream

Beware the Cobras!

Through the Rocky
Mountains

Classy Calendar

Choose the Scale

Have You Got Split Ends?

CONTENTS

290

291

292

293

294

295

296

298

299

300

301

302

303

TOPIC

Identifying by
cutline

Motivation

Motivation

Using scales to
represent heights

Motivation

Use of a scale model

Determining the scale

Choosing an
appropriate scale

Using a scale to make
predictions
Converting measure-

ments using a scale

Converting measure-
ments using a scale

Converting measure-
ments using a scale
Converting measure-

ments using a scale

Determining and con-
verting a scale

Choosing a reasonable
scale

Using a microscope
to enlarge

TYPE

Transparency
Bulletin board
Activity
Transparency
Activity

Activity

Paper and prinil

Game

Activity

Paper -nd pricil

Paper and purcil

Paper and pencil

Paper and pencil
Bulletin board
Paper and pencil

Bulletin board
Activity

Activity
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IDEA FROM: WMinnemast, Unit 18, Scaling and Representation

Permission to use granted by Minnesota Mathematics and Science Teaching Project
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Project:

Have a student bring
in a clothing pattern
to be displayed on the
bulletin board. The I~ ——————
actual pattern, the

cutting layouts, and the pattern package should all be
displayed. A background of actual fabric would be
attractive. The bulletin board display could serve as
an emphasis and motivation for several councepts.

5

A==t = e

—_—— . e, - -

e o e et e e o o et s = e L o e e o e e —— o —

v

H- The pattern is a 1:1 scale drawing of the pieces needed
! to construct the garment and also is a scale drawing of
{

|

the size of the garment needed to fit a particular per-
son.

The pattern package shows the amount of material
needed for the garment according to the size and to
the width of the material.

il e —y S e T N e e =

The cutting layout is a representation (scale
drawing) showing how the pattern should be laid
out on the material.

sleeve

[ |

e e e o — o — = — —

}& A lab acti&i;y-ébuld be aZGéigﬁéE“ﬁBEEA_EEhEEﬁEE"ﬂ

actually lay out a pattern on material. This }
could show a student how the left and right !
sides of garments are cut (also, how to elimi- :
nate a seam by laying out the material along :
the fold). If several widths of material are i
}
{
|
1
I

available, the student can see how the arrange-
ment of the pattern 1is changed to waste the
least amount of material

e e ey e v A b e — " e e > = e —_——
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Materials needed: Long piece of string, scissors, name label, stapler or
thumbtack.

Activity:

(1) Have a classmate measure your
height with a piece of string.
(2) Cut the string to represent » - _:_'fjf:::?;_ i'.:;“}f;:? iig'fii':f
your height. : A R P B PUEE L N

(3) Fold the string into two L R U FR
equal pieces and cut. ol Papev

(4) Attach one piece of the
string to the bulletin
board. Label it with your

[ToE L[3ue|j|70w1r|wmnylxii

name.

(5) Save the other piece of
string.

When all of your classmates have placed their strings on the bulletin board, you
will have a scale representation of everyone's height.

(6) Use the other piece of string; fold it into equal pieces to make a scale repre-
sentation of your height that will fit on the piece of paper on the bulletin
board. How many times did you fold the string?

(7) How are the two scale representations different? How are they the sgame?

(8) Use another piece of string for measuring and draw a scale
representation of yourself that will fit lengthwige on a
piece of notebook paper.
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DEAR WATSON

Equipment: Two 4" x 6" index cards
Ink pad

quiy 1| xapuT| appin| bury | aH7
Magnifying glass

4Oy 4ubiy|  ybry) 4ybry| yyery
Left | Lef+ | Left | Left | Left
Thumb|Index [Middle | Ring |Little

1. Pick a partner.

2. Use an index card. Rule
and label che card as
shown,

3, Use an ink pad and
record your finger-
prints.

4, Clean your fingers
thoroughly.

S. Use the magnifying glass
to study your prints.
How do the prints differ?
Count the ridges or
loops in different parts
of one fingerprint.

6. The Henry system divides finger prints into eight types of patterns
for identifications. Sctudy the patterns below and try to classify
your fingerprints.

: Centval ~
5. Plain whort 6 5 et loop 7Double loop |8. Accidental

7. Carefully describe two of your fingerprints to your partner. See if your
partner can select the correct ones.

IDEA BASED ON: SRA Math Applications Kit by Allen C. Friebel and Carolyn Kay Gingrich. © 1971,
Science Research Assaciates, Inc.

Permission to use granted by Science Research Associates, Inc. 293
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Scale of
/
\ ,J(//'
| / /
Scale of : //\\ \//(J@i)‘ You can
f1tnd

count these,

Scale of

Scale of : For these:

(D use a Jl‘ro_nspo_ren’\'

\ grid , Or

@ trace on
rid paper, or
meaSure

Lui'H1 a ru|er.

Scole of : Scale of
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Materials: Game board

Rules:

L

2)

3

4)

5)

Marker for each
player
Die

Players each roll
the die. Largest
number goes first.

Scales:

a) 2 spaces for
each dot omn
the die

b) 3 spaces for
each dot on
the die

¢) 4 spaces for
each dot on
the die

Players roll

the die, choose
a scale to avoid
the Go Back spaces,
and move their
markers forward.
For example, if a
player rolls a S on
the die, and the 3:1
and 4:1 scales both would
move him to a Go Back
space, he would choose the
2:1 scale and move 10
spaces forward.

If all scales move a
player beyond
Scaly's eye, the
player loses his
turn.

The first player to
exactly reach Scaly's
eye 1s the winner.

GB means

the start
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Activity:

Materials: Two l-gallon jars (same shape)
One jar is to be filled with
beans and sealed

A dowel rod to calibrate 2
scale for the empty jar

A supply of extra beans

A team of 3 students

Q. L -, i - ’r -_' .'_' b
o & n-avé-’ TR Rl
Jd i G r
b o e

03

“.‘._",. N
e

o .:\
()4
b Ly

.ﬁi
Al S
LPG

L/
é'.
4
N

4

(1) Each student should make and record an individual guess of the
number of beans in the jar.

(2) Make a team guess. It may be the same as or different from the
individual guesses. Discussing the guess should give a good
approximation of the number of beans in the jar.

(3) Place the dowel rod next to the jar and mark the rod to show the {3
top of the jar.

(4) Mark the rod into several equal parts. 10 or 20 marks would be
convenient. Your scale is lengths ¢ 1 jar.

(5) Place the rod in the empty jar and add beans to the first mark.

Count the beans. What 13 your scale? 1 length : beans. 3
Repeat this three more times to get an average number of beans. o
Scale of 1 length : beans. é?ﬂ%

e s A A R,
e i
« P Dk e
kY = y

7y

A S
8
% -

(6) Use the scale to predict the
number of beans in the sealed jar.

R Y
e

The rounded

7 R
e M A A e R

bottom will

(7) How close to the prediction was %’? .

af fect results. each individual guess? 'ﬁj._\g 6“‘"‘&&"
. s & gy,

! ei::'\,— 3 ,.."‘:, e ’:l"

(8) How accurate was your team guess? g@? "-Q 2

oo \,6; .f;q



A PICTURES WORTH
1000 WORDS

The dictionary uses pictures to illustrate its definitions. Sometimes a
scale 1s given near the pilcture to indicate the size of the picture compared to

the real thing.

Measure each picture in mm or cm and use the scale to figure the size of
the real thing. Choose your answer from the bottom of the page by taking the

measure closest to your answer.

T
I
I
I
]
|
I
I

X

Sea. Horse Scafe of I'4

Puffin Scale of 1:10 (b) A sea horse is mm.

(a) A puffin is cm.

Whale Scale of 1:300

(e) A whale is m.

Mmmm—————

Cockvoach Scale of 1:2

Antelope Scale of (:50
(e] A cockroach is cm.
(d) An antelope is

Albatross \ Scaleof {:35

_ {(g) An albatross is cm.
Dinosaur Scale of (:250
(f) A dinosaur 1is m. 98, 30, 100, 12, 3.0, (5, 1.25

IDEA FROM: The Metric System of Measurement

Permission to use granted by Activity Resources Company, Inc. 297



THE mzi% DRIM

HELP BLACKBEARD FIND THE SHORTER DISTANCE TO THE TREASURE. USE
YOUR METRIC RULER TO MEASURE EACH LENGTH, CONVERT THE LENGTH ACCORDING
TO THE SCALE, AND THEN ADD TO FIND WHETHER PATH A OR PATH B 1S SHORTER.

h.§% MAKE A PATH OF YOUR

’;;:ﬁ% OWN SO THE LENGTH OF

7/ YOUR PATH 1S BETWEEN THE
LENGTHS OF PATHS A AnD B

WHICH [S THE SHORTER PATH 2
[F YOU USE THE ACTUAL
LENGTHS OF THE SEGMENTS?
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Two of these chests contain deadly cobras and the third contains a
treasure to make a person rich beyond their wildest dreams.

Use a metric ruler and find the treasure by following the directilons
on the parchment.

The lines lie
in the NW-SE
and NE-SW
directions.
When going in
tnese directions,
your ruler
ghould be
parallel to
these lines.

Scale: lcmm
N 10 paces,NE HO paces, S 20 paces, NW 25 paces, E 10 paces
SW 35paces, N) HOpaces, E i75pace5, N 20 paces, PIGCW 20 paces, ) \

SW H5paces, W ©Opaces, SE 15 paces, N 35 paces | E 50pacei,J

SW 25poces, S 5Spaces, NE HOpaces,NW 35 paces.
TN . A )
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THROUGH THE

ROCKY MOUNTAI NS

HOW FAR?
(in km)

ROCKING
HORSE

. ﬁ‘"“u'

‘l.ilfi'l B -
|\lw il J'm'mW’

SOURCE: The Metric Systern of Measurement

300 Permission to use granted by Activity Resources Company, Inc.



< {(1S5S5Y
CALIENDAR >

On the bulletin board arrange colored strips of paper to represent the
twelve months of the year. The color of each strip could correspond to the cclor
of the birthstone for that month, and the length of each strip should be propor-

tional to the number of days in the month. Select a scale that is suitable for

the size of the bulletin board, e.g., 1 day represents 5 centimetres.

S BN J‘O.r\uar\.j -garne‘f‘- deep red

T P RS PN T R I rébkuajwj-cnq@#hgsfwave“der
i e ] - - . Maweh- qq'uumarine—skH blue
e - April- diamond- white
e T T e e e e P b e TR ] - s Matj - emerald -green

S PN SRR June-cﬂe)(ahdri'}e-purple
i e e e e - July - Yub‘j""ed

e ms e e e e ] L L Augus"f'-perido‘}‘-l.jellouoish—careen
T e - - - - Seplember- sapphire- davk blue
oo e ] .- October -Tourmaline - pink
s e on s - - November - topaz -yellow

i e e L e ] L L. ) ecem b ey - _‘-u v q_uo sSe- b } ue
(1) Have a couple of students measure the strips and determine the scale used.
(2) Each student should then use the scale to locate his birthday on a

strip. After each has colored in his birthday, these questions could

be asked.

(a) Which wmounth is the most popular month for birthdays? Least popular?

(b) Number of birthdays in a month : Total number of students?

(¢) Number of birthdays in 1lst half of year : Number of birthdays in 2nd
half of year?

(d) Number of boys having a birthday in a month : Number of girls having
birthdays in the same month?

(e) Number of months with 31 days : Number of months with 30 days?

(£) Number of months starting with the same letter of the alphabet : Total
number of months?

(3) Vacation times, weekends and/or holidays could be colored in on the strips.
Special events, such as the World Series, state fairs or Mardi Gras, could
also be shown.

(4) Specify a scale, e.g., 1 cm represents 1 day and have students draw a model
of the bulletin board calendar on their papers. Have them locate their
birthdays and the birthdays of those in their families. Holidays and days

of special importance to each student could also be marked.

301



A bulletin board display could give students practice in associating reason-—
able scales with pictures or scale drawings. Pictures from magazines, maps, xerox
copies from textbooks, etc. could be attractively arranged on the bulletin board,
and the corresponding scales posted separately. String could be used for students
to match each scale with the corresponding graphic or the scales could be moved
and placed next to the approprilate graphic. For several days discussions and
changes on the bulletin board should be entirely student-centered. To close the
activity the teacher could have a class discussion of the final choices. Thus,

the bulletin board can be used as an active learning tool.
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HAVE YOQU GOT

SPLIT ENDS?

Materials: Microscope
Several slides of small objects
Ruler

Activity:

\\\\\V// 1) Guess (in millimetres) the width of a

hair from your head.

h

2) DPull out a hair and try to measure it
with the ruler.

Place the halr on the stage of the
microscope., What scale enlargements
can you see under the microscope?
The numbers are usually written on
the lenses.

a) _:+ b) )
Compare the width of your hair with a
hair from another person with a dif-
ferent color of hair. 1Is one color

of hair wider than the other? If so,
which color is the widest?

Compare the widths of a curly hair and
a straight hair. Is there a differ—
ence?

6) If you have other sliides,
compare the width of
your hair with the width
of the other objects.

In each case which is
wider?

7) This picture shows the
width of a hair drawn to

a scale of
600:1. 1If
this hair is
45 mn wide)how
wide is the
actual hair?

8) Using the same scale, about how long are each of the other objects on the
picture above?

a) Pollen
b) Spore
c) Water

d) Bacteria

IDEA FROM: Arithmetical Excursions: An Enrichment of Elementary Mathematics
Permission to use granted by Dover Publications, Inc.
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SCALING:

TITLE

Geoboard Designs

Border Designs

I Have Designs on You

The Parthenon

Grid Graphs

Paint Your Wagon

Pace Out the Space

What's Your Angle?

Archie Texs' Ruler

Take Me Out to the
Ball Game

Room Decorations

What's the Point?

Bigger Than Life

A Shrink

CONVIENTS

MAKING A SCALE DRAWING

309

310

311

313

314

315

316

317

318

319

320

321

TOPIC

Copying designs
Copving designs

Enlarging/reducing
with grids

Reducing with grids

Enlarging/reducing
with grids

Enlarging with grids

Reducing with a
grid or ruler

Enlarging/reducing
with isometric
grids

Enlarging with a
ruler

Reducing with a
ruler

Enlarging with a
compass and ruler

Enlarging using
similar figures and
a perspective point

Enlarging using
similar figures and
a perspective point

Reducing using
similar figures and
a perspective point

TYPE

Activity
Paper and pencil

Paper and pencil

Paper and pencil

Activity

Activity

Activity

Paper and pencil

Activity

Paper and pencil

Activity

Paper. and pencil

Paper and pencil

Paper and pencil
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306

Projecting Through the
Pinhole

A Snappy Solution to
Scale Drawings

Stake Your Claim

Another Stake Out

PAGE

322

323

324

3286

328

TOPIC

Enlarging/reducing
using similar figures
and a perspective
point

Demonstration of
perspective

Enlarging/reducing
with rubber bands

Reducing with an
instrument

finding lengths using
an alidade

Reducing with an
instrument

Finding angles using
a transit

TYEE

Paper and pencil

Activity

Paper and pencil
Activity

Activity

Activity



Use only 4 or 5 rubber bands on the geoboard.

1)

.

Make each design on your geoboard.

b. C.

2)

3)

4)

5)

6)

7)

Make a design of your own on the geoboard. Copy your design on dot paper.

Make a stop sign on the geoboard. Copy the sign on dot paper.

Make the largest number you can on the geoboard. Copy the number on dot paper.

Make your name on the geoboard. Copy each letter on dot paper.

Make a house, a boat or an airplane on the geoboard. Copy each design on dot
paper.

Make a triangle on the geoboard. Copy the triangle on dot paper. Is your
triangle the same as your neighbor's? How many different triangles do you
think you could make?
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ROk

DESIGNS

Continue these border designs. You could use colored pencils.

Create a design of your own. Repeat the pattern.

|
I |
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| HAVE DESIGNS
ON YOU

1.

Copy the design on the grid
below. The scale is 1:1.

2 Make an enlarged copy of the
‘design that fills the grid below,.
On the enlargement the scale is
2:1. That is, 2 lengths on the
enlargement represents 1 length
on the original.

3

Make a reduced copy of the
design on the grid below, On
the reduction the scale is 1:2.

4

Make a design of your own on
graph paper. Have a friend make a
2 to 1 enlargement of the design.
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Use the %-centimetre grid provided to make a scale drawing of the Parthenon below.
Reduce the dimensions of the drawing to one-third their present length. Look for

shortecuts.

T
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How to make grid graphs and distorted graphs:

Ask students to bring comic books, newspaper comic strips, Mad
magazines, and picture magazines for use in the classroom. The school
library often has o0ld copies of newspapers and magazines. Used-book
stores are another source o0f such materials.

Let students choose a cartoon charactexr, a comic strip character,
a real life photogra