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The demands on teachers are heavy.
The fifth or sixth grade teacher with
25 to 30 students is often responsible
for covering many subjects besides
mathematics, The seventh or eighth grade
teacher may be teaching only mathematies
but be working with 125 to 150 students

each day. Within this assignment the

. teacher must find time for correcting

homework, writing and grading tests,
discussions with individual students,
parent conferences, teacher meetings and

lesson preparations. In addition, the

. teacher may be asked to sponsor a stu-

dent group, be present at athletic
events or open houses, or coach an
athletic team.

Demands are made on the teacher
from other sources. Students, parents
and educators ask that the teacher be
aware of students' feelings, self-images
School districts ask teachers
to enlarge their backgrounds in mathema-
tical or educational areas. The state
may impose a list of student objectives
and require teachers to use these to
evaluate each student. There are pres-
sures from parents for students to
perform well on standardized tests.
Mathematicians and mathematics educators
are asking teachers to retain the good
parts of modern mathematics, use the
laboratory approach, teach problem solv-
ing as well as to increase their knowledge
of learning theories, teaching strategies,

and diagnosis and evaluation.
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WHERE TO START? I There is a proliferatic;n

of textbooks and supplementary

material available. Much of

this is related to the demands

]qdr on teachers discussed above.
T e
f? Ih_ avmegtadlsds

i TN

The teacher in small outlying

areas has little chance to see

much of this material, while

the teacher close to workshop

and resource centers often

ISOLATIONVILLE

- finds the amount of available
U.S.A, RESOURCE  CENTER ..material unorganized and
SRR U.S. A,
e =4} overwhelming.

The Mathematics Resource Project was conceived to help with these concerns.
The goal of this project is to draw from the vast amounts of material available
to produce topical resources for teachers. These resources are intended to help
teachers provide a more effectiwve learning enviromment for their students. From
the resources, teachers can éelect clagsroom materials emphasizing interesting drill
and practice, concept-building, problem solving, laboratory approach, and so forth.
When completed the resources will include readings in content, learning theories,
diagnosis and evaluation as well as references to ather sources. A list of the

resources is given below. A resource devoted to measurement and another devoted to

problem solving have been proposed.

NUMBER SENSE AND ARITHMETIC SKILLS (preliminary edition, 1977)
RATIO, PROPORTION AND SCALING {(preliminary edition, 1977)

GEOMETRY AND VISUALIZATION (preliminary edition, 1977)

MATHEMATICS IN SCIENCE AND SOCIETY {(preliminary edition, 1977)
STATISTICS AND INFORMATION ORGANIZATION (preliminary edition, 1977)




This is a preliminary edition of Number Sense and Arithmetiec Skills. The
resource is intended to provide teachers with ideas and materials to help them in
their impertant werk which involves the minds and personalities of their students.

WHAT IS IN THIS RESQURCE?

The resource consists of the following

components:

eDidactics

eTeaching Emphases
eLaboratory Materials
sClassroom Materials
eTeacher Commentaries
eAnnotated Bibliography

The Didactics papers give information
on:

@a Learning Theories

£ Teaching Techniques

O~ Diagnosis and Evaluation
J§£aGoals and Objectives

The titles of the Didactics papers in
this resource are:

Egi$student Self-Concept
@E The Teaching of Skills
C?“’Diagnosis and Remediation

Goals Through Games

A list of the Didactics papers for all

of the rescurces is given on page 10.

The Teaching Emphases section stresses

important areas which may help to teach
most topics. These include:

Calculators

Applications

ﬁ?Problem Selving

€)'Mental Arithmetic
CSDAlgorithms

QSEstimation and Approximation
_M@I@boratory Approaches

The Laboratory Materials section de-
scribes various manipulatives and in-
cludes:

eConstruction information
sReadiness activities

The Classroom Materials section in-
cludes:

sPaper and pencil worksheets
eTransparency masters

eLaboratory cards and activities
sGames

eTeacher directed activities
sBulletin board suggestions

The Teacher Commentaries which appear
before the subsections of the classrocm
materials intend to:

sProvide new mathematical information
(histeorical, etc.)

Give a raticnale for teaching a topic

#5uggest alternate ways to introduce
or develop topiecs

eSuggest ways to involve students

eHighlight the classroom pages

s3ive more ideas on the teaching
emphases

The Annotated Bibliography lists the
sources which were used to develop this
resource. These sources contain many
additional ideas which can be of help
te teachers. a

HOW ARE THE IDEAS RELATED?

The classroom materials are keysd to the
teaching emphases, te each other within the
section and to the commentaries with symbols
and teacher talk as shown on the next page.

The commentaries refer to specific class~
room page titles, and often a classroom page
is shown reduced in size next to the discussion
of the page. The commentaries relate the
varicus teaching emphases to the mathematical
topic of that subsection.

Each teaching emphasis includes a rationale,
highlights from the classroom materials and a
complete list of classroom pages related
te that emphasis.

HOW CAN THE RESOURCE BE USEDR?

Each teacher will decide which material is
appropriate for his/her students. One cannot
emphasize strongly encugh the importance of the
teacher's role in making these decisions. A
teacher might use a few of the pencil and paper
worksheets to supplement the textbook, use the
laboratory activities to give more "hands-on"
experience, or organize a unit around a teaching
emphasis. Thus, the rescurce can serve as a
springboard to develop a more flexible math-
ematics curriculum. More importantly, the
teacher can supplement the resource with his/her
own ideas to build a dynamic instructional
program.

7



FEATURES OF CLASSROOM PAGES

When a ditto master is made using the thermofax process, the material in blue (
will not reproduce. Thus, the student's copy will contain only the material printed
in black. The corners are designed to describe the content on each page.

The symbols below identify
the teaching emphases in
this resource. Each of

These are the topics of the page., The sub-
section and section headings are useful for
locating and refiling pages.

these is discussed in the
section Teaching Emphases.

Calculators

Skill-building (drill

Enrichment (investigations or extensions)

and practice)

B

Applications

iy

Problem Solving

Mental
Arithmetic

K

Algorithms

~

Estimation and
Approximation

X

Laboratory
Approaches L

FATIMA, OMAR'S WIFE, SENT HIM TO THE WELL TO GET EXACTLY ONE
LITRE OF WATER,
CAN YOU HELP OMAR FIGURE OUT HOW TO GET EXACTLY 1 LITRE?

WHICH OF THE FOLLOWING AMOUNTS OF WATER CAN HE CARRY HOME USING
ONLY HIS 5-LITRE AND 2-LITRE JuGs?

1 £, 2 £, 3 £) H £, 54,6 £, 7 11‘8 Z

WHAT AMOUNTS OF WATER CAN BE OBTAINED USING onLy 3 £, 5 &,
aNDp 11 £ Jues?

SEE IF YOU CAN FIND THREE JUGS THAT WILL MEASURE AMOUNTS FROM
1 LITRE To 20 LITRES USING NO OTHER CONTAINERS!

COULD Y¥OU HAVE USED ONLY TWo JUGS?

HOWEVER, HE HAD ONLY A 5-LITRE JUS AND A 2-LITRE JUG.

Any other blue

material on the
page 1is teacher
talk or answers.

If a page is
referred to by a
didactics paper,
one of these
symbols is used.

Learning
Theories

Teaching
Techniques

=

~. Diagnosis and
Evaluation

Goals and
Objectives

d

Here is the iype of activity.
This refers to the suggested

use of the page.

8

Credit is given here

page is a direct copy.

to the source if the
Ideds from other K

sources are also noted.




LIST OF PAPERS ON THE LEARNING THEORY
AND THE PLEASURABLE PRACTICE OF TEACHING

NUMBER SENSE AND ARITHMETIC SKILLS
,@ Student Self-Concept
@ The Teaching of Skills
‘K Diagnosis and Remediation
9 Goals thfough Games
RATIO, PROPORTION AND SCALING
@ Piaget and Proportions
Reading in Mathematies
@ Broad Goals and Daily Objectives
2\, Evaluation and Instruction
GEOMETRY AND VISUALIZATION
@ Planning Instruction in Geometry
@ The Teaching of Concepts
&y Goals through Discovery Lessons
Questioning
«‘b\ Teacher Self-Evaluation
MATHEMATICS IN SCIENCE AND SOCIETY

@ Teaching for Transfer

Teaching via Problem Solving

Teaching via Lab Approaches
@ Middle School Students
STATISTICS AND INFORMATION ORGANIZATTON
Components of Insgtruction~-an Overview
(lassroom Management

@ Statisties and Probability Learning

NOTE: A complete collection of all the papers from each resource
is available as a separate publication.
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Many teaching problems will be solved in the next few decades. There
will be new learning envirowments and new means of instruction. One fune-
tion, however, will always remain with the teacher: to create the emotional
olimate for learming. No machine, sophisticated as it may be, can do this
Job. [Ginott, 1972, p. 16]

As most teachers know, many students form a negative image of school and of
themselves as they move up through the grades. Although a poor self-image may be
fostered elsewhere, it can often grow out of school experiences. One large-scale
study found a gradual decline in self-regard in students from grade 3 to 11.
[Morse, 1964] While 84 percent of the third graders were proud of their work in
school, only 53 percent of eleventh graders felt the same way. A person’s self-
image is a very stable and conservative system of beliefs. For example, when it is
negative it will tend to stay negative and it is not easy to change it positively.
We have all observed students who when praised for some action react with the atti-

tude that "It was just luck and probably will not happen again."

T asked my students to complete this sentence: "I once had a teacher
who . . . " with something positive, something that had made a difference
to them. They wrote:

. o . "if the subject didn't fit me he didn't make me feel dum but
looked at me move like a hwman person than a mark.”

"didn't talk only from the mouth out but from insides.”

. . . Mohen I was young in elementery he loaned me his scarf when
it was snowing, It was 100% cashmeer.”

"this crazy teacher thought I was smarter than I was so I was.”
[Kaufman, 1275, pp. 22-23]

Social psychologists point out that our self perception is not easily changed by

. s e (RELATIVES
people we see as unimportant or insignificant. 2

In order for the teacher to influence students PARENTS %K,Sfrmzrs

EROES

)

positively, he must become a "significant other" ACTORS &
in their lives. [Purkey, 1970] Purkey also ACTRESSES
claims that the teagher becomes a significant
other in his students' lives by what he HISTORICAL Y

FIGURES
SIGNIFICANT  OTHERS

believes (about himself and his students) and

what he does {in the classroom). There seems

to be a significant interrelationship between self-concept and school achievement.
What are some things that a middle school teacher can do to enhance and promote posi-

tive student self-concepts?

*This section draws heavily from Chapter 4 in Purkey [1970], which is highly recom-
mended reading.

NOTE: Subsections cited are in the WHOLE NUMBERS section of the resource Number 11
Sense and Arithmetic Skills.




12

DIDACTICS | STUDENT SELF-CONCEPT

THIS TEACHER
CARES HOW
I FEEL..

THIS TEACHER
LIKES ME.

ENHANCING AND PROMOTING POSITIVE SELF—CONCEPTS

It seems rather obvious that what the teacher does in the classroom has a pro-
found effect on a student's learning and achievement. It may not seem quite so
obvious that the teacher's classroom behavior has an impact on individual self-
concepts. Since our students may perceive our actions differently from how we
think we are projecting them, it is not always clear just what kind of an image we
as teachers present to our students. Purkey* emphasizes the following elements in
establishing a classroom atmosphere in which positive self-concepts can develop and
thrive. On some days and with some students, the elements may seem to be unrealisti-

cally rosy guides, but they do give us an ideal to work toward, <fﬂ

Respecting Students

Each student deserves to be treated like a fellow human being~-even the ones
about whom we may have occasional doubts! Learning students' names as quickly as
possible can help both you and your students relate better as people. Giving each
student in class some attention as often as possible reminds him that you are inter-
ested in him. Greeting students in hallways and out of school can promote their
positive feelings about themselves and about you. This feeling can lead to more
trust, better interactions and thus more learning in the classroom. Some teachers
make a point of knowing a few of their students' interests outside of the mathematics
class. Shooting a few baskets with a student or commenting on a hand-embroidered
blouse can put a bright spot in a student's day. Apologizing personally to a stu-
dent who has been wronged or inadvertently belittled or embarrassed may save a
relationship.

There is research evidence that a student's self-concept and his perception of

his teacher's feelings toward him are positively related: high self~concepts and
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belief that teacher regard is favorable go hand-in-hand. [Davidson and Lang, 1960]
This result does not mean that high teacher regard causes high self-concept but it

certainly can't hurt.

Being Warm and Supportive

Although we can't get up on the right side of the bed every day, students seem
to blossom under considerate treatment from cheerful teachers. Considerate, under-
standing, friendly, good-humored, courteous, enthusiastic, patient, accepting
(within limits), genuine--we would all like to feel that these are adjectives for us.
Being human, however, we may sometimes deserve some subset of these: dominating,
grim, bossy, sarcastic, threatening, arbitrary, unfair, grouchy. Confessing to
being subject to human frailties is all right, so long as it is not used as an
excuse for every mistake. One teacher found that she had better results on her "bad"
days if she announced at the beginning of class something like, "Last night my son
kept me up until two o'clock with his cold~~I'm tired and worried, so if I seem
upset today, it is not your fault." Surprisingly she found her students were better
behaved on those days and that she was less likely to explode from trying to hide
all her inner feelings. She did not use the announcement as an excuse to be grouchy

but rather as an honest admission of inmer feelings which might affect her behavior.

Providing (Fair) Challenges

Demanding the impossible isn't going to bolster anyone's self-concept, of course,
but presenting significant challenges with the obvious expectation of success ("This
is a tough one, but I'll bet you can figure it out") should do something for one's
ego. Purkey warns that such challenges should wait until the chances of success are
good. Using pairs or "teams" of students on an activity like Squaresville Suburbs in
the Getting Started subsection could enable some students to share in successfully

meeting a challenge.

Allowing Freedom of Choice and Maximizing Freedom from Threat

Giving a student some freedom to choose (''You can do whichever one looks best for

you, Attic Greek or Mayan Numeration System'') shows that you apparently have faith in

his judgment. The usual "threat" in the classroom is that of

failing. You may have encountered students who refuse to try; T COULD HAVE
DONE ALL RIGHT if

they avoid the risk of failing a task (and losing self—esteem)
by not undertaking the task. At a less extreme but no less
serious level are those students who become so anxious about
failing a task that the anxiety hinders their performance-—and

perhaps does lead to failure. So, there should be value in

working to convince students that they can succeed.
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Providing Success Experiences (

"People learn that they are able, not from failure, but from success." [Purkey,
1970, p. 56] Unfortunately, our students with the lowest self-concepts often have
the least evidence that they are able, since they may come to our classes with much
more than the normal amount of failure. Such students must experience some success
as soon as possible to establish a "Hey, maybe this year will be different'" outlook
and to bolster their self-concept. It may help to point out areas of accomplishment
("You really have the times-5 facts down cold")}. "Can't fail" activities like
Numbers Around Us (in the Getting Started subsection) give a student a chance to con—
tribute. Self-checking activities like Facts in Squares or Jigsaw Puszzles (both in
the Multiplication/Division subsection) or Rounded Line Up (in the Mixed Operations
subsection) give a student a chance to hand in something perfect for a change. Con~
crete materials (e.g., detivity Cards--Mathematical Balances, Activity Cards--Chip
Abacus in the Addition/Subtraction subsection) often give success (and understanding).
You may decide to let some students temporarily bypass obstacles such as lack of
mastery of the multiplication facts by allowing use of multiplication tables or a
calculator so that "more grown-up" problems, as in A#TENsion (in the Multiplication/
Division subsection) or Curicsities (in Mixed Operations), can be tackled. Some (
teachers start assignments with easy problems that everyome can do.

Celebrating the small victories may help: on quizzes we might mark the rights,
and not the wrongs (let's hope that marking the rights is mére work than marking the
wrongs!); some teachers write supportive
comments at the top of student papers;
you may try to use as much positive ver—

bal feedback as you can. In general,

praise is more productive than blame.

Social psycholegists point out one
danger about praise: 4t may backfire if it is not genuine and seems to be offered to
a student just to manipulate him. In some classes, praise of individuals might bet-
ter be kept private. And praise might also be given privately to students who are
uneasy at being praised.

It is important that the successes be genuine. Some research has indicated that
while assurances and praise may boost self-concept, they should not be given for low-
quality work. [Massey, Scott & Dornbusch, 1975] To praise work which is actually

poor can mislead the student into thinking that his work is satisfactory. Praising (

effort, however, may lead to greater effort,
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"It is yet another way of telling the student that the teacher cares about him

Maintaining Classrcom Control

and what he does." [Purkey, 1970, p. 54] Consistent, courteous but firm handling
of "incidents'"; obvious and careful preparation for class (including a repertoire of
5-minute '"fillers"); keeping up with grading and promises; clear explanations of why

certain guidelines or policies must be observed--all these say, "You are important."

WATCH OUT, SELF-CONCEPT!

Because of the difficulty of changing students' self-concepts, it is very
important to avoid instilling low self-concepts in students. Doing the oéposite of
all the suggestions above would certainly tear down students' self~concepts. There
are two areas of classroom behavior that deserve special note: teacher-student
interaction patterns and the self-fulfilling prophecy phenomenon., Both of these can
very easily result in unintentional behavior which tells the student, "You don't have
much to offer." Fortunately, just being aware of them seems to enable teachers to

avetd them.

Interaction Patterns

1f we let them, only a few students can dominate all class discussions with the
result that some students never contribute. An ideal is to have every student con-
tribute something to the class every day, even if it turns out to be passing cut
papers or erasing the board. Some teaqhers run a spot check every so often by going
over a class list or seating chart and noting whether every student (ideally) was
somehow involved during the last class or two. 1f a teacher can't manage to get to
everyone, he might wish to plan lab lessons or small group work so that there is more

student interaction during class.

The Self-fulfilling Prophecy

"You get what you expect' is a short, over—simplified summary of some striking
findings (as in Rosenthal and Jacobson, 1968, or Brophy and Good, 1974). The work

indicates that a teacher's expectations about a student's potential performance may

unconsciously affect how the teacher interacts with the student, both in quantity

and in "quality" of interaction. For example, in one study students for whom the
teachers had high expectations "were asked more questions, received more extended
teacher feedback, and received proportionally more praise and less criticism."
[Jeter, 1975, p. 163] Low achievers, on the other hand, received much less teacher

contact and when teachers did interact with them, the contact was briefer and less

15
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encouraging. The net effect may be that the students begin to respond in ways which
confirm the teacher's expectations. Some researchers believe that many students fail
to reach their potential because their teachers, not expecting much from them, are

satisfied with less than average performance from them. {Jeter, 1975, p. 163]

YOUR SELF-CONCEPT

It is very easy to pledge allegiance

MOM : 3 KIDS KEEP

to the Golden Rule. It's another matter ACTING UP IN 5t

to act accordingly when three of your stu- PERIOD.
seme . i he Nobel TUE : SECOMD PLRIOD
ents seem to e competling or the obe WAS LOUS\(

Prize for disrupting class. Unless you WED: 1§ PERIOD

are very talented or have only "good"

classes, there will be days when your
self~concept as a teacher doesn't quite DISSOMANCE.
fit what went on in school-~you'll exper-
ience a form of "digsonance" (see Aronscn, 1972). There are three ways to handle
this dissonance. One way would be to change your self-concept. Another way is to
convince yourself that perhaps the '"bad" days weren't really so bad (which is likely
the case——don't forget all the good things that happened). Perhaps the best thing
to do is to keep track of the causes (control problems? didn]t get across? poor
explanation? lost temper? ...) and note whether one sort pops up quite often.
Then you have something specific to attack (with the result, it is hoped, being a
success experience!). In the same way, identifying your strengths may enable you
to build on them. Relax, expect to make a few mistakes—~and resolve to learn from
them.

Fortunately, most teachers are sensitive to the needs and feelings of their
students, All teachers should be concerned about achievement, but we should also
pay close attention to student attitudes and personal problems. In fact we must

recognize that in the in locc parentis sense we have some general responsibility

for the lives of our students. Let us hope, for example, that our students will go
on to write poems, but pcems that do not reflect feelings like those expressed in

this verse written by one young person:

I am neither a sacrilege or a privilege

I may not be competent or excellent

But I am present.

My happiness is me, not you,

Not only because you may be temporary, but also because you want
me to be what I am not.

(
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I cannot be happy when I change merely to satisfy your selfishness,
Nor can I feel content when you criticize me for not
thinking your thoughts,
Or for seeing like you do.
You call me a rebel.
And yet each time I have rejected your beliefs, you have
rebelled against mine.

I do not try to mould your mind.,

I know you are trying hard enough to be just you.

And I cannot allow you to tell me what to be, for I am
aeoncentrating on being me.

You said that I was transparent and easily forgotten.

But, why then did you try to use my lifetime to prove to
yourself who you are?

-=Michelle

“THIS CRAZY TEACHER
THOLGHT T WAS SMARTER
THAN I WAS, SO I
WAS.

SUMMARY

. We teachers should be watchful for
middle schoolers who are developing neg-
ative self-concepts. We should help all
students to develop healthier self-images
by communicating our own regard for them
and by giving them evidence that they are
indeed worthy of regard and trust.

@ Show them respect and warmth.

® Maintain class control to provide a comfortable setting in which to work.

@ Provide a challenge in the class work,

® Allow the students some freedom in choices when possible.

@ Especially, provide opportunities for success experiences,

PPV

1. Purkey [1970, ch. 4] lists several guestions we can ask ourselves as a check on
the classroom atmosphere we may be developing. The questions are slanted toward
Purkey's ideal; even a "teacher of the century' would be hard-put to answer '"yes"
to all these questions all the time for all the students.

a. Am I projecting an image that tells the student I am here to build, rather
than to destroy, him as a person?

b. Do I let the student know that I am aware of and interested in him as a
unique person?

¢. Do I provide well-defined standards of wvalues, demands for competence, and
guidance toward solutions to problems?

d. By my behavior, do I serve as a model of authenticity for the student (i.e.,
. » « serve as a model of genuineness, without "“front')?

17
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e. Do I teach in as exciting and interesting a manner as possible?

f. Do I arrange some time when I can talk quietly alone with students?

g. Do I notice and comment favorably on the things that are important to
students?

h. Do I remember to see small disciplinary problems as understandable, and not
as personal insults?

i. Do I have, and do my students have, a clear idea of what is and what 1s not

acceptable in my class?

. Do I permit my students some opportunity to make mistakes without penalty?

. Do I give extra support and encouragement to slower students?

. Do I recognize the successes of students in terms of what they did earlier?

e

(Discussion) Can a teacher honestly believe that every student can succeed?

Folk wisdom: Nothing succeeds like success. You might wish to pick out your two
lowest—-achieving students and try to think of three honest tasks at which each
could succeed.

(Discussion) What influence might grades have on self~concepts? Are there viable
alternatives to grades?

Starting the school year with success experiences for students with low self-

esteem may seem a good idea-—but the beginning of the yvear is when we know the

least about our students. Evaluate this list of sources of information, and

add to it if vyou can:

a. teachers in the previous grades, even if they're in other schools

b. permanent records

c. counselors

d. articulation conferences with feeder schools

e. the first day, play Glances and Blows in the Concepts subsection (perhaps
first the whole class, then in pairs}), or Digit Ideas or Fresno in Mixed
Operations, and watch the students

f. assignments where there are no right or wrong answers——e.g., Numbers Around
Us (in Getting Started}

g. personal information sheets filled out by students the first day and includ-

‘ ing open—response items like these:

My teachers think I am .
When I look at other stuaents and then look at myself, T .
When I think about myself, T .

Most of us have to work at learning students! names. Here are some procedures.

Can you give another idea?

a. "I seat them alphabetically until I've learned their names."

b. "I meet students at the door and greet them, asking for their names as they
enter,"

c. "I tell them to stop me in the hall and ask me what their names are."

d. "I take Polaroid pictures of sections of the class the first day, note the
names, and study them.'" (Other teachers ask students to bring a small
picture from home.)

e. "I play some drill games early in the year-~computation drill for the kids
and name drill for me. When I go down a row and can't give a student's
name, it's his turn."
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f. "I make a seating chart and study it during seatwork. Once you learn a few
names, it gets faster."

g. "I play the Name Game--the first student gives his name, the next student
gives his name and the first student's, the third student gives all three
names, and so on. It helps the students coming in from the different schools
as well as me."

7. Evaluate these classroom practices with respect to their effects on student
self-concept.
a. Reading student test scores aloud as you pass the tests back.
b. Reporting only the range and mean of test scores.
c. Having students check homework or quizzes and report their scores aloud.
d, Posting the best papers on the bulletin board. Posting the worst papers.

8. Thinking of something positive to say to a low self-concept student who gives an
incorrect response isn't easy. Evaluate this list and add to 1t:
a. "Right idea, but something isn't quite perfect somewhere."
b. '"How about that answer?" (said to invite reaction from the class)
c. "Close, but not quite,"
d. "You've got the big thlngs, but you made a little error someplace. "
e. "Check over that step."
f. "That's interesting~-why do you think that?"
g. "Good as far as you've gone."

9. Give examples of times, if any, when each of the following might be (i) produc-
tive and (ii) counter-productive.
a. Reprimand a student in front of the whole class.
b. Reprimand a student in private.
c. Compliment a student in front of the whole class.
d, Compliment a student in private.

10. (Discussion) How can you lessen a student's anxiety when you're convinced it

is hindering the student's performance? Evaluate the following, and give

additional ideas.

a. Talk with the student about it. Be sympathetic.

b. Offer to give an alternative form of examination--e.g., an oral exam~~for
a make~up if the student does poorly.

c. Point out that a test is only a bunch of homework problems. If homework has
heen all right, the test should present no difficulties. (See number 16.)

d. Advise the student to stop and take a deep breath if he feels like he's
getting too nervous.

11. Having a readily-availahle collection of 5-minute fillers cam be a life-saver for
those restless moments before the dismissal bell (or for openers to get everyone’ 's
attention). You may want to flag the student pages (e.g., ESP Puzzle, Game of &0
in the Getting Started subsection) which can be fit into a few minutes. Find
several more ideas in sources like Sobel and Maletsky [1975] and record them on
3x5 cards.

12. TFolk wisdom: An ounce (30 grams?) of prevention is worth a pound (half-
kilogram?) of cure. Evaluate these ways of inhibiting classroom misbehavior;
add to the list.

a. Using an overhead so you're facing the class.

b. Developing positive relationships with students outside of class.

19
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c. Belng interested in students.

d. Giving a stern glance.

e. Giving a thumbs-down signal.

f. Moving close to a point of possible trouble.

g. Approaching a student and privately requesting that he see you after class
(or school),

h, Publicly requesting that a student see you after class (or school).

i. Smiling and shaking your head.

j+ Frouning and shaking vour head.

k. Always having an alternate activity to change to.

(Discussion) '"The students just don't seem interested." Count yourself lucky
if you've never thought that. Interest and enthusiasm can, however, be conta-
gious. Teacher educators have noticed that one striking difference between
experienced teachers and student teachers is this: experienced teachers seem
more enthusiastic in the classroom and seem genuinely interested in the material.
Their approaches include the ones below; can you add to the list?

a. Introducing 2 new topic as an exciting challenge (even decimal division!).

b. Hamming it up occasionally.

c. Finding interesting contexts in which to present topics.

d. Getting excited about student performance.

a. Listen to an audiotape of one of your classes and study the interaction
patterns. Are there neglected areas of the room? Do two or three students
dominate things?

b. 1In particular, are your responses to slower and faster students similar?
Check for these variables that communicate low expectations [Brophy and
Good, 1974, pp. 330-332].

1. Waiting less time for low achievers to answer (for questions of the same
difficulty as the high achiever gets).
2. Not giving any help or hints to a low achiever in a failure situation.
3. Rewarding inappropriate behavior of a low achiever (e.g., praising a
poor/marginal answer).
4. Criticizing low achievers more frequently than high achievers.
5. Praising low achievers less frequently than high achievers.
6. Not giving feedback to classroom responses of low achievers.
7. Paying less attention to low achievers (e.g., eye contact, smiles, cas~—
ual talk).
8. Calling on low achievers less often.
9, Differing quality of interaction for low achievers and high achievers.
10. Seating low achievers farther from teacher (check seating chart).
11, Demanding less from low achievers.

¢, We often use terms like low achiever, weaker student, poorer students, and

others not to be written here. Why might that be risky?

Observe a class of a popular colleague to take notes on how she/he seeins to
affect self-concepts.

Some statements, intended to be supportive or encouraging, may not get the
desired result. Tell why the following might back-fire,

a. "You could do it if you tried.”

b. '"You can do this problem. It's not hard at all."

c. '"Don't be nervous. The test is easy."

y
\
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(Discussion) Adolescents, particularly those with a low self-concept, often
look to peer leaders to guide their behavior, that is, they may adopt ideas
because they are the ideas of esteemed classmates. What are some ways to
identify and "win over" these leaders?

Social psychologists have some evidence that people may develop great liking

for those who have dissimilar attitudes but who like them. [Aronson, 1972,

p. 222] Assuming that being "liked" can be a part of being a "significant

other," decide whether each of the following might be worth the effort.

a. You attend an athletic event--even though the students know you don't
like sports.

b. You inquire about popular singers or attend a sock-hop--even though the
students know you don't particularly like that kind of music.

If someone does a favor for you, and the favor has a successful outcome, then

that person may like you better. [Aromson, 1972, pp. 211-212]

a. You might consider planning some gambit to get a key semi-hostile student to
do a favor for you (plan some way to be sure that after the deed, he knows
you regard it as a favor).

b. Mr. Salome: "I object to this part (a) idea on a matter of primnciple. It
is not professional to plan special treatments for some kids just to make
it easier on yourself."

Your reaction to Mr. Salome's position?

c. Ms. Teek: "I agree. All this manipulation type of thing reminds me of
Brave New World and 1984. I must deal with each of my students as a fellow
human, not as an antagonist to be outwitted."

You:

Recall that dissonance exists when two conflicting views, opinions, mental states,
etc., occur at the same time. Explain the "won't-try" student from the dissonance
viewpoint. ("I want to feel like I'm smart.” "Failing makes me feel dumb.")

Page [1958] found that writing brief comments at the top of student tests had

a positive effect on subsequent performance (why?). Although not all teachers
have found the same effect, it mnonetheless seems to be a good idea. What are
some supportive comments you could write

a. for a weak student who is showing improvement?

b. for a weak student who is continuing to do poorly?

c. for a strong student who slips?

(Discussion) "Funny about teachers. It's hard to think of them as people. Some-
times when you see them after school they talk like human beings. But in class
they walk around like robots, waiting for you to do something bad so they can yell
at you. Except for Mrs. D. . . . She is a person even when she is a teacher.”
[Ginott, 1972, p. 119] Are teachers different in the classroom from their out-
of-classroom selves? Are you?

The warning was given above that insincere praise may not get the desired
result. It is also true that too lavish or unwarranted praise may lead to
being not liked too much. [Aronson, 1972, p. 208] What reactions might be
produced in these situations? How would you follow Bill's statement and
Donna's help?
a. Bright Bill: ". . . and then two-eighths and three-eighths give five-
eighths.”
Teacher: 'Great! That's really outstanding!"

21
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b. Teacher: "Donna, I really appreciate your plugging in the overhead and ( '
making a big contribution to the class by doing it."

24, "Satisfaction with one's teacher is an important facilitative condition for a
student's academic performance. Students are attracted to teachers who provide
them with a boost of status in the peer group and who grant them security.
Teachers who reward frequently and who do not rebuke or demean students in the
eyes of their peers are attractive . . . . The continual rejection of an overt-
ly aggressive student by both classroom peers and the teacher feeds the negative
cycle of low self-esteem, unfriendly overtures to others, and poor performance
in academic work." [Schmuck and Schmuck, 1975, p. 106]

What are some ways a teacher can

a. boost a student's status in the peer group?

b. grant students security against loss of face in the classroom?

¢. find something favorable about a "trying" student?

d. involve "isolated" students with the peer group, if they seem to wish to be?

25. What is the teacher's role in these two cycles7

SUCCESS FAL LUEE

t::srjom K A\?AMCE
K‘ ENCOURAGEMENT BLAME (
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From a sample of 30,000 13-year-olds from across the country:

39% missed at least one of 88 &6 38 5125
+19 -1 =z 8

39% missed "If 23.8 is subtracted from 62.1, the result ig¢ . . "

1 1 1 2
3 (30% thought§+-§- 5.) . e
Selected results from the National

Assessment of Educational Progress [1875]

58% missed %—+

Despite our best efforts, disappointingly many students never master computa-
tional skills. If only we did not spend so much time trying to develop skill with
calculation, such poor results might be of less concern in an age of the hand~held
calculator. This section presents some ideas about teaching skills more effectiﬁely.
The examples will be largely related to computational skills, but many of the prin-
ciples may be applied to the teaching of other mathematical skills: measuring, con-

structing, using tables, developing vocabulary, reading, etc,

WORK FOR MEANING BEFORE TEACHING AN ALGORITHM

One thing we surely must do is make certain the students understand the concepts

involved. Some middle-school students are vague about the meaning of, say,-% or l%;
the vagueness increases as the ldeas become more remote from everyday experience:
0.0035 or V8, for example. This problem is compounded by the fact that fractions
and decimals can appear in so many different settings (see the commentary to

FRACTIONS: Concepts).

Even students who have a fair grasp

of the numbers inwvolved may associate no

THOSE CANT BE
RICHT | WITH TIMES
THE NUMBERS SHOULD
CET BIGGER. \WITH
DIWVIDES THEV
SHOM D GET
SMALLER!

meaning to the operation we may be dis—

cussing. For fractions and decimals
this failure is more pronounced with
multiplication and division than with
addition and subtraction. Perhaps this

is because the meanings learned for

whole number multiplication and division

may not carry over so naturally in the

student's mind (2 x 3 means 2 sets of 3,

but 2%-x 3% means . . .?) or because we

NOTE: Unless otherwise noted, subsections cited are in the FRACTIONS section of the
resource Number Sense and Arithmetic Skills, 25
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Several studies indicate that in general at least half the class time should be

may have introduced the algorithm too scon without enough emphasis on meaning.

spent on developmental activities [Shipp and Deer, 1960; Shuster and Pigge, 1965;
Zahn, 1966]. During these activities, meanings and understandings can be stressed
through work with manipulatives, selected laboratory activities, teacher demonstra-
tions or group discussion. For example, one way to develop and check for number and

operation concepts is to use lots of concrete materials. Why not use apples, colored

rods, geoboards, tangrams, circular and rectangular regions, number lines, colored
cubes, . . ., to build up and diagnose our students' understanding and to support our
development of algorithms? One of the most compelling arguments for student use of

concrete objects is that working with concrete objects helps students to attach mean~

ings to symbols. In general, material that has meaning is learned faster and retained

longer than material that is learmed only by rote. (Note the many developmental
activities available in, for example, the FRACTIONS: Concepts subsection.)

Another value of student work with concrete materials is that we can then
challenge the class to figure out how to carry out an operation with "new" numbers.
Note that without concrete materials to work with, responses to such challenges are

likely to be little more than symbol-based guesswork. Unfortunately, for some mid-

dle grades almost all of our "thunder"

may have been stolen since the students

-~
[o}
>3

o

may already have some exposure to all

B

the algorithms. But when the topic is

~

new, approaches like "I wonder if we

NN
AN

could use colored rods to figure out

1 .
é~+-—?" or "Does anyone see a way to
AR Y v

. 2 .
figure out'z x §-w1th rectangular re-

gions?" may stimulate creative responses.

Note the difference in outlook that such

an approach can foster: '"Maybe I don't have to be told how to do something; maybe
I can figure it out myself.”

In any case, concrete materials can provide valuable background for a student.
If Ann has worked 1.63 - .2 on an abacus, she should be less likely to ignore place
values when she is doing similar problems symbolically. Concrete work provides some~
thing to "hook" the symbols to. However, transfer from concrete materials to symbols

does not always take place automatically, so instruction should be planned to link

the two.
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Though I figure with the skills of men and computers and
have not understanding, I am become as a mechanieal
toy; or a lifeless robot.

And though I have the gift of memory, and know the multi~
plication tables, and all the number facts, and though
T know all algorithms, so that I can grind out all
answers, and have not understanding, I am not free....

Understanding lasts forever, and is always with me, under-
standing faileth not; understanding makes no false
promises, does not make me overly confident....

And now abideth right answers, rote memory, and understanding,
these three; but the greatest of these is understanding.

[Crittenden, 1975, p. 203]

CHECKING FOR OTHER PREREQUISITES

Textbook treatments usually are designed to make sure the prerequisites have

been developed. Since textbook development and student grasp are not the same thing,

it is a good idea to check that needed computational and vocabulary skills are still

present, particularly if some time has

lapsed since the student's last expo- HOW DO YOU

THINK WE MIGHT TODAYS REVIEW

v REGION MODEL

sure. If you are designing your own

materials, vou will want to check that v EQUIVALENT

the prerequisites have been plamned for. =n FRACTION

v SAME - DEL,
ADDITION

A student can't go very far in addition
g v

of fractions if he hasn't dealt with

equivalent fractions, for example. Al-

though they may recognize material as
having been covered, students are sometimes reluctant to admit that they have for-
gotten important details. Many teachers review the prerequisites for a day's lesson
at the start. Using the review as a subtle means of orienting the student's train

of thought, they then ask "how do you think . . .?" sorts of questions.

DEMONSTRATING AN ALGORITHM

Psychologists have done quite a bit of research on the development of psycho-
motor skills (e.g., how can a pilot be trained to handle the controls? how should
typing be taught?). Some of their general findings [Biehler, 1971; Cronbach, 1963]
seem applicable to the teaching of mathematical skills. Here are some considerations |

for planning lessons which will include demonstrating an algorithm:
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a. It may help to go through the algorithm slowly before class, looking at the (

steps and the less familiar vocabulary from the viewpoint of a naive learner ("How
did I know that 12 was the denominator that worked?" "Why didn't I just put the
decimal point under the rest of the decimal points?" "In going from horizontal to
vertical form, how did I know . . .?"). Such a rehearsal may remind you of critical
or confusing points and enable you to plan some of your questions ahead of time,

b. Choosing the examples carefully may save confusion. Although you may

choose "nasty" numbers to illustrate the need for an algorithm, in the first student
exercises "nice" numbers keep the intermediate computations from taking so much

attention that the student can't concentrate on the process. On the other hand,

examples which are too special can be

misleading, (To the beginning teacher:

)

il

~ Fi- @l ol-

This point is more important than it

»x

- ol = W]

1]

may seem. It is a good idea to choose

and work through your examples before

il

class rather than rely on your ability

oo wl- 2= w]-

to come up with them spontaneously.

Who wants to find out too late that the /’/'

example is too complicated to illustrate concretely, that a zero in a "bad" place
detracts from the thrust of the lesson, or that the examples are giving an incorrect
idea?)

¢. Psychologists advise demonstrating the whole process completely so students

have the total picture. Of course, you may want to base the development on earlier

work with concrete materials.

d. Then describe the steps, emphasizing the essential ones and the ones likely

to cause trouble., You may wish to emphasize some steps by giving practice on them in
isolation (see, for examples, Dotman's Decimal Notes and Lots of Dots Shortcut in the
DECIMALS: Multiplication/Division subsection).

e. You may need to demonstrate again (and again and again . . .). Many teachers

ask for student help at various steps because of the danger of wandering attention.
If you are experienced, you know the risks associated with your talking too long.

f. Get the students actively involved as soon as possible. Have them doing

something mentally or physically. Some teachers might ask theitr students to copy
the second problem and to try to anticipate the next step. Other teachers might have
the students vocalize the steps as they are demonstrated. In some situations, haying

the students parallel steps with a concrete representation might be in order, (
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g. Try to get the students practicing immediately. Everyone trying a problem

at hig desk, one row working at the board with others working at their desks, each

row doing a different problem~-use any means to confront all the students with the

computation. Make answers to the first few exercises available so students can get
some quick feedback even if you are busy elsewhere or there is no time left at the
end of the class for checking work.

h. Move about the room and give guidance which allows the student to make the

decisions. Compare "Put the common denominator underneath' with "And what is the
denominator?" Or "Here, let me show you" vs, "Where do you start?" This time is
crucial for correcting wrong technique, reinforcing right technique, and getting
feedback on how well you "got across." The feedback may suggest that you demonstrate
another example to the whole class or to several students. Moving about the room
also makes it less easy for the same student to monopolize your time, gives the shy
student a chance to stop you as you go by, and gives you opportunities to catch error

patterns as they are developing.

Learning Curves

The theoretical learning PROFICIENCY

curve to the right also

implies some things to keep
in mind. [Cronbach, 1963]

.
=) USRI

In the early work, a student : T
may not be very successful. AMOUNT OF PRACTICE

Hence, we should be patiently supportive (and available) during this time to provide
encouragement, assistance and reinforcement. Since this period will last longer for
slower students, we will want to be especially attentive to their needs. From I to
II, the student masters all the steps in the algorithm, and the computation requires
less and less ponderiﬁg. The long plateau between II and III may be less common with
computational skills than with motor skills. However, it is plausible that a student
working with multiplication of decimals, for example, might reach such a plateau and
not be able to improve further until he has become more accurate with the basic multi-
plication facts. Your mention of such plateaus might encourage a slower student who
has been working diligently but without seeming to get any better, and it might prompt
him to work on the skill holding him back. It is also encouraging at the plateau
stage to point out how much better a student is performing than he was at the beginning

of the learning.
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It is so easy to get all wrapped up in the steps of an algorithm that students
may forget that the answer should make sense. . It is a good idea always to ask,
“Does that make sense?" as a reminder that answers should be looked at for sensi-
bility. Work with estimation, approximation and mental arithmetic should provide
a basis for judging whether an answer is sensible. For ideas, see Can You Get Close
Up (in the Multiplication/Division subsection), Where's Your Head At? (in Mixed
Operations), Getting 'Round to Caleulating, and Approw-Appraisals (both in DECIMALS:
Mixed Operations). .

"Meaning" hasn't been mentioned in the last few paragraphs. Trafton and Suydam
[1975] remind us: ". . . learning why a computational procedure works helps a child
to retain the procedure and apply it in new situations. Many teachers know this
from experience, and it has been affirmed by numerous research studies across the

past 40 years." [p. 532, emphasis added]

SKILL CONSOLIDATION AND MAINTENANCE
One promise of the hand-held calculator is that students will very likely spend

less time multiplying or dividing many-digit numerals by hand, On the other hand,
it is difficult to conceive of the day when all calculations in middle~school mathe~
matics classes are carried out by machine. Most students should know the basic

*, =, %, ¢ facts by heart and be able to carry out algorithms for tliese operations.

Attitudes

One of the criticisms of the drill~drili-drill days of mathematics teaching was
the negative effect of such teaching on student attitude. But students do need prac-
tice to gain confidence and a mastery of the basic facts and techniques. How can we

handle drill to achieve these and yet build positive attitudes?

Variety of Settings

Perhaps the drill-drill-drill treatment was deadly because of how it was pre-
sented: long lists of computation problems and long lists of word problems using a
particular type of computation. Presenting the drill in a variety of contexts seems
to be a profitable approach. This resource contains samples of the many clever ways
in which writers have disguised drill. Most of these illustrate what Cronbach (1963}
says: "The student will generally be interested in doing well when the act is

necessary to a larger undertaking." [p. 285, emphasis added] For example, Fraction

PN

(
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Receipes (in the Mixed Operations sub-
section) might be attacked with enthu-
siasm if the shortbread cookies are in .iE%QXﬂEPﬁéBE%Hﬂ%MS

the P lan. WQ'E:I’CE Ruler, Fraction MCIQ“I:G Simple fam, n spidar, has spud o wed dnd captured Some fraciloms In paces of the

web. Holp Simple $4m find the fracriona that go avound the outside of <ho weh
Squares and Can You Find a Path? (all

Write your fractions in slmplesr form,

in the Addition/Subtraction subsection)
are samples in which the "larger under=
takings" are to do things other than

just carry out a calculation. Perhaps »q

This ciec B
ar has captured
‘ jome produeih and sefd

factors, Help Sam

part of the popularity of games as a
means of disguising drill lies in the

11} the other
game being a "larger undertaking." In . a/
Two-A-Part (in the Addition/Subtraction "2

subsection) a student is trying to win
a game, but in doing so he practices

lots of fraction addition and subtrac—

tion. The larger undertaking for many

students could be, "Beat my personal T A
record."

Another source of variety is within the mathematics curriculum itself. Using
topics like number theory, probability or matrix arithmetic, say, requires that the
student practice computational skills in a larger context. Working with applica~
tions (e.g., Picture Problems in the Mixed Operations subsection or units from

Mathematics in Science and Society, Mathematics Resource Project) entails calculation

as. a tool, not as an end in itself.

Planning Practice and Reviews

The consensus seems to he that if we are interested in long-term retention, we
should spread the practice out rather than concentrate it in a shorter time span.
Camp [1973] suggests, ". . . for some mathematics topics, distributed practice may

be no more efficient for (immediate) learning than massed practice, but . . . it may

produce a greater resistance to forgetting." [p. 2456] Short, WARNLUP VAME

dail eriods of mental ari i or paper— cil work is
v p arithmetic paper—penc |, 2GS g_.?_...i.“:

likely a more effective approach than staying with an algori- a1 y 3
. . . .Z=_____, ()
thm "until everyone gets it.'" Some teachers make frequent use ::?:‘tf:gsﬁ
2. . 29.
of a few review problems as a warm-up while they are taking " Hou;MUCHQN
ALL ?

roll or passing back papers. Other teachers build a pile of
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flash-cards, adding items to the pile as additional topics are covered. They shuffle (
the cards and use them occasionally as a class opener (or closer).

If students are to work efficiently with algorithms, they must know the basic
facts at a stimulus-response level. Hence, many teachers use basic-facts speed
drills in which the student does not have time to count on fingers or to use other
"immature" methods. The student can compete either against himself or against some
standard. Games which emphasize speed could be used with opponents of equal ability
(see Goals Through Games in the LARGE & SMALL NUMBERS section).

Exactly how to distribute the practice after the initial learning period likely
depends on so many factors (topic, students, intervening events) that no one caﬁ-
provide a recipe detailing a universal practice schedule. With one group of eighth
graders reviews scheduled one day and seven days after the initial léarning gave
better retention than reviews concentrated in the two days after the initial learning.
iGay, 1973] How do you schedule your reviews?

Laing and Peterson [1973; see. also Peterson, 1971] suggest that daily assignments
(for seat work, supervised study or homework) should build in work for “yesterday,
today and tomorrow." The work for "yesterday" would involve a carefully planned
review of old.topics, the "today" portion would provide practice in the topic of the (
day, and the "tomorrow'" exercises would include exploratory activities for an up-
coming topic. Too often assignments are oriented only toward 'today," with the
result that the student may not learn to discriminate between similar-looking exer-
cises, For example, you may have noticed how some students seem to suffer a “relapse"

with adding fractions after work with multiplying fractions.

HELP FOR SLOWER STUDENTS

Few things can be more frustrating——-to both student and teacher--than continued
lack of mastery of basic facts or unusual difficulty in performing some algorithm.

Perhaps some of the following may be helpful in responding to this problem.

Success 1s Important

Maximizing success requires careful attention to pacing and -assignments. During
the difficult early period of learning a new algorithm, slower students may need much
more encouragement and reinforcement since their progress is likely to be slower.
Once again, they will see that others are "better" than they are. Building in some
change—of-pace activity that is likely to result in sucecess may be a good idea dur—

ing such a "rough" period. Using some self-checking activities like Picture Fractions(
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feedback and the chance to hand in a perfect paper. Try to avoid excessively stress—

or What's the Message? (in the Concepts subsection) gives the student immediate

ful situations; Cronbach [1963] points out that the performance of a non-expert
usually deteriorates under stress. Sometimes slower students can be filled in ear-
lier than the rest of the class on some shortcut, discovery lesson, game or manipu-
lative. Then they can gain some self-esteem by being able to help other students

when the material is introduced to the rest of the class.

Use Concrete Aids

The slower student, especially, may need the support of concrete referents.
Otherwise, he must rely on his memory (which may not be too good) to keep all the
symbolic processes straight. Meaning is most crueial to our less academically-
endowed students.

Allow the Use of Tables

- Anomalously, this seems to help some students finally master the basic facts.
Some 7th-8th-~9th~grade teachers routinely allow students to use their own copy or
a posted copy of the tables, Carrying out algorithms is then not obstructed by
struggles with 7 x B, and more attention can be given to the procedures, If a
student has his own table, he can mark off the facts he does know (usually most of
them); on seeing how few are left, he may feel encouraged enough to work on the

remaining ones.

Allow the Use of Calculators

When (a) students have demonstrated some degree of competence with algorithms
or (b) you are convinced that their attitude or ability will never allow them to
leatn how to compute, you might consider allowing them to use calculators on occasion.
Perhaps learning how to use a calculator and practicing with it in problem situations

will he the best preparation we can give them for becoming adult users of mathematics.

Maintain a File of Examples

Many slower students need repeated reminders of procedures and techniques. Some
teachers make availahle a file of worked-out examples (computations and word prob-
lems). Students are allowed to refer to the file when they need to refresh their

memories.

Allow the Use of Flowcharts for Algorithms

Like tables, flowcharts give the very weak student a chance for some success.
Many algorithms are complicated, and it may not be reasonable to expect all students

to remember exactly how to proceed, even though our demonstrations may have been
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brilliant. Sample flowcharts are given in Reducing Flowcharts, Renaming Flowcharts
(both in the Concepts subsection), LCD Flowcharts I and IT, and Fraction Flowchart
(all in Addition/Subtraction).

Use Peer Tutots, or Tutors irom Upper Grades

Some teachers report good results with tutors. It can be handled casually with-
in a class or can involve an organized selection and use of students from outside the
class. One study with tutored eighth graders found that tutors from grades 8, 1Q and
12 were all helpful but that the 12th graders were most effective. TLinton, 1973]
Tutors should be carefully coached. Untrained tutors usually concentrate on how to

do something, so if your objectives call for something more than that, be sure to let

the tutors kmnow. Give peer tutors a

little instruction on working with

others; they may be impatient and tend

‘ . . ‘ HELPERS
to make the helped students feel "dumb." DNISON
You can establish a less elaborate
| tutoring set-up by keeping a chalkboard ERACTIONS
. list of volunteers willing to help other
stu tss students add their names to d

the list i ey are willing to help

others.

Consider Approaches Different from Those of Earlier Grades

a. It may help some students to see a concrete model which they have not seen
in earlier grades. The commentaries in this resource give several ideas for models.
Look at the textbooks for previous grades to see what models the students have likely
seen already. Watch for students who think that a new model requires a new algorithm!

b. Some students may never have been exposed to, or may have forgotten, more
sophisticated ways of thinking about the basic facts. For example, students who
still calculate 9 + 7 by counting on fingers might be able to think "9 + 7 would be
1 less than 10 + 7." Or a student who counts by sixes to find 7 x 6 might be able to
think "7 x 6 would be 5 sixes plus 2 sixes" or "7 x 6 is 6 more than 6 x 6." '

c. You may wish to introduce alternate algorithms (e.g., the common denominator
algorithm for division of fractions——see QOther Ways in the Multiplication/Division
subsection). A student who has failed repeatedly with the standard algoriﬁhm may
react more positively to a new, fresh-start approach. However, proceed cautiously.

Some teachers have found that bringing up a new algorithm causes more confusion insteaé;
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of helping the student. For example,
there is some evidence that introducing

two algorithms in a2 short period of

time may result in their interfering
with each other. [Barszcz and Gentile,
1976] The commentary to the Multipli-
cation/Division subsection, the mathe—
matical content sections and Hutchings
[1976] offer more information about
alternate algorithms. Without bringing
up radically different algorithms, you
might allow or even encourage less
"mature" forms of the conventional

algorithms, as to the right.
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OKAY OKAY TOO
395 395
31185 5
9 80
28 10
27 300
15 31185
15 900
0 285
30
255
240
15
15
0

Finger multiplication can help a student who cannot master all the "higher"

basic multiplication facts.

See the diagrams below.

The student can use the method

by putting his hands in his lap and thereby concealing from other students that he

is using this crutch.

ASSOCIATE NUMBERS
WITH FINGEES

g B 8
10 7 7 R 10

TO FIND 8x7 PUT
FINGERS
LIKE TH!S

THEN , ..

~MULTIPLY # OF FINGERS (2,3)
ABOVE THE TOUCHING
FINGERS ............ 2x3 =@

-~ ADD # OF FNGERS
TOUCHING AND BELOW
THEN 210 .. ...... (3+2)x10= 50

S0 Bx7T =56

PPPPY

1. (Discussion)

Give arguments for and against the statement, "most students should

know the basic +, —, x, ¢+ facts by heart and be able to carry out algorithms for

these operations."

2. (Discussion) Mr. Ivory:

"I don't use concrete materials because I want my
students to think,

They don't do much thinking when

they're playing with something.”

You:
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(Discussion) Discuss these positions and questions.

a. Computation with fractions can be deferred until the seventh grade and even
then can be drastically curtailed except for those who will take algebra.

b. "Why teach division of common fractions?" [Price, 1969]

c. "Every seventh-grade mathematics student should be provided with an electronic
calculator for his personal use throughout secondary school," [from a poll
cited in Editorial Panel, 1974]

d. ". . . it appears to us that the case for decreased classrcom emphasis on
manipulative skills i1s stronger now than ever before.'" [National Advisory
Committee on Mathematical Education, 1975, p. 24]

(Discussion) Following are three things to do with basic addition or multiplica-
tion facts. Evaluate them and, if you think they are all appropriate, give the
order in which you think they should be used.
a. Point out regularities (e.g., by filling in a table or part of a table, or

by using commutativity and identity properties).

b. Focus on meaning (e.g., cut graph paper or make arrays to show 3x4, 5x6, etc.).

¢, Provide random exposure (e.g., a game in which a throw of the dice determines
what combination is revealed).
d. Use speed drills.

Middle school students may have learned too well how te play the “game of

school." If we never ask them on a test to show the meaning of an operationm or
explain a step in an algorithm, they may "learn" that such things are not impor-
tant (the only thing that is Important is to be able to calculate answers!).

Swart [1974] argues cogently that we should ask students to demonstrate meanings,
to illustrate with concrete materials, and to provide rationales for steps. Think
of test items in which you could ask students

a. to show the meaning of a specific fraction.

b. to 1llustrate in some concrete mode that twoe fractions are equivalent.

c. to justify the multiplication-of-fractions algorithm.

A concrete representation must be interpreted correctly!

a. What is wrong in this '"proof" that-% + %-= g?

+

—» 3 parts of 8, so 1, =.%

4

&l

1

4

v
uE

b. How would you aveid this misinterpretation during your demonstration?

Give your plan for a demonstration of addition or multiplication of fractions.
Include attention to prerequisites, meaning, concrete materials, and the sugges—
tions given above for a demonstration.

SN
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9, Romberg [1968] notes that in a nation-wide testing, many students multiplied
fractions correctly but missed the multiple-choice items by failing to simplify

Design an activity card for division of fractions with Cuisenaire rods.

Emphasize the 'how many Lig in-%?" meaning for = &

3
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1
AT

Which algorithm below most accurately reflects the work with the rods?

4 3 4 71 4 4

answers or by doing so incorrectly.

a.

bl

10. Projects can serve as "larger undertakings" in which to provide practice.
Projects for Fractions and Art Projects for Fractions (both in the Concepts sub—
section) give some samples of such projects.

Outline how you would handle the topic of simplifying fractioms.

33, 212 2o

1

b= 25

A

Note what

concrete representations (e.g., circle fractions, colored rods), approach (as

exenplified in the two parts of Reducing Flowcharts in FRACTIONS:
drill games (if any), and rationale for the student you would use.
How can "cancelling" in multiplication of fractions be handled to make it

meaningful to students?

some computational skill with fractions or decimals.

11. Suppose a learning curve for some
algorithm looks like the one to the

right.

During which perioed (I, II or

TIT), if any, would you use each of
the following?

a.
b,
C.
d.
e.
f.

12. Sketch likely learning curves for a strong student and for a weaker student on

the same graph. What do these curves imply for instruction, for student atti-

a game involving groups of 3
supervised practice

conerete materials

timed drills

applications using the algorithm
a quiz

PROFICIENCY
¥\

]
1
1
1
1
¥
]
]
1
L)
1
i
]
]
1
]
]
]
1

|
i
1
T
3
¥
E
¥
H
]
3,
]
f
]
'
1
1
]
!

H

Concepts),

Design a project which requires

AMOUNT OF PRACTICE

tude, for planning variety, for diagnosis, for evaluation, . . .?

13. Sketch a learning curve which shows your idea of the influence of spaced reviews

on learning. How do you think that curve would differ from one which reflects

review given soon after the initial learning?

14, (Discussion)

their attitude.

a.
b,
C.
d.
e.

Do

Why?

Such gheets are more entertaining than much textbook material,

Such sheets are more appropriate for the students than textual material.

It's something different.
It shows that the teacher cares.

The sheets have a clear "the-end-is~in-sight" finiteness.

you see any shortcomings in the use of such worksheets?

b

Many teachers report that the frequent use of separate worksheets
(like those in these resources) seems to get slower students working and helps
Refine, and add to, the following list of possible reasons.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

\

Sam can't seem to master the finding of least common denominators in fraction

addition. You are considering letting him use the product of the denominators

as the common denominator; '

1 2 9 , 12 3,5 18 20

g-+ 9 = gz-+<§z = . 43 Z—+ E—=-§Z + FY T etc.

a. What are some arguments pro and con letting Sam do this?

b. What prerequisite skills are vital to Sam's succeeding with this algorithm?

c. Will you insist that Sam simplify his answers? Justify.

d. Would you allow Sam to use factor boards (Factor Boards-I in the Concepts
subsection)? Justify.

Position 1: "A slow learner is not helped by more repetition. An enlarged view,
carefully developed, is better for him than endless review and repetition."
[Junge, 1972, p. 147]

Position 2: '"Drill is exactly what slower students need. They will only get
confused if you give them too many ways to think about things."

Evaluate each position in light of your experience.

Write the exercises you would include in the assignment for the day you introduce

calculations like Zl b4 lé. Use part of the assignment to show analogous calcula-

2 5
tions encountered earlier (e.g., 25 x 16) and to force the student to discriminate
1 3
(e.g., 22 + 15)¢

Design a homework assignment which takes into account "yesterday, today and
tomorrow."

What does 2% X 3% mean?

A common sequence of topics in teaching fractions is meaning (s), equivalent
fractions, ordering, adding, subtracting, multiplying, and dividing., Is this
the only reasonable sequence?

Which models for fractions should be taught, and when?

a. Survey the textbooks to which your students have been, and will be, exposed
to see their answer to the question. : '

b. Does your department have a plan (beyond the chofce of textBooks] which
addresses the question?

(Outside reference) Brownell [1956] describes the extremes of repetitive
practice and varied practice.
a. Describe these two types.
b. Illustrate each of the types for . . .
1) simplifying fractions
2) adding fractioms
3) dividing fractions

(Outside reference) One careful way to determine prerequisites’ is to task
analyze a procedure to obtain a learning hierarchy [Gagne, 1970, ch. 9 or
Gagne, 1962]. Give a learning hierarchy for some algorithm (e.g., adding frac-
tions or multiplying mixed numbers).

(Research critique of outside reference) Critique the Koch [1965] study.
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25, Mrs. Ippi: "I rather like the idea of letting slower students use flowcharts,
"but I have a mixed-zbility class, How can I let some use flowcharts
and others not?"
You:

26. The tutor often learns more than the tutored! Evaluate these possibilities:
a. Letting weaker students serve as tutors for lower grade level.
b. Having students in a pair take turns teaching each other or asking ™Why 7"
questions of each other.

27. S. Mason: "I prefer to start with the problem and then have the kids help me
work it out. The usual lead-them-by~the-hand technique is short-
sighted: They mnever experience how to figure something out on their

own!"

How would Ms. Mason approach the unequal-denominators case of adding fractions?

28. (Discussion) Many teachers think that handheld calculators should be used in
developing algorithms. How could the calculator be used
a. in developing the whole number division algorithm?
b. decimal multiplication?
e. decimal division?
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The marks, numerals and erasures that students have put on their papers may
tell a lot more than whether the answer is correct. Consider the following work

done by Cecil and Marty:

Cecil Marty
3 | 45
] 'y A

23 34 28 4136 5 éﬁ; 81432

X 3 X 3 x 7 12 %5 0
©o 272 e 3z
q L2727 496 e 35 35
- O ——
c le]

Apparently Cecil is adding the number he "carries" (his crutch) to the tens' digit
before he multiplies units times tens. When he doesn't need to carry, he gets the
correct answer. Marty's answers are all incorrect and one might consider Marty a
near-hopeless cause unless it is noticed that the partial quotients are all correct
and, in fact, the answers are correct if the tens' digit and units' digit are
reversed. Marty is recording from right to left. But why not? We record from
right to left when we add, subtract and multiply. Whatever the reason for such an
error pattern, our job is to pinpoint the underlying problem (to find the error
pattern or to diagnose) and then to provide help in rectifying the trouble (to
remediate). Merely assigning "more practice” to the Chars, Cecils and Martys is
not likely to make them aware of incorrect concepts or procedures and help them to

improve.

NOTE: Unless otherwise noted, subsection cited are in the DECIMALS section of the
resource Number Sense and Arithmetic Skills.
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DIAGNOSING CAN BE FUN (BUT CHALLENGING)

Many student errors, of course, are due to carelessness or lack of mastery of
basic facts. Since such causes are so common, they complicate the identification of
a systematic procedural error and perhaps even hide the fact that a student may be
using such a pattern. To complicate the matter, students are extremely versatile in
the ways in which they can miss a problem, For example, Lankford [1972] identified
42 different ways in which 54 seventh-grade students missed 75 x 58! Isn't that a
challenge? Finding where the students are in error is essential if any real relearn-
ing is to take place.

Here is an error patterm with fractions.

1,23 3,1 _ 4.1 2,13
stv3 =% Y7273 53~ 38

This error pattern seems to be one of students' favorites: add the numerators, then
add the denominators. (Doesn't that sound reasonable?)

This one is a little harder to diagnose:

Chris' Work

.4 7.4 4

1 5 794
x1.3 x3.1 Xa7 X .2
42 T4 3.15 588
s 222

18.2 22:9 4

(Chris was lucky.)

Did you get this one? Chris remembered something ahout counting decimal places but
forgot which "end" of the answer to start counting from. Wote the 3.1 x 7.4 exercise.
Chris' incorrect procedure nonetheléess gave a correct answer—another reason that
diagnosis can be difficult. When only some of the answers are incorrect, you may sus~

pect carelessness rather than a systematic error pattern.

How about the ome to the right?!1!!
(If you can analyze this error, you can
skip the rest of this section.) This

work was actually given by a seventh~

grader. Here is the student's "explana-—

tion": "7 x 1 =7, so put 7 up; 2 x 8 = 16" (student put 6 helow 1 6f,81 and 1 above
8of 81), "6+1=7; 8+6=14. . . (counting) . . . for 147: 6 + 7 = 13" (student
wrote 3 under 7 of 147 and carried 1 above 4 of 147); "7 =~ 3 = 4; 4 - 3 = 1, - 1"
(student carried ahove 4) "= 0; 3 take away 1 is 2." [Lankford, 1972, p. A-13]

Impressed? Or depressed?

44
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Several of the items at the end are designed to give you practice at diagnosing
other error patterns. {See also the commentaries to FRACTIONS: Addition/Subtraction
and FRACTIONS: Multiplication/Division.) All the error patterns are drawn from
classroom observation or interview reports; you will likely recognize some of them
immediately. Some of the "weirder" ones are not too common, fortunately. When you
do encounter one of the weird ones with a student of yours, what should you do? Just

what Lankford did . . . .

Puzzled?--Look in the Horse's Mouth

The only certain way to find out whether your diagnosis is correct is to go
directly to the source: the student whose work you are studying. This course of
action is advised even for a diagnosis you may feel confident about. For the follow-
ing example, pretend that the student did all the Intermediate computation in his

head or on scratch paper: 2

You may have a plausible diagnosis in mind. Lankford's . seventh-grade students pro-

vided three different explanations [Lankford, 1972, p. B-7]:

Student 1--"10 will not go into 5 so change 8 to a 7 and 2 (of 2/5) to 12,
Then I borrow one from 12 making it 11, and making 5 (of 2/5) a

15. So 7 11/15 - 4 3/10 = 3 9/5. (4 from 7 = 3, 10 from 15 =
5, 3 from 11 = 9,)"

Student 2--"Borrowed 1 from 8, made it 7 and 2 of 2/5 into 12. Then 7 12/5 -

4 3/10 = 3 9/5. (4 take away 7 is 3, 3 take away 12 is 9, and 10
take away 5 is 5.)"

Student 3--"8 take away &4 is 4, you can't take 2 from 3 so you borrow from 4
{the difference number). Then 12 take away 3 is 9 and 5 take away
10 is 5."

Since all three students obtained the same answer it might have been assumed before
their explanations that their difficulties were the same. As you can see, however,
each student had idiosyncrasies which you would like to know before deciding what
remedial action to take. How eould the teacher discover the nature of these differ-.

ent erroneous strategies without having each student relate his thinking process?
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Finding time for diagnostic interviews is a problem, whether you are teaching
in a self-contained classroom or teaching from five to eight sections a day. A
further complication is that some interviews should be fairly private to avoid
distractions and self-consciousness on the part of the student. Perhaps interviews
will necessarily be restricted to those students who have the most serious problems
as identified through paper-and-pencil work., Teachers fortunate enough to have

teacher aides may be able to use them to monitor the rest ot the class while inter-—

views are carried out (this may be a very important reason to appeal for teacher

aides or for volunteer help from the community). Frequent, well-conceived classroom
laboratory lessons or small-group games may provide free time for the teacher to work
closely with one or two individuals in a diagnostic interview. Supervised study per-
iods, on the rare occasions when demands from other students allow, might also be
used for brief diagnostic sessions. Some cases may seem so drastic that you will

want to schedule a free period or a before~ or after—-school session with the student.

Conducting a Diagnostic Intervyiew

Suppose you do find time to talk with a student for several minutes without
interruption. Experienced interviewers offer some suggestions that might not be
immediately obvious or that bear emphasis (see Ashlock, 1972, or Lankford, 1974).
The primary object of the interview is to find out how the student approaches tasks
and what erroneous procedures and'concepts he uses.

i. 1If possible, secure a private setting for the interview. The student
must believe that you are interested in him as a person. It must be
clear that you are not punishing the student but are attempting to
help him with his difficulties. He must not be afraid.

Afraid of failing, afraid of being kept back, afraid of being called
stupid, afraid of feeling themselves stupid . . . Even in the kindest
and gentlest of schools, children are afraid, many of them a great deal
of the time, some of them almost all of the time. [Holt, How Children
Fail]

ii., Become an objective data collector and not a teacher. The urge will
be to instruct and point out errors, but remediation will come later
after all the facts are gathered.

iii. Look for patterns and strategies; try to avoid being distracted by isolated
events. For example, students will often say the wrong words but do the
correct thing. The more you learn about the student's procedures, the
easier it will be to remedy the situation.

y
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REMEDIATION
Cecil Marty Johnny
7

5 g 2 12
1 8432 5 g5
x 7 40 4> 43
11'9G 32 10 {0
32 =)
o] 3 Ef

Let's look again at Cecil, Marty and Johnny (formerly Student 2). It is not
likely that merely having Cecil, Marty and Johnny do more problems will lead to cor—
rect practices. What can we do? Suppose that we have talked with the students and
have confirmed our earlier diagnoses. Let's use their errors to illustrate some
possible remedial practices.

Cecil (who adds the carried digit before multiplying units and tens) Cecil,
with a little prompting, should be able to use his number sense to see that his
answer can't be right. 28 is less than 30, and 7 x 30 = 210, nowhere close to 496,
Student estimation with whole numbers (e.g. Rounded Line Up, A Siick Slip Stick,
Rounded Results, all in WHOLE NUMBERS: Mixed Operations), fractioms (e.g., Between,
Can You Get (lose Up, both in FRACTIONS: Multiplication/Division) and decimals
(e.g., Approx-Appraisals, in DECIMALS: Mixed Opérations, or Squared Off and Never
Hold a Grudge, both in DECIMALS: Multiplication/Division) should have pay-off in
avoiding obviously incorrect answers, Giving explicit attention to estimation is
almost a necessity since middle-school students sometimes have acquired the idea that
only the "exact" answer is a legitimate concern. Let's get back to Cecil. Do we
want to leave Cecil only with "In times problems you add it after you multiply"?
That might satisfy Cecil at the momenf, but he might not retain it. Probably we
would prefer that Cecil have an idea of why it is done that way, rather than having
him view the procedure only as some mysterious step to be memorized. It may be
necessary to ask Cecil to show what 7 x 28 EACH Row HAS 28 SQUARES

means with say, graph paper. If he doesn't

know, that's significant information and

suggests that he needs some work with the

meaning of multiplication. If he does, \ ~" M —
X

then he can be asked to show where his com- 7%20 78
putational steps come in (see the diagram to 28 Soa
the right). Looking at a less condensed e

ght) ooking condensed ver 5G RT-T
sion of the algorithm may £ill a gap between 4.0

196

the graph paper and the standard algorithm.
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Marty (who records the quotient from the right

rather than the left)

40 in the work means. It may be that an earlier

teacher skipped an extended form of the division
algorithm, and Marty does not realize that the 40
(and the 5) refer to a number of tens. If she is
exposed to an "unabbreviated" form like that to
the right, it should be easy to get her to record

her digits in the quotient correctly. Checking by
multiplying or going to a concrete aid (as in
Aetivity Cards-10 Multibase-Blocks V in WHOLE
NUMBERS: Multiplication/Division, for example)
may be necessary.

Johnny is not ready to subtract mixed numbers

because he has not mastered the necessary prerequi~

site skills.

might look as follows:

can interpret
mixed numbers

B can rename 1 +%
as fraction

can subtract
fractions

can subtract
whole numbers

We might ask Marty what the

A brief breakdown of the prerequisites

DIAGNOSIS AND REMEDIATTION

4.5

8 [432
40
32
32

0

4

50

8 (232
400
32

32

0

co
Wit

[
=l
(=198}

|

w
Wi

can subtract
mixed numbers

x‘h\

Johnny certainly has troubles with respect to prerequisites B and C (the one problem

does not give information about A).

Our job will be to fill in Johmny's background.

It also appears that he may need concrete support (e.g., as in Fraction Subtraction

in FRACTIONS: Addition/Subtraction).

As in most remedial situations, our mest impor-

tant task may be to convince Johnny that his method is incorrect because it does not

give true results.

too, but that this teacher just wants the exercise done a certain way.

1973]

Sometimes a student thinks that his (wrong) method is all right,

[Erlwanter, (

[
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Rundown of Possible Remediation Steps

1. Does the student need bolstering? Middle school students who are still

having computational difficulties or who regress to earlier error patterns often
heve a history of failure in mathematics. Above all else these students may need
to believe that they are worth-while persons and capable of learning the needed

skill. Whatever remedial action is chosen, let the students experience frequent

reinforcement and success.

3. Does the student need to be convinced that he 1§ wrong? Sometimes the stu~
dent genuinely believes that his way is right, not realizing that his memory of last
week or last year or Dad's way may be in error. Appealing to an estimate may work.
It may fequire a concrete model--arrays, circular regions, number line, paper fold-
ing, graph paper, money—-to convince the &tudent that something about his procedure

needs to be changed.

3. Are prerequisites the problem?

Even a superficial task analysis like - ‘0%:&.5 ? ... GULP! TAVERT

AND MULTIPLY 77 MOUE THE
DECIHMAL POINT 77 CHANGE TO
277 CANCEL 7 ...
. \THIS PROBLEM 1S

)\ MPossiBLE !

the one above for subtracting mixed num—

bers may be useful in planning efficient
remediation. Students who have relied
solely on their memories to keep algo-

rithms straight may become overwhelmed

by all the separate "rules" to keep in
mind for whole numbers, for fractions

and mixed numbers, for decimals, and for

percents.

4., Does the student have any "number sense'"? Is he using it? Frequently the

student who needs remedial work does not have number sense. Those who do have
number sense often get so wrapped up in carrying out the algorithm that they forget
to check their answers for reasonableness.

5. Would elaborating on an algorithm help to build an understanding of the pro-

cess? Some of our algorithms are remarkably concise. To speed up calculations, we
omit zeros in partial products, use shortcuts for tinding least common denominators,
and move the decimal points in division. However, these actions often obscure the
meaning associated with the algorithm. There may be a pay-off in reviewing the

process at a more basic level, as in Marty's case.
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6. Can concrete materials help? Using concrete materials to convince the stu- /

dent that something is awry has been mentioned. Concrete representations give mean-
ing to the operations, so the student can resort to a basic understanding instead of
memory alone. Some concrete ailds are especially good for specific problems; they
might supply just the "missing link" needed by a faltering student. There are many
examples: the abacus for place-value, multibase blocks for powers (see Multibase
Blocks-I in LARGE & SMALL NUMBERS: Exponential Notation)}, regions for adding or
multiplying fractions, colored rods for dividing fractions, number lines for mixed-
number—to—equivalent-fraction work.

7. Can_ the student be involved in planning the remedial work? The value of

asking the student for ideas or to choose among options may be more attitudinal than
anything else. [Cooney, et al., 1975] Having to do remedial work may be very dis-
couraging, especially when it's for the ath time {n large). Ask the student to

suggest ideas and to choose among options for remediation. "What do you think would

fix up the trouble? Would you rather use an abacus or multibase blocks?" Answering
such questions might make the student feel more in control of the situation. Since

he has chosen the course of action, he may be more committed to following it and to
completing it, Pick the options carefully, of course, since you want the student to {
benefit from whatever he does.choose. "

8. Is my attitude positive? We must convince the student that he can learn the

material. One way is through our attitude. "I'm sure vou can learn this and achieve
success. You just haven't been given an approach that will work for you." The over-
all student—teacher relationship must convey an optimistic outlook. Words alone

won't do it if the student feels that the teacher really believes that the student is

"dumb. "

CLOSING REMARK
One of the greatest challenges to a middle-School teacher is .the diagnosis and

remediation of student misconceptions and error patterns. The time and energy we
devote to these activities should result in greater student achievement and perhaps

more importantly, in improved student self-concept.

PYPYY

1. Some students may have "inherited" an I-never—was-any-good-in-math attitude from
parents. What can be done to change such an attitude?’

2T,
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Here are some sample error patterns with decimals to analyze.

+
@
n~J
+
o ®
o o

O

Bert: 1.7 + 1.4 + 3

t

Clarisse: 1.4
X .3
4,2

» 55

.3/1.68
1 5

David:

i3
18
o]

The work below refers to the students in number 2.
repeated, with at least part of the student's explanation given.
dents you find most interesting and plan remediation for them.

Bert: 1.7 + 1.4 + 3
!

Clarisse: 1.4
X .3
4,2

« 56

David: ,3|%.28

8

18

O

.2 (Note: Abe would probably say each
.4 sum correctly as he writes
= it.)
o
= 3.4 1.28 + .7 + .54 =189 .28 + .7 =
L'.
1.7 3.2
X .6 X .3
10'2 906
1.2 . 831
1.4[16.8 .7(5.817
lft 56
28 21
28 2t
] o7

One sample exercise is

"7 tenths and 5 tenths are 12 tenths."

= 3.4 Bert's work: 1.7
1.4
3
3.4
", . . Then put the decimal point right under the
others."

"First, the point goes right over the point.
3 into 16 is . . ."

Choose the stu—

Then
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10.

D.\

Diagnosing errors on specific basic facts with middle~schoolers may take some

effort. There are, of course, the "demons" (7 x 8 = 54, 6 x 9 = 56), but ones

unique to a student may slip by unnoticed or be credited to "slips of the mind"

(e.g., 3 x 3 = 6), Evaluate these ways of more systematically identifying trou-

ble spots with basic facts.

a. In a game based on digits (e.g., Fresno in WHOLE NUMBERS: Mixed Operations)
use just a few digits.

b. Regularly have a short speed (?) drill, with the exercises being either
written or read out loud. Students should note which ones they miss.

Mr. Bunyan: "Hoo-ray! I'm going to have an aide who will check homework and

tests and will record grades! I'll never have to look at a paper!"

a. Let us share Mr. Bunyan's elation, but what can he and his students gain by
his looking at the marked papers?

b. These are the usual sources of help: paid aides, parent volunteers, students
in an upper grade, high school students in a future teachers' club or service
club (or just volunteers}, students from a nearby college, senior citizens.
Are any of these reasonable for your situation?

Sometimes a student will reason along unconventional lines and come up with a
correct answer which, alas, we might not recognize as correct. Try to re-create
these two students' thinking. What would you say to them?

1 1
1,12 1,34
8 S TE 75 3% T T4

__3 = 23

bn ‘75 X .25 s 16 ;5 X 1006 = 00

Any time a student does something (or doesn't, for that matter), we have an
opportunity to evaluate. TFor example, what might one diagnose as a result of
using the student page, "The Answer,’ in the Mixed Operations subsection?

(Discussion) It is certainly worthwhile to ask a student to help in diagnosing
his problem. What can be gained by doing this, even when you are already nearly
certain of the trouble?

(Discussion) This section has centered diagnosis on a single student. Another

common use of the term "diagnosis'" is in connection with analyzing a short ''pre-

test” given before instruction on the topic(s) of the pre—test.

a., Report your experience with such diagnostic tests.

b. What sort of useful information can be obtained in a similar way from chapter
or unit tests given after instruction?

Give a breakdown of the prerequisites for each of the following:
a. fraction addition

b. fraction multiplication

c. fraction division

d. mixed number addition

e. mixed number multiplication

£. decimal division

g. fraction-to~decimal conversion

ST
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11.

12.

13.

14,

15.
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How can you handle remediation activity without jeopardizing a student's self
concept . .

a. when he is one of 5 with the same difficulty?

b. when he is the only student with the difficulty?

(Discussion) Evaluate these possible ways of dealing with the student who can't

seem to learn the basic facts. Add to the list.

a. Don't make him; let him use tables.

b. Have him help a younger student who doesn't know them. (See NCTM, 1972,
p. 159, for a testimonial.)

¢. Promise an apple for each fact he learns and remembers for two weeks (after
finding out which ones he knows).

d. Give him 5 minutes of undisguised drill daily (oral, filling in tables,
audiotape, . + ).

e. Frequently use games which require knowledge of basic facts to win.

f. Let him check final answers with a calculator, with the understanding he must
completely correct any wrong exXercises.

g. Have him give a fact when he asks for a favor.

(Discussion) Mr. Callust: 'Let's face it, if a kid hasn't learned how to do
whole number arithmetic by the 7th grade, he's not
going to. I have them use the calculator for amny
whole number stuff,”

Your reaction?

(Discussion) Developing a number sense in our students should be a high priority
objective., Several student pages in this resource should help foster this devel~-
opment. What are some other ideas? (E.g., design a "How's Your Number Sense?"
bulletin board; practice mental arithmetic thrice-weekly; in discussing chalk-
board work, always ask, "Is that reasonable?” . . .)

"Carelessness' gets a lot of blame for student errors. Perhaps thinking about
possible causes of carelessness might in turn suggest ways to avoid the causes.

See what you can add to these lists.

Cause To avoid cause

a. student hurries too much ©al, tell class "Haste makes waste" (ha!)
a2. give only part of assignment, let
work 5 minutes, then give another
part, etc.
a3. say, "Today -speed is not important.
Answers must be correct. Check by
using inverse operatioms."”
b. assignments too long for student bl. give "reasonable" assignments
b2. 1let the student choose the assign-—
ment (""You can do the first 10 or
the first 15, whichever you feel is
best for you.")
B3. give "conditional" assignments:
"If you get exercises 1, 5, 10, 15
correct, then go on. If you miss
10 and 15, go back to 6."
b4. set up student contracts
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c. sloppy work cl. make a big to—~do about neatness in
your own work
c2., give a "neatness' grade occasionally
c3. post neat papers
ch. give no credit if you can't read it
or have to hunt for it

16. (Outside reference) Hutchings [1975; 1976] suggests that using "low-stress"
algorithms can be an interesting diversion for capable students and a big help
to the less—capabhle ones. TFrom the samples below, notice how useful this form
would be for finding errors with basic facts. Check the references for "low-
stress' subtraction [1975 or 1976], multiplication and division [1976] algorithms.

Sample (low-stress addition):

Exercise 1. 74 714 %9 4 Exercise 2. 4: 9
ggﬁsgz/—*g% 173187

o 3P 38 ! 63 =44

1 181 4 %

2 46

17. (OQutside reference) Read Lankford [1974], Ashlock [1972] or the 35th Yearbook
[NCTM, 1972, pp. 308~-309, pp. 514-516] for more ideas on interviewing a student.
Then interview one. Plan the exercises you will present (so that, for example,
you could reasonably ask the student to "prove' his answer with some concrete
ajd) but be flexible; student responses often suggest other questions to ask.

18. (Outside reference) Even better~than—average students sometimes develop some
mysterious procedures or concepts. Read Erlwanger [1973; 1975] for an interest—
ing account of what ideas a student can come up with, especially in an individ-
ualized program without careful teacher monitoring. The report may inspire you
to carry out an in-depth interview with one of your above average students.

Below are several error pattern diagnosis and remediation exercises. Sample them to
suit your taste,

19. Younger students also display error patterns, of course. Occasionally some of
these endure into the middle grades. Analyze the error patterns in each of the
following parts and complete the fourth exercises as the students would. (Pat-
terns are based on Cox, 1975.)

(

(

a. 519 345 483 657 d. 43 51 30 64
+ 82 + 76 + 57 + 85 -7 =29 =12 =27
51t 511 Tl Gy 38 22
5, © 1,
b. 46 21 17 24 e. 57 yy! 25 (Note that 49
+3 +8 +2 +5 -23 =51 ~13 this an~ =15
19 109 39 314 i3 12 swer is
correct.) C
c. 54 64 38 67 £, 53 82 46 72
+7 +8 +5 +8 -14 ~-36 =39  -48
51 cZ2 313 49 56 T
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20. Here are some more illustrations of error patterns with whole-number operations

to analyze.
seventh graders.

Most of these were observed by Lankford [1972] with second-semester

4
Al: 19 41 15 62 58 42
x20 x36 x71 x74 x75 X26
20 126 75 428 390
Bea: 304 145 245 474
x506 x202 x403 x502
{824 290 735
0O 000 lelole]
{520 2a 9580
{7024 3190 10535
5 g 4 B 2 3
Carl: 15 [7590 23|g§46 32|2ﬁ96 l7|5134
rl:) e
g 46 96
50 4e %
&30 430 RS 320 R3
Dan: 8 4824 14|5647 12{3627 18|7227
48 56 ki
24 47 27
24 42 ad
[} 5 3
: 2 22 % '
Denise: 43 56 34 28
x35 x24 x75 x54
{3115 s dh 23970
{221 R5 £t R 103 R2
Derrold: 3|i784 5Lz575 N 31419 7(7418
i 2 L.
b o L
Z 2 o
1

21.

. 3,71_10
Emma: 5 T
e S 4 2 8-
Francie: 7 + 5 =% 2
i1 1 1 _2_1
Gil: i-kgua_a

Lankford [1972] also observed error patterns with fractions.
complete the unfinished exercises as

1

Sample these and

the students would.

2,132 4 . 1_5 2,1
3t 375 5+t 373 gt 37
1 ,2_.3.L 2, 7_9 3,1 _
t§T3°€°z2 5+ 10 16 Itg”
2,4_6 3,2_5 5,1 _
3% 35 =78 273572 gt3 =
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Helen:

Ira:

Jane:

Kelly:

Len:

Marcy:

Nate:

Ozzie:

DIAGNQOSIS AND REMEDIATION

1)\

{ i !
2,1_2_ L Z,4_5 71,8 _8. 2,6
“3“+'%“‘7.;"2 '5'+':;?"e 1'20+6—8"'} 377
1,3 _ L, 3. 4, s,1_51.6.3
TrITRtE L § T 278878 &
3,2_383.,2.5.+v L1,.2_
7Y G632 379
1 1 3 1
5% 25 103 6 45
3 6 4 1 2
-3 1~ 4z 33 1%
52 Yy i Tal -
2% =24 12 €z 33
£yt el I
1 2 3 5
i &5 1875 37
3 4 7 7
27 11s 15 195
58 3 3
21* “ 4'5 G!O /
\
1 1 3 1 '
6% 43 83 )
2 1 3 1
3 3 _ Al G _n3
23‘ 2523 3@;-3:;
1. 3_3 2 1_8,3 2% _
3x3=% R SR U A P <
7,1 _35,8 280 7 3, 5_
¥ % T4 %0 " %0 [ & -
2 1 _4 4,.3_8 3,.,1.% 2 .35 _
5 X3 F g * 7 7% g*¥3 %8 5Xg°7
(How many answers are wromng?)
2 .3_2. 3 6.2 i, 8_+t.8_8.2
3¥*T T EMEEE O TFITRRETRZ S
3.4_34 12 6 Lt 1, 5. |
2 ¥5 M6 555 2 %% (
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. 1.1 52 2 .3l .32 152 0% 1_
Peg: 25 X T = 20 13 x 33 ""357 25 x 5g =10% 4 x 25 =
3.,1_3 2. 3_3 8.2 _4 9.3,
Quint: 7 ¥ 7 7% 10 ° 10 ~ 70 5 "33 g 8~
VR S £.1._3.2.¢6 4.3,
ae: ’5"1:;““52.»0 N A A 9 >3
} |
. 2 .1 2.2 (& 3.3_.-3,2_o1L 1.3
Tiny:  6ra t 3 =20 82 + 2 =4& 45+ 2 =23 63 + 2 =
. 2.1 A .3 L 7.2 _ 2 6 5 3,1
Ursula: g ¢ 5 =g Fg=lg §° 3 TZa za T i, i 5
1. 57 R2 2.2 R4 .39 R2
Vince: 3!4.73 2.1(4.66 5i1.97
3 47 | &
;I HG L7
23 42 45
31 s 2
3
Walt: For .7 %+ 1.4, works L701.4
For 5 ¢+ 1.25, works 5[1.25
22. Here are a few more error patterns with decimals.
2.2
a. 1l.24 x .6 124 b. 6 - 1.37 ¢ c. 3|8
X.CO ”"3? ——‘i—
©.00 5.37
74.40
74.40
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23.

24.

25.

-Ih\

Finally, here are some common exponent and square root errors. Can you figure
them out?

a. 20 x 27 = 4° 32 x 33 =9° 102 x 10% = 100°
b. 102 x 10° =10° 24 ¢ 23 = 2® 32 4 35 23"
. 220 =g 102 =20 43 =12 52 =10

2 3 2 2500
d. 3 x 10° =900 2 x 107 =8000 5 x 10° =2
e. 43 1+ 42 =45 102 + 10 =10? 23 4 2% 297

6 8 10
£, .1-,9.:2_;103 2° _o% -
10 2 3

o VITE TG =3+4:=7 J12% + 8% =20 J25 ¥ 64 =13

Are there other error patterns that are not mentioned above but that you have

noticed? (For example, no illustrations of ordering fractions or decimals have
been given here.)

These exercises refer to the students who used the error patterns in exercises
20-21. One sample exercise is repeated, with at least part of the student's
explanation given. The number in parentheses is the answer to the incomplete
exercise for the student in number 20 or 21. Choose the students you find most
interesting (please don't skip Emma and Ozzie) and plan remediation for them.

Al 41 "6 times 1 is 63 3 times 4 is 12.," (92)
%36
126
Bea: 304 "+ . . the 0 in 1520 doesn't matter. You can put it in
X506 or leave it out, just like the 000 row. . ."
i
Q
{520 (24648)
{7024
Carl: 1517590 ". « ¢ 15 won't go into 9, sc you bring down
s 1
20 the ¢ . . .
20 (32)
/3]

(.
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c30
Dan: 8|4824
46
24
24
(o]
1
P2
Denise: 43
x35
{3115
O3 R2
Derrold: 3[419
L
i
e}
. 3,7 _10
Emma: -§ + 8 m-r-

. 3 5 _ 8 -
Francie: I + 5 ---Zl-_..?_,
1. 1.1 .2 4

Gil: 5 + 356 °3
2 1 2 |
Helen: —3- + ""g ="'q"—: 3—2
1l 3 ] 3 4
- — ___—:.......Jr-——-m-__::
Ira:z 2+4 X Iy (

DIAGNOSIS AND REMEDIATION

\‘A\

". . . You've got to put a 0 in the answer to

fill it up even with below . M
(410 R9)

¢ o

. carry the 1. 5 x 4 is 20, plus 1 is 21.
Write down the 1, carxy the 2 . . ."
(14112)

"I do short division. 3 into 4 once, 1 left.
3 into 1 won't go, 1 left. 3 into 9, 3, none
left over. 1 and 1 is 2. Remainder = 2,"

(1001 Ré)

"3 and 7 is 10, over 8 and 8 is 16." GI%

"5+ 3 =8. You don't add the bottom
numbers because 2 will go into 4."
[Lankford, 1972, p. B-1]

4 1
(8 = 2)
“"The bottom is 2 times 3. 1 and 1 is
2 1"
. o a @Ji
18
"Well, you cancel the 2Zs., Then 1 and 1

gives 2 and 3 and 2, no 1, gives 4 . Y

4 1
("g =)

"The l.c.d. is 4. Got to take 2 times
the 2 to get 4, then add 1 and 3 . . . "

3 1
Cg =3
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Jane: 5%
3
37
=7 ol
2Z -2
5&2
Kelly: E“—'S“
4
~l1s
g
4?3
Len: 6%
2
5
23
5
Marcy: —%» X —g—
2 1l
Nate: 3‘ X —2‘- =
{e: 2.3
Ozzie: 3 X E
2 1
Peg: 1—3— x 37
Quint: -2— T —31:- =
i
vee: B .21
ae: £ * % 5
2 1 _
Sam: l“é' *2“ --!

DIAGNOSIS AND REMEDIATION

u_]; __3_ . _2_ " 1
4from4154... (33)
"You borrow 1 from the 6, that gives 12 . . ."
8 1
(Ugg = 1)
nl 2..3 " 3
B and s is o 6 take away 4 is 2. (14)
=-32:~ "The bottoms are the same, so you 1 times 3
and put that over 2."
420
3 = 19
%’_— "2 times 2 is 4 and 5 times 1 is 5." Note: Nate's
teacher had mentioned "cross multiplying’ when
discussing equivalent fractions. 16
G5
f—"-rzg x%ufg + Z "The l.c.d. is, uh, 15 . . Then 2 times
S 5 3 is 6, over 15 . . " 5
G3)
- L L. 1. R . " 1
"321 3 times 7 is 2 over 21, 1 times 3 is 3. (87)
3 1 2 Tt 3
Z 3 divided by 1 is 3, over 4. (-é-)
x—-li =-—‘6 "Cancel the 3s first ., . . Nothing else
! to cancel, so . . "
)
3
%—x% = {%‘; "Invert the 1 over 2 and multiply . . ."

2
53
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N

Tiny: 6~i-(—9)~ + 3 = 2.% "3 goes into 6 twice." (3%)
Ursula: 5 % %— m%{-— %_ﬁ 3'% "Get the denominators the same . . . then:L
3 goes into 4 once with 1 left over. Lg,"
3
(355°

Vince and Walt do not have to speak.
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Educational games have become increasingly popular over the last decade. Al-

through simulation games, prompted by military, business training and college use,

get most of the popular—press attention, nonsimulation games are much more common

in mathematics classrooms. (See Mom & Pop Steel Co. in WHOLE NUMBERS: Mixed Opera-

tions for a sample of a simulation activity
in mathematics.) This section considers
uses for games, summarizes some promising
research on games and teams, lists some
desirable features to look for in a

game, and adds a few points to keep in

mind when using games.

USES OF GAMES

Disguise Practice

One problem for many arithmetic topics in middle school is that students feel
that they "already know that stuff" and aren't overly interested in knowing it
better. Games can disguise drill by making it part of a larger, desirable context.
Many games can be played at home, offering an excellent opportunity for "fun" out-

of-school practice and, with luck (and your skillful promotion), parent participation.

Variety

Many teachers use games for a change of pace. Anything that can add to your
repertoire of variety-producers safeguards against the homework-lecture-assignment
rut. Students can make clever adaptations of commercial games, television quiz shows
or sports to mathematical themes. Teachers also report success in asking students
to make up games for younger students, an activity which can give some built-~in

review (you would, of course, ask them to try the game to work out the bugs!).

Enrichment

Many of the games described in this resource are oriented toward computational
drill. On closer look, you will see that more than computation may be involved,
especially in games where you can thwart your opponent by looking ahead (e.g., Game
¢f &0 in WHOLE NUMBERS: Getting Started). Hence, carefully chosen games
may serve objectives like problem solving in addition to providing some drill and
practice. Having a wide selection of games may enable you to pick and choose to meet
individual differences better or to help early finishers find something worthwhile

to do.

NOTE: Unless otherwise noted, subsections cited are in the LARGE & SMALL NUMBERS
section of the resource Number Sense and Arithmetic Skills.
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Opportunity for Diagnosis

During many games you can be relatively free to observe students in action.
The plays they make, their confidence, and thelr relationships with their fellow

players can give valuable information about their achievement.

Attitudes

Since you have probably used a game in class, you already know the high inter-
est level that games seem to produce. It may sometimes seem to be interest only in
winning but, given the interest, perhaps we can take advantage of it. In some
classes having everyone pay attention might be reward emough! A game may also stimu-

late a student's interest in learning the skills or facts needed in the game.

COMPETITION AND COOPERATfON?

Mr. Denson: Wow! That seemed to perk everyone up, even Charley Dinkle.
I made up two teams, the Left three rows against the right
three rows, and then just had a competition, one player from _
each side working at the board on a division exercise. The (
kids really Iiked it . . . It was hard to keep them from
shouting out hints, though. And most of the kids didn't
work on the exercises at their seats, as I told them to
. « « 4nd poor Nancy Kinkle didn't want to take her turn
and was mortified when everybody laughed--she didn't get a
single digit written before Jane Daly beat her . . . And I
thought Jimbo Smith was going to fight Don Adams when Don
got on him for losing to Jon Fish . . . Maybe we didn't
accomplish all that much after all.

Using games is not a panacea of course; they can be over—used or misused, as can
most teaching tools. Like Mr, Denson, you may have had some second thoughts about the
over—competitiveness that may develop during a game and interfere with the learning
you had planned-—or that may produce side-effects you cannot tolerate. Competition

clearly 1s a motivator (except, perhaps, for the Nancy Kinkles). How can we best use
1t?
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Here is one possible answer: Use

COOPERATION SHOW ME HOW TO
an extended. competition among small WHTHIN TEANDS PUT FRACTIONS

teams., The team—versus-team aspect

(r)

uses the competition motivator, but
the team structure encourages team

members to cooperate with each other

to learn techniques, facts and strate-

gies.

How the teams are made up is important, of course, Four students on a team
seem to work well; teams should be heterogeneous in ability. There will be practice
periods during which team members cam "tutor" each other, so having homogeneous
abilities or too many on a team would likely detract from the tutoring.

The students should first meet with their teams and have some practice periods
both to-learn from each other and also to establish a number-l-player, number-2-
player, etc., order for the official competition. When the "real” competition starts,
all the numbefmlwplayers play among themselves in groups of three or four, as do all

the number-2-players, etc. (Note that

- most of the games in this resource can

- Y .
MONDAYS RESUL
be played in small groups.) To keep Y s

the competitors as equal as possible,

i

for the next day of play the winner in

each group moves to a group of greater

ability and the loser in each group to

a group of lower ability (with obvious

exceptions in the highest and lowest
COMPETITION

groups), other players staying in their AMONG  TEAMS

groups.
Some games have a built-in scoring system; if not, it is usually no trouble to
design one. For example, in a four-player group the winner of the greatest number
of rounds or hands could get 4 points, the winner of the second greatest number could
get 3 points, and so on. At the conclusion of a round of competition, each person's
score is handed in, each team's score is calculated, and cumulative team standings
are determined (the results and standings might even be reported in a "newsletter"
the next day). Interspersing within-team practice periods with rounds of competi-

tion provides a chance for more peer tutoring.
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There are several things you'll have to play by ear. You may want to be flexible (
in scheduling the rounds of competition; perhaps start with half a period of practice |
one day a week, then half a period of competition another day of the week. Relating
the particular game that is to be played to current or recent class work should not
be too hard. You may wish to have different groups piaying different games. 1If, for
example, a few students are not good enough at fractions to play a fractions game,
they could be assigned a whole numbers game. You may want to change teams around if,
say, one team is super-strong or super-weak, if the team members cannot work with each
other, or if you want to get a greater student "mix" periodically, Although the noise
level may rise since several students may be talking at once, discipline seems not to
be a problem because the students become so involved. You may need to keep a closer
eye on the plays of the lower-ability groups as they tend to be less critical of an

opponent's plays. You will likely have to play down the competitiveness, perhaps

by emphasizing the teamwork ('"The Skew-balls team must be helping each other a lot
since they have been coming up in the standingé lately™) or by emphasizing the luck
that enters into most games ("The cards that the Euclid's Angels were getting weren't
very helpful). Although some students may thrive on competition, others--because

of their abilities or personalities--may shrink from it. Such students should not, <.
of course, be forced to compete with others but can work with solitaire games or

self-competition games while the others are competing.

What Doés All This Do?

(a) The extended competition among teams provides a team spirit feeling: stu~
dents won't want to let the team down, and stronger team members can help the weaker
ones imprdve during the practice sessions. (b) Using small groups for competition
increases the amount of time each student is working (compare Mr. Denson's setting)
and, partly because of-the matching of abilities, increases each student's chances
of winning since he is now competing against 2 or 3 opponents of about equal ability,
not 30 with some of the 30 unbeatable. (c) Each student competes individually and
is accountable. (d) Since in most games each player is subject to evaluation by the
opponents, the player gets immediate feedback on his thinking and perhaps some addi-
tional instruction in being shown that the play was incorrect. He is usually active-
ly evaluating his opponent's plays also.

In some carefully monitored settings, teams and games have produced (a)
greater achievement, (b) more student-student help, (c) a "rub-off" in increased

attention during regular instruction [Edwards, DeVries & Snyder, 1972; DeVries and (
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T

Edwards, 1973, 1974}, and (d) even improved attendance [Allen and Main, 1976}. The
extra work in keeping the records and making the assignments to tables may be shared
by the teams—-and can involve work with percent and statistics.

There can be other benefits, too.

DeVries and Edwards [1973] note that '
"individuals express concern for each YOUVE REALLY HELPED
other when placed in small groups."
[p. 316] There certainly will be lots
of opportunities for student-student
interaction. And, if your situation
warrants, the use of teams may be of
help in establishing more cross-racial

or cross—ethnic helping and friendship

[DeVries and Edwards, 1974].

FEATURES GAMES SHOULD HAVE
1. Your students should like the game. TIf they don't but you see value in it,

ask for suggestions on how to change the rules to make the game more interesting.
Perhaps something can be salvaged.

2. The game should serve an objective ot the course. Pléying checkers, say,

just to f£ill in the time or to entertain the students would be difficult to justify
(even on "success experience" grounds). If the game is to provide practice with a
gkill, the skill should be necessary for winning at the game and the students should
have enough background in the skill to make their playing the game a reasonable
undertaking.

3. Chance should play a role in the game. The "luck of the draw" can give the

less-skilled player a chance to win——or an excuse if he doesn't. An element of chance
may be less Important if the players are of equal ability, but it still supplies an
alibi for the loser as well as an added degree of excitement.

4. All students should be participating during every play. Some "whole—-class"

games involve only one or two students at a time, with a premium being placed on
speed. TFor example, "Travel” (or "Around the World," in which a student stands by
someone's desk, the teacher presents a problem, the first of the two to answer cor-
rectly "wins" and gets to stand by the next desk, etc.) may involve only two students

at a time, with the faster player always winning. Games which can involve the whole
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class (e.g., 2 Place-Value Games in WHOLE NUMBERS: Concepts) or several students in (
small groups (e.g., Fraction Dominoes in FRACTIONS: Concepts) are more efficient in
terms of practice provided; these examples also give less emphasis to speed, although
there may be times when developing speed is the intent. Maximal participation can

be approached in small-group games by building in a reward for evaluation of an
opponent's play. In large-group games (like Mr. Denson's competition), gettihg
everyone doing something may be difficult. Sometimes allowing challenges to the
opponents or ''saving" your team with a right answer gets more students involved.

Better yet would be to plan the game so that the problem is given before the choice

of the particular player(s)-~see also number 8 on page 8.

5. Adaptable means more useful. This ideal has several aspects: adaptability

to students of different abilities, adaptability to other topics in the curriculum,
and flexibility in playing tiﬁe required. The first aspect is obviously desirable.
The second aspect can mean a saving in equipment or in time required to explain the
rules. The third aspect reminds us that materials for some games take time to pass

out or that the length of a "round" may not fit the time available.

MISCELLANEQUS POINTS
1., It is a good idea to play any game yourself before introducing it to the

class. This helps you see whether it does fit your objectives, eases your explanation
to the players, and familiarizes you with the game so you can put the rules down and
watch the students while they are playing.

2. TIf the class needs to be separated into teams, you might avoid having 5 or 6
students choose theilr teams. You know the students' abllities better (unless it is
early in the year) and you can save some student the ignominy of being the last one
chosen. If you feel that your assigning students to teams would result in too many
miffed feelings, see number 10 on page 9 for some alternatives.

3. Settle ahead of time how you will handle cheating. Many times having the
students decide on how cheating should be dealt with can result in a worthwhile dis-
cussion. Ordinarily, loss of turn, penalty points or expulsion from the game is a

sufficient deterrent. The students usually do a thorough job of monitoring the other

~ team for cheating! Penalties should be clearly defined before play is started.
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4. Do whatever you can to avoid the over~competitiveness. You may have to

choose only games (like variations of Bingo) which usually do not get out of hand.

Careful remarks before the game starts may help establish some guides: ''Remember (




DIDACTICS GOALS THROUGH GAMES

that this is just a game we're playing for fun and to practice . . . (whatever).

e

il

We'll have to stop if it gets too noisy or if there's bad sportsmanship. Feople are

going to make mistakes just because they're excited, so don't make fun of anyomne.
Don't get down on yourself if you goof up . . M

5. Give encouragement to the perpetual loser. Unless he-—and you-—are very

unlucky, a game with an element of chance and roughly equal opponents should result

in his winning every now and then. If not, be ready to give some encouragement
("you've really improved a lot," "your team is right up there today"), blame the
- fates, or offer him an escape (to another game, to a puzzle, to being your lieu-

tenant, . « o)

6. Get whatever mileage you can from a popular game that doesn't fit your cur-

rent objectives. Invite the students to take the game home to play with parents or

siblings.

7. Be on the lookout for new games. You might read journals, attend profes-

sional meetings and visit exhibits, talk to other teachers, or find a workshop that

spends some time on games. If you buy a game, keep the receipt——it is tax~deductible.

PPV

1, (Discussion) Describe your experience with games in your classes (mention flops

or disappointments, if any, also).

2. What objective(s) might be served by playing Cooperation in FRACTIONS: Concepts?

3, Mr., Denson tries again. Evaluate the teaching strategy described in this
vignette:

"It was just like an old-fashioned spelling bee, I lined everyone up around the

room and started going around, gilving each student a basic fact or a mental

computation. If he missed, he sat down. When there was a small enough number
left to fit at the board space, I started using harder calculations and let them

use the board. Joey Dorr did not win--made a silly mistake. Claire Flagg
started taking too much time, so I had to put a time limit on. WNo cheating

this time, but the ones at their seats really had to be reminded to work on the

problems too., Wish I could figure out a way to get them working . . . Claire
won, which I could have predicted after Joey went down."

4, a. Adapt one or more of the following to a game usable in one of your classes:
i, a card game (e.g., Fraction Blackjack in FRACTIONS: Addition/Subtrac—

tion)
ii. a board game (e.g., Monopoly, Scrabble, Bingo)
iif. a TV quiz show (see Homan [1973] for ideas)
iv. a sport (see Karau [1956] for a version of football)
b. Give the assignment above to your students.
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5.

&

The faculty lounge guru: "Your problem, Miss Nodgen, is that you worry too

much about shielding the dumb kids. They need to face up to the fact that thew
aren't going to be academic whizzes. They might as well play your games against
the best students right now rather than have you lead them into thinking they're
hot stuff,"

Your reaction:

Sometimes there seems to be little value in using your time and energy or in
taking a portion of a class period to make a particular card deck or other
materials that might be needed. Evaluate the following sources to see whether
they fit your situation.

a. An enthusiastic audio~visual department

b. Student volunteers

¢. Students who need "extra credit"

d. Earlier finishers on tests

e. Students from a study hall or from detention

f. Teacher aides or paraprofessionals

g. Parents

h. An inservice day

(Note: Well-made, "professional-looking" material seems to get better care from
the students.)

Suppose you are involved in an "individualized" program and see games as one

means of providing some variety. Give merits and demerits of each of these:

a. Adopt a team—competition, with team practice tor half a period on Wednesdays
and competition all period on Fridays.

b. Have a weekly game day, with students free to choose whatever game they wish
to play.

¢. Have an occasional game day, with students assigned to a particular game
{(different games would likely be played simultaneously with game assignments
based on individual needs).

d. Have every Friday be game day, but only for those students who are caught
up in their work or who have '"worked hard" all week.

e. Let the class set goals and decide when to have games and what games to play.

f. Your idea.

a. Contrast these two procedures for large-team competition (e.g., half of the
class versus the other half).

I II

Choose competitor from each team. Give problem. Let work.
Give problem. Choose player from one team.

One with first correct response
gets a point for the team,

Team gets point if player gives correct
answer; if not, player chosen from
second team to try. (Other team judges
whether an answer is correct.)

b. Contrast these methods for choosing the next player(s).
I. Use the next student in the Seating order.
Toss a marker on a seating chart or in the grade book.
ITI. Then call on the student indicated.
II'. Call on whomever your judgment indicates, no matter where the marker
lands,
ITI. Choose from volunteers.

.
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10.

11.

12.

13.

14,

15.

ALY
Sosstl/

Suppose you are running a 2-team competition as in number 8. Evaluate these
ways of deciding what problem to give next.

a. As they come on your list.

b. Matched to the ability of the student currently playing.

- ¢. Level chosen by the student (e.g., in a "quiz-show" game, the student could

ask for a 5-point, 10-point, . . . question; in a baseball adaptation, there
could be home~run level questions, S*base hit exercises, etc.).

What are some advantages/disadvantages of these ways of separating a class into

teams?

a, Count off. If there are to be 6 teams, have students eount off: 1,2,3,4,5,
6,1,2,. . « . All the 1's make up one team, all the 2's another, etc.

b. Have the slowest students pick the teams. (Caution: will they pick only
their friends?)

¢. Have 6 students of equal ability pick even teams. Then you assign each
"picker" to one of the teams.

(Discussion) After 5 weeks of competition, here are the team standings:

Googols s o o« o o » 69
Multipliers « . . +» » 35
Skew-balls . . . . . 33
Hexagons - « «» « - - 27
Primes . o « » & » . 26
Euclid's Angels . . . 11

What would you do?

(Discussion) Suppose that each class at your school has set up a team competi-
tion. Would you . . .

a. have challenges between class sections at the same grade level?

b. have challenges between the champions of each grade?

¢, form teams of "all-stars” for each grade?

Suppose you decide to try a team competition arrangement with one of your classes.

a. Decide which students should go on which teams, Should good friends be on
the same team? Should "enemies'?

b. Choose the first game you will use.

c. Plan at least the schedule you will use for the first practice period(s) and-
the first round of competition. (Allow some time during the first practice
session for teams to choose their names.)

d. Plan your explanation to the students about the competition, the schedule,
how the first game is played, the scoring system for the first game.

Suppose you are using a team competition. You are thinking of reporting the
results in a newsletter or the school paper. What are some of the arguments for
and against doing this? Would you report the scores of individual students or
only team scores and standings? (See Student Self-Concept in the WHOLE NUMBERS
section.)

There might be valuable information in making a sociogram for a class. In your
(smallest, for starters) class, ask the students to put down their names and to
list 3 classmates they would like to work with if you choose to set up some
small groups or some teams for games. First, draw arrows in a class list to
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)

A

choices. The Xesult will be messy
and usually needs reorganizing so
that mutual choices are close to
each other. The sample to the
right shows the common way of re-
organizing the idformation. Com-
pare the final results to compare
your predictions and to note
"isolates.” The results might
help you to get a more cohesive
class,

16. Having heard that a team competition may help attendance, you are surprised that
Nickie seems to be absent nearly every day of competition. Evaluate these
courses of action.

a. Establish a rule: If a team member is absent, the team gets 0 points for
the missing person.
b. Talk to Nickie to see what the problem is.

17. How would you handle these two situations in a competition setting?
a. Myra, one of the stronger students, gets very frustrated when she or her
team does not win.
b. 1In a team competition, the "last" table is called the "stupidos" by some
students who are always at higher-ability tables,

18. {(Outside reference) See what you can find about the pros and cons of competi-
tion for middle schoel students.

19.  (Research critique, outside reference) Critique the Allen, Allen and Ross
study (1970), in which the game-playing group gained an average of 20,9 points
in nonlanguage IQ score. Then read the "Letters to the Editor" section in the
March, 1971, issue of Simulation and Games.
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RATIONALE

As early as the seventh century B.C.
the counting board or abacus was in-
vented and used for simple whole number
computations. Merchants and traders of
ancient times probably would have found
the abacus cumbersome to carry around in
their back pocket. If they were alive
today, they could not only have a cal~
culator in their pocket but they might
have a computer terminal in their brief-
case! Electronic calculators are one
of the hottest selling items around the
world. They are becoming as popular
and inexpensive as watches. They give
instantaneous effortless answers to
many computations. They are small,
quiet and cheap.

Using a calculator is relatively
easy. You push a few buttoms in sequence
and "Voilat!" the keyboard display flashes
the answer. ''Most of us have so far
explored numberland by the very laborious,
manual route. The hand calculator lets
you travel by automation, and explore
far afield effortlessly.”" [Wallace Judd}
Paper and pencil calculations are often
slow, inaccurate and tiresome. Interest
and enthusiasm for mathematics is often
killed by such drudgery. The calculator
becomes a fantastic tool that frees us
to do investigations and problem solving.
Its speed allows us to keep pace with our
racing minds as we search for solutions,

conjectures, and more questions.

The electronic calculator is NOT a
fad; it is here to stay. Like the radio
and television, soon everyone may own
one (or two or three), The calculator
is bound to change our way of life just
as other advances in technology have.
Already educators are arguing about the
use of the calculator in the mathematics
classroom. Should the calculator be
used when teaching arithmetic skills in
Will children need

to memorize addition and multiplication

elementary schools?

facts if they learn to compute using a
calculater? Will senior high students
need to learn how to use logarithmie
tables or should they use an electronic
calculator instead? In other words, the
whole mathematics curriculum from kinder-
garten through college will need to make
serious adjustments to account for the
use of the electronic calculator, 3Be-
cause the calculator is becoming avail-
able to all members of our society,
including children, educators will need
to decide how electronic calculators

fit into the school curriculum.

Recently, pocket or desk calculators
have been used in mathematics classrooms
to motivate students and expand their
ability to solve "messy" real-world
problems (i.e., stock investments, tax
forms, interest on car payments, pollu-
tion contrels). The calculator provides

the immediate feedback of answers and a

probelm-solving flexibility that
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encourages the student to become in-
volved in complex computations.
However, one needs to be careful!
Most calculators do not retain and
display all the numbers or operations
entered. If wrong numbers are entered
or operations are entered in the wrong
order {(a faulty algorithm sequence),
the incorrect answer must be recognized
by the student. To tell a reasonable
answer from an unreasonable one, a
student needs to know how to compute
using the basic arithmetic facts, how
to round numbers, how to estimate and
approximate answers, and how to place
a decimal point. Arithmetic skills
and number sense are very important if
the hazards of a calculator are to be
avoided. The calculator does not
replace thought processes. It is a
tool that saves time and energy and
frees us to think and do mathematics
above the computational level,

SUMMARY

I. Calculators fit into the classroom
in different ways:

1. Non-electrie calculators (abacus,
etc. )

a. teach concepts in counting,
place value, and arithmetic
computations, and

b. demonstrate algorithms for

solving computational problems.

2. Electronic calculators free the
students from tedious pencil and
paper calculations. They allow
the student to . . .
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II.

III.

CALCULATORS
=

a. speed up "messy" calculations,
and

b. investigate and work on mathe-
matical problems and applica-
tions that would otherwise
involve long, unmanageable
calculations.

The teacher can prepare students for
electronic calculators by . . ,

Emphasizing estimation and approx-
imation skills which are vital in
checking answers and placing the
decimal point correctly.

Teaching the student to determine
the reasonableness of exact answers
by approximate calculations.

Introducing situations and problems
where the hand calculator is an
obvious aid to cumbersome, time-
consuming calculations.,

Asking students what types of mis~
takes can be made while using the
calculator.

Teachers can prepare themselves
for using the electronic calcula-
tor in instruction by . . .

Experimenting with it themselves.
(Let the students see the teacher
using a calculator.)

Reading current periodicals and
checking the mathematics publica-
tion companies for new '"calculator”
books., (There is currently no body
of knowledge about how to use a
calculator in the classroom.)

Having an open mind about the use
of the calculator before deciding
that the calculators will be a
"cure-all" to teaching computation,
or that they should be banned from
the mathematics curriculum.
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National Association of Secondary School Prineipals (NASSP), Curriculum Report,
October 1974,

Popular Science, February 1975.
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CALCULATORS

EXAMPLES OF CALCULATOR ACTIVITIES FOUND IN THE CLASSROOM MATERIALS

I. Non-electronic Calculators

The abacus is a concrete model
for place value, addition and
subtraction, multiplication
and division by powers of ten,
and expanded notation.

Here a slide rule is used as
a physical model for addition
and subtraction of fractions.

II. Electronic Calculators

This activity is an intro-
duction to using the
calculator with some
problems that relate
addition and multiplica~
tion; subtraction and
division.

CHIP ABACUS
(sHOWING 3.72)

00,0005 10,0005 PO0S 10075 0's Ve ®

CUP ABACUS

WHAT i$ THE LARGEST NUMBER YOU CAN SHOW ON THE CALCULATOR?
ADD 792 + 792 + 792, WHAT 15 YOUR ANSWER?

po 792 + 792 + 792 A5 A MULTIPLICATION PROBLEM.

po 192 + 192 + 192 + 192 + 192 AS A MULTIPLICATION PROBLEM.

pivipe 45 my IS,
SUBTRACT 15 FROM 45 AS MANY TIMES AS POSSIBLE. HOW MANY?
DID YOU GET THE SAME ANSWER FOR THE LAST TWO PROBLEMS?
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CRLCUILATED
CODES

WSE ME T FIND THE DECOIAL

A calculator, a partner,
and a difficult task
becomes more enjovable.

CAPERS
ey

TAKE YOUR
AGE AT
YQUR LAST
n BIRTHDAY

Ever wonder how many days, (IN YEARS)
minutes, seconds you have been AND FIGURE ON
alive? A calculateor can assist THE .CALCULATOR

N + . . THE FOLLOWING
you in problem—solving investi-

. a 1 . TNFORMATION .
gatlons an eXp orations. 1. THE NUMBER OF MONTHS YOU'VE BEEN ALIVE

2. THE NUMBER OF WEEKS YOU'YE BEEN ALIVE
2, THE NUMBER OF DAYS YOU'VE BEEN ALIVE
", THE NUMBER OF HOURS YOU'VE BEEN ALIVE

5, THE NUMBER OF MINUTES YOU'VE BEEN ALIVE
6., THE NUMBER GF SECONDS YOU'VE BEEN ALIVE

PERSISTENT HUMBERS

LOOK FOR A PATTERN IN THESE EXAMPLES!
3 —p 12 —p 2
78 — 56— 30 —p ©

77 1o 49 5 36— pI8 —p 8

JF YOU HAVE DISCOVERED THE RULE FOR THESE EXAMPLES, YOU SHOULD BE Problem“801Vin activities
ABLE TO COMPLETE THE FOLLOWING SERUENCES. (MINT: THINK HULT IPLICRTION, ) E;

done with a calculator
encourage students to look
for patterns and answers

instead of grumbling about
549 —p
3 A all the "work,"

THE ABOVE PATTEANS WERE COMPLETED BY COMPUTING PRODUCTS OF THE DIGITS
OF ONE NUMBER TO FIND THE NUMBER TO ITS RiGHT, THE KUMBER OF ARROVS
RERUIRED TO OBTAIM A SINSLE-DISIT HUMBER [$ CALLED THE PERSISTENCE OF
THE NUMBER,

9 —p 8l —+ 8 PERSISTENCE (NUMBER OF ARROWS) = 2

FIND THE PERSISTENCE OF EACH OF THE FOLLOWING NUMRERS ON A SEPARATE
PIECE OF PAPER., {HINT: YOUR ANSHER SHOULD FORM THO FAMOUS DATES.)

Low9 w7 ¢) 76188999 m) 25
20w R B G o B p) 6738

YHO VERY PERSISTENT HUMBERS arg 3,778,838,399 awp 277,777,788,888,999.
ARE YOU PERSISTENT ENOUGH TG FIND THEIR PERSISTENCE? MAYRE YOU CAN
FIND A HAND CALCULATOR TO HELP YOU.
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CALCULATORS FOUND

WHOLE NUMBERS:
Addition/Subtraction
PALINDROMES!
REVERSING DIGITS
Multiplication/Division
PERSISTENT NUMBERS
FOUR INVESTIGATIONS
REVERSALS
REVERSAL~LIKE PAIRS
STRETCH YOUR CALCULATOR
SUM NUMEERS
Mixed Operations
CALCULATOR CAPERS 1
CALCULATOR CAPERS II
CURIOSITIES
FRACTIONS:
Addition/Subtraction
FRACTION SLIDE RULE
DECIMALS:
Multiplication/Division
CALCULATED CODES
9-TIME
SQUARE ROOT GAME
Mixed Operations

"THE ANSWER"

IN CLASSROOM MATERIALS

ADDITION

ADDITION/SUBTRACTION

MULTIPLICATION
PATTERNS

MULTIPLICATION
MULTIPLICATION
MULTIPLICATION

MULTIPLICATION

CALCULATOR

CALCULATOR

PATTERNS

NUMBER LINE MODEL

RELATION TCO FRACTIONS
RELATION TO FRACTIOXS

SQUARE ROOTS

COMPUTATION +,-,x,+

CALCULATORS
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THAT'S JUST ABOUT THE
SIZE OF IT!

UP AND DOWN WITH THE
CALCULATOR

LARGE AND SMALL NUMBERS:
Awareness
STRETCHING YOUR DOLLARS
YOUR HEARTBEATS
SECONDS TIMELINE

A FREE SUNDAE

Exponential Notation
CHEERY SEQUENCES
SIMPLE SUMS

RUMORS

CALCULATORS

WORD PROBLEMS

ROUNDING

COMPUTATION~LARGE
COMPUTATION~LARGE
COMPUTATION~LARGE

COMPUTATION~LARGE

POWERS OF TWO
POWERS OF TWO

POWERS OF THREE
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RATIONALE

Over 2000 years ago man developed
number symbols, arithmetic calculations
and geometry to describe and record
real-world happenings. Mathematics was
used to solve the problems of merchants,
scientists, builders and priests.

About 600 B.C. Greek mathematicians
took a different approach. They
began studying numerical patterns and
geometry for their aesthetic qualities.
Mathematics became an intellectual
exercise with no necessary applications
in mind. The development of mathematics
was soon traveling in two directions:
practical or applied mathematies, orig-
inating from the Egyptians, and "pure"
mathematics, originating from the Greeks.

Practical and "pure' mathematics are
not always separable. One often in=-
spires and directs the other; they
become interwoven. As a result, appli-
cations of mathematics fall into three

categories:

1) applications to real-life situ-
ations such as business, finance,
sports, polls and census taking

2) applications to other disciplines
(i.e., science, music, art)

3) applications to other branches of
mathematics (problem~solving acti-
vities in the realm of ''pure"
mathematics)

The Egyptians, for example, were inter-
ested in learning as much as they could
about their enviromment and how to con-

trol it. Today we are alsoc curious

about the rapidly changing environment
we have created, Because of the complex-
ity of our culture and its emphasis on
technology, mathematics is very important
to us in our jobs, in our daily living
and in our future.

We face many problems in our daily
living. Since all problems require the
collection of information before solu-
tions can be found and analyzed, mathe-
matics is often a helpful tool in solving
problems; vet few people relate mathema-
tics to real-life situations or real-
life situations to mathematics.

Many teachers have neglected to teach
applications of mathematics for a number

of reasons:

1) "I have little background in
applications of mathematics."

2} "My students often have little or
no background in science, art,
music and other disciplines.”

3) "Applications require elaborate
equipment and preparation.”

4) "My students are not interested in
applications."”

5) "Good applications take too much
time to teach. There is plenty to
teach in the math textbook."

6) "How can my students apply mathe-
matics when they do not even have
basic computational skills?"

Yet educators and the public agree
that applications of mathematics are
very important and should be taught in
the mathematics classroom. Society is
demanding accountability and relevancy

in our education system. Students need
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ample opportunity to experilence mathe~-
matlics 1in a practical sense so that
they will be better equipped to apply
it as adults.

Even though certain applications of
mathematics trequire special equipment
and materials, much of this equipment
can be constructed from inexpensive
substitutes and common materials., Once
the equipment is collected or made, it
will last for years. Also, various
applications can be adapted to fit
available materials and equipment.

Lpplications should include appro-
priate topics and activities. Here
are a few questions to consider when

choosing an application of mathematics:

a) 1Is it interesting to the students
and the teacher?

b) Does it start at the appropriate
skill level?

¢} Does it extend and develop the
computational and/or problem~—
solving skills of the students?

d} Does it include topics, skills or
ideas which might help the stu-
dents contribute to society and
deal with real-life situations?

e) Could it be done as a laboratory
activity?

f) What concepts does it imply and
develop?

Selected Scurces for Applications

Hodges, E.L.

APPLICATIONS

&

g) How much time would it take to (
teach?

h) What equipment and materials are
needed or available?

SUMMARY

1.

3.

Applications of mathematics fall into
three categories:

a) applications to real life situa-
tions

b) applications to other disciplines,
and

¢) applications to other branches of
mathematics.

Down through the centuries, mathe=-
matics has been a useful tool for
solving real work problems and
analyzing our environment.

Even though many teachers have ne-
glected to teach applications of
mathematlcs, our complex society
demands that public education teach
practical mathematics and problem~
solving techniques. <

Mathematics can be used to solve
problems in the real world and in
other disciplines.

Applications to real life situations
and other subject areas (i.e,, phy-
sics, social science, economics,

art, music) make abstract mathematics
more meaningful and understandable,

Applications should ineclude appro-
priate, interesting topics and
activities for students and teachers.

Project R-3 Materilals, T.M.T.T., San Jose, California, 1973.

Information Please Almanac Atlas and Yearbook, Dan Golenpaul Associates, 1975 (or

curtent vearbook).

Jacobs, Harold R.

Mathematics~—A Human Endeavor, W.H. Freeman and Co., 1970. <
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&

The Man-Made World, MeGraw-~Hill Book Company, 1972,

McWhirter, Norris and Ross. The Guinness World Book of Records, Sterling Publishing
Co., Inc., or Bantam Books, 1975 {or current yearbook).

The Official Associated Press Sports Almanac, Dell Publishing Co., Inc., 1574 (or
current yearbook).

SRA Math Applications Kit, Science Research Associates, Ine., 1971.

USMES (Unified Science and Mathematics for Elementary Schools), Education Development
Center, Inc., 1973.

The World Almanac and Book of Facts, Newspaper Enterprise Association, Ine., 1975 (or
current yearbook).
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EXAMPLES OF APPLICATIONS FOQUND

APPLICATTONS

IN THE CLASSROOM MATERIALS

PECTURE FROBLEMS

1. Word and Wordless Problems

® Here is a picture of a4 plece of @ 1f a ring is 18 cavat gold,
string wrapped around a vuler. this means 18/24 of chc_ring
How thick is che string? 45 gold. Express this in low-

est terms. What part of the

ring 18 not geld?
>

THATS JUST ABOUT
THE SIZE OF ¢T/

|
i
Word problems illustrated
with pictures can be found
~in several sections of the
classroom materials.
L
[ §

MUSCLES MAKE UP ABOUT .4 oF A |§2.
PERSON'S BODY WELGHT. ARDUT YOUR INTESTIMES (LARGE & SMALL)
HOW MUCH DO YOUR MUSCLES WEIGH? ARE ABOUT 7.5 1 {25 FT.) Lowe.
HOW DOES THIS COMPARE WITH
YOUR HEIGHT?

[

w’g DLESS F BoBLE”

FoR EACH PICTURE BEIOW

Permeter = 54

ts3

LI. Mini-Activities

L 1. PEOPLE NUMBERS
Many introductory class
and individual activities : :
PrOVide quES‘tiOﬂS which How are you identified by numbers? How are yowr students? . As a quick
- o : o class activity a list is started of how people are identified and/or
students can relate to. deseribed by numbers, This can become 'a growing list on a poster and/oer
X . - ¥ a list kept by each student. Here are some examples:
SOCIAL SECURITY NUMBER DATE OF DIRTH: . HEIGHT
LICENSE NUMBER {bike or car) PHONE NUMBER WEIGHT
STREET OR AVENUE NUMBER ZLP CODE - . SPORTS RECORDS
HOUSE NUMBER CREDIT CARDS SEAT L.OCATION TN
CLASS

86

WRITE ONE CR Moﬂﬁm

NUMBER HAMES
CLASS ACTIVITIES

There are wordless probiems
which imply wvarious problems
to be solved.

How do T know
who you are?
What are scme
of your I.D.
numbers?
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APPLICATTIONS

&

THE AMERICAN HOUSEWIFE

What would it cost to
hire someone to do all
the work that a house-

A survey conducted by econonists for a largs bank revealed the worth
of an average American housewife. Here are 12 of the tasks » housewife
is called upon to perform deily. Calculate her earnings per week for
each job. ROUNMD DFF AMSWERS TQ THE NE4REST WHOLE CENT.

wife does?

ITI. Maxi~Activities

HOLRS RATE VALUE
Jou PER WEEX PER ROUR PER WEEK
Nursenaid 4.5 §2.00
i }
Chauffeur 2.0 $3.12

WHAT IS THE TOTAL EARNED IN ONE WEEK s
WHAT WOULD BE HER YEARLY SALARY {bZweeks=tyear) —3

SHOPPING WITH A NEWSPAPER

HATERTALS:  DaTLY NEWSPARERS FROM LOCAL AREA

PREPARATION: PLACE THE FULL PAGE ADVERTISEMENTS FROM LOCAL
GROCERY STORES ARQUND THE ROOM, USHE ADS FROM
3 70 5 DIFFERENT STORES, (WITH A LARGE CLASS
YOU MAY WISH TO HAVE MORE THAN ONE COPY OF
EACH AD. )

INSTRUCTIONS

T0 STUDERTS: 1. " pran A parTy For 10 or 20 OF YOUR FELLOW

STUDENTS. YOU MAY USE ONLY THE ITEMS LISTED
TN ARY OF THE ADS, YOU MAY SHOP AT MORE
THAN ONE STORE.

2. WRITE THE MENU FOR YOUR PARTY,

3, MAKE A LIST OF EVERYTHING YOU WILL NEED
AN HOW MUCH OR MANY OF EACH JTEM,

i, FIND THE COST OF YOUR PARTY ~ BE SURE TO

CHECK THE ADS AMD GET THE BEST PRICE ON
EACH ITEM,

The daily newspaper can he
used as a source for many
activities using everyday
applications.
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APPLICATIONS

The daily lives of the

students can be used as
the basis for data collec-
tion and open—ended
questions.

MAXIPROJECTS FOR FRACTIONS
ECORTEERY

HOW DO YOU SPERD YOUR Tihe?

WHAT FRACTIONAL PART OF YQUR DAY DO YOU SPEWD
SLEEPTRG. PLAYING SPORTS. WATCHING TELEVISION.
TALKING. £TC.?

MAKE A LIST OF THE THINGS YOU DO EACH DAY AHD
EITHER ESTEMATE HOW MUCH TIME YOU SPEND DOING TeeM
DR KEEP A LOGBOOK FOR A COUPLE OF DAYS, YOU WItL
BE ABLE TO COMPARE WHAT YOU BO WITH YOUR FRIENDS,
DISPLAY YOUR RESULTS,

I¥ WOULD BE VERY INTERESTING TO £5TIMATE WHAT PART OF A
vEaR (aR YOUR LIFETINE) YOU SPEMD DOING VARIOUS THINGS,

L WS O T VNG|

LETSNITHAIRS
‘ N

THIS IS A THICKNESS OF HAIR MasNIFiep 600 Times.
LTEMS O THE HAIR ARE DRAWN TO SCALE.

anciiin

GET A SCIENCE BOOK OR ENCYULOPEDIA TO FIND THE $1ZE AND
SHAPE OF OTHER THINGS, DHAW PICTURES MAGNIFYING YOUR THINGS

IN PROPORTION TO THIS HAlR .

HERE ARE SOME SUBGESTIONS:

RED CORPUSELES

VARIOUS SMALL INSECTS (LOUSE, PLBA, 5TC.)

GRAIN OF SAND (OR ANY OYHER CRYSTALS)

ALGAE (VARIQUS DIFFERENT TYPES)

FUNGE (MUSHROGHS, SMALLER FUNGT)

TLATOMS

CELLS (COMPARE HUMAN OR ANIMAL CELLS TO PLANT CELLS)
MOLECULES

PROTOLOA

VIRUSES

MAKE A BULLETIN BOARD OF SHALL THINGS.

are taking.

Applications may relate to
other classes the students
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%

APPLICATIONS FOUND IN CLASSROOM MATERIALS

WHOLE NUMBERS:

Getting Started

NUMBERS AROUND US NUMBER USES

NUMBER NAMES NUMBER USES
Concepts

POPULATION ORDERING

TIME FLIES 'ORDERING

Mixed Operations

ABOUT RIGHT WORD PROBLEMS
WORDLESS PROEBLEMS WORD PROBLEMS
ALTITUDES AVERAGE
WEATHER GRAPH GaME AVERAGE
MOM & POP STEEL CO. MIXED OPERATIONS
FRACTIONS:
Concepts
NUMBER PAIRS DEFINITION
MORE NUMBER PAIRS
A PART OF THE ACTION FRACTIONAL PARTS
READING YOUR RULER EQUIVALENT
Addition/Subtraction
WORLD TRACK RECORDS ADDITION/SUBTRACTION

Multiplication/Division

TRACK RECORDS IN SPACE??7-=-- MULTIPLICATION
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...~ Mixed Operations
PICTURE PROBLEMS
WORDLESS PROBLEMS
MAXTPROJECTS FOR FRACTIONS
FRACTION RECIPES
IT'S A "FULLER" WORLD
DECIMALS:

..~ Comcepts, .. .

- " DEWEY DECTMALS
. "'PLACING A POINT

. MAKING CHANGE

- MATH ToOLS

DENSITY

CHANGE UP

71+ Addition/Subtraction

ODOMETER DECIMALS

MONEY EXCHANGE RATES

DECIMAL TRIPS
Multiplication/Division

THE AMERICAN HOUSEWIFE

GIANT ECONOMY SiZE

SPEED AND SOUND

STOCKS -~ INVESTMENTS FUNDS
INVESTMENT FUNDS

" BASEBALL, AUTO RACING RECORD. . . ROUNDING (=

APPLICATIONS

e
(
S
WORD PROBLEMS
WORD PROELEMS
MIXED OPERATIONS
MIXED OPERATIONS

WORD PROBLEMS

MOTIVATION
PLACE VALUE
PLACE VALUE

PLACE VALUE

. ROUNDING

ROUNDING~ORDERING

RELATION TO FRACTIONS

ADDITION

ADDITION/SUBTRACTION

ADDITION

MULTIPLICATION
DIVISION
MULTIPLICATION/DIVISION

RELATION TO FRACTIONS
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Mixed Operations
WORLD TRACK RECORDS
APPROX~APPRATISALS
OPERATION PLEASE!
WORDLESS PROBLEMS

SIMPLIFY THE NUMBERS

THAT'S JUST ABOUT THE
SIZE OF IT!

SHOPPING WITH A NEWSPAPER
LARGE AND SMALL NUMBERS:
Awareness

BULLETIN BOARD IDEA

ONE-MILLIONTH
Exponential Notation

I DIDN'T PLANET THAT WAY

SCIENTIFIC FACTS

GRAINS OF SAND AND TURNING
WHEELS

COMPUTATION +,-,%
WORD PROBLEMS
WORD PROBLEMS
WORD PROBLEMS

WORD PROBLEMS

WORD PROBLEMS

MIXED OPERATIONS

NUMBER SENSE

COMPUTATION

SCIENTIFIC NOTATION
SCIENTIFIC NOTATION

SCIENTIFIC NOTATION

APPLICATIONS
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NUMBER SENSE AND
ARITHMETIC SKILLS

Placement Guide for Tabbed Dividers

Tab Label Follows page:
DIDACTICS . 10
Student Self-Concept ...... ... . ... .. . 10
The Teaching of Skills................. oo, 24
Diagnosis and Remediation............ ... .. 42
Goals through Games............... ... .. 62
TEACHING .EMPHASES ... 74
Calculators . ..o 74
Applications . ... 82
Problem Solving ........... .. 92
Mental Arithmetic ... .. ... . 104
Algorithms ... 112
Estimation and Approximation ............... ... ... 120
Laboratory Approaches.................. .. ... 130
LABORATORY MATERIALS . ... oo 142
CLASSROOM MATERIALS ... 178
WHOLE NUMBERS . ..o 178
Getting Started . ......... ... 178
Numeration Systems ............ ... i 214
CoNCePtS oo 230
Addition/Subtraction ........ .. . 276
Multiplication/Division ................. .. i 336
Mixed Operations .......... ... .. i 398
FRACTIONS L 448
CONCEPLS i 448
Addition/Subtraction ......... . o o o 514
Multiplication/Division .................................558
Mixed Operations ........... ... ... .. 0584
DECIMALS 610
CONCEPLS o 610
Addition/Subtraction ... ... 664
Multiplication/Division ... ... 686
Mixed Operations ............... ... ... .. 734
LARGE & SMALL NUMBERS ... ... ... .. ..., 756
AWATENESS © ottt 756
Exponential Notation. ... 780

ANNOTATED BIBLIOGRAPHY . ... ... 814




RATIONALE

Learning to solve problems is prob-
ably the most important aspect of omne's
education. No matter who we are, where
we live, or what we do, there will
always be problems for us to face and
problems for us to solve if we want to
solve them. Sometimes it is not easy
to determine whether a situation really
is a problem for a particular individ-
ual. What is a problem to one person
may be an exercilse to another. Per=-
forming or practiecing something (a
task) that one already knows how te do
1s an exercise. Therefore, the task
may require only a routine procedure
which leads to the solution(s). How-
ever, if the individual has a clearly
defined, desired goal in mind, but the
pathway to the goal is blocked, then
the individual has a "problem” to
selve, "A true problem in mathematics
can be thought of as a situation that
is novel for the individual called
upon to solve it. It requires certain
behaviors beyond the routine application
of an established procedure." [Troutman
and Lichtenberg]

Mathematics teachers should pose and
provide problems that have no obvious
method or algorithm to fellow in reach-
ing a solution. Too often students are
given page after page of various compu-
tational exercises which use one or more

"egsential" algorithms the students have

"memorized." Once outside the classroom,
students rarely use the algorithms they
have memorized because the algorithms do
not seem applicable., They come across
ambiguous, disorganized situations that
require considerable thought and skill
for making a decision or finding a rea~
sonable solution. Developing the abil-
ity to think independently and make wise
decisions will help people to solve
future problems by themselves,

Problem solving is a structured pro-
cess. George Polya, in his book How to
Solve It, divides the problem solving
Process into four steps:

1} Understanding the problem.

2) Devising a plan.

3) Carrying out the plan.

4) Looking back and checking the

results,
Other authors have discussed the problem
solving process with similar steps that
match or fit into Polya's four steps
(see Selected Sources for Problem
Solving). These steps provide a struc-
ture which guides the problem solver
through a search for the solution(s) to
a problem, In the discussion which
follows, several questions to answer and
"things to try" are given under each of

the four steps.

Understanding the Problem:

1. State the problem in your own words.
(If the student cannot read the
problem well enough to understand
its meaning, the teacher may need to
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read it to him. If the student can
read but does not understand the
problem, the teacher could rephrase
the problem. The teacher should
check for stumbling blocks. If

the student has read the problem
but seems bothered, ask what he
thinks about the problem. Perhaps
the student sees the situation as
unrealistic, inconsistent or incom-
plete.)}

2. What are you trying to find out?
What is the unknown?

3, What relevant information do you
get from the problem?

4, 1Is there any information that is
not needed to solve the problem?

5. Are there any missing data that you
need to know to solve the problem?

6. Are there any diagrams, pictures
or models that may provide addi-
tional information about the prob-
lem?

7. Can you try some numerical examples?

8. 1Is it possible to recreate, drama-
tize, or make a drawing of the prob-
lem?

9. Can you make an educated guess as
to what the solution(s) might be?

Devising a Plan:

1. Make a diagram, number line, chart,
table, picture, model or graph to
organize and structure the data,

2. Guess and check. Organize the trial
and error investigations into a
table.

3. Look for patterns.

4., Translate the phrases of the problem
into mathematical symbols and sen-
tences.

5. Try to solve one part of the problem
at a time (i.e., break the problem
into cases).

6. Have you worked a problem like this

PROBLEM SOLVING

before? What method did you use?

7. Can you solve a simpler but related
or analogous problem?

8. Keep the goal in sight at all times.

Carrying Qut the Plan:
1. Keep a record of your work.

2. Perform the steps in your plani
check each step carefully.

3. Complete your diagram, chart, table
or graph.

4, TFollow patterns; organize and gen-
eralize them.

5. Compare your estimates and guesses
with your work.

6. Solve the mathematical sentence;
record the calculations and answer.

7. Work out any simpler but related or
analogous problems. Compare the
solutions.

Looking Back:

1. Can you check your result? Is the

answer reasonable?

2. What does the result tell you?
What conclusions can be made?

3. Is there another solution? Is there
another way of finding the answer?

4. Make up some problems like the one
you worked. Is there a rule or
generalization that can be used to
solve similar problems?

5. What method(s) helped you get the
answer(s)?

Teaching Problem Solving

"The best way to learn problem solving
is by working problems and studying the
processes we used in working them."

[Hints for Problem Solving] If a person

is going to become a problem solver,

he/she will need to be involved in a
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variety of problem—-solving experiences.
Before any problem can be tackled,
there has to be the desire to solve
the problem. The teacher can motivate
the students by giving them problems
~within their range of experience and
interests, Stimulating questions can
guide the students through the problem—
solving péocess. Getting the students
to the point where they WANT to solve
the problem is the most important step
that will lead to successful proble&
solving. To insure further the success
of a problem-solving activity, the
teacher should stress a thorough under-
standing of the problem and encourage
students to devise and carry out their
own plan for finding the solution. Tt
is important to provide all students
with enough time to arrive at the solu-
tion independently without the faster
students blurting out their solutions.
In the beginning the teacher should
realize that most students are NOT prob-
lem solvers. They become frustrated
quickly and tend to give up easily.
They often make incorrect conjectures
and fail to check the reasonableness of
their answers. They lack a knowledge
of problem~solving techniques and the
ability to use them. Some students
have not acquired the necessary compu=~
tational skills or reading/comprehension
skills needed to carry out the problem-

solving process.

PROBLEM SOLVING

No teacher or student has to memorize
Polya's four steps and its list of
"things to try," but there are specific
skills from the list that can be the
focus of a lesson. Ten Men im a Boat
is a good introductory problem for
students who have little confidence in
their ability to tackle a problem-
solving situation. The activity gives
the teacher an opportunity to guide the
student through "things to try" and
finally arrive at a generalized solu-
tion. Other introductory activities
include Enchanted Alphabet, Magic
Perimeters, and Glances and
Blows. Each of these can be used to
illustrate some of the specific problem—
solving suggestions discussed earlier,
Why Teach Problem Solving? — A Final
Argument

". . . In the minds of all but a few

college freshmen, problem solving is
not a process by which one ascertains
the truth. Rather, it is a process by
which one gets the answer in the back
of the book by a sequence of steps,
each of which has been authorized by
the teacher." (Edwin E. Moise, SIAM
News, Feb., 1975) 1Indeed, too many
mathematics assignments do require rote
procedures to be followed while finding
the same answer as the "answer in the
back of the book," but this is really
drill and practice, not problem solving,

and the students are doing exercises,
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not problems.

If our students are to become inde-
pendent thinkers and problem solvers,
it is important that we‘give them many
situations which cannot be routinely
solved. It is important that we as

Selected Sources for Problem Solving

Atlanta Project.

"Mathematics Education:

PROBLEM SOLVING

Wi,

educators provide guidance and examples
that involve a variety of problem-

solving techniques. Problem solving is
a process of thinking that "emancipates

us from merely routine activity.”

College of Education, University of Georgia, 1972.

Butts, Thomas.

Problem Solving in Mathematics, Scott, Foresman and Company, 1973.

Dewey, John.

Gagne, Robert M.

1965, pp. 214-236.

How We Think, D. C. Heath and Co., 1933.

The Conditions of Learning, Holt, Rinehart, and Winstomn, Inc.,

Hints for Problem Solving, Topics in Mathematics for Elementary School Teachers,

Booklet No. 17, National Council of Teachers of Mathematics, 1969,

Polya, George.

Schaaf, Oscar.
mimeograph.

Troutman, Andria and Betty Lichtenberg.

How to Solve It, Princeton University Press, 1957.

"Problem~Solving Approach to Mathematics Instruction,” unpublished

"Problem Solving in the General Mathematics

Classroom," The Mathematics Teacher, Nov., 1974, pp. 590-597.

Problem Solving in Elementary Mathematics,"
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PROBLEM SOLVING

EXAMPLES OF PROBLEM SOLVING FOUND IN THE CLASSROOM MATERIALS

Each of the following pages from the resource bosk has a number of steps that

can be carried out in the problem-solving process.

There are many steps and many

combinations of steps which make each problem unique and thought-provoking.

8

RUMORS

OR T NEWRD IT THRoUGH THE GRAPEVINE
How Long would 4t tale to spread & pubor dn a town of 80,000 people
Il ¢ach person who hoors the runor tells £t co three new peaple
withian 15 minuces?

§:60
} person

It
1+ 3= 4 persons

3% 39 8:30
14 349 =13 persens

B:4%
1+ 3 #9427 # 48 persoeny

TINE HEH PLOPLE TOTAL FLOPLE

8:00 o 1 -1
8:15 1 1t - 4
g:30 2 143 =13
8145 3 1434927 » 40
9100 4

9313

g:00

9:43

w3xdx 3T
P ixrraxaet IR R RRIER .o

10:00
A00ES
o
HWizas
11:60

What are you trying to find out?
Are there any diagrams or pictures
or models that may provide addi-
tional information about the
problem? Make a table to organize
and structure the data. Look for
patterns. Organize and generalize
them. What conclusions can be made?
Make up some problems like the one
you worked. Is there a rule or
generalization that can be used to
solve similar problems?

State the problem in your own words.,
Are there any diagrams, pictures or
models that may provide additional
information about the problem? Make
a table to organize and structure the
data, Look for patterns. Complete
the table. Follow patterns; organize
and generalize them. What dees the
result tell you? What conclusions
can be made? Make up some problems
like the one you worked. 1Is there a
rule or generalization that can be
used to solve similar problems?

SNSIDE en AESIIE
&N

%Q; 1. Which podng A or B iz on the outside
E) of the surve on the left?

A To help you decide complete the table
below by examining Tigure ! and figure 2.

Figure 2

[ svswe
CLTIILE

2. What kind of nuwbers are 2, 4, 6, 8, . . .Y

3. Write a vole £or using a ling to tell if o point L3 inside or ouvtside n
aurside p curve.

4. Which point iz on the outside of the surve belew?

5. iake up your gyn curve.  Try your rtéle.

a7
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PICTURE PROBLES

B

Here is & plctura of 2 piges of
stving wrappod arcund a vulex.
How thick is the string?

[
I

it

)

18 gold.
4T TAT .
ring is not geld?

If a ving 15 18 carat gold,

this moens 18/24 of che ring

Express this in low-
tthat part of the

R

problem?

be?

Loy Ludwig weighs 30
kilegrams on earth but only
H 5 kilograms on the moom
His moen weight is what
fraction of his earth
waight?

ance of 14 feet.

A treck is golng under z bridge with cleay~
The truck is 16 fee® high)]
Wret part of the cruck Ls in trouble?

and sentences.

work.

Make a concrete model of the problem.
What relevant information do you

get from the problem?

check.

Guess and

Translate the problem into

a mathematical sentence; record

the calculations and answer.

you check your result?

another solution?

Gan

Is there

way of finding the answer?

Is there another

i

Tige oy
AN
e )ed
qu iy
nﬁ-}. t
Wagic, 24 SauE
HERE ARE SOME % e
G SOUARES . I
ALL ROWS, COLLIMNS, AND 1455
THAGONALS SHAULD ADD
up To THE SAME .
ANUTRER, . Magic. 5% SQUARE
e 25 Sadhet 2%_ _;
!
15|13
MAGIC 8'%' SaUPARE. 3T
ZIMEEEIN 2o
5 3 =z e
? ? E Al
T
LiSE, THESE ARMBEES 1% |24 2%
44584100 (T EIE
¥y U% owmera |13 127 =
1327 13
Rrcaanniktmmar b N—

PROBLEM SOLVING

7

What are you trying to find out?
Are there any diagrams, pictures

or models that may provide addi-
tional information about the

Can you make an educated
guess as to what the solution might
Translate the phrases of the
problem into mathematical symbols

Solve the mathe-—

matical sentence; record the calcu-
lations and answer.
estimates and guesses with your
Can you check your result?
Is the answer reasonable?

Compare your

ACKS

Use the clues to snswer the questlons below,

Thera may

be one answer, no answer possible, or many answers.

L., CLUES:

@ There are two stacks of
cubes hidden behind these
three stacks.

@ Both hidden stacks have
the same number of cubes.

@16 cubas in all.

Hotw many cubes are ip
each of the twe stacks?

2. CLUE:

@45 cubes n all.
ﬂﬂ. How many cubes in the

unlabeled stack?

5, CLUES:

@ Total number of cubes

(o]

is 78,
pju @ fhe unlabeled atacks

i all have the same

number of cubes.

o

How many cubes in
ezch unlabeled stack?

6. CLUES:

@ 5 stacks.

@ The tallest stack is
5 cubes high.

@ Yo two stacks have
the same height.

How many cubes in ail?

What relevant information do you

get from the problem?

Guess the

placement of the numbers and check.

Where do you start?

Try to solve

one part of the problem at a time.

Keep a record of your work.
you check your result?

another solution?

problems?

Can
Is there

Make up some

problems like the one you worked.
Is there a rule or generalization
that can be used to solve similar

bl

FalR
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State the problem in your own words.
Are there any diagrams, pictures or
models that may provide additional
information about the problem?

Can you solve a simpler amalogous
problem? Translate the phrases

of the problem into mathematical
symbols and sentences. Keep a
record of your work. What coneclu-
sions can be made? Make up some
problems like the one you worked.
Is there a rule or generalization
that can be used to solve similar
problems?

PROBLEM SOLVING

Ir“““""““"m*"——"f““‘““"“"“"
THE PEG GAME OR TEH MEW IN A BOAT

Ten men ere fishing in & bosk. One seat in the center of the boat is empty. The
five men in the front of the bont want te change seats and fish in the back of the
boat, and the five men in the back of the beat waat to Cish frem the front of the
boat. A oan may move from his seat to the mext empty seat, ox he may step over one
man without capsizing the boat. What is the minimum nuober of moves it will coke
ro exchange the five men in front with the five in back?

Materials: a) i0 markers for cach student, 2 different kinds or colors - 5 each
(Waoden cubss, L" cermmic tile, or beans may be used.)
)  Mat for making the moves {See sample.)
©) Answer shest (See sample.)
4) Overhead projector

Procedore: Use a handout oy overhead to presesnt the problem to the stedents.
Supply the markexs and let them struggle for a minute or two, thenm
suggest &n easler problem - Z men in the boat, L on each side.
Supply students with the mat at this time and tell them te place
1 marker of each type in Figure 1. After snother minute or twe

demonstyate the answer to the 2 ken in 2 boar on the overhead.

SOLUTION ~ TWD MEN IN BOAT - RLR = 3 MOVES

/'\\

K XE [EXT E50Y

(NQTE: THZ PROBLEM MAY BE DONE IN EXAGTLY THE OPPOSITE HOVES - LRL)

Suggested Hat ~ Ee sure the square§ are 2 little bigger rhan the matkers.

Figure I I'_m"‘lmgum’z.l"‘l'_m_i_]
e T

T T 1]

|
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TEACHING EMPHASES PROBLEM SOLVING

PROBLEM SOLVING FOUND IN CLASSROOM MATERIALS

WHOLE NUMBERS:
Getting Started
MYSTERY STACKS COUNTING

THE PEG GAME OR TEN LOOKING FOR PATTERNS
MEN IN A BOAT

THE PAINTED CUBE LOOKING FOR PATTERNS
STRICTLY SQUARESVILLE LOOKING FOR PATTERNS
SQUARESVILLE SUBURES LOOKING FOR PATTERNS
ESP PUZZLE LOOKING FOR PATTERNS
GAME OF 50 LOOKING FOR STRATEGIES
THE GAME OF NIM LOOKING FOR STRATEGIES
A CROSSNUMBER PUZZLE MOTIVATIOQN
RIVERS AND RELATIVES LOGIC PROBLEMS
Numeration
ATTIC~GREEK FINDING PATTERNS
ROMAN NUMERATION SYSTEM FINDING PATTERNS
MATCHSTICK EQUATIONS ANCIENT NUMERALS
MAYAN NUMERATION SYSTEM ~ FINDING PATTERNS
BABYLONTAN NUMERATION FINDING PATTERNS
SYSTEM
Concepts
ACTIVITY CARDS -~ PAN PLACE VALUE
BALANCE
GLANCES AND BLOWS PLACE VALUE
GREATER THAN QR LESS ORDERING
THAN
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TEAHCING EMPHASES PROBLEM SOLVING

IN-BETWEEN ORDERING

Addition/Subtraction

SUM COMBINATIONS ADDITION

PIGTURE PROBLEMS 1 WORD PROBLEMS
DOMINO DONUTS ADDITION
ENCHANTED ALPHABET ADDITION
MAGIC PERIMETERS ADDITION
TINKER TOTALS ADDITION
MAGIC SQUARES ADDITION
CALENDAR MAGIC ADDITION
MAGIC HEXAGON ADDITION
MAGIC CUBE

PATH SUMS ADDITION
OMAR'S DILEMMA ADDITION/SUBTRACTION

Multiplication/Division

GRID MULTIPLICATION WITH MULTIPLICATION
INTERSECTIONS

ATTENSION SQUARES

PATH PRODUCTS MULTIPLICATION

FOUR INVESTIGATIONS PATTERNS

GOOD TIMES MULTIPLICATION

THE YOUNG GERIUS PATTERNS

Mixed Operations
FILL IN THE WHOLES COMPUTATION
WORDLESS PROBLEMS WORD PROBLEMS

BLANK SQUARES COMPUTATION

101
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TEACHER EMPHASES

WHAT'S MY RULE I
WHAT'S MY RULE II
SEEING SEQUENCES
ARROW MATH
FRESNO

DIGIT IDEAS

MOM & PCP STEEL CO.
CHANGE FOR A QUARTER
FRACTIONS:
Concepts
A SHADY DEAL
GRENDEL'S GAUGES

NAME A POINT AT THE LINE UP
FIND A POINT!

Addition/Subtraction
FRACTION MAGIC SQUARES
CAN YOU FIND A PATH

MORE PATHS
CHALLENGE PATHS . . .

Mixed Operations
FRACTIONS FOREVER
OF WHAT'S LEFT
PICTURE PROBLEMS

WORDLESS PROBLEMS

PROBLEM SOLVING

PATTERNS
PATTERNS
PATTERNS
PATTERNS
ORDER OF OPERATION

ORDER OF OPERATION

MIXED OPERATIONS

MIXED OPERATIONS

WHOLE MODEL
FRACTIONAL PARTS

IMPROPER-MIXED

ADDITION/SUBTRACTION
ADDITION/SUBTRACTICON

ADDITION/SUBTRACTION

PATTERNS
PATTERNS
WORD PROBLEMS

WORD PROBLEMS

-,




TEACHING EMPHASES

IT'S A "FULLER" WORLD
DECIMALS:
Concepts
CROSS-NUMBER PUZZLE

Addition/Subtraction

LATTICE MATHEMATICS - T

DECIMAL ADD-A-BOX

ROUNDED ADD-A-BOX
Multiplication/Division

LATTICE MATHEMATICS ~ 1L
Mixed Operations

"THE ANSWER'

NOTHING IS FOREVER

WORDLESS PROBLEMS

SIMPLIFY THE NUMBERS

THAT'S JUST ABOUT THE
SIZE OF IT!

ONE-LINERS
LARGE & SMALL NUMBERS:
Aﬁgreness
BEANS IN A JUG

A FREE SUNDAE

MORE INVESTIGATIONS

PROBLEM SOLVING

WORD PROBLEMS

MOTIVATION

ADDITION/SUBTRACTION
ADDITION

ADDITION

MULTIPLICATION/DIVISION

COMPUTATION

PATTERNS

WORD PROBLEMS

WORD PROBLEMS

WORD PROBLEMS

MIXED OPERATIONS

COMPUTATION - LARGE

COMPUTATION -~ LARGE

COMPUTATION

b
PDLEN
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TEACHING EMPHASES

Exponential Notatiom
CHEERY SEQUENCES

GREAT-GREAT-GREAT- ...
GRANDPARENTS

RUMORS

POWERS OF TWO

POWERS OF TWO

POWERS OF THREE

PROBLEM SOLVING
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MENTAL ARITHMETIC

RATIONALE 1) Checking for reasonableness and

, correctness of answers.
Many of our day-to-day calculations

G i "ball~ " i .
are done mentally., Without using pen- 2) etting a park’ estimates

cil and paper or a hand calculator, we 3) Rounding.

often think about answers to such 4) Computing with simplified numbers.

~questions as: Did the clerk give me 5) Egltlzlylng and dividing by powers
. . ! ?
the right amount of change How long The use of mental arithmetic can

i i k 1 across town? ,
will it take me to trave quicken the problem=-solving procesg~-

How many boxes of candy will have to especially for those problems which

be sold for a fund-raising project

needing $5007

involve trial and error.

Just as any skill must be developed

. . DO _ .
Mental arithmetic is an important through practice, the ability to do

basic skill which can be applied to arithmetic mentally can be improved with

i i ., O migh rform . A
many situations ne might perio drill and mental calculations. These

. ions. )
mental checks on routine computation can be short and part of the daily rou-

Mental arithmetic can help students tine (such as a five-minute warm—up

e d a .. e
develop a better number sense an activity). Or the activities can be

better feeling about their ability to longer and stressed early in the school

calculate answers. It may also im- year to develop the habit of using

prove their knowledge of basic facts mental arithmetic. Encourage the stu-

and motivate them to move on to more dents to do mental calculations whenever

advanced or applied mathematics. they are involved in checking pencil and

People use mental arithmetic to . y
P can paper calculations, calculator activi~

improve the process of estimation and . .
TP P ties, and problem solving.

approximation by . . .

Selected Sources for Mental Arithmetic

Cutler, Ann and Rudolph McShane. The Trachtenberg Speed System of Basic Mathematics,
Doubleday, 1960,

Garvin, Alfred E. Shortcuts, Checks and Approximations in Mathematics, J. Weston
Walech, 1973.

Kramer, Klass. Mental Computation, Science Research Associates.
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TEACHING EMPHASES MENTAL ARITHMETIC

v
EXAMPLES OF MENTAL ARITHMETIC FOUND IN THE CLASSROOM MATERIALS \
I. Developing Mental Avithmetic Skills Through Drill and Practice
II SEEING SEQUENCES
1,2,3, 2 )
Number patterns can be used as starter
activities which extend into problem 2,4,&, R ,
solving.
Ilslsl F) 7
Lty 7,10 ) o,
l _ II I 2, 4,8, — ) e, —
FRACTIONS WP DECIMALS |
/N L Y -
I} 2; q} 7) ”} I6} ) »
A, B, C; — ey ——
9, 140,2,3,58, .., ’ )

Pieces of the puzzle are cut (
out and handed to the student
who puts the puzzle back together.

ol e
vl

+

eate?]

000" Jo
4

(g

.

s

r

-\ cor k!
b, B2 ST
- (AR o
s u \4*;\-_. 4]
. fristt o
¥
=7 2 N3

2
=\

THE
RULER IS
DRAHN ON THE
CHALKBOARD ARD THE
LETTERS PLACED AT
RANDOM AS THEY ARE
SUGGESTED BY THE STUDENTS,
BE PREPARED FOR THE STUDENTS
TO SPELL QUT CERTAIY WORDS,

Personalized activities which

students help teo construct can The followlng quostfons are examplos which can be
. . answexed uging the ruler.

motivate them to tackle a variety

of trial and error problem-solving , .

ques tions. 1. How long 4s CAT? (35 + L+ 55= g%)

2. Which student has the longodt name?
3. Which is longer: forever, eterpity, infialty?
4. Can you Find a word exactly 3 units long?

4, Which iy lomger: WINUTE or HOUR? (

Ii 6. What is the longest throc letter word you can £ind?
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TEACHING EMPHASES

Teacher directed activities
help students to see patterns
and easier methods of doing
arithmetic calculations.

MENTAL ARITHMETIC

I,

Answer Only Piease — Flace a series of problems on the bosrd one at a time.
Encourage students to look for a short way, then write only the answer to

the problem.

Examples: 5 x 22 = (5 x 2) x 11 = 0 x 1f = 110
(53 x 134) - (53 x 104) = 53 x 10 = 530
AL+ 12+ 13+ 17 + 18 + 10 = 30 + 30 + 30 = 50

K[V}

30

I can do most any fraction problem

in my head. For example: 7 + 7%- is easy!

Just add 7 + 7 = 14
1

and 14 +% - 1&~2~

1 1 1

40F ~ 20 40F means 40 + 3
1 s0-204 k- a0l
so...¢0+2—20w20+2 ZDE'

II. Applying Mental Arithmetic Skills

WHERES YOUR HEAD

Now for a couple guick subtractlons, watch this . . .

These questions ask the
students to check

the reasonableness

of an answer.

Patterns and shortcuts
can help students to
understand addition
and subtraction with
mixed numbers.

$12.00

ABOUT RIGHT

The mad bicyclist can pedal at

least 80 kilometres in one day. At
this pace he should be able to tra-
vel 8000 kilometres in 10 days.

6. About how much change is left from two $20 bills if you pay $19.89
for a tennis racket and $3.49 for tennis balls?

$16.00

$20.00
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TEACHING EMPHASES

Solutions found by trial and
error can be domne more
quickly when mental skills
are applied.

MENTAL ARITHMETIC

MAGIC PERIMETERS

PLACE THE NUMBERS 1, 2, 3
4, 5, 6 IN THE CIRCLES SO
THAT ALL THREE SIDES ADD
TO THE SAME NUMBER.

Lisc?

GRDER

SRAMS

i1

5

No pencil and paper allowed here!
Students are encouraged to use
rounding and then compute with
simplified numbers.

I

108

OONT BE ARRAD
TO GUESS

I APPROX[MATION GAME ~ Place problems on the board, one at a rime.

Encourage students to guess the answer without working the problem.

Make a contest oub of thia.
correct answer.

See whose guess comes closest fo the
Use problems having numbers with twe or more

digits,

Examples: 217 4213
391 3982
682 1475 207 584
395 8613 x 58 x 217
02 9813

Estimate answer

I to nearest hundred , nearest thousand,

Estipate to

AL, che apiavisec, selle by
bues by the gram.
he can got tho dees to rest

on ene pon while he places

the welghts on the other pan,
whieh of the following uets
of gram welghts, A, B, or ¢
aqe he wse co Fi1% Ris order

Assuning

(THERE ARE HO CORRECT AMSWERS GIVEN, 50 YOU SHOULDN'T HAVE TO WORK THE
PROBLEMS.) PLACE THE LETTER IN THE CIRCLED BOXES [N THE APPROPRIATE
SPACE BELOMW.

NEVER

HOLD A GRUDGE...

FOR EACH OF THE SIXTEEN PROBLEMS CIRCLE THE MOST REASONABLE ANSWER.

i

2
3
4
5
6
7
8
9

us .27

&*28019 2.’7U QHT Hi g *556 5.6R '567?
g,)‘r"é’.é‘*zuc 22, 2y 12 _33)’1 03 27R 275
At 32,0 3p| 35| 13 na W 077078 05
| 4 ey | AEEk ] 9
29.3 58.x

x4 B120s) 10021 9 ¢ 15 M"S?M 62 6O
aaﬁ&?a'»;oa\a; t6,,| 25, %62!*5!?3*201P 24 20,
gﬁ:ﬁ*if’E

'7)‘%?52*809 .

356

53-‘1*'1‘5x

G

lﬂﬁﬁiﬁﬂz

TZT3E

PROBLEH NUMBERS

M




TEACHING EMPHASES MENTAL ARITHMETIC

MENTAL ARITHMETIC FOUND IN CLASSROOM MATERIALS

WHOLE NUMBERS:

Concepts

ACTIVITY CARDS - PAN BALANCE PLACE VALUE

MAKE A MILLION READING & WRITING
Addition/Subtraction

MAKING IT ADD UP ALTERNATE METHOD

SUBTRACTION IS SUBTRACTION ALTERNATE METHOD

AND ADDITION

FILL IN THE DOMINOES ADDITION

DOUBLE DIFFERENCES SUBTRACTION

ADD—-A-BOX ADDITION

DIFFY SUBTRACTION

HUMAW COMPUTER ADDITION

PATH SUMS ADDITION

OMAR'S DILEMMA ADDITION/SUBTRACTION

Multiplication/Division

JIGSAW PUZZLE BASIC FACTS
SQUARING 2-DIGIT NUMBERS SQUARES
ATTENSION SQUARES
AMAZING UNITS' DIGIT PATTERNS

Mixed Operations

MIND OVER MATH COMPUTATION +,~,x,*
BACKWARDS & FORWARDS COMPUTATION +,-,x

FILL IN THE WHOLES COMPUTATION +,~,x,*
RULE RUMMY COMPUTATION +,-,x,%
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TEACHING EMPHASES

ROUNDED RESULTS

ROUNDED LINE UP

DON'T BE AFRAID TO GUESS
MAGIC TRICKS

WHAT'S MY RULE I

WHAT'S MY RULE II

SEEING SEQUENCES

ARROW MATH

DIGIT IDEAS

FRACTIONS:

Concepts

PICTURE FRACTION

ESR - EVERY STUDENT RESPONDS
Addition/Subtraction

WEIRD RULER

CAN YOU FIND A PATH

AIMOST GAMES
Multiplication/Division

CAN YOU GET CLOSE UP
Mixed Operations

WHERE'S YOUR HEAD AT?

IN YOUR HEAD . . . AGAIN?

EGYPTIAN FRACTION TILES

SPIDER WEB FRACTIONS

MENTAL ARITHMETIC

APPROXIMATION
APPROXIMATION
APPROXIMATION
COMPUTATION +,-,x,*
PATTERNS

PATTERNS

PATTERNS

PATTERNS

COMPUTATION +,~,x,*
REDUCING
IMPROPER-MIXED @
ADDITION

ADDITION/SUBTRACTION

ADDITION/SUBTRACTION
APPROXIMATION

COMPUTATION +,~
COMPUTATION x
COMPUTATION +,~,x

COMPUTATION +,x




TEACHING EMPHASES MENTAL ARITHMETIC

MORE WEB FRACTIONS COMPUATION +,-,x
FRACTIONS FOREVER PATTERNS
DECIMALS:
Addition/Subtraction
DECIMAL ADD~A~BOX ADDITION
ROUNDED ADD-A-BOX ADDITION
Multiplication/Division
NEVER HOLD A GRUDGE. . . APPROXTMATION
Mixed Operations
THE DIAMOND GAME COMPUTATION +,~,x,%
APPROX-APPRAISALS WORD PROBLEMS
LARGE AND SMALL NUMBERS:
Awareness
GOING BIG TIME COMPUTATION-LARGE
Exponential Notation

TREASURE HUNT SCIENTIFIC NOTATION
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ALGORITHMS

RATIONALE

Have you ever followed the directions
on a bank statement or a tax return?
Have you ever changed a mixed number to
an improper fraction? Have you written
a set of directions (or flowchart) to
show the steps followed in a certain
process? If sco, then you have been
using an algorithm--a systematic pro-
cedure for obtaining a desired result.

Algorithms help us in many ways.

Some algorithms give us a set of in-
structions that lead us through a
sequence of computations to a solution.
The long division algorithm imvelves
repeated multiplication and subtrac-—
tion. The steps of the algorithm pro-
vide the student with a clearly defined,
orderly process. When a consistent
algorithm is used to guide students to
a solution(s), it builds confidence
and a feeling of security as well as
increasing speed and accuracy. In the
process of adding unlike fractioms,
finding a common denominator is an
important step in reaching a solutiom.
Students often guess or use their
intuition to find a common denominator,
but if that becomes an impossible or
jmpractical task, it helps to have an
exact recipe to follow (i.e., multiply
the denominators together to find a
common denominator).

Such new and different algorithms can

provide students with fresh approaches.

Students who repeatedly fail to solve
problems using the standard algorithms
we teach will sometimes respond to
nonstandard algorithms, They offer new
and interesting problem-solving tech-
niques by illustrating the peossibilities
of alternative methods and emphasizing
the importance_of the rules of arith-
metic. For example, long division can
be performed by first making and using
a table where the divisor is doubled

several times.

The divisor is 26, Make 1
this simple times table to 82
use when dividing by 26. 26)2275
~208

195

1 26 104

2 52 91

4 104 =52

8 208 39

~-26

Answer: 87 r 13 13

Special algebraic formulas can be used
to find the sums of consecutive whole

numbers. For example,

1+2+3+...+100=1QQ——’;—-19-1~=5050
and more generally
1+2+3+...+n=5‘%ﬂl

Nonstandard zlgorithms have other ad-
vantages. Some can be fun and easy;
others may show the benefits of using a

standard algorithm which is more effi-

cient and easier to understand. Sometimes
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‘the traditional methods.

TEACHING EMPHASES

students develop their own nonstandard
methods of solving a problem which are
correct, vet dissimilar to the tradi-
tional algorithm. The teacher needs

to recognize a correct algorithm
invented by a student and avoid judging
it as wrong only because it differs
from the usual algorithm. As students
create and explore algorithms and pat-
terns, they learn to express themselves
and gain confidence.

Nonstandard algorithms also have dis-
advantages, Some might work in only a
limited number of cases. Others may be
hard to follow logically-—-tricks may
pop up suddenly to make calculations

16 1

{(e.g., 7 Z% Parents and

teachers will not accept some nonstand-

gimpler

ard algorithms, claiming they are
unnecessary and deviate too much from
Nonstandard
algorithms might cause an incorrect
transfer of ideas, Children may be-
come confused and frustrated if too
many processes are introduced at one
time.

Students often invent incorrect
algorithms. TFor example, they may
add numerators and denominators of
fractions (e.g., §-+-%-= 4 . %9 or
find a common denominator before

multiplying two fractions. ({e.g.,
L 3.6, 3_ 24 15 _ 360
574 574 20720 20

When working story problems, students

may multiply when they should divide;

ALGORITHMS

£

add when they should multiply. These
errors can stem from misunderstanding
how and when to use a certain algorithm.
Steps and operations from various algo-
rithms become confused in a child's
mind. Children reveal their lack of
comprehension and number sense as they
pursue the use of incorrect algorithms
in the anxious search for answers. To
help students overcome their difficul-
ties, concrete models can be used to
demonstrate an algorithm and provide a
clear understanding of how and why the
algorithm works. The subtraction algo-
rithm can be illustrated by Multibase
Blocks, Chip Trading activities,
Cuisenaire Rods, and Bean Sticks.
Algorithms have changed and evolved
throughout the centuries just as scien-—
tific theories have been disproved and
remolded when new discoveries are made,
New and better processes replace old
methods. New algorithms are being in-
vented to solve problems. The age of
computers has brought a new dimension to
the use and purpose of algorithms. With-
out specific rules and exact, consistent
algorithms to follow, computers cannot
be programmed. Meanwhile, hand calcula-
tors silently question the need for slide
rules, log tables, and other slow algo-
rithmic methods of calculating as they
flash instantaneous answers after mere
seconds of button-pushing. Algorithms,

standard or nonstandard, play a dynamic

(‘




TEACHING EMPHASES

and vital role in problem~solving.
Without them we would lack the many
processes, methods, directions and
procedures for coping with our com-
plex society.
SUMMARY
1. An algorithm is a systematic pro-
cedure for obtaining a desired result.
2. Algorithms help us compute and
solve problems by providing orderly,
time~saving processes to follow.
3. Nonstandard algorithms provide:

a) different approaches and alter-
native methods for finding answers,

b) clarification of standard algo-
rithms,

¢) incentive for drill and practice
of computational skills, and

d) creativity and confidence in
problem-solving techniques.
4. A ponstandard algorithm can hamper

the student when . . .

ALGORITHMS

K3

a) it works in only a limited number
of cases.

b) it has tricks that are not
logical or comsistent.

c) it deviates too much from the
traditional approach and causes mis-
understanding of the concept.

5. Incorrect algorithms are invented
and used by children who . . .

a) do notrunderstand how to solve
a problem,

b) confuse steps and operatioms
from various algorithms,

c¢) lack a number semnse and fail to
check the reasonableness of their answers.
6. Algorithms play an important role in
the function of our society. Our tech-
nology today relies heavily upon many
processes, methods, instructions and

procedures.

115



116

TEACHING EMPHASES

ALGORITHMS

£

EXAMPLES OF ALGORITHMS FOUND IN THE CLASSROOM MATERIALS

ACTIVITY CARDS - CHIP ABACUS
SUBTRACT:
I. Standard Algorithms 576 - 249 =
. MARE 576 TRADE SUBTRACT 248
Manipulatives can be used HTr[& H] T« H] T]w
to develop an understand- 2 § § L e meRe's | O § 5% 21813
ing of the basic operations Clojg[hrremu Mo ga*e|2ne
A ala UNITS, O o |32
with whole numbers. g|c §f' o & g5
[Hunorepd TENS funiTS M;:Nsni 12;
ololg
g ° %
o
o]
O
[®)
i ACTIVITY CARDS - BASE 10 MULTIBASE BLOCKS - IV WW

famay) L
T LLLLLp ‘ @l n/]ul,

MAKE FOUR GROUPS OF WOOD, EACH LIKE THE ONE ABOVE:

COMBINE THE FQUR GROUPS AND TRADE IF POSSIBLE,

Various algorithms are
developed through activities
which encourage the use of
concrete physical models,

A flowchart placed on a bulletin
board or used as a transparency
can motivate an explanation of
the steps involved in expressing
a mixed number as an improper
fractiom.

l“W\WW

Renaming Flowchart

Mixed to Impropea

MULTiPLY

ADD PUEE
OVER
NUMERATOR,
[DEsomn A

Example: 23
Pt |—‘°“—"‘—|' [ e v e ===
(2% o r2-ipsfina= oy
N L_mﬂj%i___J LZJ

TN




TEACHING EMPHASES ALGORITHMS

3

ir 1
THE YOUNG GENIUS

. EREEEREERS B
II. Nonstandard Algorithms 2)
vhen the world's greatest machematiclan,
¢. F. Gauss, was a young boy, he wes
asked to add the first hundred numbers.
Mere's his gurprising solucion.
F 1 L+ Z4 3+ ., . 984 99+ 100
or 3 * + 100+ 99 4+ 9B+, ., .+ 3+ 2+ i
1 mu az Cag’be Usei to Slmpllfy 101 + 101 + 10X 4+ . . .+ 101 + 101 + 163
on, i
g ?n te ]..OU.S ca culat10n5° 101 added 100 timee oF
Gauss' solution tells us that the 100 % 101
R . x !
sum of the first N counting
But I must divide this product by two,
. N(N"’l) {Why?) Therefore,
numbers is I I+2+3+. .. 498 +100 = 100 x 100
2
or 5050,

WU%@[@ ROABER FIRST; CAN You FIGURE
MULTIPLICATION ( our How we €T e

No need for improper fractions
here! Simple multiplication
and then addition gets us the
answer.

INCREDIBLE ERBALITIES
1 4 4 4 flave the following rretement wrirfen on the board
55 x 63 = 30+ 4+ 24 15 = 361—5 when the students come to clasa.
L9999+~ 16 cqual to L
Altow student to debate the issue, then show them cach of the followlop:
i ADRITION MULT L1 IOATION
e LEIREHITIE
L. e L.2
5 3333 EEE TS
*%. 3333000 9 x JMEIEvcc = L9999
s e 3 But 221
g 9999 But § = 1 g
PATTERN
. BIVISION
A teacher demonstration of these s,
+ 'l = 9 v
equalities should provide a Lo -
- . +
starting point for a lively Loz .
i i - 3
&= 3333 -9999
class discussion. ; oo
3‘ " NHave students 81 Before Crying
5 continue the 30 this, be sure
F" pattern, 8 students will
" 96 accapt remainders
§" B egual to the
; 29 divisor.
i
B g
g But G- 1
2.
g
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ALGORITHMS FOUND IN CLASSROOM MATERIALS

WHOLE NUMBERS:
Addition/Subtraction
ACTIVITY CARDS ~ BEAN STICKS - I
ACTIVITY CARDS - BEAN STICKS - II
MAKING IT ADD UP

SUBTRACTION IS SUBTRACTION
AND ADDITION

THEREAIS NO ONE WAY
Multiplication/Division

ACTIVITY CARDS.— BEAN STICKS -~ IIL
ACTIVITY CARDS -~ BEAN STICKS ~ IV

HOW MANY GROUPS - HOW
MANY LE¥T?

FAIR SHARE
I HAVE A BETTER WAY!
SQUARING 2--DIGIT NUMBERS
PRACTIONS :
Concepts
REDUCING FLOWCHARTS
RENAMING FLOWCHARTS
Addition/Subtraction
LCD FLOWCHART I
LCD FLOWCHART I1
FRACTION FLOWCHART
Multiplication/Division

FACTOR BOARDS - II

REGROUPING TO ADD
REGROUPING TO SUBTRACT
ALTERNATE METHOD

ALTERNATE METHOD

ALTERNATE METHOD

MULTIPLICATION
DIVISION

DIVISION

DIVISION
ALTERNATE METHOD

SQUARES

REDUCING

IMPROPER-MIXED

LCD

LCD

ADDITION/SUBTRACTION

MULTIPLICATION/DIVISION

AT.GORITHMS

KX
(
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FRACTION FLOWCHART
OTHER WAYS
MIXED NUMBER MULTIPLICATION
DECIMALS:
Multiplication/Division
DOTMAN AND BOBBIN
DOTMAN'S DECIMAL NOTES
LOTS OF DOTS SHORTCUT
SQUARE ROOT GAME
Mixed Operatiomns
"THE ANSWER"
LARGE AND SMALL NUMBERS:
Exponential Notationm
LET'S GENERALIZE

LET'S GET SCIENTIFIC

MULTIPLICATION/DIVISION
DIVISION

MULTIPLICATION

MULTIPLICATION
MULTIPLICATION
DIVISION

SQUARE ROOTS

COMPUTATION

POWER SERIES

SCIENTIFIC NOTATION

ALGORITHMS

3
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TEACHING EMPHASES ESTIMATION AND APPROXIMATION

The patient's
temperature

in the morning
was 1008
degrees.

On the average
Mr. Brown's car
travels 182

miles on 1 gallon
of gasoline.

Do these answers make
sense? What would be
a reasomable answer?
Are your calculator
answers reasonable?

I am a hand calculator.
I was used to do these
problems. Approximate :
‘to see if these answers are

reagenable.

If the answer
1s not reasonable
what could have

1. 378 + 594 = 682

i

8. 9178 - 3904 = 5274
189 + 20 = 9.45

2, 178 x 342 = BOB76 9.

6)‘ Find one-millionth of the
total area of your statey

your city.
Simplify problems with involved

computations by rounding the large

numbers and approximating the
answers.

7Y  Find one-millionth of the
distance across the United
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SHOPPING WITH A NEWSPAPER

PLAN A PARTY. FoR 10 oR 20 OF YOUR FELLOW
i STUDENTS. YOU MAY USE ONLY THE ITEMS LISTED

You often estimate in AN ANY OF THE ADS, YOU MAY SHOP AT MORE
everyday situations. THAN ONE STORE, ' '
Look up prices in your

newspaper to see which | EXAMPLE :

store has the best buy. ITEM "IN s7oRE A |STORE B [sTore © |storeEDn ISTORE £

2 POUNDS &ROUM ROUND
3 POUNDS MHoT DOGS
6 SmaLLCaNs o peoXEN |
3 POUNDS COFFEE
| CAN TOMATO Soup

I

MORE |
INVESTIGATIONS

I
Estimate in metres the total length {
of hair on your head.. If you were . )
i to have it cut, how much total length
would be taken off?

Ty,

Estimate how much it would cost to
buy a mathematics textbook for every
student in your
school, Esti-
mate bow much
money is spent
on paper for
worksheets,
quizzes, etc.
in mathematics
.classes.

However you approach these
problems, they involve
guess work, estimation and
approximation.
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ESTIMATION AND APPROXTIMATION

P
P

ESTIMATION AND APPROXIMATION FOUND IN CLASSROOM MATERIALS

WHOLE NUMBERS:
Getting Started
EXACT OR APPROXIMATE
PATTERNS FOR COUNTING
SEALS ON MY ICEBERG

EDUCATED GUESS
GUESS AGAIN

25~MORE OR LESS
Concepts
APPROPRIATE APPROXIMATION
EARTH FACTS |
GIVE OR TAKE
Mixed Operations
ROUNDED RESULTS
ROUNDED LINE UP
DON'T BE AFRAID TO GUESS
A SLICK SLIP STICK
ABCUT RIGHT
ALTITUDES
TRACTIONE:
Concepts
COOPERATION
COLOR CLASH
DIAL A FRACTION
Addition/Subtraction

UP-DOWN APPROXIMATION

COUNTING
PATTERNS
COUNTING

COUNTING

COUNTING

ROUNDING
ROUNDING

APPROXTMATION

COMPUTATION
COMPUTATION
COMPUTATION
COMPUTATION
WORD PROBLEMS

AVERAGE

WHOLE MODEL
WHOLE MODEL

WHOLE MODEL

ADDITION/SUBTRACTION
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AIMOST GAMES

Multiplication/Division

CAN YOU GET CLOSE UP

BETWEEN

DECIMALS:

Concepts
PLACING A POINT
DEC. IMAL

BOXING IT

IT'S CLOSER THAN YOU THINK!!

MATH TOOLS

BASEBALL AUTC RACING RECORD

EYEBALLING DECIMALS
Addition/Subtraction
ROUNDED ADD-A-~BOX
Multiplication/Division
SEEING'S BELIEVING~I
SEEING'S BELIEVING-II

NEVER HOLD A GRUDGE. .

NOBODY KNOWS BUT THE ZERCS

SQUARED OFF
GRASS ROOTS
SQUARES

SQUARE ROOTS

SQUARE ROOT GAME

ESTIMATION AND APPROXIMATION

ADDITION/SUBTRACTION

MIXED NUMBERS

MIXED NUMBERS

PLACE VALUE
PLACE VALUE
PLACE VALUE
ROUNDING
ROUNDING
ROUNDING

RELATION TO FRACTIONS

ROUNDING

MULTIPLICATION

DIVISION
MULTIPLICATION/DIVISION
MULTIPLICATION

SQUARES

SQUARE ROOTS

SQUARES

SQUARE ROOQTS

SQUARE ROOQTS

~
(,
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-~
Pt
Mixed Operations

APPROX~APPRAISALS WORD PROBLEMS

OPERATION PLEASE! WORD PROBLEMS

GETTING ‘ROUND TO CALCULATING COMPUTATION

UP AND DOWN WITH THE ROUNDING

CALCULATOR
SHOPPING WITH A NEWSPAPER MIXED OPERATIONS

LARGE AND SMALL NUMBERS:

Awareness
ONE MILLION CUBES ONE MILLION
BEANS IN A JUG COMPUTATION-LARGE
STRETCHING YOUR DOLLARS COMPUTATION-LARGE
YOUR HEARTBEATS COMPUTATION-LARGE
SECONDS TIMELINE COMPUTATION~LARGE
ONE~-MILLIONTH COMPUTATION
MORE INVESTIGATIONS COMPUTATION

Exponential Notation

GRAINS OF SAND AND TURNING SCIENTIFIC NOTATION
WHEELS
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RATIONALE
What is the Laboratory Approach?

For many decades, learning, instead
of just memorization and training, has
been the primary emphasis of education.
Each society or community decides what
should be learned. We are required to
learn mathematics, reading, science
and other subjects. Yet our schools
have been crganized for teachers to
teach and not necessarily for children
to learn. The laboratory approach is
a philosophy which emphasizes '"learning
by doing" and breaks free from formal
teaching methods, "It is a system
based on active learning and focuses
on the learning process rather than
on the teaching process.”" [Kidd, et
al.] Experiences are devised to help-
the student learn mathematics by see-
ing, tcouching, hearing and feeling.

An environment--the math lab-~-emerges
where the teacher and the students
work and ceommunicate with each other
to plan activities and learn by doing.
At the level of their abilities and
interests, the students discover
relationships and study real-world
problems which utilize specific mathe=~
matical skills,

A laboratory approach breaks the
monotony of straight textbook teaching.
It extends and reinforces the students'
understandings and skills while pro-

viding background experiences for

BORATORY APPROACHES

later development of abstract concepts.

It also offers a unique, concrete way to
learn mathematics. The laboratory
approach can be integrated into the class~
room and used along with, not in place of,
many other equally valuable teaching
strategies.

Lab activities help to eliminate the
unrealistic one-method syndrome so
characteristic of mathematics classes. A
variety of methods of attacking a problem
can be explored., Open-ended activities
encourage students to make discoveries,
formulate and test their own generaliza-
tions (i.e., problem solving). Lab
assignments can be used to challenge the
students by providing them with oppor-
tunities for developing self-confidence,
habits of independent work, and enjoyment
of mathematics. The relaxed atmosphere
can encourage student involvement and
positive attitudes toward mathematics.

By direct observation, the teacher can
assess the student's skills in problem
solving and computing while the student's
attitude and work habits can also be
evaluated,

The Mathematics Laboratory

The math lab is an environment that
provides for active learning and encour-
ages active participation. In terms of
physical organization, three basic kinds
of mathematics laboratories are most
often discussed.

1. A centralized laboratory--a room
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especially designed (or adapted)
and equipped for use as a per~
manent math lab. Classes are
usually brought into the lab
room on a rotating schedule that
allows each mathematics class to
use the lab materials several
times a week as needed.

2. A rclling or movable laboratory--—
a set of lab materials placed on
a cart, stored in a central loca-
tion, and wheeled from classroom
to classroom as needed.

3. A decentralized laboratory--a
self-contained set of lab materi-
als stored in the teacher's
classroom and readily available
for the students to use,

For most schools, the decentralized
laberatory is the most practical and
desirable math lab. Lab materials can
be collected and organized at a modest
rate as they are constructed, donated
or purchased.

Eventually a set of lab materials will
grow to a size large enough to be quite
The classroom environment

Flat

versatile.
needs to be versatile as well.
tables, bookcases, movable carts and
other furniture ecan be added. to provide
work areas for the students and storage
space for the lab activities.

What is a Laboratory Activity?

A laboratory activity is a task ot
mathematical exercise that emphasizes
"learning by deing.”" It can be a game,
a puzzle, a paper and pencil exercise,

a set of manipulatives with a task card,

or an experiment using apparatus and

instruments to take measurements. A

LABORATORY APPROACHES

IR

i

N

game involving two or more students
might review the concept of equivalent
fractions. A challenging puzzle could
require a student to apply several
problem-solving techniques. A lab
activity could use Cuisenaire Rods to
illustrate decimal concepts, or multi-
base blocks to show place wvalue, or
wooden cubes to demonstrate spatial
relationships, or factor boards to
clarify an algorithm. Manipulative ob-
jects often provide physical models that
can introduce or clarify a mathematical
concept to the student. There are also
experiments which can be performed to
take measurements and gather data. Stu-
dents learn how to use certain equipment
and tools in their search for solutions(
Laboratory activities can directly in- |
volve students in "hands-on" assignments,
often with group participation. Lab
activities encourage the student to take
an active role in learnlng mathematics
rather than the passive role of "you
teach me.,"

Getting Started

There are many ways to implement the
lab approach. The descriptions below
provide several suggestions to consider
when starting to use the laboratory
approach.

Mr. Langford has a class of thirty
seventh graders. He was not sure about
using lab materials, so he decided to

start small., He set up an "activity (
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corner'" in the room. Three lab cards
with the necessary equipment (e.g.,
squared paper, ceramic tile, measuring
tape, metric wheel) were set up in the
"activity corner." Each day for a
week a different group of six students
were allowed to work in pairs using the
lab materials. The rest of the class
worked on related paper and pencil
exercises., All week was spent on the
study of area. All thirty students had
a chance to do the lab activities, and
the activities integrated well with

the week's mathematics concept of area.
Mr. Langford wants to collect or write
task cards that mix well with his estab-
lished curriculum. Later, he might try
other ways of using the lab activity
cards.

Ms. Wilkins decided to assign each
Friday as a '"lab day" for her eighth-
grade class of 28 students. She had
watched several classes using a "lab
day" once a week and decided to try it
herself. She prepared two sets of seven
lab cards covering seven different mathe-
matic topics. Each student was assigned
a partner, and the pair would work
together for each of the seven "lab
days." TFor seven weeks the students
rotated to a new lab activity each
Friday. They were asked to keep a
record of their results and follow the
planned rotatiom schedule. Ms. Wilkins

found that this seven-week period with

LABORATORY APPROACHES

one "lab day" a week coincided well

with the nine-week term, She developed

a second set of lab materials for another
seven weeks. This time there were 14

task cards put into 14 shoe boxes along
with manipulatives, paper, or other mater-
ials needed for each activity. Each card
was written on the topic of measurement
and contained various levels of abstrac-
tion and enrichment options for the
students,

Mr. Jeffreys and Ms. Slone had adjoin-~
ing sixth-grade rooms. They had been
team teaching a number of units in mathe-~
matics. They decided to try the lab
approach for their unit on Base 10 and
Other Bases. Their school had recently
purchased two Chip Trading Math Lab Sets.
Mr. Jeffreys and Ms. Slone picked ocut
several chip trading activities to be
used every other day for two weeks,

They divided the class into groups of

3 or 4 students. For each "chip trading

day” omne student in each group was re~
sponsible for picking up and distributing
the manipulatives to each member of the

group. "

The days between each ''chip
trading day" were used for discussions,
board work, and worksheets that emphasized
paper and pencil computation in base 10
and other bases.

The above are examples of teachers who
were willing to support an active approach
to learning. They prepared for using the

lab approach by collecting and organizing
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materials and deciding on the content
of lab activities. It helps to gain
the support of other teachers; their
contributions and ideas can rapidly
increase the number of lab activities
developed.

Most difficulties that arise in the
math lab result from students not
knowing what to do. The teacher needs
to find, organize and store lab materi-
als for easy usej tell students where
lab materials are, what to do with them
and how to schedule their use; prepare
task cards or directions for the lab
activities; instruct students in prob-
lem~solving methods of attack and
investigation; interact enthusiastically
with students and share in their experi-
ences; and evaluate each student's
attitudes, work habits and accomplish-
ments.

Start small--in no way can most
teachers and students survive a com-
plete change of program, Students who
have become passive learners need time
to adapt to the role of active learmers.
They need supervision and guidance from
the teacher as they learn to function
in the lab environment. Eventually,
the students should be able to select
materials for each lab activity and
return materials to the proper storage
area when finished. By keeping a work
record, the students can evaluate their

progress and try to improve their skills

LABORATORY APPROACHES

o

and understanding. The students need t{
develop inquisitive attitudes that moti-
vate them to keep at a problem and not
give up. Small groups or pairs of stu-
dents will require the cooperation of
each individual and the sharing of ideas.
Initially, when selecting material and
equipment to use in the math lab, find
readily available materials in the schoel.
As time goes on, you will be able to buy,
make or scrounge other materials as they
are needed for particular activities.
Ideas for laboratory activities can be
found in any of the sources listed in
the selected sources. Many periodicals

{(such as The Arithmetic Teacher or The

Mathematics Teacher)} include sections

in each issue which contain ideas for C
activities that require a minimum of '
preparation and materials, Wotice the
interests of the students. Be creative
and use your own ideas or their ideas

as a source of lab activities. Discuss
and exchange ideas about math labs with
other teachers,

Begin with a lab activity that every-
cne can do at the same time, Later on,
the students can separate into groups or
small teams (students usually work best
in small groups of 2 or 3). Experiment
with the size and the make-up of the
groups. In the beginning it is a good
idea to provide activities where each
group member has a specific role. Pro-

vide several lab activities and let ea(
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group move from one activity to another. background concepts or skills the stu-
Have a specific objective(s) in mind dents will need to tackle it. Check for
for each activity, and have a clear _ any difficulties the students might en-
idea of its mathematical content. Go counter as they do the activity.

through the lab activity to find what

Selected Sources for Laboratory Approaches

The Arithmetic Teacher, National Council of Teachers of Mathematics.

Biggs, Edith and James MacLean. Freedom to Learn, Addison-Wesley (Canada) Ltd., 1969,

Hamilton, Schmeltzer & Schmeltzer. ''The Mathematics Laboratory," Teaching Mathematics
in the Junior High.

Kidd, Kenneth, et al. The Laboratory Approach to Mathematics, Science Research
Associates, Inc., 1970.

Krulik, Stephen. A Mathematics Laboratory Handbook for Secondary Schools, W.B.
Saunders Co., 1972,

The Mathematics Teacher, National Council of Teachers of Mathematics.

Reys, Robert F. and Thomas R. Post. The Mathematics Laboratory: Theory to Practice,
Prindle, Weber & Schmidt, Inc., 1973.

Sobel, Max and Evan Maletsky. Teaching Mathematics: A Sourcebook of Aids, Activities
and Strategies, Prentice Hall, Inc., 1975,

Teacher-Made Aids for Elementary School Mathematics, Readings from the Arithmetic
Teacher, National Council of Teachers of Mathematics.

Laboratory and instructional materials can be obtained from the following publishing
companies:

Creative Publications, Inc. Herder and Herder, Inc,

P, 0. Box 10328 232 Madison Avenue

Palo Alto, CA 94303 New York, New York 10016
Cuisenaire Company of America, Inc. Ideal School Supply Company

12 Church Street 11000 South Lavergne Avenue

New Rochelle, New York 10805 Oaklawn, Illinois 60453
Educational Teaching Aids Division Midwest Publications Company, Inc.

159 West Kinzie Street P.0. Box 307

Chicago, Illinois 60611 Birmingham, Michigan 48012
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Mind/Matter Corporation
P.0. Box 345
Danbury, Comnecticut 06810

Ohaus Scale Corporation
29 Hanover Road
Florham Park, New Jersey 07932

Scott Resources, Inc.
1900 E. Lincoln
Box 2121
Fort Collins, Colorado 80521

LABORATORY APPROACHES
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Selective Educational Equipment, Inc. ((
3 Bridge Street
Newton, Massachusetts 02195

Walker Educational Book Corporation
720 Fifth Avenue
New York, New York 10019

Webster Division
McGraw~Hill Book Company
330 West 42nd Street
New York, New York 10036
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X

LABORATORY APPROACHES FOUND IN CLASSROOM MATERIALS

WHOLE NUMBERS:

Concepts
ACTIVITY CARDS - PAN BALANCE PLACE VALUE
ACTIVITY CARDS - BASE 10 PLACE VALUE
MULTIBASE BLOCKS -~ I
FOUR~PLACE NUMBERS EXPANDED NOTATION
Addition/Subtracticn
ACTIVITY CARDS —~ CUISENAIRE ADDITION
RODS -~ I
ACTIVITY CARDS -~ CUISENAIRE SUBTRACTION
RODS - II
SUM COMBINATIONS ADDITION
ACTIVITY CARDS - BEANSTICKS -~ I REGROUPING TC ADD
ACTIVITY CARDS - BEANSTICKS -~ II REGROUPING TO SUBTRACT
ACTIVITY CARDS - MATHEMATICAL ADDITION/SUBTRACTION
BALANCE - I
ACTIVITY CARDS -~ BASE 10 REGROUPING TC ADD

MULTIBASE BLOCKS - II

ACITIVTY CARDS - BASE 10 REGROUPING TO SUBTRACT
MULTIBASE BLOCKS - TIII

ACTIVITY CARDS - CHIP ABACUS REGROUPING TO ADD

FILL IN THE DOMINOCES ADDITION

Multiplication/Division

ACTIVITY CARDS - CUISENAIRE MULTIPLICATION
RODS - III
ACTIVITY CARDS — MATHEMATICAL MULTIPLICATION

BALANCE ~ II

ACTIVITY CARDS - MATHEMATICAL DIVISION
BALANCE - III
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ACTIONS:

ACTIVITY CARDS - BASE 10
MULTIBASE BLOCKS - IV

ACTIVITY CARDS - BASE 10
MULTIBASE BLOCKS ~ V

ACTIVITY CARDS -~ BEANSTICKS - III
ACTIVITY CARDS - BEANSTICKS -~ IV

EVEN STEVEN
ObD ROD

NUMBER TYPES

A SQUARE DEAL

Concepts

ACTTIVITY CARDS -~ CUISENAIRE
RODS - I

FRACTION APPLE~CATION

ACTIVITY CARDS - CIRCLE
FRACTIONS -~ I

ACTIVITY CARDS - GEOBQARDS =~ I

ACTIVITY CARDS - TANGRAMS - I

DIAL A FRACTION

ACTIVITY CARDS ~ COLOR
CUBES -~ 1

DIVIDE ME UP

ACTIVITY CARDS - FRACTION
BARS -~ I

ACTIVITY CARDS -~ CIRCLE
FRACTIONS - II

ACTIVITY CARDS ~ COLOR CUBES -~ II

READING YOUR RULER

MULTIPLICATION

DIVISION

MULTIPLICATION
DIVISION

0DD & EVEN

MULTIPLICATION

MULTIPLICATION

WHOLE MODEL

WHOLE MODEL

WHOLE MODEL

WHOLE MODEL
WHOLE MODEL
WHOLE MODEL

SET MODEL

QUOTIENT MODEL

EQUIVALENT

EQUIVALENT

EQUIVALENT

LABORATORY APPROACHES

NUMBER LINE MODEL

I
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FACTOR BOARDS - I REDUCING

ACTIVITY CARDS - COLOR IMPROPER~MIXED
CUBES - III

ACTIVITY CARDS - CLOCK IMPROPER~MIXED

FRACTIONS - I

ACTIVITY CARDS -~ CUISENAIRE IMPROPER~-MIXED
RODS -~ II

MULTIPLE BOARDS - I ORDERING

Addition/Subtraction

ACTIVITY CARDS - FRACTION ADDITION/SUBTRACTION
BARS =~ II

ACTIVITY CARDS ~ CUISENAIRE . ADDITION/SUBTRACTION
RODS - TIII

ACTIVITY CARDS ~ CLOCK ADDITION/SUBTRACTION
FRACTIONS -~ II

ACTIVITY CARDS -~ TANGRAMS -~ TIIT ADDITION/SUBTRACTION

ACTIVITY CARDS - GEOBOARDS - II ADDITION/SUBTRACTION

FRACTION SLIDE RULE ADDITION/SUBTRACTION

MULTIPLE BOARDS ~ TI1 ADDITION

Multiplication/Division

ACTIVITY CARDS -~ FRACTION MULTIPLICATION/DIVISION
BARS - III

ACTIVITY CARDS - GEOBOARDS - TIIX MULTIPLICATION/DIVISION

ACTIVITY CARDS - TANGRAMS -~ IV MULTIPLICATION/DIVISION

GRAPH PAPER MULTIPLICATION MULTIPLICATION

FACTOR BOARDS - II MULTIPLICATION/DIVISION

Mixed Operations
PIZZA PUZZLE ESTIMATION
DECIMALS:

Concepts
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ACTIVITY CARDS -~ CUISENAIRE
RODS -~ 1

BOXING IT

ACTIVITY CARDS - DECIMAL
ABACUS -~ I

MAKING A DECIMAL RULER

ACTIVITY CARDS - CUISENAIRE
RODS - II

ACTIVITY CARDS - CUISENAIRE
RODS - TII

ACTIVITY CARDS - CUISENAIRE
RODS ~ IV

ACTIVITY CARDS - CULSENAIRE

RODS - V
Addition/Subtraction

ACTIVITY CARDS -~ CUISENAIRE
RODS - VI

ACTIVITY CARDS - DECIMAL
ABACUS -~ II

Multiplication/Division
MULTIPLICATION PAPER FOLDING
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PLACE VALUE

PLACE VALUE
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PLACE VALUE

ROUNDING
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RELATION TO FRACTIONS

ORDERING

ADDITION/SUBTRACTION

ADDITION/SUBTRACTION

MULTTIPLICATION

MULTIPLICATION

POWERS OF TEN

DIVISION

EXPANDED NOTATION
EXPANDED NOTATION

POWERS OF TEN

I
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TEACHING EMPHASES LABORATORY APPROACHES

I

SMALL NUMBERS ON THE ABACUS - I POWERS OF TEN
LARGE NUMBERS ON THE ABACUS - II EXPANDED ROTATION
SMALL NUMBERS ON THE ARBACUS - II EXPANDED NOTATION
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The name Cuisenaire and the color sequence of the rods are trademarks of the Cuisenaire Company of

America, Inc.
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An abacus is a tool for representing numbers with some sort of markers. The
markers are placed in the columns of each place value. Abaci are useful for
working with whole number and decimal concepts and operations. There are many
different kinds of abaci, many of which can be easily constructed. They can be
purchased from Creative Publications and Scott Resources,

Each of the abaci described here can be extended to any number of places,

Construction Information:

Chip Abacus ThiHITIUlt [ h

Materials and Construction:

Rule six columpns on a sheet of tagboard
in such a way that 10 chips will fit
vertically in each column.

You can make several different label-
strips to head the columns. Here are
some possibilities:

RED GREEN BLUE YELLOW {Use colored chips in this case.)

Hundred | Ten Ten Hund
Millions| Thous Thous | Thous | Hund | Tens {Units |Tenths {Hundth { Thsth | Thsth|Thsth

M H-Th T-Th Th H T u t h th t-th h~th

6 5 4 3 2 1 0 1 1 1 1 1
10 10 10 10 10 10 10 i > 3 Z 5

10 10° 10 10 10

Slide these strips to fit over the abacus with the units place wherever you
want it. It can overlap on both sides or be folded back. Fasten to the
abacus with paper clips.

If your chip abacus is laminated, you could write the labels with a grease
pencil.

Cup Abacus

Materials:
12 dixie cups, a 25" x 6" board (heavy cardboard or wood), beans or markers
{not less than 100) and 1 black checker.

Construction:

Glue 6 cups to the board as shown. Put
the other 6 cups inside each of these
cups. (This simplifies dumping the
beans out of separate cups.) The {
checker may be placed between any cups
to designate the units place. Label
the place value with strips like the
Chip Abacus.

FaliaN




LABORATORY MATERIALS ABACUS

I

Bead Abacus

Materials:
Block of wood, 1" by 3" by 6"
Four 11" pieces of steel rod or
wood doweling

80 beads or discs which will fit

on the wire or doweling

Glue

Construction:
Prill four holes in the wood.
Finish (make smooth) the upper end of each rod.
Glue one rod inte each hole.
Put 20 beads or discs on each rod.
A clothes pin can be used to separate beads on each rod before performing
addition.

Readiness Activities:

1) A small checker could be used as a physical model of the decimal point.

It can be moved to various parts of the abacus, thus varying the position of
the units' place. Have the class figure out how the checker determines the

units' place by moving the checker. Ask for guesses where the units' place

is for all the possible positions of the checker.

2) Have the students practice different trading tasks, and decide on one to
show the class.

3) Show a trade on one type of abacus. Have the class do the same trade om
a different type of abacus.

%) See Chip Trading in WHOLE NUMBERS: Concepts for a variety of place value
games that could be played with an abacus.
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BERANSTICKS

Beansticks are helpful models in understanding place value and operations {
.with whole numbers. ‘
Construction Information:

Make a set of beansticks using dried beans of various kinds, wooden popsicle
sticks and glue. There is no standard set of
sticks-—the size of a set varies with its uses.

You will find a set such as the one illustrated
below useful,

To make the bean sticks last longer without
repair, run some glue over the top of the beans
after the beans are glued on.

2 TatataYataYatTayYa ®)
ole o 10 STICK
L
a2 e P
LBl JRU IR 4 o
o o] [@| || | P 10 x10
ol ol @l e je] o Qo RAET
2| |9| e} |0} o) o] |@ Q@
al il o] 0] @] @] o] (@ 3
e 19} (o (6] o (9 (o] (0] o
A A A (HoLD 10 STICKS
MAKE 3 OF EACH MAKE 10 MAKE 2 TOGETHER WITH =
STICKS GILUED ON
THE BACK)

Beansticks can be constructed by the children at almost no cost. Used popsicle
sticks can be collected and run through a dishwasher, or new popsicle sticks could
be purchased through a restaurant supply house. Your PTA may be persuaded to find
enough beans or have the students bring some. There is already a supply of "white
glue" in most school warehouses.

Beansticks can also be made by drawing circles on the popsicle sticks with
felt pens. Small checkers or poker chips could also substitute for loose beans.

The most efficient method of showing numbers greater than 5 is to place 5
beans on one end and the rest on the other. To make the number even clearer, two
colors may be used:

TSTICK (goetoe® D)
i
Then when you add 7 + 8, it looks like this:
R D

(Pococeed )
I

It is easy to see 10 and 5 are 15. <
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Rafts are beansticks with the same number of beans, attached together to
illustrate a product. Rafts can be made so that the total is easy to see without

counting:

: N1 N
OO e®

Here is a 6 x 7 raft: @3@@@@1@@
CEr2=I=X 1 )

Cobow OB

C N 1]

i

25 + 10 + 5 + 2 = 42
gso 6 x 7 = 42

AAAAL

@;o@a TsTon = D)

¢

A ten X ten raft can be used instead of other rafts. A student can use two
cards to fence off the combination that he needs:

M |
Here is a fenced 10 x 10 raft @@@@@ SR8
showing 8 x 9 e 93206
o 0208
o8 9586
i
a8 OLL
@809 b
X IXTEETE

Readiness Activities:

1) Have students construct the beansticks.
2) Have students sort the beansticks and play trading games.
3) Have students show various numbers using the beansticks.

4) See Chip Trading in WHOLE NUMBERS: Concepts for a variety of place value
games that could be played with beansticks.
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CIRCLE FRACTIONS

Circle fractions are circular fraction disks used for showing order, equiValenc(
and basic operations with fractions.

Construction Information:

Cut eight 15 cm circles from different colored tagboard or construction paper.
(The circles could be cut from masonite, %" plywood or floor tile and then painted.
Perhaps you have a student who could cut them in the school shop.)

The colors shown are only suggestions. If you use other colors, make the
appropriate changes in the activities and games relating to the circle fractions.

LIGHT
YELLOW GREEN BLUE

Label the white circle with "ONE WHOLE" and cut the remaining circles into
%’s,-%'s,-%'s,-%’s,-%‘s, %’s and-I%'s {for metric). These fractional parts are

not to be labeled.

B @

Readiness Activities:

When doing the activities, encourage the students to physically place the
pieces on top of each other to compare them,

1) Mix two sets of circle fractions together and give them to a group of
students to determine the fractional value of each piece. (Since the value
can't be found by counting the number of pieces of a color, the pieces must
be compared to one whole.)

2) Arrange one piece of each color in order from largest to smallest.

3) How-many pinks fit on a whole?

4) How many reds fit on a yellow?

5) Find different ways to combine the pieces to cover a whole. (

6) Find different ways to cover a yellow.




Fraction "clocks' are manipulatives used to study fraction concepts and
equivalence of fractions. They could also be used for the study of decimals and
modular systems.

CARDBOARD
DOUBLE
THICKNESS

ARROW

Constructicn Information:

Fraction "clocks" are put together using the materials mentioned below in
this way:

The "clocks" on the following page are duplicated on tagboard (old file
folders cut in half), and cut out. Then, different "clocks" are put together omn
top of a double thickness of cardboard (used as backing). The arrows (hands) are
attached to the center of the "clocks" with a thumbtack.

To have your students make their own fraction "olocks" each student will need:

A tagboard duplicate of the "clocks" (next page)
Scissors

1 Thumbtack

A 3" square double thickness of cardboard (for backing)
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LABORATORY MATERIALS , CLOCK FRACTIONS

Jx

Directions: (

Cut out "clocks™ A, B, and C, and cut D along the dotted lines. Cut out the
arrows,

2
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LABORATORY MATERTALS CLOCK FRACTIONS

Readiness Activities:

1) Use your thumbtack to attach "ecloek" A and
one arrow to the backing. Rotate the arrow in
a clockwise direction from 3 to 1 and fill in
the following blanks:

In A there are parts, The arrow was

rotated acrosszfjixof these parts. We might
1

say that the arrow was rotated through 3 of A,

Rotating clockwise from 3 to 2 covers of A.

Rotating clockwise from 3 to 3 covers of A.

Now have the students attach "clocks™ B, C and D and one arrow to the backing
and ask similar questions.

2) Place A on top of D. Place an arrow
on top of A and attach everything with a
thumbtack to the backing. Line up the 3
on A with the 12 on D. Point the arrow
to the 12.

Holding A firmly in place with your
thumb, rotate the arrow acress one of the

parts of A. How much of A is this?

In D the arrow was rotated from 12 to 4.

This was across how many parts?

How much of D is this? Can you see -
1 4
# fel—_
why this suggests 3 12+

Now have the students rotate from 12 to 8 and see what equivalence it suggests.

Similar equivalences can be discovered using "elocks™ B and D, and "elocks"
C and D.
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Color Cubes are colored blocks (usually wooden) which can be used for finding
volume, area and patterns as well as for working with whole number operations and <

concepts.

Color cubes are not easy to make, but there are many manufacturers who produce

them. A few are listed below.

Linking cubes ~— Creative Publications
—— two sizes: 1 em or 1.7 cm

2 cm color cubes -~ Creative Publications

Unifix cubes == Educational Teaching Aids, or

Mind/Matter Corporation

1" color cubes -- Ideal School Supply Company, or

Midwest Publications
Cube-o~grams -— Ohaus Scale Corporation
-= linking cubes 1 cm

~= each cube weighs exactly omne

Readiness Activities:

gram

r-

1) Count the number of cubes
needed to cover a pattern.

1
T

RYBIG 2) Extend or complete some
GIRIYIB sequences or patterns.
Ble[RlY] [R] R] —
[dERER
3) Estimate the number of cubes needed HALF M K
to £fill boxes or containers. Check HALE
vour results with the cubes.
-
‘ 3214 [olal2][3]3 4) Build stacks of cubes, then
RIBET&17I211111 rearrange them to find the num-
ber of cubes without counting.

5) Build rectangular solids
with varying dimensions.




Cuisenaire rods are colored wooden rods one centimetre high, one centimetre

thick, and one to ten centimetres long. Each length is coded by a different color.
Cuisenaire rods are useful for work with fractions, decimals, and whole number
operations and concepts.

Cuisenaire rods can be purchased from the Cuisenaire Company of America.

This is the Cuisenaire color code
and abbreviations for the colors.

Dark Green

_l/ Black

Browvn

9o <fOf o

o

Blue

Orange

o §m

#

Readiness Activities:

1)
2)
3)
4)
5)

6)

7)

8)
9)

Find the shortest rod and the longest rod.

Find a rod longer than the red and shorter than the purple.

Make a staircase using a rod of each color.

Name ;he rods by coler; agree on names, (Example: light green —plime. )

Put the white, yellow, light green, purple and yellow rods in a box and shake.
Without looking, find the white rod. How did you do it?

Put one light green and one red rod end to end like a train. Find one rod as
long as your "train.”

Take a blue rod. Place a yellow rod on top. What rod fits next to the yellow
rod to make a train the same size as the blue rod?

If a red rod = 1, which rod = 27

Take the light green rod. How many trains can you make as long as the 1light
green rod?

The name Cuisenaire and the

color sequence of the rods are

tradernarks of the Cuisenaire

Company of America, Inc. 153



Factor boards can be used for working with factors and primes, for reducing
fractions and for multiplying and dividing fractions.

I'm the
12's board.

T used to be a
popsicle

stick.

Construction Information:

The construction of factor boards provides practice with factors and primes.

Students can use any of the following to make factor boards: tongue depressors,

popsicle sticks, tagboard or railroad board.

Factor boards can be made for all numbers from 1 to 20 (or you could go higher
or only to 10 depending on the needs of your students).

Always include 1 on the factor board (even though it is not a prime factor)
since it is sometimes needed in calculations.

Letting students work in pairs or small groups will enable them to pool the
boards.

When using factor boards to reduce fractions, use markers to cover the like
factors so you don't mark up the boards.

Readiness Activities:

1) Find all factor boards with only two numbers as factors.
2) Find all boards with 2 as a factor.

3) Find all boards with 2 and 5 as factors.
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A set of fraction bars consists of 64 colored bars divided into 2, 3, 4, 6
and 12 equal parts. This serves as an introductory model of fractions. The
denominators of the fractions are represented by the number of parts to a bar and
the numerators by the number of shaded parts.

Fraction bars extend the relationships and the four operations for whole
numbers in a natural way to the corresponding concepts for fractions.

Laminated sets of fraction bars can be purchased through Scott Resources, Inc.

Construction Information:

You can make your own set of fraction bars from colored poster board, orange
for 12ths, red for 6ths, blue for 4ths, yellow for 3rds and green for halves.

Fach fraction bar should be the same size. 1" x 6" or 2 cm x 12 cm both work
well.

There are 32 different fractiomn bars.

I O O

Ee e

e [ Eaeiide
e 111 B
R 1]

, %. A complete set of 64 fractiom bars has two of each of these bars.

These bars have been chosen so that the bars with 6, 4, 3 and 2

Bg%ggg%g%lll parts can be compared to the bars with 12 parts.

§§§§§g§§§§ll You could extend your set of Fraction Bars to include 5ths and
AR ' 10ths.
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Rationale: (

A game or puzzle is a teaching device used to motivate and involve the students,
Commercial or teacher-made games and puzzles can provide drill and practice of basic
skills and review of familiar concepts. 'Discovering" the rules of an algebra game
may reinforce a new mathematical concept. Solving a puzzle may require the applica-
tion of several problem-solving techniques. Above all, games and puzzles should be
fun and challenging for the students.

A mathematical game usually involves a group of two or more people. The stu-
dents interact and teach each other the rules of the game--winners and losers are
determined by a combination of chance, strategy and skill. One or more mathematical
concepts should be reinforced by playing the game.

When selecting a game to be used by the students, there are a number of factors
to consider, Is the game worthwhile and enjoyable to at least some of the students?
Should the game be purchased or could it be constructed quickly and inexpensively
from available materials? Is the game flexible--can it be used with small or large
groups; over a long or short period of time; is it easily adapted to a wide range
of ability levels? Are the rules easy to read and understand? Will the game be too
easy or will it be too difficult and frustrating for most of the students? Do the
students like the game and want to play it?

In selecting a math puzzle, one should conmsider its cost, its flexibility and
its purpose (or mathematical objective). A student can usually work individually on
a puzzle. Often the puzzle is self-correcting; the student knows when he is finished _
and if the answer is correct (e.g., Tangram, Soma® or Cross-number puzzles). (

Games and puzzles should be used in the classroom when they are the best teach-
ing strategy available for a specific objective. If two strategies are about equal,
use the one which will provide the students with a change of pace or a more enjoyable,
interesting lesson. In any activity, the teacher's involvement and enthusiasm influ-
ences the students' attitudes and willingness to become involved in their mathematics
assignments. The teacher needs to play the mathematics games and solve the puzzles
before using them in the classroom. This is the best way to be prepared for the
difficulties students may have with an activity.

Materials:

Games and puzzles require a variety of materials. Many can be purchased ready-
made. However, if you find yourself with little or no money to buy commercial games,
puzzles and equipment, the following suggestions may be helpful.

Cards:

Unmarked playing cards are available from most local printing shops. They often
come in a variety of colors, with rounded cormers, and in boxes of 500. Be sure that
the ones you get have a good resiliency factor. (Will bend and spring back.)

3 x 5 notecards cut in half are also suitable, but they do not last very long.

For heavier cards, use railroad or tagboard cut into 2 x 3 sizes. These work

(
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LABORATORY MATERIALS GAMES AND PUZZLES

I

Regular playing cards can sometimes be used as they are (Game of 60) or modified
for use in mathematics games.

well for cards that do not need shuffling.

On page 4 you will find instructions for making a deck of rummy cards.

Dice:

Stick-~on labels can be placed on regular dice to provide more flexible use of
the dice.

Wooden Cubes can be made in the school shop or purchased from commercial com—
panies. They come plain or in a variety of colors. (See the Creative Publications
catalog.)

Use of styrofoam or foam rubber cubes can help reduce "rolling-the-dice' noise
during a game.

On page 5 you will find a model for dodecahedron dice (12-sided dice). The
top model is for dice that are to be used with the Fruction Bar Football game.
The dice are cut out and glued or taped together. (The blank model can be numbered
in the same way, or you may wish to use other numbers so the die can be used for a
different activity such as a probability experiment.)

Puzzles:

For durable border puzzles use 2" x 2" size squares of heavy tagboard or rail-
road board, Write the numbers or figures on the squares and make an obvious border
design on the outside pieces for their Immediate identification. To make the puzzle
more diffieult, eliminate the border design. (See highlights for example.)

For '"trial and error'" puzzles, use

numbered ceramic tile for easy manipula-
tion without a record of wrong answers.

These tiles come in various sizes. They .@ _

can be obtained from floor covering stores '-../ + @ - @ - @
for a minimal cost (usually less than $1

per 100). ask for fragmented sections 652;223

because stores may have parts of sections

which they will give to the schoel free, -

Selected Sources for Games and Puzzles

The Arithmetic Teacher, National Council of Teachers of Mathematics.,

Becker, Jan, et al. Enhance Chance, Activity Resources Company, Inc., 1973,

Beefing Up Basic Skills. The Math Group, Inc., 1974.
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LABORATORY MATERIALS GAMES AND PUZZLES

o
(

Brandes, Louis Grant. & the Math Wizard, J. Weston Walch, 1962.

Yes, Math Can Be Fun, J. Weston Walch, 1960,

Henderson, George L., and Lowell D. Glenn. Let's Play Games in General Mathematics,
National Textbook Co., Skokie, Illinois, 1970,

Johnson, Donovan A. Games for Learning Mathematics, J. Weston Walch, 1973,

Let's Play Games in Mathematics, Volumes K-8, National Textbook Co., Skokie, Illinois,

1970.

Marcy, Steve and Janis. Mathimagination, Books A~F, Creative Publications, 1973.

Schreiner, Nikki Bryson. Games and Aids for Teaching Math, Activity Resources Co.,
Inec., 1972,

Seymour, Dale, et al. Aftermath, I-IV, Creative Publicatiomns, 1975.




LABORATORY MATERIALS GAMES AND PUZZLES

TENTHS AND TWELFTHS RUMMY CARDS %
- CONSTRUCTION

The 1l0ths

rummy deck has
1
‘2":

N\

,CZ_-_ two 2|
5 fifths 5

two each of %,

20 0 1
2’ 10, 10" *=°*°7

5"
g for a total
of forty

'_l

10

cards. &

A
Put
f fractions in
{all four corners | S q +3,Ij.
for left-handedf || & ’ S
students. M~ O\A _{, = §
\@ Z)Jw

L 5cm
Twelfths rummy cards have the same dimensions
and consist of two each of %, %, %,'%, ey %,
0 4 0 6 0 12

"'4"" s 07 Zf ’g”, EI N ] E’, ']"."'"2"'"' ¢ o 0y 17 fOI.' a tOtal
of sixty-four cards.

Blank, round-cornered cards can be purchased from Creative Publications, Inc.,
P. 0. Box 10328, Palo Alto, CA 94303.
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GAMES AND PUZZLES FOUND IN THE CLASSROOM MATERIALS (

I
oo GAME of

Games can be used to teach PLAYERS: 2
i MATERTALS: 26 card 41,2, 3, 4,5,
a variety of proble_m—solving RIALS 4 cards numbered 1, 2, 3, 4, 5, 6 {Four of each)
PROCEDURE: 1. Spread all 24 cards face up on a table.

teChnlques a'nd at the same 2. The f£irst player picks up any tard and calls its

time give needed practice in number. Then, the other player picks up a card,
» adds 1t to the number called by the Eirst player,
mental arithmetic. and gives the total. Repeat the process, always

adding te the last number called by the opponemt.

i! WINWER: The first player to call exactly 50.

DECIMALS CoMCENTRATION

For this game you will need 20 cards in pals. Each paily will contain one
fraction ¢ard and one decimal card.

The playing of card games and
dice games can reinforce specific
mathematical skills.

The first time students play thig game be sure fo use
only fractions that have terminating decimal forms.

De not use Eractions such as % or %.

RULES: Place tha cards facedown in to 4 rowas of 5 cards each.

The first piayer turns any two cards faceup. Lf the twe cards .
match {are equivalent}, the player keeps them and turns over two WEEDED: 2 OR MORE PLAYERS

more cards. If the two cazds do not match, they are turmed & 12" RULER FOR EACH

facedown again in the original dealt positien. PLAYER

Play proceeds to the ieft until all cards have been paired. :L::E:ER FOR E£ACH
L WINNER @ The player with the most cards at the end of the gama. A PAIR OF DICE. EACH

markeo WITH 0, 1/16,

STRATEGY: Players should try to remember the placewents of the cards as 1/8, 1/4, 172 1

they are turned faceup. * - 4

RULES: 1) PLAYERS ROLL DICE, SMALLEST SUM GOES FIRST.

2} EACH PLAYER ROLLS THE DICE AND. STARTING FROM ZERD, MOVES
HIS MARKER A DISTANCE EQUAL TO THE SUM OF THE FRACTIONS
ON THE DiCE.

3y IF JOUBLES ARE ROLLED, THE PLAYER GETS ANOTHER TURH.

4) [F A PLAYER ADDS WRONG, HE LOSES THAT TURN, AND THE
DISTANCE GOES TO THE PLAYER THAT FINDS THE MISTAKE.

5) FIRST PLAYER TO HOVE HIS HARKER TO THE 12" MARK OR
BEYOND IS THE WINKER.
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1§
NEVER
II. Puzzles HOLD A GRUDGE...
FOR EAGCH OF THE SIXTEEN PROBLEMS CIRCLE THE MOST REASONABLE ANSWER.
{THERE ARE MO CORRECT ANSWERS GIVEN, S0 YOU SHOULDW'T HAVE 7O WORK THE
PROBLEMS.) PLACE THE LETTER IN THE CIRCLED BOXES IN THE APPROPRIATE
Self-correcting puzzles aimed at SPACE BELOW.
reinforcing a particular skill 1| e }280}_) 27, 24 E*S% 5'6R 562)
can be used as a warm—up for the
day's lesson. A clever riddle 2QE§*2ﬂc?2H 2%;‘2f?q*-a%12&22”2
may bring a few boos and hisses 3 {g‘,é_*mA \3E 3| 13 fﬁ*?o?o 7078 "5,
from your students.
4@5%*¢WH .
5 35_13%
AT
Il FrAcTioNS W° DECIMALS ytsd B
PUZZLE 8780,
| o T ST S 356
NN NG NG W 2
ehcht] | | ==
o % N ey s e & N 2 o

PROBLEM HUMBERS

H TETTT 5 6 7 8 Hio nizizuis g

.o

AT NG N LG
!?EES!E§§§§552§§!i§g§§§352§§§é
o \it vﬂma

>/

;-;B @ = 's‘t%

b/ 5 il o7 o B N
NZATN A

Jigsaw and border puzzles offer
another way of getting students to
practice basic skills. They can
be made with almost any objective
in mind and in various sizes and
shapes. Hand the cutout pieces

to the students and have them put
the puzzle together,

— — : T —

MAGIC PERIMETERS

PLACE THE NUMBERS 1, 2, 3
Students can be provided 4, 5, 6 IN THE CIRCLES SO
with more challenging THAT ALL THREE SIDES ADD

puzzles which require
them to apply problem— To THE SAME NUMBERI
solving skills in the
finding of a solution.

ToTAL. =12
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Geoboards are commonly used in geometry for finding area and comparing geo-
metric shapes. The geoboard is used also as a model for fractions. TFor example,
the large square of a 5 x 5 geoboard can be considered one whole, and each small
square 1/16 of the whole. This is not a simple model, and it is not suggested for
use in this way by all students.

Geoboards can be purchased from Scott Resources or from Walker Educational
Book Corporation.

Construction Information:

Have your woodshop take a 4' x 8' x 5/8" piece of plywood or particle board
and cut out thirty-six 10" x 10" squares. Sand sides and edges, and spray the top
with dark paint.

Provide each student in your class with:

A hammer (try to borrow from the school shop).

A 10 % 10 board.

Twenty~five 3/4" round-headed nails (brass escutcheon pins work well).
A pattern sheet with 25 dots.

Have the students center the pattern sheet on the board and hammer the nails
through the dots. Be sure the nails are pounded in far enough to be firm. They )
should all be the same height. (You could use a spacer, empty bobbin, or large <
nut to place around the nail when hammering.)

When all 25 nails are in, have the student tear off the sheet.

DITTOED PAPER
WITH DOTS 27 APART
(ARRAY OF 25 DOTS),

USE THE PAPER PATTERN OF
DAOTS TO PLACE THE NAILS.

TAPE PAPER ON
THE BOARD.

Each student needs a geoboard, about ten colored rubber bands, a supply of
dot paper and a pencil to record the results. Sometimes it is helpful to have
students work in pairs or small groups.




LABORATORY MATERIALS

Readiness Activities:

Free play is very important.
rubber bands and discover some patterns on their own.

GECBOARDS

The first time students work with geoboards, let them experiment with them.

direct the students by having them:

iy

Copy some designs on their geoboards as shown below.

Students need a few minutes to make designs with
After 5 or 10 minutes,

L] [ ] & r'
P @

e @

° ]

-} o [ ] a @ a

2)
3)
4)
5)
6)

1)
2)
3)
4)
5)

Make a figure resembling a STOP sign.
Make a four—pointed star.
Make different letters of the alphabet.

Make the
Make the

number 471.
largest five-digit number you can.

Fractions could be introduced with the following activities.

Make the
How many
Encircle
Enecircle
How many

smallest square you can.

of these squares are there on your geoboard?

eight of these squares with a rubber band.

two of these squares.

of these squares are encircled in each diagram below?

NOTE:

Students usually need some practice in recording results.
some or all of their answers on dot paper.

(See next page.)

They can record
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LABORATORY MATERIALS

GEOBOARD RECORD SHEET

GEOBOARDS

] [ ] [ ] ]
L ] [ ] [ ] L]
° L ] ®
. ] ® L]
[ ] ] ® [ ]
[ ] e [ ] °
[ ] L] [ ] °
] L ] [ ] ®
] [ ] ® L]
° [ ] ] [ ]
L ] * ] [ ]
L [ ] ] [ ]
[ ] L ] [ ]
L ] [ ] L
] ] [ ] ]

L] ] [ ] . L ] ] L]
[ ] ] ® [ ] ® * [ ]
[ ] | L] [ ] ] ] ®
[ ] ] ] L ] ° [ ] ®
] [ ] ® ® ] L] L
L] L L ] [ ] ° * L]
L L] ° L ] ] ] L ]
L] L ® L ] ] L [ ]
[ ] L ] [ ] e e e
L ] [ ] L] [ ] [ ] L ] L]
L] * ] ® ] ] [ ]
] [ ] [ ] ] [ ] L] [ ]
L] [ ] ] L [ ] ® ®
] [ ] ] [ ] [ ] ] [ ]
L] ® [ ] L [ ] ® ]

Source: Math Activity Worksheet Masters

Permission to use granted by Creatjve Publfications, Inc.
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MRTHEMATICAL BRLANCE

The mathematical balance is a beam that is pivoted
on its center, with equally spaced hooks on each arm.
The beam can be balanced by placing weights at varying
distances on each arm. The hooks are usually numbered,
showing the distance of each hook from the center. A
mathematical balance can be used to show the basic
whole number operations and properties.

Mathematical balances can be purchased from the
General Learning Corporztion, Creative Publications,
Mind /Matter Corporation, and Selective Educational
Equipment, Inc. (SEE).

Construction Information:

A mathematical balance can be comstructed with a board about 42 cm long and not
less than 1 em thick to use as the arm. Label the board as shown. Attach long nails
at each number to hold many washers. Attach the arm onto a stand (as shown) with a
bolt and nut. Be sure that it swings freely. For best results use two boards for
the vertical part of the stand, with the arm between them,

Readiness Activities:

1) Place tape over the numbers on the scale, and using washers of the same
weight, have the students discover where the washers will balance and where they
1
won t.

2) Try balancing with two washers on one arm and one on the other. How many
different ways can this be done?

3) Use 5 washers and balance the scale in as many ways as possible so that
there is at least one washer on a side and all the washers are used.
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MIULTIBRSE BLOCKS

One important aspect of multibase blocks is that they are equivalent in
quantity as well as in value. A long (Base 10) is exactly the size of 10 units,
and a block is exactly 10 longs or 100 units. This eliminates the abstract ex-
change one encounters with one dime for 10 pennies. (The dime is smaller in size
and yet worth more than a penny.)

Units for all bases are the same size (usually 1 cma). The varying powers of
4 number are in this order:

*(For Base 2)

(7 onit (1) (P Lone (102) (P AT (100) @BLOCK (i000,)
Lot
LONG-BLOCK (10,000,) FLAT-BLOCK 77} BLOCK- BLOCK

(100,000,) 111 (,000,000,)

Multibase blocks can be purchased from Webster/McGraw-Hill, the Dick Blick
Company, and Creative Publications.

Construction Information:

In making your own set of multibase blocks, you need a set of Base 10 blocks (
and perhaps one or two sets of other bases. For Base 5 and up, "blocks" are the
largest pieces needed.

Here are a few materials that can be used as a substitute for multibase blocks:

Interlocking Cubes~~1 cm plastic cubes in a variety of colors and made so they can
be linked together (1000 cubes, 10 colors),

Graph Paper--} inch or 1 cm. Units, longs and flats {see first page of readiness
activities which follow) can all be cut out. Flats can be stapled together to make
a block. (Hint: Laminate, it lasts longer that way.)

Mathmats-~heavy plastic sheets with centimetre cubes—-these will last longer than
graph paper. (Creative Publications.)

Beansticks--For more information see the Beansticks material in the Laboratory
Materials Section.

If you choose to use graph paper or mathmats, it is recommended that at least
one set of Multibase Blocks be available for demonstration purposes. One way to
make a demonstration set is to begin with about 200 wooden cubes and glue them
together,

A multibase cutout sheet is provided following the readiness activities. This
sheet can be dittoed so that you can make some activity cards of vour own. <-
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Readiness Activities:

1) Have students name the pieces (i.e., block, flat, long, unit}.

2) Have the students build a long using only units.
long? How many longs are in a flat? How many flats in a block?

in a block? Etc.

3) Have students count with the blocks.

4) Have students show various numbers with the multibase blocks.

MULTIBASE BLOCKS

How many units are in a

How many longs

Record how many

oy

of each piece was used. Use the fewest number of pieces possible for each problem.

NUMERAL] BLOCKS | FLATS | LONGS

UNITS

74

341

795

2107

3040

5) See Chip Trading in WHOLE NUMBERS: Concepts for a variety of place value games

that could be played with multibase blocks.
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MULTIBASE BLOCK CUTOUTS
(BASES 10, 7 AnD 4)

MULTIBASE BLOCKS
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Multiple boards can be used to show multiples of whole numbers and equivalent
fractions, to compare fractions, and to add and subtract fractions.

I'm the™
5's board.
I used to be
a tongue
depressor!

5110|1520 25\30 35l40|45‘5o 55

Construction Information:

The construction of multiple boards provides practice with multiples.

Students can use any of the following to make multiple boards: tongue
depressors, popsicle sticks, tagboard or railroad board. Multiplication tables
could be cut into strips and glued on the popsicle sticks to make a quick set.

Multiple boards can be made for all numbers from 1 to 15 (or you could go
higher or only to 10 depending on the needs of your students).

Be sure each board is divided in the same way so the numbers will line up.
The patterns below should help.

You might want a set of transparent multiple boards for the overhead projector.

Letting students work in pairs or small groups will enable them to pool the
boards. ‘

Patterns for Multiple Boards
1cm

]
( § ) POPSICLE STICKS
| i
1/2 1ncH
[ — | TONGUE DEPRESSORS
'
|
|
i
R i

Readiness Activities:

1) Get a 6's and an 8's multiple board. What "common" multiples do they have?

2) Play a game. Select a multiple board. Tell one of the numbers on it. See
who can guess which board it is. Keep telling numbers on the board until
the board is guessed. The guesser can pick the next multiple board. 169
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The tangram originated in China. Its exact age is unknown. Some sources
date it as early as 4,000 years ago, while other sources refute this and say that
no evidence of this kind of puzzle can be found dating earlier than the 19th
century.

A tangram is a seven-piece puzzle which can be cut from a single square. The
pieces comprise two small triangles, one medium sized triangle, two large triangles,
a2 square, and a parallelogram. The charm of this puzzle lies in the extraordinary
variety of ways in which these pieces can be put together.

Each of the pieces bears a mathematical relation ot the others. For example,
the medium size triangle, the square, and the parallelogram are all twice the area
of one of the small triangles and each large triangle is four times the area of the
small triangle. All angles of the tangram pieces are either 45°, 90° or 135°.
Thus, tangrams are useful for the study of fractions, geometry and area.

Tangrams can be purchased from Selective Educational Equipment, Inc. (SEE},
World Wide Games, or Creative Publications.

Construction Information:

Method #1: Print 'm Cut

Duplicate this tangram and have the students cut it out along the heavy black

(

lines. You can use graph paper to enlarge or reduce tangrams to any size you desire,.

However, the activity cards in this book use pieces that fit inte a square 10 cm by
10 cm as above. For durable tangram pieces use railroad board, tagboard or wood as
a backing.

P




LABORATORY MATERIALS TANGRAMS

B

Method #2: Fold 'n Cut

The seven final pieces are labeled with Roman Numerals.

1. Start with a square--
fold it as shown and cut.

2. TFold one half as
shown and cut.

two large

triangles

3, TFold and cut the other 4., Fold in half
half as shown. and cut.

one middle size triangle

6. Fold as shown
and cut.

5. Fold as shown
and cut.

v
il
4

I
I

’XZII

small triangle

parallelogram

\
small triangle 171
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LABORATORY MATERTALS TANGRAMS

Readiness Activities:

1) Put the pieces back together to make the original square.
2) Place the two small triangles so they exactly cover (a) the square;
(b) the middle-size triangle; and (c) the parallelogram.
3) Cover the large triangle using
a. the square and two small triangles
b. the middle-size triangle and two small triangles
c. the parallelogram and two small triangles.
4) TUse the square and the two small triangles to make these figures:
-
¢ E < /_—\
5) Try to make a largeziiiiysing all seven pieces.
6) Try to make a large using all seven pieces,
7) Make pictures with the tangrams (samples are easy to find).
You might try drawing in the pieces on the first few and
just have the students duplicate them,
8) This is an activity that could involve quite a bit of time and effort--for
your inquisitive students,
See how much of the table you can fill in. Record your answers. Which
ones cannot be made?
r S — #7 — " oy

#OF PIECES SRUARE TRIANGLE RECTANGLE | TRAPAZOID |PARALLELOGRAM

A
rd

<

S

\\
~
”, A

- YN TR .Y

._?\
]
1
t

g
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L1ST OF MANIPULATIVES FOUND IN CLASSROOM MATERIALS

Abacus
WHOLE NUMBERS:
Addition/Subtraction
ACTIVITY CARDS -~ CHIP ABACUS
DECIMALS:
Concepts

ACTIVITY CARDS ~ DECIMAL
ABACUS - I

Addition/Subtraction

ACTIVITY CARDS - DECIMAL
ABACUS -~ II

Multiplication/Division

ACTIVITY CARDS - DECIMAL
ABACUS -~ III

ACTIVITY CARDS - DECIMAL
ABACUS - IV

LARGE AND SMALL NUMBERS:
Exponential Notation
LARGE NUMBERS ON THE ABACUS - I
SMALL NUMBERS ON THE ABACUS - 1
LARGE NUMBERS ON THE ABACUS ~ IT
SMALL NUMBERS ON THE ABACUS -~ II
Beansticks
WHOLE NUMBERS:
Addition/Subtraction
ACTIVITY CARDS - BEANSTICKS - I

ACTIVITY CARDS -~ BEANSTICKS - II

REGROUPING TC ADD

PLACE VALUE

ADDITION/SUBTRACTION

MULTIPLICATION

POWERS OF TEN

POWERS OF TEN °
POWERS OF TEN
EXPANDED NOTATION

EXPANDED NOTATION

REGROUPING TO ADD

REGROUPING TO SUBTRACT
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Multiplication/Division
ACTIVITY CARDS - BEANSTICKS - III
ACTIVITY CARDS ~ BEANSTICES - IV

Circle Fractions

FRACTIONS:
Concepts

ACTIVITY CARDS ~ CIRCLE
FRACTIONS - I

ACTIVITY CARDS -~ CIRCLE
FRACTIONS - II

Clock Fractions

FRACTIONS:
Concepts

ACTIVITY CARDS - CLOCK
FRACTIONS - I

Addition/Subtraction

ACTIVITY CARDS ~ CLOCK
FRACTIONS - II

Color Cubes
FRACTIONS:
Concepts
ACTIVITY CARDS - COLOR CUBES - I
ACTIVITY CARDS - COLOR CUBES - II
ACTIVITY CARDS - COLOR CUBES - III

Cuisenaire Rods

WHOLE NUMBERS:

LIST OF MANIPULATIVES

MULTIPLICATION

DIVISION

WHOLE MODEL

FQUIVALENT

IMPROPER-MIXED

ADDITION/SUBTRACTION

SET MODEL
EQUIVALENT

IMPROPER-MIXED

Addition/Subtraction
ACTIVITY CARDS ~ CUISENAIRE ADDITION
RODS - I
ACTIVITY CARDS - CUISENAIRE SUBTRACTION
RODS —- II
174 The name Cuisenaire and the color sequence of the rods are trademarks of the Cuisenaire Company of

America, Inc.

I
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LABORATORY MATERIALS

Multiplication/Division

ACTIVITY CARDS - CUISENAIRE

RODS -~ III

EVEN STEVEN
0oDpD ROD

FRACTIONS:

Concepts

ACTIVITY CARDS -

RODS - 1T

ACTIVITY CARDS -

RODS - II

Addition/Subtraction

ACTIVITY CARDS

RODS - III
DECIMALS:

Concepts

ACTIVITY CARDS

RODS - I

ACTIVITY CARDS

RODS ~ II

ACTIVITY CARDS

RODS - III

ACTIVITY CARDS

RODS - IV

ACTIVITY CARDS

RODS - V

Addition/Subtraction

i

I

ACTIVITY CARDS -

RODS - VI

Factor Boards

FRACTIONS:

Concepts

CUILSENAIRE

CUISENAIRE

CUISENAIRE

CUISENAIRE

CUISENATRE

CUISENAIRE

CUISENAIRE

CUISENAIRE

CUISENAIRE

LIST OF MANIPULATIVES

MULTIPLICATION

ODD AND EVEN

WHOLE MODEL

IMPROPER~-MIXED

ADDITION/SUBTRACTION

PLACE VALUE

ROUNDING

RELATION TO FRACTIONS

RELATION TO FRACTIONS

ORDERING

ADDITION/SUBTRACTION

The name Cuisenaire and the color sequence of the rods are trademarks of the Cuisenaire Company of

America, Inc.
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o

FACTOR BOARDS ~ I REDUCING (
Multiplication/Division
FACTOR BOARDS -~ II MULTIPLICATION/DIVISION

Fraction Bars

FRACTIONS:
Concepts

ACTIVITY CARDS - FRACTION EQUIVALENT
BARS -~ I

Addition/Subtraction

ACTIVITY CARDS - FRACTION ADDITION/SUBTRACTION
BARS ~ II

Multiplication/Division

ACTIVITY CARDS - FRACTION MULTIPLICATION/DIVISION
BARS ~ III
Geoboards ( Yy
FRACTIONS:
Concepts
- ACTIVITY CARDS - GEOBOARDS - I WHOLE MODEL

Addition/Subtraction

ACTIVITY CARDS -~ GEOBOARDS ~ II ADDITION/SUBTRACTICON
Multiplication/Division

ACTIVITY CARDS -~ GEOBOARDS - III MULTIPLICATION/DIVISION

Mathematical Balance

WHOLE NUMRBERS:
Addition/Subtraction

ACTIVITY CARDS - MATHEMATICAL ADDITION/SUBTRACTION
BALANCE - I
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LABORATORY MATERIALS

Multiplication/Division

ACTIVITY CARDS ~ MATHEMATICAL
BALANCE ~ II

ACTIVITY CARDS ~ MATHEMATICAL
BALANCE - III

Multibase Blocks

WHOLE NUMBERS:
Concepts

ACTIVITY CARDS - BASE 10
MULTIBASE BLOCKS - I

Addition/Subtraction

ACTIVITY CARDS - BASE 10
MULTIBASE BLOCKS - II

ACTIVITY CARDS - BASE 10
MULTIBASE BLOCKS - III

Multiplication/Division

ACTIVITY CARDS -~ BASE 10
MULTIBASE BLOCKS - IV

ACTIVITY CARDS - BASE 10
MULTIBASE BLOCKS - V

LARGE AND SMALL NUMBERS:
Exponential Notation
MULTIBASE BLOCKS - I
MULTIBASE BLOCKS -~ II

Multiple Boards

FRACTIONS:
Concepts
MULTIPLE BOARDS ~ I
Addition/Subtraction

MULTIPLE BOARDS - II

LIST OF MANIPULATIVES

ax

MULTIPLICATION

DIVISION

PLACE VALUE

REGROUPING TO ADD

REGROUPING TO SUBTRACT

MULTIPLICATION

DIVISION

EXPANDED NOTATION

EXPANDED NOTATION

ORDERING

ADDITION
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oM

-

(

Tangrams
FRACTIONS:
Concepts
ACTIVITY CARDS - TANGRAMS ~ I WHOLE MODEL
Addition/Subtraction
~ ACTIVITY CARDS - TANGRAMS - III ADDITION/SUBTRACTION
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Whole Numbers Commentary:

TITLE

Number Graphics
Numbers Arcund Us

Number Némes

Numerology

Exact or Approximate

Patterns for Counting

Seals on my Iceberg

Educated Guess/Guess
Again

25~wMore or Less

Counting Cubes

Mystery Stacks

The Peg Game or Ten
Men in a Boat

The Painted Cube

Strictly Squaresville

Squaresville Suburbs

ESP Puzzle
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TOPIC

Motivation
Number uses

Number uses

Motivation

Counting
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Using patterns

Estimation
Counting
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Counting
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Counting

Counting

Counting
Looking for patterns

Counting
Looking for patterns

Counting
Looking for patterns

Counting
Looking for patterns

Motivation
Looking for patterns

TYPE

Bulletin board
Activity
Activity
Transparency
Bulletin board

Activity

Paper and pencil
Transparency

Paper and pencil
Transparency

Activity
Transparency
Paper and pencil

Transparency

Paper and pencil
Transparency

Paper and pencil
Transparency

Paper and pencil
Manipulative
Activity

Paper and pencil
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Paper and pencil

Activity
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Motivation
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Motivation

Legic problems
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STARTED

MATHEMATICAL GRAFFITI

Have you ever felt like you were
turning into a number? Maybe we never
will change all of ocur conversation into
nuntbers but we certainly are confronted
with lots of them. Our clocks, books,
newspapers, maps and street signs are
filled with number symbols. News, sports,
politics and advertisements are flecoded
with numbers. Whole numbers from zero
to the trillioms along with fractiemns,
decimals and percents are used to convey
information in our everyday lives. As a
means of understanding and utilizing
(even as a defense against) this deluge
of numbers, we all need a background in

number sense and arithmetic skills.

Since numbers are in such abundant
supply and free of charge, why not use
them in the classroom? The type of
introductory activities you pick up
could enhance NUMBER AWARENESS and at
the same time be FUN, provide MOTIVATION,
and serve as a NON-THREATENING way to
introduce or reintroduce number ideas
(especially to students who have not

been successful in the past).

4@s-723g

S0CIAL
SEcvRITY
NUMBER 7

181
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COMMENTARY WHOLE NUMBERS: GETTING STARTED

POSSTIBLE STARTING POINTS
Have students bring interesting

pictures, advertisements, newspaper arti-

cles, cartoons, etc., which illustrate

See MNumbers Around Us
numbers. Place these pictures on a num-

ber graffiti bulletin board. Some of

Well, she
doesn't know
my name yvet, but
she sure has got
my number!

them could be placed along the wall of

How's it
going with
your mnew
teacher?

the room with the largest at one end and

the smallest at the other--how about a

contest to see who can bring in the
largest and the smallest?

Call on students by number names .
for a period of time. For example, "Two, Z/S
five" might refer to the student in the
second row from the door and five seats

back, (Have the students decipher your

A

code.) Group students, call on students,
or excuse them for activities by the num=—
ber of letters in their name (or last
name), Invent your own system!

Students interested in art may want
to design a number characterization,
mobile or number collage to put on the
walls, Some schools have permitted
students to paint number graphics on the
walls. Some example graphics are given

on the page Number Graphics.

Activities of this nature provide experiences in which every student can be
successful, provide group interaction, and may create a classroom '"climate" in
which it is easier to study mathematics. Isn't it possible that if students con-

"number graffiti" and designs

tribute to the decoration of their classroom via
that the room may be more conducive to learning mathematics——~doesn't the "atmos-—

phere" of a room affect our mood?




COMMENTARY WHOLE NUMBERS: GETTING STARTED

WHAT ARE NUMBERS GOOD FOR?

An examination of number graffiti reveals the multitude of number uses. One
mathematicfan succinctly summarizes number uses as Followsse

Numbers are an indispensable tool of civilization, serving to whip its
activities into some sort of order. In their most primitive applications
they serve as identification tags: telephone numbers, car licenses, ZIP-
code numbers. At this level we merely compare one number with another;
the numbers are not subjected to arithmetical operations, (We would not
expect to arrive at anything significant by adding the number of Leonard
Bernstein's telephone to Elizabeth Taylor's.) At a somewhat higher level
we make use of the natural order of the positive integers: in taking a
number for our turn at the meat counter or in listing the order of finish
in a race. There is still no need to operate on the numbers; all we are
interested in is whether one number is greater or less than another.
Arithmetic in its full sense does not become relevant until the stage at
which we ask the question: How many? It is then that we must face up to
the complexities of addition, subtraction, multiplication, division,
square roots and the more elaborate dealings with numbers.*

Numbers have many uses that students are familiar with and any of these uses can
become the basis for a discussion. The everyday use of numbers can be dramatized

effectively by giving a number profile. For example, the teacher might recite his/her

BIRTH DATE 11/27/42
HEIGHT 57"
WEIGHT 149 Lss,
SHOE SIZE 8
SHIRT 155
HAT 75
ADDRESS 14672 LANE DRIVE
TELEPHONE 779-226-6227
SOCIAL SECURITY 485-00-2796
DRIVER’S LICENSE 14627592
CREDIT CARD NO, 375200946567
AUTO LICENSE 254-68

See Number Names

profile in this manner:

This list can grow impressively long and may give you the feeling that you are com-—
pletely described by numbers, Remember, most students are interested in their teachers
so0 this makes a nice starting point. Students can also write number profiles of them-
selves -- who can write the longest, legitimate number profile?

*Philip J. Davis, “Number,”” Scientific American (September, 1964), p. 51.

Permission to use granted by Scientific American 183



COMMENTARY WHOLE NUMBERS: GETTING STARTED

Most students--even those who claim not to like mathematics—-~use and even
enjoy mathematics in certain situations. If those situations can be identified
they may serve as convenient starting points. 1In particular, there are many
interesting number puzzles, games, counting and estimating activities. These

activities can be fun, motivational, and yet have a mathematical payoff.

Puzzles have an element of mystery r—‘" 1
. ISP PUZZIR
about them. In the teacher-directed ESP

BRAY A CLOCK FACE OH THE

L} CHALXBOARD SIMILAR TO
PMZZZQ_, the teacher is able to guess any THE ONE ON THE RIGHT,

(OR USE THE FOOM CLOCK)

nunber a student chooses. How is this

R . P
possible? The students may work individ— )
Have & student chopse g sumber wn¢ ghow tha rest of the aiass but not you.
Hou the u:mﬁ-mm[: are to count quively o themielvas oz you tap snd point to
- vorbera on the (ace of tho eleck, they must starc e $1 Lth ch b
u_ally or in groups to flnd the secret. they chogse. Mhen they reuch 25 thay tall you £o Scop, Yot are oy ;:ln::nz
te the nusber originully chosen. Por exorpler Lf they shosg b then for the

) Eirac nupber you tapped thep would think 74 the naxt fap or qumbar polnged to
u - wonld Lo counted an 3§ ete.
m EXAMSLG ¢

o'f AP STUBENTS COUNT TEACHER
(SHLENTLYY {POINTS TO)  (THinKS)
AT 7 Aty 1
' 2 3 ANY 2
PLAYERS: 2 . :
MATERIALS: 24 caxds numhered 1, 2, 3, 4, 3, 6 {four of aach) Gry 15 ANY g
PROGEDURE: 1. Spresd all 24 cards face up on a teble. ﬁ}m 16 12 10
2. The first playor pieks up aay card end calls its 1 ™ 17 1L
numbér. Then, the other playexr picks up a card, . + ,
adds 1t to the number called by the firat player, N N
and glves the toral, Ropeat the process, always s 41 7

last number called by the opponent.
adding to the ¢ 4 P The socret Res in the Eace that you count alse, ohly you SLAYE With 1, and

WINKER: The firat player to call exgerly 50, tgndenly tap nloe ouchers. The teath ¢ap must be 13, then you tap the numbers
i, 30, 9, 8, cte. wncil cold o stop by tho students. If all hus gone correctly
WO TE: Once a cord is pleked wp, 1% may be replated on the fable, -o:ms they veach 21 and toll you to atop, you ghoukd bo on the number they
—— LHLETN
Whan soecone thinks they have tho pakfern, Leb thim Lry theiv Solution dn
VARIATIONS: 1. Play the gare without replacing the cavds. tha ¢lass, Relutions arc to be kept secrer ance discovared,

VARIATLONS :
GAME of 22 B Usd b clogk nysbered 13,
R — Tap out § vandon aunbars,

a) Use only 16 caxds, & each of X, 2, 3, ond 4. ilave studancz count to 35 and them tell you Lo whop.

i B. After the secrat fs kaown, supRest sther ways to womber the clock.
b) Sowe procedure as Gome of 50, Mgk studencs b0 deterafne how many ¥ondon numbers [ Cap ol and
whir syobor te heve the awdionze csunt co.
¢)  Play without replacement, \

IDEA FROM: Mathematics Laboratory Handbook for the Junior High School, Sin Dioge City Schaols
Parmission to wse grantat! by 530 Diago City Schools

v\t.m : : e e

Games are fun. The Game of 50

provides practice in mental arithme—

tic and is a good activity to intro-

IDEA FROMI  C.OLAMD.A ll duce students to developing strategies.
Pormission to vie granted by Marthern Colarado Sducational Board of Couperative Services

Sevensville

Many mathematical investigations

begin with the question, "How many?" The

page Strictly Squaresville asks us to find

the number of squares of all sizes in

Sevensville. After deciding what things

are to be counted, and after organizing

them, we might not have to count one by

one, We may look for patterns to simplify

counting. Sometimes we are not looking
for an exact count but only an estimate
as illustrated in Educated Guess - Guess
Again and 25 - More or Less.
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COMMENTARY l 7 WHOLE NUMBERS: GETTING STARTED
TEACHING EMPHASES
Estirmation and Mental
Algorithms Approximation Arithmetic
\“ "
Probiem Lab
Solving Activity Calculator

The seven teaching emphases stressed throughout the resource are indicated

by a symbol on the upper lefthand corner of the classroom materials. A rationale

for each teaching emphasis is given in the appendix. The emphases will be found

in every section of the resource.

Many times it will be the teacher’s
responsibility to develop the idea
behind a teaching emphasis on a given
page. Consider for example, the page
Strictly Squaresville which is marked

o .

this page, predicting the population of

By completing the table on

Sevensville, and moving on to the next
assignment the essential problem-solving
ideas behind this page might be missed.
What is really important about Squares—
ville is that it stresses very basic
problem~solving strategies (heuristics).
The strategies used in the solution of
Squaresville will be important in the
Some

solution of many other problems.

of these strategies are:

=

I'm 5i¢ the Cansus

eaker. 1 have te
eount the LQuares
of all Bizen fn
eath town,  Con

5+mcﬂq

5qymu5
VilEe

the egnsun?

Onesvilie

[,

Twosvillc

you help me Findsh

)

-'"@.-“.' Threcaville §
"
H
*, .

hew nine 1 ox )
rquayes, four 2 x
2 wquaves, ond

sne ) x5 3 ooguare.

Poursvilie

S$ID's ceasus LIST

Fivenville

SIZES oF SQUARES

inf ZX2 X3 Hxd 5x5 |LATion,
e | 1 f s
Ireosvens! 2 ! 5
e

FAAES .

IDEA FROM: Prob G

e, Nufliekd Math

Poemission to uso granted by John Wiley and Sons, Ing,

ios Profect

Can you prodict
the square
population for
Sevenpvilie?

*simplify the problem--instead of counting all squares in Sevensville
start with Onesville, Twosville, etec.

*use tables to organize data

*Llook_for patterns that occur in the tables of numbers

*generalize-~looking at the patterns in the table ean you predict the

population of Sevensville?




COMMENTARY WHOLE NUMBERS: GETTING STARTED

The Game of &0 is also marked‘ﬁ;t. Here the problem is how to win the game.

One problem—solving heuristic that can be applied is #o work backwdrds. "I can

win the game if my oppomnent says 44, 45, 46, 47, 48, or 49 (all T have to do is
add 1, 2, 3, 4, 5, or 6 to get 50). I can make my opponent say any of those
numbers if I say 43. I can say 43 if my opponent says 42, 41, 40, 39, 38, or 37,"
etc. Another problem—solving strategy would involve playing a simpler game first
and then working up to the Game of &§0. Thus, while the game provides the motiva-
tion it is the problem~solving process and not the winning that is really impor-
tant.

The comments made above for problem solving also apply to the other teaching
emphases. The importance of the teacher in focusing on the significant charac~-

teristics of a page cannot be understated.
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THE PEG GAME (pPaGE 2)

Now have the students try the problem with 4 men in the boat, using Figure 2 on
the mat. Again, allow them to struggle for a short while, them go through the
moves on the overhead. Do it quickly at first, then repeat until everyone can

do the 8 moves.

SOLUTION - 4 MEN IN BOAT -~ RLLRRLLR = 8 MOVES

N\ 77N
o £
o0 Al el 'l®|aln e Nle A
[ N
rl\\ .-//\. //\
¥ ' ¥
o~ A oln| 'Inle "“Talelale
o~ //-'-\\ N
L\ / \ [ )
Xl Telalel [alXle]' [e Alal’léle

Now on to 6 men in the boat, using Figure 3 on the mat.

After 3 - 5 minutes of

struggle time, go through the 15 moves rapidly, using the overhead and saying out

loud the words right and left as you make the moves.

Hand Out The Answer Sheet At This Time.

(See the next page for an explanation of this answer sheet.)

Men in ]

& a Boat Movement Code Triangle Code
=

4]

£ 2

7]

7 4

& A

H

4]

& 8

2

A {0

men; for 20 men.

12 MEN

20 MEN

£ Complete the table above. Find a pattern that will help
you find the minimum number of moves it will take for 12

IDEA FROM: Finite Differences

Permission to use granted by Creative Publications, Inc.
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THE PEG GAME (pacE 3)

Before giving away the answer, have the students go back to the 2 men problem

and observe that the 3 moves can be done this way: RIGHT ~ LEFT - RIGHT. Have

them put this movement code on the answer sheet as RLR. Ask the question: What

is the movement code for the 8 moves with 4 men in the boat? (RLLRRLLR) Now back

to the 6 men problem. Be sure they find both the movement code and the minimum num-—
ber of moves before going on to the 8 men problem. Again, be sure everyone can do
the 15 moves for the 6 men. Repeat the process several times on the overhead as they
continue to struggle. After several students have found the 24 moves for the 8 men
in*the boat and found the movement code of RLL RRR LLL RRR LLR, introduce the class

to the triangle code. Place the A's on the board and have students put it on their
answer sheet,

2 men RLRX or 111

4 men RLLRRLLR or 12221

6 men RLLERRLLLRRRLLR or 1233321

8 men RLLRRRLLLL . . . or 123444321
10 men or 12345554321

Now let the students finish the activity and answer the last two questions. Do

not give them any more markers — they should be able to find the answers by using
one of the codes. ‘

Note: Be sure to give the students early and continuous reinforcement but try to
let most of them discover the moves and codes for themselves. Students should
be able to discover that a marker on the left only moves right, and a marker
on the right only moves left.

This activity can be a good way of getting the uninvolved students involved and
introduced to problem-solving techniques, but it may be used in any math class.

If it is used in algebra or geometry, you may wish to have the students find the
general formula. A suggested table would be:

II Y 1
MEN IN MEN ON MINIMUM
A BOAT 1 SIDE # OF MOVES
2 1 3
4 2 8
6 3 15
8 4 24
l 10 5 35
12 6 48
20 10 120
. v 2
I n n{n + 2) or {n + 1)
- 1, where n = number
I‘of men. on one side.

IDEA FROM: Finite Differences
204
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Whole Numbers Commentary:

TITLE

Counting Sheep

Body Counting Svstems

Attic-Greek

Roman Numeration System

Secret Roman Message

Matchstick Equations

Mayan Numeration System

Babylonian Numeration
System

Creating a Numeratiocn
System

CONTENTS

Numeration Systems

PAGE

222

223

224

225

226

227

228

229

230

(pages

TOPIC

Motivation

Motivaticon

Finding
Ancient

Finding
Ancient

Ancient

Ancient

Pinding
Ancient

Finding
Ancient

Devising numerals

patterns
numerals

patterns
numerals

numerals

numerals

patterns
numerals

patterns
numerals

216-221)

TYPE

Activity

Bulletin board
Transparency

Paper and pencil
Paper and pencil
Paper and pencil

Puzzle

Paper and pencil
Puzzle

Paper and pencil

Paper and pencil

Activity
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NUMERATION SYSTEMS

Most children enter school gounting--well,

at least chanting certain sounds which they associate
with sets of objects. In school they soon learn to
represent these sounds with certain wvisual symbols
and begin to see patterns and rules which govern the
use of these symbols. This collection of symbols,
patterns and rules for representing numbers is their

NUMERATION SYSTEM. The numeration system that they

are learning is a simple and efficient system employing ingenious techniques that
have evolved over many centuries, While there is no doubt of the importance of
learning and understanding our numeration system, there does seem to be some question

as to whether or not the study of earlier numeration systems is important.

WHY OTHER NUMERATION SYSTEMS?

Various reasons are given for studying other mumeration systems. Three of these
are given below:
a, To motivate the study of our own system (
b. For cultural and historical perspective ‘
c. To develop appreciation for our own system

The attainment of these goals is related to the way students encounter these other

ATTIK GRIEK

Gan you bresk thiu sode?

systems.

Consider, for example, this student page

indy-frabic Artic-iyck

1 i

which encourages students to break the code. 3 o
- - r 6 [
Here the students are actively involved in I
t7 A
- + - . b}
discovering the missing symbols based on : BATT
24
s + i
patterns (much like amateur archaeoclogists). - a
53
They also must discover rules for using these LA
73 .
symbols, In addition, they are asked to be P AT
. " . : AL
creative—-"How do you think the Greeks would EEY]
HO2
have written 500?" There may be several SOTLITG B4 FANE N0
Hindu-asabic Actieslrack
answers, and students could discuss them. 1In -
Fy
a sense, the numeration system becomes partly 5
- 500 e
theirs. ) (
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CAN YOI FRPLAIN wel THE BAYAN

aAnagie | MAYAN
85 |-oeem]
100 g5
73 |
YT -
360 [[& ]
&

MUNERATJON SYSTEM Works?
YOI MAY WANT TO DO SOME AESEARCH,

WHOLE NUMBERS: NUMERATION SYSTEMS

After a similar treatment of one or
more other systems, students are now in a
position to discuss the attributes of the
various systems. "Which system do you like
best?" "Why?" '"What advantage does the
Mayan system have over the Greek system?"
"In which system would it be easier to write
large numbers?" Students could construct a
system of their own. They may want to know
about the people who developed these systems
and should be encouraged to do library
projects. (What kind of mathematics did

these cultures need and use?)

CHARACTERISTICS OF EARLIER NUMERATION SYSTEMS

To do a thorough study of ancient numeration systems would be an enormous

undertaking. However, by sampling a few of the better known systems we can see how

some of the qualities of our system developed over the centuries.

One~to~0One Correspondence

|

H

H

HH

[TTH
PN
LT
HAT
LT
LEEETERE
HTHTHT

It seems logical to assume that one of
the earliest numeration systems was the
tallying system. The symbols consist of
scratches or notches cut in sticks, and
the rule is very simple--make a scratch
for each object counted., This system is
based on the concept of one-to-one corres-
pondence between scratches and objects.
Simple, but not very efficient for large

numbers.

217



COMMENTARY

Simple Grouping

I

{

11

L
LHE]
HH
LT
LEEETT
LEEEEEE
T
NI
an

18Yaa%aTaTa e a a It I
AAAAATAATATA AN

Position

Y
\A
vy

YYYYVYYVYYY

VT <7
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The Egyptian Hieroglyphic Numeration
System dates back to about 3400 B.C. While
this system is based on tallying, certain
abbreviations are introduced. For example,
ten scratches (staffs) are replaced by one
new symbol (heel bone), and ten heel bones
are replaced by a scroll. While the system
is still cumbersome, this simple grouping
technique does permit a more efficient way
of writing large numbers. It is interesting
that the Egyptians chose their new symbéls

to represent powers of ten (10, 100, 1000,...).

The Babylonians (about 3000 B.C.)
introduced some very modern features in their
numeration system. They employed two symbols,
< and ', representing what we know as 10
and 1, respectively. Every number from 1 to
59 was written with a combination of these
symbols and would look much like the Egyptian
numerals if the symbols (and ' were substi-
tuted for the Egyptian heelbone and staff.

The Babylonians decided to organize their
system around groups of sixty. Instead of
inventing a new symbol for sixty, they used
the same symbol that they used for one, namely
' . To distinguish between one and sixty,

they invented a positional system. This posi-

tional notation was accomplished by leaving a
space between the symbols for groups of sixty

and the symbols for numbers less than sixty.

-




COMMENTARY WHOLE NUMBERS: NUMERATION SYSTEMS

The symbols for 75, 692, and 3081 were written like this:

one group of sixty

V < 'vv and fifteen
(T €CqVy  cleven prows of sixey

and thirty-two

<<<<< | 4 (( Y fifty-one groups of sixty

and twenty-one

Using this positional notation and grouping by sixzty, they could write very large
numbers, For example, the symbol VV ((V VVV would mean two groups of
3600 (sixty groups of sixty) and twenty-one groups of sixty and three, or what we
would call 8463,

Ingenious as the Babylonian system was, it was not without its drawbacks, For
example, the symbol vvv could represent three or 180 (three groups of sixty) or
10,800 (three groups of sixty groups of sixty), etc. Their system lacked a symbol
equivalent te our zero. They had no way of writing, say, three groups of sixty and
no units in their system. They had to decide upon symbol meanings by the context in
which the number occurred. (The Babylonians did invent a symbol which corresponds

to our zero by 600 B.C.)

Expanded Notation

The Chinese numeration system uses
symbols which date back te 300 B.C. It was
adopted by the Japanese at a later date, This
system differs from the previous systems
because it employs nine basic symbols and
special symbols fer ten and powers of ten.
While this Chinese~Japanese system groups by
tens, it does not, strictly speaking, use a
positional notation. This system uses what
we might call expanded notation. It would be
like ours if instead of writing 473, for
example, we wrote

4 X 100
7X 10

3 ]
They would write 473 as 5 }4 X 100

7 X 10

¥
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Position and Zero

[
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WHOLE NUMBERS: NUMERATION SYSTEMS

The Mayan culture of Yucatan and Central America began its
great advance arocund 400 B.C. Mathematics was important to their
society, and they invented a sophisticated numeration system
which utilized positional notation and a special symbol for zero.
By using combinations of dots (omnes) and lines (fives) they wrote
the numbers from one to nineteen. They then grouped by twenty
and wrote their symbols in a vertical fashion like the Chinese-
Japanese system., Unlike the oriental system, however, they did
not need new symbols to write larger numbers because the position

of their symbols had certain values. They represented the

@ . @ LR N N
numbers 20, 43, and 187 as@ ' e e e and  e—
respectively. .:L;_.

The symbol in the top position represents groups of twenty,

while the bottom symbol represents the numbers zero through

nineteen. Notice the importance of zero, @ , as a place-

holder. (
The Mayvans developed a numeration system to facilitate

' eighteen months of

calendar calculations. The Mayan "year,'
twenty days each, affected their place values. For example,
the symbol below meant six groups of 360 (or 18 X 20) plus

zero groups of twenty plus three.

®

The Mayan system used place value and a zero symbol. For
calendar notation they grouped by 20, 18 X 20, 18 X 202, cae
instead of by 20, 20%, 20°, ...

In a sense it is unfair to treat these numeration systems so
briefly. Each of the systems took many centuries to develop,
and éach system did become more sophisticated as its shortcomings
were realized, and appropriate changes were made. They do serve

to illustrate, however, what an ingenious system we have today--

a system which developed over centuries and had many impressive
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TITLE

A "“Human' Counter
pctivity Cards - Pan
Balance

Chip Trading

Activity Cards - Base 10
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2-Place Value Game
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The Hindu-Arabic
system of numeration was
an ingenious invention. With
only ten basic symbols and the
proper positioning of those symbols,
any number can be named. There can
be no doubt that this convenient
numeration system played an important
role in the development of our technological
society. As we have seen in the evolution
of numeration systems, it was the invention of

place value that streamlined numeration.

WHAT 1S PLACE VALUE?

Most people go through two phases in learning
numeration., The first begins at home before
children go to school. This might be called the
"what comes next' approach. Children begin by
learning to chant a sequence of unrelated words
(one, two, three, . . . twelve). The next few
words in the sequence have a pattern slightly
related to the first words they learned (thirteen,
fourteen, fifteen, . . . nineteen). Finally, a
more reliable pattern emerges (twenty-one,
twenty-two, . . . thirty-one, thirty-two, . . e
Later on they learn to replace these words with
number symbols. When counting objects, students
using this approach might announce that there
are "137." When asked about the significance
of the "3" in "137," there most likely will be

no response. They can count and use the correct

numerals, yet do not understand place value.
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Both of these views of numeration are learned,and both are important.

WHOLE NUMBER CONCEPTS: PLACE VALUE

/
The second phase in numeration usually k
begins in the early grades and stresses the
idea of grouping. It is this approach that
clearly exemplifies the attributes of the
Hindu-Arabic system (organizing by groups of
ten, utilizing only ten basic symbols and
place value). Using this approach, we can write
the symbol for any number of objects without
counting beyond tem. By partitioning objects
into groups of ten, ten groups of ten, ten
groups of ten groups of ten, etc. and always
recording the results in a certain position,
we obtain the same result as we would with
the counting approach. Now, when asked the
significance of the "3" in "137) we can see
that it refers to the number of groups of
ten. That is, each digit in a number symbo{
stakes on a value because of its position in

that symbol.

Students

seem to be more adept at using the first view because it cccurs more frequently in

everyday life.

learning in mathematics.

six without understanding place value?

concept of place value?

However, an understanding of the second is essential for extending

Could many students write the number seven hundred thousand

Could they read the number 60,060 without the

It has been found that many, maybe even a majdrity, of middle grade students
use counting when working addition, subtraction, and multiplication exercises. For
example, to add 7 and 9 many students start with the 7 and count "8, 9, 10, 11, 12,
13, 14, 15, 16." They keep track of their counting by using their fingers, pencil
marks, or making motions in the air. Why don’'t they regroup so that 7 + 9 becomes
6+ 1+ 9 or six and one group of ten? Is it because their counting appreach is

more practical and familiar than the grouping approach? 'k




COMMENTARY WHOLE NUMBER CONCEPTS: PLACE VALUE

The algorithms for addition, subtraction, multiplication and division depend
heavily on grouping and place value concepts. These four computations {performed
by seventh grade students) are not untypical of the kind of errors commonly found.

Can you diagnose the errors?

40 R 1
37 ,%‘3 528 27 ¥ 81
+18 -32 x7 8
415 151 496 0l
00
1

Tf students understood place value, they would make fewer errors of this kind.
Faulty place value concepts also come back to haunt us when teaching decimals.
How many students when comparing .23 and .8 write .23 > .87

HOW DO WE HELP STUDENTS UNDERSTAND PLACE VALUE?

What can be done to help students

Many objects who have an incomplete understanding
need to be of place value? I
physically plac ue? n some cases,a
grouped into short paper and pencil activity will
f . .
Egzches © be sufficient, but more often than
not the teacher will probably have to
return to a concrete model to thoroughly
remedy the situation. The choice of a
A group of model may depend upon the individual
ten objects
is traded student—~-but which model should be
fOF one chosen? Even concrete models vary in
object the
same size as their degree of abstraction. The

ten objects. simplest models have students physically

group objects (pencils, lima beans, etc.)

into groups of ten, ten groups of ten,

A group of etc. The more abstract models (abacus,
ten objects
is traded for
one object group by ten, but then each group of
the same size
f as a single
e object but which represents it. These higher
in a differ-
ent position.

chip trading, etc.) have students

ten is exchanged for a single object

level models have a nice transition to
writing numerals and also help bring

together the counting and grouping

approaches to numeration.
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WHOLE NUMBER CONCEPTS: PLACE VALUE

When using any one of these concrete aids to learn place value, we begin to

see that place value is dependent upon how we group (by 3's, by 5's, by 10's, etc.).

Grouping by different numbers is usually called "other bases," and, unfortunately,

this topic has been abused by being studied and taught as an end-in-itself rather

than as a facilitator to the understanding of place value.

X X

X x
x X Xy XX

X X
X

X X X
¥

Consider, for example, the approach
to different bases through chip trad-
ing activities. Using a four-colored
mat, matching colored chips, and a die,
a game can be played to see who gets a
red chip first. The rules are simple:
a trading ratio is determined (say
4 to 1}; a player rolls the die and
places that many yellow chips in the
vellow column. Anytime a player
accumulates four yellow chips, he
trades them in for one blue chip
{likewise, four blue are traded for
one green, and four green for one

red).

236

WHY OTHER BASES?

The main goal for the use of
modern nondecimal systems (systems
like ours, only grouping by some
number other than ten) is to give
students a better understanding of
their own base ten system. By approach-
ing different bases through interesting
activities which focus on those prop~
erties important to the base ten
system {namely grouping and place
value), this goal may be attained,
However, if nondecimal systems
become an end in themselwes~-just
one more isolated topic to learn—-

they may just add confusion.

Rla|BIY
CHIPS
[ i ) o
[ ) >
" S by
[ [
RI1&18 v S =
= B
€ S =
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, Red green
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WHOLE NUMBER CONCEPTS: PLACE VALUE

Notice the constant regrouping according to the given ratio (it could be

2 to 1, 7 to 1, 10 to 1, or any ratio).

After the game rules have been estab-

lished, students could be asked to record their chips after each move, This

leads naturally into a place value notation for any given base.

The fact that

students are working in other bases does not even need to be mentioned. The

important ideas are regrouping and the place value notation that arise natur-

ONE TURN 0

ally in a game context.

An extension of the first game
(after it has been mastered using
different ratios) is to reverse it.
Start with one red chip and a given
trading ratio (say 4 to 1), roll the
die, and remove that many yellow
chips. Of course, yellow chips cannot
be removed until they have been created
by trading down. After each move stu-
dents could be asked to record their
chips. Not only are they regrouping
and using different base value nota-

tion, they are subtracting.

Thus, this simple and fun activity
is utilizing different bases (very
subtly), focusing on important numera-
tion properties (regrouping and place
value), and serving as a readiness
activity for addition and subtraction.
You may already see its implications

for addition and subtractiocn.

v

0 I<

0

v
2

Lt

W

2

v

TRADE
DOWN
v
TRADE
DOWN

\

SX
YELLOW

RECCRD
RESULTING
CHIPS
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COMMENTARY WHOLE NUMBER CONCEPTS: PLACE VALUE

The immediate payoff for this and similar activities, however, should be an
understanding of regrouping and place value in our base ten system. In fact,
this is a place where the "what comes next"™ or counting approach can be recon-
ciled with the grouping approach in base ten numeration, Given a set of yellow
chips, students can first be asked to count them and record the number. Then
they can be asked to place the set of chips in the yellow column of their chip
board, regroup using a ten to one ratio until they can no longer regroup, and

record their totals in each column.

127 CHIPS

< (e’
cle v
COUNTING
“ONE, Two , THREE , =
FOUR, FIVE, ... £
nle]la Q
ol
o 2
2

...ONE. HUNDRED

1;2 7
TWENTY-SEVEN. ” I”I

When counting, the students are reciting a pattern of number names which
they associate in a one-to-one fashion with each of the chips., The firal number
name they recite is the number of chips in the set. When using the chip board,
they need only count to ten, then trade. Thus, the focus is on groups of ones,
tens, hundreds, ete., and the corresponding numeral., FEach place in the numeral
refers to one size grouping (10's, 100's, 1000's, ...). The digit occupying

that place tells how many groups of that size.
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NUMBER LINES

Number lines are an important concept in mathematics and in everyday life,
They form the basis of most graphs, rulers, thermometers and many other measuring

devices. They show up in disguise on clocks, speedometers and dials,

4100’
30}
2.0"
TITITTY [
_ B +4-20°
o 1 i 3 4 &%

In the above examples number lines are used to describe and understand
relationships and quantities. To understand this usage we must know how to read
number lines and how to make or label number lines. Our concern here is with
representing and comparing whole numbers on number lines; later they can be used

for addition, subtraction, multiplication and division of numbers.

SUGGESTED BEGINNING ACTIVITIES

a. Students could be encouraged to cut out or describe situations where they
see numbers written in order. Besides the situations above there are odometer
checks on highways, highway mileage signs, house numbers, etc.

b. Students could make their own rulers with their own units. Familiarity with

ordinary rulers will probably encourage them to write : é é & §

instead of 1 i ] 4
i 2 3 L b4

BirH [at GRADE.  Now  CollEee

v v v v

c. Each student could make his own life line. # 4 1 4 §-

(966 972 1978 1984

This is an opportunity to capture the student's
interest (since the topic involves the student's life) and to generate discussionn
of the student's future, hopes and self-concept. The teacher's life line could

also add to the discussion.
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CONCEPTUAL PROBLEMS

a. Sarah was asked to mazke a number line to use for measuring. Here is

what she drew: 1 2 3 4 5 & 7
o—0—0—0—0—0—@ >

Sarah's mistake is a common one. She is probably counting the dots and

placing that number above the last dot counted. Fortunately, she is counting
from left to right (the conventional choice), and she does have her numerals in
their correct order. Now,if we could convince her to count line segments and
place the number of the line segments over the last endpoint, she would be

labeling correctly.

It is hard to see line segments on a continuous line with "dots" on it.
This method might help her.
1. Make the equally spaced 'dots" first.
e © © 6 o o o o

2. Now make the segments between the dots from left to right. Label

the point after each segment with the number of segments to the left,
/ Z gy,
r—eo—Oo---¢6 O & © ®

3. What shall we name the first dot? How many segments come before

the first dot?

o | 2 3 4 5 & 7
& —— @@ el

b. Jerry was given 80 and 100 and was asked to find places for 120, 40 and

0 on the number line.

80 joo
Problem given: @& @ & @ . >

O 40 80 100 120
Jerry's work: @& @ & @ @ >

Tnstead of extending the line to the left to provide for equal spacing for
multiples of 20, Jerry pushed the numbers together to fit on the provided line.
He can be encouraged to extend the line whenever necessary to keep the spacing
of numbetrs consistent. (It is not always, however, most convenient to space
numbers evenly on a number line. A logarithmic scale on an engineer's slide rule

is an example.)
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Whole Numbers Commentary:

TITLE

Activity Cards -
Cuisenaire Rods ~ I

Activity Cards -
Culsenaire Rods -~ II

Sum Combinatioens

Activity Cards -
Bean Sticks - I

Activity Cards -
Bean Sticks - II

Activity Cards -

Mathematical Balance - I

Activity Cards -
Base 10 Multibase
Blocks - II

Activity Cards -
Base 10 Multibase
Blocks - III

Activity Cards -
Chip Abacus

Addition/Subtraction (pages 281-288)

PAGE TOPIC

289 Basic facts
Model
Addition

2380 Basic facts
Model
Subtraction

291 Basic facts
Mcdel
" Addition

293 Regrouping to add

Model
Addition

295 Regrouping to

subtract
Model
Subtraction

297 Mcedel

Addition/subtraction

299 Regrouping to add

Model
Addition

300 Regrouping to

subtract
Model
Subtraction

301 Regrouping to add/

subtract
Model

Addition/subtraction

TYPE

Manipulative

Manipulative

Manipulative

Manipulative

Manipulative

Manipulative

Manipulative

Manipulative

Manipulative
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TITLE

Making It Add Up

Subtraction is Subtracticn
and Addition

There is No One Way

Mathematical People/
Count the Cone

Fill in the Dominoes

Double Differences

Add-a-Box

Guided Mazes

Picture Problems 1
Diffy

If Letters Were Dollars
Shady Squares

Balancing Bees
Palindromes!

Reversing Digits
Larger~8maller,'Etc.
Square Sums

Seeing into the Future

Human Computer

278

PAGE

302

303

304

305

306

307

308

309

311

312

314

315

316

317

318

319

320

323

324

TOPIC
Alternate method
Subtractiocn
Alternate method
Subtraction
Alternatre method
Subtraction
Addition

Addition

Subtraction

Addition
Addition/subtraction
Word problems

Addition/subtraction

Subtraction

Addition

Addition

Addition
Addition
Addition/subtraction
Addition/subtraction
Addition
Addition

Addition

TYPE

Paper and pencil

Paper and pencil

Paper and pencil
Transparency

Paper and pencil
Bulletin board

Paper and pencil
Manipulative

Paper and pencil

Paper and pencil
Puzzle

Paper and pencil
Puzzle

Paper and pencil
Transparency

Paper and pencil
Transparency

Paper and pencil
Transparency

Paper and pencil
Puzzle

Paper and pencil
Paper and pencil
Paper and pencil
Paper and pencil
Paper and pencil
Activity

Activity

.
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TITLE

Domino Donuts

Enchanted Alphabet

Magic Perimeters

Tinker Totals

Magic Squares

Calendar Magic

Magic Hexagon/Magic Cube

Path Sums

Cmar's Dilemma

PAGE

325

326

328

329

330

332

333

334

335

TOPIC

Addition

Addition

Addition

Addition

Addition

Addition

Addition

Addition

Addition/subtraction

TYPE

Paper and pencil
Mapipulative
Puzzle

Paper and pencil
Puzzle

Paper and pencil
Puzzle

Paper and pencil
Puzzle

Paper and pencil
Puzzle

Paper and pencil
Transparency

Paper and pencil
Puzzle

Paper and pencil

Paper and pencil
Transparency
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WHOLE NUMBE

MEANINGS

In the early elementary grades the
foundation for addition begins.
objects are combined to form a new set
of objects. For example, when a set with
four elements is joined to a set with
three elements, the resulting set has

seven elements. The corresponding number

sentence is 3 + 4 = 7,

of physical objects, other devices like

the number line are used to reinforce

the concept of addition,

a. "Take Away"

DE DA
TI3TTA

If 7 blocks are removed
how many blocks are left?
10 -~ 7 =3
b. Céﬁbaring
TSRO
O,0]010]0]0.

How many more blocks
are there than balls?
10 -7 = 3
C. MlSSlng Addend

TITID DT

How many blocks must

be added to give 10 blocks?

10 -7 =3 (7 + = 10)

Besides the use

s ADDITIO
SUBTRA
COMBINING SETS

_TION

Sets of

Learnlng the concept of subtractlon somewhat
parallels that of addition. A group of objects
is removed or "taken away" from a set, and a
corresponding number sentence describes the trans-—
action. The same subtraction sentence can be 7
used to answer questions about other situations.
The illustrations at the left use the subtraction
sentence 10 - 7 =

3 to solve a "take~away" question,
a comparing question and a missing addend ques-

If he wants

to solve the problem 10 -~ 7 ﬁ[:L he can:

tion. A student now has a choice,

a. start with 10 objects, remove 7 and see
how many are left.

b. take 10 blocks and 7 circles, pair blocks
and circles and see how many blocks are
leftover.

c. start with 7 blocks, add blocks until
there are 10 and see how many were added,

The same choices are made by teachers and textbook
writers when they explain subtraction to students.
Models for subtraction can use any of these inter-
pretations. You might want to revise a student

activity to embody a different view of subtraction.




COMMENTARY WHOLE NUMBERS: ADDITION/SUBTRACTION

It is not enough to be able to find sums and differences using physical
objects and other devices, To become proficient in addition and subtraction
students must know basic facts, use number properties (like 3 + & = 4 + 3), be
able to write number sentences and be able to translate verbal statements into
correct arithmetic symbols. Eventually, they must master the addition and sub-
traction algorithms. Although some middle school students may still be having

trouble with their basic

facts, the predominate
difficulty involves the
addition and subtrac-
tion algerithms.

An algorithm is a
systematic procedure for
obtaining a desired result.

The algerithm illustrated

. R ALGORITHM MULTIPLY 78 x% 168
at the right is a rather
e a . . i Step 1l: Head two columpns with HALVE
uncommon multiplication pro- § .
= the numbers being o
cedure that always works. ;i multiplied. i

We could memorize the steps @ Step 2: Halve the entry in 39
B one column and double 19

the entry in the other 9
it every time we multiply - column. (If result of
