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This preliminary edition is being published and distributed by Creative 
Publications, Inc. Permission is granted to the teacher who purchases this 
book or the teacher for whom the book is purchased, to reproduce the student 
pages contained herein for use with his or her ·students. Any further 
duplication is prohibited. Permission to reproduce any other part of this 
book must be requested in writing from Creative Publications, Inc., 
P.O. Box 10328, Palo Alto, CA 94303. 

In this preliminary edition certain references to previously published 
material have been deleted because the project did not receive permission to 
use the publishers' materials or a fee requirement prohibited its use by the 
project. 

The preparation of this resource was supported by National Science 
Foundation Grant SED74-15047. However, the opinions, findings, 
conclusions or recommendations expressed herein are those of the 
authors and do not necessarily reflect the views of the National 
Science Foundation. Except for the rights to material reserved by 
Others, the Publisher and the copyright owner will grant permission 
without charge for use of this Work and related material in the 
English language after December 31, 1984. For conditions of use 
and permission to use materials contained herein for foreign 
publications or publications in other than the English language, 
apply either to the Publisher or the copyright owner. Publication 
pursuant to such permission shall contain ·the statement: "Some (All) 
of the materials incorporated in this Work were developed with the 
financial support of the National Science Foundation. Any opinions, 
findings, conclusions or recommendations expressed herein do not 
necessarily reflect the view of the National Science Foundation." 

It is the intent of Congress that the resources developed by the 
Mathe~atics Resource Project will be made available within the 
school district using such material for inspection by parents or 
guardians of children engaged in educational programs or projects 
of that school district. 

© 1978 University of Oregon 
Oregon State System of Higher Education 

All rights reserved. 

ISBN: 0-88488-093-l 
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YOU SHOULD KELP ,~E 
GOOD PARTS OF iHE 
''ou:>' A~D ~N[W" MATH, 
US£ THE. LA.B APPROACH1 
JTACH PROBLEM 

SOLVING AND •..• " 

The demands on teachers are heavy. 

The fifth or sixth grade teacher with 

25 to 30 students is often responsible 

for covering many subjects besides 

mathematics. The seventh or eighth grade

teacher may be teaching only mathematics 

but be working with 125 to 150 students 

each day. Within this assignment the 

teacher must find time for correcting 

homework, writing and grading tests, 

discussions with individual students, 

parent conferences, teacher meetings and 

lesson preparations. In addition, the 

teacher may be asked to sponsor a stu

dent group, be present at athletic 

events or open houses, or coach an 

athletic team. 

Demands are made on the teacher 

from other sources. Students, parents 

and educators ask that the teacher be 

aware of students' feelings, self-images 

and rights. School districts ask teachers 

to enlarge their backgrounds in mathema

tical or educational areas. The state 

may impose a list of student objectives 

and require teachers to use these to 

evaluate each student. There are pres

sures from parents for students to 

perform well on standardized tests. 

Mathematicians and mathematics educators 

are asking teachers to retain the good 

parts of modern mathematics, use the 

laboratory approach, teach problem solv

ing as well as to increase their knowledge 

of learning theories, teaching strategies, 

and diagnosis and evaluation. 
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WJ..IElct TO STAef ? 

? 
• 

\SOLATI0~VILLE 
U.S.A. RESOU~CE CEITTER. 

U.S.A. 

There is a proliferation 

of textbooks and supplementary 

material available. Much of 

this is related to the demands 

on teachers discussed above. 

The teacher in small outlying 

areas has little chance to see 

much of this material, while 

the teacher close to workshop 

and resource centers often 

finds the amount of available 

material unorganized and 

overwhelming. 

The Mathematics Resource Project was conceived to help with these concerns. 

The goal of this project is to draw from the vast amounts of material available 

to produce topical resources for teachers. These resources are intended to help 

teachers provide a more effective learning environment for their students. From 

the resources, teachers can select classroom materials emphasizing interesting drill 

and practice, concept-building, problem solving, laboratory approach, and so forth. 

When completed the resources will include readings in content, learning theories, 

diagnosis and evaluation as well as references to other sources. A list of the 

resources is given below. A resource devoted to measurement and another devoted to 

problem solving have been proposed. 

NUMBER SENSE AND ARITHMETIC SKILLS (preliminary edition, 1977) 

RATIO, PROPORTION AND SCALING (preliminary edition, 1977) 

GEOMETRY AND VISUALIZATION (preliminary edition, 1977) 

MATHEMATICS IN SCIENCE AND SOCIETY (preliminary edition, 1977) 

STATISTICS AND INFORMATION ORGANIZATION (preliminary edition, 1977) 



This resource is intended to help middle school and junior high school teache rs 
by providing background materials and classroom ideas for use with students. 

WHAT IS IN THIS RESOURCE? 

The resource consists of the following 
components: 

Content for Teachers 
Didactics 
Teaching Emphases 
Classroom Materials 
Glossary 
Annotated Bibliography 
Selected Answers 

The Content for Teachers gives mathe
matical background in probability and 
statistics. Many examples and exercises 
are included .. There are also 22 computer 
programs in the appendix to this section. 

The Didactics papers give information 
on: 

® Learning Theories 

8 Teaching Techniques 

~ Diagnosis and Evaluation 

_il.Goals and Objectives 

The titles of the Didactics papers in this 
resource are: 

Components of Instruction--An 
Overview 

e Classroom Management 

© Statistics and Probability Learning 

A list of the Didactics papers for all of 
the resources is given on page 11. 

The Teaching Emphases are a collection 
of proc esse s, approaches, and aids which 
are emphasized throughout the resource. 
These are: 

(:} Critical Thinking 

1ff Decision Making 

tJ Problem Solving 

::r:Jl:f• Models and Simulations ~~ 

iJ Calculators and Computers 

@ Laboratory Approaches 

The Classroom Materials (Concepts and 
Skills and Applications) include: 

• Worksheets (can be duplicated for 
whole class use) 

• Activity cards (may be laminated and 
used as a nonconsumable card or 
used with other pages in a non
consumable booklet) 

• Transparency masters 
• Games (individual, small group, and 

whole class) 
• Teacher-directed activities 
• Teacher ideas (ideas which teachers 

can develop into activities) 
• Teacher pages (mathematical background 

for teachers for specific student 
pages) 

The Teacher Commentaries which appear 
before the sections of the classroom 
materials intend to: 

• Give a rationale for teaching a topic 
• Suggest alternate ways to introduce 

or develop topics 
• Suggest ways to involve students 
• Highlight the classroom pages 
• Give more ideas on the teaching 

emphases 

The Glossary gives informal definitions 
for the statistics and probability used 
in this resource. 

The Annotated Bibliography lists the 
sources which were used to develop this 
resource. These sources contain many 
additional ideas which can be of help 
to teachers. 

HOW ARE THE PARTS OF THE RESOURCE RELATED? 

The classroom materials are keyed to 
each other, to the teaching emphases, to 
the commentaries, and to the didactics 
papers with symbols and teacher talk as 
shown on page 10. 

The commentaries refer to specific cl as s
room pages (cited in italics) and often a 
classroom page is shown reduced in size 
next to the discussion of the page. The 
commentaries relate the va riou s t eac hing 
emphases to the mathematical topic of that 
subsection. When discussing methodology 
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and teaching strategies, the commentaries 
refer to the appropriate didactics papers 
(cit ed in italics). 

Each teaching emphasis paper includes a 
rationale and examples from the classroom 
materials. The Applications pages are 
marked in the Concepts and Skills part of 
the Classroom Materials to point out the 
many applications in statistics and prob
ability. References in italics are also 
made to the didactics papers. 

The didactics papers refer to specific 
classroom pages (cited in italics) and 
occasionally a classroom page illustrating 
the topic of the paper is shown reduced 
in size. 

HOW CAN THE RESOURCE BE USED? 

The resource can be used by the teacher 
to provide a more successful, varied, and 
flexible mathematics curriculum and to 
ob t ain information about mathematics and 
didactics (teaching strategies, diagnosis 
and evaluation, learning theories and 
practices). The resource could also be 
used in in-service classes or workshops to 
emphasize critical thinking, problem 
solving, models and simulations, and so on. 

More specifically, the resource can be 
used: 

eAs a source of ready-to-use activities 
to suppl ement and vary the curriculum. 

Worksheets can be duplicated to pro
vide a copy for each student; activity 
cards can be duplicated and laminated 
for ~epeated use; transparencies can 
be made from a page to form the basis 
of a teacher-led discussion; or a page 
can be the focal point of a bulletin 
board. 

eTo build basic skills. 
For example, skills in reading graphs, 
in using vocabulary, and in computing 
averages are given attention in this 
resource. 

eAs a s ource of new or differ ent ways to 
teach a topic. 

A variety of teaching approaches can 
be found in the classroom materials. 
The commentaries discuss additional 
options, and the didactics pa pers in 
this resource give background in the 
teaching of statistics and probability. 

eTo help students understand ideas 
in statistics and probability. 

Concrete models are used in many of 
the classroom activities. Attention 
is given to concept building in the 
classroom materials and in the com
mentaries. Background for teachers 
is also provided through the teacher 
pages in the classroom materials, in 
the commentaries, and in the content 
for teachers. 

eTo gain some insight into difficulties 
in learning probability and statistics. 

For example, some students find it 
difficult to use a systematic approach 
in listing permutations. This prob
lem and related problems are dis
cussed in the commentaries and in the 
didactics paper Statistics and 
Probability Learning. 

eTo improve attitudes. 
· Many activities can be used to help 

students have a feeling of success 
and accomplishment. Some students 
who do not succeed in arithmetic 
activities may be very successful 
in activities involving data gath
ering. Self-checking pages can 
help a student know when the activity 
is done correctly. Open-ended 
activities help students have con
fidence in their own methods. The 
many visual and hands-on materials 
can be used to capture student inter
est. 

eTo provide individual students or grou ps 
of students with material suitabl e for 
their needs and interests. 

For example, classroom materials are 
included for students who are inter
ested in applied problems, students 
who want to be challenged, and stud
ents who need much experience with 
concrete examples in experimental 
proba bility. 

eTo incr ea se pr oblem solvin g abilities. 
Many c l ass r oom pa ge s can be us ed to 
give problem solving experiences. 
Each of these pages has a in the 
up per left-hand corner. Teacher 
hints and back ground for problem 
solvin g can be found in the Pro bl em 
Solvin g teacher emphasis. 



eAs a springboard for developing acti-
vities, units, or curriculum. 

The classroom pages can be used as 
models for teacher developed pages. 
An activity might have to be adapted 
to suit a specific teacher or class. 
For example, a page with too much 
reading might need to be rewritten as 
two pages. Activities can be develop
ed from the pages of teacher ideas or 
from suggestions given in the commen
taries or didactics papers. Units 
could be organized around a section, 
like experimental probability or a 
teaching emphasis, like problem 
solving. 

eTo obtain information about curriculum 
trends and research in mathematics 
education. 

Many of the current trends in middle 
school mathematics are discussed in 
the teaching emphases section and 
keyed on the classroom pages. The 
didactics papers are an easy-to-read 
synopsis of the research related to 
t eaching mathematics. 

eTo gain access to the many available 
sources for classroom ideas and teacher 
background. 

The annotated bibliography can be used 
for selecting additional resources. 
Sources are also cited in the class
room pages, the commentaries, teaching 
emphases, and didactics papers. 

eTo learn more about statistics and 
pro bability. 

The Content for Teachers section has 
many ideas and useful background 
information for teachers who want to 
learn or review concepts in statistics 
and probability. There are several 
exercises included to help teachers 
improve or update their knowledge 
of the subject. 

Teachers will decide which materi a l 
is appropriate for their students. Since 
the pages do not list the prerequisites 
needed for an activity, teachers need to 
carefully examine each page. In general, 
each subsection is arranged with the 
easier, introductory pages first. How
ever, since there are several topics 
within each subsection, it is possible 
to find introductory pages throughout a 
subsection. 

It is not expected that all of the 
information in this resource will be 
read or used by teachers in one year. 
Several stages of use are possible. One 
stage might be to use some of the class
room pages to supplement the curriculum. 
Another stage might be to organize a unit 
around a mathematical topic or teaching 
emphasis of the resource. A third stage 
could be to try a new approach to teach
ing (laboratory approach, problem solv
ing, discovery lessons) as explained 
in the teaching emphases section and the 
various didactics papers. A fourth 
stage could be to use some of the sources 
cited throughout the resource and listed 
in the annotated bibliography. At any 
of these stages, teachers can add their 
own ideas and materials to the resource 
to personalize it and to keep it current. 

---- - ---------------------------~ ~ 
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FEATURES OF CLASSROOM PAGES 

When a ditto master is made using the therm ofax process, the materi a l in blue 
wil l not reproduce. Thus, the student's cop y will conta i n only the materia l print ed 
in black. The corners are designed to describe the content on each page. 

The symbols below indentify 
the teaching emphases in 
this resource. Each of 
these is discussed in the 
se c tion Teachin g Emphases. 

These are the topics of the page. The 
section headings are useful for locating 
and refiling pages. 

Critical Thinking 

)t( 
Decision Making 

Problem Solving 

Models and 
Simulations 

Calculators and 
Computers 

~ 
Laboratory 
Approaches 

.. " 

Materials : one die for each student 

Inside each bo x of Killroy ' s Frosted Wheat 

Yummies is o n e free felt tip pen . The pens 

are of six colors -- red , green , orange , 

yel l ow, blue and purple . 

A) Billy wants the whole set . If he is lucky , 

what ' s the fewest number of boxes he will 

need to buy? 

Bl On the average , how many boxes do you think 

he will need to buy to get the set? ___ (Make a guess.) 

C) If you had a lot of money , you could buy boxes of cereal until you had 

the complete set . If four members of the class did this, do you 

think they would all buy the same nwnber of boxes? __ _ 

Here is a way t o predict the average number of bo x es needed for the 

pen set without buying a single box of cereal. 

l} Let the six outcomes of the die represent the six pens : 

1 for a red pen 

2 for a green pen 

3 for an orange pen 

4 for a blue pen 

Any other blue 
material on the 
pa ge is teac her 
tal k or answers . 

If a pa ge is 
referr ed to by a 
didact i cs paper, 
one of these 
symbols is us ed. 

Learnin g 
Theories 

Teaching 
rf9 T h. ec niques 

Diagnosis and 
Evaluation 

~ Goals and 
Objectives 

5 for a yellow pen ., 

6 for a purple pen .__ __ _ 
113\ Applications (This teaching emphasis is 
\ibJ discussed in the other project resources. 

Credit is given here to th e so urce if the 
page is a direct copy. Idea,s from other 
sourc es are also not ed. 
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In this resource there is an Applications 
part in the Clas sr oom Materia l s, and in 
the Concepts and Skills part the symbol 
is used on appropriate classroom pages.) 

Here is the type of activit y . 
This r ef ers to the suggested 
use of the page. 



LIST OF PAPERS ON THE LEARNING THEORY 
AND THE PLEASURABLE PRACTICE OF TEACHING 

NUMBER SENSE AND ARITHMETIC SKILLS 

~ Student Self-Concept 

© The Teaching of Skills 

~ Diagnosis and Remediation 

e Goals through Games 

RATIO, PROPORTION AND SCALING 

© Piaget and Proportions 

e Reading in Mathematics 

~ Broad Goals and Daily Objectives 

~ Evaluation and Instruction 

GEOMETRY AND VISUALIZATION 

© Planning Instruction in Geometry 

® The Teaching of Concepts 

8 Goals through Discovery Lessons 

8 Questioning 

~ Teacher Self-Evaluation 

MATHEMATICS IN SCIENCE AND SOCIETY 

® Teaching for Transfer 

8 Teaching via Problem Solving 

e Teaching via Lab Approaches 

® Middle School Students 

STATISTICS AND INFORMATION ORGANIZATION 

Components of Instruction--an Overview 

e Classroom Management 

© Statistics and Probability Learning 

NOTE: A complete collection of all the papers from each resource 
is available as a separate publication. 
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STATISTICS AND Pr20BABILI1Y r-OT< 
THE MIDDLC SC.~OOL YE.AeS 

Statistics, the science concerned with collection, 
analysis, and interpretation of numerical information 
is important in the life of every citizen. It is 
needed for the proper evaluation of everyday matters 
such as advertising claims about gasoline mileage and 
relief from indigestion, public opinion polls and 
weather reports. It is indispensable for the solu
tion of policy questions, from local affairs such as 
property assessment and predictions of school enroll
ments to national problems involving unemployment, 
crime, airplane safety and health. Even though 
numerical information is encountered everywhere, in 
newspapers and in magazines, on radio and on te le
vision; too few people have the training_ to accept 
such information critically and use it effectively. 

Overview and Analysis of 
School Mathematics, Grades 
K-12, 1975, Conference Board 
of the Mathematical Sciences, 
Washington, D, C, 1975, p.44 

It is truth very certain that, when it is not in one's 
power to determine what is true, we ought to follow 
what is more probable. 

--Rene Descartes 

WHY INCLUDE STATISTICS AND PROBABILITY IN THE MIDDLE SCHOOL CURRICULUM? 

Several justifications are given for teaching statistics and probability during 

the middle school years. Among these are: 

• A great deal of useful information can be learned by reading tables and 
graphs that appear in newspapers, magazines, almanacs, surveys, and so 
forth. Students must know how to interpret the tables and graphs if they 
are to understand the information. 

• Statistical statements in advertisements, political campaigns, and in 
daily conversations are often used to influence people. Students must 
think critically about these statements in order to judge whether the 
interpretations of statistical information are justified or not. 

• Masses of data can be organized in various ways to give information not 
at first apparent. Sampling can give information about a population, and 
the reliability of this information must be judged. Simulations can help 
in understanding situations and making predictions. Students must know 
how to gather and organize information and how to use the information to 
make reasonable decisions or to provide evidence to support their position 
when there is a disagreement. 

• Starting in elementary school, statistics and probability provide a natural 
link between mathematics and the physical and social sciences. Statistics 
and probability are powerful tools in studying these sciences, and the 
sciences provide motivation for learning about statistics and probability. 
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Students must learn that a correlation between two things does not neces
sarily mean there is a cause and effect. 

• Statistics and probability can be centered in the students' world. Data 
about the class, school or community can be gat~ered, organized and inter
preted. Probability can be related to games and sports. Students must 
have concrete and infonnal experience with statistics and probability 
in the middle school years in order to understand more fonnal methods in 
probability, counting and inferential statistics which may be studied 
later. 

• Statistics and probability can be used to emphasize important processes 
such as active inquiry, discovery of relationships, the testing of con
jectures, and critical thinking. Students must learn to use statistics 
and probability in problem solving to give reasonable answers when faced 
with uncertain situations. 

• Students must realize that there are often no hard and fast answers. A 
high probability does not mean something will happen. Students must 
realize that everyone has to make decisions in spite of uncertain situations 
and that a knowledge of statistics and probability may enable them to make 
decisions with more confidence. 

( 

( 

( 
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Many problems we face in real life do not have hard and fast answers. They 

may involve decisions we must make even though we do not have all the necessary in

formation. We may have to act in spite of uncertain and incomplete knowledge. For 

example: 

•How does the manager of a shoe store decide what sizes of a particular shoe to 

stock? 

eHow many cartons of milk will a school cafeteria sell at each lunch period? 

What should be the ratio of chocolate milk to white milk, and how will this 

vary by the day of the week? 

9How can I decide whom to vote for in the next election? 

8Has the speed limit of 55 miles per hour resulted in less consumption of gaso

line and/or fewer fatalities? Should it be retained? 

•What does it mean for the weather forecaster to say, "The probability of rain 

tomorrow is 20%11? 

8How many schools should be built or phased out in the next ten years in our 

district? 

8How do we evaluate the claims of advertisers of competing products to determine 

what to buy? 

Questions such as these have to be answered. All of us should understand how 

answers can be obtained so we can make good judgements on the answers proposed. The 

answers to these questions are based not only on arithmetic and geometry but also on 

statistics and probability. It is important that some ideas and methods of statis

tics be available to all people if they are to think critically and make intelligent 

decisions. 

Some of the ideas in statistics are subtle, but many are relatively simple and 

can be introduced early in a child's education. The study of elementary statistics 

will give children many opportunities to review, apply and thus strengthen their 

skills in arithmetic and geometry. Furthennore, an early introduction and a reg

ular follow-up will lead to a gradual familiarization with statistical ideas. 

Knowledge of statistics enables us to more fully understand and challenge the 

statements of newspapers, poli.ticians, advertisers, and researchers. Statistics 

also provides us with new tools to use in attacking problems that otherwise may 

seem insolvable. 

How is this possible? Can problems involving uncertainty be tackled mathemat

ically? What does it mean to solve a problem with an "answer" we are not sure of? 

We read that even though the Salk Vaccine was not a sure preventative against polio-

17 
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myelitis, it was given to millions of children. i-fuy? Experiments and large scale 

testing showed the chances of getting polio were much less if children had been 

given the vaccine. But what do we mean by the expressions 11large scale, 11 "experi

ment, 
11 11

chances 11 and "much less 11? Familiarity with these expressions are some of 

the ideas people can acquire in a study of statistics, not by formal definition but 

by actual experiences in trying to solve real problems, Such a problem might be a 

personal one for the student or the problem could be about a business or government 

agency in which students play the roles of adults making decisions. 

A statistical approach to a problem often leads to the following questions: 

•What kind of information (data) is necessary to approach this problem? 

• How can the data be obtained? If by a survey, how i.s the survey to be organized? 

What are the problems in getting accurate data? Should the survey be of a sam

ple or must it involve a census of the whole population? Is a census possible? 

eonce the data is obtained, how can it be organized to get the necessary 

information? 

erf the organization is in tables, how can these be best interpreted? If by 

graphs, what type of graph is most appropriate? 

•How can graphs be drawn to be read easily and accurately? Are some graphs de

ceitful? How can we detect this and avoid such procedures ourselves? 

eonce the data is at hand, can we find representative and summarizing numbers 

to help interpret the information easily? 

• If we have information from a sample, can we use it to tell about the popula

tion? (To do this requires some knowledge of probability.) 

• How can we determine the probabil~ty of an event? 

• When we have made an inference from the sample to the population, how certain 

are we as to the accuracy of the concluslon? How can we judge this certainty? 

Methods and ideas for answering these questions are developed in the following 

sections. This is just a beginning study of the methods of statistical analysis, 

but, hopefully, the methods will give some idea of the power and importance of the 

use of statistics in society. 

( 

( 

l 
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INTRODUCTION 

The first step in applying statistical methods 

to solving a problem, making a prediction, answering 

a question or making a decision is to gather the 

appropriate data. Books and public records may be 

consulted, polls and surveys undertaken to gather 

as much pertinent information as possible. The 

quality of the solution or decision relies heavily 

on the quality of the data collected. This quality 

is particularly important as it may not be possible 

to get all the data desired and decisions will have 

to be based on what is available. 

APPROPRIATE DATA 
When a problem is posed, the first thing to decide is what data is pertinent 

to the situation. Time and effort should not be wasted in trying to determine 

facts unless they bear on the question at hand. An example may help make this 

clear. 

Suppose the question is "Should the candy 

and soft drink dispensing machines be removed 

from the school corridors?" 

What facts are pertinent? 

• The number of customers per day? 

• The total value of sales? 

• The profit per day? 

• The kind of food and drink being sold? 

eThe health facts related to this food? 

Whose opinions should be sought? 

• Students, teachers, parents? 

• Maintenance personnel, lunchroom personnel? 

• Administrators, dentists, doctors? 

Exercises (Answers given on p. 28) 

1. Consider the question: Should the Teachers' Union ask for a 20% raise this 
year? What data should be gathered to help determine an answer? What data 
could be gathered? 

2. A committee of teachers is asked to study a recommendation that the current 
grading system be changed to a) a pass-fail system orb) a system with no 
grades but individual evaluation of each student. What data should be sought 
to help make a decision on this recommendation? 
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PRIMARY AND SECONDARY DATA 
Once it has been decided what data to collect, the question as to how this is 

to be done depends on the choice made between primary and secondary data. Primary 

data is collected first hand by the person interested in the problem. Secondary 

data is collected by some other person but made available through publication or 

public record. Sometimes one or the other is not available so there is no choice. 

If both are possible the kind of data best suited depends on the problem. For 

example, if a dance committee wants to know the school's preference between Hard 

Rock and Rock-n-Roll music, they would probably try to collect the facts themselves. 

A class wanting to know how the school's choice compares to that of all students in 

the nation would also need secondary data found in the reports of record sales and 

requests for broadcasts on radio around the country. 

Exercises 

3. List two problems or questions for which primary data should be sought. 

4. List two for which both primary and secondary would be worthwhile. 

5. List two for which secondary data would be the only kind available. 

GATHERING PRIMARY DATA 

WHO SHOULD BE SURVEYED? 

In order to collect primary data the first 

decision must be to choose the target pop

ulation. If it is not too large, the data 

may be sought by a census of the whole group. 

But if data is sought about the students in 

a school of 1500, or in the whole state or 

nation, a census is impractical in terms of 

time, effort and expense. In this case, col

lection of data from only a sample is often 

made. In this case, care should be taken that 

the sample is truly representative of the 

population. It is very easy to get results from a biased sample that does not at all 

represent those of the total population. The questions of the size of a sample, how 

it should be selected, how to predict results for the whole population from those of 

the sample and how accurate these predictions are will be taken up in Sampling and 

Inferential Statistics in the CONTENT FOR TEACHERS section. 
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HOW IS DATA OBTAINED? 

Methods of gathering primary data are varied. Sometimes simple observation 

and counting is enough. Sometimes it is done through a survey. A survey consists 

of a questionnaire, i.e., a series of questions the answers to which will hopefully 

supply the required data. There are different ways of making a survey. It may be 

conducted by mail, by telephone or by personal interview. There are advantages and 

disadvantages to each. 

The mail survey is relatively inexpensive and looks easy to do. However, the 

great danger is that not everyone will respond. This is true whether the survey 

is made of the whole population or only of a sample even if it is carefully selected 

to be truly representative. The trouble is the majority answering may be those 

with one point of view. If only 20% of those who get the questions in the mail send 

in answers, it may be impossible to predict what the whole population would have done. 

Advantages of a mail survey are that the questions are exactly the same for every

body and people have time to think about their answers before giving them. 

A survey EY. telephone suffers from the fact 

that many people resent this kind of interruption, 

others do not take it seriously and give irre

levant answers. An advantage is that a call can 

be repeated until contact is made. 

The personal interview is probably the best 

of the three methods of conducting a survey. If 

several interviewers are used, they need to be 

trained so that some uniformity is attained in 

attitude and approach. One of the advantages of 

interviews is the large percent of responses 

attained since return visits can be made if no 

one is available on the first attempt. Another 

advantage is the probability of a more serious 

attitude in the respondent since the interviewer 

is physically present. Also an interview increases the probability of getting answers 

to most of the questions rather than only a selected few. Disadvantages are the 

possibility of the interviewer consciously or unconsciously influencing the respond

ent by actual suggestion or by attitude and behavior, and inaccuracy of recording 

responses, particularly if they are more than just a Yes or No. 

21 
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QUESTIONS FOR A SURVEY 

Any ki n d of survey involves making up the questions to be asked. This is always 

a tricky business because questions may be vague, biased, misleading, or their 

answers may not provide the information wanted. Many times a trial run is worth

while to test the first attempt at writing questions. As George Gallup says, 

"Nothing is so difficult, nor so important, as the selection and wording of the 

questions ••.• No question, no matter how simple, must reach the interviewing stage 

without first having gone through a thorough pretesting procedure."* 

Both of the above questions are biased. Perhaps a better one would be "Should 

America have gotten out of the Vietnamese war earlier than it did?" Of course stu

dents are not professional pollsters but they, or anyone taking a survey, should keep 

i r; mind the problem of making the questions fair, understandable, unambiguous and 

unbias ed. 

.,.,George Gallup, The Sophisticated Poll Watchers Guide (Princeton: Prince

toL Opinion Press, 1972), p. 77. 
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Exercises 

6. In each of the following pairs of questions, select the better one to put on 
a survey form. 
a. "How many brothers and sisters do you have?" or 

"Are you a member of a large family?" 
b. "Do you like that wonderful HI JINKS BAND?" or 

"Do you think the HI JINKS BAND is good?" 
c. "Do you believe in freedom of the press?" or 

"Should pornographic magazines be banned from sale in public newsstands in 
this city?" 

d. "Should the voting age be lowered to 18?" or 
"Should we let inexperienced kids of 18 vote?" 

RESPONSES TO A QUESTION 

Some questions allow a free answer but some 

require a choice from two to five responses. Here 

again care must be taken in writing the possible 

responses. Sometimes one response is blatantly 

more attractive than the others. Sometimes a 

sliding scale is offered that may be marked at 

any position. Some responses are not mutually 

exclusive. Sometimes a response does not really 

answer the question asked. Again students are 

not professional pollsters but if care is taken 

to select sensible responses, better results will 

follow. 

23 
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GATHERING SECONDARY DATA 
If primary data is not needed, is not obtainable, or is not sufficient, it may 

be necessary to seek out secondary data. Where is such data to be found? The most 

likely sources are the various almanacs and fact books. Most of these are issued 

on a yearly basis and are available in school and public libraries. Typical ones 

are The World Almanac, The Information Please 

Almanac, The Readers Digest Almanac, The U.S. Fact 

Book, and The Guinness Book of World Records. 

Less well known but valuable reference books are 

The People's Almanac, Historical Statistics of 

the United States and World Statistics in Brief. 

These are not the only sources of data. News

papers and magazines are full of tables, graphs and 

results of polls and surveys made by professionals 

and amateurs. Public records at municipal and 

state offices are frequently sources of easily 

obtained information. Public relations depart

ments of businesses and business associations, 

of labor unions and professional associations 

are also possible sources. 

LIBRARY 
CHb'.CK·OOT 

Of course, the careful student considers the sources of data for bias and, if 

possible, checks against each other. Data on smoking from the U.S. Surgeon Gen

eral's Office and from the Tabacco Growers Association may differ, as may unemploy

ment figures from the Department of Labor and from the AFL-CIO. It should be noted 

that a word such as "unemployed" may be used with different meanings. Is a teacher 

"unemployed" during the summer or the Christmas vacation? Is a fledgling lawyer with 
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a newly opened office but as yet no clients "unemployed"? Is a coal-miner on strike 

for better working conditions and a living wage )'unemployed"? Is a concert violinist 

"unemployed" between engagements? Different answers to such questions will lead to 

different statistics on unemployment. It is important that the student think about 

such possibilities and guard against misuse or misinterpretation of the data. 

QUANTITATIVE DATA 
Whatever data is collected from primary or secondary sources will be either 

quantitative, i.e., expressed in numbers, or qualitative, i.e., expressed in words. 

Questions that ask for height of the respondent or the number of children in 

a family are asking for quantitative data, but even here there are essential dif

ferences. Data that comes from counting as in the number of children is called 

discrete. All such numbers are positive integers. Sometimes we are interested in 

these exact numbers, sometimes approximations are more appropriate and easier to 

handle. 

When to be exact and when to be approximate 

is a matter of judgement and experience. A bill 

of $11.95 must be paid exactly but on the income 

tax forms $11.25 may be rounded to $11.00. The 

number of children in class today is exactly 34 

but the number enrolled in all the schools is 

approximately 12,500. Even if it had been 12,473 

on opening day there have undoubtedly been trans

fers in and out since then and the exact figure 

is no longer valid. Today's exact attendance 

could be found, if needed, by checking attendance 

records at all the schools. 

Data that comes from measurement such as the height or weight of a person or 

the winning time of a race is called continuous. Such numbers are given to the 

nearest selected unit such as centimetres, kilograms or tenths of a second. All 

such numbers are approximate. They can never be exact in the way that counting 

numbers are . We can refine the measurement for greater precision but that is the 

best we can do. 
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The precision desired for measure-

ment numbers should be judged by the 

circumstances involved. Sometimes 

weight is measured to the nearest 

kilogram, sometimes to the nearest 

gram. Time may be measured to the 

nearest day, hour or millisecond, etc. 

Whatever the precision of the data 

gathered, it is important to record 

it accurately. No further calcula

GATHERING DATA 

tions or implications will be worthwhile if careless errors are made in the origi

nal record. However, different individuals may measure or judge the same things and 

get and record different results. Thus in a 

diving meet, judges give scores to the nearest 

half point. Five judges may give scores of 4.0, 

5.0, 4.5, 4.5 and 4.0 to the same dive. These 

scores are recorded carefully and later on or

ganized, summarized and evaluated. 

In working with measurement numbers it should 

be noted that no derived numbers may be expressed 

with a precision greater than that of the least 

precise original. If my desk is measured to be 

165 cm long and 79.3 cm wide, the perimeter should 

be given as 489 cm and not 488.6 cm. 

QUALITATIVE DATA 
Questions that ask for the sex of a student 

or about the kinds of milk (skim, regular or chocolate) the student prefers, are 

asking for qualitative data. But even here counting may take place. Each indivi

dual answers Mor Fin response to the question about sex but the interviewer counts 

the number of M's or F's to determine the ratio of boys to girls. 

A su,vey might want to determine how the education of respondents correlates 

with their annual earned incomes. The qualitative data obtained in answer to a 

question about educational status could consist of a choice among 0 illiterate", 

"functionally literate" and "literate". Not only can these answers be distin-
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guished but they can be ranked perhaps as 1, 2, 3 

or 3, 2, 1 but not as 2, 1, 3. This rank order

ing provides a set of data for further study. 

The choices offered might be greater than three 

with resulting finer ranking such as: no school

ing, graduate of grammar school, graduate of high 

school, B.A. from college or equivalent, M.A., 

and PhD. with corresponding ranking from 1 to 6. 

Even if the data is quantitative, sometimes a 

rank is used. For instance, in a swimming race 

the order of finish is a ranking involving only 

positive integers. 

Ranking of qualitative data is not always 

possible. If it can be done on the basis of 

some value judgement it converts the qualitative 

data into quantitative data for further analysis. 

GATHERING DATA 

When making the original record of either quantitative or qualitative data, 

the student should constantly check the records for completeness, consistency and 

accuracy. It is surprisingly easy to make mistakes, 

Exercises 

7. A pollster made up a poll with the following questions. Which questions in
volve qualitative and which quantitative data? Which involve measurements? 
To which would you give exact answers? Are there some questions that do not 
involve data at all? 

a. Do you watch TV? 
b. If so, what stations do you watch? 
c. Row many stations do you get? 
d. Row many hours a day do you watch? 
e. What kinds of programs do you like? Rank them in order of preference. 

Sports; drama; comedy; soap opera; cartoons; news; nature shows. 
f. Do you have a color TV or black-and-white? 
g. How many TV's do you have? 
h. Are TV programs generally good or bad? Rate on a scale of 1 (poor) to 

10 (excellent). 
i. Add any other comments you would like to make. 

8. Somebody opposed to increasing school taxes suggests that teachers don't work 
as hard as most people. This is a pretty general statement and therefore hard 
to refute off hand. To gather some data, you decide to conduct a poll. Should 
your questions involve qualitative or quantitative data? Suggest some questions 
you consider relevant. What kind of data do they involve? Are the numbers you 
expect to get exact or approximate? Whom should you poll? 

9. Can you think of situations in which you would rather have qualitative than 
quantitative data? 

10. Suppose you were at a dinner party and suddenly you began to have an appendi
citis attack. What information about the people present would be helpful? What 
data might be irrelevant? 

27 



28 

CONTENT FOR TEACHERS GATHERING DATA 

ANSWERS TO EXERCISES 

1. a) Some items might be: 
Current salary schedules for districts of the same size in this state 
Same in neighboring states 
Cost of living increases for past 10 or 20 years 
Local schedule increases for the same time 
Salary schedules for other municipal employees with comparable educa

tional requirements and with less requirements 
Incomes of other professionals with similar experience 

b) Probably all but the last item would be matters of public record. 

2. Opinions of parents, of students, of teachers with experience in such systems, 
of academic advisors, of college counselors. Results in schools that have 
adopted such systems, or the choice between such systems and a regular graded 
systems. 

3. What is the average size family of students in this class? What is the maximum 
distance any student lives from school? What student walks the greatest dis
tance to school? 

4. How does the proportion of minority students in our school compare to the pro
portion of similar minorities in the population of our district? How does it 
compare to the proportion in the whole state? 

5. What is the average age of Members of Congress? Who was the youngest and who 
the oldest man ever elected President of the United States? 

6. a) First b) Second c) First 

7. Quantitative: c), d), g), h) 
Qualitative: a), b), e), f) 
Measurements: d), h) 
Give exact answers: g) 
Could give exact: c), g) 
No data involved: i) 

8. Questions should involve both, but mostly quantitative. 
i) How many hours per week are you in the classroom? 

ii) How many hours are spent in preparation? 
iii) How many hours are spent correcting papers or tests? 

iv) Do you feel emotionally drained after a day's work? 
v) Is counseling kids after school a regular part of what you feel is your 

job? If so, how much time does it take? 
vi) Do you feel that teaching is an 8-3 job? 

These are suggestions. Similar questions might be asked of police officers, 
fire fighters, office workers, etc. in order to make comparisons. 

9. In planning family dinners, preferences on various foods would be important. 
No use wasting money on liver if no one likes it, etc. 

10 . Are any of them doctors or nurses? Irrelevant information would be age and sex. 
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INTRODUCTION 
Gathering data may be the first step in a statistical study but raw quantita

tive data is not much use until it has been organized in some fashion. The first 

such organization is usually into tables. Before we study how to do this it will 

be profitable to look at several tables prepared by others. Vast numbers of tables 

of data are published in books, magazines and newspapers. Trying to read and inter

pret the data in them will make us more conscious of the care needed in constructing 

our own tables. 

In this section of CONTENT FOR TEACHERS we will consider how to construct and 

interpret tables correctly and accurately. We will also consider what makes a table 

inaccurate and biased. However, the classroom activities on misleading tables are 

in the MISLEADING STATISTICS section. 

READING TABLES 
Here are a couple of tables of figures reproduced exactly as printed, the first 

in a magazine, the second in a book. Can you read and understand them easily? Do 

they say something to you? Are they presented clearly or do you have to guess at 

the information they are trying to convey? One of the prime objectives of this sec

tion is to explain how to read and understand the data presented in tables and later 

on in graphs. Learning how to read tables will also help us learn how best to make 

effective presentations of our own data to others. 

TABLE 1 

HEIGHT - WEIGHT CHART 

Height Small Frame Medium Frame Large Frame 

(in shoes) Men Women Men Women Men Women 

4'10" 95 101 111 
5' O" 100 107 117 
5 I 2" 116 106 @]) 113 133 123 
5' 4 II 122 112 129 119 140 129 
5' 6" 128 119 136 127 147 137 
5' 8" 136 127 145 135 156 146 
5'10" 145 135 153 143 165 154 
6' O" 153 143 162 151 174 163 
6' 2" 161 171 183 
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TABLE 2 

BIRTH RATES FOR THE UNITED STATES, 1910 - 1973 
(Rates are per 1000 Population) 

Year Birthrate Year Birthrate 

1910 30.1 1945 20.4 
1915 29.5 1950 24.1 
1920 27.7 1955 25.0 
1925 25.1 1960 23.7 
1930 21. 3 1965 19.4 
1935 18.7 1970 18.4 
1940 19.4 1973 14.9 

Data from Statistical Abstract of the United States, 1976, Table 68, p. 51. 

In the first table, we assume the weights are in pounds although nothing is 

stated. What does the@Din the third row, third column position of Table 1 mean? 

Is this the average weight of all men 5'2" tall? Mr. Lion is a man 5'8" tall and he 

weighs 178 lbs. What does the table tell him? 

In the second table, what does "birthrate" mean? Should this information be 

in the table? Is it? 

Any table should have a title specifying the content of the table. This will 

be either a headnote or a footnote. It is the first thing to look at and read care

fully. Then the labels on the individual rows and columns should be examined. Do 

the numbers give actual values or percentages? What units are specified? Are the 

number approximate or exact? 

Look again at Table 1. The units of weight should be specified as pounds. The 

label should indicate whether each weight is the actual average weight of individuals 

of that height and sex or the ideal weight as determined by a health expert. 

Look at Table 2. Has the birthrate gone down steadily? No. What might have 

caused the fluctuations? 
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Here is Table 3. Let us try to read it carefully. 

TABLE 3 

PUBLIC ELEMENTARY AND SECONDARY SCHOOLS - AVERAGE SALARY 
OF CLASSROOM TEACHERS 1960 - 1975 

(Schools classified by type of organization rather than by grade group; 
elementary includes kindergarten and secondary includes 

junior high school.) 

ITEM 1960 1965 1969 1970 1971 1972 1973 1974 1975 

Average Salary, 
All teachers $1000 5.0 6.2 8.0 8.6 9.3 9.7 10.2 10.8 11.5 
Elementary $1000 4.8 6.0 7.7 8.4 9.0 9.4 9.9 10.5 11.2 

INDEX (1967 = 100) 72. 7 90.4 116.6 127.0 136.2 142.3 149.1 158.7 169.6 
Secondary $1000 5.3 6.5 8.2 8.9 9.6 10.0 10.5 11.1 11.5 

INDEX (1967 = 100) 74.2 90.7 115.5 125,1 134.6 141.1 147. 7 155.8 166.4 
Percent of Teachers 

Under $7500 88.1 81.8 49.5 36.6 24.7 20.3 14.9 8.9 NA 
$7500 - $8499 11.9 10.1 18.1 19.7 18.8 17.5 16.8 14.6 NA 
$8500 - $9499 -- 5.5 13.4 14.4 15.6 16.5 16.0 15.6 NA 
$9500 - $11499 -- 2.6 14.6 19.1 21.9 22.6 24.7 28.1 NA 

$11500 and over -- -- 4.3 10. 3 19.0 23.1 27.7 32.7 NA 

-- Represents zero NA Not Available 

Data from Statistical Abstract of the United States, 1976, Table 220, p. 134. 

Note both the headnotes and the footnotes. The source of the material is 

given so we can judge for ourselves whether we think the material is probably ac

curate or may be either intentionally or unintentionally biased to lead us to accept 

something perhaps untrue. The row labels indicate the units. Thus we read in the 

first row and second column the average salary of all school teachers in 1965 was 

$6200 while the second entry in the same column indicates elementary school teachers 

received $6000. The third and fifth rows labeled INDEX are not so clear. The note 

(1967 = 100) means these figures have something to do with the relation between that 

year and other years. The figures in the bottom half of the table are all percents. 

Those in any one column should add up to 100. A quick check shows that some columns 

only add up to 99.9 but this is because of rounding errors. The whole table gives a 

picture of rising salaries but without a table of the rising cost of living to com

pare with, we are not sure whether salaries have exceeded or dropped behind the re

sults of inflation. It might be interesting to try to find a table that would help 

answer this question. 
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Exercises (Answers given on pp. 44-48) 

1. In Table 1, 145 appears in the 7th row, first column and in the 6th row, third 
column. What does this figure indicate? Why are there blanks in certain places 
in the table? About what should a large frame 6'4" man weigh according to this 
table? How about a small framed 5'5" woman? 

2. In Table 2, the birthrate dropped slowly from 1910 to 1925 and then drastically 
in 1930. Can you give a reason? It slowly increased and then jumped in 1950. 
Why? There are two periods of steady decline. What are they? 

3. What was the average salary of an elementary school teacher in 1960? In 1970? 
Of a high school teacher in 1975? For 1975 note the first figure 11.5 in the 
light of the 11.2 and 11.5 in the second and fourth rows of the column. Compare 
the corresponding three figures in all the other columns. Do you think the 
first 11.5 might be a· mistake? Why? In 1974 a teacher earning $9000 would 
have been better off than what percent? About how much would a teacher have 
to get in 1974 to be better off than 76.4% of all teachers? Use the given 
index figures to find the average salaries of elementary and high school 
teachers in 1967. 

ORGANIZING DATA INTO TABLES 
Secondary data is usually made available in tables like those we have just been 

reading. When primary data is collected it may be first recorded as a list in the 

order in which each item was found. Often it can be reorganized into some other or

der which will yield information more easily. Perhaps the most common way is to 

make a list in order of size. If many items are spread over a wide range, it may 

help to group them in intervals rather than try to record them individually. The 

number and size of the intervals is subject to some question, but a convenient num

ber is one between 6 and 15. This number is chosen so the resulting intervals also 

will be of convenient size and will include all the data. If the number of differ

ent values in the data is small (less than 15), we may not need to use intervals. 

Example 1 

There are 30 classrooms in the Doherty School. The number of students per 

classroom is given in Table 4. 

TABLE 4 

NUMBER OF STUDElffS PER CLASSROOM 

26, 33, 26, 29, 31, 17, 28, 29, 31, 27, 26, 32, 29, 31, 30, 

31, 27, 28, 29, 32, 30, 33, 32, 29, 27, 31, 33, 31, 27, 29 
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The first thing to notice is Room 6. The record shows only 17 students. Could 

this be an error in recording? Should the number really be 27? On checking, we 

find 17 is indeed correct. It might be worth investigating why this number is so 

small compared to the others. , We should always examine the raw data to look for 

possible errors and inconsistencies. 

TALLYING 

Making a total list directly in order of size is difficult and involves check

ing and rechecking for errors and omissions. Various devices are available to help. 

The first is a simple tally. We make a list in order of the different values that 

appear in the table and next to each make a tally mark for each occurrence. The 

fifth tally is made by crossing over the first 

four:-l+ft This makes it easier to get the 

totals. Table 5 is a tally table made from 

Table 4. We do lose something in this process. 

From Table 5 we cannot tell which room has 

only 17 students or which two have 30 apiece. 

Since there are only nine different room sizes, 

no grouping is necessary. 

Example 2 

A grocer receives 43 boxes of apples and 

decides to weigh them as they come in the 

store to try and decide if he is being system

atically short weighted. The weights in kilo-

grams are given in Table 6. 

TABLE 6 
BOXES OF APPLES 

(Weights in kilograms) 

16.3 16.2 16.3 17.1 15.0 15.6 

15.9 17 .1 15.3 16.4 16.3 16.7 

16.1 15.7 16.3 16.3 15.9 16.2 

16.1 15.6 16.3 17.0 16.3 15.7 

16.7 16.3 15.5 15.7 16.1 16.0 

TABLE 5 

STUDENTS PER CLASSROOM 

Students Frequency Humber per Classroom Tally 

17 I 1 

26 Ill 3 
27 \Ill 4 
28 II 2 
29 -H-+t I 6 
30 II 2 
31 J..1-H-I 6 
32 II\ 3 
33 Ill 3 

16.3 16.8 16.1 

16.0 16.1 17.0 

16.3 16.4 16.2 

16.2 16.1 16.3 

16.3 
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The 43 items are scattered over the range from 

15.0 to 17.1 covering 22 possible values. To reduce 

this number we decide to group the data into sub

intervals. 10 intervals of length two would do, as 

would 8 of length three or 7 of length four. We 

choose 8. The first interval could go from 15.0 

to 15.2 or from 14.9 to 15.1 or from 14.8 to 15.0. 

Again the choice is ours and we choose 14.8 to 15.0. 

The reason is boxes are supposed to weigh not less 

than 16 kg. With this choice one interval is 16.0 

to 16.2 (see Table 7). 

FREQUENCY DISTRIBUTIONS 

TABLES 

TABLE 7 
BOXES OF APPLES 

(Weights in kilograms) 

Weight Number of 
Boxes 

14.8-15.0 I 

15.1-15.3 I 

15.4-15.6 111 

15.7-15.9 --1-1-tt 

16.0-16.2 .1#1".l-Ht II 

16.3-16.5 -1-HtMtt'll(I 

16.6-16.8 Ill 

16.9-17.1 1111 

If we count the number of items in each interval and record them, we have a 

new table called a frequency distribution. A frequency distribution table is one 

of the most important tools of a statistical study. 

If we look at how the numbers cluster around a cen

tral value we are led to the various kinds of aver

ages. The position of the numbers along the distri

bution leads to the ideas of quartiles, deciles and 

percentiles. These and the averages are considered 

in Mean, Median and Mode in the CONTENT FOR TEACHERS 

section. From the frequency distribution we con

struct the histograms and frequency polygons. These 

and the range and scatter of the numbers are dis

cussed in Range and Deviation in the CONTENT FOR 

TEACHERS section. 

STEM AND LEAF DIAGRAM 

TABLE 8 
BOXES OF APPLES 

(Weights in kilograms) 

Weights Frequency 

14.8-15.0 1 

15.1-15.3 1 

15.4-15.6 3 

15.7-15.9 5 

16.0-16.2 12 

16.3-16.5 14 

16.6-16.8 3 

16.9-17.1 4 

Another way of making a useful table is a stem-and-leaf diagram. We start by 

deciding on the intervals we want to use and listing them in a vertical column. In 

Table 9, the stem consists of the first two digits of the item and the leaf consists 

of the last digit. The stems are written down for each interval first. Then each 

item in the original list is tallied by entering its last digit as the leaf in the 

appropriate position. Table 9 displays the weights of the 43 boxes of apples as 

given in Table 6. 
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TABLE 9 
BOXES OF APPLES 

(Weights in kilograms) 

Interval Stem Leaf Frequency 

14.8-15.0 © 0 1 

15.1-15.3 15 3 1 

15.4-15.6 15 6,6,5 3 

15.7-15.9 15 9,7,9,7,7 5 

16.0-16.2 16 2,l,O,l,1,2,2,1,2,l,l,O 12 

16.3-16.5 16 3,3,3,4,3,3,3,3,4,3,3,3,3,3 14 

16.6-16.8 16 8,7,7 3 

16.9-17.1 16 
7 1,1,0,0 4 

The circled stem @)is written that way to indicate the digits in the stem 

may be either 14 or 15. In the third row the leaves 6,6,5 come from the table 

weights 15.6, 15.6 and 15.5. 

From this table, the frequency distribution can be made. The stem-and-leaf 

diagram has an advantage over the tally table in that each item of the original data 

is still there. Therefore, mistakes in the recording can be easily spotted and cor

rected. 

CUMULATIVE FREQUENCY 

To determine the deciles or percentiles of a distribution, a table of cumulative 

frequencies may be constructed. This records the numbers of items at or below the 

uppermost value of each interval. Table 10 shows that 10 of the 43 boxes weigh 15.9 

kilograms or less. 

TABLE 10 
BOXES OF APPLES 

(Weights in kilograms) 

Interval Frequency Upper Most Value Cumulative Frequency 

14.8-15.0 1 15.0 1 

15.1-15.3 1 15.3 2 

15.4-15.6 3 15. 6 5 

15. 7-15.9 5 15.9 10 

16.0-16.2 12 I 16.2 22 

16.3-16.5 14 16.5 36 

16.6-16.8 3 16.8 39 

16.9-17.1 4 17.1 43 

35 



36 

CONTENT FOR TEACHERS TABLES 

Each number in the fourth column is the sum of the numbers in the second col

umn up to that point. Care in adding is important, but an obvious check is that 

the last number in the cumulative frequency column must be the total number of the 

items being considered. 

SUMMARY 

To make a frequency table, remember to: 

1. Decide on the number of intervals (usually 6-15). 

2. Determine the end points of each interval so each item falls in just one interval. 

3. Make the intervals equal in length unless there is good reason not to. For 
example, if the data is about ages, we might use 10-year intervals and the last 
one could go from 90 on up, since there are so few persons over 90. 

A table should be clearly labeled and each row or column should have an appro

priate heading. 

Exercises 

4. The height arid weight of each number of a relatively small fifth grade class is 
given in the following table. 
a) Make a tally of individual heights. Circle the tally marks for the girls. 

What do you notice? 
b) Make a tally of individual weights. Circle the tally marks for the girls. , 

What do you notice? 
c) The heights vary from 144 cm to 165 cm, a range of 21 cm. If you want to 

group them in intervals, a convenient number would be 8 using intervals of 
length three units. Make two tallies, the first starting with the interval 
143-145 and the second with 144-146. The tallies are slightly different but 
the general pattern is the same. 

d) Do a similar grouped frequency tally for the weights. 
e) Using intervals of length 5 units starting with 25-29 for weights and 

140-144 for heights, make stem-and-leaf diagrams of the data. 
f) Make frequency distribution tables and cumulative frequency tables from one 

of the grouped frequency tables in (c) and from the one in (d). 

HEIGHTS AND WEIGHTS OF A FIFTH GRADE CLASS 

Sex Height in cm Weight in kg Sex Height in cm Weight in kg 

M 162 53 M 150 40 
F 152 41 F 154 42 
M 153 48 M 144 27 
M 153 37 M 147 35 

M 146 40 M 165 53 
M 157 41 F 156 51 
F 158 45 M 155 46 
F 156 47 M 162 45 
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5. For 
ing 
a) 

b) 
c) 
d) 

e) 

Sex 

M 

F 

M 

F 

F 

M 

M 

M 

F 

M 

M 

M 

F 

M 

M 

F 

another fifth grade class, the heights and weights are given in the follow
table. 
Make a grouped frequency tally and a frequency distribution table of the 
heights. 
Do the same for the weights. 
Make stern-and-leaf diagrams for weights and heights. 
Make frequency distribution tables in each category for boys and girls sep
arately. Do they differ markedly from each other? 
Make cumulative frequency tables from all the tables. 

HEIGHTS AND WEIGHTS OF A FIFTH GRADE CLASS 

Height in cm Weight in kg Sex Height in cm Weight in kg 

158.5 43 F 158.5 51 

155 43 M 152 62.5 

149.5 43 M 135 27.5 

152 so M 149 37 

160.5 42 F 148 38 

168 50 M 161 59 

156.5 43 F 156 44.S 

159 45 M 151.5 40.5 

152 40 M 159 44 

146 42.5 F 161 46 

156 44 M 144 39 

163.5 52.5 F 153 44 

152 39.5 F 157. 5 40 , 

151.5 37 F 161 59 

163.5 50.5 M 141 31 

149 46 
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6. Look now at the tables you have made based on the data for Exercise 5. For 
what purpose would you use each table, i.e., what kinds of questions might each 
of them help you to answer? 

INTERPRETING DATA IN TABLES 
The reason for organizing data in tables is to give us a message. To get the 

message, we must interpret the data properly. This can be a very subtle and compli

cated problem depending heavily on the mathematical theory of probability. It is 

the core of inferential statistics. We are not going into such a study of proba

bility at this time but by studying well-constructed tables we can almost always 

come to some valid and intelligent conclusions. As a result, we may be able to 

make more rational decisions for some of our problems than we could have before we 

looked at the data. 

We recognize, of course, that there are many types of problems for which data 

collecting is inappropriate. This is true for moral dilemmas that involve value 

issues. President Lincoln's Cabinet voted unanimously against the issuance of the 

Emancipation Proclamation but this data did not affect his decision. We are con

cerned here not with those situations but with the many cases where a careful look 

at the data and its proper interpretation can help. 

VARIABILITY AND BIAS OF THE DATA 

Before we try to interpret data we must judge its accuracy and validity. Where 

did it come from? Who collected it? If the data in an advertisement seems to say 

that Heal Quick (HQ) painkilling drug is twice as effective as Old Reliable (OR), we 

should remember that twice zero is still zero so neither may be effective. Also if 

OR does stop my headache, why shift to 2nother even if it's ten times stronger. 

What data supports the claim that HQ is better than OR? Did HQ's own lab try it 

out? Did they use people or animals? Or did 10 hospitals conduct controlled ex

periments? Even so, suppose 6 hospitals reported OR was better than HQ, 1 hospital 

said they could find no difference, and 3 said HQ was better than OR. Does the data 

show this? Probably not. The advertisement trumpets the fact that "Investigators 

at three different leading hospitals report HQ i s twice as effective dS OR. 

Shouldn't you switch to HQ?" No mention is made of the other seven hospitals and 

they hope you never find out about them. Obviously, the data reported is biased. 
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We cannot always tell if data is biased but at least we should think about 

the possibility and in many such cases reserve judgment. 

Consider the cereal box that claims "one cupful gives you 100% of the U.S. 

Recommended Daily Allowance of nine important vitamins and iron." What data sup

ports this statement? Who tested it? The manufacturer's labs or U.S. Government 

labs? Do you suppose a high school student, a professional tennis player, a busi

ness executive and a retired school teacher all need the same amount of vitamins? 

Is the ad actually saying anything that you might be able to act on? Is the source 

of its information biased? 

The Surgeon General of the United States reports that the National Cancer 

Institute's studies show a high correlation between cigarette smoking and the in

cidence of lung cancer. This says a greater proportion of the people who smoke 

cigarettes get lung cancer than those who do not smoke and the proportion increases 

with higher levels of smoking. A tobacco company may counter by saying 

"We don't believe your statistics. We think you are biased as our statistics show 

no such correlation. And even if you are correct, we don't believe smoking causes 

lung cancer. No one knows what causes lung cancer but we believe hyper-anxiety may 

be a cause of both lung cancer and heavy smoking. If you are not a hyper-anxious 

person, you might be able to smoke all you want and be no more susceptible to lung 

cancer than your non-smoking neighbor." Thus a high correlation may not mean a 

causal relationship. Even if there is a causal relationship it is possible that 

the direction of cause and effect is reversed. Thus lung cancer could conceivably 

cause hyper-anxiety and hyper-anxiety could cause smoking. In considering rival 

claims one must judge and interpret the data offered. Is there possible bias? 

Where does the bias lie? With whom do I agree, if either one? Do I stop smoking? 

SUFFICIENCY OF THE DATA 

Sometimes the question is "Do we have enough data?" For example, a student 

decides to toss a coin to decide whether to study or watch TV. "Heads I study, 

tails I watch TV." A toss gives a "head." "That's not a fair coin. It should 

have landed 'tails'." Question: Is there enough data to say the coin is not fair? 

Obviously not, at least for most disinterested bystanders. Suppose three tosses 

give three successive heads. Is it a biased coin? Suppose heads come up 5, 10, 20, 

100 times in a row. Sooner or later, most people will say, "It's not a fair coia." 

At what point would you say that? How sure would you be? 
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Most data is biased in some way and to some extent whether we know it or not. 

So conclusions drawn from it should be made with discretion and some caveats. But 

we may decide we have to buy a new car so we study the data the various dealers 

give us, recognize they are all biased one way or another and finally make a deci

sion, our best decision in the light of all the uncertainties we recognize. We may 

get a "cream puff", or we may get a "lemon", but we do the best we can using all 

the evidence (data) we can get our hands on. 

SUMMARY 

1. Consider the source of the data for possible bias. If no source is given, be 
double wary. 

2. Is the data really relevant? 
3. Is there enough data to warrant drawing conclusions? 
4. Can the conclusions be verified by collecting more data or by consulting another 

source? 
5. Is the extra effort worth the time and money involved? 

Exercises 

7. In a city of about 1,000,000 people a proposal is made to build a limited access 
highway from the suburbs. The Suburban News reports that 67% of the people they 
polled are in favor. The Inner City Daily reports that their poll shows only 
37% in favor. Your class wonders why the difference and interviews the two edi
tors. The Suburban News conducted their poll at 6 P.M~ to 7 P.M. at the bus 
stop. They talked to 125 men and women. The Inner City Daily polled 235 people 
between 2 and 3 P.M. on City Hall Plaza. Comment on possible bias and on the 
number of people interviewed. Your class wants to have a better poll. Can you 
suggest a better plan? (Comment: Planning a good poll is tough. Maybe you 
would rather wait until we have studied more about statistics before answering 
this question. It is enough at this time to recognize the possibility of bias.) 

8. Consider the table below. 
a) Determine the percent of male applicants who were hired at each school level. 
b) Determine the percent of female applicants who were hired at each school 

level. 
c) Were men or women applicants more likely to get teaching positions at each 

level? 
d) Compare the total number of men hired and the total number of women. 
e) Now find the total number of men and women applying for all the jobs avail

able and the percent of each who were hired. 
f) Were men or women applicants more likely to get teaching positions? 
g) Discuss the possible bias of the data. What went wrong to give the contra

dictory results? 

NUMBER OF APPLICAi'JTS FOR TEACHING POSITIONS AND NUMBER EMPLOYED 

Male Female 
Applicants Employed Applicants Employed 

University 65 31 10 5 
College 143 70 36 20 
High School 275 125 175 82 
Elementary School 46 17 360 152 
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TABLE 11 TABLE 12 

RATS RUNNING A MAZE RAINFALL PER YEAR 
(Time in Minutes) (Amount of Inches) 

Relative Relative 
Fre- Cumulative Cumulative Fre- Cumulative Cumulative 

Minutes quency Frequency Frequency Inches quency Frequency Frequency 

.5- 1.5 36 36 .44 20-22 2 2 .04 

1. 6- 2.5 11 47 .53 23-25 1 3 . 06 

2.6- 3.5 12 59 • 72 26-28 4 7 .14 

3.6- 4.5 7 66 .80 29-31 6 13 .26 

4.6- 5.5 5 71 .87 32-34 11 24 .48 

5.6- 6.5 2 73 • 89 35-37 10 34 .68 

6.6- 7.5 4 77 .94 38-40 7 41 .82 

7.6- 8.5 3 80 .98 41-43 4 45 .90 

8.6- 9.5 1 81 .99 44-46 3 48 .96 

9.6-10.5 1 82 1.00 47-49 2 50 1.00 

In Table 11, the frequency clusters in the first three intervals--72% fall 

there. Host of the rats can run the maze fairly quickly. There are two very slow 

ones out of the 82. In Table 12, the frequency clusters near the center rather 

than at one end as the previous one did. There are about as many items at a given 

distance above the center as below. We say the distribution is nearly synnnetric. 

From the relative cumulative frequency we see that about a quarter of the items are 

below 31 and about 18% are above 40. 

The thing that stands out in 

Table 13 is the lonely outlier, 

the one case of a hardness in the 

interval 85-89. Is that real or 

was a mistake made in recording 

the value? An outlier is usually 

a signal for further investigation. 

If it is a mistake, it is a remin

der that care is needed in reading 

and recording data. If it is a 

correct value, what happened to 

make that particular piece of 

steel so different from all the 

others? 

TABLE 13 

HARDNESS OF STEEL 
(100 Samples) 

Hardness Frequency Hardness Frequency 

40-44 1 65-69 19 

45-49 4 70-74 0 

50-54 13 75-79 0 

55-59 26 80-84 0 

60-64 36 85-89 1 

Data from Statistics: A New Approach by W. A. Wallis and Harry V. 
Roberts, published by Free Press, p . 206. 

Permission to use granted by Free Press, Macmillan Publishing Com
pany , Inc . 
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INTERPRETING FREQUENCY TABLES 

Looking at data organized into a frequency table may enable us to pick out a 

general pattern. Here are two frequency tables with quite different patterns. 

Exercises 

9. Interpret the data in this table by answering questions such as: 
a) Is it a homogeneous group? 
b) Will any students probably need special attention? 
c) Are the IQ's scattered widely or fairly well concentrated? 
d) How would you answer questions (a), (b) and (c) if the top and bottom stu

dents were transferred to another room? 

50 IQ SCORES OF 6TH GRADE STUDEliTS: 

I.Q. Frequency I.Q. Frequency 

80- 84 1 110-114 15 
85- 89 0 115-119 6 

90- 94 3 120-124 0 

95- 99 7 125-129 0 

100-104 9 130-134 1 

105-109 8 

10. What do you see in the data below? Could you pick out which is a child's book 
and which is an adult's? 

WORD LENGTHS IN BOOKS A AND B 

Cumulative 
Number of letters Frequency Cumulative Relative Relative 

in words Frequency Frequency Frequency 
A B A B A B A B 

1- 2 14 11 14 11 .22 .22 .22 .22 

3- 4 25 21 39 32 .38 .43 .60 .65 

5- 6 10 12 49 44 .15 . 25 . 75 .90 

7- 8 8 5 57 49 .11 .10 . 86 1.00 

9-10 7 0 64 49 .12 .oo .98 

11 12 1 0 65 49 .02 .00 1.00 
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11. Consider this table. Does the telephone company have any favorites? Would you 
get a similar distribution for the first digits? 

LAST DIGITS IN A COLUMN OF TELEPHONE NUMBERS 

Last Digit 0 1 2 3 4 5 6 7 8 9 

Frequency 10 8 8 7 8 8 8 4 8 12 

12. Look at the table below. What is the largest possible count that might have 
happened? Are you surprised with the 12 as the first entry? Which interval 
did you expect to have the largest frequency? 

POSITION OF THE FIRST ACE IN A WELL-SHUFFLED 
PLAYING DECK OF 52 CARDS 

(The 12 in the First Place Means that an Ace Appeared as Either 
the First, Second, or Third Card in 12 Deals out of 50.) 

Position Frequency Position Frequency 

1- 3 12 16-18 4 

4- 6 5 19-21 2 

7- 9 11 22-24 2 

10-12 7 25-27 1 

13-15 6 28-30 0 

13. Look at Exercise 9. Some of the questions asked require clarification of 
meaning alone and then are factual. Other have embedded in them value judg
ments. Which parts of the exercise require understanding of value judgments 
before responding? 

14. Look at Exercises 10 and 11. Can you think of any reason why data like this 
might be collected? Is anyone likely to make a decision on the basis of such 
data? 
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ANSWERS TO EXERCISES 

1. The 145 in the 7th row, 1st column is what a small framed man 5 ft. 10 in. tall 
should weigh. The other 145 is the appropriate weight for a man with medium 
frame who is 5 ft. 8 in. tall. The ' blanks in the table indicate that there are 
not enough people at this height to arrive at a meaningful score. A large framed 
6'4" man should weight about 192 pounds. Each additional two inches in height 
has meant an increase of about 9 pounds so we add 183 + 9 = 192. A small framed 
5'5" woman might be expected to weigh about halfway between the weight of a 5'4" 
and a 5'6" woman or about 115 pounds. 

2. The drastic drop in birthrate in 1930 may reflect the effects of the great eco
nomic depression of 1929-30. The jump in 1950 is the baby boom after the 2nd 
World War. The steady decline periods were 1910-1935 and 1955-1973. 

3. The average salary of an elementary school teacher in 1967 was $6650. Use the 
proportion x/100 = 7300/109.9. For a high school teacher in 1975 the table 
gives $11,500. The 11.5 given as the average salary of all teachers in 1975 is 
probably an error. In every other year the corresponding figure is between that 
in the 2nd and 4th row. The average salary of all teachers should always lie 
between that for elementary and secondary teachers and nearer that of elementary 
teachers as there are many more of them. 

4. a) 

b) 

Heights Boys Girls Total Weights Boys Girls Total 

144 I l 27 I \ 
146 l \ 35 \ I 

147 I I 37 I I 
150 I I 40 II ll 

152 I CD 41 I I 1(1) 

153 \ I 11 42 I CD 
154 I (I) 45 I I \(l) 

155 I I 46 I I 

156 I \ (l I) 47 \ CD 
157 I I 48 I I 

158 I (I) 51 \ CD 
162 t I 11 53 11 11 
165 I I 

The 
and 
two 

1 t be Somewhat nearer together in both height girls in the c ass seem o 
weight than the boys. The four smallest individuals are boys as are the 
largest. 
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c) Heights 

Interval Tally Frequency Interval Tally Frequency Cumulative 
Frequency 

143-145 I 1 144-146 \I 2 2 
146-148 II 2 147-149 I 1 3 
149-151 I 1 150-152 \\ 2 5 
152-154 ll 11 4 153-155 Ill\ 4 9 

155-157 1111 4 156-158 llll 4 13 
158-160 I 1 159-161 0 13 
161-163 II 2 162-164 ll 2 15 
164-166 I 1 165-167 I 1 16 

d) Weights 

Interval Tally Frequency Cumulative Frequency 

26-29 \ 1 1 
30-33 0 1 
34-37 II 2 3 
38-41 \\ll 4 7 

42-45 l\l 3 10 
46-49 111 3 13 
50-54 I\\ 3 16 

e) Stem-and-leaf diagrams 

Weights Heights 
Interval Stem Leaves Interval Stem Leaves 

25-29 2 7 140-144 14 4 
30-34 3 145-149 14 6 7 
35-39 3 7 5 150-154 15 2 3 3 0 4 

40-44 4 1 0 1 0 2 155-159 15 7 8 6 6 5 
45-49 4 8 5 7 6 5 160-164 16 2 2 
50-54 5 3 3 1 165-169 16 5 

f) See the answers for (c) and (d). 
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5. a) Heights b) Weights 

Interval Tally Frequency Cumulative Interval Tally Frequency Cumulative 
Frequency Frequency 

135-137 I 1 1 26-29 I 1 1 
138-140 0 1 30-33 I 1 2 
141-143 I 1 2 34-37 ti 2 4 
144-146 \I 2 4 38-41 .IBf I 6 10 

147-149 Ill\ 4 8 42-45 .utt ...mt I 11 21 

150-152 u-+r I 6 14 46-49 ii 2 23 
153-155 \l 2 16 50-53 l-Ht 5 28 
156-158 .1-\-tr I 6 22 54-57 0 28 

159-161 .I-Ht I 6 28 58-61 II 2 30 
62-65 I 1 31 

162-164 2 30 11 

165-167 0 30 
168-170 I 1 31 

c) Stem-and-Leaf for Heights 

Interval Stem Leaves 

135-139 13 5 
140-144 14 4 , 1 
145-149 14 9.5, 6 , 9 , 9 , 8 
150-154 15 2 , 2 , 2 , 1.5, 2, 1.5, 3 

155-159 15 8.5, 5 , 6.5, 9 , 6, 8.5, 6, 9, 7.5 
160-164 16 0.5, 3.5, 3.5, 1 , 1, 1 
165-169 16 8 

Stem-and-Leaf for Weights 

Interval Stem Leaves 

25-29 2 7.5 
30-34 3 1 
35-39 3 9. 7, 7, 7 

' 
8 

' 9 
40-44 4 3 , 3, 3 

' 
2 

' 
3, o, 2.5, 4, 4.5, 0.5, 4, 4, 0 

45-49 4 5 , 6, 6 
50-54 5 0 

' 
0, 2.5, 0.5, 1 

55-59 5 9 
' 

9 
60-64 6 2.5 

d) Heights 

Boys Girls 

Interval Tally Frequency 
Cumulative Tally Frequency Cumulative 

Frequency Frequency 

135-139 I 1 1 0 0 
140-144 II 2 3 0 0 
145-149 II l 3 6 I\ 2 2 
150-154 11 l 3 9 1111 4 6 

155-159 -Htr 5 14 l Ill 4 10 
160-164 II I 3 17 I\ I 3 13 
165-169 I 1 18 0 13 
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Weights 

Boys Girls 

Interval Tally Frequency Cumulative Tally Frequency Cumulative 
Frequency Frequency 

25-29 I 1 1 0 0 
30-34 I 1 2 0 0 
35-39 111 3 5 II 2 2 
40-44 ..1--1-tf II 7 12 l-1-tt I 6 8 

45-49 I 1 13 II 2 10 
50-54 111 3 16 II 2 12 
55-59 I 1 17 \ 1 13 
60-64 I 1 18 -- --

e) See tables for (a), (b) and (d). 

6. From tables (a) and (b), we can see patterns of clustering and spreading. Many 
children are near the center of the distribution and a few out at the ends. 
Tables in (d) show the boys differ among themselves much more widely than the 
girls. The stem-and-leaf diagrams in (c) give a vivid picture of heavy concen
tration at the center. The cumulative tables help to spot where the decile 
breaks are. All these ideas will be studied in the following sections on mean, 
median and mode and the one on range and deviation. 

7. The Suburban News poll seemingly talked to commuters who would want better ser
vice to the city. The Inner City Daily might have talked to people whose homes 
might be razed to make way for the highway and would naturally be against it. 
The numbers are not so important as the place the poll was made. A better plan? 
Wait for later. 

8. a) U: 47.7%; C: 49%; HS: 45.5%; ES: 37% 
b) U: 50%; C: 55.6%; HS: 46.9%; ES: 42.2% 
c) At each level women were more likely since a higher percent of applicants 

were hired. 
d) 243 men were hired compared to 259 women. 
e) Total number of men applying was 529 and 45.9% of them were hired. 

Total number of women applying was 581 and 44.6% of them were hired. 
f) A higher percent of male applicants was hired than female so it was more 

likely for a male applicant to get a job than a female. 
g) It seems curious that at each school level women applicants were more likely 

to be hired than men but in the total teaching profession men are more like
ly to be hired. The bias in the data is that so many more women applied for 
elementary school positions than men. Notice that the ratio of applicants, 
women to men, at the university level is 10/65 ~ .154; at college is 
36/143 ~ .252; at high school is 175/275 ~ .636 while at elementary school 
it is 360/46 ~ 7.83. 

9. a) No. 
b) Yes, certainly the one with IQ at 82. Probably the one with high IQ needs 

special attention to or sheer boredom will mean no work and probably low 
grades. 

c) Scattered widely. 
d) Now the group is fairly homogeneous. The IQ's are reasonably concentrated. 

The bottom three students may need special help but the rest should get 
along fairly well. 
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10. A has more long words so probably it is an adult book and Bis a children's. 

11. 0 and 9 seem a little more common than the others but not very much so. Firs t 
digits would probably have a similar distribution. 

12. Largest possible count is 49. Yes. I expected more in the 7-9 region. 

13. (a) and (c) are essentially factual. (b) requires value judgments. 

14. We might pick or discard a book for 3rd grade children by such a count as in 
E~er cise 10. Exerc is e 11 is merely a matter of interest. No decisions rest on 
this data. 



ORGANIZATION 

Placement Guide for Tabbed Dividers 

Tab Label Follows page: 

CONTENT FOR TEACHERS .............. . ........... ..... 14 
Gathering Data ... .... .. .............. ... ................ 18 
Tables .................................................. 28 
Graphs ......................... ... ..................... 48 
Scatter Diagrams ........................................ 68 
Mean, Median, Mode .......... .. .............. .. ...... . 82 
Range & Deviation .............................. . ...... 102 
Sampling .............................................. 130 
Experimental Probability ................................ 148 
Probability with Models ................................. 158 
Counting Techniques ....... ... ......................... 180 
Probability with Counting .................. ......... .... 198 
Inferential Statistics ......... ... .. .. ......... ... ......... 212 
Appendix-Computer Programs ....................... ... 242 
DIDACTICS ... ... ......................... .. ........... 258 
Components of Instruction .............................. 258 
Classroom Management ................................ 294 
Statistics and Probability Learning ..... .......... ......... 310 
TEACHING EMPHASES .................................. 322 
Critical Thinking ....................................... 322 
Decision Making .................. .... ................. 332 
Problem Solving ........................................ 340 
Models and Simulations ................................. 352 
Calculators and Computers .............................. 362 
Laboratory Approaches ................ . ........ ..... ... 372 
CLASSROOM MATERIALS ....................... ... .... 386 
CONCEPTS AND SKILLS ............................. ... 386 
Gathering Data ... ...................................... 386 
Tables ................................................. 418 
Graphs ................................................ 434 
Scatter Diagrams ......................... ..... ......... 478 
Misleading Statistics ................................... .496 
Mean, Median, Mode .................................. 512 
Range & Deviation ..................................... 540 
Sampling .... .... ..................................... . 570 
Experimental Probability ................................ 604 
Probability with Models ................................. 634 
Counting Techniques ... ....... ........ ... ............. . 692 
APPLICATIONS ....... .. ............. ......... ......... 728 
Business & Commerce ............................. .. .. . 728 
Environment .... ... .. .............. .. .................. 744 
Health & Medicine ..................................... 772 
People & Culture ....................................... 794 
Recreation ....................... ... ................... 838 
GLOSSARY ............................................ 858 
ANNOTATED BIBLIOGRAPHY ........................... 862 
SELECTED ANSWERS .................................... 880 



---

INTRODUCTION 

When the data for a problem has been collected it may be organized into one or 

more tables. The impact of the numbers can usually be made more effective by a vis

ual presentation. This is done by means of drawing graphs of various kinds. These 

may be the common pictographs, circle graphs, bar graphs and line graphs, or the 

less well known scatter diagrams, histograms, frequency polygons and ogives. We 

will consider the first four in this section and the others in later sections. 

Graphs can be deceptive as well as meaningful. They may give as much misin

formation as good information. It is important to know how to draw graphs properly. 

It is perhaps even more important to learn to read a graph correctly. We do not all 

have to draw graphs, but vast numbers of charts and graphs appear regularly in news

papers and magazines. Therefore, it behooves us and our students to know whether a 

graph has been drawn to give us a true message. Also it is important to know what 

makes a graph good or bad. 

In this section of the CONTENT FOR TEACHERS, we will consider both the drawing 

and interpreting of poor and misleading graphs as well as of good graphs. However, 

the classroom activities on misleading graphs are in the MISLEADING STATISTICS section. 

As the data for the study of different types of graphs let us consider the 

types of milk sold at lunch at the schoql cafeterias in the George Washington, Thomas 

Jefferson, and James Madison schools. They sell skim milk, regular milk, and choco

late milk. Some students collected the data for a given day and made the following 

table. The data has been rounded to the nearst 25 cartons. 

TABLE 1 

NUMBER OF CARTONS OF MILK SOLD ON SEPTEMBER 28, 1976 

George Washington Thomas Jefferson James Madison Total 

Skim 50 75 100 225 

Regular 100 50 50 200 

Chocolate 150 200 225 5 75 

Total 300 325 375 1000 

PICTOGRAPHS 

A pictograph uses little drawings of the objects to represent the number in

volved. In this case, milk cartons were used. We draw two pictographs to show the 

facts at one school. One is good and the other is misleading. Can you pick out 

the misleading graph? 

- - --------- - --- -- --- -
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SKIM icEG,ULAR 

LJ " 25 CART0'1S 

Ill 
11111 

CHOCOLAlT 

Fig. 1. Amount of Milk of Each Type Sold at George Washington 
School on September 28, 1976 

SKIM 

50 

CARTOf\.lS 

REGULAR. 

100 
CARTONS 

CHOCOLATE 

150 
CARtOf\JS 

Fig. 2. Milk Sold at George Washington School 

GRAPHS 

Figure 1 is the correct one. In it, each symbol represents 25 cartons sold 

and the figure shows clearly that twice as much regular milk was sold as skim milk 

and three times as much chocolate milk as skim milk. Note the "key." It indicates 

how many cartons each sketched symbol stands for. All the symbols are identical. 

The comparison is made by examining the number of symbols sketched for each cate

gory. Fu~therrnore, the graph has a title indicating clearly what it represents. 

Figure 2 is misleading. The symbol representing regular milk is a carton 

drawn twice as tall as the one representing skim milk. But a similarly shaped car

ton twice as tall is also twice as wide and its area is four times as big thus 
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giving the wrong impression of the relative sales. If the symbols were drawn in 

three dimensions, the sales of regular milk·would seem to be 23 or 8 times as big 

as those of skim milk. Even though students may not know this exactly, they get an 

impression of relative size which is far too big. Pictographs should be drawn with 

the items all the same size and their number proportional to the corresponding num

ber in the table. 

Exercises (Answers given on pp. 64-68) 

1. Draw pictographs showing the distribution of the kinds of milk sold that day at 
the other two schools and for the total at all three schools. 

2. Draw a pictograph showing the distribution of the sale of chocolate milk at the 
three schools. Do the same for regular and for skim milk. 

3. Look again at Figure 2. Suppose our symbol were a test tube 
instead of a bottle. Comment on the figure to the right to 
represent the milk sold at George Washington School. Does it 
still have the defects of Figure 2? Why or why not? uU 

SKIM REG CHOC 

CIRCLE GRAPHS 
A circle graph is an excellent way to show the fractional parts into which a 

whole is divided. The circle is divided into sectors, one for each part. The cen

tral angles of the sectors are proportional to the fractional parts they represent. 

Thus to draw a circle graph of the data in the first column of Table 1, we deter

mine that the skim milk is 50/300 or l/6th part of the total sold. The regular is 

100/300 or l/3rd and the chocolate is 150/300 or 1/2 of the total. Doing this for 

each of the other schools we get Table 2. 

TABLE 2 

FRACTIONAL PARTS OF MILK SOLD 

George Washington Thomas Jefferson James Madison Totals 

Skim 50 _l_Q_ = 1 
75 

3 
100 

4 
225 

9 .23 - -::::: .17 l3 ""'.23 15 ""' . 27 -;:: 

300 6 40 

Regular 100 100 = 1 
50 

2 
.15 

2 
.13 200 

8 3;:::: .33 -:::; 50 -:::; 40 ~ .20 
300 13 15 

Chocolate 150 150 = 1 
200 8 .62 9 .60 23 

- ""'.50 - ~ 225 -::::; 5 75 -~ .57 
300 2 13 15 40 

Total 300 325 375 1000 
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Since there is a total of 360° in the angles at the center of a circle we de

termine the angles of the sectors for Thomas Jefferson as .23 x 360° = 33°, 

.15 x 360° = 54°, and .62 x 360° = 223°. The angles for the other graphs are com

puted in like manner. The result is Figure 3. 

GEO~G.E WASl-{11...lGTO~ THOMAS JEFFE~SO~ jAMES MADISOtJ 

Fig. 3. Percent Sales of Different Kinds of Milk at Three Schools 

Exercises 

4. Make a circle graph of the total sales of the different kinds of milk at the 
three schools. 

5. Make a circle graph of the sales of skim milk at the three schools 

6. Make a circle graph of the sales of chocolate milk at the three schools. 

BAR GRAPHS 
A circle graph enabl es us t o compare the different percents for each school 

alone or to compare percents of, say chocolate milk, between schools. But we cannot 

make specific cross references very well. The reason is the circle graph does not 

give us the actual numbers of cartons of milk of different kinds or of the totals 

sold at the three schools. For instance, compare the record of chocolate milk sold 

at Jefferson School and at Madison, At Jefferson, a greater percent (62) was sold 

than at Madison (60). Yet a greater quantity (225 cartons) was sold at Madison than 

at Jefferson (200 cartons). How could we convey this information? In a circle graph, 

the circles are all the same size. If we try to make them of different size to 

represent the different totals we run into the same difficulty we had with picto-

-



-
CONTENT FOR TEACHERS GRAPHS 

graphs. The area does not increase at the same rate as the radius and the area 

carries the message to our eye. We need a figure whose area does increase at the 

same rate as the length of one of its sides. This is true of a rectangle of con

stant width. A graph using such rectangles is called a bar graph. It is used to 

compare totals. 

To draw a bar graph, draw a series of rectangles all of the same width. Any 

convenient width will do. The distances between adjacent rectangles should be the 

same in each group. The length of each bar is made to correspond to the proper num

ber on an equally spaced scale on the appropriate axis. Some bar graphs have the 

bars vertical and some have them horizontal. Here is a vertical bar graph of the 

data in Table 1. 

GEORGE WASI-MJGTOl\l THOM.AS TEFFEl250N J"AME$ MADISOI\J 250------------------------------------------

en 200 
2 
0 
I-
D.<' 150 
<( 
u 
L,., 
0 100 
"# 

50 

$KIM REG. CHOC. SKIM RE.G. CHOC. SK.lM REG. CKOC.. 

Fig. 4. Number of cartons of milk sold on September 28, 1976 

For any graph, it is very important that it be clearly labeled. If the data 

is qualitative such as the types of milk sold, each bar should be identified. If 

numerical data is involved such as the number of cartons, the scale should be care

fully and accurately marked on the appropriate axis. In this case it is the vertical 

one. 

Another way of graphing this same data is shown in Figures 5 and 6. One of 

these is well-drawn, the other poorly. Do you see why? 
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L.\QO...------------------~ 

SK\M 

300 

SK.lM 

300 2.00 

RE.GULAR 

'2.00 100 

0-\0C. 

100 0 
GEORGE THOlV\AS :TAMt:S GEOR.G£: TI-IOMAS JAME'::, 

¼:t-Cf" WA':,1-\11'\GiO>J JHH.RSOIIJ MADISON WASH! UGTCl~ TEFFEeSOt--i MAD\ so~ :It ()f ,___ ________________ __, 

CART0~'2, CA!cTON5 

Fig. 5. Milk Sold in 3 Schools Fig. 6. Milk Sold in Schools 

The poor one is Figure 5. In an effort to save space, the origin of the scale 

is omitted and the eye picks up a distorted image. Not only is the zero omitted, but 

the scale starts at 100. It looks as though the sales of chocolate milk in the 

Thomas Jefferson School were twice those in George Washington and about the same as 

those of skim milk in James Madison. Figure 6 shows the true relationship. If the 

eye is to get a quick picture of the data from the graph, we should be careful to 

insure it gets an accurate picture. 

Always be careful to include the zero of the scale of a bar graph. We will 

find this is true for most other graphs. Always include the zero of the scale of 

any graph. Be suspicious of any graph in which the zero is not shown. It is likely 

to be misleading, probably intentionally, but perhaps just carelessly. 

Exercises 

7. From the School Board reports f or your district or city, make a table showing 
at five year in t er v al s fr om 1960-1975 the total expenditures : or tea che~s' sal-

aries, administr a to rs ' salaries , maintenance, books and supplies, and miscellan-
eous. 
a) Make circle graphs for each year. 
b) Make bar graphs for each year. 
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8. Look back at Exercise 7. 
a) What kinds of questions are best analyzed with a circle graph? 
b) What kinds of questions are best analyzed with a bar graph? 
c) What questions that seem to be analyzable from the data are not well ex

pressed by either graph? 
d) For what questions does it not matter which graph you use? 

9. Draw circle graphs for each of the four years in Table 3. The startling change 
might be made even more forcible by using different colors for the five parts o f the 
circle. Can you be sure that the number of teachers getting $11,500 and up in 1974 
is - actually greater than the number in 1970? What assumption would you have to make 
to be sure this is true? Do you believe the assumption is correct? 

TABLE 3 

PERCENT OF TEACHERS AT EACH LEVEL 

SALARIES 1960 1965 1970 1974 

Under $7,500 88.1 81. 8 36.6 8.9 
7,500 - 8,499 11.9 10.1 19.7 14.6 
8,500 - 9,499 -- 5.5 14.4 15.6 
9,500 - 11,499 -- 2.6 19 . 1 28.1 

11,500 and up -- -- 10.3 32.7 

Data from Statistical Abstract of the United Stat es, 1976, Table 220, p. 134. 

10. Make graphs for the data in Table 4. You should make a circle graph for each 
row of the table and a bar graph for each column. Circle graphs are suitable for the 
rows but for the columns they would be almost useless. Why? What does the graph of 
the elementary school enrollment show? What does this indicate about the future of 
hi gh school and college enrollments? Could you make any such predictions about f ut
ure elementary school enrollments? In 1960 and 1974 the numbers in the columns do 
not add to give the totals. Why? 

TABLE 4 

ENROLLMENT rn SCHOOLS AND COLLEGES 
(In Millions) 

Total Elementary High School College 

1950 30.3 21.4 6.7 2.2 
1960 46.3 32.4 10.2 3.6 
1970 58.9 36.8 14.7 7.4 
1974 58.3 34.0 15.4 8.8 

SOURCE: U.S. Bureau of the Census 

Data from Statistical Abstract of the United States, 1976, Table 189, p. 119. 

55 



56 

CONTENT FOR TEACHERS GRAPHS 

LINE GRAPHS 

Line graphs usually represent the relationship between two variables. Frequent-

l y one of the variables is time and the graph shows how the other varia bl e changes 

with time. Thus from the last column of Table 4, we can make a line graph (see 

Fig . 7). The graph has a title and scales 

on both axes. First, we mark points for 10 

th e data as given in the table. These 

points are connected by segments of 

straight lines. We do not know what the 

correct values are at such years as 1956 
0 ..._ _____ ..._ _____ ...._ ___ _ _ _ 

1950 19G0 19'10 74 
or 1972. Drawing a straight line means Fig. 7. Enrollment in College 

that lacking other evidence we assume the in the U.S. (in millions) 

change was steady between the two points. If we had additional data we would put in 

the proper points and use them to draw a more accurate graph. 

Graphing the data in the first row of Table 3 gives the result shown in Figure 8. 

100 

,__ 

--75 
p 

E 
R 50 
C 
E 
N 25 
T 

'-

~ 
~ 

"' ~ 
19GO 19G5 1970 1975 

Fig. 8. Percent of Teachers Earning Under $7,500 

The additional data is in Table 5. Using it we get Figure 9. The additional 

information changes the picture a bit but not as drastically as it might have. 

100 

TABLE 5 

TEACHERS EARNING UNDER $7,500 75 
p 

Year Percent E 

1960 88.1 
R 50 
C 

1965 81. 8 E 
1968 61.1 
1969 49.5 

tJ 25 
T 

1970 36.6 
1971 24.7 
1972 20.3 19GO 19GS 1970 1975 
1973 14.9 Fi g. 9. Percent of Teachers Earning Under $7,500 
1974 8.9 
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THREE GRAPHS IN ONE 

The next graph drawn from the data in Table 6 shows how several line graphs on 

the same grid can yield additional information. 

TABLE 6 

TEMPERATURES ON A DAY IN OCTOBER AT TWO-HOUR INTERVALS 
(Temperature in Celsius) 

12 2 4 6 8 10 12 2 4 6 8 10 12 
Midnight A.M. Noon P.M. Midnight 

Eugene, OR 13 10 11 14 16 24 28 28 29 22 17 11 8 

Phoenix, AZ 24 24 22 22 24 28 30 30 27 26 22 23 23 

Andover, HH 10 10 12 14 16 17 18 16 13 13 8 6 5 

A scale for time is drawn on the horizontal axis and for temperature on the 

vertical axis. We mark points corresponding to the numbers for each city and con

nect those for Eugene with dots and line segments, those for Phoenix with solid line 

segments and those for Andover with broken line segments. The resulting graph is 

displayed in Figure 10. 
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OR 
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Fig. 10. Temperatures on a Day in October at Two-Hour Intervals 

Notice that the zero point on the vertical scale is carefully marked. The 

horizontal scales has a beginning point at 12 midnight but this is not really a zero. 
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We have put all three graphs on one grid because we wanted to compare the tem

peratures in the three places at a given time. The graph also shows how the temper

ature changes in each locale as the day progresses. In all three, the change is 

f rom low to high and back to low. This is called a cyclic pattern since it would, 

at least roughly, be repeated in succeeding days. 

Such repetitions, or cycles, could be noticed by 

reading the table carefully but for most people 

the graph makes the point more quickly and 

easily. Likewise, the graph makes obvious the 

fact that in Eugene, the temperature varied 

much more during this 24-hour period than at 

Phoenix or Andover. 

From this graph we can estimate the temper

ature at times not given in the table. Thus at 

3 P.M. the temperature at both Phoenix and Eugene 

is a little over 28° while at Andover it is about 

14.5°. Estimating temperatures even at 2 A.M. on 

the next day is much more uncertain. Probably that at Andover will be near 5° and 

that at Phoenix between 20° and 25°. More data over longer periods of time might 

help in looking ahead. Such forecasting is the business of many professional sta

tisticians particularly in business and economic affairs as well as in weather. 

Even when they use great care, later events frequently prove that forecasters make 

mis t akes. 

Exe rcise 

11. Consider Table 7 on the following page. In order to make good line graphs from 
this data the horizontal and vertical axes must be scaled properly. Equal in
tervals on the horizontal axis should correspond to equal time spans. Note 
that some of the dates are 20 years apart, some ten and some five or less , The 
vertical scale probably should have units of 100,000 and not of 1000 as given 
in the table. The six columns should give us six graphs. All six drawn on the 
same grid would be confusing. But to compare them, we might want two or three 
so drawn. Which ones? Maybe the first and fourth. Maybe the first, second 
and third. On three different sets of axes draw the six line graphs for this 
data putting together those you feel are most appropriate. As we pointed ou~ 
before in connection with Figure 10, projections into the futur e ar e uncert ain 
although sometimes very important. To indicate this uncertainty when a point 
is plotted for an estimated or projec'ted value as for the last three in 
Table 7, the line segments connecting them to known points or to each other 
should be dotted. 
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TABLE 7 

HIGH SCHOOL A.~D COLLEGE GRADUATES 1900-1984 

High School Graduates College Graduates 
in Thousands in Thousands 

Total Male Female Total Male Female 

1900 95 38 57 27 22 5 
1920 311 124 188 49 32 17 
1940 1221 579 643 187 110 77 
1950 1200 571 629 432 329 103 
1955 1351 648 703 286 183 103 
1960 1864 898 966 392 254 138 
1965 2665 1314 1351 501 289 213 
1970 2896 1433 1463 792 450 341 
1975 Es tirnated 3139 1554 1585 944 522 422 
1980 Projected 3083 1527 1556 NA 555 497 
1984 Projected 2728 1351 1377 NA 571 513 

Data from Statistical Abstract of the United States, 1976, Table 231, p_ 140. 

MISLEADING LINE GRAPHS 
Consider the data in Table 8. 

TABLE 8 

PUBLIC DEBT OF THE FEDERAL GOVERNMENT 1960 - 1974 
(in Billions of Dollars) 

Gross Debt Interest Paid Interest as a Percent 
of Federal Outlay 

1960 $284.1 $ 9.2 10.0 
1962 295.4 9.1 8.5 
1964 308.1 10. 7 9.0 
1966 316.1 12.0 8.9 
1968 345.4 14.6 8.2 
1970 370.1 19.3 9.8 
1972 426.4 21. 8 9.4 
1974 474.2 29.3 10. 9 

Data from Statistical Abstract of the United States, 1976, Table 401, p. 246. 

To present this data graphically a bar graph might be drawn. To indicate the 

historical trend probably a line graph is better. But a line graph can be mislead

ing as well as the pictographs we saw earli er. Figu re 11 is a line gr aph of th e 

data in the first column of Table 8. 
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It is a nice graph but it deceives the eye. It looks as though the debt in 

1974 were four times that of 1960. See what a different impression Figure 12 gives. 

$500 

!f. 4oo 

t/1 s300 
2 

/ 
/ 

l---' 
/ 

L.-----
0 
J 
...I $200 iij 

$100 

0 
19GO G2 G-4 GG GB '70 '7'2. 74 

Fig . 12. Gross Public Debt of the U.S. (in Billions of Dollars) 

What makes the difference? In Figure 11, the starting point (O) of the verti

cal scale is missing, the first 250 units are missing, and the unit of the scale is 

twice as large as that in Figure 12. The combination makes the rise in debt seem 

even more drastic than it actually is. Goodness knows the facts are bad enough but 

at least the perspective is better. 
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Sometimes the values we are plotting are all fairly far from zero. We do not 

want to have a wide empty space on the graph and yet we do not want to omit the zero 

point on the scale. We use a device called a zero break to overcome the difficulty 

at least partially. A zero break on the horizontal axes looks like this. 

300 400 

The~ calls attention to the omission of part of the axis from Oto 300. 

Table 9 gives th .e height of one boy from age 10 to 20. 

TABLE 9 

HEIGHT OF SAM JONES FROM AGE 10 

Age in Years 10 11 12 13 

Height in Cm 130 135 136 145 

The zero breaks on the two axes 

are clear signals of what has been done. 

The reader can adjust his interpreta

tion to this fact. 
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AGE IN YEARS 

Fig. 13. Graph of Height and Age 
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Now consider the data in Table 10. 

TABLE 10 

PUBLIC DEBT OF THE FEDERAL GOVERNMENT 
(in Billions of Dollars) 

Debt 
Interest as Percent 

Date Debt 
Interest as Percent 

Date of Federal Outlay of Federal Outlay 

1900 1.3 7.7 1940 43.0 11.5 
1905 1.1 4.3 1945 258.7 3.7 
1910 1.1 3.1 1950 256.1 14.5 
1915 1. 2 3.0 1955 272. 8 9.3 
1920 24.3 15.9 1960 284.1 10.0 
1925 20.5 28.8 1965 313.8 9.5 
1930 16.2 19.2 1970 370.1 9.8 
1935 28.7 12.6 1974 474.2 10.9 

Data from Statistical Abstract of the United States, 1976, Table 401, P. 246. 

If a graph were drawn of the debt at 5 year intervals from 1900 as given in 

Table 10 another picture would emerge. 
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Fig. 14. Public Debt of the Federal Government in 1900-1974 

Of course, part of the increase represents the inflation of the economy. Perhaps 

the third column of Table 8 and the third and sixth column of Table 10 would make 

interesting graphs. 
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Exercises 

12. Draw a line graph of the interest paid on the public debt from 1960 to 1974 
using data from Table 8. 

13. Draw a line graph of interest as a percentage of federal outlay. Use data 
from Table 10 . 

14. Compare the graphs in Exercises 12 and 13. What conclusions can you draw? Do 
you feel the graphs help to interpret the data better than the tables? 

15. What kind of conjectures might be made about the past, present and future fi
nancial status of the United States based solely on the graph in Figure 14? 

16, Answer the question asked in Exercise 15 if it were based solely on the graph 
you drew in Exercise 13. 

17. Now answer the same question but base the answer on both graphs: the one in 
Figure 14 and the one in Exercise 13. 

SUMMARY 

To draw a good line graph from a given table 

1. Select appropriate scales for both axes. 

2. Be sure to include the zero of the vertical scale and if possible, of the 

the horizontal scale. 

3. Mark the scale points on both axes. 

4. Plot the points carefully and designate them clearly. 

5. Draw the line segments connecting the points with care. Use a ruler. Use 

dotted lines to connect estimates to known values. 

To read a graph 

1. Be suspicious of a graph that does not show the zero of its scale. 

2. Do not trust a graph in which the scale is not shown at all. 

3. If the graph indicates that some points are the r esults of estimates, be 

grateful to the source but be wary. Estimates have a way of frequently 

not coming off. 

4. The points plotted are as accurate as the data. But values on the line 

segments connecting the points are not necessarily accurate. Be careful 

of them. 

5. Do not use a graph to estimate future values except with great caution and 

tentativeness. Figure 11 seems to show that the federal debt is going up 

steadily and at an i nc reasing rate. Figure 14 shows that the rapid in

creases in the past were when the United States was involved in a war. 

With no war on in 1976, will the increas e slow down or not? We simply do 

not know and the graph does not tell us. 
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ANSWERS TO EXERCISES 

1. 

Thomas 

Je fferson 

James 

Madison 

School 

All 

Schools 

Together 

Skim 

Regular 

Chocolate 
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Regular 

Chocolate 
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Regular 

Chocolate 

2. Chocolate GW 
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GRAPHS 

Key CJ 25 cartons 

Key CJ= 25 cartons 

Key t=J = 100 cartons 

Key CJ= 50 cartons 

Key CJ= 50 cartons 

Key r=J = 50 cartons 

3. This figure does not have defects. Since the test tubes have the same diameter 
their heights do indicate the correct ratios of numbers of cartons sold. 
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7. From Statistical Abstract of the United States, 1976, Table 227, p. 138. 
given in millions. 

Operation & Fixed 
Administration Instruction Maintenance Charges Other 

1960 528 8,351 1,508 909 1,033 
1966 938 14,445 2,387 1,701 1,583 
1970 1,607 23,270 3,512 3,267 2,562 

1960 1966 1970 

Note that in spite of drastic increases the percentages change hardly at all. 
The four circle graphs are practically not distinguishable. 

AD = ADMlts.11-STRAiOR 

300 I t\l = It,.JSTlcUCT!Ot\.l 

OP = OPERATION 
FC = ~IXE.D Cl-4At,JGES 

'2.50 OT -= OTHER 

'200 

150 

Totals 

Total 

12,329 
21,053 
34,218 

O 1.00 
vi 
Cl 
Lil 
Ol 
0 
2 
::, 
:r 

so 

0 
AD HJ OP K OT AD TN OP FC OT AD rn OP FC OT AD w OP FC OT 

19GO 19GG 1970 '19'7'7 

8. a) Circle graph is best in looking at percents of a total both in one year and 
from year to year. 

b) Bar graphs compare totals in actual amounts rather than percents. They also 
show changes over a time period. 

c) The rate of growth. 
d) Reasons for the change. Comparisons to cost of living. 
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a third as many teachers in 1974 as in 1970, 
then you are sure. For example, 10.3% of 
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5,000,000 = 1,620,000. This assumption is 
certainly correct so we are safe in making the 
statement. 
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Elementary school enrollments dropped in 1974 indicating a probably drop in high 
school enrollments in 1980 and in college enrollments in 1985. No predictions 
can be made from this data. 

11. 
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Interest on Public Debt 

13. 
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Interest on the Public Debt as a Percent of Federal Outlay 

14. The only comparable parts are the part from 1960 on. Although the amount of 
interest paid is rising steeply the percentage of the total outlay is almost 
constant. This reflects inflationary increases in the total budget and rising 
deficits. The graphs certainly make more visible the facts. 

15. This graph seems to indicate a long period of financial stability up to 1940 
and then a dramatic increase in the public debt. The growth of the debt is 
sharp in the war period, 1940-1945, but even after that it seems to be increas
ing exponentially as we head for economic disaster. 

16. In Exercise 13. It seems as though we have had a long stable period from 
1945-1974. The cost of the debt remains at a constant percent of public spend
ing. so what are we afraid of? 

17. Combining both Figure 13 and the figure in Exercise 13, we see that the gross 
national outlay is increasing at roughly the same rate as the debt. Either 
inflation is taking a terrible toll or the whole economy is surging ahead or 
perhaps both are influencing the picture. But in either case the debt is no 
more to be worried about now than it was in 1940. 
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INTRODUCTION 
Look back at the graphs in the previous section. Pictographs, circle graphs 

and bar graphs were essentially concerned with picturing "how many" of a certain 

item. We had pictographs of how many bottles of milk were sold. We had circle 

graphs and bar graphs of how many bottles of skim versus how many bottles of regu

lar or chocolate milk were sold. Line graphs on the other hand represented the 

relationship between two different kinds of things, quantities or variables. Tem

perature changes with the time of day, the public debt changes with the year and 

so do the number of high school or college graduates. 

Now we turn to an extension of these ideas. Consider the following three cases. 

Suppose we want to explore the possible relationship between the height and weight 

of individuals or the income of a family and the appraised value of the home owned 

by the family or the weight of an automobile and the number of miles it goes per 

gallon of gas. Are these two variables related in any way? If one of them in

creases, does the other increase or perhaps decrease? If we have the data, can we 

record it in a graph in such a way as to help answer these and other questions? 

A scatter diagram may do this very effectively. 

DRAWING A SCATTER DIAGRAM 
To make a scatter diagram, first select and mark a scale for one variable, say 

the height, on the horizontal axis and a scale for the other variable, say the weight, 

on the vertical axis. The scales will usually not be the same since the two items, 

in this case, height and weight, are measured in different units, cm and kg. The 

scales for different units do not have to be equal. The choice of which variable is 

recorded on the horizontal and which on the vertical axis is somewhat arbitrary. 

Usually we think of a person's weight as depending on the height. We mark weight 

on the vertical and height on the horizontal axis. Similarly in recording income 

and value of the home, we would put the value of the home on the vertical axis since 

we feel it depends on the income. 

Next we plot a point on the diagram for 

each pair of numbers in the data. Thus if Tom's 

height is 143 cm and his weight is 44 kg, we go 

over on the horizontal scale to 143 and go up 

to a point opposite 44 on the vertical scale. 

A dot (e) is made at this point to record the 

two numbers (see Figure 1). 
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TABLE 1 

WEIGHTS AND HEIGHTS OF A FIFTH GRADE 

Sex Height in cm Weight in kg 

M 162 53 

F 152 41 

M 153 48 

M 153 37 

M 146 40 

M 157 41 

F 158 45 

F 156 47 

Using the data in Table 1, we make 

a scatter diagram of weight against 

height. Equal scales have been used 

even though they are not necessary. 

The result is Figure 2. 

The purpose of a scatter diagram 

is to give some feel for the relation

ship between the two variables. We 

can see from Figure 2 that, in general, 

as height goes up so does weight. 

Sometimes a trend line for the data 

can be drawn. One easy way is to take 

a black thread and stretch it across 

the figure or use a transparent ruler. 

What you want is a line that seems to 

11fit" best. It should have about the 

same ntllllber of points above it as 

below it. We have drawn one such line. 

Yours might differ somewhat but the 

trend would still be evident. 

SCATTER DIAGRAMS 

CLASS 
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There are ways of determining the line of best fit exactly but we are content 

now with a line fitted by eye. Some students working with a scatter diagram for 

the first time will try to connect all the points by segments to get a line graph. 

It is sometimes hard to know when this is justifiable and when it is not. One good 

suggestion is that if the data comes from a survey or an experiment you should expect 

the graph to be a scatter diagram. Even here it may depend on how you are looking 

at the situation. If you want to see how the temperature at Eugene changes during 

the course of a day the line graph of Figure 10 in Graphs in the CONTENT FOR TEACH

ER section is appropriate. If you want to study the relationship between heights 

and weights of children, a trend line fitted to a scatter diagram as in Figure 2 

above seems proper. 

Look at Figure 2 again. There is no reason to have the same scales on both 

axes. In Figure 3 we change them. A real defect in Figure 2 is the lack of a zero 

point on both scales. This is poor technique for any graph as it fails to indicate 

the relative size of the change in the variables with respect to their starting 

values. The change in weight of a man from 50 to 55 kg is much less significant 

than the change in the weight of a baby from 5 to 10 kg. Figure 3 has zero points 
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Fig. 3. Weight vs. Height in a Class of 5th Grade Children 
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but now the concentration of points in the upper right corner is so tight that the 

trend is harder to spot. Furthermore a large part of the graph is totally empty. 

We try again in Figure 4 with different scales and a zero break. 
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Fig. 4. Weight vs. Height in a Class of 5th Grade Children 

The zero points on the scales are included. The squiggle on the horizontal 

axis calls attention to the fact we have omitted part of the graph. The scatter di

agram now looks fine. We might have continued the zero break to 140. The reason 

for only going to 130 will be evident shortly. 

CORRELA TI ON 

The trend line gives some idea of the relationship between the two variables, 

in this case the height and weight. If the points are all close to the line we say 

there is a good correlation between the variables. If the line goes upward to the 

right (as in Figure 4, where weight increases with height), then the correlation is 

positive, The highest correlation is detennined if all the points lie exactly on 

the trend line. In this case, the correlation is equal to 1. A negative correla

tion results if the trend line goes down to the right. The correlation is zero if 

no trend line can be drawn. Figure 5 illustrates various possibilities. 
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Fig. 5. Scatter Diagrams Showing Various Correlations 

Usually the points will not be as evenly scattered as those in Figure 5 and the 

correlations may be hard to approximate without extensive calculations. We can 

still estimate whether the correlation is positive or negative and whether it is 

near -1, 0 or +l. 

A trend line gives some idea of the relationship between the variables. Using 

it we may be able to predict from Figure 4 that a 5th grade child 151 cm tall will 

weigh about 39 kg. Could we use it to predict the weight of a child 130 cm tall? 

No. Why not? 

Exercises (Answers given on pp. 81-82) 

1. Make a scatter diagram of weight vs. height for the data in the table on the 
following page. Put in a trend line. Make another diagram of height vs. weight. 
Which is correct? Which do you prefer? Why? 

2. Make scatter diagrams of weights vs. heights for the boys and girls separately 
in the class you just worked with in Exercise 1. Put in the trend lines. Do 
either or both of them match the trend line in Exercise l? 
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HEIGHTS AND WEIGHTS OF A FIFTH GRADE CLASS 

Sex Height in cm Weight in kg Sex 

M 158.5 43 F 
F 155 43 M 
M 149.5 43 M 
F 152 50 M 

F 160.5 42 F 
M 168 50 M 
M 156.5 43 F 
M 159 45 M 

F 152 40 M 
M 146 42.5 F 
M 156 44 M 
M 163.5 52.5 F 

F 152 39.5 F 
M 151.5 37 F 
M 163.5 50.5 M 
F 149 46 

3. A can with some holes in it was filled with 
water several times. A scatter diagram of 
the amount of water left at certain inter
vals was made in Figure 6. Put in a trend 
line. About how much water would be in the 
can at the end of 10 seconds? About when 
will the can be empty? What can you say 
about the correlation between the water 
in the can and the time since it was 
filled? 

4. In one case in Figure 5, no trend line 
seemed possible. What significance does 
this have with respect to the two variables? 

5. If a trend line is drawn, what reason would 
we have to extend it beyond the data we 
have? What dangers are involved if we do 
extend it? See Figures 3 and 4. 

SCATTER DIAGRAMS 
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DUPLICATE VALUES 

A survey of 20 families was made to determine the family income and the value 

of their home (in thousands of dollars). It was recorded in Table 2. 

TABLE 2 

INC011E .AND VALUE OF HOME 
(In Thousands of Dollars) 

Income Value Income Value 

16 31 22 
8 22 15 

11 23 15 
10 28 20 
24 41 10 

10 28 13 
9 17 18 

13 28 9 
19 42 15 
10 28 12 

In Table 2, there are 

several duplicate sets of 

data. In order to repre

sent them on the scatter 

diagram (see Figure 7), 

we have grouped them 

around the proper point 

with little arrows point

ing to this spot. In 

this way, attention is 

drawn to them in Figure 7. 
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Fig. 7. Value of Home vs. Income 
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CURVES OF BEST FIT 

Sometimes the points of the scatter diagram will seem to fit better on a curve 

than on a straight line. If so, you may want to sketch in the curve. This may be 

fine but never erase the points of the scatter diagram and leave just the line or 

the curve. If Figure 8 is the actual scatter diagram and Figure 9 is your sugges

tion for a fitted curve, that is fine. Someone else may say "That's a poor fit" and 

may even try a straight line as his gu~ss, But to give only Figure 10 is misleading. 
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Scatter Diagram of Hypothetical Data 

INTERPRETING SCATTER DIAGRAMS 

What can we learn from a scatter 

diagram? A scatter diagram is used to 

display a comparison between two vari

ables associated with a given set of 

individuals. If we draw such a diagram 

for the family income and a student's 

grade point average, we might get a 

scatter diagram like Figure 11. 
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Fig. 11. Student's Grade Point Average 
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The correlation here seems close to zero. We could not predict what a student's 

family income is if we know the grades. Neither could we predict the grade point 

average if we knew the family income. 

On the other hand a diagram of a student's grade point average and the number 

of hours studied per week might look like Figure 12. 
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Fig. 12. Student's Grade Point Average vs. Hours Studied per Week 

In this case, we (at least some of us) would see a trend line with a couple of 

outliers. We would be interested in the student who claims to study 20 hours a week 

and gets an average of 1, also the student who gets a 3.8 with only 2 hours a week 

of study. In general, we feel higher grades are the result of more studying but the 

graph certainly cannot tell us that. In some cases a reasonably high correlation is 

associated with a cause and effect relationship. If smoking causes lung cancer, 

there will be a high correlation between increased smoking and attacks of cancer. 

But it does not always work the other way. There may be a high correlation between 

smoking and lung cancer but there may be no causal relationship from either one to 

the other. 

A scatter diagram with a trend line marked may be useful in other ways. If we 

are careful, we may use it to make predictions. For instance, looking at Figure 12, 

if a student studies 15 hours a week, he should get about a 3 grade point average. 

We must be careful, however. It would not be correct to extend the line and say 

studying 25 hours a week would result in a grade average of 5. Such an average 

doesn't exist, so no matter how hard the student stuides, it can never be attained. 
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Fig. 13. Number of Accidents vs. Distance from Home 

A study of automobile accidents revealed that the closer to home the driver was, 

the more accidents there were. Figure 13 shows this. A trend line is clearly visi

ble. But does being nearer home cause a driver to get more careless and thus have 

more accidents? No. There are more accidents near home simply because more driving 

is done there. A correlation between two quantities as revealed by a trend line 

is no reason to assume causation from one to the other. 

MAKING PREDICTIONS 

When and how far may trend lines be extended to help in making predictions? 

This is a tricky and subtle question. Yet we do have to think about it because mak

ing reasonable predictions is one of the fundamental problems of statistics. In 

Graphs in the CONTENT FOR TEACHERS section, we considered a similar question brief

ly. In extending either the trend line of a scatter diagram or a line graph beyond 

the available data we must be sure we take into consideration all the information we 

have available. This is what we did at the end of the last paragraph knowing that 

the highest grade point average possible was 4. Extending the line in Figure 4 

thoughtlessly might lead one to say that a student 130 cm tall would weigh about 

4 kg, surely a foolish conclusion. Statisticians do use graphs about the public 

debt like Figure 14 in Graphs in the CONTENT FOR TEACHERS section to help in making 

predictions about the size of the debt in 1980 or 2000. We must realize they make 

these predictions, taking into account all the variables that are considered to have 
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any effect. Even so they are at best only fallible estimates. 

Perhaps the following illustration will help point up the problem. Suppose you 

put a tea kettle of ice water on your stove and turn the heat on. Now measure the 

temperature of the water every 10 seconds. The graph will look something like this: 
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Fig. 14. Temperature of Water vs. Time 

What will the temperature be after 65 seconds? We would say about 37° C. What 

about after 3 minutes? Since it seems to be going up about 35° every minute the 

water should be about 105°. But! The temperature never goes over 100° unless the 

water is under pressure. So in an ordinary tea kettle, it would be impossible to 

get to 105°. Actually, the trend line is wrong. The points do not lie on a 

straight line but near a curve that looks somewhat like Figure 15. 
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If we did not have the information about the boiling point of an unknown sub

stance in the kettle, we might well look at a scatter diagram similar to Figure 14 

and make a prediction which could be checked if further relevant data became avail

able. Predictions about the future should be made in the light of all the data we 

have but inevitably some relevant data is missing. We must recognize this and re

member that frequently we do have to act in the face of uncertainty. 

Predicting beyond the known points is called extrapolation and must be handled 

very carefully. Some physics laws enable us to predict accurately what will happen 

tomorrow. The sun will rise. Water will boil if I apply enough heat. But will my 

pay check go up next year. Maybe yes. Maybe no. To say yes because it has gone up 

for three years in a row is to ignore many factors which may make a big difference, 

To interpret the data in tables and graphs, two of the main objects we have 

considered are the amount and position of the clustering and the extent of the scat

tering. So far we have been content with a general impression of these ideas but to 

get a real handle on them we need to describe the distribution more exactly. This 

we will do in Mean~ Median and Mode and Range and Devia t ion in the CONTENT FOR 

TEACHERS section. 

Exercises 

6. Make a scatter diagram of the EPA gas mpg City vs. the weight of a car as given 
in the table below. 
a) Put in a trend line. 
b) Is the correlation positive or negative? 
c) Predict the EPA mpg City for a car weighing 3700 pounds. 
d) Predict the EPA mpg City for a car weighing 1000 pounds. 
e) Which prediction do you feel is more likely to be accurate? 
f) Predict the mpg for cars weighing 6000 pounds, 500 pounds. 

THE EPA ESTIMATES OF GAS CONSUMPTION 
(Weight in Pounds) 

Weight of the car 2150 2650 3195 3440 2024 1762 1970 2692 4085 2160 

EPA Gas mpg City 26 20 17 14 29 40 29 18 10 15 

EPA Gas mpg Highway 39 29 21 23 45 52 41 27 14 26 

7. Repeat Exercise 6 using highway mpg vs. weight. 

8. Do you think curves would fit the data in Exercises 6 and 7 better than the 
trend lines? If so, draw them in. Use the curves to predict the mpg of cars 
weighing 3700 and 1000 pounds. Could you predict the mpg for cars weighing 
6000 pounds? How about cars weighing 500 pounds? What precautions do you feel 
should be taken in making predictions from the table in Exercise 6? 
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ANSWERS TO EXERCISES 

1. and 2. 
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Same trend line seems okay for boys and girls separately as for total. 
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Again same trend line seems to be okay. Neither diagram is any more correct 
than the othe~. Probably the first one is preferable as most people feel weight 
depends on height and usually we put the dependent variable on the vertical axis. 
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3. At the end of 10 seconds about 115 cc of water will be left. The can should be 
empty in about 16 seconds. 
The correlation is negative and closer to -1 than to 0. 

4. If no trend line seems possible there is no correlation between the variables. 
We cannot predict one from the other. 

5. One should be very wary of extending a trend line. It is often done in statis
tics and is one of the ways economists forecast the state of the country. But 
long range forecasts are much more hazardous than short range ones. Estimating 
from Figure 3 the weight of a boy whose height is 140 cm as 20 kg is a lot safer 
than saying a boy 130 cm tall would weigh 2 kg. 
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e) 
f) 
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f) 

8. 

Correlation is negative. 
3700 lbs. • 10 mpg 
1000 lbs. • 42 mpg 
Probably that for 3700. 
6000 • trend line goes 
below 0. 
500 • 47 mpg 

Correlation is negative. 
3700 lbs. • 16 mpg 
1000 lbs. • 59 mpg 
Probably that for 3700 
6000 • off the map 
500 • 66 mpg 

City 

3700 • 12 mpg 
1000 • off the map 
6000 • 4 mpg 

500 • off the map 

Highway 

3700 • 18 mpg 
1000 • off the map 
6000 • 9 mpg 

500 • off the map 

Don't predict beyond 1500 
on the low side and beyond 
5000 except on the curve. 
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INTRODUCTION 
A set of data obtained either from a primary or from a secondary source is 

usually organized into a frequency distribution. The set may be a very large one 

and we would like some way of summarizing the data. If the data is divided into 

categories such as the various kinds of milk sold at a certain school, we might try 

to determine such things as which kind is most popular or what is the average num

ber of bottles sold. If the data is a set of numbers such as the weights of all the 

children in a given class we might be interested in determining: the least weight, 

the greatest weight, the most common weight, the average weight and the weight at 

the middle of the distribution. These numbers would be very different for the data 

from a third grade class and from a ninth grade class. We could use them to distin

guish between two sets of data. 

If we had to select one of these numbers to summarize or describe the class 

could we do it? Probably not, as the choice would depend on what aspect of the 

distribution we were interested in. Perhaps two or three of the numbers would do 

it. The least and greatest numbers determine the spread or range of the set. The 

other three each indicate something about the center of the distribution. Any one 

of them could be used to represent or locate the data but to describe it more com

pletely we should also know the range or some other number to tell us something of 

how the data clusters closely or varies widely around the center. 

In any set of numbers, the number that occurs most often is called the mode, 

the number at the middle is called the median and the average of all the numbers is 

called the mean. Usually there are many numbers in the data set but the methods for 

finding the mean, median and mode can be discussed just as well with data sets of 

relatively small size. In this section we will do this and save the study of the 

range and other measures of the variation of the set for the next section. 

THE MEAN OF A DISTRIBUTION 
Suppose there are n numbers in the distribution. 

The mean, or the arithmetic mean as it is sometimes called, is what most of us have 

in mind when we use the word average. Thus suppose we want to find the mean grade 
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of a student who has received grades of 68, 73, 

65, 78, 72, 80, and 65. The sum of the seven 
4 grades is 501 so the mean is 501/7 = 717 or about 

71. 6. 

We can think of the mean as a balance point. 

The mean of the numbers 1, 4, 9, 17, 19 is 10. If 

on a rod of length 20 units, where 20 is twice the 

mean 10, equal weights are hung at each of the 

five points as indicated in Figure 1 then 10 will 

be the balance point. If you put your finger under 

the 10, the rod and weights will balance. 

1 4 9 10 17 19 

·1 l lt I I 
MEAN 

Fig. 1. The Mean as a Balance Point 

Exercises (Answers given on p. 102) 

MEAN, MEDIAN, MODE 

1. Find the mean (average) of each of the following sets of numbers. 
a) 6, 9, 2, 12, 7 
b) 5, 5, 5, 5, 65 
c) 73, 85, 92, 63, 46, 83 
d) 73, 75, 77, 79, 81 

Can you do this one without adding and dividing? 
e) Make up a set of 5 different numbers for which you can get the mean with 

a minimum amount of calculation, 

USING AN ASSUMED MEA.i."l' 

Suppose we want to find the mean of the set 76, 78, 75, 68, 80, 71. Instead 

of adding up the fairly large numbers in this set, we can use smaller numbers if we 

proceed as follows. Inspect the numbers and guess a number that you think is near 

the mean. In this case, we might guess 75. We call this the assumed mean. Find 

the positive and negative differences between each number and the assumed mean. 

Write the positive and negative differences in separate columns. Add the numbers in 
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the two columns and then add the totals. 

The sum of all the differences is -2. 

Divide this sum by the count (6) 
-2 getting 6 and add this correction 

to the assumed mean to get the exact 

mean. Thus the mean is 
-2 1 2 

75 + (6) = 75 - 3 = 743. 

The reason this works is as fol

lows. Call the mean we are looking for 

M, the assumed mean Mand the correction 

number C. By definition, 

Numbers 

76 
78 
75 
68 
80 
71 

M =, 
76 + 78 + 75 + 68 + 80 + 71 

6 

The sum of the differences is 

MEAN, MEDIAN, MODE 

TABLE 1 

US ING AN ASSUMED MEAi.~ 

Assumed Mean Differences 

75 1 
75 3 
75 0 
75 I -7 
75 5 
75 -4 

Sum = 9 + (-11) = 

(76 - M) + (78 - M) + (75 - M) + (68 - M) + (80 - M) + (71 - M). 

-2 

This equals (76 + 78 + 75 + 68 + 80 + 71) - 6M. To get the correction number, di-

vide this by 6. 

Then (76 + 78 + 75 + 68 + 80 + 71) 6M C = - - = M - M. 6 6 

Therefore C +M= (M - M) + M = M or the exact mean equals the assumed mean plus 

the correction number. 

Exercises 

2. Use this method to find the mean of each of the following sets of numbers. 
a) 76, 78, 80, 82, 86 
b) 91, 76, 83, 78, 72, 85 
c) 3540, 3536, 3545, 3538 
d) 151, 146, 153, 149, 157 

A hand held electronic calculator makes finding a mean relatively easy. See 

Calculators and Computers in the TEACHING EMPHASES section. In the absence of a 

calculator, the above method is useful. With a little practice you can often do it 

in your head without even writing down the columns of differences as in Table 1. 

We want to find Tom's average if his grades are 63, 65, 58, 72, 68, 71, 60 and 68. 

There are eight grades in the set. Assume the average is 65. Note that the 

differences are successively -2, 0, -7, +7, +3, +6, -5 and +3. Keeping a running 

total of these in your head you would think 

differences 

totals 
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Since there are eight numbers in the set, the correction number is 5/8 and the 

exact mean equals 65 + 5/8 or 65.625. Usually this would be rounded to 62.6. 

Exercises 

3. Find the mean of each of the following sets of numbers. 
a) 73, 68, 74, 65, 75 
b) 93, 86, 91, 87, 82, 95 
c) 57502, 57495, 57499, 57505, 57504 
d) 6 7, 72, 80, 7 5, 77 

This method of solving a problem by 

assuming an answer and correcting it after 

a few calculations is the oldest recorded 

method of solving problems in all the his

tory of mathematics. It is found in the 

Rhind papyrus of Egypt where it was de

scribed and used by Ahmese in 1500 B.C. 

It is still an excellent and sometimes an 

easy method that is not used as often as 

it might be. 

THE MEAN IN A SET WITH REPETITIONS 

If there are repetitions of numbers in 

the set, we may use multiplication as a sub

stitute for repeated additions. Thus, if 

I • • • • 

... . . . . . . · ... . . . . · .. - .. 
. . . ·· ... :-·. > .. ~. 

. . . '• 

. .... · .. 

Mary's arithemtic tests are 93, 93, 97, 97, 93, 93 

we can calculate her average either as 

(93 + 93 + 97 + 97 + 93 + 93) 1 
6 

= 94- or as 3 

(93 X 4 + 97 X 2) 
= 94~ again. 6 

Note that the frequency distribution of the 

grades is given below: 

Grade Frequency Product 

93 4 372 
97 2 194 

....... . . .... 
:_ .. · .. · .. 

·.: ·. ·.,:· .... . . 
: . : .. ·-. -~ ._·. ·. : 

. . - .. . 
: . · .... : .·. 
·.·· .. . .. : - .. . 
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To find the mean, multiply each grade by its frequency, add the products and divide 

by the sum of the frequencies which is the total number of grades. Setting it up 

in a table helps, particularly if there are many grades. Here is another example. 

TABLE 2 

THE MEAN OF A FREQUENCY DISTRIBUTION OF GRADES IN A CLASS 

Grade Frequency Product 

65 3 195 
70 5 350 
75 6 450 
80 11 880 
85 7 595 
90 2 180 
95 1 95 

Totals 35 2745 

Mean = 2745/35 = 78.4 

Using a calculator to do the arithmetic may be a big help. 

Exercises 

4. A student got 70 on each of six weekly quizzes, 65 on three, 80 on five, and 
76 on a final exam that was worth as much as four quizzes. Find the student's 
average. 

5. In a large college course the distribution 
of grades is given in the adjoining table. 
Count A's as worth 95, B's as 85, C's as 75, 
D's as 65 and E's as 55. Determine the 
average grade in this class. 

GRADES IN A COLLEGE COURSE 

Grade Frequency 

A 15 
B 32 
C 76 
D 19 
E 5 

This method is helpful if many numbers are in the set and there are many repe

titions. In an experiment, a deck of cards was shuffled and cards dealt off and 

counted until an ace appeared for the first time. A tally was made of the number 
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at which the ace appeared. The experi

ment was repeated fifty times and the 

results recorded in the first two columns 

of Table 3. To find the mean, find the 

product of each position number by its 

frequency, record it in the third column, 

add the results and divide by 50. The 

mean position of the appearance of the 

first ace is 9.54. 

Even this takes fairly long and a 

good approximation can be found by group

ing the results into intervals. This we 

will do in the next paragraph. 

Exercises 

6. Find the mean of each of the following 
sets of numbers. 

a) 

Numbers Frequency 

20 3 
25 4 
30 1 
35 2 

b) c) 

Numbers Frequency Numbers 

17 1 1 
19 3 2 
20 4 3 
22 5 4 
25 1 5 

TABLE 3 

APPEARANCE OF THE FIRST ACE 

Position Frequency Product 

1 5 5 
2 3 6 
3 4 12 
4 1 4 
5 1 5 

6 3 18 
7 8 56 
8 2 16 
9 1 9 

10 1 10 

11 3 33 
12 3 36 
13 2 26 
14 1 14 
15 3 45 

16 1 16 
17 3 51 
19 1 19 
21 1 21 
24 2 48 

27 1 27 

Sum j 50 477 

Mean = 4 77 /50 = 9.54 

d) 

Frequency Numbers Frequency 

19 6,000 50 
7 12,000 5 
2 20,000 2 
1 100,000 1 
1 
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APPROXIMATE MEAN IN A SET GROUPED IN INTERVALS 

If we group the results of the first ace 

experiment into intervals each of length 3, w e 

get Table 4. 

We can find an approximate mean by usin 

midpoint of each interval to represent all t 

hers in that interval and proceeding as outl 

g the 

he num-

ined 

in the last section. 

2, 5, 

t the 

The midpoints of the intervals here are 

8, etc. To find the approximate mean, we se 

work up as follows: The numbers in the Prod 

column of Table 5 are found by multiplying th 

value of the midpoint of the interval by the 

frequency of the numbers in that interval. 

uct 

e 

TABLE 5 

APPROXIMATE MEAN OF THE POSITION OF THE 

Interval Midpoint Frequency 

1- 3 2 12 
4- 6 5 5 
7- 9 8 11 

10-12 11 7 
13-15 14 6 
16-18 17 4 
19-21 20 2 
22-24 23 2 
25-27 26 1 

Sum 50 

MEAN, MEDIAN,· MODE 

TABLE 4 

FREQUENCY OF THE POSITION 
OF THE FIRST ACE 

Interval Frequency 

-1- 3 12 
~ 4- 6 5 

7- 9 11 
10-12 7 
13-15 6 
16-18 4 
19-21 2 
22-24 2 
25-27 1 

FIRST ACE 

Product 

2 X 12 = 24 
5 X 5 = 25 

88 
77 
84 
68 
40 
46 
26 

Sum 478 

The approximate mean is then 478/50 = 9.56. Compare this with the true mean 

9.54 that we got before. This mean is only approximate because not all the numbers 

in an interval are exactly equal to the one at the midpoint but the result is usual

ly close enough to the true mean to serve us very well. 
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Exercises 

7. The weights of a class given in kg are: 
39*, 48, 50, 39*, 41*, 33*, 50*, 46, 50, 29, 
66, 45, 35, 46, 46, 41*, 35, 53, 43*, 55*, 
33, 36, 49*, 35, 42, 38*, 44, 50, 60*, 48. 
The ones marked with a* were boys, the others 
girls. Group the weights in intervals of 
length 5 such as 28-32, 33-37, etc. The mid
points of these will then be 30, 35, etc. 
Follow through, using the method outlined 
above. to 
a) Find the (approximate) mean weight of 

the class. 
b) Find the (approximate) mean weight of 

the boys. 
c) Find the (approximate) mean weight of 

the girls. 

8. The heights of the class in cm are: 

MEAN, MEDIAN, MODE 

149*, 157, 159, 153*, 159*, 149*, 165*, 154, 156, 145, 157, 155, 151, 151, 144, 
152*, 150, 166, 156*, 166*, 144, 147, 154*, 146, 161, 150*, 156, 159, 174*, 153. 
Group the heights into intervals of convenient length. Determine the midpoints 
and carry on. 
a) Find the mean (approximate) height of the class. 
b) Find th .e mean (approximate) height of the boys. 
c) Find the mean (approximate) height of the girls. 
d) *Can you use the results of (b) and (c) to find (a)? 

THE MODE OF A DISTRIBUTION 
The mean gives us some information about the center of a distribution. But 

another number may represent the set better. Sometimes a distritution has repeti

tions. If there is a number which occurs more often than any other, it is called 

the mode. 

In the set { 1, 3, 3, 3, 5, 165}, the mean is 30 but most of the numbers in the 

set are a great deal smaller. The number 3 occurs more often than any other number. 

It is the mode. The mode of the set { 5, 9, 11, 11, 11, 11, 13} is 11. 

The distribution of weights of meat patties in 

hamburgers sold one day in a certain store is given 

in Table 6. The 100 g hamburger is the one sold 

most often. It is the mode of this distribution. 

It is perhaps most typical of the hamburgers sold 

in this store. 

The mode of any distribution is the number that 

TABLE 6 

WEIGHT OF HAMBURGERS 
(In Grams) 

Weight Frequency 

99 5 
100 32 
101 15 
102 3 
103 1 
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Not every distribution has a mode. In the set { 2, 3, 3, 5, 7, 7, 9} there is no 

mode since both 3 and 7 occur twice. Sometimes such a set is called bimodal indi

cating two modes. The set { 2, 2, 3, 3, 5, 5, 7, 7} has no mode. If in Table 6 

the 101 g hamburger also had a frequency of 32, we would say this distribution has 

no unique mode. 

The mode is a second number (the first was the 

mean) for describing the distribution. It frequently 

is a good choice as a typical or representative num

ber of the set. 

Consider a teacher applying for a first job in a 

school district where the average salary is quoted as 

$10,600. That sounds a lot better than the fact that 

most teachers, in fact 75% of them, got only $9,000. 

The district employs 50 teachers at $9,000, 10 depart

ment heads at $12,000, five principals at $20,000, and 

one superintendent at $30,000. The distribution of 

pay is shown in Table 7. 

TABLE 7 

SALARIES IN A SCHOOL DISTRICT 

Salary Frequency 

$ 9,000 50 
12,000 10 
20,000 5 
30,000 1 

There are 66 employees whose total pay is $700,000 

making the mean salary just over $10,600. But most 

teachers receive only $9,000 and this figure, the 

mode, represents the district salary for teachers 

much better than the mean of $10,600. 
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Another case where the mode of a distribution gives different and perhaps more 

valuable information than the mean occurs in the following example of the distribu

tion of the ages of children and young people in two like cities, Jonesville and 

Smithtown. 

TABLE 8 

FREQUENCY DISTRIBUTION OF THE AGES OF THE 
POPULATION UNDER 21 IN TWO CITIES 

(Frequency in Thousands) 

Jonesville Smithtown 

Age Interval Frequency Age Interval Frequency 

0- 2 6 0- 2 10 
3- 5 7 3- 5 9 
6- 8 8 6- 8 9 
9-11 10 9-11 9 

12-14 9 12-14 8 
15-17 9 15-17 9 
18-20 9 18-20 8 

The mode will be that age group with the highest frequency. In Jonesville, 

the mode is the age group 9-11 while in Smithtown it is the group 0-2. The mean 

age in Jonesville is 10.7 and the mean in Smithtown is 9.7. Both of these are in 

the 9-11 interval. In Jonesville, the mean lies in the interval that also is the 

mode but in Smithtown it is far away. In Jonesville, the school board is faced with 

a declining school population, empty classrooms and an excess of tenured teachers. 

In Smithtown, the school population can be projected as fairly constant with perhaps 

a 10% increase in enrollment over the next ten years. 

jQtJE:SVI LLE: SM\Tl4TOW~ 
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Exercises 

9. Check the mean of the distribution in Table 7. Is it $10,600? 

10. Check that in Table 8 the means are in fact 10.7 and 9.7 as stated. 

11. Determine the modes in Tables 3, 4, and 8. Why are the modes in Tables 3 and 4 
different? 

12. A recent graduate is looking for a job in a small factory. He is told the av
erage salary is $8620. Having just had some statistics, he begins to wonder if 
that figure is representative of the salary structure of the factory. Further 
inquiry results in his getting the following distribution of salaries: 

50 lathe and drill operators@ $6,000 
5 foremen @ $12,000 
2 supervisors @ $20,000 
1 president and owner @ $100,000 

Check that the average salary is indeed $8620. What salary is the mode? What 
percent of employees get this salary? Does the mean or the mode represent this 
salary structure better? Why? 

THE MEDIAN OF A DISTRIBUTION 
Besides the mean and the mode there is a third number that helps to locate a 

distribution. It is the median. It lies at the middle of the distribution. 

is the number at the middle when the numbers 

are arranged in order of size. 

Thus the median of the set {2, 3, 17, 19, 23} is 17. The median of the set 

{26, 2, 37, 5, 7} is 7 as can be seen by ordering the set to read {2, 5, 7, 26, 37}. 

FINDING THE MEDIAN OF A SET 

To obtain the median, first arrange the numbers in order of increasing size. 

If there is an odd number of elements in the set, say 7, pick the middle one. In 

this case it is the fourth element. More generally, if there are n numbers in the 

ordered set and n. is an odd number, the median will be in the (n+l)/2 position. Thus 

if n = 7, then the median is the fourth number since (7 + 1)/2 = 4. If the number of 

elements is even then no number is in the middle position. In this case, the median 

is taken to be the number halfway between the two middle numbers. Thus the median of 

the set {2, 6, 9, 12, 15, 25} is halfway between 9 and 12. It is the mean of 9 and 

12, i.e., 10.5. In this case, the median is not a member of the set. 

If there are repetitions in the set, the median may be one of the numbers that 

are repeated. For example, consider the set {12, 15, 15, 16, 19, 13 }. Arranged in 
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order, the set is {12, 13, 15, 15, 16, 19}. There are six numbers in the set. The 

middle ones are the third and fourth. Both of these are 15 so the median is also 

15. This time, the median does belong to the set. 

Exercises 

13. Find the median of each of these sets. 
a) { 22, 27, 17, 19, 31, 26} 
b) {2, 2, 2, 2, 5, 7} 
c) { 6, 9, 12, 15, 17, 19} 
d) {6, 9, 12, 15, 17,482} 
e) {O, 1, 9, 12, 47, 165} 
f) If the median of the set {2, 3, 5, 

number? 
_, 

FINDING THE MEDIAN OF A FREQUENCY DISTRIBUTION 

8, 12} is 6, what is the fourth 

In a frequency distribution there is a number greater than or equal to,at least 

half the numbers in the set and a number less than or equal to at least half the 

numbers. If this is the same number, it is the median. If the numbers are differ

ent, the median is halfway between them. See the two examples following. 

Find the median height of a 

class of 30 students whose heights 

are given in Table 9. Since there 

are 30 members of the class, the 

median height will be halfway be

tween the heights of the 15th and 

16th members. There are 14 members 

below 153 cm in height. There are 

of course 23 members less than or 

equal to 153 cm in height but the 

important fact is that there are 

at least 15 members less than or 

equal to 153 and at least 15 

members greater than or equal to 

153. The median height is then 153. 

TABLE 9 

FREQUENCY DISTRIBUTION OF HEIGHTS OF A CLASS 
(Measured to the Nearest Centimetre) 

Height Frequency 

150 3 
151 7 
152 4 
153 9 
154 4 
155 2 
170 1 
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Find the median weight TABLE 10 

in a class of 40 students FREQUENCY DISTRIBUTION OF WEIGHTS OF A CLASS OF 40 
whose weights are given in 

Table 10. Of the 40 weights, 

20 are less than or equal to 

50 kg and 20 are greater 

than or equal to 52 kg. The 

median is the mean of these 

two or 51 kg. 

Exercises 

(Measured to the Nearest Even Kilogram) 

Weight Frequency 

46 3 
48 5 
50 12 
52 6 
54 9 
56 5 

14. Find the medians of each of the following distributions. 

a) Weights in kilograms 51 52 53 54 55 56 

Frequency 7 9 10 8 3 2 

b) Number of Letters in the 1 2 3 4 5 6 7 8 9 10 11 
Words of 3 Sentences 

Frequency 4 13 10 3 3 4 3 4 0 2 1 

c) Ages of Children 10Yr9m lOyrlOm lOyrllm llyr llyrlm llyr2m 
in a 5th Grade Class 

Frequency 2 7 9 11 5 1 

12 

2 

15. Find the mean and mode for each of the distributions in Exercise 14 and compare 
them with the median. 

16. Compute the mean and mode for the distribution of Table 9. 

17. Compute the mean and the mode in Table 10. 

FINDING THE MEDIAN OF A DISTRIBUTION OVER INTERVALS 

If the frequency distribution consists of measures that are grouped into in

tervals, the median is determined as in the following example. 

The expenditures per pupil 

for public schools in the 

50 states are grouped in 

intervals in Table 11 . 

The median expenditure 

lies halfway between that 

of the 25th state and 

that of the 26th state. 

Why? 

TABLE 11 

AVERAGE PUBLIC SCHOOL EXPENDITURE PER STATE IN 1974-75 
(Grouped in Intervals of $200) 

Expenditures Frequency 

801 - 1000 13 
1001 - 1200 17 
1201 - 1400 10 
1401 - 1600 8 
1601 - 1800 1 
1801 - 2000 0 
2001 - 2200 1 

Data adapted from Statistical Abstract of the United States , 1975, Table 
220 , p. 133. 
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The first interval contains the expenditures for 13 states and the second interval 

those for 17 states for a total of 30. Since the median is between the expendi

tures of the 25th and 26th states, it lies in this interval. Can you estimate 

roughly what the median is? 

Although there is no state numbered 25.5, the median expenditure is defined to 

be at the 25.5 position. This is 12.5 places beyond the first 13. See Figure 2. 

17 

----~----
/ 1'2.5 [- ________ __/'---..._ _________ _ 

~ 
0 l 5 

1000 

~ -v-
~--x ---v 

'200 

10 

Fig. 2. A Proportion 

12.5 

_) 

~ 
15 17 

2,000 

__,) 

If it is assumed that the 17 expenditures in the second interval are evenly 

spaced from 1000 to 2000 a proportion could be used to determine where along this 
12.5 X interval the 12.5 position would be. Thus ~ = 200 and x = 147. 

From this an approximation to the median expenditure is determined as 

1001 + 147 = 1148. Of course, this is only approximate but it is close enough to 

the true median (1140) to serve all practical purposes. 

Exercises 

18. Determine the median in each of the following distributions. 

TEST SCORES IN A MATH CLASS AVERAGE SCHOOL EXPENDITURES PER CAPITA 

Scores Frequency 
POPULATION BY 50 STATES '74 - '75 

55 - 59 3 
Expenditures Frequency 

60 - 64 5 151 - 200 3 
65 - 69 9 201 - 250 14 
70 - 74 13 251 - 300 15 
75 - 79 8 301 - 350 13 
80 - 84 12 351 - 400 4 
85 - 89 3 401 - 450 0 
90 - 94 3 451 - 500 0 
95 - 99 1 501 - 550 1 
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19. Determine the approximate mean expenditure per state in Table 11. 

20. Determine the mean and the mode of each of the distributions in Exercise 18. 

21. You may be interested in the expenditures per state as given in the following 
table. 
Where does your state stand with respect to the median and the mean as computed 
above? 

AVERAGE PUBLIC SCHOOL EXPENDITURE PER PUPIL 1974-75 IN THE 50 STATES 

AL $ 871 HI $1384 MA $1136 NM $1052 SD $ 973 
AK 1624 ID 910 MI 1547 NY 2005 TN 903 
AZ 1176 IL 1376 MH 1423 NC 1052 TX 894 
AR 896 IN 1074 MS 834 ND 1032 UT 942 
CA 1201 IA 1240 MO 1078 OH 1144 VT 1095 

co 1188 KS 1444 MT 1269 OK 1009 VA 1054 
CT 1507 KY 864 NB 1211 OR 1425 WA 1199 
DE 1485 LA 1034 NV 1101 PA 1446 WV 910 
FL 1147 ME 918 NH 1095 RI 1493 WI 1323 
GA 869 MD 1369 NJ 1294 SC 984 WY 1322 

Data from Statistical Abstract of the United States, 1975, Table 220, p. 133. 

MEAN, MEDIAN, MODE, WHICH? 
The mean, median and mode can each be used to indicate some sort of average of 

a distribution. Each can be used as a representative of the set to describe or sum

marize the set. Which is the most useful? Is it always one of the three or does 

it depend on the problem? If the usefulness does depend on the problem, how can the 

best one be selected? Each is in some way an average. Is there a difference be

tween the income of the average family in the United States and the average income 

of a family? In the presidential campaign in 1976, Mr. Carter apparently meant the 

median income when he talked about average income although most of the reporters 

interpreted it as the mean income. Maybe the modal income would have been a better 

choice than either the mean or the median. 

If the distribution is of numbers, the mean, median and mode are all numbers. 

If the distribution is of categories such as kinds of milk or fruit sold there is 

no way to determine the mean. Sometimes the mode and the median can be found 
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and sometimes only the mode. Here is an example in 

which the mode is the only one of the three that can 

be determined. In a grocery store selling fruit, 

the sales for one day in March are given in Table 12. 

There are more oranges sold than any other kind of 

fruit so the mode is "oranges." But it is meaning

less to consider a mean or a median in this situa

tion. It is impossible to add apples and oranges. 

There is no median fruit somewhere between a peach 

MEAN, MEDIAN, MODE 

TABLE 12 

SALE OF FRUITS FOR ONE DAY 
(Sales in Kilograms) 

Kinds of Fruit Sales 

Apples 200 
Bananas 425 
Peaches 175 
Oranges 525 
Grapefruit 275 

and an orange. It is important to note that the distribution is concerned with 

fruit. It is not an average of the frequencies that is asked for but of the fruits. 

The trouble is that there is no way to order the different kinds of fruit or to find 

an average fruit. 

Now consider a wholesale meat packer who sells 

four different grades of meat: prime, choice, good 

and commercial. His sales for one day in a certain 

week are given in Table 13. The mode is clearly 

the "commercial" grade. But this time, there is a 

definite order and therefore, the median grade can 

be determined. There were 3355 kg sold altogether. 

There were only 1485 kg sold of "prime" and "choice" 

so the median is in the next interval which is the 

"good." 

TABLE 13 

SALE OF MEATS FOR ONE DAY 
(Sales in Kilograms) 

Grades of Meat Sales 

Prime 525 
Choice 960 
Good 630 
Commercial 1240 

If the distribution is one of numbers such as the weights of the members of a 

class, or the sizes of shoes sold by a store, etc., all three measures, mean, median 

and mode can be determined. In the shoe store, the mode is most important because 

it tells the manager what size needs to be reordered first. The median is the best 

summary figure for a set if the set contains a few extreme values. The set 

{1, 2, 3, 4, 500} is better summarized by the median 3 than by the mean 102. If no 

really extreme values are in the set, the mean is usually the best summarizing figure. 

The representative you choose really does depend not only on the numbers themselves 

but on the situation in which they were determined and on the kinds of questions 
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being asked. Thus if the set of numbers 

{ 1, 2, 3, 4, 500} are the bills for the Christmas 

presents that Susie bought for her family, the 

mean of $102 may be more representative of the 

month's bills than the median of $3. Why? Because 

if $3 is a representative bill in a set of five 

bills, Susie's family might expect the total to 

be $15.00. But faced with an average bill of 

$102.00 for five presents they know the total will 

be over $500.00, in fact, $510.00. 

Another example may help illustrate the use

fulness of the mode and the mean under different 

circumstances. 

MEAN, MEDIAN, MODE 

M\I PRESE~TS COS., 
AN AV£RAGE OF" 

$3,00 . 

Slumberville is a fast growing suburb of the city Downtown. A construction 

company made a survey of family size in Slumberville to help decide what size houses 

to build. The company hoped that the distribution of family sizes in those families 

moving in would be about the same as those 

now living there. This hope may or may 

not be reasonable but the survey was the 

only information available so they had 

to rely on it. The distribution deter

mined by the survey is given in Table 14. 

The mean number of children per family 

is 2.8. Since no family exists with exactly 

2.8 children, we might say the average or 

typical family has 3 children. However, 

more families have two children than any 

other number. Furthermore, over half of 

all families have only two, one, or no 

children so the median is two. Is the three 

child family the most representative of this 

TABLE 14 

THE NUMBER OF CHILDREN PER 
FAMILY IN SLUMBERVILLE 

Number of Children Frequency 

0 110 
1 110 
2 160 
3 125 
4 100 

5 60 
6 45 
7 20 
8 10 
9 5 

10 3 
11 2 
12 1 
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group? Home builders who build most of their 

houses with the extra bedrooms needed for the 

"typical" three-child family may well price 

themselves out of the market. They would be 

better off building most of their houses for 

families with less than three children even 

though they will need some for the larger 

families with 3, 4, or even more children. 

The mode and the median of this distribution 

are both two. 

MEAN, MEDIAN, MODE 

FAMILY \viii-! 2.8 C~ILDRE.N 

-- ~------------- ~ -- -----------'v------~ -,~-
,,-1 Th f d' 'b . b · ~ 1, e mean o a istri ution may e strongly influenced by changes in the\ ~ 

e:-:~~:".:::::l~h::l~tt~e ~:_::;__:_~ 
Changing any member changes the mean. The mean is sensitive. If the set 

{l, 2, 3, 4, 500} is changed to {l, 2, 3, 4, 5} the median is still 3 but the mean 

changes from 102 to 3. The set {l, 2, 3, 4, 15} again has median 3 but the mean is 

now 5. All things considered, the mean is probably the most useful measure unless 

there are particular reasons as noted above for using the mode or the median. The 

mean is easy to handle and it is sensitive. When samples of a population are stud

ied later on, it is from the mean of the sample that a reasonable estimate can be 

made of the mean of the population. This is not true of either the median or the 

mode. 

Exercises 
22. A student's quiz grades are 10, 7, 8, 9, 10, 1. Find the mean, median, and 

mode. Which of these provides the best summary grade? 

23. A pile of wooden dowels was examined and the length of each dowel recorded in 
cm: 2, 5, 7, 3, 6, 4, 5, 9, 36, 2, 5, 7. Find the mean, median, and mode. 
Which provides the best summary for the pile? 

24. 

25. 

The sal e s in a certain store for one week were $76, $125, $95, $110, $93, $85, 
$105. Find the mean and median. In another week, the sales were $93, $87, 
$102, $98, $105, $756, $92. Find the mean and the median. Discuss the dif-
ference in the two weeks sales. Which measure detects the difference? Which 
measure probably indicates the normal sales of the store? 

Look back at Exercises 22 and 23. Indicate circumstances under which you would 
select a different answer from the one you gave to the question of which sum-

mary measure is the best. 
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USING A COMPUTER TO FIND THE MEAN, MEDIAN AND MODE 
A calculator can be a big help in computing the mean of a large set of numbers. 

If a computer is available, programs can be written once and stored for use as often 

as wanted. Such programs in the BASIC language will be found in the APPENDIX of the 

CONTENT FOR TEACHERS. Since there are many versions of BASIC used on different 

computers, this program may have to be modified to run on the computer available to 

you. But the changes should not be too numerous. There are programs given to find 

the mean, mode and median for sets of up to 50 numbers and for frequency distribu

tions of numbers in up to 20 intervals. 

Hand calculators, priced at less than $25 in 1977, will give you the mear. of a 

set of numbers at the push of one button after the numbers and their frequencies 

have been entered. Once the process of finding a mean by hand is understood, a cal

culator or a computer can make the computation quick and easy. 
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ANSWERS TO EXERCISES 

1. 

2. 

3. 

4. 
5. 

6. 

7. 

8. 

a) 7. 2 

a) 

b) 17 c) 731 d) 77 
5 3 

80.4 b) Bat c) .3539¾ 

a) 71 b) 89 c) 57,501 d) 

73.3 

77.2 

d) 151. 2 

74.2 

a) 26 b) 20.6 c) 1.6 d) 8620 

a) 44.5 b) 45 c) 44.2 

a) 154.7 b) 157.7 c) 152.9 

MEAN, MEDIAN, MODE 

d) Yes, mu~tiply the mean height of the boys by 
mean height of the girls by their frequency 
the total number of boys and girls. ' 

their frequency, multiply the 
add the two results and divide 

9. $10,606 to be exact 

10. Checks 

11. Table 3 mode == 7. Table 4 mode= 
mode == 1 in Smithtown. 

12. Mode== 6,000, 86%, mode since the 
$100,000 salary of the president. 

13. a) 24 b) 2 c) 13.5 d) 13.5 e) 

14. a) 53 b) 3 c) lOyrllmo 

15. a) mean== 52.9; mode= 53 b) mean 
mode = llyr 

16. mean= 152.9; mode= 153 

2. Table 8 mode== 10 in Jonesville, 

mean is displaced far to the high side 

10.5 f) 7 

4.47; mode= 2 c) mean 10yr 11mo. , 

17. 

18. 

mean= 51.4; mode== 50 
12 

a) median== 69 + IT x 5 73.6 b) 250 + 8i; x 50 278.3 

19. $1184 

20. a) mode== 72; mean 74.6 b) mode $275; mean $281 

21. Depends on state 

by the 

22. Mean= 7.5; median= 8.5; mode= 10. Probably the median. She had one day 
off, but 4 out of 6 were 80 or over. 

23. Mean= i; ~ 7.6; median= 5; mode= 5. Median or mode of 5. Mean is thrown 
off by one extra long rod. 

24. First week mean= $98, median== $95. Second week mean $190.43, median== $98. 
One very high day in the second week pushed the mean way up. Probably the 
median indicates normal sales. 

25. Mean is usually better if there are no outliers. The mode if most values are 
at one extreme. The median if there are one or two outliers. 
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INTRODUCTION 
When trying to get information from a set of numbers, usually the first thing 

to do is to determine the frequency distribution of the set and study it. In Mean, 

Median and Mode of the CONTENT FOR TEACHERS section, we found that these three num

bers each summarize in some way the distribution. Each tells us something about 

the tendency of the numbers in the distribution to cluster around some value. But 

two very different sets of numbers may have frequency distributions with the same 

mean, median and mode. In order to distinguish between them we also need to know 

how the numbers scatter along the distribution. Are all or most of them close to

gether? Are some or most far away from each other? There are several numbers that 

will give us some of this information. Perhaps the simplest of these is the range. 

RANGE 

distribution is the difference between the smallest and largest 

The best way to give the range is to give the actual interval 

occur. 

Thus in a family of five, the range in the ages might be 35 - 4 = 31 years. In 

a family group of eight including grandparents, the range of ages might be 

73 - 7 = 66 years. Suppose we have three groups of people . We consider the distri

bution of weights in each group. In the first group, weights go from 25 kg to 

100 kg with a mean of 55 kg. In the second group, weights go from 50 kg to 65 kg, 

again with a mean of 55 kg. In the third group, the weights go from 80 kg to 95 kg 

with a mean of 90 kg. The range of the first group is 75 while that of both the 

second and third groups is 15. The means and the ranges with their intervals tell 

us that the groups are very different. Look at Figure 1. 
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Fig. 1. Ranges and Means f or Wei ght s in 
Kilograms of Three Groups of People 
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The first and second groups have the same mean but different ranges. The second 

and third groups have the same range but different means. The wide range and fair

ly low mean of the first group suggests it is composed of both small children and 

adults. The second and third groups are each made up of people of about the same 

weight. The different means suggest the second might be a group of adolescents and 

the third a group of adults. The mean alone does not distinguish the second group 

from the first. The range alone does not distinguish the second group from the 

third. In order to describe the difference between pairs of groups it is necessary 

to examine both the ranges with their intervals and the means. 

Sometimes the range is large but only because of one or two extreme values in 

the set while the rest of the numbers are close together. Such extreme values are 

called outliers. If a teacher weighing 100 kg joins the second group above, the 

range will jump to 50 but most of the weights are still close together. We might 

want to ignore the outlier in some calculations making a note of what we are doing 

and why. But we must be careful. An outlier is frequently an important signal. 

It may call attention to a significant fact that we ignore at our peril. Perhaps 

it was not due to a teacher being added to the group. Perhaps a mistake was made 

in recording one student's weight. Maybe a really obese student belongs to the 

class. Maybe an outsider has inadvertently been included. 

The striking effect of an extreme outlier on the range indicates that another 

measure of scatter should be sought that might not be affected so much by an ex

treme. One such number is a trimmed range. This is obtained by dropping the ex

treme outliers on whichever end of the range they lie and at the same time dropping 

a corresponding number of items from the other end. A trimmed range is a measure of 

scatter not affected by extremes just as the median was an indicator of the center 

not affected by the extremes of the distribution. 

However, there are other measures of the scatter even better than the ranges. 

These are the deviations. 

Exercises (Answers given on pp. 126-129) 

1. Determine the mean and range of each of the following sets. 
a) { 3, 1, 3, 2, 3, 4, 3, 5, 3} 
b) { 1, 2, 3, 1, 3, 5, 3, 4, 5} 
c) { 3, 2, 1, 2, 3, 4, 5, 4, 3} 

2. Determine the range and a trimmed range of each of the following sets. 
a) {3, 5, 7, 4, 1, 37} 
b) { 37, 52, 41, 23, 29, 567, l} 
c) { 32, 2, 1, 59, 36, 43, 55, 500} 

------- ------------------------- - -- -



CONTENT FOR TEACHERS RANGE AND DEVIATION 

DEVIATIONS 
Most sets of numbers studied statistically will be large, involving maybe many 

hundreds of numbers. The IQ scores in a school might involve over a thousand stu

dents with several hundred in each class and the individual scores ranging from 50 

to 150. In spite of this, we use sets of a few small numbers for clarity in ex

plaining the concepts of the deviations and the procedures for calculating them. 

Consider the three sets of numbers: 

a) 1, 3, 3, 3, 5 b) 1, 2, 3, 4, 5 c) 1, 1, 3, 5, 5 

They have the same mean and the same range and yet present very different impres

sions as distributions. The members of the first set seem to cluster closer togeth

er around the mean than those in the second and those of the third seem even farther 

apart. A diagram called a dot diagram will make this even more striking. To make 

such a diagram, draw a horizontal line, put on it an appropriate scale and put a• 

for each item above the scale at the proper position (see Figure 2). 

3 • 
• 

1f :t • • 
1 • • • • • • • • • • • 

I I I I I I I I I 

0 1 '2. 3 4 5 0 1 2 '3 4 5 0 1 2 3 4 5 

(a.) (b) (c.) 

Fig. 2. Dot Diagrams of Three Distributions 

The mean of each set is 3 and the range is 5 - 1 = 4. In these cases, even 

the median is 3. We might ask, "What is the difference, on the average, of the num

bers in each set from the middle of the set?" We have the choice of two numbers to 

indicate the middle: the mean and the median. The mode is not even considered be

cause not every distribution has a mode. Set (a) has 3 as its mode. Set (b) has no 

mode. Set (c) has no unique mode although it might be called bimodal at 1 and 5. 

In this case, the mean and the median are the same but often they would be different. 

We rather arbitrarily choose the mean. 

THE MEAN DEVIATION 

Our question now is, "What is the difference, on the average, of the numbers in 

the set from the mean of the set?" The mean is 3. Subtracting 3 from each number 

in the set we see that some differences or deviations as they are called are posi

tive and some are negative. In set (a) we get 1-3 = -2, 3-3 = 0 and 5-3 = +2. The 
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sum of the deviations is (-2) + 0 + 0 + 0 + (+2) = 0. In set (b) we get 

(-2) + (-1) + 0 + (+l) + (+2) = 0 and in set (c), (-2) + (-2) + 0 + (+2) + (+2) = 0. 

In each case, the mean deviation is 0/5 = 0. The mean deviation of any set is 

always 0. To find some measure to help us, we have to reword our question. 

THE MEAN ABSOLUTE DEVIATION 

The only reason the deviations could add to O was because some of them were 

positive and some were negative. Suppose we consider only the size of the devia

tion of each number from the mean without regard to whether the number is to the 

right or left of the mean. Call this the distance from the mean and find the mean 

of these distances. 

In set (a), 5 is two units away from the mean, 3, each of the 3's is zero 

units away and the 1 is two units away. So the sum of the distances away from the 

mean is 4. Since there are five distances altogether, the average distance is 

4/5 = .8. In set (b), the sum of the distances from the mean is 

2 + 1 + 0 + 1 + 2 = 6. The average distance from the mean is 6/5 = 1.2. In (c), 

the sum of the distances is 2 + 2 + 0 + 2 + 2 = 8 and the average distance from 

the mean is 8/5 = 1.6. The numbers .8, 1.2, and 1.6 do distinguish the three sets. 

They do increase from set (a) to set (c) as we intuitively want if they are to mea

sure the increase in scatter from set to set. 

The number thus obtained is called the mean absolute deviation of the set. 

"Deviation" because we measure the difference or deviation of each number from the 

mean; "absolute" because we always take the deviation as a positive distance; and 

"mean" because we took the average or mean of these distances. 

To find the mean absolute deviation of even a small set of numbers it helps, 

though it is not necessary, to organize the work in a neat, systematic fashion. A 

table like Table 1 is convenient. Suppose we want the mean absolute deviation of 

the set { 25, 27, 31, 36, 20, 15}. We find the mean in Column 1, the deviations in 

Column 2 and the distances in Column 3. Usually decimal approximations are used. 

In this example we have given both the exact values and the decimal approximations 

for comparison. 
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TABLE 1 

FINDING THE MEAN ABSOLUTE DEVIATION, D 

Deviation from Mean Distance from Mean 

Numbers Exact 
Decimal Exact Decimal 

Approximation Approximation 

25 
-2 

-.7 2 
. 7 -

3 3 

27 +1.!. 
3 

+1.3 1.!. 
3 

1.3 

31 +5.!. 
3 

+5.3 5.!. 
3 

5.3 

36 +10.!. 
3 

+10.3 10.!. 
3 

10.3 

20 _5I 
3 

-5.7 5I 
3 

5.7 

15 -1cJ 
3 

-10. 7 10I 
3 

10. 7 

Sum= 154 0 -.2 Sum= 34 34 

154 = 25I i Mean 
34 = 2 Mean= Absolute = 53::::::: 5. 7 6 3 Approximately 0 Deviation 6 

Exercises 

3. Find the mean, the range, and the mean absolute deviation in each of the fol
lowing sets. (Hand calculators will help.) 
a) 5, 9 , 2, 4 b) 7, 1, 11, 2 , 3 , 6 
c) 3, 2, 5, 7, 6 d) 5, 7, 8, 1, 6, 2, 7 
e) 36, 45, 72, 117, 533, 54 £) 36, 39, 45, 52, 85, 90 
g) 40, 45, 72, 87, 53, 54 h) 15.7, 16.3, 22.1, 54.3, 21.5 

4. Can you find an example of two different sets with the same mean, median, mode 
and range? 

The mean absolute deviation is a good measure of the scatter of a distribution. 

Unfortunately as more sophisticated methods are applied to the study of data it is 

found that this deviation is not convenient since it involves "absolute values" 

which are hard to work with. Fortunately there is another measure of scatter avail

able. It is the standard deviation. 
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THE STANDARD DEVIATION 
In determining the mean deviation, we found that the individual differences, 

considered as signed numbers, always added up to zero. To eliminate this problem, 

we used "absolute values" of the deviations, that is, considered each number as pos

itive. Another way to eliminate the problem of the signs is to square each of the 

deviations and find their average. That is, find the mean of the squared deviations. 

Let's try this in each of the three cases (a), (b) and (c) illustrated in Fig-

ure 2. In (a), the deviations are (1-3), (3-3), (3-3), (3-3) and (5-3). If we 

square and add we get (-2) 2 + O + O + O + 22 = 8. 

In (b) we get (1-3) 2 + (2-3) 2 + (3-3) 2 + (4-3) 2 + (5-3) 2 = 
(-2)2 + (-1)2 + (0)2 + 12 + 22 4 + 1 + 1 + 4 10. 

In (c) we get (1-3) 2 + (1-3) 2 + (3-3) 2 + (5-3) 2 + (5-3) 2 

(-2)2 + (-2)2 + + 22 + 22 4 + 4 + 4 + 4 = 16. 

The means of the sum of the five squared deviations in each set are 8/5, 10/5 and 

16/5 or 1.6, 2 and 3.2. These numbers do distinguish the sets. Like the mean ab

solute deviation they do increase from set (a) to set (b) to set (c) and so measure 

the increasing scatter of these sets. This mean of the squared deviations is 

called the variance of the set. To do it once more, let's find the variance of the 

lengths of a set of dowel rods. In cm, the lengths are 5, 7, 9, 12, 17. First 

find the mean, x. X = (5 + 7 + 9 + 12 + 17)/5 = 50/5 = 10. 

The deviations are 5-10 -5, 7-10 = -3, 9-10 = -1, 12-10 = 2 and 17-10 7. · 

The variance, v, is the mean of the squared deviations. 

V [(-5) 2 + (-3) 2 + (-1) 2 + (2) 2 + (7) 2 )/5 

(25 + 9 + 1 + 4 + 49)/5 = 88/5 17.6. 

The variance of a set is the mean of the squared deviations of each number in 

Now since the original numbers in the above .set are the measures of the lengths 

in cm of a set of dowel rods, the variance will be in cm2 units. The mean is 10 cm 

and the variance 17.6 cm2 . We would like to have a measure of scatter in the same 

units as the original numbers in the set. We can do this if we simply take the 

square root of the variance. This square root is called the standard deviation of 

the distribution. The standard deviation of the lengths of the dowel rods is 

✓17.6""=' 4.2 cm. 



CONTENT FOR TRACHERS RANGE AND DEVIATION 

The standard deviation of a set is the square root of the variance of the set. 

In the sets (a), (b) and (c) above the standard deviations are /1.6, /z and 

13.2 respectively or approximately 1.3, 1.4 and 1.8. These numbers measure the 

scatter of the sets and they increase from (a) to (b) to (c) as we want. 

The mean and standard deviation of a set are two of the most used numbers in 

statistics for describing a distribution. 

COMPUTING THE STANDARD DEVIATION, s 

The work in finding the standard deviation is easier if an organization similar 

to Table 1 is used. We omit the column of distances and add a column for the 

squared deviations. Table 2 is the work to find the mean, x, and the standard de

viation, s, of the numbers { 7, 9, 10, 15, 19, 25}. 

TABLE 2 

FINDING THE STANDARD DEVIATION, s 

Numbers Deviations Squared 
from the Mean Deviations 

7 -7.2 51.84 
9 -5.2 27.04 

10 -4.2 17.64 
15 . 8 .64 
19 4.8 23.04 
25 10.8 116.64 

Sum = 85 Sum = 236.84 

x = 85/6:::::: 14.2 V = 236.84/6:::::: 39.47 

s :::::::: ✓39.47 = 6.28 

Since the mean 14.2 in the first column is only an approximation to the actual val

ue 85/6, all future computations will only be approximate. 

To find the standard deviation of even a relatively small set of numbers by 

hand is lengthy. A hand calculator makes these computations much easier. A simple 

calculator can perform the necessary additions, subtractions, multiplications, divi

sions, and even the final square root rapidly and accurately. 

Even knowing the correct sequence of steps may soon prove unnecessary as fairly 

inexpensive calculators are now on the market that wil l , at the push of a couple of 

buttons, automatically compute and display both the mean and the standard deviation 

of a set of numbers once the numbers have been entered correctly. But we should 
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still understand what we are asking the calculator to do. 

For larger sets of numbers a computer will be invaluable in saving much time. 

A BASIC program to find the variance and standard deviation is included in the 

APPENDIX. As was pointed out before, this program may have to be modified slight

ly to run on your computer as various versions of BASIC differ in details. 

Exercises 

5. Find x, the mean, ands, the standard deviation for the following sets of 
numbers. 
a) 1, 5, 7, 7 
b) 9, 11, 7, 3, 10 
c) 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 
d) 5, 5, 5, 5, 5 
e) 17, 103, 9, 36, 72 

THE STANDARD DEVIATION, s, OF A FREQUENCY DISTRIBUTION 

To find the standard deviation of a frequency distribution we have to multi

ply the squared deviation of each element of the set by its frequency just as we do 

for each element in finding the mean. A systematic method of doing this is a help. 

One such method is a table. Table 3 is the work to find the mean, x, and the stan

dard deviation of the weights in kg of a shipment of bags of grain. The original 

weights and frequencies are given in columns 1 and 2 of the table. A hand cal

culator is used to do the arithmetic. 

TABLE 3 

FINDING x .A.L~D s FOR A SHIPMENT OF BAGS OF GRAIN 

Weight Number Product Deviation Square of Product of Bags (in Kg) (Frequency) Col.l x Col. 2 from Mean x Deviation Col.5 x Col.2 

49.1 3 147.3 -1.4 1.96 5.88 
49.3 5 246.5 -1.2 1.44 7.20 
50.4 12 604.8 - .1 .01 .12 
50.7 6 304.2 • 2 .04 .24 
51.1 9 459.9 .6 .36 3.24 
51.4 5 257.0 .9 • 81 4.05 

Total Total 
I Sum= Number Weight = 2019. 7 20.73 

of Bags = 40 

x = 20!~· 7 ::::, 50.5 V;:::: 2°;.~3 ::::: • 51825 

s:::::a-✓.51825:::::: • 72 
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If the numbers are grouped in intervals, simply use the midpoint of each in

terval as the representative for that interval. 

Exercises 

6. Find the mean x and standard deviations of the grades in a mathematics class 
as given in the first two columns in the following table. Some of the items 
have been filled in. Use a hand calculator and round to the nearest tenth. 

Test Grades 
Frequency Midpoint Product Deviation Squared Product 

Interval Col. 2 x Col. 3 From Mean Deviation Col.6 x Col.2 

55-59 3 57 171 929.4 
60-64 5 62 
65-69 9 603 -7.6 57.8 
70-74 13 
75-79 8 77 46.4 

80- 4 12 7.4 54.8 657.6 
85-89 3 
90-94 3 92 276 
95-99 1 

Sum = f Sum= t Sum = w 

x t w 
= -:::::: V ~ f -:::,-

f 

S:;:::iv~ 

CAN X ANDS DESCRIBE A DISTRIBUTION? 
The standard deviation can serve to distinguish two different sets of numbers 

with the same mean and the same range. Furthermore the distribution that intuitive

ly seems to have the greater scatter from the mean has the greater standard devia

tion. The standard deviations of the sets (a)= 1, 3, 3, 3, 5 

(b) 1, 2, 3, 4, 5 and (c) = 1, 1, 3, 5, 5 of Figure 2 turn out to be 1.3, 

1.4 and 1.8 respectively. Can the standard deviation also be used to measure ef

fectively the scatter in a single set of numbers? Yes. We noted earlier that if 

we know only the~ of a set of scores, we cannot make any prediction about how 

closely other scores cluster around the mean. In each case above the mean is 3. 

The standard deviation tells ~s something about how the scores do cluster around the 

mean. For example, if we have a set (d) with all the scores 3, what would the mean 

be? Obviously 3. What would the standard deviation be? O. 
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The question then becomes: How much can the standard deviation tell us about 

the closeness of other scores to the mean? The answer to this question and answers 

to other questions about a distribution can be clarified if we examine certain 

graphs of the data. These are the histograms, frequency polygons and cumulative 

polygons that are special cases of the bar and line graphs considered in Graphs of 

the CONTENT FOR TEACHERS section. We must spend some time now studying them. 

GRAPHS OF A DISTRIBUTION 

HISTOGRAMS 

Table 4 is a frequency distribution of the number of class sizes in a certain 

school. We make a dot diagram of this distribution in Figure 3. 
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in Table 

Figure 3 makes the range very clear. It is 
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4 

33 - 17 = 16. Also the outlier at 17 shows up vivid

TABLE 4 

FREQUENCY DISTRIBUTION 
OF CLASS SIZES 

Class Size Frequency 

17 1 
26 3 
27 4 
28 2 
29 6 

30 2 
31 6 
32 3 
33 3 

ly. The trimmed range of 33 - 26 = 7 gives a better idea of the scatter of most of 

the data. If instead of a• to indicate each item, we use a small square D we 

get a new graph: a histogram. 

15 20 '2.5 
CLASS SIZ.E 

30 

Fig. 4. Histogram of Data in Table 4 
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The squares are centered over the scale marks and are wide enough to have the 

vertical bars touch each other unless there are isolated values such as the 17 in 

Figure 4. 

If the data is a set of measurements and is given over a series of intervals 

the problems of the intervals and their end points must be considered. Table 5 

gives the heights of a class of students. They were originally given to the nearest 

cm and are grouped in intervals such as 146-148 cm. 

Since heights given as 146 cm or 148 cm might have 

been as low as 145.5 or as high as 148.5, we make 

the interval on the histogram extend from 145.5 

to 148.5 and similarly for the other intervals. 

The interval is centered at the midpoint 147. 

Figure 5 is a histogram of the data in Table 5. 

In a histogram based on data grouped into 

intervals, the vertical bars are drawn to a 

height that is proportional to the frequency. 

They are centered over the midpoint and extend 

from lower to upper interval boundary. The 

TABLE 5 

HEIGHTS OF A CLASS 

Height 
(in centimetres) 

143-145 
146-148 
149-151 
152-154 

155-157 
158-160 
161-163 
164-166 

OF STUDENTS 

Frequency 

1 
2 
1 
4 

5 
3 
1 
2 

individual squares are omitted. For easier readability, the scales should be set 

so the maximum height of the histogram is no more than about 2/3 or 3/4 of its 

width. 

5 
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Fig. 5. Histogram of Data in Table 5 
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The area above each interval in the histogram represents the number of items 

in that interval so it is important to have the intervals of equal length. If this 

is impossible because the data are not given that way, great care must be taken. 

In fact, at this stage: DO NOT TRY TO DRAW A HISTOGRAM FOR SUCH DATA. If you see 

a histogram with unequal or open intervals you should not try to interpret the data 

over those intervals. 

Exercises 

7. Make a histogram of the data in the following table. Label interval end points 
and midpoints accurately. 

Height in 148-150 151-153 154-156 157-159 160-162 163-165 166-168 169-171 Centimetres 

Frequency 1 1 3 5 12 14 3 4 

8. Make a histogram of the following data. Group the data first into intervals 
such as 135-139, 140-144, etc. 
Heights of a class in centimetres: 158, 155, 149, 152, 160, 168, 156, 159, 152, 
146, 156, 163, 152, 151, 163, 149, 158, 152, 135, 149, 148, 161, 156, 151, 159, 
161, 144, 153, 157, 161, 141. 

FREQUENCY POLYGONS 

A histogram gives an accurate picture of the range of the distribution and of 

the mode if there is one. Both Figures 3 and 4 show the bimodal character of those 

distributions. Neither the mean nor the median is apparent. We get some idea of 

the scatter but we do not yet see just what the standard deviation can tell us. 
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Fig. 6. Frequency Polygon from Histogram of Figure 5 
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Using the histogram we can draw a special line graph known as the frequency 

polygon. A frequency polygon is obtained from a histogram as follows. Locate the 

points at the center of the top of each bar of the histogram, add two zero points 

at the centers of the intervals above and below the last intervals you used. Con

nect consecutive points by a series of straight line segments (see Figure 6). 

Exercises 

9. Draw the frequency polygon for Exercise 7. 

10. Draw the frequency polygon for Exercise 8. 

11. Discuss what might be lost or gained in using Figure 6 as against Figure 5. 

-USING X, SAND A HISTOGRAM TO GET MORE INFORMATION 
We come back now to the question: How can the mean and the standard deviation 

be used to describe the clustering and the scattering of a distribution? Primarily 

they are used in combination with the histogram. A histogram can take many dif

ferent forms. If it looks like (a) in Figure 7, the mode and the mean are the same 

( b) 

Cc) (d) (e) (+) 

Fig, 7, Several Possible Histograms 

and the clustering is in the middle. So is it in (b) but there is far less scatter 

in (b) than in (a). What would be true about the standard deviations in (a) and 

(b)? In (c) and (d), there is clustering but it is at one end or the other. The 

mode is obvious but not the mean. (e) and (f) have still different appearance. 
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Figure 8 shows a histogram of the weights of students at a university. You 

Fig. 8. 

might be justified in concluding that this was a coed university with more men en

rolled than women. Why? 

What can the standard deviation tell us about the distributions when the his

tograms are as different as those we have just drawn? The first thing is: no mat

ter what the histogram looks like, if we know the mean x and the standard deviation, 

s, we can say: At least 3/4 of all the items in the distribution will be found 

within a distance of 2s on either side of the mean. In Figure 9, if the mean of 

i+-- s _......._ s -++ 
I I 

D C A B E 

X, 

Fig. 9. 

some distribution is at A and the standard deviation, s, is equal to s then C 

is 2s units to the left of x and Bis 2s units to the right. We know that at least 

3/4 of all items will be between C and B. Suppose D and E are 3s units on either 

side of A. What can we say about them? We know at least 8/9 of all the items lie 

between D and E. The fractions 3/4 and 8/9 are determined from the 2s and 3s dis-

tances we used. 3 1 
4 = 1 - p_- and 

8 1 
-=1---;;T 
9 3 

More generally, if the points p and Qare k standard deviations on either side of 

the mean x, calculate 1 
1 

at least the fraction 1 1 
then we - ~ and we can say -~ 

1 
of the di ~tribution lies between P and Q, If k.5._l, 1 - ,2 < 0 so we cannot say 

1 -
anything. Note well: Even though at least 3/4 or 75% of the measurements must be 

between x - 2s and x + 2s it might happen that 85% or 95% or even 100% of the 

measurements are within those limits. In fact, in most of the distributions we 

have met in actual practice, if we carry out the computations of x ands it is evi

dent that many more than 75% of all the items will be between points C and D. Can 

we say how many more? Yes, sometimes. 
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Most of the distributions we encounter will have histograms that look more like 

the following diagrams than the last four in Figure 7. These are approximately 

symmetric (Figure 10). 

OR OR. 

Fig. 10. 

We draw their frequency polygons in Figure · 11. The polygons are also approximately 

syrmnetric and each has its highest point near the middle. If we draw smooth curves 

/\ 
Fig. 11. 

to fit such frequency polygons as well as possible they will look something like 

those in Figure 12. Some of the curves may be narrower and higher than others bu~ 

) 
Fig. 12. Approximately Normal Curves 

they are near what are called normal curves . Two characteristic properties of nor

mal frequency curves are: they are symmetric around their mean; and if you move one 

standard deviation to either side of the mean, you include about 68% of the measure-

117 



118 

CONTENT FOR TEACHERS RANGE AND DEVIATION 

ments. Also 95% of the data will be within 2 standard deviations and 99.7% within 

3 standard deviations of the mean. Figure 13 may help to make this clearer. 

Fig. 13. Normal distributions withs= 

Since most of our distributions approximate this situation we can say that 

these properties will hold for them. 

A table may make these two theorems m0re vivid (see Table 6). 

TABLE 6 

-
X AND s DESCRIBE THE DISTRIBUTION 

Approximately 
All Distributions Normal Distributions --

Interval Contains _ at least Contains about 

x - s to x + s . 0% 68% 

x - 2s to x + 2s 3/4 or 75% 95% 

x - 3s to x + 3s 8/9 or 89% 99.7% 

Suppose crates of peaches are being delivered to a store. Suppose we know the 

weights of the crates have a mean of 18 kg and a standard deviation of .5 kg, and we 

assume the weights are normally distributed. Then we know about 68% of the crates 

weigh between 18 - 1(.5) and 18 + 1(.5) kg or between 17.5 and 18.5 kg. Also about 

95% are between 18 - 2(.5) and 18 + 2(.5) or 17 and 19 kg. Practically all of the 

crates are between 16.5 and 19.5 kg. 

Exercises 

In each exercise, assume a distribution that is approximately normal. 

12. 1500 seventh graders at Sherman Junior High School have a mean IQ of 109. The 
standard deviation is 11. 
a) Between what two IQ values will 95% of the student body lie? 
b) About how many students may have an IQ greater than 142? 
c) About how many students have IQ's between 98 and 120? 
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13. On a certain standardized test, the mean score is 500 and the standard devia
tion is 100. 
a) What percentage of all students taking the test will have scores between 

400 and 600? Out of a class of 140, how many students will have scores 
between 400 and 600? Between 300 and 700? 

b) What percentage of all students will have scores between 500 and 600? 
c) What percentage of all students will have scores greater than 700? 
d) Lucy's score is 700. What is her percentile rank? 
e) Tom's score is 600. What is his percentile rank? 

14. A machine produces plastic covers for medicine bottles. When in good working 
order, it produces about 1000 covers per hour whose diameters have an approxi
mately normal distribution with mean 1.50 cm and standard deviation .1 mm. 
About 95% of the covers will have diameters between two values A and B. What 
are these? Practically all covers will have diameters between two other 
values, C and D. What are they? One day the machine is out of order. The 
mean is still 1.50 cm but the standard deviation is now 1 mm. If the distri
bution is still at least roughly normal, what percent of the output is between 
1.3 cm and 1.7 cm? If the distribution is no longer normal, what percent must 
still be between 1.3 cm and 1.7 cm? 

OGIVES OR CUMULATIVE POLYGONS 

From Table 5, we construct the 

cumulative frequency table exhibited as 

Table 7, by adding the frequencies up 

to and including those at any given 

interval. 

From this table we can see how many 

items are found at or below each upper 

interval value. We know there are 4 

heights less than or equal to 151 cm. 

If we use the interval boundary, we know 

there are 4 items actually below the 

upper boundary, 151.5. To draw the cu

(in 

TABLE 7 
CUMULATIVE FREQUENCIES OF 
THE HEIGHTS OF A CLASS 

(in centimetres) 

Height Cumulative 
centimeters) Frequency Frequency 

143-145 1 1 
146-148 2 3 
149-151 1 4 
152-154 4 8 

155-157 5 13 
158-160 3 16 
161-163 1 17 
164-166 2 19 

mulative polygon of this data as in Figure 14, plot Oat the lower boundary of the 

first interval (142.5) and locate the proper point for each upper boundary. Thus at 

boundary point 151.5 we go up 4 units and mark the point, at 157.5 up 13 units, etc. 

We connect consecutive points by straight line segments. The resulting figure is 

usually shaped like an elonga,ted or "lazy" S. It is the cumulative frequency 

polygon called for short an ogive. (The derivation of "ogive" is uncertain. It 

probably comes from a French word used to describe an arch. An ogive curve is 

shaped like half an arch.) 

We draw the ogive corresponding to the frequency polygon in Figure 6. This 

gives us Figure 14. 
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Fig. 14. Cumulative Polygon or Ogive for Heights from Table 6 

The scale on the left side is the count of students less than a given height. 

The scale on the right side is a percent scale. 

Exercises 

15. Draw the ogives corresponding to the frequency polygons you drew for Exercises 
9 and 10. 

16. Use the ogives in Figure 14 and the ones you drew in Exercise 15 to determine 
the medians of the three distributions. 

PERCENTILES, DECILES AND QUARTILES 

An ogive may be used to determine not only the median of a distribution but 

also those other measures called the quartiles, deciles and percentiles. The median 

is that number such that half (50%) of the distribution is at or below it. In sim

ilar fashion, the quartiles divide the distribution into fourths, the deciles into 

tenths, and the percentiles into hundredths. 

The first quartile is the number such that one-fourth or 25% of the distribu

tion is at or below it, the second quartile, two-fourths, and the third quartile, 
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three-fourths. Of course, the second quartile coincides with the median. The 

third decile, or the thirtieth percentile is the number such that three-tenths or 

30% lie at or below it, the 95th percentile is at the point where 95% of the numbers 

lie at or below it. 

The cumulative frequency polygon is usually drawn with the frequency scale 

marked on the left side of the diagram and the percentile scale on the right. 

A histogram and its cumulative frequency polygon are shown below in Figures 15 

and 16. From the cumulative polygon, the quartiles and percentiles can be read with 

reasonable accuracy. To find the 75th percentile, move up the right hand scale to 

the point marked 75, move over horizontally on a straight line to the point where 

it intersects the polygon, move down vertically to the intersection point with the 

horizontal axis and read the coordinate. The 75% or 3rd quartile is approximately 

$1350. The 90% is about $1580. 

20 

0 I I I l-1\J\ 
eoo 1000 1200 1-ltoo 1Goo 1500 2000 2200 

Fig. 15. Histogram of Average Expenditure 
Per Pupil in the 50 States, 1974-75 
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17. Determine from Figure 16 the 20, 35, 70, 80 and 95 percentile per pupil expen
ditures by states in 1974-75. 

18. A histogram and its frequency polygon and ogive are given below. 
a) Can you tell exactly the highest and lowest grades? Give an approximate 

range. 
b) What grade is the mode? 
c) How many students took the test? 
d) What grade is at the 25%? What does this mean'? 
e) What percent of the students had grades better than 80? 
£) What was the median grade? 
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19. Consider the histogram, frequency polygon and ogive given below. 
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Graphs from Statistics: A Conceptual Approach by Sidney J . Armore, published by Charles Merrill, 1975, pp. 38 and 39. 

Permission to use granted by Charles E. Merrill Publishing Company 
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Use the graphs on page 22 to answer the following questions: 

a) What is the most common distance to work? 
What is the greatest distance anyone drives? 
What is the 25 percentile? What does this mean? 
What is the 50 percentile? 

RANGE AND DEVIATION 

b) If you wanted to be like most other workers, how far from work would you 
live in this community? 

c) If you wanted to "be different" where would you choose to live? 

20. Here are some typical histograms and the corresponding ogives. Match them up. 
Thus f goes with B. What general interpretation can you give for each 
histogram? 

a b C d 

e 

A B C D 

E F G 

Histograms and ogives from Introduction to Statistical Analysis and Inference by Sidney J. Armore, published by 
John Wiley & Sons, Inc., 1966, pp. 69-71. 

Reprinted by permission of John Wiley & Sons, Inc. 
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ANSWERS TO EXERCISES 

1. a) Mean= 3, range 5 1 4 
b) Mean= 3, range 5 1 4 
c) Hean= 3, range 5 1 4 

2. a) Range 37 - 1 = 36, a trimmed range= 7 - 3 = 4 
b) Range = 567 1 = 566, a trimmed range = 52 - 23 29 
c) Range = 500 1 = 499, a trinnned range is 59 - 2 = 57; a second trimmed 

range is 55 - 32 = 23. 

3. Mean Range Mean Absolute Deviation 

a) 5 9 2 7 2 
b) 5 11 1 8 3 
c) 4.6 7 2 5 1. 68 
d) 5.14 8 1 7 2.12 
e) 142.83 533 36 497 130.05 
f) 57.83 90 - 36 = 54 19.78 
g) 58.5 87 - 40 47 14.0 
h) 25.98 54.3 - 15.7 38.6 11. 33 

4. The sets in Exercise 1 have the same mean, median, mode and range. 

5. Mean x 
a) 5 
b) 8 
c) 7 
d) 5 
e) 47.4 

6. Test grades 

7. and 9. 1-4 

12 

10 
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0 

Standard Deviations 
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11245. 04 ::::: 35.29 

Standard 

Mean x = 74.6 
Variance~ 86.1 

Deviation:::; 9.3 

152 155 158 1G1 1G4 I 1.G7 170 I 
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8. and 10. Intervals 135-139 140-144 145-149 150-154 155-159 160-164 
i-\-l-1-
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165-169 
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11. The frequency polygon gives perhaps a better idea of the way the heights are 
changing. In the histogram all the items in the interval are given one value, 
that at the midpoint of the interval. This may not be accurate as they could 
have had any value in the interval. The frequency polygon reflects this data. 

12. a) 95% of the students are between 109 - 22 and 109 + 22 
or 87 and 131. 

b) .0015 x 1500 = 2.25 Say 2 students 
c) .68 x 1500 = 1020 students will be between 98 and 120. 

13. a) 68% will be between 400 and 600, 95 out of 140. 
95% will be between 300 and 700, 133 out of 140. 

b) About 34%, i.e., half of 68% 
c) About 2.5% will be above 700. 
d) 700 will give a percentile of 97.5. 
e) 600 will give a percentile of 84. 

14. Mean= 1.50 cm, standard deviation= .1 mm= .01 cm 
95% will lie between 1.50 - .02 and 1.50 + .02 or 

1. 48 to 1. 52 cm. 
Practically all, i.e., 99.7% will be between 1.47 and 1.53 cm. 
Nows= .1, therefore 95% are between 1.3 and 1.7 cm. 
If the distribution is no longer normal, still 75% will be in this range since 
it is X - 2s to X + 28. 

127 



128 

CONTENT FOR TEACHERS 

15. Data in Exercise 7 
Upper Boundary Cumulative Frequency 
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Data in Exercise 8 
Upper Boundary Cumulative Frequency 
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16. Median in Exercise 7-:::::-162 
Median in Exercise 8 ~ 155 
Median in Figure 14 ~ 155 

17. The percentiles are 20% ~ $960 
35% ~ $1050 
70% ~ $1300 

80% ~ $1400 
95% ~ $1580 

RANGE AND DEVIATION 

18. a) You cannot tell the exact lowest and highest grade. The approximate range 
is from 20 to 100. 

b) The mode is 75. 
c) 129 students took the test. 
d) The 25% is at 63. This means that about 32 students were at or below 63. 
e) About 24% had grades better than 80. 
f) The median grade was about 73. 

19. a) Most common distance= mode= 7.5 miles 
Greatest distance is in interval 15-18, so 18. 
25% is 7 miles, i.e., about 13 people drive 7 or less miles. 
50% is 8.8 miles. 

b) Live from 6-12 miles from work 
c) Live either within 3 or more than 15 miles from work 

20. a) F b) G c) C d) A e) E f) B g) D 
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-INTRODUCTION 
In previous sections we have discussed gathering data, organizing it into ta

bles and graphs, summarizing it and describing it by measures of central tendency 

and scatter. One reason for this is the data may help in making a decision about 

a certain problem. The crucial words here are "may help." Some politicians may de

cide to vote on a current issue as a poll shows the majority of their constituents 

feel. Others may weigh the results of the poll but in the end let their own value 

judgment of the issue determine their vote. Data is important in making decisions 

but not all important. Many citizens filling out their income tax forms decide to 

be honest, not because a poll says whether a majority of fellow citizens would or 

would not cheat, but because their own values tell them to do the right thing. 

If data can help, it behooves us to be as accurate and as complete as possible. 

But sometimes gathering data on the whole population is impractical or irrelevant. 

What should we do? Consider the following situations: 

• A manufacturer of a new detergent, STOP DIRT, 

is considering a certain advertisement. Will it 

appeal to customers? Should a nationwide cam

paign be launched with this advertisement? 

• An exporter of grain is buying carloads of 

wheat. It is suspected that some carloads are 

substandard. Hundreds of carloads are coming in 

from many different elevators. Should every car

load be checked before being accepted or only one 

or two from each elevator? 

• A school system buys light bulbs for its 

classrooms. It needs 500 cartons each with 
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twelve dozen bulbs. The purchasing agent is approached by a salesman from a new 

company offering bulbs at half the normal price. The salesman acknowledges that 

about 1% of his bulbs are defective and will burn out in less than normal time. How 

can the buyer check on the salesman's claims and be protected from buying an exce s 

sive number of defective bulbs? 

• A suburban school systems feels pressure to integrate its classrooms. It could 

do it by busing in children from the city system. Data from a nearly similar suburb 

indicates that 20% of their integrated classes do less well in average scores on 

standardized achievement tests than before integration. In 40% they rema i n the s ame 

and in 40% there is improvement. Should the system integrate? 

13 1 
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SAMPLING 
In the first three cases, it is clear that decisions should be based on data 

about the members of the group involved. But it may be impractical or even impossi

ble to obtain the data on the whole group. The 

advertiser cannot afford the chance of going na

tionwide immediately. The ad should be tried out 

in a small way first. The grain buyer cannot af

ford the · time or money to inspect every carload 

but does look at a few. The school purchasing 

agent cannot test the length of life of all the 

bulbs for then there will be no fresh bulbs left 

to put in the classrooms. Only a few bulbs can 

be tested. In each of these cases the person re

sponsible for the decision has to resort to se

lecting some sort of a sample, testing the items 

in the sample and then making the decision about 

-
~n' 

4tt()¥ /'\ ·->~ ~n 
~ .. 

the whole population on the basis of the results from this sample. 

In the last case, the sample is only of size one. Even so, is the data rel

evant to the decision? Suppose the percentages had been radically different, would 

it still be relevant? Is there a value judgment involved that should be subject to 

or should override the data whatever it is? These are tough questions that may have 

differing answers in differing times. 

Exercises (Answers given on pp. 146-148) 

1. Buyers frequently inspect samples before mak
ing their decision. 
a) List at least three situations where you 

feel this would be advantageous though 
perhaps not absolutely necessary. 

b) List three where the population is so 
large that total inspection is imprac
tical. 

c) List three cases where the inspection is 
destructive as in the case of the light 
bulbs. 
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EVERYDAY SAMPLING 

Not only is sampling important in commercial 

cases like those mentioned above, but it is fre

quently used in everyday living. If Mr. and Mrs. 

Brown buy a GOFAST car from the BUILDEM QUICK 

COMPANY and it turns out to be a lemon, they may 

feel this is a large enough sample to discourage 

them from buying any more GOFAST cars. Again 

suppose Mr. and Mrs. Brown are shopping in the 

GROW-RIGHT MARKET. At the lettuce bin, Mrs. 

Brown squeezes three or four heads of lettuce, 

finds them squishy and says to Mr. Brown, 

"Let's get out of here. Their produce is not 

good." She has used a very small sample to make 

her decision about the whole store. Mean-

while Mr. Brown looks at the tomatoes, picks 

up several and finds them good. He replies, 

"Hey, wait a minute, their tomatoes are good." 

Now they have sampled two different products with 

different results. Perhaps they decide they 

should look at the broccoli, spinach and other 

kinds of produce to get a larger sample before 

making a final decision. Maybe they decide not 

to buy there at all, maybe to buy only selec

tively after looking at each different kinds of 

produce. In any case, they are using samples 

to help make decisions. 

Exercises 

2. Describe at least 3 situations where you 
have used sampling in the past year. It may 
be that in some cases only now, as you look 
back, do you realize you actually did use sampling. 

SAMPLING 

EB 

3. Describe a situation where prejudices may be exhibited or caused by making de
cisions based on a small sample. 

4. Describe some cases in which one bad item out of a large number would be enough 
to have you decide against the product. Under what circumstances would you be 
more lenient? 

5. Sometimes we feel comfortable in generalizing from a sample of size l; sometimes 
it is foolish to do so. Give examples of each situation. 
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IMPORTANCE OF SAMPLING 
The ideas and methods of sampling are impor

tant not only in problems like those above but in 

many others. Can enough preschool children learn 

to read in kindergarten to make reading a part of 

a kindergarten program? Is polio vaccine effec

tive enough to be worth giving to everybody? 

Should the swine flu vaccine have been tried on a 

sample before the decision was made to produce 

enough for all adults? Suppose all of my sixth 

grade class reads at above the national sixth grade 

norm. Is this class a sample of all the sixth 

grade children in my district? Can I conclude 

they all or almost all read at this level or could 

it be my sixth grade class is exceptionally bright 

and not a typical sample? 

In so many cases, inquirers or decision 

makers must gather data from a sample rather than 

from the population they are interested in. 

For instance, in the problem discussed at 

the end of the last section concerning the weights 

of crates of peaches delivered to a store, we 

said, "If we know the mean and standard deviation 

of the weights of crates of peaches •.. " You may 

well say, "There are many crates being delivered 

yesterday, today, and on many tomorrows. How could 

we possibly know the mean and standard deviation of 

SAMPLING 

......... . . . . . . . ·. . . . .......... · .. . . . . . .. . . . . . .......... :. -: .. ·.· ·.: .. . . .. .. . ... .. . 

...... . . .. . .. . . .. . . . . 

crates that may not even be packed yet?" Of course, we do not know them exactly, and 

one of the main purposes of statistics is to learn how to make estimates of these 

numbers. To do it we would take a sa!:}ple of say 20 crates. The population we are 

sampling is all the crates that might be delivered to that store this year. We find 

the mean and standard deviation of the weights of the samples and use them to esti

mate the mean and standard deviation of the population. Methods of making such pre

dictions about the population from information obtained from a sample are important. 

To be useful in this way, the sample must be an appropriate one, that is, it must be 

representative of the population. 
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It is therefore important to know how to decide the size and make-up of a rep

resentative sample and how to pick one. We need to study the whole question of sam

ples, how to draw unbiased samples and how to make the estimates we want from the 

samples we have. 

Sampling techniques have been and still are the subject of a great deal of 

study and research. Some spectacularly poor statements have been made based on poor 

samples. Right up to election day in 1948 some 

newspapers predicted that Thomas Dewey would be 

elected president instead of Harry Truman. There 

is a remarkable picture of President Truman glee

fully holding aloft a copy of the Chicago Tribune 

of the morning after the election, announcing that 

Mr. Dewey had been elected. 

We should always be aware, if possible, what 

samples others have used to make claims to influ

ence us. 

Exercises 

6. Cite at least one other case of poor predic
tion due to poor sampling. 

7. An advertisement says, "Doctors at three hospitals prescribe XYZ medicine more 
than any other pain killer." Discuss the sampling on which the ad might have 
been based. 

SAMPLES AND POPULATIONS 
What is a sample? It is a selection from the 

whole group we are considering. In statistics, the 

whole group is called the population and any smal

ler group selected from it is called a sample. 

A pollster may interview 3000 people and ask 

them if they intend to vote for the Democratic or 

the Republican candidate in the next election. 

These 3000 people form a sample but it may be un

certain as to what the population is that is being 

sampled. If the survey were taken between 8 and 

9 A.M. in the Grand Central Station in New York 

City, the population being sampled is certainly 
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not that of the voters in New York City. It is a sample of the commuters who will 

stop to talk and who are willing to disclose their intentions, perhaps accurately, 

perhaps inaccurately. If the pollster is interested in voters in New York City, the 

sample is not representative of that population. It is called a biased sample. 

Whenever we consider taking a sample of a population it is vital that we know 

what population is being aimed at so every effort can be made to draw a sample re

presentative of that particular population. In the advertisement for detergent, the 

advertiser is interested in potential buyers. If the ad is tried out on people in 

an automobile salesroom, the sample may be biased in at least two ways. First, the 

proportion of men in the auto salesroom is probably higher than that of men among 

detergent buyers. Secondly, even though shoppers for automobiles may also be shop

pers for detergents many people are in the market for detergents who are not now 

considering buying a car. A less biased sample would probably be the shoppers in a 

big supermarket. 

As another illustration suppose a survey of 

the 6th graders in your school district were being 

considered to determine the interest in starting 

a new music program. You would not want to talk 

only to the members of the district sixth grade 

baseball team. Few of us would think that the 

ball team would be a representative sample of all 

the sixth graders. This problem of representa

tiveness will be considered again a little later 

in this section. 

SELECTING A SAMPLE 

. ' .. · 
~ . . . ~ ·. . . . : 

' . : 

. .. '• .. 

We have said a sample should be representative of the population. What does 

representative mean? We considered the idea before when we felt the members 

of the baseball team were not really representative of all the sixth graders and 

the people in an auto showroom were not representative of the potential buyers 

of STOP DIRT detergent . Intuitively we feel a representative sample of sixth 
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graders should include some boys, some 

girls, some athletes, some scholars, some 

musicians, etc., i.e., some of each dif

ferent part of the population. But this 

may be impossible unless we make the 

sample so large as to be unwieldy. It 

is this fact that makes some people feel 

that sampling is a very suspect process. 

What can be done to meet this problem? 

The best way to select a represen

tative sample is to have some degree of 

randomness come into the selection pro

cess. 

SAMPLING 

IS Ot-l~ 'oLACK SHt:l~.P 
A PROPER REPRESDSTATIVE 
0~ TH lS FLOC.K. ? 

What is meant by randomness? What is a random sample? Perhaps the idea can 

best be approached through an example. 

Suppose we. want a random sample of three students from a class of 30 students. 

A sample is random if it is selected in such a way that each student has the same 

chance of being chosen as any other student. There are many ways of doing this. 

Some feel it could be done by simply having the teacher point randomly at these 

students. But many of us would suspect some bias in this method. A better way is 

to write the name of each student on separate but identical slips of paper, put all 

thirty slips in a basket, stir them up and draw out three slips. This is the usual 

way of drawing door prizes. The only trouble is that "stirring them up" is easier 

said than done. The lottery for the draft in 1970 was done this way and the results 

were far from being random. Why? Men with birthdays in December were much more 

likely to be called than those whose birthdays were in January. It was as though 

the slips for birthdays from January to December were put in a big drum in order, 

the drum turned over a couple of times supposedly to "stir them up" and the slips 

drawn out. The December slips were still largely on top, the November's next and so 

on down to the January's which were still largely grouped at the bottom of the drum. 

The chances of being drawn early were not equal for everybody. The drawing was not 

random. 

Situations like this demand better ways of assuring that a sample is truly 

random. We will describe such a process but before we do so we must remind you that 

even this does not assure us that any particular sample may not be very different 
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from the population. A random selection of 9 sixth graders might be the members of 

the baseball team but the chance of this happening is very, very small. In a class 

of 30 it would be in the order of 6 in 100,000,000 but this is the same chance as 

that of selecting any other specified group of 9 students. We therefore decide that 

randomness in the selection process is desirable. 

RANDOM NUMBERS AND THEIR USE 
Perhaps the best way to pick a 

random sample is to use a table or list 

of so-called "random numbers" in a man

ner described below. What is a list of

random numbers? It is a list such that 

each digit from Oto 9 has the same 

chance of appearing. The same is true 

of every two-digit number from 00 to 99 

and also for numbers of three, four or 

more digits. Lists of up to 1,000,000 

such random numbers are available. On 

page 10 is a short list of 2500 

random numbers. If a table of 

@ 
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random numbers is not available we can find some device that will do reasonably well 

in generating a list of random 

numbers. 

One such device is a carefully 

balanced spinner such as the one illus

trated here. Simply give the arrow a 

hard snap, record the number on which 

it stops and repeat as many times as 

necessary. If the arrow stops exactly 

on a division line, ignore it and spin 

again. Other devices such as an icosa

hedral die are discussed in some of the 

student activities. 

To use random numbers to select 

the sample of 3 children from a class 
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of thirty proceed as follows. First number the children in any order, alphabetical

ly would do as well as any other. If we are using the spinner, simply spin it 

twice and record the two digits in order. If the first spin gives a 4 and the sec

ond a 3, we record 43. Since the children's numbers only go up to 30 we ignore the 

43 and try again. This time we get O and 5. We record 05 and note that the child 

numbered 5 has been chosen. We continue in this way until three different children 

are chosen for the sample. 

To use the table of random numbers, we first have to decide where in the table 

to start. One way is to take a sharp pencil and while looking away from the page, 

put the pencil point down on the page and start at the digit the point touches. 

Read digits two at a time in order from the starting point, ignoring numbers above 

30, until the three we need are obtained. If the successive numbers are 93, 88, 16, 

04, 78, ~. we would have chosen the children numbered 16, 4 and 29. 

The same pattern could be followed if we wanted to get a random sample of 

25 children from a school of about 950 students, this time of course using three 

digit numbers ignoring those over 950. 

Exercises 

8. In a class of 25 or more people ask each one to select a single digit at random 
and write it down. Do this three or four times and make a tally and a frequency 
distribution of the numbers. If the selections were truly random, what would 
the frequency distribution probably look like? Does your distribution look like 
this? Do you feel the selections were random or was there a tendency to choose 
certain numbers more than others? 

9. Use a random number spinner to pick a random sample of three children out of a 
classroom of 10. Repeat twenty times (or have twenty different people each do 
it once). Make a frequency distribution of the number of times each child was 
chosen. Does the process seem random? 

10. A school district employs 325 teachers. A committee of 10 is to be selected to 
represent the staff at a convention. Use a random number table to select this 
committee. 

11. In a certain city the telephone book has about 300 white pages of subscribers. 
We want to select three subscribers randomly. To do this, use a random number 
table in three stages. 
a) Select three pages. 
b) Select a colunm on each page chosen in (a). 
c) Select a name from each colunm chosen in (b). 
d) Repeat the process. Was any subscriber chosen twice? 

12. A school has 925 students, 500 girls and 425 boys. Devise a method of using 
random numbers to select a sample that will tell you whether the student select
ed is a boy or a girl. Use this method to pick a sample of 10 students. How 
many girls are in your sample? Repeat the process. How many girls are in the 
second sample? Comment. 
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Table 2500 random digits 

0102030405 06 07 08 09 10 11 12 13 14 15 1617181920 2122232425 

01 61 44 34 03 09 05 64 20 54 24 65 69 66 39 80 13 97 76 73 34 41 17 26 81 06 
02 85 19 76 44 59 08 60 20 66 68 42 99 28 71 47 73 73 97 24 18 38 25 89 37 20 
03 41 17 95 60 40 12 77 51 80 36 46 07 70 39 27 56 65 18 08 70 10 98 45 88 44 
04 05 75 79 35 85 60 89 12 66 30 41 25 62 64 54 32 35 64 42 96 16 66 34 64 80 
05 36 28 97 63 85 39 85 19 76 44 90 21 61 91 82 73 24 27 32 37 47 98 96 59 75 

06 73 56 63 38 40 16 66 09 76 20 08 26 63 16 38 14 16 20 79 87 74 54 96 70 02 
07 94 78 81 49 27 so so 73 46 27 27 04 75 38 83 97 69 20 30 53 19 54 35 62 28 
08 28 15 00 92 41 16 37 97 99 37 90 76 87 87 44 34 76 45 94 83 96 07 46 21 97 
09 38 37 11 OS 75 43 72 07 36 66 43 43 91 05 71 31 59 so 95 94 37 64 64 61 12 
10 49 83 04 OS 41 49 73 07 47 93 81 28 16 10 73 87 08 07 10 25 01 38 98 14 19 

11 85 40 88 30 95 so 02 66 99 44 23 38 99 04 73 69 67 52 23 61 84 89 18 92 79 
12 07 55 13 99 88 48 59 19 75 51 96 24 56 41 26 43 14 85 11 47 07 46 03 44 18 
13 82 67 78 13 04 83 85 53 97 36 11 63 50 67 81 97 08 14 96 86 82 89 66 78 07 
14 83 92 56 64 46 18 94 30 33 99 77 71 38 98 19 31 52 23 35 38 38 55 63 29 61 
15 19 60 98 77 85 31 71 71 73 23 08 39 54 26 54 28 61 22 55 59 49 08 28 22 12 

16 90 48 51 41 65 32 99 72 09 94 28 43 36 12 21 34 20 08 96 60 96 22 72 84 34 
17 90 92 84 99 45 45 79 20 51 76 67 OS 60 68 84 10 08 27 22 49 55 93 13 41 34 
18 61 28 77 99 36 11 00 00 83 58 83 67 15 23 69 59 60 02 12 94 56 25 84 14 93 
19 41 25 77 73 71 53 30 05 60 05 69 30 20 59 30 54 79 23 59 75 78 30 07 29 36 
20 58 03 97 70 59 90 92 27 57 38 39 87 40 42 64 44 30 04 33 52 61 53 27 17 60 

21 99 60 50 so 60 12 48 08 01 88 60 51 73 38 54 47 41 67 43 84 21 35 12 90 43 
22 88 61 29 18 05 31 29 56 94 33 58 88 68 42 10 08 11 15 96 06 15 51 48 39 96 
23 19 28 81 63 24 30 96 40 11 59 36 lb 01 02 60 36 16 26 83 53 41 09 so 85 Ul 
24 53 61 62 34 47 04 37 74 97 09 77 36 92 80 45 99 26 28 24 24 54 63 43 63 54 
25 40 03 44 30 11 42 25 70 19 79 90 12 36 16 80 28 70 24 86 07 76 17 01 so 80 

26 65 15 18 13 54 05 13 69 91 51 84 57 52 89 88 12 52 03 39 71 19 48 20 94 16 
27 95 79 58 84 86 00 04 73 69 94 89 12 93 84 29 72 62 79 66 98 65 17 54 69 56 
28 75 26 86 16 42 65 03 22 43 68 87 68 70 09 18 92 85 94 60 32 97 44 ::15 82 72 
29 92 45 48 29 84 56 60 so 64 07 71 46 35 31 52 21 80 61 25 30 31 99 58 07 04 
30 43 00 97 26 90 99 85 55 75 16 09 55 34 16 16 94 32 12 12 07 32 90 97 62 47 

31 14 99 59 97 84 18 40 71 98 04 89 24 19 23 56 06 01 68 65 28 23 90 28 10 90 
32 79 93 51 89 07 25 25 29 18 02 50 48 21 47 74 61 37 03 51 60 87 97 63 86 43 
33 61 37 36 14 84 94 14 96 55 57 05 34 47 88 62 57 73 75 02 34 49 18 83 92 43 
34 71 00 51 72 62 59 18 87 82 84 74 04 46 24 66 39 82 30 87 75 41 10 53 02 29 
35 76 21 40 24 19 56 19 89 13 48 27 53 41 07 14 28 62 58 67 84 53 16 26 16 97 

36 26 97 03 03 30 88 39 46 67 21 17 83 46 74 11 35 54 29 36 86 30 32 06 47 37 
37 58 54 81 74 22 32 45 26 40 88 30 91 66 86 52 71 42 99 54 75 12 94 11 09 83 
38 45 33 94 Y7 70 96 27 03 89 63 37 57 46 16 18 78 55 78 07 98 03 46 57 47 39 
39 27 26 48 62 10 83 63 45 30 92 48 32 96 67 26 95 90 65 so 46 09 95 58 67 29 
40 57 74 80 98 61 so 30 38 41 58 86 28 79 so 71 48 30 58 93 23 70 76 72 42 06 

41 68 78 34 95 35 91 63 55 60 22 19 10 77 88 59 11 36 40 56 55 56 29 76 58 93 
42 97 63 57 69 62 65 00 51 67 52 21 53 52 16 86 73 67 24 16 68 09 05 74 93 63 
43 20 32 35 52 41 47 17 53 83 72 45 20 28 25 04 21 94 00 18 55 26 80 19 80 20 
44 53 90 99 23 17 76 44 15 99 65 91 04 22 64 00 39 80 65 21 47 68 75 28 48 16 
45 36 42 17 95 78 02 29 66 -so 33 65 61 43 77 29 93 34 62 39 42 36 07 61 92 07 

46 40 09 18 94 06 62 89 97 10 02 58 63 02 91 44 79 03 55 47 69 14 11 42 33 99 
47 33 19 98 40 42 13 73 63 72 59 26 06 08 92 65 63 08 82 45 85 14 45 81 65 21 
48 69 49 02 58 44 45 45 19 69 33 51 68 97 99 OS 77 54 22 70 97 59 06 64 21 68 
49 17 49 43 65 45 04 95 82 76 31 85 53 15 21 70 59 17 27 54 67 07 76 13 95 00 
50 43 13 78 80 55 90 80 88 19 13 13 89 11 00 60 41 86 23 07 60 22 77 93 30 83 

Table from STATISTICS BY EXAMPLE, Weighing Chances. Addison-Wesley Publishing Company, Inc. 

140 



CONTENT FOR TEACHERS SAMPLING 

STRATIFIED SAMPLES 
Sometimes we want to be sure that certain different parts of the population 

are each represented in a sample. For instance, suppose we want a sample of thirty 

children from three different schools each of which has about 350 children. We 

might want the sample to have ten children from each school. We could do three ran

dom drawings of ten children, one for each of the three schools. On the other hand, 

to save time, we might draw just 10 random numbers choosing the child in each school 

corresponding to those numbers. 

If the schools were of different sizes so 

one had about 450 children, the second about 350, 

and the third about 250, it might be wise to have 

each school represented in the sample in propor

tion to its size. To do this we would choose 13 

from the first [because i6~~ x 30 = 12.85], 10 

from the second, and 7 from the third. This kind 

of a sample is called a stratified sample. It 

contains the same percent of each subgroup or 

"stratum" as the whole population. 

Stratified samples are used extensively by 

the polls during elections. Pollsters want to 

be sure to have blue-collar workers, farmers, 

1 S~OULD ~AVE MORE 
FROM Tl-1\S SCHOOL.? 

450 I 

350 

blacks, Catholics, and other groups represented in their sample in proportion to 

their numbers in the general voting population. 

Exercises 

13. In a school system employing 325 teachers, 150 are in district I, 100 are in 
district II, and 75 in district III. A committee of 10 is to be randomly se
lected. 
a) Select the committee randomly from the whole population. 
b) Select the committee as a stratified sample representing each district in 

proportion to its size. 
c) Suppose teachers numbered 001 to 150 are in District I, those numbered 151 

to 250 are in District II, and those from 251 to 325 are in District III. 
How are the different districts represented in the committee you selected 
in part (a)? Which method (a) or (b) do you prefer? 
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THE PERILS OF SAMPLING 
Is sampling a sure way of finding out the 

exact characteristics of the population? No, 

of course not. To see why, consider a rather 

artificial situation. Suppose we have a glass 

jar holding 1000 colored beads, some of them red 

and some of them blue. We shake the jar thorough

ly (remember the difficulty of "stirring") and 

let 20 beads roll out through a funnel. If there 

were 500 red and 500 blue beads in the jar, it 

is possible we would get 20 red beads but the 

chance of this happening is very small, roughly 

one in a million. 

SAMPLING 

Suppose we find that in the sample 12 are red and 8 blue, that is, 12/20 = 60% 

of the sample beads are red. Are 60% of the beads in the jar red? We are not sure 

so we put the beads back in the jar, shake it up again, and draw another sample. 

This time we get 15 red and 5 blue so 75% of the sample beads are red. If the beads 

are all identical except for color and if the shaking was thorough we might suspect 

that the jar actually has more red beads than blue ones but even so we would not be 

too sure of our conclusion. On the other hand, if we repeated the procedure 100 

times and found that the mean number of red beads was 14.3 and the standard devia

tion was 2.1 we would be strongly tempted to say that about 14/20 or 70% of the beads 

in the jar were red. We know the result may not be exact but we can be reasonably 

sure we are near the mark. Furthermore, in about 95 out of the 100 cases, the num

ber of red beads in the sample was between 10 and 18. In a few cases, we might have 

gone as low as 8 red ones or as high as 20. 

Exercises 

14. If colored beads or marbles and a sampling board are available, make up a popu
lation of 200 red and 100 blue marbles. Take 20 samples of 10 marbles each. 
Find the meaL number of red marbles and the standard deviation of the number. 
How near is this to the 2/3 we know as the proportion in the population? Repeat 
using 10 samples of 20 marbles each. Repeat again using 10 samples of 25 mar
bles each. Compare the mean numbers obtained in the three experiments. 

15. If no marbles are available, we can use a random number table to do a simulation 
of the experiment in Exercise 14. The ratio of red marbles to blue ones is 2 to 
1. We read random numbers from the table and each time we read one of the dig
its 1, 2, 3, 4, 5, or 6 we say we have a red marble, while the digits 7, 8, and 
9 stand for blue marbles. We ignore the O and continue until we have ten non-
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zero digits for the first sample. Repeating this 9 times gives us the 10 sam
ples. Draw 10 such samples 10, 20 and 25 marbles by random number simulation. 
Compare these results and those of Exercise 14. 

16. How would you simulate the sampling of a population of colored beads with 80% 
red and 20% blue by using random numbers? 

17. How would you simulate the sampling of a population that is 77% red and 23% 
blue? 

18. If you have colored marbles, ask a friend of yours to put several cupfuls of 
red marbles and some different number of cupfuls of blue marbles in a bowl. 
Mix them thoroughly and draw 10 samples of 10. Find the mean number of red 
marbles. Estimate the proportion of red marbles in the population. Use sam
ples of 20 and 25 again and again estimate! Now count the marbles in the act
ual situation. How close were your estimates? Which sample size gave the best 
results? 

CHANCES IN SAMPLING 

The question as to the chance that the mean of the sample is close to the mean 

of the population can only be answered after we have looked in the next section at 

the whole question of the chances of certain things happening. The concept of 

chances starts with relatively easy ones like the chances of getting a head when a 

coin is tossed, of getting a 6 when one die is thrown or getting an ace when one 

card is dealt from a well-shuffled deck of fifty-two cards. 

Such chances are technically called probabilities. Their study is a major 

branch of modern mathematics. We will consider some elements of probability in the 

next two sections. 

SAMPLE SIZE 
The purpose of investigating a sample is to determine something about the popu-

lation without going to the expense or trouble of surveying the whole population. 

If we sample 3000 voters in the whole United States, can we predict the winner of 

an election? Would we do better with a sample of 3,000,000? If so, is the larger 

sample worth the added expense? In the problem about buying light bulbs (see page 

1), how many bulbs should be tested out of 500 cartons? 

Suppose the buyer takes the first carton of 144 bulbs, picks out 10 bulbs, and 

tests them by lighting them and leaving them on until they burn out. If 1000 hours 

is considered the minimum life for satisfactory bulbs and five of the ten bulbs burn 

out before that time, the buyer would surely feel that the bulbs had flunked the 

test and would probably reject the shipment. But suppose only one burned out? One 
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bad bulb out of ten tested might imply the shipment is 10% defective. Perhaps the 

shipment should be rejected since the salesman had said only 1% were bad, But then 

the salesman would surely say the sample was too small. The buyer should have taken 

perhaps 20 cartons and tested 10 bulbs from each. Then if there were one or two 

bad bulbs, the buyer might decide that the shipment was living up the the guarantee 

and agree to accept all 400 cartons. The size of a sample is important, We will 

discuss it here and again in the section on Inferential Statistics, 

Obviously a sample of small size does not tell us as much as a larger one. How

ever, a representative small sample may well be better than a biased large sample. 

After a certain point increasing the size of a sample adds only insignificantly to 

our information about a large population. This fact has many times been compared 

to tasting soup. The cook in a small family judges the quality of a quart of soup by 

stirring it up and tasting a single spoonful. A hotel chef tests the quality of the 

soup in a ten gallon pot by stirring it up and tasting the same size spoonful. 

I'$ il-ll':, 0 .o. 0 • 
SAMPLE BIG o•o E.t,JOUGl-l TO 00 0 0 • Oo 
TELL MUCI-\ • 0 • 0 
ABOUT THIS • 0 0 • • POPULATIOhl? 0 • • • o 0 0 • •o • • • 0 • 0 

0 0 
0 • • • 0 Oo • 0 o. • • 0 • 0 0 • 0 0 Oo o• • 

The sample size needed to make accurate predictions is probably the least un

derstood facL in sampling and the hardest to explain. Knowledge of it is the rea

son expert pollsters can make reasonably accurate predictions about the behavior or 

opinions of all adults in the United States by surveying what many people feel is 

much too small a sample. The Gallup poll regularly uses a stratified random sample 

of approximately 1500 people for surveys concerning either the population of one 

city or that of the whole country. If the result of such a poll is that 46% of the 

sample claim that they will vote for Jones, then it is almost certain that the ac-
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tual vote for Jones will be between 43% and 49%. Almost certain means if such a 

poll were taken with the same result, 46%, in 100 different elections, about 95 times 

the vote will fall in the 43% to 49% range and about five times it will fall outside 

th.at range. As the old saying goes "Nothing is certain except death and taxes" but 

statistical sampling does give good results with reasonable assurance. 

SUMMARY 
The main purpose of this section is to formulate the idea of a sample of a 

population, to consider representative samples and how to draw them using random 

numbers. We study a sample in order to draw conclusions about the population from 

which the sample came. How this is done and with what accuracy and reliability will 

be discussed in the section on inferential statistics. First we will have to look 

at some elementary probability. 
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ANSWERS TO EXERCISES 

1. a) Sampling would be advantageous for a buyer of 
i. sheets for a large hotel 

ii. overshoes for the army 
111. microscope slides for a biology laboratory 

b) Sampling where population is too large for a complete inspection 
i. grass seed 

ii. overshoes for the army 
iii. new brand of ball point pens 

c) Inspection is destructive in 
i. Fourth of July firewords 

ii. explosive caps for dynamite 
iii. TV tubes 

2. Gas stations. Sampling of restrooms to determine future stops on a cross 
country trip. Grocery stores. In a new city to determine which store to pa
tronize. Newspaper. Take a paper for a month to decide whether to subscribe. 

3. One poor meal at a restaurant on a first visit makes you decide never to go 
there again. 

4. If one of a dozen eggs is bad, I wouldn't want to depend on the others, but one 
bad apple in a barrel wouldn't make me throw the whole barrel away. 

5. A first visit to a new family doctor is a sample of size 1. It is the basis on 
which many choose their doctor. Recovering successfully from a bad skid in a 
car may be a sample of what can happen but it would be foolish to generalize 
that one can recover from all bad skids. 

6. Ford Motor Company's prediction that the Edsel would be a big success. 

7. Maybe doctors at 10 hospitals did not do so. The ad says only what doctors at 
3 hospitals said. The ad does not say how many doctors or what percent of the 
doctors favor XYZ. Maybe a sample of 1 doctor at each hospital is all that 
prescribe XYZ. 

8. If the selections were truly random, each digit would appear about the same num
ber of times. If the people you ask are like most people, they will have picked 
digits near 5 more often than those near O or 9. 

9. The position of the spinner was 
changed after ten spins. The table for 
the frequency of the first ten spins, for 
the second ten and the total of twenty is 
given below. The spinner is not really 
random. The bias changes after the posi
tion of the spinner was changed. 

Digits 
Frequency 1st 10 
Frequency 2nd 10 
Frequency Total 20 

0 
1 
2 
3 

1 2 
4 0 
4 2 
8 2 

3 4 
2 1 
2 5 
4 6 

958 
980 
198 
865 
864 
831 
791 
936 
867 
519 

5 
3 
4 
7 

6 
4 
4 
8 

7 8 
2 7 
1 2 
3 9 

485 
346 
549 
142 
491 
805 
319 
261 
076 
596 

9 
6 
4 

10 
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In the first 10 trials, 22 children numbered 5-9 were chosen and only 8 num
bered 0-4. In the second trials, there were 15 in each set. Numbers 2 and 7 
were low each time. 

10. Read 3-digit numbers. If the number is in the series 001 to 325 the corre
sponding teacher is selected for the committee. Ignore all other numbers. 
Continue until 10 teachers are selected. One such series is 308 @)~(542') 

@D 225 (ill)@:§)~ 221 290 ~ 141 @_) 299 @g) <JFi 284 ~ ~ 
134 200. 

11. 

12. 

13. 

14. 

Book used had 222 pages. 
a) Select three p~. Read 3-dig numbers between 001 and 222. @])@) 

135 ~ 136 ~@)@)~~ 125 
b) Select one of 4 columns. Read single digits. Ignore 5, 6, 7, 8, 9, 0. 

® ® (1) 1-_ 
c) There are about 100 names to a column. Read 2-digit numbers. 43. The 

three selections are McAfer, McCormack and Leber. 
d) ~eat the process. Page. 141 @g)CZ§)Q3)c:E2)@9) 029 ~@3) 

'<0~ 073. Column. This time we pick columns for each page. 0 8 2 
6 6 3 1. Name. Again we pick 3 numbers, one for each page: 20 08 26. 
We happened to get them in the first three pages. The three subscribers 
are: p. 141, c. 2, 1. 20, Millins; p. 029, c. 3, 1. 08, Barnes; p. 073, 
c. 1, 1. 26, City Hall, Public Works. No subscriber was chosen twice. 

Use 3-digit random numbers. 
915 184 575 289 881 252 
419 234 606 016 865 282 
Repeat: 166 609 762 008 
and 6 boys. 

001- 500 for girls, 501-925 for boys. 051 369 
033 @D 194; 7 girls and 3 boys . . Repeat: 892 
390 281 090. Again 7 girls and 3 boys. 

266 631 638 141 620 798. This time 4 girls 

a) ilect numbers 001-325. 082 ~ 163 (§]}) 162 079 <iii) @y~ 002 
@D@)~(§)Q§) 272 ~@])(883')C976'J@g) 305 319 (543') 
282 @D 009. Teacliers 002, , 079, 082, ill, 163, 272, 282, 305 

and 319 are selected. 
b) 150/325 = .46, 100/325 = .31, 75/325 = .23. We select 5 teachers from 

District I, 3 from II and 2 from III. It seems as though III is over-re
presented. Probably a stratified sample would make the teachers in I and 
II happier. 

Random number simulation of drawing marbles. 
7-9 blue. 

SAMPLES OF 10 

604052, 872299 
87124, 436036 
140662, 470339 
77399 633067 
9180302, 487029 
117106, 1339 3 
649058, 197049 
4429 3, 832096 
210926, 081784 
902114, 24892 

2 1 
3 red and 3 blue. 1-6 red, 

6 R 
8 R 
8 R Mean number in 10 
5 R trials is 6.5 out 
5 R of 10, frequency 
8 R 65%2red. Very close 
5 R to 3. 
7 R 
6 R 
7 R 
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SAMPLES OF 20 

9960505, 0601248, 0801886, 051733 13 R 
85447, 41674, 38421, 35129 16 R 
0438861, 2918, 053129, 56943 14 R 
35888, 68421, 0081115, 960615 14 R 
51483, 99619, 28816, 324309 13 R 
640115, 93616, 01026036, 16268 18 R 
35341, 09508501, 53616, 23447 17 R 
043774, 970977, 36928, 045992 9 R 
62824, 24546, 34363, 5440034 19 R 

SAMPLES OF 25 

73566, 338401, 666097, 6200826, 63163 20 R 
81416, 207987, 74549, 6700294, 78814 13 R 
927505, 073462, 727047, 53883, 97692 14 R 
0305319, 54356, 22828, 1500924, 16379 19 R 
79937, 907687, 44347, 64594, 839607 12 R 
46219, 73837, 110575, 437207, 36664 19 R 
34391, 057131, 595095, 94376, 46461 19 R 

12498, 3040541, 497307, 47938, 12816 16 R 
107387, 08071025, 013898, 14198, 4088309 12 R 
5500266, 99442, 33899, 047369, 67522 17 R 
36184, 89189, 279075, 51399, 88485 12 R 

16. Use digits 1, 2, ... 8 for red and 9, 0 for blue. 

17. Use 2 digits numbers 01-77 for red and 78-00 for blue. 

18. Depends on mixture. 
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Mean number in 10 
trials is 14.8 out 
of 20, frequency 
74% red, Not as 
close as before 

Mean number in 10 
trials is 17.3 out 
of 25, frequency 
69%. 2 Pretty close 
to ~ 
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INTRODUCTION 
We talked about "chances" in the last section. Now we will investigate this 

idea a bit further. More formally, chances are called probabilities. What do we 

mean when we talk about the chance of getting two heads when two coins are tossed? 

How can we determine the probability that on the throw of two dice we get a sum of 

9? These questions are put in terms of coins and dice because the study of proba

bility began in response to inquiries from gamblers. It had been observed that the 

chances of getting two heads, one head or no heads seemed to be different. At least 

a bet on one head seemed to win more often than a bet on either of the other possi

bilities. Keeping track of the throws of two dice seemed to indicate a sum of 7 was 

more common than a sum of 9. 

Perhaps keeping records of the way a certain event has happened in the past is 

a good way of estimating the chances of its happening the same way in the future. 

Suppose we have tossed two coins a thousand times and have gotten two heads 275 

times. This is a little more than one-fourth of the time. Perhaps a good estimate 

of the chances of getting two heads when tossing two coins is about one-fourth. 

This is an example of estimating a chance empirically or experimentally. Sometimes 

such experimental results agree with our intuitive judgment and sometimes not. 

Sometimes we have no basis for any judgment except the experimental results. 

Consiqer the following situation. When Joe 

Bright goes off to college, his mother buys him 

six pairs of red and six pairs of blue socks. 

After a couple of weeks, Joe can't be bothered 

pairing up his socks after laundering them and 

just throws them in the drawer. When he gets up 

he is sleepy and tired. He reaches in and grabs 

two socks without bothering to look at their 

color. How can we determine what the chances are 

that Joe gets a pair of the same color? If you 

guessed now what would your guess be? 

Soon the blue socks begin to wear out faster 

than the red. There comes a day when the drawer 

has only 10 red socks and 5 blue ones. How can we now determine what the chances 

are that Joe picks a pair? One way of estimating the chances in each case is just 

to watch Joe for a couple of weeks and see how he makes out. Does this seem reason-
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able? Would you get a better estimate if you watched for a week or if you watched 

for a month? The object of this section is to devise experiments to estimate proba

bilities such as these without having to watch Joe even for a week. To begin with, 

let's look at some examples where it is easier to see what happens. 

EXPERIMENTS WITH SINGLE OUTCOMES 

TOSSING A COIN 

We toss a coin and use the results to estimate the chance of the coin 

falling head-up. 

A coin has two sides, a head and a tail. When the coin is tossed it lands on 

the table either head-up or tail-up. It could stay on its edge but this happens 

rarely, if ever, and we ignore that possibility. The following results come from 

an actual series of trials. 

First trial: A single toss. Result: T. That certainly does not tell us much. 

Try 10 tosses. 

Second trial: 10 tosses. Result: HTTTT HTHTH 

Look at the ratio of the number of heads to 

the number of tosses. Call this the relative 

frequency of heads and record it as 

f(H/N) = (number of heads)/(number of tosses) 

where H stands for the number of heads and N the 

number of tosses. This fraction is always some 

number between O and 1 inclusive since the number 

of heads must be greater than or equal to O and 

less than or equal to the number of tosses. In 

the first trial, the frequency of heads in one 

toss was O so f(H/1) = 0/1 = 0. In the second 

trial, f(H/10) = 4/10 = .4. This relative 

frequency is a preliminary estimate of the 

chance of getting a head on the toss of one 

coin. Is this estimate a good one? How 

could we make it better? Consider two possibilities: 
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First, make many more trials, say 50 or even 100 or 1000, and determine f(H/N). 

J.E. Kerrich tried this while he was interned during World War II. One of his re

sults was 511 heads in 1000 tosses for f(H/1000) = .511.* 

Second, make 100 trials and, instead of considering 

them all at once, consider them as a series of 10 repeti

tions of 10 tosses each. 

The results for 100 trials are given in Table 1. 

Notice several interesting facts. The heads and tails do 

not alternate. Several runs of 3 heads and even two runs 

of 5 heads in a row occurred. The successive relative 

frequencies, f(H/10), are .4, .5, .6, .6, .3, .6, .5, .6, 

.7, .7. On the other hand, all the trials could be com

bined to give f(H/100) = .55. We could also compute the 

cumulative relative frequencies: 

f(H/10) _j_ = .4 f(H/50) 24 .48 -= 
10 50 

f(H/20) -2. = .45 f(H/60) 
30 

.5 = 
20 60 

f(H/30) 15 = .5 f(H/70) 35 
.5 

30 70 = 

f (H/ 40) = ~ = 
40 

.525 

TABLE 1 

100 TOSSES OF A COIN 

HTTTT HTHTH 
HTHHH THTTT 
HTTTH HTHHH 
TTHTH THHHH 
TTHTT TTHHT 

THHTT HTHHH 
THTHT TTHHH 
HHTHT THTHH 
TTHHH THHHH 
THTHH HHHTH 

f(H/80) 41 .5125 80 = 

f(H/90) 
48 

.533 -= 
90 

f(H/100) 55 .55 100 = 

An important fact to notice is the variability of the relative frequency both 

in the individual series of 10 tosses and in the cumulative series. One might feel 

relative frequency is a poor way to estimate the chances of getting a head. We 

think there is a certain definite probability of the coin landing heads up. We may 

not know what it is, but we hope we can make an estimate of it by counting the rela

tive frequency of heads in an experiment of tossing a coin many times. It is true 

probability is sometimes tough to estimate by experiments. However, at times exper

iments are the only way to get at an unknown probability. One of the most valuable 

lessons we can learn is that such estimates are not exact. Pollsters may use polls 

to estimate the probability of Mr. A being elected is .52. Many people forget that 

the estimate may be off by perhaps .03 and Mr. A may end up with only 49% of the 

vote and be defeated or with 55% and be elected by a "landslide." 

*Mosteller, Rourke and Thomas, Probability with Statistical Applications, 2nd Ed. (Reading, Mass.: Addison 
Wesley Publishing Company, Inc., 1973), p. 17. 

Permission to use granted by Addison-Wesley Publishing Company, Inc. 
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Based on 100 tosses, our estimate of the chance of getting a head with this 

particular coin is .55. It may not be the exact chance and our estimate may change 

if we increase the number of tosses but for now we believe the chance is somewhere 

near .55. 

TOSSING A DIE 

Roll an ordinary die and check whether you get a five(~) 

or not. If you get a five, record the result with a 1. If not, 

record a 0. These results were obtained on 6 series of 10 rolls 

each. The relative frequencies for each series vary from Oto .3. 

The mean is .20. This is the same result as the relative frequen-

00000 00000 
10010 00001 
00000 00010 
00101 00000 
00110 01000 
10100 00100 

12 cy in all 60 rolls since there were 12 successes in the 60 rolls and 60 = .20. It 

is the experimental estimate of the probability of rolling a five with this _parti

cular die. The estimate might change if the die were rolled 100 times or 1000 but 

.20 is the best estimate with these 60 rolls. 

TOSSING A THUMBTACK 

Many people feel intuitively the chance of a tossed coin landing head-up is or 

is near½= .5. Similarly we may feel the probability of rolling any particular 

score such as a five(~) with a die is about ¼~.17. In the experiments above 

with a particular coin and a particular die, the relative frequencies and therefore 

the estimates of the probabilities came out near these values. For the coin it was 

.55 and for the die .20. 

Now we look at a situation where we have no idea what the chances are. Consi

der a thumbtack. A thumbtack when tossed on a table can land in two positions: 

point down, D, CZ , or up, U, d::, . Can we estimate the probability it will land 

point down? We use the notation P(D) for this where P stands for probability and 

D for down. Using this notation the results of the previous two paragraphs could 

be written: 

For the coin P (H) -::::: . 55 

For the die P (Five) ~ . 20 

We might toss one thumbtack 20 times or we can get similar results by toss

ing 20 of them at once and counting the number that fall in position D. We thus 

determine f(D/20) and repeat the experiment to get 25 results. We tally the 
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results, compute the 25 relative frequencies and finally determine their mean . You 

might do this and compare your results with ours. They probably will be quite dif

ferent as the thumbtacks you use may not be the same as ours. 

The results for 25 trials were as follows. The number of thumbtacks out of 20 

that fell D were 

To find 

. 40, 

.20, 

8, 7, 5, 6, 6, 

4, 4, 1, 6, 7, 

the relative frequencies, 

.35, .25, .30, .30, .20, 

.20, .05, .30, .35, .20, 

These numbers can be grouped and 

.05 .10 .15 

1 2 3 

4, 3, 5, 6, 2, 

4, 4, 5, 3, 6 . 

divide by 20 getting: 

.15, .25, . 30, .10, .35, 

• 20, .25, . 15, .30 • 

tallied as follows: 

.20 .25 .30 .35 

5 3 6 3 

7, 6, 2, 9, 3, 

.30, .10, .45, .15 

.40 .45 

1 1 

As in the coin tossing experiment, note the great variability in the results. Never

theless the mean of these numbers is .246 and we estimate P(D) ~ .25. A histogram 

of the relative frequencies is given in Figure 1. We will go into more detail about 

this kind of experiment in In f eren tia l Sta t ist i cs of the CONTENT FOR TEACHERS section. 

G 

5 

4 

3 

2 

1 

0 

0 .OS .lO .15 20 .25 _30 .35 !40 /.+5 

Fig. 1. Histogram of Relative Frequencies of D 

This method of counting relative frequencies in an experiment has enabled us 

to make an estimate of a probability we had no other way to determine. We call the 

result an empirical or experimental probability. 
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CHOOSING A MARBLE 

Suppose we have a bag of 5 marbles all alike 

except for color. There are 3 red and 2 blue 

ones in the bag. If we mix the marbles up thor

oughly and pick one marble at random, what is 

the chance of picking a red marble? We did the 

experiment 100 times and picked a red marble 

63 times. The relative frequency is 63/100 = .63 

and is our first estimate of the chance of pick

ing a red marble. Repeating the experiment we 

got 62, 52, 60 and 65 red ones. The mean of the 

resulting relative frequencies is .604. This is 

our estimate of the probability. Using this esti

mate would mean that if we drew 1000 times we 

would expect to get a red marble about 600 times. 

Exercises (Answers given on p. 158) 

EXPERIMENTAL PROBABILITY 

1. Toss a nickel 10 times, count the number of heads and record the relative fre
quency, f(H/10). Do this 10 times. Determine f(H/10) each time. Find the 
mean of these 10 numbers. Is it the same as f(H/100)? What is your estimate of 
the probability of getting a head with your particular nickel? 

2. Take a small piece of adhesive tape and fasten it over the head of the nickel 
you used in Exercise 1. Now repeat the experiment and give an estimate of the 
chance of getting a head with this weighted coin. 

3. Put 3 red and 4 blue marbles in a bag. Draw a marble, note its color, put it 
back, shake the bag, draw again and continue until you have made 10 draws. 
What is the relative frequency of getting red? Do this ten times, find the mean 
and estimate the probability of drawing a red marble. 

EXPERIMENTS WITH MORE THAN ONE OUTCOME 

TOSSING TWO COINS 

Toss two nickels. Count and record the 

number of heads. We can consider three possi

bilities. We get either two heads or one head 

or no heads at all. Would you expect the chances 

to be the same for each of these three? Let's 

look at a series of trials. Here is our record 

of an actual series of 70 tosses where 2 means 
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we get 2 heads, etc. On the first toss, we see no heads and re

cord a 0, in the second toss one head and record a 1, etc. The 

three possibilities do not seem to occur with the same frequen

cy. Most of us would say the chances of getting each of them are 

not the same. The relative frequency of two heads in the first 

series of 10 tosses was 1/10, in the second 4/10, and in the whole 

01211 10110 
02010 22120 
21201 10122 
20021 11111 
01010 21111 
01111 00111 
10010 10120 

series of 70 tosses 13/70. These results are not at all close together and we 

should be reluctant to say anything except that the chances seem to be less than 

1/2. In fact, twice the relative frequencies were less than 1/5. What about the 

relative frequency of two tails? This is the same as no heads and it is 3/10, 4/10 

and 22/70 in the three series of trials. Again all three are less than 1/2 and 

twice they are less than 1/3. Many more trials would have to be made to give us a 

clearer idea as to what the chances of two heads, one head or no heads really are. 

We will come back to this in Probahility With Models of the CONTENT FOR TEACHERS 

section. 

Consider a bag of 3 red and 2 blue marbles. This time after shaking the bag 

draw 2 marbles at once. There are three possible results. You could get 2 red 

marbles, 1 red marble or O red marbles. Are the chances for each the same? We do 

the experiment 100 times. We get 2 red marbles 34 times. Since the relative fre

quency is 34/100 our first estimate of the probability of getting 2 red marbles is 

34/100 = .34. This is about 1/3. Could it be that the chances for 1 red marble and 

0 red marbles are also about 1/3? In the 100 trials we got 1 red marble 49 times 

and O red marbles 17 times. The chances seem far from one third. We repeat the 

experiment with the results in Table 2. 

TABLE 2 

RESULTS OF DRAWING 2 MARBLES FROM A BAG 
CONTAINING 3 RED AND 2 BLUE MARBLES 

2 Red 1 Red 0 Red Total 

1st 34 49 17 100 
2nd 34 53 13 100 
3rd 44 41 15 100 
4th 32 49 19 100 
5th 30 59 11 100 

Total 174 251 75 500 
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Again note the variability of the results from one series of 100 experiments to 

the next. For 2 red, the relative frequency varies from .30 to .44. For 500 trials 

it is!~~= .348. For 1 red, it is .502 and for O red, .15. Our estimates are that 

P(2 red)~ .35, P(l red)~ .50 and P(O red):::::= .15. We feel the real chances are 

somewhere near these figures, but probably do not equal them exactly. More trials 

would change them again. However, we do feel confident that P(O) < P(2) < P(l) rather 
1 than P(O) = P(l) = P(2) = 3 

CONCLUSION 
Estimating probability by experiments is time consuming. But it is worth doing 

because it helps us not only to know what to expect in general but also to realize 

how varied the results of an experiment may be. Sometimes the results of an experi

ment are the only way to estimate certain probabilities, Sometimes they may contra

dict our intuitive expectations. For example, suppose Al and Bob each roll an octa

hedral die with its faces marked with the digits from 1 to 8. A score is obtained 

by dividing the number Al rolls by the number Bob rolls and taking the first digit 

of the result. Thus if Al rolls a 7 and Bob a 5, the score is 1 since 7/5 = 1.4 and 

the first digit is 1. If Al rolls a 5 and Bob a 7, 5/7::::: .71 and the score is 7. 

Al wins if the score is 1, 2 or 3 and Bob wins if the score is 4, 5, 6, 7, 8 or 9. 

What are the chances that Al wins? Intuitively, we might feel that his chances are 

much less than Bob's but running the experiment a few times will soon convince any

one that the contrary is true. 

Another reason an experimental approach to 

probability is important is that it may be the 

only way to estimate a probability vital in making 

an important decision. A drug manufacturer may 

claim a new wonder drug CURE-ALL is better than 

the old drug STANDBY. The Food and Drug Administra

tion runs experiments to determine the probability 

that CURE-ALL is more effective than STANDBY. This 

is not a simple process but it is an application of 

experimental probability. 

TESTS SHOW TI-IAT 

CURE-ALL IS 

000 

BE.TTER BY FAR 
THA"-l 

STANDBY. 
ee 
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Exercises 

4. We can tackle Joe Bright's problem not by watching him for a month but by making 
a model of the situation. Put 12 red and 12 blue marbles in a bag, draw two, 
note the color, and record a 1 if they are the same color, and a O if they are 
different. Repeat as many times as you want and note the relative frequency. 
It is your estimate. To find the chance of a pair in the second case, how many 
red and how many blue marbles would you put in the bag? Do this and find an 
estimate of the chance of getting a pair. Do your estimates agree with the 
guesses you made at the start of this section? 

5. Just for fun: Instead of just picking the first two socks, Joe keeps pulling 
socks until he gets a pair. How many socks should he pull to be sure the chance 
of getting a pair isl? In the second case above, how many socks must he pull 
out to be sure he gets a blue pair? 

6. In rolling two dice the score consists of the sum of the two numbers rolled. 
There are several possible scores. We want to estimate the chances of rolling 
scores of 4, 7 and 10. Do you think the relative frequencies obtained in six 
trials would be enough to make good estimates? Do the experiment 20 times and 
estimate the chances requested. Would 100 trials give you better estimates? 
How many trials would be needed to find the probabilities exactly? 

7. Have a friend put a few marbles (less than 20) in a bag, some red and some blue. 
We want to estimate the probability of drawing a red marble. Draw one marble, 
record the color, return the marble to the bag and shake the bag thoroughly. 
Repeat for ten trials. What is the relative frequency of drawing a red marble? 
Estimate P(R). Repeat for a second series of 10 trials. Repeat until you have 
a total of 100 trials. What is the final estimate of P(R)? 

8. Use the same bag of marbles as in Exercise 7. This time draw two marbles and 
note whether you get 2, 1 or O red marbles. Return the marbles to the bag and 
repeat the experiment 100 times. Estimate P(2), P(l) and P(O) after each series 
of 10 trials. Are you more confident in your estimates of these probabilities 
after 10 trials or after 100? Why? 
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ANSWERS TO EXERCISES 

Since these exercises involve experiments, your results will probably differ from 
those of anyone else including the following. 

1. f (H/ 10) = 3, 5, 3, 4, 4, 2, 6, 5, 5, 6 Mean= 4.3 
Yes, it is = f(H/100) P(H)-::::: .43 

2. f (H/ 10) = 2, 2, 5, 4, 3, 6, 4, 4, 5, 4 = 39. P(H) = .4 not much change 

3. We got 4, 3, 2, 4, 3, 7, 4, 3, 5, 3 with a mean of 3.9. 
Probability of getting a red marble is about 0.4. 

4. a) Results are those of your own experiment. 
b) Put 10 red and 5 blue marbles in .the bag and conduct your experiment. 

5. a) 3 b) 12 (He might pull all the red ones first.) 

6. You cannot find the exact probabilities by any number of trials. The best you 
can do is make a good estimate and it may take many trials to do even that. 

7. Results depend on how many marbles of each color are put in the bag. 

8. Results depend on how many marbles of each color are put in the bag. 
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INTRODUCTION 
In Experi menta l ProbahiZity of the CONTENT FOR TEACHERS section, we did some 

experiments to estimate the chances of certain simple events happening. Sometimes 

the results were about the same as our intuitive estimates. In this section, we 

investigate the circumstances in which this may happen. We examine how to combine 

intuition and experiment to find the chances involved in more complicated events 

built up as combinations of simple ones. Such 

problems could be: 

• What is the probability a professional base

ball player whose batting average is .312 will get 

three or more hits in the five times he is at bat 

Friday? 

• If the probability is .05 that a machine 

makes a defective car wheel, what is the proba

bility at least one of the next five wheels is 

defective? 

• If 20 fair coins are tossed, what is the 

probability they will fall with 8 or more heads? 

with from 8 to 11 heads? with exactly 8 heads? 

Before we can tackle such problems we need 

to think about simple chances or probabilities from a slightly different point of 

view than the experimental approach we considered before. We will make.mathematical 

models and use them to study the real life situations . 

FAIR COINS AND TRUE DICE 
Consider the question of the chance of getting a head when tossing a coin. In

tuitively, we feel the chance for a head with a fair coin is½. In the experiment 

in Exper imen tal Pr obahi Zity of the COi1TENT FOR TEACHERS section, the relative fre

quency in 100 trials was 1~~ = .55. This was the estimate of the chance of getting 

a head on any one toss of this particular coin. Was this a fair coin? What is 

meant by saying a coin is "fair"? We will call a coin fair if when it is tossed 

many times it falls 

would get about½ N 

about as many times heads as tails. That is, in N tosses we 

heads. The expected relative frequency of heads is then<½ N)+N 

which 
1 
2· 

. 1 
lS z . For a fair coin the probability of getting a head on any one toss is 

1 By the same argument, the probability of getting a tail is also 2 

159 



160 

CONTENT FOR TEACHERS PROBABILITY WITH MODELS 

Of course, a coin may be bent or worn as perhaps ours was since we got a few 

more heads than tails. But for a fair coin over the long run, we would expect about 

as many heads as tails. 

What do we mean by a true die? A die is true if the chance of rolling any face 

such as a ~ is the same as that of rolling any other face such as r-"iJ 
l!...!.J or ("i:-1 

lul 
Since there are 6 faces, a true die rolled 1200 times would result in about 200 of 

200 1 each face. We think the chances for each face then are about 1200 or 6 . For a 
1 "true" die the probability is exactly 6 but we recognize that in any experiment it 

would be very unlikely to get exactly 200 of each face in 1200 rolls. In the ex

periment in Experimental Probability in the CONTENT FOR TEACHERS section the esti

mate was .20, not too far from¼ ~.167 but not as close as it might have been if we 

had rolled the die 1200 times instead of only 60 and if the die had been an expen

sive precision one instead of one from the local variety store. 

In general, if a random experiment has n possible outcomes and we have no rea

son to expect any one outcome to occur more often than another, then in a large num

ber of trials, say 1000, we would expect each one to occur lOOO times. Therefore, 
1000 1 n 

the chance of any particular one would be (--)+1000 or - • If the results of the 
n n 

experiment are far from this value we suspect that our intuition is wrong and we 

look for reasons. This might happen in an experiment of drawing 2 marbles from a 

bag containing 3 red and 2 blue marbles. There are three possibilities, either 2 

red, 1 red or O red and because of the synnnetry we might expect the chance of each 
1 

to be 3 . But an experiment even with relatively few trials shows that the relative 

frequency of 1 red is much higher than that of either 2 red or O red. 

Examples 

a) 

b) 

c) 

In tossing a fair coin, there are 2 equally likely cases and we assume 

P(H) = P(T) = ½where P(H) stands for the probability of getting a head. 

In rolling a true die there are 6 equally likely cases and P(8) = P(G::J) = 

P([2]) = P(~) = P([ZJ) = P([Ij) = ¼ . 

There are ten digits and in a random number table P(O) = P(l) 

where P(n) is the probability that the digit selected is n. 

P(9) 

d) There are 100 two-digit numbers 00, 01, ... , 99 and in a random number table 
1 

P(each one)= lOO = .01. 

1 
10 
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e) In rolling 2 dice there are 11 possible outcomes: 2, 3, 4, 5, 6, 7, 8, 9, 10, 

11, 12. Children may think these are equally likely. An experiment with only 

30 rolls gave the following frequency distribution. 

Roll 2 3 4 5 6 7 8 9 10 11 12 

Frequency 0 2 2 4 5 7 3 3 3 0 1 

The chances of rolling a 2 or a 12 seem much lower than those of rolling a num

ber near 7. 

SINGLE STAGE TREES 
TREES FOR ROLLING A DIE 

Example 1 

Suppose on the roll of a die we are interested not in the exact number that 

shows up but simply whether the number is even. We could do an experiment 50 or 100 

times to estimate the chance but let's use our intuition assisted by a model that 

turns out to be very helpful in many problems. We draw a "tree" to represent what 

can happen as the result of a single roll. Since the roll can have six different 

results, the tree has six "branches" each labeled with one of the results. See 

Figure 1. For a true die we expect the 

rolls to be divided evenly among the 

six faces. The chance for each face 
1 

would be 6 This chance is associated 

with each branch and we label each of 

them with that number. 

· To identify any particular branch 

or branches, mark it or them heavily on 

the tree. The branch leading to 4 is 

so ma_rked in Figure 2. Note that 
1 

p(4) = 6 If you rolled the die 1200 

times, you would expect to roll a 4 

about 200 times. 

Fig. 1. Tree for One Roll of a Die 

1 

Fig. 2. Rolling a 4 
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In this example, we are interested in the 

chance of rolling an even number. The even 

numbers that might be rolled are 2, 4 and 6. 

In 1200 rolls each should turn up about 200 

times, so an even number will be rolled about 

600 times. The chance of rolling an even number 

is about 600/1200 = ½ On the tree we mark the 

appropriate branches. 

PROBABILITY WITH MODELS 

Fig. 3. Rolling an Even Number 

Of course, on one roll of a die we cannot get more than one number. But the 

event of rolling an even number occurs if we get either a 2 or a 4 or a 6. We note 

that: 1 
P(even) = -2 

How could we use the tree to determine this probability? We observe: 

1 3 
2=6 

1 1 1 
=6+6+6 

= P(2) + P(4) + P(6) 

P(2 or 4 or 6) 

If the event includes more than one branch, add the probabilities of each 

branch involved. 

Example 2 

In the same way the probability of rolling 

a number divisible by 3 is the probability of 

either a 3 or a 6. Experimentally, we think in 

a large number of rolls each one of these will 
1 happen about 6 of the time and the chance for 

1 each is about 6 The tree diagram has two 

branches marked with probability¼. As before 

the probability of one or the other of these 

branches is the sum of the probability for each one. 

G 

Fig. 4. Rolling 3 or 6 

P(3 or 6) = P(3) + P(6) = ¼+ ¼ = ¾ = ~ 
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TREES FOR DRAWING A MARBLE FROM A BAG 

Example 3 

PROBABILITY WITH MODELS 

Suppose a bag has 7 marbles in it, 5 red and 2 blue. If we mix the marbles up 

thoroughly and pick one at random each one will have the same chance of being drawn. 

In a large number of draws the relative frequenc-ies of each will be about the same, 

t. We assume the probability of drawing each marble is½- Here is the tree: 

What is the chance of drawing a red marble? 

There are five branches that lead to a red 

marble and therefore 

P(R) 

What would 

1 1 =-+-+ 
7 7 

P(B) be? There are two branches 

leading to blue. 

p (B) 1 1 2 

B 

Fig. 5. Tree for 7 Marbles in a Bag 
-+-=-
7 7 7 

i outcomes, P(E) = 
n 

In the tree, n is the number of equally likely b~anches and i the number of 

branches that lead to E. Soi is always less than or equal ton. This gives us the 

important result. 

probability of any event is less than or equal to 1. 

If we asked what is the probability the marble is either blue or red, the event 
2 5 would include all the branches of the tree. P(B or R) P(B) + P(R) = 7 + 7 = 1. 

This illustrates the idea that when anything is certain, we can say its probability 

is 1. If we draw a marble, it must be either blue or red since there are no other 

kind in this bag. 

When n gets large, the tree of equally likely outcomes will have too many 

branches to draw easily. Since in this example we are interested only in whether 

the marble drawn is red or blue we could think of a new tree with just two branches 

marked Rand B. But how do we label the branches? 

Think back to the first tree. In that example, 
5 2 P(R) = 7 and P(B) = 7 . So this tree is labeled as 

in Figure 6. This is called weighting each branch 

of the tree with the probability belonging to that 

branch. 

2 
7 7 

R B 
Fig. 6. Tree for Marbles 
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It is nice to observe that one tree like this can be 

used for many different experiments if the branches are 

labeled properly. Thus if the bag has 15 marbles, 7 red 

and 8 white, the tree would be as in Figure 7. If the bag 

had 5 ~ed, 4 blue, and 3 white, the tree would have three 

branches and be labeled as in Figure 8. 

We now note the second important fact about 

probabilities. 

of a probability tree is always 1. 

TREES FOR A SPINNER 

Example 4 

PROBABILITY WITH MODELS 

5 
12. 

-4 
12. 

Fig. 7. 

8 
15 

B W 

Fig. 8. 

w 

Consider the three spinners in Figure 9. In each case, what is the chance of 

the pointer stopping in region l? 

(a) (b) 

Fig. 9. Spinners 

(c) 

If each spinner is well balanced and spins freely, what would you expect to happen 
1 in each case? For (a) we would expect the pointer to stop in region 1 about 2 of 

120 1 3 
the time, for (b), about 360 or 3 of the time, and for (c), about 5 of the time. 
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We cannot draw a tree of n equally likely outcomes except for (a) when n = 2, but it 

does seem right to draw trees like those below. The branches would be weighted ac

cording to the chances we decided were appropriate. Here are the three diagrams: 

1 
2 

1 0 

(a) (b) 

Fig. 10. Tree Diagrams 

MODELS USING RANDOM NUMBERS 

Example 5 

If we use a random number table to 

pick a single digit number, the probabi-
1 . 

lity of picking any given digit is 10 = .1. 

The tree of this experiment has 10 branches 

each labeled .1. Suppose we are inter

ested in the event, E, that when we pick 

a digit randomly we get one of the set 

{1, 3, 5, 7}. Since each digit has pro

bability .1 of being picked, in 1000 trials 

1 
3 

1 0 1 
(c) 

for Spinners 

9 

Fig. 11. Tree for Random Digits 

we expect to get about 100 of each digit or 400 all together. The chance of getting 

one of the set is 400/1000 or .4. 

P(E) = P(l or 3 or 5 or 7) .4 = .1 + .1 + .1 + .1 

P(l) + P(J) + P(5) + P(7). 

If we mark the branches of the tree corresponding to the event E as in Figure 11, 

then P(E) equals the sum of the probabilities of all the branches that make up E. 

Example 6 

Sometimes a tree is not useful as a model. To model the selection of a single 

student at random from a class of 25 by a tree means using a tree of 25 branches. 

It is so big as to be useless. In Sampling in the CONTENT FOR TEACHERS section a 

random number table was used to select random samples. The model here consists in 
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assigning a number to each member of the class and using a random number table to 

make the selection of a single student from the class of 25. How can we use a ran

dom number table to do this? As we saw before, in the random number table, each two

digit number 01, •.• , 99, 00, has the chance 1/100 of being chosen. How do we 

change these chances to 1/25 as we want? Here are two ways to do it. The first 

might be to assign each student 4 of the two-digit numbers. Thus student #1 would 

get 01, 02, 03 and 04 while #2 would get 05, 06, 07 and 08, etc. Each student would 

have the chance 4/100 = 1/25 of being chosen. This is fine since 25 goes evenly 

into 100 but suppose there had been 27 students in the class. A second method is 

to assign each student just one number. Thus #1 would get 01, #2 would get 02, etc. 

Only 27 two-digit numbers would be assigned. When we use the random number table to 

pick a number, if we pick one of these numbers, fine, that student is selected. But 

if we get any other number in the table we simply ignore it and pick again until we 

get one of the twenty-seven numbers that have been assigned. Since each of the 

twenty-seven assigned numbers has the same chance of being picked as any other, the 

chance of each one is 1/27 as we wanted. This method will work for a class of any 

size. 

Exercises (Answers given on pp. 178-179) 

1. In rolling a die we win if we roll either a G] or a ~ 
branches and determine P(W), the probability of winning. 
branches and weight the branches. 

Draw a tree of six 
Draw a tree of two 

2. In a class of 15 students there are 6 girls and 9 boys. Among the girls there 
are 4 red heads and among the boys 3 red heads. 
a) Draw a 15-branch tree and label each branch appropriately with one of the 

labels GR, BR, GR, BR where GR stands for a red-headed girl, GR for a girl 
whose hair is not red and correspondingly for boys. 

b) Draw a two-branched tree for girls and boys and another two-branched tree 
for red heads and those without red hair. Weight and label each branch 
properly. 

c) Draw a four-branched tree with branches labeled GR, BR, GR, BR. Weight and 
label each branch properly. 

d) If a class speaker is chosen at random, what is the chance: 
i) the speaker is a girl? 

ii) the speaker has red hair? 
iii) the speaker is a red-haired girl? 

e) If only redheads can be chosen as speakers and only children without red 
hair as singers, what is the chance the speaker will be a girl? What is the 
chance the singer will be a boy? 
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3. How would you use a random number table to simulate a spin of each of the spin
ners below? 

1'2.0° 144° 

4. A number is selected at random from the set {1, 2, 3, .•. , 50}. How many 
branches are in the tree of equally likely outcomes? Don't draw the tree but 
determine how many branches lead to each of the following outcomes. Then deter
mine the chance of drawing 
a) an even number. 
b) a number divisible by 3. 
c) a perfect square. 
d) a number divisible by 1. 
e) a number divisible by 55. 
f) a prime number. 

5. A bag contains 23 marbles, 9 black, 7 white, 4 red and 3 green. A marble is 
drawn and its color determined. Draw the four-branched tree of outcomes and 
weight the branches according to the probability of each color. What is the 
chance the marble is 
a) red? 
b) not black? 
c) red or green? 
d) yellow? 
e) round? 
f) red and green? 
g) not (red or black)? 
h) not (red or black or green)? 

MULTIPLE STAGE TREES 
So far we have been looking at experiments that are completed in a single act: 

tossing a coin, rolling a die, choosing two marbles at once from a bag. We have 

considered the chance of one of the outcomes: the coin falls head-up; the die shows 

a 5; both marbles are red. We also considered other chances: the die shows a 3 or 

a 4; a single marble drawn is not red or black. Now we want to look at experiments 

that are made up of two or more acts done in succession and at experiments whose 

single act can be regarded as made up of a succession of simpler acts. Intuition 

seems to work better for simpler acts. We intuitively feel the chance of getting 

a head on the toss of a single fair coin is½ But the chance of getting one head 
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when we toss three fair coins at once is not intuitively obvious. If we can break 

this down into a succession of simpler acts and learn how to combine their probabi

lities we can work out the probability. 

TOSSING TWO COINS 

Let's start with tossing two nickels. What are the probabilities P(2 heads), 

P(l head) and P(O heads)? Instead of tossing .the two nickels together think of 

tossing them one at a time in succession. A single trial now consists of tossing 

the first nickel, recording Hor T and then tossing the second nickel and recording 

H or T. 

We use our intuition and our previous results to work out the relative fre

quencies of various events and see how the known probabilities combine to give the 

answers we want. In 1000 trials, what results can be expected? The chance of get

ting a head the first time is 1/2 so we should get about 500 heads. Now consider 

only those trials that resulted in the 500 heads. What happens on the second toss? 

Again the chance of getting a head is 1/2 and so out of these 500 tosses, about 250 

should be heads and about 250 tails. The relative frequency of 2 heads in succes

sion is 250/1000 = .25 and the relative frequency of heads followed by tails is also 

250/1000 = .25. 

An experiment in which a trial consists of two things done in succession is 

called a two-stage experiment. A tree diagram for this is called a two-stage tree. 

To draw it, we draw the tree for the first stage and then at the end of each branch 

draw the tree for the proper second 

stage. The diagram for tossing two 

nickels looks like Figure 12. The re

sults at each stage are indicated. The 

chance of each result is written on the 

branch leading there. The left most 

branch leads to Hat the first stage 

and H again at the second stage: the 

chance of following this branch is 

about 250/1000 or 1/4 which is the pro

duct of the chances at each stage. The 

:1. 

2 

1. 
2 

I-\ 500 TRIALS 

1000 7"RIAL S, 

1 
2. 

Fig. 12. Two-Stage Tree for Nickels 

event of getting 2 heads has probability!_ x !_= 14 = .25. What is P(l head)? What 
2 2 

branches lead to the event 1 head? Each of the two middle branches do since one 

leads to HT and the other to TH. Each of these branches is followed with probability 
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1/4. But when an event includes two or more branches, we find its probability by 

adding those of the branches. Therefore: 

What is P(O 
1 P (TT) = 4 = • 25. 

P(l head)= P(HT or TH) 

heads)? No heads means we got 

P(HT) 

1 
4 

1 = 
2 

tails 

+ P(TH) 

+ 1 
4 

.so. 

both times. P(O heads) 

In an actual experiment two nickels were tossed 70 times. The relative fre

quencies resulting were: 

f(2 heads) 

f(l head) 

f(O heads) 

13/70 

35/70 

22/70 

.19 

.so 

.31 

These vary a good deal from .25, .50 and .25, the probabilities we have just worked 

out by using our intuitive values of the chances at each of the two stages. If we 

had made 100 or 200 trials, the relative frequencies would probably have been 

closer. 

CHOOSING TWO MARBLES 

Example 7 

Suppose 2 marbles are drawn from a bag that has 5 red and 2 blue marbles. What 

are the chances that both marbles are red? We consider the single trial as made up 

of two successive events where one marble is drawn and then a second one without 

putting the first one back. What is the probability that the first marble is red? 

We saw before that this is t. Out of say 2100 trials about f x 2100 = 1500 times 

we get a red marble. Now what is the situation in the marble bag? One red marble 

has been drawn so only 4 red and 2 blue ones remain. If we draw again the chance 

of getting a red one is¼. Thus about -g-of the 1500 times with a red marble on the 

first draw, we should get another red one on the second draw. The relative fre

quency of the event "two red marbles" turns out to be 

4 5 [6 X (-y X 2100)) f 21QQ or 

Thus the chance of the outcome "two red marbles," considered as the results of two 

successive events, turns out to be the product of the chances of the two events. 
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2.100 TRIALS 

_§_ 2. 
l='IRST STAGE 

'7 7 

TRIALS GOO 

4 1 SECOtJD 
G <c:, STAGE 

R. B 8100 

We draw the tree to illustrate the 

experiment. Note that this time, the 

probabilities at the second stage are 

different from those at the first 

stage. Where did we get 5/6 and 1/6 

for the branches of the second stage 

tree on the right? To get to this 

position we had to draw a blue mar

ble at the first stage. If this 

happens then 5 red and 1 blue marbles 

remain. By the methods we have used 
Fig. 13. Two Stage Tree for Marbles 

before P(R) 5/6 and P(B) = 1/6. Drawing two red marbles means we have traveled 

down the left most branch and therefore: 

p (2R) = .2_ x i = 20 = 10 
7 6 42 21 

Drawing 1 red and 1 blue means we have gone down either of the two middle branches. 

P(lR) P(RB or BR) 

5 2 2 5 
7x6+7x6 

10 + 10 = 10 
42 42 21 

Finally, no reds means going down the right branch. 

2 1 1 
P(OR) = 7 x 6 = 21 . 

Two important results come out of these examples. 

1. To get the probability of the event at the end of any branch, multiply 

the probabilities along the stages of that branch. 

To get the probability of an event including 

computed for each of those branches. 

So far we have seen only two-stage trees but the same principles hold for mul

tiple-stage trees. These principles are the fundamental ideas underlying most ap

plications of probability. 
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Example 8 

Suppose we choose two children at random from a group of four girls and one 

boy. Draw the tree and find the chances of getting two girls; a boy and a girl; 

two boys. We quickly see that the third case is impossible. Since there are no 

cases, the relative frequency is%= 0 and the chance is O. This illustrates the 

general statement. 

If an event A is impossible, P(A) 

The left branch of the tree 

to the choice of two girls (see Figure 14), 

P(2 girls)=!±_ x 1_ = 1_ 
5 4 5 

There are two branches leading 

to one girl and one 

P(l girl and 1 boy) 

IS IT A FAIR COIN? 

Example 9 

2 
5 

1 4 
5 X 4 

1 
5 G 

GG 

Suppose a friend of yours has a coin that she 
1 claims is fair, that is, on one toss the P(H) = 2 . 

To test the coin you toss it six times and it lands 

heads every time. Do you think it is fair? In 

Example 1 in Experimental Probahility in the CON

TENT FOR TEACHERS section, when we tossed what we 

thought was a fair coin 100 times we did get a run 

of 5 heads. If we tossed this coin a large number 

of times, say 1000, we might get runs of 6 or even 

10 or more heads in a row. But confronted with a 

strange coin and six successive heads, we might ask 

what is the chance of getting six heads in a row 

when tossing a fair coin? The tree has many branches 

Fig. 

1 
5 FIRST STAGE 

SEC.01\lD 
STAGE 

B 
/ BB 
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but we only have to follow along one and at each stage, for a fair coin, P(H) 

Multiplying 

P(6 heads) 

the probabilities along the branch for 6 successive heads we have 
1 1 1 1 1 1 1 

= 2 X 2 X 2 X 2 X 2 X 2 = 64 • This is such a small probability that 

1 
2 

most of us would be inclined to doubt that the coin is fair. If we got 10 succes-

sive heads the same argument would tell us that the probability of this event is 

1/1024 which is less than .001. We would be almost sure the coin was not fair. It 

is a case of making a choice between two beliefs: 

1. The coin is fair and an extremely unlikely event, one with a chance of less 

than 1 in a thousand, has happened or 

2. the coin is not fair. 

This is an example of making a decision in the face of uncertainty. Help in making 

such decisions is one of the main results we hope to get out of studying statistics 

and probability. The situation here is that out of the many possible ways the 10 

tosses could have fallen we have taken one sample consisting of 10 heads in a row. 

If the coin was fair, this was a very unusual sample; so unusual we might think the 

coin has heads on both sides. To test this, we look at both sides. If the coin has 

both a head and a tail we take another sample of 10 tosses. This time we get 9 

heads and 1 tail. We are more than ever convinced that the coin is weighted heavily 

to show heads. We may, of course, be wrong but that is the decision we make in the 

light of the evidence we have. 

THREE OR MORE COINS 

Example 10 

If we toss three pennies, what is the chance of 

getting three heads? This is the same as tossing one 

penny three times in succession. If we drew the whole 

three-stage tree it would have 8 branches. Do you see 

why? But three heads will result only if we get a head 

each times so we are interested in only one branch of 

the tree. We find the probability of the event at the 

end of that branch by multiplying the probabilities as 

we follow that branch from beginning to end. Thus 

1 1 1 1 P(3 heads)= - x - x - = -2 2 2 8 

1. 

2 

H 
1-11-n-1 

1. 
2 

Fig. 15. Tree Branch 
for 3 Heads 

T 



CONTENT FOR TEACHERS PROBABILITY WITH MODELS 

Can we do the same thing to find the probability of 2 heads? Yes, but we have to be 

more careful as there are more branches that lead to this result. 

By drawing the whole tree and checking we see there 

the probability on each branch . 1 d since any one of is - an 8 1 1 1 3 result we want, we find that P(2 heads) =-+-+-=-
8 8 8 8 

HI-IT 1-\TH THH 

are three such 

these branches 

(see Figure 16). 

1 
2. 

1 
2. 

T 

branches, 

gives the 

Fig. 16. 3-Stage Tree for P(2H) 

OTHER MODELS 
A tree is not the only model we can use in working out probabilities. We con

sider again the chances of drawing 2, 1 or O red marbles when choosing two at random 

from a bag containing red and blue marbles. The model consists of drawing a circle, 

placing on it a dot for each marble, labeling them R or B appropriately, and drawing 

lines connecting each pair of dots to represent possible choices. If the bag has 

2 red and 1 blue marble we draw Figure 17a. Of the three choices of 2 marbles only 

(a) (b) (c) 
2 red and 1 blue 2 red and 2 blue 3 red and 2 blue 

Fig. 17. Circle Network Models 
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one has 2R, two have lR and none has OR. 
1 2 The chance of 2R is 3 and of lR, 3 If 

the bag has 2 red and 2 blue marbles, the model is Figure 17b and if it has 3 red 

and 2 blue the model is Figure 17c. In (b) we see there are six possible choices 

of 2 marbles, of these one has 2R, four have lR and one has OR. The probabilities 

are 
P(2R) = ¼, P(lR) 

By counting in (c) we see in this case 

P(2R) 3 
lO , P (lR) 

¼ and P(OR) 
1 
6 

6 1 
lO and P (OR) = lO 

If the number of marbles in the bag is 6 or less, this model can be used but beyond 

that the network becomes so crowded, mistakes in counting are easy and the results 

become uncertain. 

In the case of rolling two dice, the two-stage tree model has 36 branches, too 

many to consider easily. This time a model can be made by drawing a grid with 

36 boxes in it as enclosed by the heavy lines 

in Figure 18. On the top and left side we indi

cate the possible throws of the two dice and in 

each square inside we mark the score resulting. 

Each square represents the result of following 

down one branch of the tree if we had drawn it. 

Intuitively we know the probability of each of 

the six branches in the first stage is¼ and 

also of each branch in the second stage. The 

probability along any one branch of the whole 

w 
3 

SECOt,.JD DIE 

1 2 3 4 5 6 

1 2 3 4 5 6 7 

2 3 4 5 6 7 8 

3 4 5 6 7 8 9 

4 5 6 7 8 9 10 

5 6 7 8 9 10 11 

6 7 8 9 10 11 12 

Fig. 18. Throwing 2 Dice 

tree is¼ x ¼ = 3! . Since each square corresponds to a branch we can count up the 

squares that have a 5 in them to find P(5). There are 4 such squares and P(5) = 3: 
3 Similarly P(lO) = 36 and so on for any possible roll of two dice. 

What model is best? There is no answer. Different problems may lead to dif

ferent models. The best one for you is the one that helps you the most to see the 

way to analyze the problem. It may not be the one your neighbor feels is the best. 

Different models may each contribute to better understanding for all of us. 

Exercises 

6. A bag has 3 red and 4 black marbles. You draw two marbles together at random. 
What is the chance both are black? 
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7. A bag has 3 red and 4 black marbles. You draw one marble, look at it, put it 
back and draw again. 
a) What is the probability you draw two black marbles? 
b) What is the probability the two marbles are the same color, i.e., both red 

or both black? Hint: Draw the tree and work out the probabilities along 
each branch. 

c) What is the probability the marbles are of different color? 
d) What is the sum of your answers to b) and c)? What significance does this 

have? 

8. If a deck of 52 playing cards is well shuffled, the probability of drawing any 
card should be the same as that of drawing any other card. 
a) How many branches does the tree for this experiment have? 
b) What is the probability on any one branch? 
c) How many branches end on spades? What is the probability of drawing a 

spade? 
d) The K, Q, and J are known as face cards. How many face cards are in the 

deck? What is the probability of drawing a face card? 
e) What is the probability of drawing an ace? 

9. Two cards are dealt from a deck of 52 cards. To find the probability that both 
are aces, we think of two successive events. The first card is dealt. Four of 
the 52 branches give an ace. The probability is 4/52 or 1/13 that the first 
card is an ace. 51 cards are left in the deck of which only 3 are aces. What 
is the probability that the second card is an ace? What is the probability both 
cards are aces? 

10. Two cards are dealt from a deck. 
a) What is the probability of getting 2 face cards? 
b) What is the probability of getting two cards of the same suit? 

11. When we tossed a coin ten times and got ten heads in a row, we suspected the 
coin was biased. One possibility was that it had two heads. This is one hypo
thesis to explain what seemed an extremely unlikely event happened. We could 
verify or refute this hypothesis not by tossing the coin more times but by look
ing at it carefully. Can you think of some unlikely event that might occur for 
which such obvious verification or refutation of a hypothesis to explain it 
would be very difficult? Impossible? 

SUMMARY 

In working out problems involving probability there are several steps. 

First: Try to count the number of outcomes of the experiment. If there are n 

of these and there is no reason why one is to be preferred to another, we assume the 

chance of each is 1/n. We can test this by performing the experiment many times and 

checking the relative frequencie s . We diagram it by drawing a tree with n branches. 

Thus in drawing one marble from a bag with 13 identical marbles, the tree has 13 

branches and the probability of drawing a certain marble in a random drawing is 1/13. 

Second: If the event E consists of several branches, P(E) is the sum of the 

probabilities of the branches. If the marbles are numbered from 1 to 13, the 
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probability of getting a prime number is P(2 or 3 or 5 or 7 or 11 or 13) 

If there are 5 red and 8 black marbles, P(red) = 5/13. 

6/13. 

Third: If the trial of the experiment is or can be broken down into successive 

events, the tree is no longer a single-stage one but rather has a number of stages 

corresponding to the number of successive events. The probability of the event at 

the end of any one branch is the product of all the probabilities along the branch 

leading to that event. Thus to find the probability of drawing two black marbles 

from the bag of 5 red and 8 black marbles, we follow along the right branch of the 

tree (see Figure 19) and find: 

R 
RR 

5 

P (2B) 

8 
RB BR 

8 
13 

X 
7 

12 
56 

156 

FIRST STAGE 

SECO~D 
STAGE 

B 
BB 1::'ESULT OF 

BOTH DRAWS 

Fig. 19. Drawing Two Black Marbles 

If more than one branch leads to an event we have to figure the probability 

along each such branch and add the results. To find P(lB), we note we end up with 

1 black marble on each of the two middle branches so: 

5 8 8 5 80 
P(lB) = P(RB or BR)= P(RB) + P(BR) = l3 x 12 + l3 X lZ = 156 

In this case, the probability of drawing a black marble changes in the second 

stage from that in the first. If we put the first marble back in the bag before 

drawing the second, the probabilities in the second stage would be the same as in 

the first. In this case: 
P (2B) 

·slightly higher than the 1~: it was before. 

Sometimes counting the branches of the tree that lead to the same event gets 

quite involved. The tree diagram for the outcomes of tossing a coin five times has 

32 branches. Finding and counting the branches that lead to 3 heads and 2 tails is 

not easy. Looking at ways of counting is the subject of the next section. 
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Exercises 

12. A bag of six marbles has 3 red, 2 blue, and 1 white. Two marbles are drawn. 
Set up the model of dots on a circle with chords joining two points. 
a) What is the chance of getting the white marble? 
b) What is the chance of getting two reds? 

13. The marbles are as in Exercise 12. The marble drawn the first time is put back 
before the second drawing. What is the probability of getting 2 reds? of get
ting 2 whites? This time set up the two-stage tree as the model. 

14. In this spinner,LAPB = 120°. A 

a) On one spin, what is P(l)? 
b) What is P(not getting l)? 
c) On three spins, what is the probability of never 

getting al? 
d) On three spins, what is the probability of getting 

1 at least once? 

15. In rolling two dice, the score recorded is the sum of the dots showing on each 
die. Thus C] [2] scores as 8. Use the grid model illustrated in Figure 18. 
a) What is P(5) in rolling two dice? 
b) What is P(ll)? P(2)? P(7)? 

16. 5% of the light bulbs produced in a certain factory are defective. 
a) If you pick a bulb at random off the shelf, what is the probability you 

get a defective one? 
b) If you take two, what is the probability both are defective? Set up a tree 

to show this. 
c) How could you use a random number table to simulate this experiment? Do it 

50 times. What is the relative frequency of 2 defective bulbs? 
d) Suppose the experiment was to look at 5 bulbs and find the probability of 

getting two or more bad ones. Now a tree becomes almost too complicated to 
use. How could you use the random number tables to simulate this experi
ment? Do it 50 times. What is the relative frequency of two or more bad 
bulbs in five? 
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ANSWERS TO EXERCISES 

1. 

2. 

P(W) 

-
3 

, 3,4,s,c; 
WI~ LOSE 

c) 

G 

15 

BR. BR 

d) i. P(Speaker is a girl)= 6/15 = 2/5 
ii. P(Speaker has red hair)= 7/15 

b) 

111. P(Speaker is a red-haired girl)= 4/15 

~

3 
5 S 

G B n 1s 1s_ 
R R 

e) 7 redheads; among them 4 girls therefore P(Speaker a girl)= 4/7 
8 without red hair; among them 6 boys therefore P(Singer is a boy)= 6/8 

3. a) Let random digits 1, 2, 3 mean spinner lands on region 1 and random digits 
4, 5, 6, 7, 8, 9 mean spinner lands on region 0. Ignore the digit 0. 

4. 

5. 

Read digits. 
b) Let random digits 1, 2, mean spinner lands on region O. 

3, 4, 5, 1. 
Ignore digits 6, 7, 8, 9, 0 

Read digits. 

There are 50 equally likely branches. 
a) 25 for even numbers P(even) = 25/50 1/2 = .50 
b) 16 numbers divisible by 3 P(divisible by 3) = 16/50 
c ) 7 perfect squares P(perfect square)= 7/50 = .14 

.32 

d) 50 numbers divisible by 1 P(divisible by 1) = 50/50 = 1 
e) There are no numbers in the set divisible by 55. P(divisible by 55) 
f) There are 15 prime numbers < 50. P(prime) 15/50 = .30 

a) P(R) = 4/23 e) P(R) = 23/23 = 1 
b) P(not black) 14/23 f) P(R and G) = 0 

0 

9 3 c) P(R or G) = 7/23 g) P(not R or B) = 10/23 
23 23 d) P(Y) = 0 h) P(not R or B or G) = 7/23 

B R G 
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6, 4/7 X 3/6 = 2/7 ~ ,286 

7. a) 4/7 X 4/7 = 16/49 ~ .327 

8. 

9. 

10. 

11. 

12. 

b) 9/49 + 16/49 = 25/49 ~ .51 
c) 3/7 X 4/7 + 4/7 X 3/7 = 24/49 ~ .49 
d) Sum is 1 because either the marbles are the same or they are different. 

a) 
b) 
c) 
d) 
e) 

These are all the possible outcomes. 

52 
1/52 
13, 13/52 
12, 12/52 
4/52 = 1/13 

1/4 
3/13 

3/51 or 1/17. P(AA) = 1/13 x 1/17 = 1/221~ .0045 

a) 12/52 x 11/51 ~ .050 b) 13/52 x 12/51 ~ .059 

If Sam gets 100 on 10 successive math tests, one hypothesis might be he was 
getting an advance look at the tests. No obvious verification is possible. 

R 

a) P(W) = 5/15 = 1/3 

b) P(RR) = 3/15 = 1/5 

13. P(RR) = 3/6 x 3/6 = 1/4 
P(WW) = 1/6 x 1/6 = 1/36 

14. a) 
b) 
c) 
d) 

P(l) = 240/360 = 2/3 
P(not getting 1) = 1/3 
P(never getting a 1 on 3 spins)= 1/3 
P(getting 1 at least once)= 1 - 1/27 

X 1/3 X 1/3 
26/27 

1/27 

15. a) P(5) = 4/36 = 1/9 . 
b) P(ll) = 2/36, P(2) 1/36, P(7) 6/36 

16. a) P(defective) = 1/20 
b) 1/20 x 1/20 = 1/400 
c) Consider two-digit numbers. Let 01, 02, 03, 04, 05 represent bad bulbs and 

all the others good ones. Read 2 consecutive 2-digit numbers 100 times and 
count the frequency of getting both numbers in the 01 to 05 group. 

d) Look at 5 sets of 2 two-digit numbers and repeat 50 times. Count the num
ber of times you get no bad bulbs or 1 bad one. Subtract from 50. This is 
the frequency of 2 or more bad ones. Dividing by 50 gives the relative 
frequency. 
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INTRODUCTION 
To determine the probabilities of the outcomes of an experiment we need to make 

counts of the results of the experiment. In the section on Probability with Models 

in CONTENT FOR TEACHERS we used different models to help in this counting: tree 

diagrams; networks; grids. The "grid" model for the rolling of two dice showed 

there were four cells, W, ~, ~ and ~, out of 36 possibilities 
4 for the event "score of 5." Therefore P(5) = 36 The "network" model for choosing 

two marbles from a bag of 3 red and 2 blue marbles showed there were 3 ways out of 
3 10 for getting the event "2 reds." P(2R) = 10 . The "tree diagram" model for toss-

ing a coin three times enabled us to count three branches out of 8 leading to the 

event "2 heads." P(2H) = ¾ In each experiment we had to count the total number 

of equally likely outcomes. We also had to count the number of outcomes in the part

icular event we were interested in. 

Up to now, this counting has been relatively easy but it may be difficult if 

the numbers are large and the models more complicated. We want to develop some 

ideas to help us make such counts easier. 

ALTERNATIVES 
Suppose you can choose only one among several alternatives or combinations of 

alternatives. How many options do you have? 

Example 1 - Single Courses 

a) The BESTFOOD RESTAURANT offers five kinds of 

meat, three kinds of fish and four kinds of pasta 

as the entree in their regular dinner. Assuming 

John can select only one entree, in how many ways 

can he choose his main course? The answer is 12 

since he can choose one of five meats or one of 

three kinds of fish or one of four pastas. The 

answer is the same whether he chooses directly 

or whether he first chooses his entree to be 

one of the meat dispes and then chooses one of 

the five in that group. 

b) If seven air lines, three bus companies and 

one railroad run from New York to Chicago, you 

can make the trip in 7 + 3 + 1 = 11 ways. 
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to choose among alternatives 

each alternative. 

Exercises (Answers given on pp. 197-198) 

1. John and Joan have a date for Saturday night. 
They can go dancing or to the movies or bowl
ing or stay home. There are three different 
bowling alleys they like, four dance halls 
and six movie houses. How many options do 
they have as to how to spend the evening? 

2. The university offers a number of courses 
at 8 AM: five in English, three in Mathe
matics, three in Economics and four in 
Science. If John has to take an 8 o'clock 
class, how many options does he have? 

SUCCESSIVE CHOICES 

Example 2 - Airline Routes 

If seven airlines run from New York to Chicago 

and three airlines run from Chicago to Milwaukee, in how many ways can you go from 

New York to Milwaukee via Chicago. This time the answer is not the sum of 7 and 3. 

Rather it is the product since for each of the seven ways you choose for the first 

stage, there are three ways for the second 

stage. A tree diagram may help. We 

have only drawn part of the tree as the 

whole tree has 7 x 3 = 21 branches. 

Sometimes a simpler box diagram showing 

the number of choices at each stage is 

as good as the tree (see Figure 1). 

Stage 

Number of choices 

1st 
New York to Chicago 

7 

2nd 

ME.\./ YORK TO 
CI-HCAGO 

CHICAGO TO 
MILWAUKEE 

Total 
Chicago to Milwaukee 

X 3 21 

Fig. 1. Number of Routes from New York to Milwaukee 

A slightly more complicated counting problem occurs if, for example, you might also 

have gone via Cleveland with the choice of 3 airlines from New York to Cleveland and 

4 from Cleveland to Milwaukee. The number of routes via Cleveland would be 3 x 4. 

The total number of routes would be 33 altogether, 21 of them via Chicago plus 12 

via Cleveland. 
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Example 3 - Dinner Menus 

Besides 12 entrees which, you remember, con

sisted of five meats, three fish and four pastas, 

the BESTFOOD RESTAURANT offers the choice of 3 

appetizers, 2 salads and 5 desserts. John and 

Joan go there for dinner one evening. In how 

many ways could John order dinner if for his entree 

he chooses some kind of meat and if he orders one 

of each of the other courses on the menu? 

Joan decides to order some kind of fish but 

she feels that with fish only two of the appetizers 

and four of the desserts will go well, while either 

of the salads is okay. In how many ways can Joan 

order? 

In each case, a tree might help answer the 

question. But a complete· four stage tree would be 

very complicated. With a little care we can use the 

box diagram suggested in Example 2. We would get the following diagram: 

Stage 1st 2nd 3rd 4th 
Appetizers Entree Salad Dessert 

For John Number of Choices 3 X 5 X 2 X 5 

For Joan Number of Choices 2 X 3 X 2 X 4 

Fig. 2. Box Diagram for Counting Possibilities 

Total 
Dinners 

= 150 

= 48 

John can order dinner in 150 different ways and Joan in 48 for a total of 198. 

If we wanted to count the total number of different two dinner orders possible we 

would have to multiply 150 x 48 to get 7200. 

This example illustrates the Fundamental Principle of Counting. 

When successive choices are involved, 

is found by multiplying the number of options at each successive stage. 

Exercises 

3. Joan has four different colored shirts and five different pairs of jeans to 
choose from. In how many different ways can she dress? 

4. John has 4 shirts, 3 pairs of pants and 3 pairs of shoes. In how many ways may 
he dress if he must wear shirt, pan·ts and shoes? How many if he does not have 
to always wear a shirt? 
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5. At school Mary has to choose five courses, one each from 3 English, 2 Math, 
3 Science, 4 Social Science and 2 Art classes. How many different programs are 
possible for Mary? 

6. Christine, a teenager, belongs to high society. She feels wearing a different 
outfit each day of the year is necessary to keep her image. If she has 20 dif
ferent sweaters, how many different skirts does she need to live up to her 
desires? 

ARRANGEMENTS OR PERMUTATIONS 

Example 4 - Flag Signals 

A scout has four different flags. To send 

signals all four flags will be hoisted one above 

the other. How many signals can be sent? The 

scout chooses the first flag and ties it on the 

halyard. How many possibilities are there for 

this flag? With four different flags, there are 

exactly four. Now three flags are left. One 

of these is chosen and tied on below the first 

flag. Two possibilities remain for the next 

position. The last spot is filled automati

cally in one and only one way since only one 

flag is left in the flag locker. Thus there 

are 4 x 3 x 2 x 1 = 24 different signals. 

A box diagram similar to Figure 2 makes the 

~ 
~ 
~ 

DD . 
. 
. . 
. 

~ 

RED 

YELLOW 

BLUE 

total count easy. But if the flags are colored red, yellow, green and blue, the 

different signals could be read off more easily by following the different branches 

of the tree in Figure 3. Thus 

the second from the right gives 

us BGRY while the farthest to 

the left is RYGB. The tree il

lustrates the 24 different ar

rangements of the four colored 

flags. The model, box or tree, 

best for you to use depends on 

which model helps you more. 

Fig. 3. Permutations of 4 Flags 

y 
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An arrangement is also called a permutation. 

A permutation of any set of objects is an arrangement of the objects 

order. 

Thus there are 24 possible permutations of four different objects arranged in a row. 

Exercises 

7. If you have five different books, in how many ways can you arrange them in a 
row on your book shelf? You have five options for the one to go on the left 
end, 4 for the next position and so on. Your answer is the number of permuta
tions of five different things. 

8. How many permutations are there of six different flags? How many branches would 
there be in a tree corresponding to Figure 3? 

9. Suppose the scout has six different flags but his halyard is so short he can on
ly fly three at a time. How many signals can he make? Use a box diagram as in 
Figure 2. If you tried to draw a tree (don't) how many branches would it have 
in the third stage? 

10. Most codes use "words" of five letters. How many different such "words" can be 
made using the letters A, B, C, D, E if each letter is used in each word? 

11. How many five letter code "words" can be made from the letters of the word 
COLUMBIA if no letter is used more than once in any "word"? 

12. In a certain state auto license plates use three letters 
followed by three digits. Thus TZZ ~ 098. Note that re
petitions are allowed. Use a six-stage box diagram. How 
many possibilities are there for the first stage? · For the 
second and third? How many for the fourth, fifth and sixth 
stages? How many different license plates car this state 
issue? Your answer should be greater than 17.5 million. 

PG- 197'1 

TZZ-098 

13. When telephones were first invented people were called by name instead of num
ber. Later as the list of subscribers got longer, four digit telephone numbers 
were assigned. What was the maximum number of subscribers for a given exchange? 

Example 5 - Officers for a Group of Teachers 

The twenty teachers in a certain school want to select a building president, 

vice-president and secretary-treasurer with no person holding two offices. If the 

selection is made at random, how many different sets of officers can be chosen? How 

many possibilities are there for president? Twenty. Once the P.resident is chosen, 

how many teachers are left from whom the vice-president can be chosen? Nineteen. 

And then the secretary-treasurer can be chosen from the remaining eighteen. 
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We draw a box diagram in Figure 4 similar to Figure 2. 

Stages 1st 2nd 3rd Total 
President Vice-President Secretary-Treasurer 

Choices 20 X 19 X 18 = 6840 

Fig. 4. Box diagram for counting possibilities 

Once again to find the total number of possibilities we multiply the number of 

choices at each stage getting 6840. 

What is the probability that the officers will be: President - Jones; Vice

president - Smith; Secretary-Treasurer - Brown? We assumed the selection was ran

dom. Therefore the probability of any given selection is equal to that of any 

other. As there are 6840 possible selections, the probability of Jones as Presi-
1 dent, Smith as Vice-President and Brown as Secretary-Treasurer is 6840 • 

Exercises 

14. A coin collector has 10 Indian-head pennies, each one dated with a different 
year from 1901 to 1910. 
a) In how many different ways can three of the coins be selected and arranged 

in a line on the counter? 9 8 9 
b) What is the probability that the arrangement is ? 

1901 1902 1903 

15. A flag locker contains five different flags. A signal consists of three flags 
hoisted one above the other. How many signals can be sent? 

16. A flag locker has nine different flags. Signals consist of four flags hoisted 
one above the other. How many signals can be sent? 

17. A group of children consists of 3 boys and 3 girls. They are lined up for a 
picture. 
a) In how many ways can this be done? 
b) Suppose now the photographer wants to line them up with boys and girls al

ternating. In how many ways can this be done? Hint: Set up a box diagram 
similar to Figures 3 and 4. 

c) 

He 

Stages 

Choices 

can choose 
3 choices for 
position? 

any 
the 

1st 

6 

one 

X 

of 
second 

If the children are lined 
and girls alternate? 

2nd 

3 X 

3rd 

? X 

4th 

? 

the 6 for the first 
position? How many 

up at random, what 

X 

5th 

? 

position. 

X 

6th 

? 

Why are there 
choices for the third 

is the probability that 

only 

boys 
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FACTORIALS 

In the Examples and Exercises we have been counting permutations of different 

things. Sometimes these were permutations of all the things in a set such as the 

flags in a locker. Sometimes they were the permutations of only a limited number 

of the objects in the set as in the choice of officers for the teachers in a certain 

building. Counting permutations sometimes involves very large numbers and it would 

be nice to have some shorthand notation to use. 

Example 6 - Lining Up for a Picture 

Suppose a class of 20 students is to have a 

picture taken. The photographer wants to have the 

class lined up with 10 students in the first row 

and 10 in the second. In how many ways could this 

be done? We have seen that this can be thought of 

as a 20-stage process. How many choices are there 

for the front row, left end spot? 20. For the 

next? 19. And so on down. As each spot is filled 

there is one less in the group still to be chosen 

from until there is only one student left to fill 

the last spot. The total number of ways of lin

ing up is 20 x 19 x 18 x 17 x 16 x 15 x 14 x 13 x 

12 X 11 X 10 X 9 X 8 X 7 X 6 X 5 X 4 X 3 X 2 X 1. 

This is a tremendously large number and we should 

have some shorthand way to write it. The standard notation for it is 20!. Since 

there are factors involved this number is read as 

"twenty factorial." The exclamation point may have 

been chosen to indicate our surprise at how rapidly 

this process generates a large number. 

If the 6 teachers of the 5th grade wanted 

their picture taken they could line up in 6! 

(six factorial) or 6 x 5 x 4 x 3 x 2 x 1 = 720 ways. 

If the five letters of the word PROUD are 

rearranged to form possible code "words" such as 

DROUP or UPROD, how many could be made? A five 

stage process is involved and the answer is 5! 

(five factorial) or 120 ways. 
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notation n! (read n factorial) is an abbreviation for the product of 

the integers from n down to 1. 

n! = n x (n - 1) x (n - 2) x ..• x 3 x 2 x 1 

We see that the number of permutations of 20 people when we consider all of 

them is 20!. The number of signals we can fly using all five flags in the locker is 

5!. In general: 

The number of permutations of n objects taken all together 

Could we use this factorial notation to express the answer to Example 5? In 

that example we wanted to count the permutations of 20 different people taken three 

at a time. The answer was 20 x 19 x 18. 

20 X 19 X 18 
20 X 19 X 18 

But 1 

20 X 19 X 18 X 17 X 16 X X 3 X 2 X 1 
17 X 16 X X 3 X 2 X 1 

20! 
17! 

This is the number of ways of choosing and arranging in a row three objects from 

twenty different ones. It is the number of permutations of 20 different objects 

taken three at a time. 

Again, if you have 10 different books but only have room on your desk for six 

of them, in how many different ways could you arrange books in a row on your desk? 

We are asking for the number of permutations of 10 books taken 6 at a time. The 

answer is 10 x 9 x 8 x 7 x 6 x 5 since there are 10 choices for the first position, 

9 f th d t Th . ld b . 10 ! . h · d 1 · d or e secon, e c. is cou e written as 4! using t e same 1 ea exp aine 

above. 
10! 

Perhaps a more revealing notation would be (l0- 6 )! where the 6 in the (10-6)! 

indicates the number of books you are using or the number of factors in the first 

form of the answer. In this form, the answer to Example 5 could be written as 
20! 

(20-3)! 
In general: 

The number of permutations of n things taken r at a time, where r < n, is 

n! 
(n-r) ! 
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Exercises 

18. Compute each of the following: 

a) 6! b) 
7 ! 

c) 
12! d) 

12! 
4! 5! X 2! 10! 9! X 3! 

e) 
20! f) 18! g) 

3! h) 4! X 3! 
16! X 4! 16! 5! 7 ! 

Express the answers to the following in factorial form but do not !!.Y_ to work them 
out. 

19. In how many ways could 50 people be arranged in line? 

20. How many permutations are there of 16 objects taken 4 at a time? 

21. A boat has 10 different flags. Signals are made by hoisting flags one above 
the other. 
a) How many signals can be made using 4 flags? 
b) How many signals can be made using 6 flags? 
c) How many signals can be made using 2 flags? 

22. A boy scout has only four flags. He can make signals by flying either 4 or 3 
or 2 or even 1 flag alone. How many signals can he make using all 4? Using 3? 
Using 2? Using 1? How many signals can he send in all? Now work out your 
answers. (The final answer should be 64.) 

CHOICES OR COMBINATIONS 
Suppose six people meet for dinner. After dinner a game of bridge is suggest

ed. In how many ways can four of the six be chosen to play? From a group of 20 

teachers, how many different committees of three can be chosen? In each of these 

cases we are not interested in the number of permutations of the four bridge players 

or the three committee members, but only in the number of different possible groups 

or collllil1-ttees. Such choices without regard to order are called combinations. The 

number of combinations of four objects from six is called "six choose four" and 

abbreviated by 0 C4. Similarly we write 20C3 for the number of committees of 3 that 

can be chosen from the 20 teachers. How do we calculate these numbers? Remember 

we are choosing without regard to order. 

When the size of the group we are choosing from is small it is easy. But we 

want to build up a pattern that will enable us to find any such number we need. 

Suppose the group has only one object, A. We can choose one object from the group 

in only one way, i.~., 1c1 = 1. Suppose the group has two objects, A and B. 

We can choose two of them in only 1 way (AB) 

We can choose one of them in 2 ways (A)(B) 2C1 

1 

2 
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In order to build up the pattern, we say in both cases there is only one way to 

choose no objects from the group, i.e., 1 Co = 1 and 2Co = 1. 

Suppose the original group has three objects A, B, C. 

We can choose three objects in 1 way (ABC) 3C3 1 

We can choose two objects in 3 ways (AB)(AC)(BC) 3C2 3 

We can choose one object in 3 ways (A)(B)(C) 3C1 = 3 

Again we can choose no objects in 1 way ( ) 3Co = 1 

For a group of four objects the pattern goes: 

4 choose 4 (ABCD) 4C4 1 

4 choose 3 (ABC)(ABD)(ACD)(BCD) 4C3 4 

4 choose 2 (AB)(AC)(AD)(BC)(BD)(CD) 4C2 6 

4 choose 1 (A)(B)(C)(D) 4C1 4 

4 choose 0 ( ) 4Co 1 

Let's arrange these to make the pattern more visible adding a top line for a 

group of 0 objects. 

0 objects 1 

1 object 1 1 

2 objects 1 2 1 

3 objects 1 3 3 1 

4 objects l 4 6 4 1 

5 objects ? ? ? ? ? ? 

The pattern can be continued indefinitely by noting: 

a) the first and last numbers in a row are always 1· 
' 

b) the number in any position in a row is the sum of the two numbers in the 

row above lying to the right and left of its position.* 

*For the interested reader, we offer proofs for certain special cases. These 
proofs can be generalized. 

a) The first number in the next row is 5 C5 , the number of ways you can choose 
all five objects. There is only one way 5 C5 = 1. The last number is 
sCo. We have assumed this is one. 5 C0 = 1. 

b) We will show sC3 = 4C3 + 4C2. 
A set of 5 objects (ABCDE) is obtained from a set of 4 (ABCD) by including 
one different object E. Any combination of three from the five either 
includes E or not. If it includes E it is of the form (ABE), that is, it 
adds E to one of the 4C2 groups. If it does not include E it is of the 
form (BCD) and is one of the 4C3 groups. Therefore the number of combina
tion 5 C3 is the sum of the numbers in these two groups, i.e., 

sC3 = 4C3 + 4C2. 
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Figure 5 should help to make this 

procedure clear. This triangle of numbers 

is named after Blaise Pascal, a French 

mathematician who first called attention 

to it. 

From the figure we see 5C3 = 10 and 

6C4 = 15. It would be perfectly possible 

to determine 20C3 by building up this 

figure but it would take a long time. We 

need a better way. 

When we calculated in Example 5 the 

number of ways three class officers could 

be selected from twenty teachers, we were 

both selecting them and arranging them in 

1 

1 

1 1 

1 2 1 
\ I \ I 

1 3 3 1 
\/\/\/ 

1 4 G 4 1 
\/\/\/\/ 

1 5 10 10 5 1 
\I\/\/\/\/ 
G 15 20 15 G 

Fig. 5. Pascal's Triangle 

1 

order: President; Vice-president; Secretary-Treasurer. We found this could be done 
20! in 20 x 19 x 18 = ll! ways. Now let's look at the problem in a slightly different 

way and consider it in two stages. At the first stage, we select the committee and 

after that we arrange them in order. The box diagram is drawn as Figure 6. 

Stages 

Numbers 

Choose the Committee Arrange Them 

20C3 X 3! 

Possible Arrangements 
20! 
17! 

Fig. 6. Choosing and Arranging 

20! 
If 20C3 x 3! 171 , we divide both sides by 3!. Then zoC3 

20! 
17!3! (Note that 

17 and 3 add to 20.) Finally 

In keeping with this 

6 C4 

20 X 19 X 18 = 20 X 19 X 3 
3 X 2 X 1 

pattern, let's compute 6 c4 . 

6! ~ = 15 and this = --= 
4! 2 ! 1 X 2 

60 X 19 1140. 

checks with what 

If from a class of 12 children we choose a committee of 4, the 

we had before. 

number of dif-

ferent committees would be 12c4. To compute this, we remember that the number of 
f 4 12 . 12 ! 12 ! 

permutations or arrangements o objects chosen from is (12_4 )! 7f!. 
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Counting by two stages, choosing first in 12C4 ways and then arranging the four 

chosen ones in 4! ways, we see by our box diagram: 

X 4! 
12! and dividing by 4! 12C4 = 8! 

12! 12 X 11 X lQ X 9 
11 45 = 495. 12C4 = --= X 

8!4! 4 X 3 X 2 X 1 

We repeat: The number of ways to choose 4 objects from 12 without regard to order 

is the number of combinations of 4 objects from 12. 

It is important to remember: 

Permutations 
Combinations involve 

ordering or arranging. 
not ordering. 

In any problem of counting one of the first things to decide is whether order-

ing is involved or not. 

These two ways of counting are mainly what we are trying to learn to do: 

(1) counting the ways of choosing things and arranging them in order. 

(2) counting the ways of choosing things without regard to order. 

Exercises 

23. How many committees of 3 can be chosen from a group of 12 students? 

24. A class has 20 students, 12 boys and 8 girls. How many different committees of 
5 students can be chosen? How many committees will have boys as all the mem
bers? How many committees will consist only of girls? 

25. The United States Senate has 100 members. A committee of 12 is to be chosen by 
lot. How many such committees are possible? (Leave answer in factorial nota
tion.) 

26. Seven people like to play bridge. How many different tables of 4 can be 
selected? 

27. At a church fair, 500 numbered tickets are sold. Two different tickets are 
selected at random so that their holders may be given door prizes. How many 
different combinations of tickets could be selected? 

28. On a ten question test, students are required to answer any 8 questions. How 
many students could be in the class if each one answered a different set of 
8 questions? 
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ARRANGEMENTS WITH REPETITIONS 

Example 7 - Counting Heads 

In tossing ten coins and trying to find 

the probability of getting four heads and six 

tails we looked at a tree with ten stages and 

a final total of 1024 branches. We needed to 

count the number of branches that led to the 

end result of 4 heads and 6 tails. Not just 

HHHHTTTTTT but also perhaps THTTHHHTTT or TTHHTTTHTH or any other sequence of 4 

heads and 6 tails. We are now ready to make this count but it still needs to be 

explained carefully. The four heads and six tails occur one by one at successive 

stages in the 1O-stage tree. If we choose the four stages where His to occur then 

Twill automatically be at each of the other six stages and we will have one parti

cular series of 4 H's and 6 T '_s. Thus the total number of such series is simply the 

number of ways we can choose 4 positions for Hout of 10 possible ones, i.e., 10c4 • 

This works out to be lO! = lO x 9 x 8 x 7 210, and this is the number of branches 
4!6! 4 X 3 X 2 X 1 

of the tree that lead to the event 4 heads and 6 tails. Since the total number of 

branches is 1024, the probability of getting four heads is 1~;~ ~ .205. 

Similarly we can find the probability of getting five heads. We choose 5 posi

tions for Hin 10C5 ways. 

10! _ 10 X 9 X 8 X 7 X 6 
5!5! - 5x4x3x2xl 

252 Therefore, P(5H) = 1024 ~ .246. 

Example 8 - Counting Paths 

John lives on the corner of F 

252 

6th Street and Avenue C. Joan lives 

at 13th Street and Avenue F. John 

has to walk at least ten blocks to 

visit Joan, He does not want to 

walk more than 10 blocks but he 

wants to vary his waik as much as 

possible. How many different routes 

can he take? 

&Tl-I 
E • II 

• 

MA~ 
D • II 

• 

JO\..l"-1 
C • .. 

G 7 8 9 10 

Fig. 7. 

- .TOAtv •• 

11 1'2. 13 
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He has to go seven blocks East and three North. All we have to do is count 

the ways of arranging 7 E's and 3 N's. This is exactly the same as counting the 

ways of getting 7 H's and 3 T's in the toss of 10 coins. The answer is 

10! 
10 C7 = 7 ! 3 ! = 

10x9x8 
3 X 2 X 1 = 120 • 

In how many of these walks does John pass the corner where Mary lives at 9th 

and D? This is a two-stage event. In the first stage, he goes 4 blocks from his 
4! home to Mary's, 3 East and 1 North. This he can do in 4C3 = -- = 4 ways. In the 

3!1! 
second stage he goes from Mary's house to Joan's, 6 blocks of which 4 are East and 

6! 
2 North. He can do this in 5C4 = 4 ! 2 ! = 15 ways. To get the total count in a two-

stage case, we multiply the count at each stage so the answer is 4 x 15 = 60. 

Suppose Beth lives at 8th and E. What is the probability John goes by Beth's 

house? 

has 4c2 

6 X 6 

3/10. 

We count the paths that go by Beth's house in 2 stages. The first stage 
4! 6! = Z! 2 ! = 6 paths and the second 6 C5 = 5 ! 6 ! = 6 paths. The total count is 

36. Therefore the probability that John goes by Beth's house is 36/120 = 

Example 9 - More Code Words 

How many code words can be made using all the letters of the word POOL? This 

differs from our previous code word problem since the letter O is repeated, Suppose 

we mark the two O's so as to distinguish them by calling them 0 1 and 02 . Now we 

know there are 4! permutations of the 4 letters P, o1 , 02 , L. But these occur in 

pairs such as L0 1Po2 and L02Po 1 and when we remove the distinguishing marks the two 

"words" become the same, LOPO. To find the number of words still different we have 

to divide 4! by 2. But 2 = 2! So our answer is i: or 12. 

Again: how many different "words" can be made using all the letters of SASSY? 

This time there are three S's. If we mark them as s 1 , S2 , and s3 there are 5! dif

ferent words possible. But the three S's can be arranged in 3! ways which are not 

distinguishable when the marks are removed. 

6 indistinguishable words. Therefore to find 

t d . "d 51 b 31 d h 1 · 51 20 o ivi e . y . an t e resu tis 3! = • 

low the pattern of Example 7, we would choose 

5C3 or 3~~! = 10 ways and then in the second 

2 x 1 ways getting again a total of 20. 

So the 5! words form groups of 3! or 

the number of different words we have 

On the other hand, if we want to fol-

the positions for the S's in 

and third stages place the A and y in 

If more than one letter is repeated we can still proceed in either the pattern 

of this example or that of Example 7. Thus if we use the letters of PARALLEL there 
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are 8 letters altogether with 3 L's and 2 A's. If the L's and A's have distinguish

ing marks the number of different words is 8!. But the three L's can be arranged in 

3! ways. The two A's can be arranged in 2! ways. 

Therefore to count the distinguishable words we have to divide by these num

bers. The final count is 3~~! = 3360 different permutations. A different approach 

would be to choose the positions for the L's in the first stage in 9C3 ways. There 

are 5 positions remaining and in the second stage we choose two of these for the A's 

in 5c2 ways. In the third stage, the P, Rand E can be placed in the remaining 

positions in 3! ways. The final result is the product of these three numbers. 

8C3 = 8 X 7 X 6 = 56 
3 X 2 X 1 • 5C2 = ~ = 10 3! = 6. 2 X 1 • 

The answer is 56 x 10 x 6 3360 agreeing with the former result. 

How many different permutations are there of the letters of the word 

MISSISSIPPI? There are 11 letters altogether, 4 S's, 4 I's and 2 P's, Arguing in 
11! the same manner as before we get the final count as 4 , 4 !2 ! = 6930 different permu-

tations. 

Exercises 

A. Successive Choices 

29. The GOFORTOO HAfIBURGER HOUSE offers four kinds of hamburgers, 5 kinds of soft 
drinks and 2 kinds of hot pies. If Tom orders a burger, a drink and a dessert, 
how many days can he go without duplicating his order? 

30. In the country of SVOBODIA, license plates for cars have 5 digits. The first 
digit cannot be 0. How many different license plates are possible? 

31. In SLOVENIA, license plates have two letters followed by 3 digits. No letters 
can be repeated, I and O look too much like digits and are not used as let
ters. No digits can be repeated. How many different license plates are 
possible? 

32. There are 7 teachers in a certain school, One of them decides to invite one or 
more of the other six to dinner. In how many ways can this be done? Hint: 
think of a six-stage tree. At each stage, decide "invite" or "do not invite." 
How many branches are there in total? Should all the branches be counted? 

B. Permutations 

33. In how many ways may the four officers of a club be chosen from the 24 members? 

34. Six men check their hats at a restaurant. When they leave, the hats are given 
out at random. In how many ways may this be done? What is the probability 
that every man gets his own hat? 

35. How many different four letter code "words" can be made by arranging the let
ters of the word HOLD? 
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36. How many different four letter code "words" can be made using only letters of 
the word GAMBLER? 

37. A parking lot has seven spaces. If four shoppers park in the lot how many days 
could pass before they have to repeat their locations exactly? 

C. Combinations 

38. From a class of 15 students a committee of 5 is to be chosen. In how many ways 
can this be done? 

39. 

40. 

41. 

D. 

42. 

A class has 6 boys and 9 girls. A committee of 5 is to be chosen. How many 
committees can be chosen? How many committees will be all boys? How many will 
be all girls? 

A class has 6 boys and 9 girls. A committee of 5 is to chosen. If the commit
tee is to consist of 2 boys and 3 girls, how many different committees can be 
chosen? Hint: think of it as a two-stage event: first choose the boys and 
then the girls. What do you do with these two numbers? If the committee has 
3 boys and 2 girls, how many different committees can be chosen? 

A poker hand consists of 5 cards chosen at random from a standard deck of 52 
cards. 
a) How many 

b) 
answer. 
How many 

Miscellaneous 

different hands can be dealt? (Don't try to multiply out the 
Leave it in factorial form unless you have a hand calculator.) 
hands will have only hearts? 

In the tree diagram for tossing a coin 8 times, how many branches will have 
3 heads and 5 tails? 

43. In rolling two dice how many ways are there of getting a score (sum of points 
showing) of 7? How many of 11? What is the probability of getting either a 
7 of 11? Hint: how many cells are in the grid model? 

44. How many different code "words" can be made using all the letters of the word 
SCHOOL? 

45. How many different 4 letter words can be made using only the letters from the 
word SCHOOL? Hint: consider two cases: 
a) Use both O's. First stage, choose two more letters from S, C, H, L. 

Second stage, arrange the 4 letters. 
b) First, choose 4 letters from S, C, H, 0, L. Second, arrange these 4 

letters. 
c) Since (a) and (b) represent alternatives, decide whether to multiply or 

add the results in (a) and (b). 

46. How many poker hands (see #41) will have four cards of the same kind, i.e., 
4 Aces or 4 Kings, etc.? (2 stages) 

47. How many poker hands (see #41) will have exactly one pair, i.e., 2 cards of the 
same kind and the other three all different? (4 stages) 
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ANSWERS TO EXERCISES 

1. 3 + 4 + 6 + 1 = 14 

2. 5 + 3 + 4 + 3 15 

3. 4 X 5 20 

4 X 3 X 3 36, 5 X 

3 X 2 X 3 X 4 X 2 

20 X 18 = 360, 20 X 

5 X 4 X 3 X 2 X 1 

3 X 

144 

19 = 
120 

4. 

5. 

6. 

7. 

8. 6 X 5 X 4 X 3 X 2 X 1 = 
9, 6 X 4 X 4 120 

10. 5 X 4 X 3 X 2 X 1 120 

8 X 7 X 6 X 5 X 4 6720 

3 45 

380. She needs 19. 

720 

11. 

12. 

13. 

14. 

15. 

16. 

26, 26, 26, 10, 10, 10, 26 3 X 10 3 17,576,000 

104 = 10,000 

10 X 9 X 8 = 720, 1 
720 

5 X 4 X 3 60 

9 X 8 X 7 X 6 3024 

COUNTING TECHNIQUES 

17. 

18. 

19. 

20. 

21. 

n. ___ 1 
a) 6 x 5 x 4 x 3 x 2 x 1 = 720 b) 6 x 3 x 2 x 2 x 1 x 1 = 72 c) 720 10 

1 1 

22. 

23. 

24. 

25. 

26. 

2 7. 

28. 

a) 30 b) 21 c) 132 d) 220 e) 4845 f) 306 g) 20 h) 35 
50! 
16! 
12!10! 
a) 6! b) 10! ) 10! 

4! C 8! 

4 , 4 ! 4 ! 4! . IT , 2T , 3T , 24 + 24 + 12 + 4 64 

12! 12 X 11 X 10 
C - -- - ----- = 220 12 3 - 9!3! - 3 X 2 X 1 

20 X 19 X 18 X 17 X 16 
20 C5 ---------- = 15504, 12C5 5 X 4 X 3 X 2 X 1 

sCs = 8 x 7 x 6 
3 X 2 X 1 

100! 
100 C12 = 88!12! 

7C4 = --2!_ = 7 X 

4 ! 3! 3 X 

= 56 

6 X 5 
35 = 

2 X 1 

500 C2 
500 X 499 

124, 750 = = 
2 X 1 

1D Cs 
10! 10 X 9 45 = 8!2! = = 

2 X 1 

12 X 11 X 10 X 9 X 8 
5 X 4 X 3 X 2 X 1 

29. 4 X 5 X 2 = 40 

792, 
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30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

9 X 10 X 10 X 10 X 10 = 90,000 

24 X 23 X 10 X 9 X 8 = 397,440 

63 
24! 
20! 

6! 720, 1 = 720 

4! = 24 
7! 7 X 6 X 5 X 4 840 3! = 
7! 840 3! = 

1sCs 
15 X 14 X 13 X 12 X 11 = 5 X 4 X 3 X 2 X 1 3003 

9 X 8 X 7 X 6 __ 126 = 3003, 6 Cs = 6, ,.rs = ------
':1" 4x3x2xl 

6 C2 X 9C3 = 15 x 84 = 1260, 6 C3 X 9 C2 = 20 x 36 = 720 

52 ! 13! 
5!47! • 5!8! 

8! 8 X 7 X 6 
gC 3 = 5!3! , 3 X 2 X 1 56 

8 2 
6 • 2 • 36 = 9 
ll= 6 x 5 x 4 x 3 x 2 x 1 = 360 
2! 2 X 1 

4! _ 4! 4! _ 
a) 4C2 x 2T - 2121 x 2! - 6 x 12 72 b)sC4 x 4 5! 

46. 13 X 48 = 624 

47. 4C2 = 13 X 48 X 47 X 46 = 1,349,088 

COUNTING TECHNIQUES 

120 c) 120 + 72 = 192 
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INTRODUCTION 
We have been basing our ideas of probability on the properties of the relative 

frequencies of the outcomes of an experiment. Since in the toss of a coin only two 

outcomes are possible, if heads comes up 503 times in 1000 tosses, tails must come 

497 . Th 1 . f . 503 d 497 h. h dd 1 Th up times. ere at1ve requenc1es are 1000 an 1000 w 1c a up to • e 

probability of heads on a single toss for this coin is about .5 and that of tails is 

about .5 and these also add up to 1. 

Suppose you put a piece of adhe

sive tape on a nickel, toss the coin 

a large number of times and determine 

the relative frequency of heads for 

this particular biased coin. Assume 

the relative frequency turned out to 
73 be 100 :;:,:: . 70. On a further series of 

tosses we would expect heads to turn 

up about 70% of the time and we say 

the experimental probability of heads is about .7. What is the probability of 

tails? If we expect heads about 70% of the time we would expect tails about 30% of 

the time and so the probability of tails is .3. The sum of these two probabilities 

is 1. 

The same kind of argument tells us the probabilities of each of the various 

outcomes of a particular experiment will always add up to 1 so long as we are sure 

we have considered all of the possible outcomes. 

Thus if we were to toss 5 coins and count the number of heads, we could get 

6 different results since we can get 0, 1, 2, 3, 4 or 5 heads on a toss. If we 

could compute the probability of each of these events the sum would be 1. 

the probabilities associated with all the outcomes of a 

is always 1. 

If there are only two possible outcomes of an experiment we sometimes rather 

arbitrarily call one of them a success, label it Sand the other not a success and 

label it S. Then by the principle above P(S) + P(S) = 1. 

In rolling a die we might consider the roll of a~ or a 3 to be a success. 
1 - 5 Then P(S) = P(3) = 6 and P(S) P(not rolling a three)= 6 . For the biased nickel 

we might consider tossing a head to be a success. P(S) = P(Head) = P(H) = .7 and 

P(S) = P(Tail) = P(T) = .3. 
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Sometimes an event consists of several different outcomes of an experiment. We 

call the event E and try to determine P(E). We will present several examples to show 

how to find the answer to this kind of a question. The more difficult ones will in

volve careful counting as described in the section on Counting Techniques in CONTENT 

;FOR TEACHERS, 

COUNTING PROBABILITIES 

Example 1 - Code ''Words" 

We make random code "words" by making all possible permutations of the letters 

of the word ROBIN. The event, E, consists of those words in which the consonants 

and vowels alternate. Thus, NIBOR would be considered a success for this event and 

BROIN a failure. What is P(E)? We count the number of permutations of the kind we 

want in E, and divide by the total number of permutations. This quotient is by def

inition P (E) • 

How many permutations are there of the letters in ROBIN? The answer, as we 

learned before is 5! = 120. Of these, how many have the characteristic of having 

consonants and vowels alternating? Of the five letters, three are consonants and 

two are vowels. Therefore consonants must be in the first, third and fifth position 

and vowels in the second and fourth. Since successive choices are to be made we 

multiply the number of possibilities at each stage to get: 

Stages 1st 2nd 3rd 4th 
Consonant Vowel Consonant Vowel 

Choices 3 X 2 X 2 X 1 X 

The product is 12. 
12 The probability of this event Eis then 

120 
Since P(E) + P(E) = 1, P(E) = 1 - P(E) = 1 - .1 = .9. 

Example 2 - Rolling Three Fair Dice 

In rolling three true dice, suppose we 

consider the ~vent a success if at least two 

dice show the same number. Thus the roll of 

(1,4,4), (1,1,6) or (2,2,2) would be consid

ered a success. What is P(E)? 

The counting here is a little tricky. 

In how many ways can the three dice fall? 

5th 
Consonant 

1 = 12 

1 
10 

Thus P (E) =. 1. 

--• 
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Counting the branches of a three-stage tree shows there are 6 ways to choose at 

each stage so the answer is 6 x 6 x 6 = 216. If success is the event that at least 

two dice show the same number then failure means all three dice are different. This 

time it is easier to count the failures that the successes. For failure we have 6 

options at the first stage, only 5 at the second since the second die cannot have the 

same number as the first die, and finally 4 at the third. There are therefore 6 x 
- 120 20 5 6 x 5 x 4 = 120 branches that lead to failure and P(E) = 216 = 36 = 9 , Finally then 

5 4 P(E) = 1 - 9 = 9 . There are 216 - 120 or 96 branches that lead to E. 

Could we count directly the number of branches that lead to E? Remember that E 

consists of all those rolls that have at least two dice showing the same number. The 

branches in E are of two kinds: first; those that have all three dice the same, and 

second; those that have two the same and one different. There are exactly 6 branches 

of the first kind. To count those of the second kind, remember that each branch has 

three stages. First choose the two stages that are to have the same number. This 

can be done in 3c2 = 3 ways. Then choose the number that appears twice. This can be 

done in 6 ways. The third choice is of the other number and can be done in 5 ways. 

Then the total number of branches of the second kind is 3 x 6 x 5 = 90. Adding the 

counts we get 6 + 90 = 96 for the number of branches in E. P(E) is then equal to 
96 4 . bf 

216 = 9 Just as e ore. 

Exercises (Answers given on p. 211) 

1. If code "words" are made up from all the letters of the word MINUTE, what is the 
probability that the consonants and vowels alternate? 

2. Four commuters drive into the city and park their cars. There are 4 different 
garages for them to park in and each garage is big enough to handle all the 
cars. If each driver chooses a garage at random what is the probability that 
the four cars are all in different garages? What is the probability they are 
all in the same garage? 

3. On throwing two dice, what is the probability of scoring either a 7 or an 11? 

4. A bag contains 4 marbles, each of a different color. One marble is drawn, its 
color recorded and the marble put back. This is done four times. What is the 
probability that 
a) each color was drawn once? 
b) each marble drawn had the same color? 
c) three marble~ were the same color and one a different color? 

5. In a class of twenty students, there are three sisters. If a committee of three 
is chosen at random, what is the probability that exactly two of the three sis
ters are on the committee? (Hint: consider 2 stages. Choose the two sisters, 
then the third member.) 
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PROBABILITIES WITH MORE DIFFICULT COUNTING 

Example 3 - Tossing a Biased Nickel with P(H) = .7 

If we toss our biased nickel five times and 

consider getting either 4 or 5 heads a success 

for the event E, then getting 0, 1, 2, or 3 heads 

is a failure. What is P(E)? 

Consider a five-stage tree and determine 

how many branches lead to success, what the 

probability is for each branch and then add the 

results. 

There is only one branch leading to 

5 heads and at each successive stage 

P (H) = . 7. 

Multiplying the probabilities along this 

branch we see that 

P(SH) 

P(5H) 

(. 7) (. 7) (. 7) (. 7) (. 7) 

. 75 

.16807. 

There are several branches leading to 4 

heads. Any such branch must have exactly one 

tail. We have seen how to count the number of 

such branches. We first count the number of 

ways to choose the positions for the 4 H's 
5! 

along the 5 stages. This is 5C4 = 411 ! = 5. 

What are the probabilities along each such 

branch? Each branch has 4 H's whose probabili

ties are each .7 and one T whose probability 

is .3. Therefore, multiplying the probabili

ties along this branch we find 

P(a branch with 4H and lT) = (.7)(.7)(.7)(.7)(.3) 

. 07203. 

PROBABILITY WITH COUNTING 

Fig. 1. The Branch Leading to SH 

Fig. 2. One of the Branches 
Leading to 4H (HTHHH) 
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There are 5 such branches so P(4H) = 5 x .07203 = .36015. 

Finally, P(E) = P(5H) + P(4H) .16807 + .36015 

.52822 ~ .53 

or just over a half. Of course, P(E) = 1 - .52822 = .47178 ~ .47. 

A hand calculator will be a great help in determining such probabilities. 

Note on notation. In the second part of this example we were looking for "the 

probability of getting exactly 4 heads when we know that we are tossing a coin 5 

times with P(H) each time equal to .7." To save writing out such a long sentence, 

the following shorthand notation is frequently used: 

P(4:5, .7) 

This is read "The probability of getting 4 successes (in this case 4 heads) in 5 

trials of an experiment where the probability of success on one trial is .7." 

What we have just found is P(4:5, .7) ~ .36. 

This kind of a situation arises many times in questions about probability in 

everyday affairs as illustrated in the next two examples. 

Example 4 

A salesman claims the GROFAST plant food he 

sells is better than his rival's GARDENPRIDE. We 

ask how much better? He says at least 90% of the 

time, if two tomato plants are grown under the 

same conditions except for different food, the 

one given GROFAST will be in better shape at the 

end of a month. We decide to try out 10 pairs of 

tomato plants giving one in each pair GROFAST and 

the other GARDENPRIDE. At the end of a month only 

8 of the plants given GROFAST are in better shape. 

Now the question comes up: Can we determine the 

probability of getting 8 successes in 10 trials 

with P(S) = .9 on each trial? This is simply 

P(S:10, .9). We look at a 10-stage tree and count 

the branches with 8 successes and 2 failures. 

GARDEtJ
PRIDE. 

There are 10Ca such branches. The probability on each branch is determined by mult

iplying the probabilities at each stage along the branch, This gives (.9)8 x (.1)2. 

203 



204 

CONTENT FOR TEACHERS PROBABILITY WITH COUNTING 

Thus the answer as worked out with a hand calculator* is 

P(8:10, .9) 10Cs ( .9) 8 ( .1) 2 

1~ ~ i(.4305)(.01) 

';;::: .1937 ::::: .194 

Is this so low that the salesman's claim should be rejected? Perhaps 10 was too 

small a number of trials. Further discussion of this kind of a problem will be 

found in the section on Inferential Statistics in the CONTENT FOR TEACHERS section. 

Example 5 

At a big league ballgame, your favorite play

er is Joe Hitemhard who has a batting average 

of .300. This means his relative frequency of 

h f . b . 300 S h b its out o times at at is lOOO. o t e pro -

ability of his getting a hit each time he comes 

up is estimated at .3. In this game, he does 

not get a single hit in his five times at bat. 

Some people would claim he is no ,300 hitter. 

If Joe really is a .300 hitter, what is the 

probability that he gets no hits out of five 

times at bat? It is 

P(0:5, .3) (5Co)(,3)0 (,7)5 

(1) (1) ( .16807) -;,:: .168 ::::-¼ . 
Actually then, in about 1/6 of the games in which 

Joe comes to bat 5 times he will get no hits at 

all. 

What is the probability that Joe will get at least one hit? This is a differ

ent question from asking what is the probability that he will get exactly one hit. 

The latter is P(l:5, .3) = 5C1(,3) 1 (.7) 4 ,::::::,360. To find the answer to the first 

question we note that he either gets no hits at all or he gets at least one. Since 

this is all that can happen the two probabilities must add up to 1. We found before 

that P(0:5~ .3) ~ .168. But 

P(no hits)+ P(at least one hit) 1. So 

.168 + P(at least one hit) 1 

P(at least one hit) 1 - .168::::: .832. 

*An explanation on how to use a hand calculator is given at the end of this 
section. 
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A GENERAL CASE 
To find a general formula for probabilities such as that of rolling exactly two 

sixes when rolling five dice, i.e., P(2:5, ½), let's look again at one of the ex

amples we worked out before. We said P(8:1O, .9) = 10Cg(.9) 8 (.1) 2 • 

We are interested in those branches of the 1O-stage tree having 8 successes and 

2 failures. How many such branches are there? One for each choice of the position 

of 8 successes along a 1O-stage branch. The number of possible choices is 10c8 . 

The probability along each branch is found by multiplying together the probabilities 

of success, .9, on each of the 8 stages where we had a success and the probability 

of failure, .1, in each of the 2 stages where this happens. We have 10c8 branches 

each with probability (.9) 8 (.1) 2 • The final result is: 

P(8:1O, .9) = 10c8(.9)8(,1)2. 

This formula could also be written as 

P(8:1O, .9) 

Thus for the dice 

P(2:5, ¼) = 5C2(½) 2 (1 -¼)s-2 

=~:1(¼)2(¾)3 
1 125 

= 10 • 36 . 216 

:::::: .161 

Following the pattern of these two examples 

P(9:25, .3) 25C 9(. 3) 9(. 7) 16 

In general, we might be concerned with n trials of an experiment where the probabi

lity of success on each trial is p with O < p < 1. The number of successes is called 

x where O < x < n. The general statement is as follows: 

the probability of success on a single trial of 

and therefore the probability of failure 1 - p and if we 

of the experiment, the probability that we get exactly x 

P(x:n, p) C ( )x(l _ )n-x n X p p 

If the number of marbles in a bag is very large compared to the number drawn in 

the sample, the probabilities involved in drawing with replacement and without re

placement are very close. Probabilities with replacement are so much easier to work 

with; we use them in computing even when such a sample is drawn all at once instead 

of in successive stages with replacement:. 
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In the following exercises, you are asked to compute a few probabilities when 

n is fairly small. If n is larger than 5 or 6 the arithmetic becomes laborious un

less you have a hand calculator or a computer. Also tables to use in these situa

tions are available. In the next paragraph we will discuss their use as well as 

that of calculators and will suggest a program in BASIC to use if such a computer 

is available. 

Exercises 

6. A marksman has a probability of .8 of getting a bull's-eye. What is the proba
bility he gets exactly 5 bull's-eyes out of his next six shots? 

7. In the late afternoon poor light lowers the probability of getting a bull's-eye 
to .5. What is the probability he gets exactly 3 bull's-eyes out of his next 
6 shots? 

8. The light bulb machine produces bulbs with probability of a bad bulb of .1. In 
a sample of 10 bulbs, what is the probability of O or 1 bad bulbs? 

9. A jar of colored marbles has 1/4 black and 3/4 red ones. A marble is drawn at 
random, its color recorded, the marble put back, and the experiment repeated un
til 4 marbles have been drawn. Find 
a) P(no black marbles) 
b) P(no red marbles) 
c) P(l black and 3 red marbles) 

10. Suppose a bag of 100 marbles of which 80 are black and R 
20 red. If marbles are drawn in succession without re
placement, what is the probability of getting 3 black mar
bles in succession? To do this, draw part of the three
stage tree. Why do the probabilities change? Compare this 
result with what you would get if you replaced the marble 
after each draw. 

11. One fifth of the marbles in a large bag are black and the rest are red. Asam
ple of 5 is drawn all at once. Find P(3 black and 2 red). 

DETERMINING P(X:NJ P) MORE EASILY 
USING TABLES 

There are extensive tables of the probabilities P(x:n, p) for many values of 

n and p. Remember that xis the number of successes inn trials of an experiment 

and pis the probability of success on any one trial. At the end of this section, 

brief tables are given for n = 5, 10, 15, 20 and 25 and p = ,1, .2, ••• , .9. In each 

of these 5 tables the value of xis read on the left, the value of p on the top and 
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the probabilities wanted at the intersection of the horizontal and vertical lines 

drawn through these values. Thus 

P(8:10, .7) .233 and 

P(l2:15, .2) = O+, i.e., less than ,001 

and P(l9:25, .7) .147. 

Example 6 

A fair coin is tossed 25 times, What is the probability of getting 14 heads? 

This is P(l4:25, .5) and the table gives .133. 

Example 7 

For a biased coin with P(H) = .7, how many heads are most likely to occur if we 

toss it 25 times? Looking in the table we see that P(l8:25, .7) = .171 and this is 

larger than any other probability in the .7 column. The answer is that the number 

of heads is more likely to be 18 than any other number. 

USING A HAND CALCULATOR 

Suppose you want to compute P(7:10, .4) using 

a hand held calculator, If your calculator has an 

automatic constant this can be done as follows. 

First test the calculator for this feature. Turn 

the calculator on, enter 5, punch the 0 button, 

enter 3 and push the B button several times. If 

the readout is successively 15, 45, 135, your cal

culator is using 3 as a constant multiplier. 

P (7: 10, .4) 10C7(.4)7(.6)3 

10 X 9 X f(.4)7(. 6)3 
3 X 2 X 

We work forwards right through the problem except 

that instead of multiplying 10 x 9 x 8 first we 

compute 10 ¾ 3 x 9 ¾ 2 x 8 so that numbers re

main reasonably small. This would be particular

ly important in finding 20C13 in the next example. 

Enter 10, punch the [B button, enter 3, punch the 0 button, enter 9, etc. 

until the 10C7 is computed. (It will read 199.999 instead of the exact value 120.) 

Then punch 0 and enter . 4. The • 4 is now in as a constant multiplier. Press the 
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B button seven times, punch ~, enter . 6 and punch 0 three times. The answer, 

.04246731, is now displayed by the calculator. It can be checked in the tables below 

which, however, only give the answer to three places, .042. The following chart 

illustrates the procedure. 

10 ¼ 3 X 9 • 2 X 8 X ,_•4 __ =~-.,,.----JX .6 = = = .04246731 

.47 .63 

Let's try P(13:20, .8) = 2 0C13(.8) 13 (.2) 7 

The sequence gives: 

20 ¼ 7 X 19 

8 = = 

20 X 19 X 18 X 17 X 16 X 15 X 14 (.8)13(.2)7 

7 X 6 X 5 X 4 X 3 X 2 X 1 

6 X 18 ¼ 5 X 17 • 4 X 16 • 3 X 15 ¼ 2 X 14 X 

= X .2 = 

and the answer is .05454982 which to three places is .055, agreeing with the tables. 

USING A BASIC COMPUTER PROGRAM 

The BASIC language is perhaps the most common one available on time sharing 

computers in schools. A BASIC program to compute P(x:n, p) for any int~zral value 

of x from 1 to n-1 may be found as Program No. 16 in the APPENDIX. n must be a 

positive integer and pa positive number less than 1. If x = O, the probability is 

(1 - p)n and if x = n, the probability is pn, so all cases can be run off quickly. 

In fact, the program can be easily modified to let x run from Oto n with the cor

responding probabilities printed out in succession. 

Exercises 

12. A fair coin is tossed 20 times. What is the probability of more than 12 heads? 
This means 13 or 14 or any other number up to 20. To get the answer add up all 
the probabilities for all these numbers. 

P(x > 12) .074 + .037 + .015 + .005 + .001 + 0 + 0 + 0 

.132 

What is the probability of either 10 or 11 or 12 heads? 

13. If 60% of the voters in New York City are Democrats, what is the probability 
that in a random sample of 25 there are 15 Democrats? 

14. Use a calculator to compute P(7:10, .8). 

15. The probability of rolling a die to give a 0 is 1/6. Use a calculator to com
pute the probability of exactly one 0 in 10 rolls. 

16. Read from the tables P(l:10, .1) and P(l:10, .2). Compare these with your an
swer in Exercise 15. Since 1/6 lies between .1 and .2, wouldn't you expect 
this to happen? 
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PROBABILITY TABLES 

p 
h X .10 .20 . 30 .40 .50 .60 .70 .80 .90 X 

5 0 590 328 168 078 031 010 002 o+ o+ 0 
1 328 410 360 259 156 077 028 006 O+ 1 
2 073 205 309 346 312 230 132 051 008 2 
3 008 051 132 230 312 346 309 205 073 3 
4 o+ 006 028 077 156 259 360 410 J-28 4 

5 o+ o+ 002 010 031 078 168 328 590 5 

10 0 349 107 028 006 001 O+ O+ o+ O+ 0 
1 387 268 121 040 010 002 o+ o+ O+ 1 
2 194 302 233 121 044 Oll 001 o+ o+ 2 
3 057 201 267 215 ll7 042 009 001 o+ 3 
4 Oll 088 200 251 205 lll 037 006 o+ 4 

5 001 026 103 201 246 201 103 026 001 5 
6 o+ 006 037 111 205 251 200 088 Oll 6 
7 o+ 001 009 042 ll7 215 267 201 057 7 
8 o+ o+ 001 Oll 044 121 233 302 194 8 
9 O+ o+ o+ 002 010 040 121 268 387 9 

10 o+ O+ o+ O+ 001 006 028 107 349 10 

15 0 206 035 005 o+ o+ o+ o+ O+ o+ 0 
1 343 132 031 005 O+ o+ o+ O+ o+ 1 
2 267 231 092 022 003 o+ o+ o+ o+ 2 
3 129 250 170 063 014 002 o+ o+ O+ 3 
4 043 188 219 127 042 007 001 o+ o+ 4 

5 010 103 206 186 092 024 003 o+ o+ 5 
6 002 043 147 207 153 061 012 001 o+ 6 
7 o+ 014 081 177 196 118 035 003 o+ 7 
8 o+ 003 035 ll8 196 177 081 014 o+ 8 
9 o+ 001 012 061 153 207 147 043 002 9 

10 o+ o+ 003 024 092 186 206 103 010 10 
ll o+ o+ 001 007 042 127 219 188 043 11 
12 o+ o+ o+ 002 014 063 170 250 129 12 
13 o+ o+ O+ o+ 003 022 092 231 267 13 
14 O+ O+ O+ o+ o+ 005 031 132 343 14 

15 o+ o+ o+ o+ O+ o+ 005 035 206 15 

20 0 122 012 001 o+ o+ o+ o+ o+ o+ 0 
1 270 058 007 O+ o+ o+ o+ o+ o+ 1 
2 285 137 028 003 o+ o+ o+ o+ o+ 2 
3 190 205 072 012 001 o+ O+ o+ o+ 3 
4 090 218 130 035 005 o+ o+ o+ o+ 4 
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PROBABILITY TABLES (cont.) 
p 

n X .10 .20 . 30 .40 .50 .60 . 70 .80 .90 X 

20 5 032 175 179 075 015 001 o+ o+ o+ 5 
6 009 109 192 124 037 005 o+ o+ 0+ 6 
7 002 055 164 166 074 015 001 o+ o+ 7 
8 o+ 022 114 180 120 035 004 o+ o+ 8 
9 o+ 007 065 160 160 071 012 o+ o+ 9 

10 o+ 002 031 117 176 117 031 002 o+ 10 
11 o+ o+ 012 071 160 160 065 007 o+ 11 
12 o+ o+ 004 035 120 180 114 022 0+ 12 
13 o+ o+ 001 015 074 166 164 055 002 13 
14 o+ o+ o+ 005 037 124 192 109 009 14 

15 o+ o+ o+ 001 015 075 179 175 032 15 
16 0+ o+ o+ o+ 005 035 130 218 090 16 
17 o+ o+ o+ o+ 001 012 072 205 190 V 
18 o+ o+ o+ o+ o+ 003 ·028 137 285 I8 
19 o+ o+ o+ 0+ o+ o+ 007 058 270 19 

20 0+ o+ o+ o+ 0+ o+ 001 012 122 20 

25 0 072 004 o+ o+ o+ o+ o+ o+ o+ 0 
1 199 024 001 o+ o+ o+ o+ o+ o+ 1 
2 266 071 007 o+ o+ o+ o+ o+ o+ 2 
3 226 136 024 002 o+ o+ o+ o+ o+ 3 
4 138 187 057 007 o+ o+ o+ o+ o+ 4 

5 065 196 103 020 002 o+ o+ o+ o+ 5 
6 024 163 147 044 005 o+ o+ o+ o+ 6 
7 007 111 171 080 014 001 o+ o+ o+ 7 
8 002 062 165 120 032 003 o+ o+ o+ 8 
9 o+ 029 134 151 061 009 o+ o+ o+ 9 

10 o+ 012 092 161 097 021 001 o+ o+ 10 
11 o+ 004 054 147 133 043 004 o+ o+ 11 
12 o+ 001 027 114 155 076 011 o+ o+ 12 
13 o+ 0+ 011 076 155 114 027 001 o+ 13 
14 o+ o+ 004 043 133 147 054 004 0+ 14 

15 o+ o+ 001 021 097 161 092 012 o+ 15 
16 o+ o+ o+ 009 061 151 134 029 o+ 16 
17 o+ o+ o+ 003 032 120 165 062 002 17 
18 o+ 0+ o+ 001 014 080 171 111 007 18 
19 o+ o+ o+ o+ 005 044 147 163 024 19 

20 o+ o+ o+ o+ 002 020 103 196 065 20 
21 o+ 0+ o+ o+ o+ 007 057 187 138 21 
22 o+ o+ o+ o+ o+ 002 024 136 226 22 
23 o+ 0+ 0+ o+ o+ o+ 007 071 266 23 
24 o+ o+ o+ o+ o+ o+ 001 024 199 24 

25 0+ o+ o+ o+ o+ 0+ o+ 004 072 25 
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ANSWERS TO EXERCISES 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

6 X 3 X 2 X 2 X 1 X 1 ~ X t X j_ X 2 
6! f/ X 5 X 4 X / X J 

. 4! /,( X 3 X 2 X 1 
P(different garages)= '2;1i" = K x 4 x 4 x 4 

P(all in same)=~= 6~ 

P(7 or 11) = P(7) + P(ll) = 3! + 3~ = 3! = ¾ 
P(all different)=~= _l_ 4 32 

4 1 
P(all same color)= '2;1i" = 64 

P(3 same and one different)= ¾rr To compute S, choose the repeating color in 

4 ways, then choose the .other color in 3 ways, then arrange 4 things three of 
which are alike in 4 ways. Therefore S = 4 x 3 x 4 = 48 and 

P(3 same and one different= 2:~ = 1!. 
3C2 X 17C1 3 X 17 17 17 

20C3 (20 X 19 X 18)/(3 X 2 X 1) 20 X 19 = 380 ~ •045 

P(5:6, .8) = 6 c5 (..8) 5 (.2) 1 = 6(.8) 5 (.2) ~ .393 

P(3:6, .5) = 5C3(.5) 6 = 20(.5) 6 ::::: .313 

P(O:1O, .1) + P(l:10, .1) 10Co(.l)o(.9) 1D + 10C1(.1) 1(.9) 9 

1 X 1 X .314 + 10(.1)(.349) 
.314 + .349 = .663 

a) P(O:4, .25) 4c0 (.25) 0 (.75) 4 (1)(1)(.316) = .316 
b) P(4:4, .25) 4C4 (.25) 4 (.75)D 1(.004)(1) = .004 
c) P(l:4, .25) 4C1(,25) 1(.75) 3 4(.25)(.75) 3 = .422 

80 79 78 
P(BBB) = lOO x 99 x 98 ~ .508. The probabilities change since if a black marble 

is drawn there remain only 79 black ones out of a total of 99. If the marbles 
are replaced each time P(B) = .8 and P(BBB) = (.8) 3 = .512, slightly higher. 

P(3B) = P(3:5, .2) = 5c3 (.2) 3(.8) 2 = 10(.008)(.64) ~ .0512 

P(lO or 11 or 12) = P(lO:2O, .5) + P(ll:2O, .5) + P(l2:2O, .5) 
from tables .176 + .160 + .120 .456 

P(l5:25, .6) from tables= .161 

P(7:1O, .8) = 10C7(.8) 7 (.2) 3 = l~:;: ~ (.2097)(.008) ~ .201 

1 1 1 5 9 5 9 
P(l:1O, 6) = 10C1(6) (6) = 10 x ~ ~ .322 

P(l:1O, .1) from tables= .387 
P(l:1O, .2) from tables= .268 
1/6 = /167 which is 2/3 of the way 
2/3 of the way from .387 to .268 

from .1 to .2. 
.387 2/3(.119] 
.387 - .079 = .308, not too far from .323 
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INTRODUCTION 
HOW CAN WE USE THE STATISTICAL IDEAS WE HAVE BEEN DEVELOPING TO HELP MAKE DECI

SIONS? We have posed several situations whose investigations involve such use. 

• Does the mean, median or mode of the wages and salaries in a business 

or manufacturing concern give a person looking for a job the best guide 

for short term and/or long term salary prospects? 

•Isa coin or a die fair? How can we find out? 

• Should the buyer of ball point pens selling for 39¢ apiece test a 

sample of such pens? If so, how big should a sample be and what propor

tion of poor pens can be tolerated? Would 

the decisions be different for a small local 

store than for a nationwide chain of 1250 

such stores? 

e Should I buy a new MONTEZUMA car? The 

salesman claims that 90% of former buyers feel 

it is the best car for the money. Is it worth

while trying to find out on how many MONTEZUMA 

cars the claim is based? 

• Are three tests in a semester a fair 

judge of a student's accomplishment? 

• Is grade inflation a serious problem in 

my school? How can I even begin to tackle 

such a question? 

Looking more closely at the fair coin problem 

will enable us to see how statistical ideas can help. 

WHEN IS A COIN FAIR? 
We look at a coin. It has a head on one side and tails on the other. It looks 

like an ordinary coin and we assume it is a "fair" coin. The coin is tossed vigor

ously so that it spins many times in the air before falling on the table. If it 

comes up heads ten times in a row we may decide it is not a fair coin. Why? Of 

course, this decision involves knowing what we mean by a "fair coin." It also in

volves knowing what we mean by "decide." 
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By a "fair coin" we usually mean a coin that 

in the long run comes up heads about as often as 

it comes up tails. That is, the ratio of the num

ber of heads to the total number of tosses is close 

to 1/2. This is what we have called the experi

mental probability of heads and we have used it 

to write P (H) ~ ½ . Sometimes we say the ratio 

of heads to total tosses is one-half and write 
1 

p = 2. 
Usually we "decide" if "we are reasonably 

sure." Of course, sometimes "we are positive" 

or "almost positive" but most people would not ex

pect absolute certainty. Also "reasonably sure" 

may have different connotations under different 

circumstances. 

Exercises (Answers given on pp. 237-241) 

INFERENTIAL STATISTICS 

1. To test the fairness of a new coin, Tom suggests that we toss it several times. 
He claims if it comes up heads more often than tails it is not fair and is bi
ased towards heads. On the other hand, if it comes up tails more often than 
heads then it is biased towards tails. Is this test a good basis for deciding 
whether the coin is fair or not? What happens if the coin is tossed three 
times? How many times should the coin be tossed before a decision on fairness 
is made? 

2. An advertisement of 9-volt Long Life batteries 
for a small calculator claims "the average life 
of these batteries is 100 hours." The Long Life 
battery in your calculator dies after 90 hours 
of service. You decide never to buy a Long Life 
battery again. Is your decision justified? 
Suppose the advertisement had read "the mini
mum life of these batteries is 100 hours." 
Would your decision be justified this time? 

3. Suppose you roll a die three times and get a 6 
each time. What is your decision as to the 
fairness of the die? How confident are you 
that you are right? 

4. Three irate customers out of a hundred claim 
their 39¢ ball point pens are faulty. As store 
owner, would you refuse to stock this variety 
of pen? 

5. Three irate customers out of 100 claim their 
$390.00 HiFi systems are faulty. It costs $100 
apiece to fix up the systems. As store owner, 
would you refuse to stock that brand of HiFi 
sys terns again? 
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We assumed the coin came up heads 10 times in a row. If the coin is fair, 

P(H) =½on each toss. The chance of getting ten heads in a row can be worked out 

by considering a tree of ten stages with only one branch leading to 10 heads. Mul

tiplying along this branch we get <½)lO = 10; 4 thus P(lO heads in a row)= 10; 4 or a 

little less than one in a thousand. Since this is so small we really feel quite 

confident that the coin is not fair. But of course it could have been. Just be

cause the chance of tossing 10 heads in a row is less than one in a thousand does 

not mean it can~ happen. 

Suppose all 160,000,000 people in the United States whose age is 14 or more had 

each tossed a fair coin 10 times. About one person in a thousand would have tossed 

h d · h d h' ld h h d. 160,000,000 ten ea sin a row. In ot er wor s, tis wou ave appene in l,OOO or 

160,000 cases. Of course, we might have been one of these 160,000 cases but we are 

much more inclined to feel we would have been among the 159,840,000 people who did 

not get 10 heads in a row with a fair coin. 

Since the 10 heads did show up we feel reason-

ably sure that the coin is not fair. We measure 

our certainty by saying if the chance of this hap-

pening with a fair coin is about .001 then, turn-

ing it around, we can say, when it does happen, 

the chance or probability that the coin is fair is 

only .001. Then the probability that the coin is 

biased (which is the only alternative) is 1 - .001 

or .999. We can restate this to say "we are 99.9% 

sure that the coin is biased." 

If we had only tossed the coin five times and 

gotten 5 heads in a row we would not have been so 

confident the coin was biased. The chance of this 
1 1 happening with a fair coin is (-) 5 = 32 or about 
2 

.03. Again turning it around, if we get 5 heads 

in a row with a certain coin, we say the probabi

lity this coin is fair is .03 and the probability 

it is biased is 1 - .03 = .97. 

TALLY 
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Exercises 

6. If the 1600 students in a certain school 
system each toss a fair penny six times, 
about how many should get six tails in a 
row? 

7. 

8. 

9. 

Vital statistics of the country SLOVENIA 
show there are about 20,000 families with 
five living children. Of these, 700 fami
lies have five boys. If the probability of 
having a boy were 1/2, about how many fami
lies would have five boys? Do you think 
P(B) = 1/2 in SLOVENIA? 

If a die is "fair," P(f.:]) = 1/6. If 40,000 
people each toss a fai~ie 4 times, about 
how many would get four~ 's? If they 
tossed it five times about how many might 
get five ~ 's? 

In a rifle club, the award of GOODSHOT is 
given to anyone whose probability of getting 
a bull's-eye is .9. That is, over the sea
son, a GOODSHOT averages 9 bull's-eyes out 
of 10 shots. John claims to be a GOODSHOT. 

INFERENTIAL STATISTICS 

As you watch him shoot, you see he fails to make a bull's-eye in his first four 
shots. You decide he is lying. How confident are you that this decision is 
right? A SUPERSHOT award is given to those with P(Bull's-eye) = .95. Sue makes 
12 bull's-eyes in a row. Is she really a GOODSHOT having an exceptional match 
or is she a SUPERSHOT? Can you decide? 

THE DIVIDING LINE 

Having tossed five heads in a row, we might be 97% sure the coin was biased but 

many of us would want to wait for further evidence. 

When making a decision, do we want to be 90% sure we are right or 95% or 99% 

or, if possible, absolutely certain? It usually depends on the situation. If we 

have to make a decision on introducing a new medicine or a new procedure in medical 

treatment, we may want to be at least 99.9% sure it is not lethal. Tragic mistakes 

have been made because sufficient experiments were not made to insure this. Remem

ber the introduction and use of Thalidomide some years ago before it was found to 

cause malformations in many of the babies of mothers who used it during pregnancy. 

On the other hand, if the committee to select a band for a school dance are 95% 

sure or maybe even 80% sure that a majority of the students prefer a Hard Rock band 

to a Rock-n-Roll band, they might be perfectly happy about selecting such a band. 
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Exercises 

10. What percent of certainty that you are correct would you want in making deci
sions in the following cases? 
a) Breakfast cereal A is better than B. 
b) Fluoridation of the water supply in your city is worthwhile. 
c) As a doctor, a new local anesthetic for a minor operation is better than 

the old one. 
d) As a doctor, a new anesthetic for major open-heart surgery is better than 

the old one. 
e) To accuse a student of cheating on your test. 
f) To bet on FLEETWING in the Kentucky Derby. 
g) To buy a record in hopes it will please your mother. 
h) To buy a book for yourself. 
i) To quit teaching and try something new. 
j) To introduce some statistics into your math class. 

We assumed the coin was fair. We look at the result of the experiment, 10 

heads in 10 tosses. The probability of this result is very low, one in 1024, or 

about .001. But it happened. We now turn the situation around and say, in the 

light of this evidence, the probability that the coin is fair is only about .001 and 

therefore the probability that it is biased is 1 - .001 or .999. Putting it as a 

percent, we say we are 99. 9% sure that the assumption of fairness is not_, correct and 

the coin is actually biased. We have made a decision and if necessary we can ac _t on 

it. 

DECIDING AUTHORSHIP 
The Federalist papers were written in 1787-88 

to persuade the people of New York State to rati

fy the Constitution of the United States. Some of 

the papers were written by James Madison, some by 

Alexander Hamilton and some by John Jay but all 

were published under the name "Publius." Although 

the authors of most of the papers are well known, 

there are twelve for which the authorship has been 

disputed for many years. Recently Mosteller and 

Wallace* subjected the disputed papers to a care

f.ul analysis of style and word usage. They state 

the probability that Madison wrote the first of 

*Frederick Mosteller and David L. Wallace, "Deciding Authorship," in Statistics: A Guide to the Unknown, 
ed. by Judith M. Tanur (San Francisco: Holden-Day, Inc., 1972), p. 164. 

Permission to use granted by Holden-Day, Inc. 
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the disputed papers, #55, is .988, that he wrote the second one, #56, is .999 and 

that he wrote each of the other ten is even higher. In the light of this evidence 

if, of course, we accept it, most of us would be willing to credit the papers to 

Madison. Such high probability is not certainty but it is very convincing. 

Exercises 

11. Ms. Riley can take two different routes to 
get from her home to her school. The first 
route has three traffic lights that are not 
synchronized. The probabilities that the 
lights are green when Ms. Riley comes to 
each of the streets are .5, .6 and .6 respec
tively. The other route has 5 lights again 
not synchronized. The probability of hitting 
a green light at each of the first t¥o lights 
is .6. Then she gets on a main road and for 
the next three lights the probabilities of 
green are .8, .9 and .8. Ms. Riley wants to 
take the route with the better chance of not 
having to stop even once for a red light. 
Which route should she take? 

12. John Majic claims he has extrasensory percep
tion. Jane is skeptical. She takes the A, 
K, Q of hearts and gives John the A, K, Q of 
spades. She arranges her cards face down in 
a line on the table and challenges John to 
arrange his in the same order without looking 
at hers. He does so and matches her arrange
ment. She says, "You were just lucky. Let's see you do it with four cards." 
They each add .the J and again after Jane rearranges her cards, John matches. 
What are the chances in each case that John was just lucky? (Hint: how many 
arrangements of three cards are there? of four?) What is the chance John was 
lucky both times? If John succeeds in matching five cards, what decision would 
you make as to his ability? Are you absolutely certain? 

SELECTING A DANCE BAND 
There are many kinds of problems to which statistical analysis may help us find 

answers. The answers are not likely to be certain as is the answer to "What is the 

sum of 5 and 3?". They may not even be exact but hopefully we can find an approxi

mation to the answer and some degree of certainty as to the closeness of the approx

imation. 

For instance, if a poll of 25 students in a school reports that 16 of them pre

fer a Hard Rock band to a Rock-n-Roll band for the next school dance, what can we 

say about the preference of all of the 1500 students in the school? In the sample, 

Permission to use granted by Holden-Day, Inc. 



CONTENT FOR TEACHERS INFERENTIAL STATISTICS 

64% preferred Hard Rock. Would we be sure that 64% of 1500 or 960 students would 

prefer the Hard Rock band? No, not even if the 25 students polled had been a care

fully selected random sample and the survey had been done with great care. All we 

could say would be that the number of students favoring Hard Rock would be somewhere 

"near" 960 and we are not even sure what the "near" is. Maybe, as a wild guess, it 

might mean within 260 on either side of the 960. The number favoring Hard Rock 

would then be somewhere in the interval from 700 to 1220. This is a very wide spread 

700 1220 

j· 
2GO ZGO j 

0 '750 9GO 1500 

Fig. 1. Number of Students Favoring Hard Rock 

going to even less than 750 which is 50% of the school. If the correct number is 

somewhere in the region from 700 to 1220, then the fraction of all the students fa-
700 1220 voring Hard Rock is between 1500 and 1500 or be-

tween 47% and 81%. Now 81% - 64% = 17% and 

64% - 47% = 17% so we have a margin of error of 

17% on either side of the 64% preference we found 

in our sample. We said before that this was a 

wild guess so we have little or no confidence in 

it. 

Can our statistical methods help determine 

within what limits we can say the number or frac

tion of students favoring Hard Rock really lies 

and the confidence with which we can make this 

statement? Yes. We will begin to see how in the 

next paragraph and will keep working on it until 

the answer is determined. on page 16. 

Exercises 

13. A pollster reports that his poll shows 52% of the voters in BIG CITY will vote 
for JOHN for mayor but the margin of error is 3%. He means that between 
(52-3)% and (52+3)% of the voters will actually vote for JOHN. If the vote 
cast is 236,522, JOHN's vote should be between what two values? 
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14. A poll of a sample of the students in a school of 2100 students claimed that 
Lucy would get 56% of the votes for Student Council, but the error in the pre
dictions might be as high as 4%. In the election, Lucy actually got 1063 
votes. Was the pollster right? 

15. Tom claims that on the basis of 
at the school cafeteria between 
There are 850 who go to lunch. 
and with what margin of error? 

his analysis of the buying habits of children 
350 and 400 of them will buy milk at lunch. 
What proportion is Tom predicting will buy milk 

16. Poll A says Smith will get 52% of the votes iri an election. They admit a pos
sible error of 2%. Poll B says Jones will win with 51% with possible error in 
their results of 2%. In the election, 356,423 votes were cast and Smith got 
179,832 votes. Which poll was correct? 

SIMULATION BY MARBLES 
Perhaps it will help in considering the pro

blem of the choice of a band to think of a simu

lation. We might think of a big bag of 1500 mar

bles, one for each student in the school with some 

of the marbles being red and some blue. The mar-

bles represent the students, with the red ones 

representing those who favor the Hard Rock band 

and the blue those who favor the Rock-n-Roll. We 

do not know the number of each color nor the ratio 

of each kind to the whole . Taking a poll of a ran

dom sample of students is simulated by taking a 

random sample of marbles and counting the red and 

blue marbles. One quick and easy way to take such 

a sample is to shake up the marbles in the bag and 

then use a sampling board. This is a simple wooden 

paddle with 25 hemi-spherical holes. 

The board can be thrust into the bag 

and brought out with 25 marbles, one 

in each hole (see Figure 2). 

If such a sample showed 16 red 

marbles, it would simulate our poll 

in which 16 students favored the Hard 

Rock band. Suppose this happens . 

Fig. 2. A 25 Sample Sampling Board 
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What we want to do is use this result, 16 red marbles in a sample of 25, to deter

mine as accurately as we can the ratio of red marbles to the total of red and blue 

and thus find the number of red marbles in the bag. Just because 64% of the marbles 

in the sample were red we cannot say 64% of all the marbles are red. What can we 

do? 

SAMPLING FROM A POPULATION WITH KNOWN p 

Have we seen any problem like this before? No, but in Probability With Count

ing in the CONTENT FOR TEACHERS section we looked at one which is the reverse of 

this. Maybe it will help us to study it again. In that problem we assumed we had 

a bag of 1500 marbles with say 70% red marbles. Then we figured out the probability 

that in a random sample of 25 marbles we would have 16 red ones. This was 

P(l6:25, .7) = 25 c16 (.7)16(.3)9 

We can calculate this or, fortunately, we can read it from the tables on page 12 of 

Probability With Counting of CONTENT FOR TEACHERS, as .134. This is not a very high 

probability. Also the situation here is not quite the same as the one required for 

the tables to give us an exact answer. We are drawing a sample of 25 marbles from 

the bag all at once. It is as though we were drawing them one after the other with

out replacement. In this case, the probability of getting a red marble on the sec

ond draw after drawing a red one the first time is not quite the same as the proba

bility of getting a red one on the first draw. The tables assume the marbles are 

drawn with replacement and thus the probabilities are all the same. Are we justified 

in using the tables? Let's do some exercises to see how close the probabilities are 

when we draw with replacement and when we draw without replacement. 

Exercises 

17. A bag contains 3 red and 2 blue marbles. 
What is the probability of getting a red one 
on the first draw? After we record the col
or and put this marble back, we draw again. 
What is the probability of getting a red one? 
What is the probability that both the first 
and the second are red? If the marble is 
not put back, the situation in the bag de
pends on whether the first draw was a red 
or a blue. Find P(RR) in this case. (Hint: 
draw a tree and calculate the probabilities 
along the branches.) 

18. A bag has 50 marbles: 35 red and 15 blue. 
Three marbles are drawn without replacement. 
What is the probability they are all red? 
If they are drawn with replacement, what is 
the probability they are all red? 
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19. A bag has 1500 marbles with 1050 red and 450 blue. Determine the two probabi
lities as in Exercise 18. Note how close the results are now. 

In general, when the bag contains 50 or more marbles and the sample is 10% or 

less of those in the bag, the differences in the probabilities for drawing with re

placement and drawing without replacement are so small the results are not signifi

cantly different. In these cases, we can use the table and using the table is much 

easier. Since we have 1500 marbles and samples of size 25, we are well inside the 

conditions stated and we use the tables. 

To repeat: We found that when we know the percent, say 70%, of the whole 

school that favors Hard Rock we can determine the probability that in a sample of 

given size any specified number of students will favor Hard Rock bands. As a matter 

of fact, when the sample size is 25, we can read the probabilities from the table 

as we did when we found that P(l6:25, .7)-:=::: .134. Let's look 

at the whole column where p = .7. If we add up the probabili

ties for all the numbers from O - 13 inclusive, we get only 

.001 + .004 + ,011 + ,021 = .043. If we add all those 

from 22 - 25 we get .032 and the sum of these two is 

.043 + .032 = .075. Finally, adding up the probabilities 

for the middle group from 14 to 21 we get .923. Adding the 

probabilities for the three groups should give us 1 since we 

have included the probabilities for all possible outcomes in 

a sample of size 25. The fact that they add up to .998 in

stead of 1 is due to rounding errors. We can now say tha .t 

if the percent favoring Hard Rock in the whole school is 70, 

then the probability is .923 that in our sample of 25 the 

number of children favoring Hard Rock will be somewhere be

tween 14 and 21 (see Table 1). 

What does this really mean? In sampling from the known 

population with 70% red could we never get all 25 red marbles or 

never get only 10? Certainly we could. What it does mean is if 

we took 100 random samples of size 25, about 92 of the samples 

would have from 14 to 21 red marbles and about 8 of them would 

have either less than 14 or more than 21. Thus a count of 10 or 

of 23 or of some other number not in the range 14 to 21 is possi

ble but not probable, understanding that by not probable we mean 

that the probability for any or all of them is less than .075. 

TABLE 1 

P(x:25, .7) 

X 

0 
1 
2 
3 
4 

5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21. 
22 
23 
24 

25 

p 

o+ 
o+ 
o+ 
o+ 
o+ 

o+ 
o+ 
o+ 
O+ 
o+ 

.001 

.004 

.011 

.027 

.054 

.092 

.134 

.165 

.171 

.147 

.103 

. 057 

.043 

.923 

jI!} .032 

o+ 
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Exercises 

20. Look at the tables for probabilities in samples of size 25 on page 12 of Proba
bility with Counting in the CONTENT FOR TEACHERS section. If the bag has 80% 
red marbles find the two numbers a and b corresponding to 14 and 21 above such 
that the probability is about .92 that the number of red marbles is between a 
and b inclusive. 

21. Do the same if the bag has 40% red marbles and the probability is about .94 
that n is between a and b. 

SAMPLING FROM A POPULATION WITH UUIG10WN p 

In the situation we are confronting, the 

whole thing is turned around. Instead of know

ing the percent of red marbles in the bag and com

puting the probabilities of what can happen in a 

sample, we have a sample in front of us and are 

wondering about the population. We know that 16 

of the 25 marbles or 64% of · the sample are red. 

What percent of the population is red? Suppose 

we say 64%. How confident are we in this state

ment? All we really know is that at least 16 of 

the 1500 marbles are red and at least 9 are blue 

but we do not believe there are only 16 red or 

only 9 blue since both of these extremes are so 

unlikely. Rather we believe the percent of red 

marbles in the bag is somewhere near .64. But 

what do we mean by "near"? The trouble is, of course, that if we put the first sam

ple back in the bag, shake it up thoroughly and draw another sample we might get 14 

or 17 or 19 or 12 or even 16 red marbles again. 

How could we do better? We instinctively feel if we had a larger sample, say 

250, we would be more confident in predicting the percent of red marbles in the po

pulation from that in the sample. We are right. But we may only use the formulas 

or tables for P(x:n, p) if the size of the population is more than about 50 and the 

sample less than about 10% of the population. Remember, the formulas and tables 

give us the probabilities when we draw a sample one marble at a time, replacing it 

and shaking up the bag before drawing the next marble. Drawing 25 marbles at a time 

from 1500 is drawing without replacement but it is a small enough sample so we can 
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TABLE 2 

NUMBER OF RED MARBLES IN 10 SAMPLES OF SIZE 25 

Number 13 14 15 16 17 18 19 20 

Frequency 0 1 3 4 1 0 1 0 

safely approximate its probabilities by those from the formulas or tables. But a 

single sample of 250 drawn without replacement is too big to permit this. It is 

well over 10% of the population. How can we consider a sample of this size? We 

might think of drawing all 250 marbles one at a time without replacement and work 

out the actual probability by hand but this would be much too complicated and -time 

consuming. A compromise would be to draw 10 samples of 25 each, replacing each sam

ple before drawing the next. This is just what we have done and recorded in Table 2. 

We could now say we have a sample of size 250 of which 159 or 63.6% are red. 

159 is obtained simply by adding up the number of red marbles appearing in each of 

the ten samples. 

The percent of red marbles in any sample is written asp while the percent in 

the whole bag is written asp. What we have now is one sample is size 25 with 

p = .64 and a larger sample with n = 250 and p = .636. We are trying to use these 

values of p to estimate the true but unknown value of p. 

APPROXIMATING BY A NORMAL CURVE 
Recall that in Range and Deviation in the CONTENT FOR TEACHERS section we 

stated that in most of the problems and experiments we are concerned with, the re

sults fit reasonably well the familiar bell-shaped curve, the so-called normal 

curve. That is, if we took 100 samples of 25 marbles, recorded the percents p of 

red marbles, drew a histogram of the results and then the frequency polygon, the 

graph would look very much like a normal curve (see Figure 3). 

Fig. 3. Approximating by a Normal Curve 
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Now in a normal curve about 95% of the results will be within 2 standard deviations 

on either side of the central high point (see Figure 4) • 
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Fig. 4. Normal Curve - 95% in Shaded Area 

That is, if we took many samples of size 25, 95% of the p's will be within two stan

dard deviations of their mean. If we look at the ten samples we drew above we can 

work out p for each and then the average of all 10 p's. 

it is 63.6%. 

It is .636 or as a percent 

The statements we are making now are the result of a second approximation. 

First we approximated samples drawn without replacement by samples drawn with re

placement. Now we are approximating the histogram in Figure 3 by the smcroth normal 

curve in the same figure. Fortunately the approximations are close enough that the 

final answers are valid. 

The following exercises are a review of the properties of the mean and standard 

deviation of a distribution that fits a normal curve . 

Exercises 

In each exercise, assume that the results fit approximately on the normal curve. 

22. On a certain examination, the mean of all 600 scores was 73 and the standard 
deviation was 5. About how many scores were between 63 and 83? 

23. On a standardized test, the mean is 500 and the standard deviation 100. About 
how many of the 7000 who took the test will get scores below 300 or above 700? 
If the distribution is synnnetric, how many will be above 700? 

24. 95% of the scores on an exam are between 65 and 95. What is the mean score and 
what is the standard deviation on that exam ? 

25. The mean height of male students at a university is 170 cm and the standard 
deviation is 8 cm. Out of 12,500 male students, 95% will have their heights 
between what two figures? 

26 . In 100 samples the relative frequency p of red haired children was .09 and the 
standard deviation was .03. Between what two values will 95% of the p's lie? 
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THE STANDARD DEVIATION IN A SAMPLE OF SIZE n 

In our problem about the students in a school or the simulation of this problem 

by marbles in a bag we have been concerned with the ratio of the students favoring 

Hard Rock to all students in the school. We have called this the percent or the 

relative frequency of students favoring Hard Rock and have denoted it by p. In the 

simulation pis the relative frequency of red marbles in the bag and p the relative 

frequency, .64, in the sample. As a percent we may have written it as 64% but we 

should always remember that p and pare both real numbers lying between O and 1 so 

that O _s p ,::: 1 and O,::: p .S 1. 

It has been proved that for any given n, the mean of all the possible values of 

pin the samples is actually the value p we are looking for, the percent of red mar

bles in the bag. But we do not have all possible results. We just have one. How 

can we use this one sample percent p to estimate p the unknown percent in the big 

bag of marbles? We know 95% of the p's will be within two standard deviations of 

their mean and we now know this mean is p. Fine!, if we know the standard devia

tion. Fortunately for us it has been proved that in situations like this the stan

dard deviation, s, of all possible p's can be found by a simple formula that depends 

only on p and on n, the size of the sample. We don't know p but hopefully our pis 

near p and we use it as an approximation for pin the formula. The formula is 

s = /p(l - p) which can be approximated by 
n 

s =/2<1 - f) 
n 

A hand calculator makes s easy to find when we know both p and n. 

Let's use this forIIRlla and see how it helps us in the two cases we have where 

n 25 and n = 250. For n = 25, we have p = .64, therefore 1 - p = .36 and 

s -::::::/ <-64~~· 36 ) = ~ = ✓ .009216,;,,;: .096. 

For n 250 we have p = .636, therefore 1 - p = .364 and 

~/<· 636)<-364 ),:::: nm= 1 000926 ~ 03 
s ~ 250 I ~ · ~ · · 

Exercises 

27. Determines in each of the following. 
a) p = 1/2, n 16 e) p .64, n = 400 
b) p .36, n 25 f) p .5 , n = 50 
c) p .49, n = 64 g) p .62, n = 50 
d) p .7 ' n 100 h) p .75, n 100 
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What we said before was that 95% of the time p will be within two standard de

viations of p. That is, p will be in the interval in Figure 5. 

INTERVAL l="OR p 

ESTIMATING p FROM A KNOWN p 

r-----------
1 
I 
I 

p-'2Sp-S p 

----------., 
I 
I 

p+S p+ 25 

Fig. 5. pis Within 2s of p 

We now turn this around and say that if pis within two standard deviations of 

p then p must be within two standard deviations of p. This is similar to saying: 

If we know Tom lives within two blocks of Jim and we know where Tom lives we know 

where to hunt for Jim. But equally well, if we know where Jim lives we know where 

to hunt for Tom. This time we know p and have a good approximation to s. Therefore 

in Figure 6 we do know the position of p. Even if we do not know which ·of the nor

mal curves we have drawn is the right one, nevertheless we know the right one is be

tween the curve with pat C and the curve with pat D. 

REGION FOR P 

p-2S p-S p 
Fig. 6. pis Within 2s of 

Let's see how this works for our two cases. When n = 25 and p = .64, we have just 

founds= .096. At least 95% of the time the true percent p will lie between 

p - 2s and p + 2s or between .64 - 2(.096) and .64 + 2(.096). These bounds are .448 

and .832. Our bounds on pare about .45 and .83 but these are much too far apart to 
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make us very happy. All we know is that the percent of red marbles in the bag is 

somewhere between 45% and 83% of the total. Even with 64% of the sample being red, 

we are not confident that as many as half of all the marbles are red (see Figure 7). 

..... REGION FOR p ... ... .... 

/5 
I 

0 .45 .so .c;;4 .83 1.00 

Fig. 7. 95% Limits for p with n = 25 and p = .64 

On the other hand if we use the sample of size 250 we have that p = .636 since 

159 out of 250 were red and we just computed s to be .030. Under these circum

stances we can say we are 95% sure that plies between .636 - 2(.030) = .576 and 

.636 + 2(.030) = .696 or roughly between .58 and .70. Now the boundaries on pare 

much closer and .50 is not included (see Figure 8) • 

• 
0 .so 1.00 

.57G .G9G 

Fig. 8. 95% Limits for p with n = 250 and p = .636 

95% CONFIDENCE LIMITS FOR p 

Going back to the children in the school, our simulation and our study of it 

has given us a good idea as to where we stand. When we took a random sample of 25 

and found 64% of them preferred Hard Rock to Rock and Roll we cannot say with much 

confidence that even half the school had that preference. But with 10 random sam

ples of size 25 considered as one random sample of size 250 we can say with a great 

deal of confidence if 63.6% of the sample prefer Hard Rock, at least 58% of the 

whole school will also. 

The problem is finally solved. 

We can make a decision on the basis of this evidence and hire the Hard Rock 

band feeling reasonably sure that most of the students will be pleased. 



CONTENT FOR TEACHERS INFERENTIAL STATISTICS 

Exercises 

28~ For each of the 8 cases in Exercise 2[ determine the bounds on p for which we 
are 95% sure. 

29. In the last few examples, we have discussed how to analyze data so as to be 95% 
satisfied that a population mean falls within certain ranges. We know one way 
to narrow the range but still maintain 95% -confidence. What is it? Although 
you are 95% confident, you could be wrong. What would you have to do to be 
100% confident? What would you say about the range if you were 100% confident 
in your statement? 

The bounds we have been determining are called the 95% confidence limits for p. 

The 95% confidence limits for p for a given n are those values A and B 

such that if we determine pin a sample of size n, 95% of the time the 

true value of pin the population from which the sample was taken will 

lie between A and B. These limits are A= P - 2s and B = P + 2s. 

AN ELECTION POLL 
In BIG CITY, a sample of 500 voters is randomly selected. 280 of them say they 

will vote for JOE PRDMISALL for mayor. What are the 95% confidence limits on the 

. f h · 11 f J ' Th' · - 280 56 proportion o voters w o w1 vote or oe. is time p = 
500 

= .. 

1 - p = 1 - ,56 = .44 and n = 500. Therefore in the formula 

/
p(l - p) 

s "" n 
~----

h /
<•56 )(. 44 ) - ~ - ✓.0004928 ~ 022 we ave s "'° 500 - ; ~ - - . . 

Thus we are 95% sure that plies between .56 - 2(.022) = .56 - .044 = .516 and 

.56 + .044 = .604. 

Exercises 

30. In a random sample of 453 teachers in the city of New Hampton, 215 said they 
were unhappy in their jobs and were thinking of leaving. Find the 95% confi
dence limits on the percent of all teachers in New Hampton who feel that way. 

31. Out of 10 randomly chosen students, 7 said they disliked history. Are you 95% 
confident that even half of all students in the school really dislike history? 

32. In an election in BIG CITY there are two referendum items A and B to be voted 
on. In a poll of 100 random voters, 73 said they would vote YES on item A but 
only 53 would vote YES on B. What are the 95% confidence limits on the percent 
of voters favoring passage of each item? 

33. In Exercise 32, a new poll is to be taken to get a better idea as to whether B 
will pass. The new sample is of 500 people. Should A be included? 263 vote 
YES on B. What are the new 95% confidence limits of those in. favor of B? 
Would you want a still larger sample? 
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99% CONFIDENCE LIMITS 

Sometimes when we want to have even greater conf_idence in our results we may 

ask for 99% limits. Now we are asking that 99 times out of 100 the true value of p 

will be inside the bounds we set around our sample value p. In Figure 9, we repre

sent the situation. 

;...,,------------~=-:'~----------....i 
l 95% : 

: !• •: : I I - I I 
: I p ! I 
I I I I 
! I I I 
I I I I 
I ' I 
t I I 

' I 

' ' I I 
I I 

' ' I I 
I 

E B 
p-2.Ss p-2.s 

A 
j5+2s p+z.ss 

Fig. 9. 

If pis at point A and 95% of the values of pare in the region from B to C then to 

include 99% we will have to go even further away from A. In fact, if we go from E 

to F where E and Fare each 2.5 standard deviations from A we will get 99%. 

In the poll on the election for mayor we have a sample of size 500 with 

p .56. We founds= .022. To find the 99% confidence limits we must go 2.5 stan-

<lard deviations or (2.5)(.022) on either side of .56. This gives us .56 2.5(.022) 

or .56 - .055 or .505 for the lower limit and .56 + .055 or .615 for the upper 

limit (see Figure 10). 

~ 

~ 

. . 
.so .51 

S9o/o 

, 95 o/o . 
~ . 

. . . . . . . . 
.5G .GO .Gl 

Fig, 10. 95% and 99% Limits with n = 500 and p = .56 
(Scale exaggerated compared with Figures 8 and 9) 
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. 

( 
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We are 95% sure Joe will be elected with at 

least 51.6% of the voters and 99% sure he will 

get at least 50.5% of the votes. But there is 

an outside chance that he will get less than 

50.5% of the votes and might well be defeated. 

There is also an outside chance he will get 

more than 61.5% but we are not terribly inter

ested in that at the moment and so don't usual

ly say anything about it. 

Of course, all this assumes voters do not 

change their minds between the day the poll was 

taken and election day, the sample of voters 

was truly random, only two candidates were 

running, etc. 

Exercises 

INFERENTIAL STATISTICS 

VOTI: FOR .TOE: ! 

IM NOT 
CI-\Al.!GE 

34. Find the 99% confidence limits in Exercises 30, 32 and 33. 

35. List three situations where you would be satisfied with 95% and three_where you 
would want 99% or maybe even higher confidence in the results. 

36. In Exercise 23, about how many students will score better than 750? 

37. In Exercise 27, determine the 99% confidence limits on p. 

SAMPLE SIZE 
Up to this point, we have started with a sam

ple whose size n and percent pare known and have 

asked what are the 95% or 99% confidence limits on 

p. In the last example, n = 500, p = .56, 

1 - p = .44, s = .022 and we could state with 95% 

confidence that p might be as far away from Pas 

.044 or if we are using percentages, p - p or 

P - p < 4o4%. For 99% confidence we had to increase 

this to 5.5%. 

Can we turn this around by asking how big n, 

the size of the samp.le, should be so that we can 

be 95% (or 99%) sure the difference between p and 

P will be less than a specified amount say .02? 

The difference p - P or P - p may be written as an 
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absolute value IP - Pl but if you are not familiar with this notation just call it 

D, for difference, and remember it is a posit~ve number. For 95% confidence, as we 

said befpre, the outside limits of D should be equal to 2 standard deviations and 

for 99% it should be equal to 2,5 standard deviations. Thus for 95%, D = 2s, for 

99%, D = 2,Ss. 

The trouble now is that since we have not 

taken the sample we have no idea what p or pare 

and we need them because the formula for sis 

s=/p(l:p) 

But all is not lost! 

We might like to know the smallest value of 

n that will give us our results with 95% confidence 

but what we are really interested in is a value of 

n small in relation to the size of the population 

that will give us this confidence whether it is 

the smallest or not. Thus if we determine that a 

sample of 1500 voters out of the voting population 

of 70,000,000 will give us 95% or better confi

dence in the limits we set, we do not really care 

that the smallest sample to do this might be 1356. What is it we want? For 95% 

confidence limits on p we want D, the difference between p and P to be less than 2s. 

Nows= jP(l - p) and as n gets larger s, and therefore D, gets smaller. If we n , 

want D< .02 and can show easily this will be true 

for n = 50, we are happy even though by much harder 

work we might be able to shown= 30 would also work. 

So we look again at the 95% confidence limits. These 

depend on D and D changes for different values of p 

but the largest possible value it can have for dif

ferent values of p will be when p(l - p) is as large 

as possible (see Figure 11), 

Remember that pis between O and 1. -Use vari

ous values of p to determine p(l - p). The results 

are displayed in Table 3 and plotted as a graph in 

Figure 12. 

.02. 
UPPER BOUtlJD FOR D 

D FOR 11=50 

D C:-OR "YI - 30 

Fig. 11. 

( 

( 
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p 0 

p (1 - p) 0 

TABLE 3 

VALUES OF p (1 - p) FOR 02 P..'.: 1 

.1 .2 .3 .4 .5 .6 • 7 

.09 .16 .21 .24 .25 .24 .21 

.3 

.2S ---- -- -- --- --·~-;,--~c.::_------
.2 

.l 

.1 2 3 k 5 ~ ~ ~ S 1 

Fig. 12. Graph of p(l - p) Against p 

.8 .9 1 

.10 .09 0 

1 1 
The largest value of p(l - p) comes when p = 2 and that value is 4 = .25. Therefore 

the largest values can have is 

s= 11/4= /1= 1 I -;;- I 4ri 21n 

Then since D 2s, the largest value D can have for any pis 

1 1 
D = 2(2/ii") = 'Fu 

This equation is perhaps more easily worked with if we change its form slightly as 

follows. 

D 
1 

-,=- gives 
>'n 

o2 = ! and finally 
n 

n = 

Thus if we want to be 95% sure p - P < • 02 we have D 

1 
n = (.02)2 502 = 2500. 

1 
~ 

.02 and therefore 

2500 is the size of a sample that will do the trick for us. It may not be the 

smallest but it works. 

If we only wanted D = .05 then n = (.O!)Z = 202 = 400. If we want 99% confi

dence limits the only change is that D = 2.5s instead of D = 2s. Therefore we solve 

the equation 
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F h . D2 ~ .d f" 11 25 N · h h" · 25 (1 ) rom t 1s we get = 16n an ina y n = 16D2 otice tat tis is 16 x ~ 
1 

where~ is the value of n we found for 95% confidence. If we have already worked 
25 that out we can get the value for 99% simply by multiplying the first result by 
16 

Thus for D = .05 we already haven= 400 for 95% confidence and so for 99% we have 
25 n = 
16 

x 400 = 625. For D = .02 and 99% confidence we can calculate directly 

25 25 
n"" 1602 = 16(.02) 2 

n:;:; 3906.25 

and we settle for a sample of size 3900. 

Exercises 

25 
16 (. 0004) 

-1.L 
.0064 

38. Determine the sample size that will insure the following. 

Confidence Difference p - p 
a) 95% .03 
b) 95% .025 
c) 95% .022 
d) 99% .035 
e) 99% .04 
f) 99% .025 
g) 95% .04 
h) 99% .03 
i) 99% .02 

The interesting point here is our computations for n, the sample size, do not 

depend on whether the sample is taken from the population of a city of 100,000, a 

state of 10 million or a country of 100 million voters. They depend only on the ac

curacy we demand and the degree of confidence we want to claim for that accuracy. 

As a matter of fact, Gallup and Roper polls do not usually use very large sam

ples in their opinion polls or voter polls. But they are very careful to get a ran

dom sample, usually a stratified random sample. Also they are careful to give the 

possible error. If in any poll you do not see a statement of the possible error you 

should be very wary of the announced results. 

Exercises 

39. A poll is taken of a random sample of 2000 people from a population of several 
million. If p = .52, what are the 95% and 99% confidence limits on p? 

40. Determine n if you want to be 95% sure your poll is within 5% of being right. 
Within 2.5%. 1%. 

4lo Determine n if you want to be 99% sure your poll is within 5% of being right. 
Within 2.5%. 1%. 

( 

( 

( 



CONTENT FOR TEACHERS INFERENTIAL STATISTICS 

42. On a normal distribution about 68% are within one standard deviatibn and 87% 
within one and a half standard deviations of the mean. How big samples would 
you need to be 68% sure D = .OS; to be 87% sure? 

43. In a bowling league Dick kept a record 
of the season he bowled 622 frames and 
deuce limits on the probability of his 

and found that in 
got 193 strikes, 
getting a strike? 

the first twenty weeks 
What are 95% confi-

44. Some parents were complaining that their 5th grade children could not pass a 
standard arithmetic test. A random sample of 50 children were given such a 
test and their average score was 72. What are the 95% confidence limits on the 
scores other children would make. Explain the result to a parent of a student 
in your class. If the passing score is 60, about what percent of students 
would you expect to fail? 

45. In SLOVENIA, 700 out of a sample of 20,000 families with five living children 
had all boys. What is the relative frequency of 5 boys in this sample? If 
P(B) = 1/2 in SLOVENIA, what should be the relative frequency of 5-boy fami
lies? Is this within the 95% confidence limits on p? 

46. In a rifle club, a person with a probability of .9 of getting a bull's-eye is 
awarded a GOODSHOT diploma. A probability of •.95 for a bull's-eye eaTns a 
SUPERSHOT diploma. John claims to be a GOODSHOT.but misses four times running. 
With what confidence can you say John is not a GOODSHOT? In a match, Sue 
shoots 20 targets of 5 shots each. She makes 90 bull's-eyes. In spite of this 
Sue claims to be a SUPERSHOT. Could this be true? 

47. A professional baseball player has a current batting average of .310 based on 
493 times at bat. Set 95% confidence limits on the probability of his getting 
a hit each time he is at bat in today's game. About how many hits should he 
get today if he bats five times? 

A SAMPLING PLAN 

Another kind of decision in which a statistical analysis of the problem can 

help is that confronting the buyer. The salesman claims that .only 1% or less of the 

ball point pens he is selling are defective. The buyer says, "Let's take a random 

sample and see how many bad ones we get. Then I can decide." The crucial questions 

are: 

8 How big a sample should he take? 

and 

e How many bad pens in the sample will make him reject the lot? 

If the sample size is 25 and p = .01, he might decide to reject the lot if 

there are two or more bad ones and accept it if there are none or only one bad one. 

We need the probabilities P(0:25, .01) and P(l:25, .01). These are hard to calcu

late and unfortunately our tables do not give them. But larger tables do give them 
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as .778 and .196 respectively. Their sum is .974. This means that we will accept 

lots that are 1% or less defective about 97% of the time and reject such lots about 

3% of the time, The salesman feels good but the buyer is still a bit unhappy for 

the following reason. Suppose the lot is not 1% defective but maybe 10%. Does this 

plan give him a good chance of catching those bad lots? Let's see what P(0:25, .10) 

and P(l:25, ,10) are, They are in our tables and we find them to be .072 and ,199 

so their sum is .271 and so the buyer has a right to be unhappy. Why? Well, he has 

better than a 27% probability of accepting a really bad lot, What can be done? The 

answer is not immediately evident but by changing the size of the sample and the 

number of defectives allowed in the sample, we can try again to make both the sales

man and the buyer happy that the test will pass a good lot and will catch a poor lot. 

CONCLUSION 
Statistics of course goes far beyond this. The point is not that each of us 

knows all the intricacies of how statistics works. But somehow we· should get a 

feeling for the fact that statistical methods enable decisions to be made even when 

based on incomplete information. If the analysis of that information gives us a 

measurable and sufficiently high degree of confidence we are right, we go ahead. 

Statistical thinking suggests: 

When confronted with a problem, 

Decide what information is needed. 

Gather it by surveys, sampling, etc.; 

Organize it so you can 

Analyze the information to 

Determine results within the required 

Limits of confidence and then 

Make the decision in the light of all this evidence. 

( 

( 
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ANSWERS TO EXERCISES 

1. As stated the test is too vague. What does "several 11 mean? If it means a small 
number such as 3, then either heads must come up 2 or 3 times or tails must show 
2 or 3 times and in both cases Tom would say the coin is biased. The test 
should involve a good many tosses. Again what does 11good many" mean? And what 
ratio of heads to total tosses will convince us the coin is or is not biased? 
The answers to these questions are the main topic of this section. 

2. If the claimed average life is 100 hours, a life of 90 hours may seem too small 
to make us feel confident that the claim is justified. It really depends on how 
many batteries were tested to find the average and what the standard deviation 
of the measures was. If 1000 batteries were tested and the standard deviation 
was 10 hours then we know that 95% of the batteries have lives between 80 and 
120 hours. So batteries like ours, in fact batteries worse ·than ours are pretty 
common. But in this case the whole lot is so. varied, we don't like the brand. 
If the standard deviation is 3.3 then about 2 batteries in a thousand would be 
as poor as ours. Again we wonder whether we were just unlucky or whether the 
average life was really down near 92 hours. In either case we are unhappy but 
maybe we would try one more Long Life battery. If the advertisement had said, 
":Minimum life is 100 hours, 11 we would be definitely more justified in deciding 
not to try again. 

3. Probably okay. The chances are 1/216 ~ .005. 

4. Probably not. With pens so inexpensive, bad ones can be replaced without much 
cost and customers kept happy. 

5. Probably yes. The cost of fixing 3 bad HiFi systems is high enough to make it 
doubtful that you would want to take that chance again. Of course, if you were 
making a pro°fit of $200 apiece on this brand and only $100 apiece on a compara
bly priced other brand, you might decide to stick with the first brand. 

6. 

7. 

1 
64 ° 

1600 Therefore about~= 25 students should get six.tails in 

1 
P(5B) = -

32 
20000 = 625 

32 ° 
700 is close enough to 625 that P(B) 

unlikely and we tentatively say YES. But see Exercise 45. 

1 

1 is not too 
2 

8. P (4 fives) In 40000 trees we would have about 1296 x 40000 "'31 

people get 4 fives. In five tosses about 5 people might get 5 fives. 

9. P(not getting bull's-eye)= .1 P(failure four times)= (.1) 4 = .0001 
P(John is not a GOODSHOT) = 1 - .0001 = .9999. We are 99.9% sure he is lying. 
P(l2:12, .9) = 12c12(.9) 12 (.l)O ~ .28 
P(12:12, .95) = 12C12(.95) 12(.05)0 ~ .54 
The chances are so much higher in the second case we conclude Sue is a SUPERSHOT. 
See also Exercise 46. 
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10, 

11. 

This is a highly individual matter. The answer given here are one person's 
choice. Yours may be quite different. 
a) 50% b) 75% c) 75% 
f) 55% g) 80% h) 40% 

P(GGG) on first route (.5)(,6)(.6) .18 

d) 
i) 

99.9% 
80% 

P(GGGGG) on second route= (,6)(.6)(,8)(.9)(.8) = .21 
Therefore the second route is better. 

e) 
j) 

95% 
75% 

12. a) There are 3! = 6 permutations. P(match) = 1/6 :>: ,17 
b) There are 4! = 24 permutations, P(match) = 1/24"' .04 
c) Probability he was lucky both tosses is 1/6 x 1/24 = 1/144. 
d) There are 5! = 120 permutations, P(match) = 1/120"' ,008 
In the first case, not much credence should be given John's claim. In the 
second case, we might concede either that he does have some ESP or that he got 
a peek at Jane's cards as she arranged them. Just by luck, he could have 
matched up all five cards so we are not certain about his ESP. This might be 
the one time in 120 when a random arrangement by John matches the one Jane put 
down. 

13. 115,896 ++ 130,087 

14. (.52)(2100) = 1092, (.60)(2100) 
pollster was wrong. 

1260, 1063 is not between these limits. The 

15. 375 ~ 
850 = ' 44 • 44% + 3% roughly, 

16. 
A { ,50 X (356,423) 178,211} Smith .54 X (356,423) = 192,468 

B { ,49 X (356,423) 174,647 
} Jones ,53 X (356,423) = 188,904 

Smith's actual vote 179,832 is inside the interval for A, By Poll B, Smith 
should get between 167,519 and 181,776. Again the result is within these 
limits so both. polls can claim to be correct. 

17, 3/5, 3/5, 9/25 = P(RR) with replacement, 3/5 x 2/4 = 3/10 = P(RR) without 
replacement. 9/25 = ,36 and 3/10 = .30, 

18. 

19. 

P(RRR) 

P (RRR) 

. 35 34 33 without replaceme~t = 50 x 49 x 
48

"' ,334 

with replacement= (.7)(,7)(.7) = .343 

. 1050 1049 1048 P (RRR) without replacement = 1500 x 
1499 

x 
1498 

a: , 3427 "' • 343 

P(RRR) with replacement= (,7)(.7)(,7) = ,3430 = ,343 

20, 17 to 23 inclusive 

21. 6 to 14 inclusive 

22, 63 to 80 = x - 2s to x + 2s therefore 95%(600) = 570 

23. About 5% or 350, about 2.5% or 175 will be above 700 

24. Mean is 80 and standard deviation is 7.5 assuming, of course, that the 
distribution is normal. 

( 

( 



CONTENT FOR TEACHERS INFERENTIAL STATISTICS 

25, Between 170 - 2(8) and 170 + 2(8) or 154 to 186 cm. 

26. Between .09 - 2(,03) and .09 + 2(.03) or .03 to .15. 

27. a) /1/2 X 1/2 = 1 1 
e) /<-64) (.36) "' .024 -=-

16 64 8 400 

b) ;(.36)(.64) = (.6)(.8) .48 .096 f) /<-5) (.5) a, .07 = -- = 
25 5 5 50 

c) /<-49) (.51) 
64 

<= • 06 g) ;(.62) (.38) 
50 "'.069 

d) /(.7)(.3) 
100 "' • 046 h) ; (. 75) (. 25) 

100 "' .043 

28. a) 1/2 ± 2(1/8) = 1/4, 3/4 e) .64 ± .048 = .592, .688 
b) .36 ± 2(.096) = .168, .552 f) • 5 ± . 14 = • 36, • 64 
c) .49 ± .12 = .37, .61 g) ,62 ± .138 = .482, .758 
d) .70 ± .092 = .608, .792 h) .75 ± .086 = .664, .836 

29. One way to narrow the range and maintain 95% confidence is to increase the size 
of the satriple. In situati~ns like this you can never be 100% confident unless 
you increase the sample to include the whole population or widen the range to 
include all real numbers. 

30. p = .475, 1 - p = .525, n = 453 

31. 

32. 

s = /<• 475~~3
525) "'.023. Therefore we are 95% sure plies between 

.475 - 2(.023) = .475 - .046 = .429 and .475 + 2(.023) = .475 + .046 = .521 
We are 95% confident that the percent of unhappy teachers is between 42.9% and 
52.1% • 

p 

s = 

. 7, 1--
(. 7) (.3) 

10 

.3, n 

.145 

10 

95% confidence limits on pare 

.7 - .29 and .7 + ,29 or .41 and .99. Therefore the answer is no since the 
percent who dislike history might be as low as 41%, 

A: p • 73, 1 - - = .27, 

= 
(.73)(.27) = .044 s 100 

95% confidence • 73 ± 2(.044) or . 642 and .818 

B: p • 53, 1 - - = .47 
(.53) (.47) 

= .050 95% s = 100 
confidence .53 ± 2(.05) = .43 and .63 

33. A does not need to be included since we are already 95% confident it will pass. 

p = ~~~ = .526, 1 - p = .464, s = j <-
52

~~~-
474

) = .022 

Now 95% limits are .526 ± 2(.022) = ,526 ± .044 = .482 to .570 
A still larger sample might be no better. Even with a sample of 1000 and the 
same p, we still are not 95% sure that B will pass. The election is really too 
close to call. 

34. 99% confidence limits are p + 2.5s. 
In Exercise 30, p ± 2.5s = .475 ± 2.5(.023) = .4175 to .5325 
In Exercise 32, A: p ± 2.5s = .73 ± 2,5(.044) = .62 to .84 

B: p ± 2.5s = .53 ± 2,5(.05) = .405 to ,655 
In Exercise 33, p ± 2.5s = .526 ± 2,5(.022) = .471 to .581 
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35. 95% confidence in results would be satisfactory: 
a) In a poll to determine that a majority of students favored a Rock-n-Roll 

band to a Hard Rock band, 
b) In experiments to show CLEANWASH soap powder is better than STOPDIRT soap. 
c) To predict that tomorrqw will be a sunny day for the annual picnic. 
99% or higher confidence would be desirable 
a) For the safety of a new drug before its release. 
b) That a sampling plan will protect me as a buyer in a big chain store from 

buying more than 1 defective TV set in a hundred. 
c) In the safety of the space shuttle before I try it. 

36. Scoring better than 750 means being above p + 2,5s. But if 99% of the students 
are between p - 2,5s and p + 2,5s then 1/2% will be above 750, Therefore 
(,005)(7000) = 35 students will score above 750. 

37. 

38. 

39. 

40. 

a) 
b) 
c) 
d) 

e) 
f) 
g) 
h) 

p 

.50 

. 36 

.49 
• 7 

• 64 
• 50 
.62 
• 75 

s 

.125 

.096 

.06 

.046 

.024 

.07 
• 069 
,043 

2,5s 

.313 

.24 

.15 

.115 

.06 

.175 

.173 

.108 

p - 2.5s 

,187 
.12 
.34 
.585 

• 58 
.325 
.447 
.642 

95•/ 1 f 99% 25 1 For 1,:,, n ~ or "'' n = 16 x ~ 

1 _ 100 2 
a) n = -(-,0----'3'----)-2 - ( 3 ) = 1111.1"' 1112 

1 
b) n = (, 025 )2 = 1600 

c) n = (, 0; 2)2 "'2066 

25 1 
d) n = l6 x (.0 35 )z -,,1276 

25 1 
e) n = 16 x (,0 4 )2 oe 977 

25 1 
f) n = 16 X (, 025 )2 = 2500 

1 
g) n = (.0 4 )2 = 625 

25 1 
h) n = l6 x (.0 3)2 "-' 1737 

1.) 
25 l 3906 n=l6x (.02)2"" 

p 

n = 2000, P = .52, 1 - P = .48, s = ;(,52) (.48) = .016 
2000 

+ 2.5s 

.813 

.60 

.64 
,815 

.70 

.675 

.793 

.858 

95% limits on 
99% limits on 

pare .52 ± 2(.016) 
pare .52 ± 2.5(.016) 

.52 ± .032 = .488 and 
= .52 ± .04 = .48 and 

.552 

.56 

1 1 1 
n = (.05) 2 , 

(,025) 2 ' (.01) 2 

400 1600 10,000 

( 

( 

( 
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41. 

42. 

43. 

44. 

45. 

46. 

- l.?.. (_L 2 
n - 16 . 05) ' 

625 

25 ( 1 2 
16 .025) ' 

2500 

l.?.. (_L)2 
16 .01 

15,625 

1 1 
For 68% confidence, D ls= 2,fn or n = 4D2 

3 1 9 
For 87% confidence, C 1.5s = 2 x 

2
/Il or n = 16D2 

1 
Therefore if D = .05 for 68%, n = 

4
(.0 5)2 = 100 

9 
for 87%, n = 16 (.0 5)2 = 225 

193 3 - 6 62 ;(.31) (.69) 9 p=
622

::e.1,1-pss.9,n 2,s= 
622 

<>,.Ql 

95% limits on pare .31 ± 2(.019) = .31 ± .038 = .272 and .348 

- 72 1--= 28· =5o =/<- 72 l<- 28l~ 06 p = . , p • , n ' s 50 ~ . 
95% limits on pare .72 ± 2(.06) = .72 ± .12 = .60 and .82 
Therefore about 95% of the children will score between 60 and 82 with 
2.5% below 60 or failing and 2.5% above 82. 

If P(B) = 1/2, P(5B) = 1/32 = .03125. With 700 out of 20,000 families in 
SLOVENIA being all boys, pin this sam le is 700/20,000 = .035. 

(.035)(.965) 
s = 20,000 

95% confidence limits on pare .035 ± 2(.0013) = .0324 and .0376. 
99% confidence limits on pare .035 ± 2.5(.0013) = .03175 and .03825. 
Since .03125 is outside these limits we are 99% confident that P(B) in SLOVENIA 
is greater than 1/2. But it is very close. 
99.7% confidence limits are .035 ± 3(.0013) = .0311 and .0389 and these do 
include .03125. So at this level we could not say P(B) is greater than 1/2. 

If P(B) = .9, P(missing) = .1, P(4 misses)= (.1) 4 = .0001. 
This is so low we are better than 99% confident that John is not a GOODSHOT. 
In Sue's match, P = .9 and n = 100. 

s =/(. 9i6ol) = .03. Therefore 95% confidence limits on 

pare from .84 to .96. Since .95 is inside these limits we do not feel like 
denying Sue's claim. 

47. p = .310, 1 - p = .690, n = 493, s,::, /<·31~~3
69) "'.021 

95% limits on pare .310 ± 2(.021) = .310 ± .042 = .268 and .352. 
He can be expected to get between 5(.268) and 5(.352) or 1.340 and 1.760. 
He can be expected to get 1 or 2 hits. 
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1 MEAN 

100 REM THIS IS A PROGRAM TO FIND THE MEAN OF UP TO 50 NUMEERS 
110 DIM XC 50) 
120 PRINT "HOW MANY NUMBERS DO YOU WI SH TO INPUT? CUP TO 50)" 
130 INPUT N 
140 PRINT "ENTER A NUMBER AFTER EACH QUESTION MARK" 
15 0 FOR I= I TO N 
160 INPUT XC I l 
170 LET S=S+XC I l 
180 NEXT I 
190 LET M=S/N 
200 PRINT 
210 PRINT "THE MEAN IS "; M 
220 END 

2 MEDIAN 

100 REM THIS IS A PROGRAM TO FIND THE MEDIAN OF UP TO 50 NUMBERS, 
110 DIM XC50l 
120 PRINT "HOW MANY NUMBERS DO YOU WI SH TO INPUT? CUP TO 50)" 
130 INPUT N 
140 PRINT "ENTER A NUMBER AFTER EACH QUESTION MARK" 
15 0 FOR I= I TO N 
l60 INPUT XCI> 
170 NEXT I 
180 REM WE MUST NOW ARRANGE THE NUMBERS IN ORDER 
19 0 FOR L= I TO N 
200 FOR J= I TO N-L 
210 IF XCJl<XCJ+ll THEN 250 
220 LET B = XCJ+ll 
230 LET XCJ+ll = XCJ> 
240 LET XCJ> = B 
250 NEXT J 
260 NEXT L 
270 IF N/2=INTCN/2) THEN 300 
280 LET K=(N+ll/2 
290 GO TO 330 
300 LET K=N/ 2 
310 LET M=CXCK>+XCK+lll/2 
32.0 GO TO 350 
330 LET M=XCK> 
340 PRINT 
350 PRINT "THE MEDIAN IS"M 
360 END 
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3 

100 
11 0 
120 
130 
140 
15 0 
160 
17 0 
18 0 
19 0 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
460 
470 
480 
49'3 

C•ti1PUTE 
MODE 

REM THIS IS A PROGRAM TO FIND THE MO DE OF UP TO 50 NUMBERS 
DIM X(50),T(50),S(50) 
PRINT "HOW MANY NUMBERS DO YOU WISH TO INPUT? (UP TO 50)" 
INPUT N 
PRINT "ENTER A NUMBER AFTER EACH QUESTION MARK•" 
FOR I = I TO N 
INPUT X( I) 
LET T (I) = I 
NEXT I 
LET T(N) = 0 
FOR L = I TO N 
FOR J = I TO N - L 
IF XCJ) < X(J+I) THEN 260 
LET B = X ( J + 1) 
LET X(J+I) = X(J) 
LET X(J) = B 
NEXT J 
NEXT L 
FOR I = I TO N- I 
IF XCl+I) = X(I) THEN 310 
LET TC I ) = 0 
NEXT I 
LET S ( 1 ) = T ( l ) 
FOR I = 1 TO N- I 
IF T(l)<>T(l+I) THEN 380 
LET S(l+l) = SC!) + I 
NEXT I 
GOTO 400 
LET S(l+l) T(l+l) 
GOTO 360 
LET M = I 
FOR ! = 1 TO N 
IF M < SC!) THEN 440 
GOTO 450 
LET M = SCI) 
NEXT I 
FOR I = I TO N - I 
IF M = SCI) THEN 500 
NEXT I 
GOTO 520 

500 PRINT X(I +I) "IS A MODE O CCU RING" M+ I "TIMES." 
510 GOTO 4B0 
520 END 
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4 MEAN OF A FREQUENCY DISTRIBUTION (MEANFQ) 

100 REM THIS IS A PPnGRAM TO FIND THE MEAN OF A FREQUENCY DISTRIBUTION 
110 REM THE NUMBERS TAKE ON N VALUES WITH' N LESS THAN OR EQUAL TO 20 
120 REM 'THE VALUES ARE XCI), EACH X(l) o·ccuRS wlTH FREQUENCY F(l). 
130 DIM X(20) 
140 PRINT "HOW MANY DIFFERENT VALUES DO YOU WANT? CUP TO 20)"; 
150 INPUT N 
160 PRINT "ENTER ONE VALUE AFTER EACH QUESTION MARK" 
17 0 FOR I = 1 TO N 
180 INPUT XCI> 
190 NEXT I 
200 PRINT "ENTER A CORRESPONDING FREQUENCY AFTER EACH ? , " 
210 FOR I = 1 TON 
220 INPUT F( I) 
230 NEXT I 
24 0 FOR I = 1 TO N 
250 LETS= S + XCl)*FCI) 
260 LET F = F + F CI l 
270 NEXT I 
280 PRINT 
290 PRINT "THE MEAN IS" S/F 
300 END 

5 MEAN ABSOLUTE DEVIATION (ABSDEV) 

100 REM THIS IS A PROGRAM TO COMPUTE THE MEAN ABSOLUTE DEVIATION OF 
110 REM UP TO 5 0 NUMBERS 
120 DIM XC50) 
130 PRINT "HOW MANY NUMBERS DO YOU WISH TO ENTER? CUP TO 50) "; 
140 INPUT N 
i50 PRINT "ENTER A NUMBER AFTER EACH QUESTION MARK," 
160 FOR 1=1 TO N 
170 INPUT XC I) 
180 LET S=S+XC I) 
190 NEXT I 
200 LET M= S/N 
21 0 FOR J= 1 TO N 
220 LET D=D+ABSCX(Jl-M) 
230 NEXT J 
240 LET D=D/N 
250 PRINT 
260 PRINT "THE MEAN ABSOLUTE DEVIATION IS "J lJ 
270 END 
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6 MEAN, VARIANCE AND STANDARD DEVIATION CMVSDN) 

100 REM THIS PROGRAM WILL COMPUTE THE MEAN, THE VARIANCE AND THE 
110 REM STANDARD DEVIATION OF UP TO 50 NUMBERS, 
120 DIM XC50) 
130 PRINT "HOW MANY NUMBERS DO YOU WI SH TO ENTER? CUP TO 50)" 
140 INPUT N 
150 PRINT "ENTER A NUMBER AFTER EACH QUEST ION MARK," 
160 FOR l=I TO N 
170 INPUT XC I l 
160 LET S=S+XC I l 
190 LET T=T+XCl)t2 
200 NEXT I 
210 LET M=S/N 
220 LET V=T/N-CS/Nl•2 
230 LET D = SQRCV) 
240 PRINT 
250 PRINT "MEAN VARIANCE STANDARD DEVIATION" 
260 PRINT 
270 PRINT M, V, D 
260 END 

7 MEAN, VARIANCE AND STANDARD DEVIATION OF A FREQUENCY DISTRIBUTION 
100 REM THIS IS A PROGRAM TO COMPUTE THE MEAN, THE VARIANCE AND THE 
110 REM STANDARD DEVIATION OF A FREQUENCY DISTRIBUTION, 
120 REM THE NUMBERS TAKE ON N VALUES WITH N LESS THAN OR EQUAL TO 20, 
130 REM THE VALUES ARE xcn. EACH X(l) OCCURS WITH FREQUENCEY FCI), 
140 DIM XC20>,FC20) 
150 PRINT "HOW MANY DIFFERENT VALUES DO YOU WANT? CUP TO 20)" 
160 INPUT N 
170 PRINT "ENTER A VALUE FOR XCI) AFTER EACH QUESTION MARK," 
16 0 FO R I = I TO N 
190 INPUT XCI > 
200 NEXT I 
210 PRINT "ENTER THE CORRESPONDING VALUES OF FC I) AFTER EACH ? , " 
220 FOR I= I TON 
23.0 INPUT FCI) 
240 NEXT I 
250 FOR I = I TO N 
260 LET F = F + FCI) 
270 LETS= S + XCl>•FCI) 
260 LETT= T + XCl>•XCl>•FCI) 
290 NEXT I 
300 LET M = S/F 
310 LET V = T/F - M•M 
320 LET D • SQRCV) 
330 PRINT 
340 PRINT "MEAN VARIANCE STANDARD DEVIATION" 
350 PRINT 
360 PRINT M, V, D 
370 END 
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8 RANDOM NUMBERS <RANDOM) 

100 REM THIS PROGRAM GENERATES AND PRINTS A TABLE OF 
110 REM 2500 RANDOM NUMBERS FROM 1 TO N FOR ANY N 
120 REM BETWEEN 2 AND 12. IF YOU WANT TO 
130 REM SIMULATE TOSSING A COIN .INPUT N=2 AND 
140 REM CHANGE STEPS 130 AND 140 TO READ 
150 REM LET A$Cl>="H" AND LET A$(2)="T"• 
160 REM TO GET A TABLE OF 10 RANDOM DIGITS INPUT N=l0• 
170 REM TO SIMULATE THE ROLL OF A DIE INPUT N= 6, 
180 REM TO SIMULATE THE ROLL OF A 4, 8, OR 
190 REM 1 2 s·I DED DIE INPUT N =4, 8, 0 R 12. IN THE 
200 REM LAST CASE "E" WILL STAND FOR 11 AND "T" FOR 12. 
210 DIM A$( 12> 
220 PRINT "WHAT VALUE OF N DO YOU WANT"J 
230 INPUT N 
240 RANDOMIZE 
25 0 LET A$ ( 1 l =" 1 " 
260 LET A$ C 2> = "2" 
270 LET ASC3)="3" 
280 LET A$ C 4 l = "4" 
290 LET A$(5>='!5" 
300 LET A$(6>=''6'' 
310 LET A$(7l="7" 
320 LET A$C8>="8" 
33 0 LET A$ ( 9 > = "9 " 
340 LET A$( 10>="0" 
350 LET A$( 11 >·="E" 
36 0 LET A$ C 1 2 l = "T" 
370 FOR K= 1 TO 50 
380 FOR I=l TO 10 
390 FOR J=I TO 5 
400 LET R = INT( P.NDCX>*N.+ I l 
410 PRINT A$(R)J 
420 NEXT J 
430 PRINT " "J 
44.0 NEXT I 
450 PRINT 
460 IF K/5<>INT(K/5l THEN 480 
470 PRINT 
480 NEXT K 
490 END 
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9 TOSSING ONE DIE CTOSSlD) 

100 REM THIS IS A PROGRAM TO SIMULATE AND COUNT THE RESULTS OF ·TOSSING 
110 REM A DIEN TIMES, WHEFE N IS LESS THAN OR EQUAL TO 1000, 
120 PRINT "WE WANT TO TOSS A DIEN TIMES (WHERE N IS LESS THAN OR EQUAL" 
130 PRINT "TO 1000) AND PRINT THE RESULTS AFTER EVERY M TOSSES," 
140 PRI.NT "THE RESULTS WILL BE TOTALLED AS WE GO ALONG," 
150 PRINT "IIJ<M<N" 
160 PRINT "WHAT VALUES OF N AND M DO YOU WANT?" 
170 INPUT NJ M 
180 IF N> 1000 THEN 200 
190 GO TO 220 
200 PRINT "N MUST BE NO LARGER THAN 1000" 
210 GO TO 160 
220 PRINT 
230 PRINT "RESULTS 2 3 4 5 6" 
240 PRINT 
250 RANDOMIZE 
260. FOR I= I TO N 
270 LET X=INTCRND(Xl*6+1) 
280 ON X GOTO 390,370,350,330,3l0,290 
290 LET N6=N6+ I 
300 GO TO 400 
310 LET N S=N 5+ I 
320 GO TO 400 
330 LET N4=N4+ I 
340 GO TO 400 
35 Ill LETN 3=N 3+ I 
360 GO TO 400 
370 LET N2=N2+ I 
380 GO TO 400 
39 Ill LET N I =N I + I 
400 IF I/M<>INT(I/M) THEN 420 
410 PRINT I,TAB(l7>JNIJTAB(22>JN2JTABC27)JN3JTAB(32)JN4JTAB(37)JN5JTAB(4 
2HN6 
420 NEXT I 
430 END 
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10 TOSSING TWO DICE (TOSS2D) 

100 REM THIS IS A PROGRAM TO SIMULATE AND COUNT THE RESULTS Or TOSSING 
110 REM TWO DICE UP TO 1000 TIMES. 
120 RANDOMIZE 
130 DIM N( 12) 
140 PRINT "HOW MANY TIMES DO YOU WISH TO TOSS THE DICE? (UP TO 1000)" 
150 INPUT N 
160 Ir N>l000 THEN 180 
170 GO TO 200 
180 PRINT "N MUST BE NO LARGER THAN 1000" 
190 GO TO 140 
200 F'OR I = 1 TO N 
210 RANDOMIZE 
220 LET R = INT(RND(Xl>l<6 + ll 
230 LETS= INT(RND(Xl*6 + ll 
240 LETT= R + S 
250 F'OR K = 2 TO J 2 
260 Ir T = K THEN 300 
270 NEXT K 
280 NEXT I 
290 GO TO 320 
300 LET N(Kl = N(Kl + 
310 GO TO 280 
320 PRINT 
330 PRINT " 2 3 4 5 6 7 8 9 10 I 1 12 .. 
340 PRINT 
350 F'OR I = 2 TO 12 
360 PRINT TABCI•5 - 2)JN(I)J 
370 NEXT I 
380 END 

PR•uRRM•-
( 



APPENDIX 

C • t:1 P LITE..,._ __ . 
11 CHOOSING .~ COMMITTEE OF THREE CCHCOMl) 

100 REM THIS IS A PROGRAM TO CHOOSE THREE CHILDREN OUT OF A CLASS OF 
110 REM TEN, CHOOSING THEM AT RANDOM. THEN TO REPEAT THIS N TIMES CVHERE 
120 REM N IS LESS THAN OR EQUAL TO 1000> AND PRINT THE DISTRIBUTION 
130 REM OF THE CHOICES, 
140 PRINT "HOV MANY TIMES DO YOU VISH TO REPEAT? CUP TO 1000)" 
150 INPUT N 
160 IF N> 1000 THEN 180 
170 GO TO 200 
18 0 PRINT '"YOU MAY REPEAT NO MO RE THAN 1000 TIME 5" 
190 GO TO 140 
200 FOR I • I TON 
210 RANDOMIZE 
220 LET XC I> • INTCRNDCX>*l0 + I> 
230 LET XC2> • INTCRNDCX>*l0 + I> 
240 IF XC2> • XC I> THEN 230 
250 LET XC3> • INTCRNDCX>*l0 + I> 
260 IF XC3> = XC I> THEN 250 
270 lF XC3l = XC2> THEN 250 
280 FOR J = TO 3 
29 0 FOR K = TO I 0 
300 IF XCJ> = K THEN 330 
310 NEXT K 
320 GO TO 350 
330 LET NCK> = NCK> + I 
340 GO TO 310 
350 NEXT J 
360 NEXT I 
370 PRINT 
380PRINT" 2 3 4 5 6 7 8 9 10" 
39 0 FOR L • TO I 0 
400 PRINT TABC5*L - 3>JNCL)J 
410 NEXT L 
420 END 
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12 CHOOSI~IG A COMMITTEE OF TEN (CHCOM2) 

100 REM THIS PROGRAM SIMULATES PICKING AT RANDOM A COMMITTEE OF 10 FROM 
110 REM A SCHOOL OF 500 GIRLS AND 425 BOYS, REPEATING THIS N TIMES 
120 REM (WHERE N .1 S LESS THAN OR EQUAL TO 20) AND FINDING THE AVERAGE 
130 REM NUMBER OF GIRLS ON THE COMM! TTEE. 
140 PRINT "HOW MANY TIMES DO YOU WANT TO REPEAT? CUP TO 20)" 
150 iNPUT N 
160 IF N>20 THEN 180 
170 GO TO 200 
180 PRINT "YOU MAY REPEAT NO MO RE THAN 20 TIMES," 
190 GO TO 140 
20 0 FOR I = I TO N 
210 RANDOMIZE 
22 0 LET X ( I ) = I NT ( RN D ( X H I 0 0 0 -+- I ) 
230 IF X(ll > 925 THEN 220 
240 FOR J = 2 TO 10 
250 LET X(Jl = INT(RND(Xl*l000 + I) 
260 IF.X(Jl > 925 THEN 250 
27 0 FOR K = TO J - I 
280 IF X(Jl = X(Kl THEN 250 
290 NEXT K 
300 NEXT J 
310 FOR L = TO 10 
320 IF X(Ll > 500 THEN 340 
330 LET G = G-+- I 
340 NEXT L 
350 PRINT "THE AVERAGE NUMBER OF GIRLS IN".l"SELECTIONS IS"G/1 
360 NEXT I 
370 END 
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13 BATTER 

100 REM THIS IS A PROGRAM TO SIMULATE THE NUMBER OF HITS A BATTER WITH A 
110 REM BATTING AVERAGE OF P WILL GET WITH FIVE TIMES AT EAT 
120 REM A GAME. IN N GAMES (WHERE N IS LESS THAN OR EQUAL TO 1000), HOW 
130 REM MANY TIMES WILL THE BATTER GET 3 OR MORE HITS? 
140 DIM HC 1000) 
150 PRINT "WHAT IS OUR PLAYER'S BATTING AVERAGE? (o000<=P<=l.000l" 
160 INPUT P 
170 1 F P< 0 THEN 200 
18 0 1 F P> I THEN 200 
190 GO TO 220 
200 PRINT "THE BATTING AVERAGE MUST BE BETWEEN 0 AND I" 
210 GO TO 150 
220 PRINT "IN HOW MANY GA.'1ES DOES OUR PLAYER PART! Cl PATE? CUP TO I01Z0l" 

230 INPUT N 
240 l,F N> 1000 THEN 260 
250 GO TO 280 
260 PRINT "N MUST BE NO LARGER THAN 1000" 
270 GO TO 220 
28 0 FDR 1 = I TO N 
290 RANDOMIZE 
300 FOR J = I TO 5 
310 LET A = RNDCX) 
320 IF A > P THEN 340 
330 LET HCll = HCll + 
340 NEXT J 
350 NEXT 1 
360 FOR 1 = 1 TON 
370 IF H(l l = 0 THEN 390 
380 GO TO 400 
390 LET M = M + 
400 FORK= I TO 5 
410 IF Hell = K THEN 440 
420 NEXT K 
430 GO TO 460 
440 LET N(Kl = NCK) + I 
450 GO TO 420 
460 NEXT 1 
470 PRINT "HITS GAMES" 
480 PRINT " 0",M 
49 0 FDR K = 1 TO 5 
500 PRINT K,NCKl 
510 NEXT K 
520 FORK= 3 TO 5 
530 LETH= H + NCKl 
540 NEXT K 
550 PRINT "lN"N"GAMES THE BATTER GOT THREE OR MORE HITS"H"TIMES" 
560 PRINT 
570 LET S = l0*PI 3*< I - Pl• 2 + 5*P'4*( I - P) + Pl 5 
580 PRINT "THE THEORETICAL PROBABILITY OF GETTING THREE OR MORE HITS IN" 
590 PRINT "5 TIMES AT BAT FOR A PLAYER WI TH BATTING AVERAGE"P"l S"S"•" 
600 PRINT "OUR EXPERIMENTAL EVALUATION OF THIS PROBABILITY lN"N"GAMES" 
610 PRINT "IS"H/N 
620 END 

PR•uRRfi1 253 



APPENDIX 

C•fi'I PLITE 

254 

14 AVERAGE NUMBER OF SUCCESSES (SUCCES) 

100 REM nus IS A PROGRAM F"OR F"INDING THE AVERAGE NUMBER OF" SUCCESSES 
110 REM IN ONE HUNDRED SAMPLES OF" SIZE M DRAW~ F"ROM A POPULATION OF" 
120 REM SIZE N WITH NI SUCCESSES. THE PROBABILITY P OF" SUCCESS ON ONE 
130 REM DRAW IS Nl/N. Nl<N. M SHOULD BE NO MORE THAN ABOUT 10% OF" N. 
140 REM M l'I.IST BE LESS THAN OR EQUAL TO 100. 
150 RANDOMIZE 
160 DIM TC100),LCHl00) 
170 PRINT "lHE SIZE OF" nlE POPULATION IS" 
180 INPUT N 
190 PRINT "lllE NUMBER OF" SUCCESSES IN THE POPULATION IS" 
200 INPUT Nl 
210 PRINT "lHE SAMPLE SIZE IS (MUST BE NO MORE TIIAN 100)" 
220 INPUT M 
230 LET P: Nl/N 
240 F"OR K : 1 TO 100 
250 LET T(K) : 0 
2 60 F"OR I : I TO M 
2 70 LET X : R ND (X > 
280 IF" X<:P THEN 310 
290 NEXT I 
300 GO TO 330 
310 LET T(K> : T(K) + 
320 GO TO 290 
330 LET R : R + TCK> 
340 NEXT K 
350 F"OR I : I TO 100 
360 IF" T(I > : 0 nlEN 380 
370 GO TO 400 
380 LET J: J + 1 
390 GO TO 440 
4 00 F"OR K : 1 TO M 
410IF"TCI> :K THEN430 
420 NEXT K 
430 LET L(K) : L<K> + 1 
4 40 tlEXT I 
450 PRINT "TIIE DISTRIBUTION OF" SUCCESSES PER ONE HU~DRED SAMPLES IS" 
460 PRINT "SUCCESSES", "ffiEQUENCY" 
470 IF" J : 0 TIIEN 490 
480 PRINT" 0",J 
490 F"OR K: 1 TOM 
500 IF" L(K) : 0 TIIEN 520 
510 PRINT K ,L<K> 
520 ~XT K 
530 PRINT "IN ONE HUNDRED SAMPLES OF" SIZE" r,f' THE AVERAGE NUMBER OF"" 
540 PRINT "SUCCESSES IS"R/100 
550 END 
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15 BINOMIAL COEFFICIENT <BINOM) 

100 REM THIS 1 S A PROGRAM TO COMPUTE THE BINOMIAL COEFFI Cl ENT NCR 
110 REM N I/CRl*CN-R) I) FOR GIVEN N AND R WITH 0<R<N<26 
120 PRINT "REMEMBER, 0<R<N<26'' 
130 PRINT "N AND R ARE EQUAL TO" 
140 INPUT NJ R 
150 IF R<N-R THEN 170 
160 LET S = N - R 
170 LET S = R 
180 LET P = 1 
19 0 FDR 1 " I TO S 
200 LET P = P*CN - 1 + ll/1 
210 NEXT 1 
220 PRINT "THE BINOMIAL COEFFICIENT FOR N="N"AND R="R"lS"lNTCP+.3) 
230 END 

16 PROBABILITY PCX:N,P) CPROBXN) 

100 REM THIS 1 S A PROGRAM TO COMPUTE PCX IN, Pl WHERE X 1 S THE NUMBER OF 
110 REM SUCCESSES IN AN EXPERIMENT OF N TRIALS l,HTH THE PROBABILITY OF 
120 REM SUCCESS ON. EACH TRIAL BEiNG p. N 1 S A POSITIVE INTEGER LESS THAN 
130 REM OR EQUAL TO 50. PIS A POSITIVE NUMBER LESS THAN 1 AND 
140 REM X TAKES ON INTEGRAL VALUES FROM 1 TO N - l• 
150 PRINT "WHAT ARE THE VALUES OF N, X AND P?" 
160 INPUT N,X,P 
170 IF N>50 THEN 190 
180 GO TO 210 
190 PRINT ''N MUST BE NO LARGER THAN 50" 
200 GO TO 150 
210 IF N - X < X THEN 240 
220 LET Z = X 
230 GO TO 250 
240 LET Z = N - X 
250 LET R = 1 
260. FOR 1 = 1 TO Z 
270 LET R = R*CN - 1 + 1)/1 
280 NEXT l 
290 LET R = R*P'X*Cl - PP CN - Xl 
300 PRINT "THE PRO BAEil LITY REQU 1 RED l S"R 
311!1 END 
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17 CONFIDENCE LIMITS CCONLIM) 
100 REM THIS IS A PROGRAM TO COMPUTE THE CONFIDENCE LIMITS ON THE 
110 REM PERCENT OF SUCCESSES IN A POPULATION WHEN THE PERCENT OF 
120 REM SUCCESSES IN A SAMPLE OF SIZE N IS KNO\IN. 
130 PRINT " THE NUMBER OF ELEMENTS IN THE SAMPLE 15" 
140 INPUT N 
150 PRINT "THE NUMBER OF SUCCESSES IN THE SAMPLE IS" 
160 INPUT M 
170 PRINT "THE PERCENT OF SUCCESSES IN THE SAMPLE IS"l00•MIN 
180 LET P = M/N 
190 LET S = SQR(P*< I - Pl/NJ 
200 PRINT "THE CONFIDENCE LIMITS ON THE PERCENT OF SUCCESSES IN THE" 
210 PRINT "POPULATION ARE.:" 
220 PRINT 
23 0 PRINT "9 5 % ", I 0 0* ( P• 2• S l , I 0 0* ( P+ 2• S l 
240 PRINT "99%", 100•<P-2.5•S>, 100*(P+2,5•S> 
250 PRINT "99,7%", l00*CP·3•S>, 100•CP+3•S> 
260 PRINT "IF THE SIZE OF THE POPULATION IS KNOWN TO BE T THEN INPUT" 
270 PRINT "IT NOW" 
280 INPUT T 
290 PRINT "THE CONFIDENCE LIMITS THEN ARE:" 
300 PRINT "95%", INT((P-2•S>•T>, INT«P+2•S>•T + ,999999) 
310 PRINT "99%", INT«P-2,S•Sl*Tl, INT((P+2,S•S>•T +,999999) 
320 PRINT "9,9,7%", INT«P•3•S>•T>, INT((P+3•S>•T + ,999999) 
330 END 

18 PROBABILITY OF SAME BIRTHDAYS CBIRDAY) 

100 REM THIS IS A PROGRAM TO COMPU.TE THE PROBABILITY .THAT TWO OUT OF 
110 REM N PEOPLE' HAVE THE SAME BIRTHDAY. 
120 PRINT "THE PROBABIL! TY THAT AT LEAST TWO OLIT OF THE N PFOPLE" 
130 PRINT "HAVE THE SAMF BIRTHDAY:" 
140 PRINT " N P" 
150 FOR N = 10 TO 40 STEP 5 
160 LFT Q = I 
170 FOR I= I TON -
180 LET Q = O•C365 • Il/365 
190 NEXT I 
200 LET P = - Q 
210 PRINT N,P 
220 NEXT N 
230 END 
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19 ORDERING NUMBERS CORDER) 

100 REM THIS IS A PROGRAM TO ORDER A SET OF UP TO 50 NUMBERS FROM 
110 REM SMALLEST TO LARGEST. 
120 DIM XC50) 
130 PRINT "HOW MANY NUMBERS DO YOU WISH TO INPUT?" 
140 INPUT N 
150 PRINT "INPUT A NUMBER AFTER EACH QUESTION MARK." 
160 FOR I = 1 TO N 
170 INPUT XC I) 
180 NEXT I 
190 PRINT 
200 FOR I = 1 TO N 
21 0 FOR J = 1 TO N - I 
220 IF XCJ)<XCJ+I) THE.N 260 
230 LET B = XCJ+l) 
240 LET XCJ+l) = XCJ) 
250 LET XCJ) = B 
260 NEXT J 
270 NEXT I 
28 0 FOR I = 1 TO N 
29 0 PRINT X Cl H 
300 NEXT I 
310 E.ND 

20 SHUFFLING CARDS CSHUFLE) 

100 REM THIS IS A PROGRAM TO SHUFFLE A DECK OF CARDS 
110 PRINT 
120 DIM AC52) 
130 RANDOMIZE 
14 0 FDR I = 1 TO 5 2 
150 LET AC I) = I 
160 NEXT I 
17 0 FDR I = 1 TO 5 2 
180 LET X = INTCRNDCX)*52 + 1) 
190 LET B = ACX) 
200 LET ACX) = AC I) 
210 LET AC!) = B 
220 NEXT I 
230 FOR I = 1 TO 52 
240 PRINT AC I); 
250 NS:,;T I 
26 ~ END 
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21 ACES 
100 REM THIS IS A PROGRAM TO SIMULATE THE WAITING TIME FOR THE FIRST 
110 REM ACE WHEN A WELL SHUFFLED DECK OF CARDS IS DEALT ONE CARD AT A 
120 REM TIME 
130 RANDOMIZE 
140 FOR K = I TO 1000 
150 LET C = 52 
160 FOR J = I TO 49 
170 IF INT(RND(X)*C+ 1)<5 THEN 200 
18 0 LET C = C - 1 
190 NEXT J 
200 LETS= S + J 
210 NEXT K 
220 PRINT "THE AVERAGE WAITING TIME FOR THE FIRST ACE IN 1000 DEALS IS" 
230 PRINT S/1000 
240 END 

22 COLORED PENS (BALPEN) 
100 REM TI-IIS IS A PROGRAM TO SIMULATE HOW MANY PURCHASES YOU NEED TO 
110 REM l'l'\KE TO GET ALL THE PENS IF' N DIF'F'ERENTLY COLORED PEt6 ARE 
120 REM PACKED ONE PEN TO A BOX OF' CEREAL 
130 REM TI-IERE l'l'\Y BE UP TO 20 DI F'FERENT KI NOS 
140 DIM A (20) 
150 RANDOMIZE 
160 PRINT "HOW l'IANY DIFFERENT PENS? (UP TO 20)" 
170 INPUT N 
180 PRINT ,.HOW l'IANY DIFFERENT TRIALS DESIRED? CUP TO 100)" 
190 INPUT M 
200 IF' £\1>100 THEN 220 
210 GO TO 240 
220 PRINT "NO MORE TI-IAN 100 TRIALS ARE ALLOWED" 
230 GO TO 180 
240 F'OR I : 1 TO M 
250 FOR J: 1 TON 
260 LET A(J) : 0 
270 NEXT J 
280 LET K : 0 
290 LET Z : I NTCRNDCX)*N + I) 
300 LET K : K + I 
310 LET ACZ> : 1 
320 FOR J : l TO N 
330 IF' A CJ> : 0 THEN 290 
340 NEXT J 
350 LET S : S + K 
360 NEXT I 
370 PRINT 
380 PRINT "lHE AVERAGE NUMBER OF' PURCHASES IS"S/f1"F'OR"N"DIF'F'ERENT PENS." 
390 END 
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AN OVERVIEW 

If a visitor from outer space 

visited you and asked, "What does a 

'teacher' do? 11 how would you reply? 

No do'-ubt part of your answer would men

tion transferring knowledge, thinking 

skills and attitudes to students. 

Explaining how this transfer is made 

might be difficult. Teaching is not 

yet a science (perhaps it should~ 

be), although theory, research and 

experience do provide us with con

II 

siderable guidance in our attempts to improve teaching. Several such facets as 

applied to the knowledge, skills and attitudes to be transferred, the nature of 

middle-school students, and some of the "how-to 11 have been touched on in the 

resources of the Mathematics Resource Project. This section presents an overview 

of many of these same facets. 

cot,JCE.PTS, PR\\J.C\PLE'=a, 

SK.ILL$, ATTITUDE$, 
1-IUMA\.liST\C C.ONCER\.!$, .•. 

HOW 7 

OUR WORDS, 
l<\ATERIALS, 
ORGAN12A"TIOI..I, 
AT"TITUPE'2> 

Tl-IE LEARNER 
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DIDACTICS 

© THE MIDDLE SCHOOLER 
Let us start with the most import

ant consideration in teaching--the 

learner. The most noticeable charac-

teristic of middle schoolers is their 

variety of maturity levels. How can 

we possibly deal with a class made up 

of irrnnature children, pre-adolescents, 

and a few relatively mature adol

escents? Perhaps just keeping in mind 

that our students are.!!:.£!_ uniformly 

mature may help us. If our plans are 

COMPONENTS OF INSTRUCTION 

"L .-

-~ r tv 
~e~e 

not going over well, we may have forgotten that many students need a greater 

variety, more changes of -pace, or some less-verbal approaches than we may 

be providing. 

Many of our students are likely to be early adolescents while they are in our 

classes. There seem to be three out-

standing features of adolescence: the 

search for an identity, the need for 

independence, and the impact of physical 

changes. These are likely to be inter

related; the physical growth toward an 

adult form is an obvious reminder to 

students that they will _assume adult 

roles, which includes EE.!_ being 

SEARC\-1 FOg IOEtJT\TY 
NEED ~OR TN~P~NOENCE 

ltJFUJEtJC.E. OF P\.IYS\CAL CHAIJGE 

"treated like a kid 11 and E£!_ being bossed around. How can we help our students come 

to grips with the stresses and demands of adolescence? Perhaps by exposing the stu

dents to (their choices of?) many different situations in which they can assume 

adult roles (as in What's on TV? in the GATHERING DATA section or in the many activ

ities in APPLICATIONS), we can allow them to sample situations which may aid them in 

seeing themselves as adults. Responding to their need for indepencence may be more 

difficult since some students seem to feel compelled to challenge even -routine 

direction. Many teachers do manage to allow some student input into the choice 

of goals or activities. Finally, the students' growing awareness of their bodies 

and of themselves in relation to others means they are interested in data about 

themselves and others--and usually these data can be gi,ven graphical or statistical 

treatments. See, for example, Data Sheet (in the GATHERING DATA section), What's 

( 
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DIDACTICS COMPONENTS OF INSTRUCTION 

In a Name? (in TABLES), My Favorite Color (in GRAPHS), Agree or Disagree (in 

SCATTER DIAGRAMS), To Each His (}l;)n, Muscle Fatigue, and What's Your Type? 

(all in HEALTH & MEDICINE), 

People's self-concepts seem to be fragile things. And middle schoolers are 

people. Irtdeed, the best thing we can do for some middle schoolers is to build up 

their self-concepts. How? Well certainly E.9E. by reacting sarcastically to student 

responses. Certainly.!!£!_ by having obvious 

favorites. Certainly TI£!_ by ign6ring 

the presence of particular students. 

Certainly~ by,,, (you can likely 

name some practice which can detract 

from students' self-esteem). Enough 

nots. What are some positive things? 

Purkey (1970) gives some general areas. 

RESPECT EACH STUDENT AS AN INDI-

VIDUAL. Know names and if possible 

SO Tl-lA"t5 HOW M'I 
T!;AC\lE:R AC'tS Wl-lEN 
YOU MAKE A MISTAKE. 

0 
0 

0 

something about the interests, strengths and weaknesses of ·individuals. 

PROVIDE EACH STUDENT WITH REASONABLE CHALLENGES--reasonable in the sense that 

the student should be able to meet the 

challenge. In particular, watch that 

low expectations of usually weaker stu

dents do not betray you into communicat

ing your expectations or into treating 

inferior work as praiseworthy. (It may 

be possible to give honest praise to 

effort, neatness, attendance, attitude, 

or the like when a student's work is 

sub par.) 

1M At-! 
Ol<AY 

SOMEBODY, 

4D RESPECTED AS A PERSO!l.l 
4D CHALLENGED 
4D TREATED WARMLY 
4D Et-JJ"OY5 $0!"\E SUC.C.t.'o>S 

BE SUPPORTIVE AND WARM TOWARD STUDENTS. Everyone likes a smile, a friendly 

greeting, or a genuine expression of interest. Students must realize that we are 

on their side and are not poised to "put them in their place" or to strike eagerly 

with the (perhaps) dreaded failing grade. 

PROVIDE SOME SUCCESS EXPERIENCES. Doing this is so important but, at the same 

time, so difficult for the students who most need a taste of success. This need is 

perhaps one strong argument for including data-gathering work for graphing and 

statistics lessons or work with concrete materials in probability. In these sit-

261 



262 

DIDACTICS COMPONENTS OF INSTRUCTION 

uations even a weak student can make a contribution and enjoy some success. 

Cognitive Development 

The developmental psychologist Jean Piaget, after years of observation and ex-

perimentation, has come up with a 

stages. (See the didactics paper 

description of mental development in terms of 

Piaget and Proportions in ~R=a~t~i~o~1'---'P~r~o~p~o~r~t~i~o~n"--=an=d 

Scaling, Mathematics Resource Project.) Most middle schoolers are at the concrete 

operational stage or the foI'Trlal aper-

ationaZ stage or in transition between 

those two stages. Students at the 

concrete operational stage are not yet 

comfortable or systematic. in dealing 

with the theoretically possible. For 

example, such a student might have 

difficulty in listing all the possible 

ways that two letters can be chosen 

from four letters and may have 

trouble with pages from the 

COUNTING TECHNIQUES section. Also, 

CHOOSE. TWO It.I ALL WAYS. ABC O 

CONCRETE OPISRATIOMAL 

FORMAL OPISRA"TIONAL 

~ A AB, AC ,AO, BC, BD, CD. THATS ALL. 

concrete operational students are not usually adept at dealing with a relationship 

between two other relationships (e.g., equality between two ratios--that is, pro

portional thinking). Such students may be puzzled by an activity like Take Your 

Choice in the EXPERIMENTAl PROBABILITY section. 

Other findings of the Piagetians which pertain directly to this resource are 

mentioned in a later didactics paper in this resource. Do keep in mind that the 

Piagetians have not usually tried to instruct the students they have worked with. 

They attempt only to determine the natural development of students' thinking patterns 

and capabilities. In most cases, how special schooling could alter these capabil-

ities has not been investigated. 

You may have had the experience 

of having another student clear up 

some student's confusion, after your 

valiant efforts at explaining proved 

fruitless. We usually acknowledge 

the studentst ability "to speak each 

other's language." This "speaking 

at the student's level" is touched on 

in Planning Instruction in Geometvy 

WHAT IS SI--IOWN 

ON Tl-IE HORIZOt-.!TAL 
SCALE? 

... THA, lS, ,HE 
SCALE ,I--IAT GOE:.S 
RIGHT-A\.JD- LEFT. 

\ 
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DIDACTICS COMPONENTS OF INSTRUCTION 

in Geometry and Visualization, although it is no doubt important in all areas of 

instruction. Briefly, investigators have hypothesized five levels of think~ng 

in geometry and have pointed out that teacher talk may often be at level above that 

of the student. It makes sense to think that the same thing could happen with other 

topics. 

SUMMARY 
Let us remind ourselves frequently--particularly when faced with an exasper-

ating student--that 

e middle schoolers vary greatly in their maturity, 

~ adolescents feel the pressures of a search for an identity, a need for indepen
dence and a changing body, 

e our influence on students' self-concepts may be one of our most important 
responsibilities, and 

@ students' thought and language patterns may not be as sophisticated as ours. 

1. Are there particular aspects of your students' behavior which might be explain
able in terms of biological changes, a need for independence, or a search for 
identity? 

2. Thumb through this resource and examine a few pages with these questions in 
mind: Could this activity be used in some fashion to make my students feel more 
independent? Could this activity contribute to some student's search for an 
identity? 

3. Ms. Lead: "I've got students who have to be told every little thing to do. 

Your reply: 

They can't even read the directions by themselves. I don't believe 
this 'need for independence' applies to my students." 

4. Students are usually interested in how they nstack up" as compared with other 
students. 
a. How is this interest related to their search for identity? 
b. This interest may lead to some stress. For example, a boy who is quite short 

or a girl who is quite tall may be sensitive about discussion of heights. 
How can a student page like Are You a Square or a Rectangle? (in the SCATTER 
DIAGRAMS section) make them less self-conscious about their heights? 

c. Give some other top.ics that would require careful handling (e.g., weights, 
family income, ••• ). 

5. a. List some practices-to-be-avoided in dealing with students, with respect to 
damaging their self-concepts. 

b. List some things which might enhance our students' self-concepts. 
c. Think of a particular student who seems to have a low self-concept. Plan 

how you might work to bolster this student's self-concept. 
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For more background on ... 

Early adolescence 

Student self-concept 

Piaget 

Levels of thinking 

COMPONENTS OF INSTRUCTION 

see the Mathematics Resource Project's .•. 

MiddZe SchooZ Students in Mathematics in 
Science and Society 

Student SeZf Concept in Number Sense and 
Arithmetic Skills 

Piaget and Proportions in Ratio, Proportion 
and Scaling 

PZanning Instruction in Geometry in Geo
metry and Visualization 

~ "WHERE ARE WE GOING?",,, ~ 11DID WE GET THERE?" 

Broad goals. Faced with a district 

syllabus, a textbook-imposed sequence 

of topics or a local preoccupation with 

standardized test performance, we can 

easily lose sight of the broad goals 

of middle school education. As a 

result, some of our hardest efforts 

may be misdirected toward marginally 

important work. For example, should 

we replace some of the" time on decimal 

division with time on critical reading 

of graphs (as in the INTERPRETING 

.. : . 

... ... ... . 
·.:· 
·•: 

.·.:· 

... . . . . . 
'' ... 

. :-::.:_·/. :.:·: i /·i) 
DATA section). vJhich of these, in view of the hand-held calculator, might better 

serve a broad goal like 11preparation for everyday livingn? Are we really working 

for "intelligent citizenship" if we stop with the calculation of mean, median and 

mode rather than continue to study when each of these is an appropriate summarizer 

of information (see, for example, The Average FamiZy and What Do You Think? in the 

MEAN, MEDIAN, MODE section)? At regular intervals we should give a thoughtful re

examination of our mathematics curriculum's contribution to the school's broad goals. 

Evaluation. If we claim to be working toward broad goals like, "to prepare 

for everyday living" or "to learn to work cooperatively" or 11to possess a positive 

attitude toward learning," then we should try to find out, in some fashion, whether 

we are accomplishing those goals. What this means in most cases is that an evalua

tion of a program must go beyond measures of computational skills and scores from 

( 
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standardized tests. Such 11hard 11 data 

may be very important but at the same 

time give a very incomplete assessment 

of our achievements. Teacher opinions, 

anecdotal records, tallies of labor

atory lessons or cross-disciplinary 

projects, requests (!) for project 

ideas, or student suggestions (!!) for 

school surveys may yield "soft 11 data, 

but at the same time data which give 

more valid measures of our contributions 

to broad goals than scores on skills. 

SUMMARY 

· .. 
:_:-.: 
... . ·. .. .... 

We must not lose sight of our broad goals, despite the immediate pressures of 

day-to-day teaching and the ready availability of measures of narrow skills. Not 

only must we keep these goals in mind, but we must also strive to evaluate, in as 

many ways as we can, our progress toward them. 

1. Read the broad goals for this resource (in the Introduction) to see where this 
resource might make unique contributions to your school's (or your own) broad 
goals. 

2. How is the mathematics program at your school evaluated? Are there ways 
in which the evaluation could be supplemented? 

For more background on .•• 

Broad goals 

Evaluation 

THE TEACHING OF CONCEPTS 

see the Mathematics Resource Project's .•• 

Broad Goals and Daily Objectives in Ratio, 
Proportion and Scaling 

Evaluation and Instruction in Ratio, Pro
portion and Scaling 

How do you proceed when you are teaching a new concept? (You may be in the 

habit of making a distinction between a concept and a principle; this distinction 
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is not made here since the guidelines for 

teaching both to middle schoolers are so 

similar.) There is some evidence that we 

should spend at least half of the class 

time on developing meaning and under

standing through work with group discus

sions, concrete materials, teacher dem

onstrations, and laboratory activities. 

Here is a review of some of the other 

important elements in teaching concepts. 

1. PREREQUISITES. It does not, of 

course, make any sense to resume teaching 

about a frequency distribution if our 

students don't remember what this is. 

Often we have a good idea from recent work 

how much review of prerequisites is needed; 

other times we may have to ask several ques

tions or give a pretest. 

2, MOTIVATION, It may be sufficient 

with some students to say only something 

like "Today we're going to study line graphs." 

Other classes may need considerably more than 

that: a line graph of phonograph record 

COMPONENTS OF INSTRUCTION 

1--10\J? 

CAREFUL PLANNING 

TEACHING A CONCEPT 

--PREREQUISITES? 
.--MOTIVATION? 
SOME INTERMINGLING OF 
--NAME FOR CONCEPT 
--DEFINITION 
--SEVERAL EXAMPLES 
--SOME NONEXAMPLES 
--FEEDBACK FROM-STUDENTS 
--DIAGNOSIS 

sales, whale population, average weight of 12-year olds during this century, etc., 

may gain their attention better than words alone. Perhaps the key art of teaching 

is the ability to awaken interest in a topic. Teacher interest and enthusiasm, a 

"hot 11 topic, an interesting problem or challenge, a game, a response to some need-

these things seem to work for many teachers. One of the aims of this resource is to 

supply you with ideas for introducing topics. 

3. CONCEPT NAME. No one is likely to ignore the name for a concept completely, 

but perhaps we can give it more emphasis. Providing the name does signal that some

thing name-worthy is coming up and does give a 11peg" on which to put the idea. 

Writing the name on the board, commenting on its spelling, relating and contrasting 

it to other uses ("Who knows what a median in a highway is?") and pointing out its 

( 
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place in the lesson and its relationship to other concepts ("so this will give us 

three kinds of representative numbers: the mean, the median, and the mode)--all 

these are ways of giving attention to the concept name. 

4. DEFINITION. Some concepts--e,g,, stem-and-leaf display--would be awkward to 

define carefully. However, for many 

concepts a definition can be given--

and according to some researchers 

should be given when the language in

volved is not too complicated or 

lengthy. Two cautions are in order: 

(a) just because a definition has been 

given does not mean it has communicated 

and (b) just because a student can 

MEDIAIJ - THE ''M\DDL.{ SCORE 

1. PUT ,1-\E. SCORl':S 11\l ORDEI:'.. 

state a definition does~ necessarily mean the concept has been mastered. We can

not rely excZusiveZy on words. Indeed, research indicates that a definition accom-

panied by examples and nonexamples gives better learning than a definition or example 

alone, [Klausmeier et al,, 1974) It may also help to emphasize particular parts of 

a definition by using suitable examples and nonexamples, by underlining, or even by 

putting different parts of the definition on different lines. 

5. EXAMPLES. The sentences above hint that we should have several, consid

ered examples at hand. These examples should also vary the features irrelevant to 

the concept, or else the student may be misled into thinking that these are part of 

the concept or are always true about the concept. For example, we would want to 

make sure that our examples do not always result in the mean and median being equal, 

since the students may assume that they always are equal if they are in a few cases 

(the MEAN, MEDIAN, MODE page, Median vs Mean, might prevent such a misconception), 

Or since the mode is described as "the color that occurs most often 11 in They Melt in 

Your Mouth (in the GRAPHS section), a student might assume that the mode is a color 

if this is the only example ever given. The more examples we use, the less likely 

some irrelevant feature will occur in all of them. 

6. NONEXAMPLES. Nonexamples enable us to emphasize particular parts of a 

definition by noting their absences in the nonexample: "This is not a random sample 

because each object was not equally likely to be picked. 11 Nonexamples are most 

easily generated for concepts whose definitions have parts; make up a case which 

does not have that part and you have a nonexample. Usually you will use a nonexample 
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only after the students have seen some examples so that they will have a better 

chance of telling why the case is a nonexample. Finally, a nonexample may help to 

avoi.d overgeneralizing. After several sets of data have been fitted by straight lines, 

a SCATTER DIAGRAMS page like Sounds Fishy 

to Me could prevent students from assuming 

that every set of data can be fitted by a 

straight line. Or after several exper

iences with equally-likely outcomes, a 

spinner like that in the figure could be 

used to show that sometimes outcomes are 

not equally likely, 

7. FEEDBACK NEEDED. The warning 

A 

B 

OU,COME.5 A AND B ARE NO, 
EQlJALL',' LIKELY 

was given above about relying too much on a student's statement of a definition as 

the only evidence of whether the student has learned· a concept--that may indicate 

only that the student has learned a proper sequence of words. When we give the 

students several cases, they should be able to pick out which ones are examples and 

which are nonexamples. At some stage, they should be able to make up a new example. 

8. DIAGNOSIS. Students often make careless errors, of course. But many times 

a student's errors may reveal a mis

conception. The student in the figure 

might be miscounting--or might have the 

incomplete idea, 11the median is the 

middle score, 11 forgetting that the 

scores should be ordered first. A few 

seconds' thought or a question if the 

student is at hand ("Why do you say 

that?") can often reveal a misconcep

tion and allow us to do more than 

shake our heads and think, "Jay's not 

getting this." 

GIVE 11-!E MEDIANS : 

l) 5, 11, 7, Co, 3, 15, B 

2.) t, 2.G, 45, 9, 10, 1, 19 

The order in which to give attention to these items is still part of the art 

of teaching. Considerable study of, for example, whether to give the definition 

first or to precede the definition with some examples is being carried out. You 

are welcome to do your own experimenting! 

( 

( 
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SUMMARY 
In teaching a concept, we should give attention to 

• the prerequisites, 

• thinking of some motivator, 

e emphasizing the name of the concept, 

• planning how to state and use a definition, 

e developing several examples and nonexamples, and 

e getting frequent feedback from as many students as possible. 

1. Choose some concept you teach. What would be your responses for the various 
items given in the summary above? 

2. Give some examples or nonexamples to clarify these misconceptions. 
a. It is not necessary to label the axes on a bar graph. 
b. The mode and the median are the same. 
c. For any data, you can use either the mean, the median or the mode. 
d. If there are ~ix,ways it can come out, each way has probability 1/6. 
e. A graph that goes.up as you go to the .right is a graph of running totals. 

3. Below are some exercises and Jay's answers. What is Jay's misconception? 

Exercises: Give the mode. 

Jay's answers: 1) 15 2) 6 

1) 
15 

10 

5 

0 

G 

. - 2)4 

. 

-
ABCD ABCDEF 

For more on concept teaching, see The Teaching of Concepts in Geometry and 

Visualization, Mathematics Resource Project. 

© THE TEACHING OF SKILLS 
Making graphs, calculating means, 

listing outcomes of an experiment, 

determining probabilities--there are 

many skills involved in this resource. 

Let us survey several points in teach-

ing a skill. 

HOW? 

At-JALYSIS OF TA°"K 

1. PREREQUISITE SVBSKILLS. To make a circle graph, for example, a student 

needs to know how to use ratios to figurt out the part of the circle for 
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each category and how to use a protractor. If these subskills haVe been forgotten, 

they should be reviewed so their lack will not detract from your explanation. Some-: 

times it is easy to overlook prerequisites. 

The simple matter (for us) of labelling 

and reading axes is not easy for many 

students. Many will need work with pages 

like Completing Scales, Scale and Plot, 

or How Remarkable! (all in the GRAPHS 

section). Or, before determining med

ians a review of ordering data may be 

a good idea. It is sometimes surprisingly 

difficult to analyze a task completely for 

sub skills. 

<>co~ 

~ 

2. CAREFULLY CHOOSE THE EXAMPLES YOU DEMONSTRATE. In demonstrating the making 

of a line graph, for example, one would 

avoid cases which have several cate

gories, data over an extensive range, 

or data involving difficult plotting. 

For a first circle graph, one would 

likely choose a case for which the 

computations are not too complicated. 

3. DEMONSTRATE COMPLETELY to 

give students an idea of the whole process. 

WERE: 110 ... 
: WELL, AS YOU 
. CAIJ SEE: ... . · .. 30 .... 

.. · .' . . . . . 

•• ·•·:::.-/::·: 20 

4. GO OVER THE STEPS, emphasizing the ones likely to be new or to cause 

trouble (e.g., the labelling of axes mentioned above). 

5, BE PREPARED TO DEMONSTRATE ANOTHER CASE, perhaps having students parallel 

your work at their seats or come to the board to demonstrate particular steps. 

6. GET THE STUDENTS DOING SOMETHING as quickly as possible. It is when the 

lea.rners are trying the skill that you get feedback on pacing and points of con

fusion--and the learners are finding out where they get stuck. Try to plan so that 

in-cl~ss time is available for the students to try at least a few examples while 

you are on hand for additional information. 

... ·:·. 
.. ... 
: . :: 
.·.•. .... . . .. 
..... 

7. DIAGNOSE, A mis-plotted point could be only a slip-up in reading coordin

ates, but it might also result from reversing the coordinates. The rule of thumb is 

( 
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to ask yourself, 1'Might this error result from a misunderstanding?" 

SUMMARY 
A key to the teaching of a skill is in the planning: 

e analyze the skill for prerequisite subskills, 

• plan your examples carefully, 

e pace your demonstration carefully, emphasizing difficult points, 

e involve the students as soon as possible, and 

e seek feedback from all students, carefully examining errors for wrong ideas. 

1. List all the prerequisite subskills for making a circle graph. (Don't forget 
angles with measurements ·like 210° ! ) 

2o What would be prerequisites for reading a pictograph? 

3. List the prerequisite subskills for determining which of two situations gives 
the better chances of winningo 

4. What sort of graphing might student work like Scale Sketches (in GRAPHS) profit
ably precede? 

For more background on ••• 

Teaching skills 

Diagnosis of errors 

© TEACHING FOR TRANSFER 
Can our students apply what they 

have learned? Sometimes the answer is 

disappointing, especially when the sit

uations are outside the mathematics 

classroom. Here are some sugges-

tions for maximizing transfer: 

l. IMITATE AS MUCH AB POSSIBLE 

see the Mathematics Resource Project's ••• 

The Teaching of Skills in Number Sense and 
Arithmetic Skills 

Diagnosis and Remediation (numerical ex
amples) in the same resource. 

I-IOW? 

PLA..i!OCD EMPHA'2.IS 

THE SETTINGS WHERE APPLICATIONS WILL LIKELY ARISE. Doing this is easy for work with 

reading graphs since_.graphs appear frequently in newspaper and magazines and can be 
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used for classwork. Situations in which data are to be collected and then graphed 

can be virtually the same in classroom 

settings and "real" settings, partic-

ularly if questions of what data, how 

to collect them, the cost of collecting, 

and how best to report them are included 

on occasion. 

2. GIVE SUFFICIENT ATTENTION TO 

THE MAJOR POINTS. Rather than spending 

just one day on deceptive graphs and then 

: : ; .. · ... ·. ' 
: : .';: . .. 

W\-IAT DATA WILL 
TIS.LL U'c> W\-11C\-1 
eASKETBALL ,£AM 
IS BES,? 

never mentioning them again, a teacher should frequently bring up the question of 

whether a new graph seems to give a fair presentation. Or as another example, re

minders like, "When we say the prob-

ability of a win is 3/5, does that mean 

we'll win 3 times in 5 games?" may be 

necessary to avoid students' losing 

sight of the meaning of statements 

about probability. 

3. USE A VARIETY OF SETTINGS. 

The richness of the topics of graphing, 

ooEs THE 
GRAPH Ol>l 
PAGE: 18G 

SEEM 
HOMEST? 

statistics and probability invites many different applications. So many things can 

be graphed or summarized with statistics, and there are dice, cards, spinners, 

drawings, accident data, sales figures, ••• for probability. This guideline does not 

mean that every setting in which probability comes up should be discussed in a short 

period of time, but over the long term students should see the ideas in several 

different settings. 

4. BE CAUTIOUS ABOUT NEGATIVE TRANSFER. Occasionally the learning of one 

topic interferes with the learning of another topic. Sometimes these situations can 

be predicted. For example, the similarity of the words "mean,." "median," and 11mode," 

and their uses with similar (or even the same) sets of data would signal that these 

ideas are likely to be mixed up by some students. When such situations are antic

ipated or discovered, we can warn against likely confusions and perhaps think up 

ways to enable the students to keep things straight. 

5. EMPHASIZE APPLICATIONS. This resource contains many examples of real

life applications. See in particular the APPLICATIONS pages. Note, however, that 

( 
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applications within mathematics often occur, as in using graphing to study the 

outcomes from a probability experiment (e.g. Rolling Dice in the EXPERIMENTAL 

PROBABILITY section). Bulletin boards, talks by parents on careers, or news 

items can allow applications to come up. Devoting classtime to newspaper 

articles or topics brought in by students might help make students application

conscious and rewards them for looking for applications. 

SUMMARY 
Transfer of learning is one of our most important goals. To help reach this 

goal, we might 

e devise activities which resemble "real-world" situations, 

e cover thoroughly the major ideas, 

&use a variety of applications, 

ewatch out for negative transfer, and 

e give lots of attention to applications. 

1. Look through the APPLICATIONS pages to see.,, 
a. which pages you feel would be of value to the whole class. 
b. which pages you feel might have appeal to certain students. 

2. Plan a "real" data-collecting and organizing activity with some group of your 
students, (See the commentary in the GATHERING DATA section.) Although you 
may prefer that the students choose their own theme, you might have a few in 
mind in case they have trouble coming up with an idea. 

3. What do you feel are the major points to be made about graphs, statistics and 
probability? 

For more background on transfer, see The Teaching of Transfer in Mathematics in 

Science and Society, Mathematics Resource Project. 

9 PROBLEM SOLVING--GOAL AND TOOL 

A£; is noted in Probtem Sotving in the TEACHING EMPHASES section, the word 

11problem 11 usually refers to situations which involve more than using only a well

known procedure. Estimating (not just guessing) the cost of the bricks in a brick 

building, for example, would be a problem for most middle school students. On the 
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other hand, finding the cost of a spec

ified number of bricks, given the cost 

per brick, would for most students be 

only an exercise with the multiplication 

algorithm. Since we cannot possibly 

know all the mathematical problem sit

uations our students will be faced with, 

we cannot hope to show all possible 

solutions. Yet we acknowledge the 

importance for our students of the goal 

of problem-solving ability. What can 

we do to help our students grow in their ability to solve problems? 

/ / / 

One way which offers promise is to give them lots of problems and to emphasize 

general problem-solving steps like those of Polya mentioned in Problem Solving in the 

TEACHING EMPHASES section, Let us illustrate the steps with the problem above: 

Estimate the cost of the bricks in a specific brick building, given the cost of one 

brick. 

1. UNDERSTANDING THE PROBLEM. Noting that only an estimate is called for should 

suggest that we do not need to know the exact number of bricks. (Many middle school 

students have not learned that exact answers, even when possible, are not always 

worth the extra work.) What is not clear from the problem is how close our estimate 

should be, so we would have to decide on that. The problem is oversimplified because 

the rate for a large number of bricks is likely less than the single-brick rate; we 

might wish to take this fact into account and seek information on bulk rates. 

2. DEVISING A PLAN. This is the most difficult step. Problems--in the sense 

used here--usually involve determining what data are needed as well as how the data 

are related. Here, since the cost of each brick is given, we could estimate the 

value of the bricks if we could estimate how many bricks there are. Although a 

direct count of all bricks would be out of the question, perhaps the bricks in sev

eral small parts of the building (a sample) could be counted and, with (actual or 

estimated) measurements of the building, used to arrive at an estimate of the total 

number of bricks. Are the walls only one brick thick? Is there an air space? How 

should we pick our sample? Are there so many windows and doors that we would have 

to take them into account? How would we do this? How can we find the height of the 

building? If we can't perhaps wetll have to devise another plan--for example, 
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counting the bricks in one row and estimating (or counting) the number of rows of 

bricks. 

3. CARRYING OUT THE PLAN. In collecting the information, we may find defi•

ciencies in our plan and have to revise it- For example, will our method of esti

mating take into account the mortar between bricks? It may happen, of course, 

that our plan can be carried through without modification. 

4. LOOKING BACK. This step is often neglected but may be the most important 

since it involves an evaluation and review of our thinking. Is our estimate reason

able? Can we check it in some fashion? Is there another way to solve the problem-

(e.g., calling the builders of the building and asking them!)? What was our method 

of solution? Are there other problems which could be solved by the same method? 

(This last question could be used to give middle schoolers some experience with 

thinking up problems, a valuable talent not promoted in most schools.) 

If these steps are new to our students, we naturally will have to adjust our 

expectations of the students, particularly with respect to the devising-a-plan step. 

What we can do is to provide lots of problem-solving opportunities. We can be good 

problem"'"'8olvi_ng models for our students by following steps like Poly a' s. We can 

pursue false paths on occasion to show that such things do happen in solving problems. 

Few would question growth in problem-solving ability as an important goal of 

mathematics teaching. Problems can also serve as a tool for instruction. For 

example, interesting problems like those 

in How Many Deer? (in SAMPLING) can catch 

the imagination and motivate one to do some 

work willingly. Many teachers like to use 

a problem as a lead-in to a topic. For 

example, A Cereal Question in the EXPERIMENTAL 

PROBABILITY section provides an example of 

a simulation and would perhaps be a more 

attractive starting point for work with 

simulations than a lecture on simulations. 

PROBLEMS CAN , , , 

AROUSE INTEREST 

GIVE LEAD-INS 

DISGUISE DRILL 

The solutions of many problems may provide settings in which the student practices 

other skills, like finding averages, graphing, different forms of data collecting, 

critical thinking, basic computing, and so on. 
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SUMMARY 
An important goal like problem-solving ability deserves all the attention we 

can give it. Providing (a) some problem-attack steps like those of Polya and 

(b) as many problem-solving opportunities as we can is one way to try for this goal. 

A problem-oriented approach has several bonus by-products: problems can motivate, 

give lead-ins to topics, and provide practice of subskills within the larger problem 

setting. 

1. Rehearse how you might use Polya 1 s problem-attack steps in attempting to solve 
a mathematical problem you know. 

2. Why would the following be regarded as exercises rather than problems? 
a. Calculating 87,984,923 x 6,412,385. 
b. Making a bar graph for some given data (after.much work with bar graphs). 
c. Adding up all the grocery bills for a week. 

3. Which one of the following uses of How Many Deer? (in the SAMPLING section) 
would better foster a problem-solving goal? 

( 

a. Pass out copies of the page and let students work on the page individually. 
b~ Ask the questions at the top of the sheet and invite discussion before ( 

passing the page out. 
c. Use the page, but supply the data for the students. 
(See the commentary in the SAMPLING section for other ideas on introducing this 
activity.) 

For more background on problem solving, see Teaching Via Problem Solving in 

Mathematics in Science and Society) Mathematics Resource Project. Word problems 

are also discussed in Reading In Mathematics in the project's Ratio, Proportion and 

Scaling resource. 

iet, TEACHING WITHOUT TELLING 
Teaching without telling? You 

may have seen, or even tried, one of 

those striking demonstration lessons in 

which the teacher never says a word, but 

that is not what we have in mind here. 

Rather, these paragraphs treat two 

HOW? 
TI-\ROUGI-\ 
LAB APPROACI-\E.S 
COfJCRE.TE. MATERIAL'?, , GAME.S 
DISCOVERY LESSONS 
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teaching techniques which often overlap: laboratory approaches and discovery les

sons. These take the teacher from center-stage and, it is hoped, lead to greater 

uaudience participation." 

e Lab approaches. In these resources, a lab approach means any method which 

emphasizes learning-by-doing, especially as contrasted with learning-by-being-told. 

Lessons in which students gather their own data to graph (e.g., Muscle Fatigue in 

the HEALTH & MEDICINE section) or perform a dice-rolling experiment are sample 

lab lessons. What are the attractions of such lessons? Besides the active 

involvement of the students in the lesson, these five are usua~ly mentioned: 

1, LAB APPROACHES ALLOW ATTENTION TO THE PROCESSES OF LEARNING. Data gathering, 

data organizing, decision making, problem-solving skills-all these may be the 

student 1 s responsibility in a lab lesson. In a teacher-centered lesson, the teacher 

may be the only one who practices most of those skills. 

2, LAB APPROACHES ALLOW STUDENTS TO BE INDEPENDENT of the teacher in such 

activities as gathering and analyzing data. This does not mean the teacher plays 

no role in the lesson; the teacher becomes a resource person rather than the infor

mation giver. 

The need for independence by some middle schoolers was mentioned earlier. Lab

oratory lessons in which the students can operate relatively independently of constant 

teacher direction may help us meet that 

need. Laboratory lessons--particularly 

ones in graphing, sampling and simula

tions--can easily involve adult-like 

activities (see the APPLICATION pages) 

and can include small group work. Thus 

the lessons may also contribute to the 

search for identity by exposing the 

student to grown-up roles and by provid

ing the opportunity for that student to 

note how others in the group- react to him. 

3. LAB APPROACHES FOSTER STUDENT-

GOOD WORK! DO '<OU 'Tf-111'.IK 
1T WOULD BE 1.1\lTERESTII-JG 
-CO BE A MARK.E.1" 
RESE:ARCHER? " 0 • CARS Of 

I Dll'FEREhl> COLORS 

STUDENT INTERACTION. At an age when the peer group is so important, this interaction 

may be a most valuable off-shoot. Students~ learn from each other, and in the 

process may learn something about cooperation, working with others, and relating to 

others. 
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4. LAB APPROACHES MAY enable each student to contribute something and thus 

HELP THE STUDENT'S .SELF-CONCEPT, In particular, with concrete materials at hand, the 

student can usually do something and perhaps check it with the materials before 

hariding in an incorre.ct answer. If it is an experiment, almost anyone can throw 

di.ce or shuffle cards or draw marbles. 

5. LAB APPROACHES OFTEN use concrete materials, which PROVIDE CONCRETE BASES 

FOR ABSTRACT IDEAS, Concrete materials 

will be discussed in greater detail 

after a few sentences about the use of 

lab approaches. 

The teacher role in a lab lesson 

changes from a whole-class focal point 

to a helper, guider, prodder, and rein

forcer of individuals or small groups. 

Lab lessons require perhaps more prepa

ration than teacher-centered instruction 

since guide-sheets must be readied and 

0 

DRAT ! I KN[W A 
' LAB SESSIO"-l WOULOtJT 

WO~K WITH MY 
KIDS! 

equipment arranged for. It is a good idea to start slow when the teacher or the 

students are not accustomed to lab lessons. Laboratory Approaches in the TEACHING 

EMPHASES section gives several suggestions for gradually easing into some lab lessons. 

The use of concrete materials. During your college coursework did you ever 

grapple with an abstract idea with minimal success, and then suddenly "see" it when 

someone presented the idea in a more tangible form? For you as a college student 

th.at 1ttangible 0 form may have been a drawing or even something abstract like the 

set of integers. In that sense, pictures and familiar ideas might be considered 

0 concrete materials" for college students. Although pictures and familiar abstrac

tions may be "concrete" enough for many of our students, "concrete 11 will be used 

here to mean "physically real"-dice, 

matchsticks, stopwatches, slips of 

paper, graph paper, etc. 

Perhaps the most compelling argu

ment for concrete materials is that they 

can give a real-world basis for abstract 

ideas. So many mathematical entities-

numbers, geometric figures, probabili-

MATH TEACHERS 
ARE SYMBOL
MltJDED ! ?==I 

HEE -HE.E 

( 

( ' 

( 
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ties, for example-are in fact abstractions which, properly speaking, exist only in 

our heads. But holding up three fingers or showing three blocks--concrete repre

sentation~~does enable us to develop the abstract idea of three. It is easy--perhaps 

too easy.--.for mathematics instruction to become too abstract and bound to symbol 

shuffling. Some students "study" per-

imeter without ever actually measuring 

anything! Some students "carry" and 

"borrowt1 in addition and subtraction 

exercises without knowing what justi

fies these procedures. Fortunately, 

the concepts and principles in this 

resource allow us to build many exper

iences with concrete materials into our 

instruction--see the list of student 

BORROW 1; 
THA, GIVE:.'=> 

Q, l!.. 
'-+ 

pages at the end of Laboratory Approaches in the TEACHING EMPHASES section. 

Some theorists advocate giving as many different types of concrete representa

tion for an idea as possible. For example, the notion of randomness becomes richer 

through experiences with drawing slips of paper, tossing coins, throwing dice, flip

ping spinner arrows, etc. 

Of course, all the types should not be given in a short time period; the idea 

is that over the years of students' school experiences, they should see as many 

concrete representations as practical. Note also that using a variety of materials 

may help us meet individual differences better. Only a little is known about learn

ing styles, but it does seem likely that using many sorts of sensory input should 

help us reach more students. On the other hand, some slower or learning disabled 

students may not be able to digest several kinds of material and might profit most 

from work concentrated on one or two types. e Games. Instru~tional games have become increasingly popular in the last few 

years. They can put drill in an interesting setting, add variety to a class, provide 

enrichment, improve attitudes, and if play is observed carefully, enable the diagnosis 

of misconceptions. For example, Crazy Quotients (in the EXPERIMENTAL PROBABILITY 

section') could be used to provide division practice. The Even/Odd Gcone in the same 

section could help develop intuitions about probability. 
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a Discovery lessons. Discovery lessons could well be described as problem-solving 

lessons. In both, the students are confronted with a situation which does not 

immediately suggest an algorithm for a solution. Discovery lessons could also be 

considered laboratory lessons since they usually involve the same gather-data, 

organize-data, analyze-data, make-and-test-conjecture steps. They offer many of 

the same advantages as laboratory lessons: a student-centered atmosphere, emphasis 

on strategies of learning, peer-interaction, drill in a larger setting. For example, 

students could discover through their own efforts (and the guidance of Rolling Dice 

in EXPERIMENTAL PROBAllILITY) that 7 is the most likely sum when tossing pairs of 

dice. Discovery les·sons are particularily valuable if students have a misconception. 

For example, coin, die, and card experiences may lead to their thinking that each 

outcome in an experiment is equally likely. A two-outcome experiment like tossing 

a thumbtack (choose your thumbtacks carefully) can convince them otherwise. 

SUMMARY 
Laboratory approaches, games, and discovery lessons provide 

• a learner-center climate, 

• a student-generated rather than teacher-imposed solution, and 

• student-student discussions of ideas. 

Concrete materials can ..• 

• give a firm foundation for abstract ideas and 

• help to meet the individual needs due to differing abilities, differing learning 

styles, and the searches for independence and identity. 

'j) 'j) 'j) 'j) 'j) . . . . . 
1. If you have had enough experience with laboratory approaches to give a fair 

evaluation, react to the five "attractions" listed for laboratory approaches. 

2. Pick out two of the list of classroom pages at the end of Laboratory Approaches 
(in the TEACHING EMPHASES section) and plan how you would use them to work 
toward the five II attractions II listed for laboratory approaches. 

3. (Discussion) 
a. during a 
b. during a 

What sorts of things should a teacher do 
lab lesson? 
discovery lesson? 

( 

( 

( 
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4. (Discussion) Do you use concrete materials in your teaching? Why or why not? 

5. (Discussion) What has been your experience with instructional games? Do you 
have any testimonials or warnings about games to give? 

6. D. Thomas: "I don't think I could try a lab lesson with small groups. My kids 
would spend all the time talking about ballgames and parties and 
what happened yesterday after school, They would get very little 
work done." 

You: 

7. Ms. Jackson: "Come on now! I've gone to college more than four years. rtve 
thought very hard about how to explain things to my students. Are 
you telling me that all my background and experience should be 
ignored and the students left to figure things out themselves?" 

You: 

8. Mr. Thomas: 111 don't think my students need hands-on experience. Sure, I talk 
about concrete things, but if you use the actual materials, the 
kids wontt exercise their imaginations. 11 

Your reaction to Mr. Thomas? 

For more information on ... 

Laboratory approaches 

(and concrete materials) 

Games 

Discovery lessons 

~ QUESTIONING 

Experienced teachers know that 

when they do all the talking during a 

class session, students become inat

tentive, behavior problems may develop, 

and there is no feedback on what the 

students have learned. Our handiest 

tool for involving students--getting 

see the Mathematics Resource Project's 

Laboratory Approaches in the TEACHING 
EMPHASES section of this resource 

Teaching via Lab Approaches in Mathematics 
in Science and Society 

Goals Through Gomes in Number Sense and 
Arithmetic Skills 

Goals Through Discovery Lessons in 
Geometry and Visualization 

HO\./? 

TI-\R.OUG\-1 QUE.$T\ONIIJG 
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them to do something or to react to sornething--is to use questions. Moreover, 

actively encouraging students to ask questions shows that you expect an active involve

ment from them, not just a reactive one. 

BLAH BLAH BLAH BLAH 

~ ~~\;;;~~OR 
Don't you use questions for these purposes? 

-To motivate: 11Would you rather have the mean income in the U.S. or the 

median income?" 

-To get students to evaluate or interact: "What do you think of group l's 

method?" 

-To diagnose: "Then what did you do?" as well as 

-To get general feedback: "Everyone calculate the probability of getting 11. 11 

(Let us include directions like "Find the median of these scores" as questions.) 

This section touches on these things: asking some "higher level" questions, 

watching the pacing of our questions, and promoting the use of student questions. 

QUESTIONS AT DIFFERENT LEVELS 
11First-level 11 questions are those which require only recall or recognition of 

specific facts, cases or routine procedures. Here are examples of 11 first-level 11 

questions for middle schoolers: "Is the median greater than the mode?" "So 3 of 

the 4 outcomes have at least 1 head. What is the probability of at least one head? 11 

"What is the middle score called ?" "Vfhat is the title of the graph?" "In which 

year was the kangaroo population greatest? 11 Such questions are, of course, very 

important in the classroom. They involve the students, giving them a chance to 

respond (usually successfully if they have been paying attention); they give us 

feedback; they enable us to emphasize particular facts or processes. It is when a 

teacher asks only first-level questions (or "zero-level 11 questions like "4 + 5 = 9. 

( 
' 

( 

( 
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Right, James?") that one becomes con

cerned. Questions requiring more than 

memory--"higher-level" questions--should 

also be asked. Otherwise we are not 

asking our students to exercise or 

develop cognitive skills other than 

memory. The outline in the box gives 

an indication of some categories of 

''higher-level'' questions. Here are 

some samples, roughly categorized. 

(Assume that answers canriot be produced 

by mere recall or recognition of 

earlier classroom or text work.) 

COMPONENTS OF INSTRUCTION 

LEVELS OF QUESTIONS 

FIRST LEVEL 
RECALL/RECOGNITION 

HIGHER LEVELS 
REPRESENT/INTERPRET 

INFORMATION 
EXPLAIN 
ANALYZE, INTERRELATE 

& APPLY INFORMATION 
OPEN-ENDED 

0 

REPRESENT/INTERPRET INFORMATION. "What is the trend after 1970?" "What does the 

weather report mean when there's a 30% chance of rain?" "What does this graph seem 

to imply?" nMake a table for these 

data._ n 

EXPLAIN. "How do you decide what sort 

of graph to make? 11 "How do you figure 

out the probability of all heads? 11 

"Why would a line graph be inappropriate 

here?" 

ANALYZE, INTERRELATE AND APPLY INFOR

MATION. "Is the mean always greater 

than the median?" "How is this graph 

AVERAGE \-IEIG\-IT 

GRADE 

misleading?" Word problems usually require analyzing and interrelating data--perhaps 

that's why they are so difficult. 

OPEN-ENDED. "Find other ways to describe how scattered the numbers are. 11 "How can 

we find out how many calories the kids in the whole school eat in a year? 11 "Which 

way is the easiest?" "How can you tell whether these dice are fair?" 11How could 

you find out? 11 

If you would like to increase the number of higher-level questions in your 

lessons, it may be necessary--especially at first--to spend a few minutes of planning 

time thinking some up. As with most things, higher-level questions become easier to 

think up as we get more and more experience. Some work has shown a very high cor-
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relation between the level of a 

teacher's questions and the level of the 

the student's questionso 

with one stone?) 

PACING OUR QUESTIONS 

(Two birds 

After y.ou ask a question, how 

long do you wait before calling on a 

student for a response? Then after a 

student responds, how long do you wait 

until you comment on the response or 

ask another question? If your average 

"wait-time 11 is about one second, you 

COMPONENTS OF INSTRUCTION 

~~~ 
ASK- CALL 0~ 

QUi;:_ST!O\.J ~ SOMEOt..JE 

WAl'T ~ 

TIME 

STUDEl'>-lT • . • . . . . . . . YOU SAY 

=~ ~ =ij" 
are like the teachers studied by Rowe [1969]. How much time does one second allow 

for thinking1 Undoubtedly, one second is not enough time for many of our students 

to think of an answer or to evaluate and digest someone else's response. And it 

does help to wait longer. When Rowe's teachers extended their wait-time to 5 seconds, 

fewer students said, 111 don I t know;" 

students gave longer answers and asked 

more questions; there was more student

student discussion of responses; the 

teachers asked a greater variety of 

questions; and they were able to treat 

students' responses more thoughtfully 

and flexibly. Truly something from "nothing"! 

QUESTIONS FROM STUDENTS--HOW? 
Student questions promote student 

learning. However, student questions 

sometimes fall exclusively into the 

•
1 first-level" ("How do you get the 

median? 11
) or even a "zero-level" ("What 

page are we on?"). We all are thrilled 

when a student asks a question which 

shows imagination or insight: "Why 

do~ 1 t we figure deviations from the 

median instead of from the mean?" What 

!: :,:::•.?·.::::, . ~/.~·.; ''!:,-:,•,·,,:; 
~ 1 
/, WAIT -11 ME t 
I Tl--llNK -TIME i: 
V ~ 

~~ .. ,.~· .-.,,~~·~ .. ' ... ···~· , .... , ... ,.' ,·;•, · .. ,~:(: 

( 

( 
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can we do to get more "higher-level" questions? Two things were mentioned in the 

earlier paragraphs: ask higher-level questions ourselves, and extend our post

question and post-response wait-times. What else can we do? Certainly we can 

encourage good questions by reinforcing them when we- get them, pointing out why you 

regard them as particularly good questions--"That question shows you have been looking 

for a pattern. 11 (This statement is not meant to imply that low-level or routine 

questions sh.ould be given condescending 

treatment. Common courtesy alone, if 

not a positive classroom climate, 

demands better than that!) 

Statistics offers us many chances to 

get at student interests by having them 

ask questions about topics they would 

like to explore. We may need to give 

attention to question-asking. For 

example, the students could collect and 

MODEL 
ENCOURAGE 
GIVE OPPORTUNITIES 

WAIT TIME 
SEEK 
PRACTICE 

appraise a set of questions. Or they could prepare some poorly written ones and have 

other students improve them. Another way would be to present a graph, a table or 

student-collected data and have the students make up questions that can (and cannot) 

be answered from the given information. 

SUMMARY 
Questions can spur student reaction and participation. Student questions mean 

student involvement and learning. There may be great payoff in .•• 

• striving to ask questions at a variety of "levels , 11 

• lengthening our "wait-times" after asking a question and after a student 

responds, and 

• adopting as one of our goals an improved ability of students to ask questions. 

1. Think back over a very recent lesson you taught. Did you ask some "higher-level" 
questions? List some. 

2. Tape a lesson and listen to a play-back. How are your "wait-times"? 

3. Make a conscious effort to lengthen your "wait-times". Do there seem to be any 
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changes in the quality or quantity of the classroom interaction? 

4. Should "wait-times" be greater for "higher-level" questions? Explain. 

5. Visit a colleague's classroom just for the purpose of studying the colleague's 
questioning techniques and the quality of the student questions. 

6. Are the following "higher-level" questions? Where would you classify them? 
Think of some similar questions. 
a. Question 4 in Weather and Water Conditions, in the TABLES section. 
b. Question 4 in It's Not Healthy to Drive Near Home, in SCATTER DIAGRAMS. 
c. The questions at the bottom of What Do You Think?, in MEAN, MEDIAN, MODE. 
d. Question #2 or #3 of Don't Lose Your Marbles, in SAMPLING. 

7. How could you use the following to make points about question-asking? (The first 
three are from the GATHERING DATA section.) 
a. A Traffic Problem 
b. What's Your Bias? 
c, .Examining the Facts (in MISLEADING STATISTICS) 

8. Johnson includes the following in his excellent article on quest~oning [1971]. 
What are your answers? 
a. 11Do the answers to your questions depend primarily on a good memory or a 

good understanding?" 
b. "Does a student know whether his answer is right or wrong by your facial 

expression? 11 

c. "Do you spend as much time on preparing questions to ask students as you do 
on preparing the lecture material?" 

d. "Are your questions usually directed at only a certain portion of the room 
(the action zone--center and front)?" 

e. "Have you begun a permanent file on good questions for each concept that you 
teach during the year?" 

9. (Discussion) What should you do when a student asks a question you can't answer? 

For more information on questioning, see Questioning in Geometry and Visualiza

tion, Mathematics Resource Project. 

e READING IN MATHEMATICS 
How can we take the difficulty out 

of reading mathematical material? The 

special symbols, the precise technical 

meanings of words and the compactness of 

mathematical expressions require care

ful attention, good background and 

HOW? 

T\-\ROUG\-\ 
WR\l"TEN MATERIAL 

( 

( 
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usually a slower reading rate than other materialo It may be that we can help our 

students on two fronts: (a) making it less easy for the student to get by without 

reading, and (b) giving more instruction or greater emphasis to reading skills in 

mathernaticso 

Here are a few ways to "enaou:r'age" students to read: 

8 Give the reading part of the assignment first, tell the purpose of the reading, 

allow students time to read, and ask questions about the reading before giving 

individuals or the class the exercise assignment. 

8 In a list of word problems, choose problems which require a variety of computa

tional approacheso If each problem in a list requires, say, finding the mean, a stu

dent will not have to read the words; he can just pick out numbers, add and divide. 

If you do not wish to mix up the types of computation in a list, you could include 

extraneous information or insufficient information in a problem. Alternatively, 

each problem could refer to a table or a graph and thus include a minimal amount of 

data its elf. 

e Include a few questions in each assignment on the reading part of the assign

ment. If the reading part is long, some direction could be included in the questions: 

"According to paragraph 3 ••• 11 

Particularly important to the work in this resource is the reading of tables 

an,d graphs. Since eye movements in ordinary reading are horizontal only, students 

often need instruction in looking for the title or caption for a table or graph, 

then looking for colUIIU1 headings, legends, labels for axes or scaling notes. Jumping 

back and forth between the text and the graph/table is often necessary. In addition, 

being alert to ways in which graphs can be misleading (see the INTERPRETING DATA 

section) is very important and deserves attention. For more on the reading of tables 

and graphs, see Tables in the CONTENT FOR TEACHERS section and the commentary in the 

GRAPHS section. 

Vocabulary development is some-

times a key to improvement in a student's 

performance. There are, as is indicated 

to the right, two directions involved 

in vocabulary practice: (a) given the 

idea (usually through an example), 

produce the correct word, and (b) given 

the word, produce a definition or an 

SAY\f..!G OR 
WRITl"-JG 

IDEA ~ WORD (oR. 
~ SPECIAL SYMBOL) 

HS:ARlfJG. OR 
READ!"-!<; 
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example. Earle [1976] points out that practice at an even more primitive level may 

be necessary for some students: word (or other symbol) recognition. He suggests 

speed exercises like this one (adapted from 1976, p.11)' 

"Race against yourself. Look at the first word in each rOuJ. 
Then circle that word~ time it appears in that row. 
When you finish, Zook at ·the chalkhoard to see your time 
and record it in the blank. 11 (The teacher points to 1, 2, 3, 

written on the chalkboard to keep track of the time,) 
1. average average averaged averages average 
2. mean meat clean near bean 
3. medi.an media median meridian mode 
4. probability probably probili ty probability probity 

etc. 

Another form of a. word recognition exercise is in Stats Search in the RANGE & 

DEVIATION section. Earle also suggests "glossing" as a way to give attention to 

vocabulary: 

11• , • some teachers have found that glossing--that is having 
students prepare their OuJn glossary of terms--is a useful 
activity. In glossing, a smaU group of students is 
given a few mathematical symbols (or words) essential to the 
topic at hand. The students are asked to write their OuJn 
definitions, using language that makes sense to them. The 
resulting definitions are not as elegant as dictionary def
initions but prove considerably more useful, At the end of 
the activity (after students or the teacher has checked the 
definition) ... the cards can be filed alphabetically for 
reference by other students. As with most such practices, 
however, the real benefit is derived by those who do the 
glossing. 11 [1976, p.18]' 

GUIDANCE in reading textual or problem material should help them to see the 

value in--and to profit _froro--their 

reading. 

• Tell the purpose of the assign

ment, perhaps by indicating what they 

will be able to do because of the read

ing. Doing this enables the student to 

look for, and focus on, what the lesson 

is about, rather than try to memorize 

everything. 

• Indicate where this topic fits in 
11the big picture." Saying "Knowing 

about outcomes will help us figure out 

·*From Teaching Reading and Mathematics 

TI--IE PURPOSE OF THIS RE:ADIIJG 
lS SD \/OU WILL \(t,JQW 

WI-IA• ol--lE ME:At-.l, 
MEOIAt-.l, AND MODE 

ARE. 

MEAN 
MEDlAN 
MODE 

Reprinted with permission of Richard A. Earle and the International Reading Association 

( 

( 
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the chances of throwing two 6's with two dice" or "The last kind of graph we'll 

work with is called a circle graph" gives the students some notion of where the cur

rent work fits into a unit~ 

• Review or explain important or unfamiliar words in the reading. Important new 

mathematical words could be written on the board to help the students recognize 

them in the reading and to remind them of their importance in the lesson. 

@ For word problems especially, 

emphasize that more than one reading is 

necessary. Some authors recommend 

having students paraphrase word prob

lems since that at least forces them to 

read for meaning. 

e Advise the students that to get 

the meaning from mathematical material 

it must be read more slowly than other 

kinds of material. 

SUMMARY 

READ A WORD PROBLEM: 

ONCE TO GET THE IDEA 
AGAIN TO SEEK RELATIONSHIPS 
AGAIN TO PICK OUT DATA 

- AGAIN AT THE END TO SEE IF 
THE ANSWER MAKES SENSE, 

To help our students read mathematics we could 

e give explicit attention to the reading of graphs and tables, 

e emphasize vocabulary in whatever ways w~ can, and 

e provide guidance by giving an overview for a reading assignment, reviewing 

aqd explaining terms and symbols, and pointing out that slower--and multiple-

reading of mathematics is necessary. 

1. How might Earle's word-recognition drill be used so as not to endanger a student's 
self-concept? (You might consider a "dry-run, 11 repetitions, or competition with 
self rather than the rest of the class.) 

2. a. List the important vocabulary in one of the units you teach. 
b. Plan at least two ways (worksheet, game, .•. ) you could give specific atten

tion to those words. 

3. Suppose you plan to give a reading assignment using your textbook. Plan how you 
would prepare the students for the assignment. 

4. Rehearse what you will say about reading tables or graphs, perhaps using Studying 
Some Sports (in the GATHERING DATA section) or Up, Up and Away (in the GRAPHS 
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section). 

For more information on mathematical reading, see Reading In Mathematics iQ 

Ratio, Proportion and Scaling, Mathematics Resource Project. 

~ WHAT MAKES A GOOD TEACHER? 
What makes a good teacher? A more 

basic question is, good in what way? 

Student scores on standardized tests? 

Quiet classrooms? Student self-suffi

ciency as learners? Student performance 

in later mathematics courses? Student 

attitude toward learning? Student 

HOW? 

IMPROVEME.hlT THROUGH 
SE.LF - EXAM\~ATIOt-.1 

curiosity? ••• Depending on your criterion for 11good, 11 you might find different teacher 

characteristics being more, or less, important than for someone else's criterion. 

Many of the following characteristics, 

drawn largely from Rosenshine and Furst 
THE EFFECTIVE TEACHER'S 

[1971, 1973], appear to be partic- MANNER - IS ENTHUSIASTIC 
ularly related to student achievement 

as a criterion for "good. 11 

The Effective Teacher's Manner 

One characteristic that seems to 

be important is the teacher's enthusia,sm 

for the topic, for a student's idea, for 

a statistics project, for what just 

happened on a graph, for tomorrow, •.. 

This enthusiasm can be made obvious-

and catching--by facial expressions, 

gestures, or voice patterns. 

Effective teachers seem to be 

task-oriented, knowing what needs to 

be learned and having planned some 

means of achieving it. They encourage 

their students to work hard. 

Students respect effective teachers 

- IS ORGANIZED 
- MERITS & GIVES RESPECT 
- IS FAIR TO ALL 

LESSONS - COMMUNICATE 
- ARc WELL-STRUCTURED 
- SHOW DIVERSITY 

& FLEXIBILITY 
- ALLOW AN OPPORTUNITY TO 

LEARN 

INTERACTION PATTERNS 
- COMMUNICATE WITH STUDENTS 
- USE MANY LEVELS OF 

QUESTIONS 
- INVOLVE "PROBING" RESPONSES 
- LACK HARSH CRITICISM 

( 

( 
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and are respected by them, It is likely that this respect is earned by being 

effective rather than vice versa. We can communicate our respect for our students 

in various ways-courteous treatment of questions and answers, patience when a slow 

student is grasping for understanding, insistence on work of a caliber commensurate 

with the student's ability, 

Fairness and uniformity in dealing 

with students also seem important and 

may just be sub-dimensions of treating 

students with respect. If you have 

ever laughed at a stage-whispered funny 

remark by a strong student but then a 

day or two later growled at a 11trouble

maker's" attempt at unsolicited humor, 

you realize that the last student's 

perception of your fairness might differ 

from your own. 

The Effective Teacher's Lessons 

One of the most noticeable features of effective teachers' lessons is that they 

are clear; they communicateo The presentation and activities seem to be at the 

right level for the students. The teacher's background and preparation are adequate 

to answer reasonable questions. Rather than give an unconvincing or muddled answer 

to a question for which she/he does not know an answer, the effective teacher is 

willing to acknowledge this lack and to present or seek a plan foi looking for an 

answer. 

Related to this clarity of lessons is the effective teacher's use of structuring 

remarks. For example, the teacher might provide an overview before a lesson ("We've 

learned about the mode, the median and the mean. Today we'll examine situations 

where the median is more appropriate than the mean"). Or, the teacher might sum

marize what has just happened. Even remarks like "Watch closely" or "These are 

important" or "Here is a key" add structure to a lesson. Such remarks, as well as 

mini-overviews or mini-summaries, could well appear several times during a lesson. 

The effective teacher's lessons Varyt both within a class period and over a 

sequence of class periods. Different activities, methods of evaluation, materials, 

and teaching devices seem more common in the effective teacher's classroom. Even 

within lessons, these teachers seemed able to shift in response to student needs, 
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responses and questions. This variety does.!!.£!_ mean that every day should be a 

three-ring circus; effective teachers do have routines--but every day's lesson 

outline does not follow the same pattern. 

Effective teachers provide students with opportunities to learn. Students 

need to collect and organize their own data, if they are to grow in data-collecting 

and organizing skills. They need experience with critical thinking exercises (e.g., 

as in the INTERPRETING DATA section), if they are to become critical thinkers, They 

need practice at analyzing word problems, n-TT-n--rrrrrrr-n-n--rrrrrTTTirrrTTTTT"TT 

if they are to be able to do more than 

operation-designated calculations. 

The Effective Teacher's Interaction 

Effective teachers communicate 

with, not just !E., students. An atmos

phere in which student questions, 

student reactions, and student-student 

evaluations or suggestions are encour

aged can be fostered both by the 

teacher's attitu,de and by the teacher's 

choice of activities. For example, small groups planning a survey or organizing the 

results of a poll will be talking with each other and learning from each other. 

Effective teachers seem to ask 

questions at severaZ ZeveZs, from the 

routine "What is ..• ?" sort to more 

challenging 11Why do you think that?" 

or "Which would be better? Why?" or 

"What happens when you look at more 

cases'!" sort of questions. Such 

questions communicate to the students 

that they are responsible for-and 

expected to respond to--more than 

recitation of facts and skill with 

computation, as well as giving them exposure to different sorts of thinking processes. 

Related to this multi-level questioning is the use of "probing.,, When you ask 

a student to explain, to justify, to expand on, to clarify, to generalize, to eval

uate, to apply--any sort of amplification of a response which requires more than 

( 
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a surface understanding--you have "probed. 11 Probes not only enable the teacher to 

determine the depth of understanding but also show the student that more than super

ficiality is expected. 

Finally, effective teachers do not seem to criticize students harshly. (This 

does not mean they do not give minor reprimand~ or admonishments!) Positive student 

attitudes are conducive to learning, so it is wise to promote such attitudes rather 

than risk negative attitudes from severe criticism. A student may need just an 

excuse--"Teachers don't like rne"--to stop trying or to follow less demanding pursuits 

(like skipping school). 

SUMMARY 
It may be helpful to take an occasional look in the mirror to compare ourselves 

with teachers who seem to be effective. 

e Are we enthusiastic, organized, fair, respectful and respect-worthy? 

@ Are our lessons clear, well-structured, varied, and designed to cover all the 

things our students should learn? 

8 In working with students, do we avoid harsh criticism, foster student-teacher 

and student-student interactions, and ask questions at a variety of levels, 

including probing questions? 

1. (Discussion) Some teachers do not come across as being enthusiastic in class. 
Is there anything they can do to appear more enthusiastic? 

2. Think back over a week's lessons for a class that has gone well. What features 
did your lessons seem to have? If you have a class which has not been going too 
well, think about the lessons you have planned for it. 

3. How much variety is there within a typical class of yours? Within a week's 
work for a class? 

4. M. Lincoln: "Variety sounds good, but my third period class needs a stable 
routine, something they can count on. When I try something different, 
they become insecure, seem to fe.el threatened, aren't sure what their 
roles are. And once when I was introducing a lab lesson, a student 
said, 'Oh good, we don't have to do math today.' Is variety good 
for all classes?" 

Your experiences? Your opinions? 

5. Johnson [1975, pp.64-65) polled students in grades 5-9 about their· views of the 
qualities of good teachers. Following are their most common answers. Do you 
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notice any surprises? Good teachers--nice, kind, helpful, etc. 
strict, firm, in control (less mentioned by 

younger children) 
interesting, makes learning fun 
patient 
not overly demanding 
knows subject 
fair, has no pets 
understanding 
good balance between control and freedom 
relates well to students 

For more on examining one's teaching, see Teacher Self-Evaluation in the Math
ematics Resource Project's Geometry and Visualization. 
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ROUTtl..lE 

T 
How long does it take your class 

to get "rolling"? Are you a little 

uneasy about trying a lab lesson? Are 

you spending hours checking homework? 

These questions relate to a potpourri 

of topics which might be loosely organ

ized under a title like "classroom 

management" or even "little things mean 

a lot." You may be happy with all 

aspects of your classroom management. 

If not, there may be an idea or two for 

you in these pages. 

STUDENT 

WOleK 

~ A CLASS .6i1d A TYPE 

~ SESSlOlJ ~ OF LESSOt-J 

~ 

MANAGING ROUTINE MATTERS 
"As the twig is bent, .•. 11 The first days of school are very important in estab-

lishing routines. Time spent then in careful explanation of routines--and reasons 

for them--is time well spent. 

BEGINNING A CLASS. In some class

rooms as much as 7-10 minutes may pass 

before anything related to fonnal learn

ing takes place. In other classrooms 

the students seem to be involved in 

mathematics almost as soon as they 

enter the room. How do the teachers 

manage that? Some teachers prepare an 

overhead transparency with homework, a 

quiz or answers for an old quiz. They 

S\Gt-J LJP HERE IF YOLJ 
1-)Et:D kELP OlJ P. llZ; 
OTHER.WISE. WORK 0~ 
YOUR PR.O:rECT. 

~ 
/ 

/; 

I -1.. 

have it showing when class starts; students understand that they are to check their 

homework. Other teachers, knowing that students are too answer-is-the-only-

thing oriented, intercept students at the door and have them put full solutions 
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to typical homework problems on the 

board or on overhead transparencies. 

Some teachers frequently start a class 

with a "warm-up" quiz for skill mainten

ance or for review of recent material. 

Still others write instructions on the 

board (the class routine calls for the 

students to read them) or write a puz

zle or brain teaser, interesting 

question, or challenge on the board. 

WHO'S WHERE? "What if 1 'm tardy?" 

CLASSROOM MANAGEMENT 

W A \-lE\-.l AWO A HALF" 
LAYS AW EGG AiuD A HALF 
llu A DAY At-..10 A \-lAL\:", 
HOW LONG WlLL IT TAKE 
01\\E 1-\EN 7"0 l..A'< A DOZE!u ? 

"Will this teacher let me go back to my locker if I forget something?" Such questions 

deserve explicit attention early in the year. Your answers should be uniformly 

enforced too, if you are to avoid charges of favoritism. (On the other hand, toilet 

calls might be handl,ed on an individual basis, especially if you are confident of 

your ability to recognize distress.) Is taking roll something you can finish by 

the time the bell rings? Or can you delegate the task to students who refer to 

your seating chart? (In this case you would likely want two copies so you'll be 

reminded of who is absent.) 

THE PAPER PARADE. Some systematic 

ways of col'lecting papers can save time 

in passing them back. If the papers 

are passed in in order, is it more 

efficient to leave them as they are 

and jump around in your gradebook, or 

to alphabetize them, record grades, 

and re-distribute the alphabetized 

papers? When do you collect homework? 

Toward the beginning or toward the 

end of class? 

Most teachers use students--one for each row perhaps--to pass out whole class 

worksheets or tests. Some teachers pre-stack papers so that there is the correct 

number for each row. Many teachers put graded papers in a designated basket and 

students retrieve their own. Still others place papers in a set of large envelopes 

hooked to a bulletin board or chalk tray, each envelope containing papers for only 

i 

\ 
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a part of the class. 

Having a clean-up routine is almost 

a must. A clean row might be a require

ment for dismissal. Row monitors could 

have the responsibility of checking for 

a clean area, with the job being passed 

around or given to students "elected" 

because their desk area is usually 

littered. 

BORED AT THE BOARD? Teachers use 

a chalkboard quite a bit during math

ematics classes. Usually their writing 

CLASSROOM MANAGEMENT 

is large and legible enough--and high enough on the board--to be read by the whole 

class. Experienced teachers leave what 

they've writ ten on the board long enough 

to be studied or reviewed, and are care

ful to step aside to avoid shielding 

the writing from part of the class. 

Perhaps we could, however, make better 

use of the overhead projector. It is 

not just a substitute for a chalkboard. 

One advantage with an overhead is that 

material (graphs, answers, part of an 

explanation, •.. ) can be prepared ahead 

CAN 
EVEl2'/Ot,.li;: 

SEE.? 

of time, with a substantial saving of class time. The lighted screen focuses the 

studentst attention and since the teacher is facing the class, it is easy to main

tain good eye contact. 

THE ASSIGNMENT. Although some might argue that giving the assignment orally 

helps teach listening skills, other prefer to teach listening skills some other way 

and do all they can to make certain the assignment has been noted. These teachers 

write it on the board, perhaps in a comer of the board where it would be saved until 

the next class meeting. Assignments should be given before the bell rings, of course. 

Students may find they are lost on the first exercise! In self-paced programs, sev

eral assignments may be posted or given to the student on paper. 
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THEY'RE OFF! If you are still 

talking when the bell rings, the stu

dents should, out of courtesy, wait 

until you dismiss them. Even when the 

teacher is not talking, it does seem 

proper that the students should stay 

in their seats until they are dismissed. 

Students have a natural tendency to 

collect all their materials and "get 

in the starting blocks" several minutes 

before the bell rings, perhaps even 

wandering over to the wastebasket 

CLASSROOM MANAGEMENT 

(which happens to be close to the door). In recognition of this, some teachers de

liberately plan some summarizing activity or some mental arithmetic drill to fill 

the last minutes of a class. 

MANAGING A TYPE OF LESSON 
TRYING SOMETHING DIFFERENT. We often are reluctant to try a different sort of 

lesson because we are not corifident we can manage it. Suppose I' try a game in small 

groups and they get too noisy? If I do try a lab lesson, won't Josh throw some

thing? Will I be able to monitor every

one's work if we try projects? 

Perhaps the best way to allay one. 1 s 

fear is to start on a small scale--for 

just a part of a period or with your 

smallest class. You will, or course, 

try to anticipate the problems and plan 

to avoid or minimize them. Anything 

new (a lab, a game, for example) should 

be rehearsed beforehand. Your prep

EA'5E lN. 

PRER'\RE "THE 
S"TUDE."-\"TS. 

aration the first time or two will naturally be more extensive. Above all, you will 

want to prepare the students~ if the lesson involves new and unfamiliar roles for 

them. Careful guidelines on behavior ( 11Talking to your partner is all right, but 

we'll have to keep it down so people can think") and procedures ("One person should 

check out the dice, the other person should bring them back at the end. Be sure to 

record your results carefully") should be communicated, as well as a positive atti-

( 
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tude ("Won't it be interesting to find out whether adults are square?"--see Are You 

A Square or a Rectangle? in the SCATTER DIAGRAMS section). 

Occasionally, if your idea is really different, you may also have to prepare the 

principal and the parents. For example, if a few students or the entire class will 

be polling neighborhoods, the principal should be informed about it and the parents 

should know--through a note, say--that this activity is indeed for mathematics class 

(in some cases your note should also make clear what the student will be learning 

from the activity). Again, the students should also be prepared: what the point 

of the work is, what they are to do, standards of behavior. Even sending a few 

students to the library (as for Can You Guesstimate?, Information Please, or Getting 

to Know Your Almanacs, all in the GATHERING DATA section) may require a few comments 

on route, speed and allocation of time once in the library. 

ENRICHMENT. Projects and other forms of enrichment are attractive types of 

"lessons 11 for at least two reasons: the topics can be chosen to fit students' inter

ests and backgrounds, and the students can exercise some choice in what they are doing. 

Barnard and Thornton [1977] report that frequent, short-term "projects" selected by 

the students are motivational and provide enrichment, application or practice of 

topics already covered. Their "projects" were in many cases one-page worksheets or 

puzzles. 

If y.ou would like to try mote ambitious projects, how can you proceed? One way 

would be to search through these resources or other collections of activities for 

project ideas. For example, you might decide that experience in gathering and 

analyzing data would be good for your students. You might then read the commentary 

in the GATHERING DATA section and the Gathering Data pages in the CONTENT FOR 

TEACHERS' section. After that, you could skim the student pages for ideas or 

activities that you could use with the whole class or, depending on their interests, 

with subsets of the class. 

LABORATORY APPROACHES. Perhaps you have been attracted by some of these argu

ments for lab lessons: student involvement, work with concrete material, or inter

action in small groups. After reading Lahoratory Approaches in the TEACHING EMPHASES 

section and Teaching via Loh Approaches in Mathematics in Science and Society, you 

might have small groups all work on a single laboratory lesson--e.g., Roll That 

Cube from the EXPERIMENTAL PROBABILITY section. After an experience or two to famil

iarize students with lab procedures, you might try running two or three different 

lab activities at once. Your reason for using different lessons at the same time 
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might be to meet individual differences better or perhaps to bypass the lack of enough 

equipment for whole-class work with a particular lesson. 

MANAGING MATERIALS 
As you make use of more and different 

materials, it will become increasingly 

important that you--and students-can 

find something you want without a 

lengthy search. Labeling boxes of equip

ment and file folders of activities is a 

must. Some sort of organization, index

ing and cross-referencing--perhaps as in 

these respurces--will enable you to 

track down an activity for a particular 

EAC.H OB.TECT IN BOX 
10 TO THE NEAREST 
G.RAM. 

WHAT IS T\-1E MEMJ 
Of' THESE "1\ASSES? 

purpose. Great ideas which are misfiled or put in a 11limbo-pile" may never get used. 

Special precautions may be neces

sary with material like calculators or 

templates. It may help to have student 

"stock-keepers" to check material out 

and in. 

A supply of scrap paper·which is 

clean on one side and a few stubby pen

cils can help you side-step any "But I 

don't have ••. 11 arguments. Some teachers 

keep pencils on hand and sell or demand 

collateral for the use of one. On a 

more positive note, a collection of materials which early-finishing students can 

sample with a minimum of teacher attention can turn some otherwise-wasted time into 

profitable activity. In the same way, having available several mathematics-related 

books and magazines for use in class--or to check out--gives another release valve 

and a chance to catch someone's interest. 

MANAGING STUDENT INVOLVEMENT 
Students are the reason we are in the classroom. Their active involvement in 

( 
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learning activities--not just passive presence--is one of our main concerns. But 

getting a willing involvement can be a challenge, as this quote from Johnson suggests: 

If you asked a committee of fifth-graders to go out 
and count how many gravestones there were in the nearby 
cemetery .•. and how many of the people there died between 
JB00 and 1900, they'd rush right out, bright-eyed, pencil 
in hand to do the research ..• Ask some seventh-graders to do 
the same thing and they'd groan, object and, if necessary, 
procrastinate, but probably not bother to formulate the 
reasons why such an activity would be worthless. But ask 
ninth-graders to do it, and their first reaction would be 
(unless they thought you were joking) to inquire why the 
job should be done and what relation it might have to the 
purposes of the course. [Johnson, 1975, pp.59-60]' 

Here is our usual repertoire of techniques for getting students to participate. 

e seatwork and bbardwork: Of great use when teaching skills, these methods can get 
everyone doing something. They also give us time to walk around, diagnosing, 
helping, encouraging-in general increasing the amount of one-person-to-one
person interaction. 

e questioning: The level of our questions and the way we pace them (see Questioning 
in the Geometry and Visualization resource) greatly affect the quality of this 
involvement. We should allow the 
students time to think and encour
age them to ask questions. We 
can get some guidance from the 
students' facial expressions-
thoughtful? Wanting to say some
thing but not willing to raise 
a hand? Shy? Pre-occupied (about 
a sick parent, a fight with a 
friend, the game after school ••• 
things we have· no idea about?) 

e student reports: As with student 
questions, these may be of greater 
interest than hearing the teacher 
talk all the time. 

1tJTERESTltJG 
QUES,I0N AtJD I 

WAtJ, US ,Q 

· THltJI<. ABOUT I, 
BEt="ORE WE 

AtJSWER. 

GENERATING EXCITEMENT. Experience indicates that merely rehashing a textbook 

assignment is not exciting. How can 

we generate some 11excitement 11 ? Even 

if we are not "entertainers" we can 

exhibit enthusicwm ourselves. Perhaps 

we can use humor or exaggeration or 

surprise to add a little excitement 

to class. 

Johnson [1975] noted that students 

"'·From How to Uve Through Junior High School by Eric W. Johnson. Copyright© 1959 by Eric W. Johnson. 
Reprinted by permission of J.B. Lippincott Company. 
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mentioned encou:£'aging as a most helpful trait in their teachers. Perhaps many self

doubting middle schoolers need only a little more encouragement to find that they 

can succeed and thus share in the excitement of learning. Questions can touch on 

student interests or present just the right amount of challenge (truly an art). 

Many teachers use discovery lessons to give the students the excitement of figuring 

something out for themselves. An occasional game is almost sure to generate some 

excitement, albeit not necessarily an excitement for learning. Perhaps we should 

examine each lesson we plan, hoping to see something exciting in it. 

, 
YOU AREN"T AS 
GOOD AS THE 

rr I ASK, \,JILL 
THE TEACHER 

MAKE FU~ 
or ME? 

AN OPEN CLIMATE. No one hopes for a class atmosphere in which the students 

sit trembling, afraid to ask a question and fearing ridiculeo We can hope that our 

students do feel free to ask questions, seek help, volunteer ideas, and contribute 

to discussions. How can we build this sort of climate? Perhaps the key is in 

how we react to students--do we brush them off, make sarcastic remarks, give abrupt 

answers and move on? Even adults, let alone sensitive middle schoolers, do not like 

such treatment. Shouldn't we instead treat students' questions as genuine concerns, 

give them careful treatment, and check with the questioners to see whether the 

questions have been answered? Student ideas, even ones not as fertile as we might 

hope for, should be followed up whenever practical. Allowing--even welcoming-

choices of some activities lends an air of freedom to a 

class. Fremont's idea [1977] of each student belonging 

to a small group of classmates and relying on them as a 

first "back-up" for instruction might provide an alter

native form of involvement. Similarly, encouraging 

students to volunteer to help others can lead to more 

student-student work, the tutors learning through teach-

VOLUNTEER I-\ELPER'5 

!'RACTIOI.JS DECIMALS 

GWEN 
BILL 

ROB 
SUE 

TILL 

( 

( 

( 



DIDACTICS CLASSROOM MANAGEMENT 

ing, and assistance for you. 

FEEDBACK. If the students are actively involved, we can get feedback on how 

they are progressing. How else can we adjust our pacing? Questions, boardwork, 

seatwork and short supervised study 

periods interspersed within a class 

session are comm.only used for feedback. 

Feedback from all the students is 

important. Many teachers roam the room 

to observe and question many students, 

in particular the quiet and reticent 

ones. One idea, written up as ESR-

Every Student Responds in the resource 

Number Sense and Arithmetic Skills, has 

each student with a set of cards labeled 

A, B, C or yes, no or the digits or 

vocabulary words. The teacher asks a question for which the answer can be given 

with one of the cards and each student is to hold up the answer. Thus, every stu

dent is responding and the teacher can, at a glance, see how well the students are 

doing. 

Homework, whether done in or out of class, is an important form of feedback. 

But homework presents problems, not all of which are easy to solve. Who corrects 

the homework? If the students do, will there be cheating? If teachers do, will 

their energy last for a whole school year? If homework is used for grading, will the 

students be tempted to copy mindlessly? Some teachers spot-check homework, lookin~ 

at only one or two exercises for each student. Others have students check their 

homework most of the time but pick up the papers for one row or one class on occasion 

for a careful look. Other teachers give short quizzes made up of homework items. 

In any case, if. it is collected the 

homework should be reacted to in some 

way and returned quickly to the student. 

How should homework be "gone overt!? 

It is easy to become involved in the 

frustrating cycle in the figure to the 

right. The cumulative nature of many 

mathematics topics means we want to be 

TOO LITil.£ 
TIME ON NE.W 
MATERIAL 

CAf-.lT DO 

~M-•K \ 

e MOSTOF 

'Pi r 
CLASS SPENT 
ON \-IOMEWORK 
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sure yesterday's work is understood before going on--thus homework most often is 

reviewed first in a class session. Johnson and Rising [1972, p.77) describe the 

following practice with an eye toward an efficient in-class treatment of homework: 

Students entering the classroom write on the board the number of any exercise they 

had trouble with. Other students look over these and put up solutions for any such 

exercise they know how to solve. All this takes place before the bell rings or a 

few minutes into the class. 

Should middle schoolers be given answers before they have done the homework? 

Because of the abuses possible, most teachers would be reluctant to supply answers. 

On the other hand, having answers at 

hand could help one avoid doing a whole 

assignment incorrectly. Perhaps a com

promise--supply selected answers before 

class is over----would be best. 

How much out-of-class work is 

reasonable? There is no profit in 

assigning so much work that many stu

dents will, out of self-defense, resort 

to copying answers. Do you have a school 

policy on homework? If not, do you talk 

to other teachers about how much homework they are assigning, particularly when you 

are planning a big assignment? 

MISBEHAVIOR. Some sorts of student "involvement" interfere with learning. 

Prevention is the best solution. Johnson and Rising advocate making standards of 

acceptable behavior clear from the beginning: 

.. ,classroom routines should be established and students should 
be made aware of what is expected of them and what they may 
expect of you., .each teacher should set out to establish 
class regulations in a friendly, supportive atmosphere. The 
teacher should explain why these regulations are necessary, 
indicating his genuine and primary concern for the student 
and his progress. The teacher must be sincerely interested 
in students or such statements will sound foolish; students 
today are quick to react negatively to insincerity. 
[1972, pp. 68-69 ]' 

Even with clear regulations, middle schoolers will test their teacher's patience, 

nervous systems, wills and alertness. Perhaps you can make frequent "adjustments" 

in where students sit. Or give a hyperactive student things to be passed out. Or, 

"'From Guidelines for Teaching Mathematics 

Permission to use granted by Wadsworth Publishing Company, Inc. 
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ever vigilant (!), move close to a location where an impending eruption threatens. 

You may have learned that there must be some "distance" betWeen you and the students; 

too much 11 chumminess 0 and a controlled class interaction do not seem compatible • 

... The (su:r>Veyed students in grades 8 and 9) rated firmness 
or being in control very high, while (the 5-6-? graders) 
did not often mention it. It is not at all su:r>prising that 
students in adolescent turmoil feel the need of being well 
controlled by teachers no matter how rrruch they may complain 
about the control. However, if teachers who are prone to 
strictness take too much heart from this statistic, they 
find themselves exerting excessive external control, which 
looks good in the classroom and to the class but which can 
retard the development of self-control and matu:r>ity. 
[Johnson, 1975, p. 65]' 

What do you do when someone does misbehave? There are no pat answers. The 

circumstances, the student, the nature of the offense-the variations possible in 

these make all-encompassing solutions impossible. There are some general guide

lines which seem safe: Be fair; offense X cannot be completely ignored on one 

occasion and harshly punished on another. 

Over-reacting, whatever that means, 

usually reflects an insecurity on our 

part rather than a calm assessment of 

the offense and the offender. It is 

probably counter-productive to force a 

confrontation in which the student 

must compound the offense to save face. 

Johnson offers these two do-nots: 

(1) Don1 t use a punishment that brings 

humiliation, and (2) don't spank or 

hit a junior high schooler. [1975, 

p.171] 

Most productive in the long run 

is to look for the reason for the 

behavior. Sometimes it will be our 

fault--a long assignment, an unintended 

slight, missing the blow that provoked the one we saw. Or the student's fault--

a lack of preparation, or a desire to be noticed, for example. But the causes may 

-)!•From How to Live Through Junior High School by Eric W. Johnson. Copyright© 1959 by Eric W. Johnson. 
Reprinted .by permission of J. 8. Lippincott Company. 
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be outside the class--a remark from a 
11friend 11 in the hallway, parental pres

sure for good grades, lack of sleep or 

food, .•• A search for causes does enable 

us to take misbehavior less personally 

and, if we can identify the causes, to 

attempt to remove or avoid them. 

1. (Discussion) How do~ get a class started? How do you handle routine matters 
like collecting papers, taking roll, dismissing the class? 

2. Suppose you are planning a laboratory lesson which will involve groups of three 
students and lab equipment which will fit on a desk top. How should the fur
niture in your room be arranged? Who will arrange it that way? Who will restore 
it to the natural order? 

3. (Discussion) What sorts of management problems have you noticed with laboratory 
lessons? With small-group work? With out-of-school projects? With games? 

4. (Discussion) How do you run a typical mathematics class session? 

5. How are materials and media (e.g., overhead projector, filmstrip projector, •.• ) 
managed in your school? Do you know how to run the audio-visual equipment in 
your school? 

6. (Discussion) How do you have your supplementary material organized? Could a 
student find something with a minimum of direction from you? 

7. (Discussion) How do you handle quizzes and tests? 

8. 

a. Who corrects them? 
b. How quickly do you return them? Are students required to re-do the ones 

they have missed? 
c. How often do you give quizzes? How long are they? 

K. William: 

You: 

"Excitement!? 
enough trouble 

That's exactly what my students DON'T need! 
keeping them in· their seats as it is. 11 

I have 

9. (Discussion) Do you let students ••. 
a. sit where they like? 
b. help each other during seatwork? on homework? 
c. sharpen their pencils anytime? 

( 

( 

( 
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10. (Discussion) Hypothesize some possible causes of the following misbehaviors. 
What would be proper punishments for them? 
a. cheating on homework 
b. cheating on tests 
c. carving on a desk 
d_. disfiguring school-owned books 
e. cursing you 
f. 11casual 11 swearing 
g. provoking a fight 

11. (Discussion) How do you handle note-passing? (Why do students pass notes?) 
Evaluate these methods. 

12. 

a. 111 read them out loud to the class." 
b. "I pick them up and tear them up without comment. 11 

c. 111 pick them up and return them later, unread." 
c. "I ignore them. 11 

(Discussion) How do you handle the following? What might be their causes? 
a. a student who dominates a class discussion 
b. a student who never does any homework 
c. a stU.dent who leaves his seat to talk with someone while you are talking 

13. Think of a recent case of student misbehavior. What are some possible causes 
of the misbehavior? Can a repetition be avoided? 

14. Johnson [1975) asked a large number of students, "What annoys you most about 
teachers?" The most common answer was, "Yelling." Why do teachers yell? What 
are alternatives? 

15. Here are some student answers to "What are the most important characteristics 
of poor teachers?" Are there any surprises? 

"Lets the kids do whatever they want"; "stops talking 
whenever there's the slightest noise"; "treats you tike 
animals 11

; "doesn't explain things"; "intolerant of 
mistakes"; "covering up o7;Jr/. mistakes"; "not willing to 
face up to the students' criticism"; "cries in class"; 
"gr>inding--too powerful, ruZes the kids tike prisoners"; 
"always trying to find the bad in what kids do 11

; "too 
quick and rushy"; "he just wants the money. 11 

[Johnson, 1975, p. 66] 

16. The Unified Science and Mathematics in Elementary School (USMES) project 
features "comprehensive" problem solving with challenges which can be real to 
the students--planning cafeteria lines, designing a soft drink, for example. 
One of their challenges deals with classroom management [1975]. The students 
are asked to help plan how to make the class run more smoothly (rules, noise, 
passing out papers, ... ) and to keep the room neat. Would you try this with 
your students if some aspect of classroom management needed improvement? 
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In looking for studies on statistics 

and probability, one becomes acutely aware 

of how much research remains to be done. 

There seem ·to be very few studies dealing 

with statistics for middle schoolers, 

probably because it is a newer topic in 

the curriculum. There have.been, however, 

several explorations devoted to topics in 

probability. All these are surveyed in 

the next few pages. 

HOW? 

IDEAS FROM 
PERTl"-!QlT RE:SEARO--\ 

Can Middle Schoolers Handle Ideas from Statistics and Probability? 

I I I 

You may wonder whether your students can handle such ideas. Don't worry. With 

proper presentations, even students in the primary grades can work with simple exper

iments and ideas of more likely, less likely, and equal chances. [Jones, 1975; 

McLeod, 1971] Several workers have found that students from grades 4 through 9 can 

deal with such topics as: mean, median, mode; the probability of an event; and 

measures of scatter like the range. [Armstrong, 1972; Gipson, 1972; McClenahan, 1975; 

Moyer, 1975; Romberg and Shepler, 1973; Shulte, 1970; Smith, 1966; White, 1974; 

Wilkinson and Nelson, 1966] Moreover, middle school students, even without instruc

tion, have some familiarity with the ideas (but not necessarily the technical lan

guage) of outcomes of an experiment, the relative likelihoods of simple events-, and 

finding probabilities. [Doherty, 1966; Leake, 1962, 1965; Leffin, 1971] 

TEACHING IS NEEDED. Despite this evidence, one argument for instruction in prob

ability and statistics is that many students do have inaccurate or imprecise ideas 

which may handicap them in real-life situations~ Some of these difficulties have to 

do only with language; for example, 

Leffin [1971] found that many middle 

school students do not know the differ

ence between "odds" (3 to 1) and "prob

ability" (3/4). Other difficulties 

stem from the concepts. In Jones' work 

[1975] primary youngsters found that 

dealing with spinners like that in Figure 

1 was more difficult than working with 

spinners with all the parts equal. 
PROeABILITY o, B • l_ 7 

3 
F\GUR<c: 1 
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More complicated experiments not 

surprisingly cause greater difficulty. 

For example, Shepler [1969] found that 

most uninstructed students, in a situa

tion like that in Figure 2, will think 

that there are 7 possible full names 

rather than 12--Al Smith, Al Jones, Al 

Wong, etc. (Similar difficulties should 

be anticipated with The Un-Proverb and 

Aloha in the COUNTING TECHNIQUES section.) 

STATISTICS AND PROBABILITY LEARNING 

CASS 

SPIN BOTH, 
HOW MAI-IY FULL NAMES l'DSSIBLE.? 

FIG.UR.E 2 '---------------------' Alternate teaching methods have been developed for teaching some topics in prob

ability and statistics. For example, the 11tree-diagram 0 approach to probabilities 

(see the PROBABILITY WITH MODELS section) is a recent strategy. So is the method of 

using random numbers to solve problems (see A Cereal Question in the EXPERIMENTAL 

PROBABILITY section). Sanders [1971] has written about his work with these "sim

ulation" techniques and junior high students. 

Graphing 

Line graphs are usually found to be more difficult for students to read than 

bar, circle or pictographs. [Culbertson & Powers, 1959; Peterson & Schramm, 1954] 

Bettis and Brown [1976] offer the opinion that no line graphs be taught before the 

sixth grade, on mental development grounds. What do you think? The difficulty with 

line graphs no doubt comes from having to find the scale readings on both axes. 

Other sorts of graphs are easier to read probably because of the more vivid size dif

ferences in bars, parts of a circular 

region or rows of pictures. 

As the page I Didn't Plant It That 

Way in the MISLEADING STATISTICS section 

illustrates, pictographs can easily be 

misleading with the figures failing to 

carry the correct message. Even when 

care is taken to maintain the proper 

proportions in pictographs (as in 

There's Music in the Air, in MISLEADING 

STATISTICS), children can still mis

interpret them. For example, 

V.5. 

W\-\EAT 
PRODUCTION, 

1977 

( 
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students have been found to believe that one country uses larger bags for wheat than 

does another country! Thus, students should learn that more units of the same size 

communicate better than a larger unit to show a difference· in quantity. [Parker, in 

Whipple, 1933, p. 156] The students should also be alerted to the possibility of 

prepared graphs being drawn with units of different sizes. 

Pro bab ili ty 

Because of the importance and frequency of probabilistic situations in life, 

several people have questioned students to find out their grasp of selected ideas. 

In most cases described below, the students have not been given instruction on the 

ideas. 

RANDOMNESS. Piaget and Inhelder [1975] report that most children of ages 11-12 

have a fairly clear idea of randomness. If one were to shake a box containing several 

blue marbles and several white marbles, pre-schoolers would not be surprised if all 

the blue marbles ended up on top. Older children would recognize that although such 

an occurrence is possible, some mix of the marbles would be more likely. You could 

ask similar questions about such situations to determine whether your students have 

some notion of randomness. 

DISTRIBUTIONS. According to Piaget 

most middle schoolers will predict the 

rough symmetry that usually results when 

marbles are dropped through the slo·t at 

the top in the figure. (See Normal Dis

tributions in RANGE AND DEVIATION for 

similar experiments.) Most of the mar

bles will end up in the center slots, 

with very few in the rightmost and left

most slots and about the same number in 

symmetrically located slots. Students 

also have some "feel" for a uniform dis

tribution, as evidenced by their pre

•• 
• • • 

Cl GI Ill El 

dictions of roughly equal numbers of raindrops falling· on each tile in a typical rain. 

Cohen and Hansel [1955a] also studied the development of the notion of dis

tribution. From a large container of blue and yellow marbles (sometimes the ratio 

was given to the students, sometimes not), they drew several sets of four marbles. 

They asked students of ages 10-15 years to tell how many of the sets would have only 
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blue marbles (4,0); how many would have 3 blue and l yellow (3,1); and so on for the 

other three possibilities: (2,2), (1,3), 

and (0,4). The studentst responses led 

to the hypothesis of these four stages in 

the development of the idea of a distri

bution: 

1. By age 10 most students realize 

that the five possibilities--(4,0), (3,1), 

(2, 2), (1, 3), (0, 4)--will not occur with 

equal frequencies. 

2. Later, there is a general ten

dency to believe that with a 50-50 mix

ture the (2,2) case will occur most often 

(although some regard it as least likely!). 

3. Students at 12+ years tend to 

GWJ"HS 

assign the same likelihood to symmetric outcomes like (3,1) and (1,3), with 50-50 mix

tures. 

4. Even by 14 years, most students do not feei that (3,1) is more likely than 

(4,0). (The (3,1) outcome is more likely, when there are equal numbers of blue and 

yellow in the container.) This feeling develops later, to give the fourth stage. 

As in the Piagetian investigations, this one was carried out with students who 

had not been taught probability. Hence these stages can likely be accelerated. 

They do, however, suggest that activities should be undertaken to give our students 

chances to notice their misconceptions or to build up a background of experiences on 

which to base later ideas. 

PROBABILITY IDEAS, The Piagetians 

report some fascinating conversations 

resulting from questions about which of 

two collections of counters (some marked 

with X's) gives the best chance of draw

ing a counter with an X. (Piaget and 

Inhelder, 1975, ch. 6] The child quoted 

to the right was 10 years, 7 months old. 

Many children around this age~ handle 

situations involving simple proportions 

( 

( 
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like the 1:2 = 2:4 in the figure> which involves only a doubling. Some children will 

focus only on the "winners 11 and base their decisions solely on a comparison of these. 

In the setup pictured on the previous page, such a student would choose the box to 

the right. Cohen [1957) reports that some people are so entranced by the number of 

winners that they would prefer to draw from a box containing 100 cards with only 2 

winning cards rather than to draw from a box containing 10 cards and 1 winning card. 

Sometimes students focus instead on the number of lose~s and would choose the box to 

the left in the preceding figure. 

Here are some of the different types of setups considered by the Piagetians: 

1 
3 

2 =-
G 

EXAMPLE : ! ,jc ! 

GENERAL 

EXAMPLE : ! * ;; 

The tendencies mentioned earlier--focusing only on winners or on losers--may yield 

correct decisions some of the time. Many students seem to concentrate on the dif

ferences between the number of winners and the number of losers, another "sometimes

it works" strategy. It is likely that many uninstructed middle schoolers will use 

such strategies. With this in mind we will want to question a student who is failing 

to give correct decisions in 2-box settings like those above (see Take Your Choice 

in the PROBABILITY WITH MODELS section). Even though such students may be able to 

give correct probabilities for simple situations (e.g., as in South of the Border or 

Tree /Jiagrcon I in the PROBABILITY WITH MODELS section), they may be misled by visual 

information in more complicated settings (e.g. Be a Winner in PROBABILITY WITH MODELS) 
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and forget to use calculated probabilities. 

Fischbein, et al., [1970] taught 

six·th graders to make groupings in such 

situations (as to the right). The Piaget

ians also tried this grouping method to 

see whether the students would then regard 

the two as having the same chances. Some 

students would, but when the original con

figuration was restored, they changed 

their minds! [P, -get and Inhelder, 19 75, 

' OH! THt:YRE BOX A. THERES 01\JLY 
01\JE MORE LOSER THAI\J THE SAME! 
W\1'.)t,JER. 

pp. 

I o®o I ~ 0 I o®o I 
B A 

STATISTICS AND PROBABILITY LEARNING 

Io ~ I vs. 

T I ®o® I vs. 

154-156] 

LIKELY H£R£. 

~ 0 ~ 0 
B B 

LARGE NUMBERS. Sometimes students can deal successfully with problems involving 

small numbers but cannot extend the reasoning to large numbers. For example, it may 

be easy to predict that on 16 spins of the 

spinner to the right, the pointer will 

point to A about 4 times and to B about 

2 times. But some students will not 

agree that wi.th 1600 spins, one could 

expect about 400 A's and 200 B's. Since 

it is difficult to visualize 1600, a 

student who is only concrete operational may resort to differences (4 - 2 = 2, 

400 - 200 = 200) and feel that the disparity in these differences must be too great 

for the 400 and 200 predictions to be correct. As students become mentally mature, 

they can reason proportionally and come to realize that the~' not the difference, 

is the important thing. 

SYSTEMATIC COUNTING. Piaget uses the ability to list systematically all pos-

( 

( 
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sible combinations as an earn.ark of for

mal operational thinking. Concrete oper

ational students search for a system but 

they are only partly successful in find

ing one. Most of our students may profit 

from the concrete experiences suggested 

in the commentary in the COUNTING TECH

NIQUES section. In dealing with com

binations, we will want.to display for 

our students good thinking models and 

give them lots of guidance, as in the 

COUNTING TECHNIQUES section. It is likely 

that some of our students can already 

STATISTICS AND PROBABILITY LEARNING 

CHOOSE TWO rt,..} ALL WA'{S , A B C D 

CONC12El"E OPERA,IONAL 

AB, CD, u.h, BD, AC, A-D, u.n, ... 

FORMAL OPERA'tlOWAL 

AB,AC,AD,BC,BD,co. ,HA,5 
ALL. 

generate all combinations, that others will pick up our systems rapidly, and that 

still others will not master systematic listing this year or will learn it only by 

rote. Piaget has indicated that without instruction combinations seem to be handled 

best after 11-12 years of age. The more difficult problem of systematically listing 

all ordered selections (see Counting Techniques in the CONTENT FOR TEACHERS section) 

without instruction, does not seem to be resolved until the ages of 14-15 or even 

later. 

MORAL. Proceed cautiously. The activities in this resource were written with 

the above findings in mind, and many of the activities have been tried with students. 

But some ideas may not seem to register with your students. If this happens, you 

might choose to re-examine what went on in class, assess as best you can the stages 

of mental development of your students) and see if there might be mismatches in the 

two. In some cases, the work you do this year will be the foundation for later in

sights for your students. 

1. (Discussion) What are some common errors that you have observed when students 
have been reading or constructing graphs? 

2. With single students or with a small group, gather some evidence on their notions 
about some of the following: 
a. randomness (see p. 3) 
b. distributions (p. 3) 
c. which of two boxes gives the better chances (see Take YoUP C'hoice and 
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Be A Winner in the PROBABILITY WITH MODELS section) 
d. going from a small number of cases to a much greater one (seep. 6) 
e. systematic approaches to listing all choices (seep. 6) 

3. Make a pictograph like that on page 2 and see how your students interpret it. 

4. Give the situation in Figure 2 on page 2 and ask your students how many full 
names could result. 

5. A problem not to be overlooked is the not-unusual conflict between a student's 
conviction and a prediction from theoretical probability. For example, after 
dutifully recording that the probability of a six on a toss of die is 1/6, a 
student may nonetheless believe the chances of a six are much less. 
a. Ask some students what they believe, after they have completed Finding Prob

abilities II (in the PROBABILITY WITH MODELS section). 
b. How would you handle students whose convictions differ from the "correct" 

probabilities? 
c. (Research critique) Critique the Smock and Belovicz [ 19 68] study. 
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All of the statistical methods and ideas used throughout this resource should 

involve careful and critical thinking. 

When we look at a table, a graph or the results of a poll, we either draw our 

own conclusions or consider those expressed by another. When we listen to or read 

an advertisement, we are asked to accept certain c·laims. The ability to think crit

ically about methods of obtaining data and ways of presenting it can be of great 

importance. 

A newspaper carries an advertisement for house lots in a new development in 

a local city· JQYTOWN in th.e sate of ARIDA. There are graphs of rising values of 

lots bough.t in the last ten years, pictures of happy people on green lawns, of 

tennis clubs, of boats sailing peacefully on a smooth lake. 
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i 1. 

A student who has been trained to examine claims critically would look at the 

graphs and pictures with a cautious eye, considering the following: 

• Why does the graph start at $10,000 rather than $0? 

• Is it to make the rise in value seem much greater that it was? 

• Is the dotted extension into t7g and '79 justified or could there be a drop 

as in 1 72- 1 73? 

• Are 15 year old homes better built and a better buy than new homes? 

• Is the photo· of houses on green lawns what a house will look like when it is 

bought at the advertised price or will additional thousands have to be spent 

for landscaping? 

• How far away is the tennis club? How much extra does it cost to belong and 

to play? 

• Is the lake in the picture part of the development Or is it ten miles away? 

• Are sewers and water lines laid? 

This kind of critical thinking is vital for survival in the modern world. 

is fostered and developed in many of the activities of this resource. 

Critical thinking means to be skep

tical and careful. Students should 

learn not to take statements of position 

pleaders, of proponents, or of promoters 

at their face value without careful 

examination. Of course, there are many 

honest people who advocate positions 

you or your students may question or 

disagree with. This honest disagree

ment is a far cry from deception. 

Honest disagreement may be clarified 

or resolved by questioning and chal

lenging the information on which the 

arguments rest or the arguments them-

selves. But deliberate deception may 

be harder to spot and guard against. 

It 

• Is the graph of rising prices of homes in JOYTOWN an honest or a misleading 

graph? 

• What makes a graph misleading? 

( 
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e Does the graph show the resale value each year of a house built in 1965? 

G Does it show the price of the lowest valued new home being built each year? 

e If so, how do the structural details vary from year to year? 

e Is the labeling of the graph correct? 

In this resource, many activities are devoted to the ways in which a graph may 

be misleading. 

Even an honest graph or table must' be looked at critically. For instance> con

sider the presence of an outlier, a lonely individual result standing off by itself 

far from the crowd. 

In a school attendance chart, most rooms have about 30 students. 

e Why is Room 5 recorded with only 17? 

8 Is this an error? 

0 Should the number be 27 or is there some reason for this discrepancy? 

Critical thinking should be involved whenever one listens to or reads someone 

else's interpretation of data. 

• Is all the relevant data being presented? 

• Is there misinformation as well as correct information? 

• Is the misinformation intentional or accidental? 

• Is the interpretation of the data logical and consistent? 

8 If misinformation is used intentionally or unintentionally, does the argu

ment fail or is it supported by enough of the correct data to be valid? 

Another aspect of statistical methods that involves careful and critical think

ing is the selectiorl of an appropriate mathematical model for a given situation. 

A boy has six shirts each of a different color. A girl has eleven different 

outfits. Each of them want to wear their clothes in a random order rather than a 

regular rotation. Their friends suggest rolling dice to determine the order, one 

die for the boy and two dice for the girl. Are there appropriate mathematical models 

for the two situations? Critical thinking might involve such questions as: 

• Is rolling dice an experiment with random results? 

• Are there the right number of outcomes in each case to match the requirements 

of the boy and the girl? 

e Are the results of the roll of the die equally likely? Is this an important 

question for the boy? 
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• Does the girl have some favorite outfits she would like to wear more often? 

• Are the results of the roll of 2 dice equally likely? Is this as important 

for the girl? 

The critical thinking in these two examples involved asking many questions. 

Learning to think critically relies heavily on learning to ask questions. 

• What data is needed? 

• How can it be collected? 

• Is it accurate? 

• Is it pertinent? 

• Is it complete? 

• If not, is it sufficient? 

• Is the graph honest? 

• Is the interpretation justified? 

• ls the model appropriate? 

• Is the answer reasonable? 

• What are the further implications? 

Critical thinking deserves emphasis in all our teaching. It will help students 

( 

from falling for fallacious. arguments. It will also help them to understand better ( 

how to support their own positions with solid evidence, justifiable assumptions and 

s-ound arguments .. 

Developing the habit and attitude of critical thinking is important for all 

mathematics teachers and students. The study of statistics gives an excellent oppor

tunity to develop such habits and attitudes. 

( 



TEACHING EMPHASES CRITICAL THINKING 

EXAMPLES OF CRITICAL THINKING IN THE CLASSROOM MATERIALS 

1. Thinking Critically about Tables 

Sometimes incorrect conclusions are 

inferred from statistical data. Here 

students are asked to evaluate one 

possible conclusion from this table. 

They can probably think of a more 

valid conclusion. 

II. Thinking Critically about Graphs 
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111. Thinking Critically about Methods 

of Sampling 

Students can evaluate methods of sam

pling and decide if a method does pro-

vide a representative sample. If not, 

they can suggest better ways to obtain 

representative samples. 
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Students can critically examine graphs 

to see if they are misleading. This 

activity compares a misleading graph to 

an honest graph of the same data. 

11 ~01> «iah ta take a poll wl.thl.n the 

school to Hn<I out how popula" b1>okct

b-0ll l.s. 

o)' Would your reou).to 1;,, tho oo,ne H 

you oornplc only thOoe who play boo

~etb~U1 oll <,ir)s? grade ;;x Hudants? 

b) Wl>l.ch •tudents would :,-ou so~p).e 

in the poll? 

2) 'l'be rnusic d<,portrnent In your ,;<,hool 

wl.shee to ~now how much l.l'lt<,reot there 

i.s in sto,tic.q o new muolc p<o9um. "the 

deporment <leddeo to ••~ the mcmbo<o oi 

the schOol. ~•nd. 

h) Do you thin~ the opiaioM of the bon<I 

mo:<.be<o will occu<otely dcse~ibo the 

fMHn<1s or tho otudont body? 

bl H you didn't havc t,me to""~ <>vHy

ono fo school, whkh students 'fould 

you solece? 

327 



328 

TEACIIING EMPHASES CRITICAL THINKING 

CRITICAL THINKING FOUND IN CLASSROOM MATERIALS 

GATHERING DATA 

THAT' S A GOOD QUESTION 

FACT OR OPINION? 

A TRAFFIC PROBLEM 

TAKING A SURVEY 

ROUND UP ROUND DOWN 

COMPARING DATA 

WHAT'S YOUR BIAS? 

TABLES 

ARRESTS, BY TYPE OF OFFENSE 

WEATHER AND WATER CONDITIONS 

GRAPHS 

UP, UP AND AWAY 

IT'S AN EMERGENCY, ACTIVITY V 

SCALE & PLOT 

A TREND FOR ALL SEASONS 

THINKING THROUGH PIE CHARTS 

THE FAMILY CIRCLE 

YOUR SHARE OF THE PIE 

WHAT KIND OF GRAPH? 

HOW CAN WE DISPLAY THE DATA? 

CHOOSING THE BETTER QUESTION FOR A 
QUESTIONNAIRE 

ANALYZING ANSWERS 

DECIDING WHAT DATA TO COLLECT TO 
ANSWER A QUESTION 

DISCUSSING INTERVIEWS AND QUESTION
NAIRES 

ROUNDING NUMBERS 

COMPARING DATA YROM DIFFERENT 
SOURCES 

DISCUSSING BIASES OF SOURCES 

READING A TABLE 

READING AND INTERPRETING A TABLE 

READING BAR GRAPHS 
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GRAPH 
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SCATTER DIAGRAMS 

SCATTERED PATTERNS 

COME RAIN OR COME SHINE 

HABLA USTED EL ESPANOL? 

IT'S NOT HEALTHY TO DRIVE NEAR 
ROME 

MISLEADING STATISTICS 

THIS DOESN'T "AD" UP 

EXAMINING THE FACTS 

FIGURES NEVER LIE 

BUTTER UP THE COOK 

FOOD FOR THOUGHT 

THE TUBE BOOM 

I DIDN'T PLANT IT THAT WAY 

THERE'S MUSIC IN THE AIR 

MEAN, MEDIAN, MODE 

THE AVERAGE FAMILY 

MEANS WITH M&M'S 

WHAT DO YOU THINK? 

CRITICAL THINKING 

EXAMINING TRENDS IN SCATTER DIAGRAMS 

MAKING A SCATTER DIAGRAM 
MAKING AND USING A TREND LINE 

MAKING A SCATTER DIAGRAM THAT DOES NOT 
HAVE A TREND LINE 

DISCUSSING CAUSE AND EFFECT FOR 
TWO RELATED VARIABLES 

EXAMINING THE CLAIMS OF ADVERTISEMENTS 

EXAMINING CLAU!S OF ADVERTISERS 

EXAMINING A DECEPTIVE BAR GRAPH 
MAKING AN HONEST BAR GRAPH 

EXAMINING A DECEPTIVE BAR GRAPH 
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DESCRIBE A DISTRIBUTION 
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RANGE & DEVIATION 

CLUSTERS AND SPREADS 

LOOK, MOM, I'M GETTING BETTER 

SAMPLING 

ARE YOU SUCCESSFUL? 

HOW MANY DOTS? 

YOU BE THE JUDGE 
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WHAT DO YOU EXPECT? 
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TEST SCORES 
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POPULATION 

USING SAMPLES TO ESTIMATE POPULATION 
SIZE 

EVALUATING SAMPLING PLANS 

MATCHING OUTCOMES TO SPINNERS 

RELATING THE CHANCE OF AN EVENT TO A 
PROBABILITY SCALE 

EXAMINING PROBABILITY SITUATIONS 

EXPLORING IDEAS OF INDEPENDENCE AND 
THE "LAW OF AVERAGES" 

EVALUATING STATEMENTS ABOUT THE 
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USING DECEPTIVE BAR GRAPHS TO 
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READING A CIRCLE GRAPH ON THE 
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STOCK MARKET 
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ENVIRONMENT 

GET A HORSE? 

PULL FOR POOLING 

TO SPRAY OR NOT TO SPRAY 
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UP IN SMOKE 
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~ 

READING A TABLE ON PESTICIDE USAGE 

GRAPHING INFORMATION ABOUT CONTINENTS 

EXAMINING A DECEPTIVE BAR GRAPH OF 
NUTRIENTS 
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SMOKING 
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POPULATION 
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READING A TABLE TO DISCOVER JOB 
DISCRIMINATION 

ANALYZING A QUESTIONNAIRE USED IN 
TEACHER EVALUATION 

ANALYZING AVERAGES 

MAKING A SCATTER DIAGRAM TO COMPARE 
RATINGS 
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I>icisloN MlllllvG 
When Harry Truman was President of the United States, he kept a sign on his 

desk that said, "The Buck Stops Here. n He had to make many fateful decisions includ

ing the one to drop the bomb on Hiroshima that ended World War II. 

Most of us do not have to make such momentous decisions but we are confronted 

with minor ones every day and major ones often. Some of these are made glibly with

out thinking whether any information is available to help. A decision involves some 

future action. The possible results of that action determine the importance of the 

decision and the care and consideration that should be involved before making it. 

What is meant by "making a decision 

glibly"? A family needs a new car. One 

member says, "The car dealer down the 

street has a beautiful red two-door. 

It's just the model and color I've 

always wanted. Let's get it .. 11 A 

decision made on this basis is obviously 

not made very thoughtfully. 

For most families buying a car is a 

serious enough problem that the decision 

deserves more careful consideration of 

alternatives and consequences. 

•Isa two door adequate and con

venient? 

• What kind of gas mileage does 

it give? 

e Is the price within our reach? 

/ 

8 What is the reputation of this make and model car for reliable performance? 

Each family will have other questions whose answers will be important in making 

the final decision with greater confidence. It may be to buy that "beautiful red 

two-door" but now it is based on relevant data, gathered and evaluated. This is 

typical of a statistical approach to decision making and the ideas and methods in

volved should be emphasized at every opportunity. 

Decision making in the broad sense is what we do just before we act. The prob

lem for most of us is how to make GOOD DECISIONS without too much agonizing and 

spending of time. It is important to know how to sort out the situations requiring 
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decisions. Some are important enough 

to require careful, rational consider

ation of consequences. Others should 

be made routinely and quickly, perhaps 

even without conscious thought. But 

which is which? That in itself is a 

decision each one has to make on a per

sonal basis. 

Some people go shopping for gro

ceries or clothes and buy on impulse. 

Others plan menus weekly and budget 

their clothes buying on a regular basis. 

DECISION MAKING 

YE"S 

• 
7 

? 

In the long run decisions are more likely to be satisfactory if some planning is 

done in advance. And all of us will have many decisions to make. 

• Do I want to have my drinking water fluoridated? 

• Should I buy a motorcycle or a small car? 

• Should we invest money to install solar heat in our house? 

• Should I elect another mathematics course? 

• Should I go to college next year or get a job? 

• Should I continue renting an apartment or should I buy a house? 

The habit of looking at alternatives 

and consequences in making decisions 

can be built up by practice. For ex-

ample, selecting a brand of toothpaste 

might involve such questions as: 

•Dowe want a fluoridated paste? 

• Is it smooth or gritty? 

• How does the cost compare? 

• Is it effective in preventing 

decay? 

• Does it taste good? 

Now if brands A and Bare both 

satisfactory, final decisions may be 

made on availability, convenience, sale 

price, etc. without further thought. 

'2. _g_ oz 3 . 
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One important way to help students make good decisions is to stress the impor

tance of their asking questions. This is true not only for a major decision but 

also for all those minor ones that occur during their consideration of the major one. 

A statistical investigation gives opportunity for both. For example: 

Someone suggests the soft drink and candy machines should be eliminated from 

the school corridors. 

8 What data is necessary to make a good decision? 

• Can it be gathered? If so, how? 

Will the data be reliable? 

Will the data be relevant? 

19 How should it be presented? 

If by graphs, which kind? circle, bar, line, scatter diagrams? 

Are the graphs accurate or misleading? 

e How can the data best be summarized? 

e Is the decision based on the data or is the data used in a selected form to 

support a decision made on other grounds? 

• Is there more or different data that would help make better decisions? If so, 

how can such data be gathered? 

Many decisions made on impulse or personal prejudice are later supported by 

perhaps questionable 11 facts O 
II This is unfortunate. Some knowledge of how statis

tical methods of analysis can be used in making rational decisions may help when the 

time comes to make an important decision. 

Of course, some of the decisions we make on impulse are fineo But we should 

be careful to recognize what we are doing. For instance, grocery shopping is impulse 

buying for many people and displays are made to encourage this tendency. But set

ting up a shopping list of items needed, watching sales, and comparing prices per 

serving are examples of gathering, organizing and using information that are typical 

of a statistical approach to decision making. 

If we are faced with the need to buy a new car, do we really look for perti

nent information? How does the cost of a new car compare with the cost of a good 

second hand one or with the cost of getting the nold one" fixed up, repainted and 

reconditioned? How badly do we need it? Is good gas mileage important? How reli

able are the advertised mileage statements? 

Finally after all the facts are assembled, studied and evaluated, do we really 

use them in making the decision? Or do we say, 11Oh, the heck with it. I'm tired 
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of looking. Let's take this one. It's fancier than the one the Jones bought and 

we've got to keep ahead of them." That way can lead to disappointment if not disas

ter. 

This resource should help students confronted with decisions to think about and 

compare the consequences of decisions made on impulse and those made after thoughtful 

inquiry and planning. They should learn to question and think before making up their 

minds. 

A statistical approach to decision making is important because many decisions 

have to be made in the face of uncertainty and incomplete knowledge. In such a case, 

a statistical analysis of the data gives us the right to say there is a measurable 

degree of probability that the decision is correct. Surely this is better than a 

decision based on impulse, personal prejudice or hunch. 

( 

( 
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EXAMPLES OF DECISION MAKING IN THE CLASSROOM MATERIALS 

I. Deciding What Kind of Data to 

Collect 

In this activity, students decide what 

data would be best to collect. The 

data could be used to help a traffic 

department decide whether or not to 

install a traffic light, 

II. Deciding If a Die 2 Coin or Game 

Is "Fair" 

,.,,...,,,.\oh, a ooin Ofl<l """"' upo 

~ 
Mt.\vity, 

l) llold the coi,n otul.gl\t up on its c<lge~~\~ . ,, 

2) Spin the coin by onoppin9 an e<l9<>, 'l"' • 
l) When H stopo opinninq, r<>co~d the oidc •:::, 

thot .OhOWZ, 

4) Rnpaot 20 timoo. P.acor<l II <>r T. Totnla 

III. 

S) h opinniiig a coin "hlr"? Ol.d you ',/Ct about M many heads 
on you did toil.o? __ _ 

G) Put so""' tope on "'" toH ol.de ,:,( the coin. ~ 
(Don't put nny tape on the cd9c of th~ g 

Deciding the Make-up of a 

Population 

Students can take samples from a popu

lation and estimate the make-up of a 

population. In this activity students 

use sampling to help them decide what 

label best fits each population. 

!, l'J,od o< poeoph,o,e thlS Oltuotlon for your o<udoot;: noon ~,hool io looato< 
oa, hv,y "''"°'• Or.o dMo doo!dod 0<> gotho< dot• on tho «orf<o. <hoy 
oao<ed ,o eoov!nco We eity ,ou",H tho< o «oH!e oi!l"d woo ooodO<I. A 
ocude,,, oo!d, "One or"" eould '"""' the eo,o gol"t ~Y in oae doy." Qtho< 
otudooo. In u .. olooo ... do'""" ""ggootloM, l-<t'o noo wl>leh oog~••U••• 
you th1ok oro good"""" ood why. 

n. fve oheoo "°"'ea••• on • tcoMpo<eney onol dloouM th"' one ot o ti"•• Studonu 
nocd to """ tho< ""''""••l doto con ho uoM to holp "'"'"' doelol<>oo, th!o 
oetlv!tr bs!ogo out ,o,, dooidlns shot doe• to wHect 1, <lHfl<vlt ond !mpo«oot, 
~tlalcnto ~oy ••~~°'' oddltloool !<lcoo ei, coa,14cc. 

1, MORE THAI-I Ot!E PERSON SHOULD COUNT, 

2, THE SPEEDS COULD BE CHECKED, 

3, \IE SHOULD COLJNT ON I-IORE THAN ONE DAV, 

4, \IE SHOULD COUNT PUnlNG SCHOOL HOURS, 

5, WE COULD COUNT ON SATURDAY MO SUNDAY, 

Students can gather data to help them 

decide if a die, coin or game is 11 fair." 

To be more confident of their decision, 

students may want to repeat the experi

ment several times or combine their 

data with that of other students, 

Activity l 

Ko<e<!oin, ~ popo< b•s• oooh O¢fttoin

tng lO .,.,b!oo, 1hc «>Moot, ol 

tho bog,, o,o 21 ~bok•5 uMte, 2-0b· 

l(>,,, l5b•l5u, lOb•W"', onO 50-25v. 

on !Ive !o4o~ ,o,d, ""Ito <bo """" 
t<nto •I the bogo, 

[]00[J[J 
~~ l2'>h•sw/ 

1) •- ""''°"'" the rtvc oootolne<o ood Hvo lobolo. oy ,,,.,uog, \hoy will tty to 

=t<h oooh bog with tto oo«oct lol,cl, 

2) Solo« " bog, ~1• it> """'°"'" oaO ook o otodeo, •• ""'" o .,,,H,. 
otudco, ,ophoe tho ~ublo onO ot1t tho m.1<bloo 

befo,o droutns tho ooS< ..,,,ble. no <1>1• l> ,1.,.,, 

A "'"dent coo '"°"~ ohe te,olts on the <Mll<

b,,.,,d, ru,k t~.o <1000 to 14co<lly the b•&· 

)) Sdeot o soeood bog M,l ,epoot the ,omrliog ptoce• 

du« "l<h , ,oo,md s<uMot d<o•ln~ o .,.,01, 15 
u.,,, vlth ,oplaee..,ot, ;,,~ the e)oao to idoatHy 

tl,e bog. 
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DECISION MAKING FOUND IN CLASSROOM MATERIALS 

TABLES 

THE LEXICOCHRONOGRAPHER 

GRAPHS 

FOREST FIRES ARE A REAL BURN 

HOW CAN WE DISPLAY THE DATA? 

MEAN, MED IAN, MODE 

THE AVERAGE FAMILY 

WHAT DO YOU THINK? 

SAMPLING 

DON'T LOSE YOUR MARBLES 

YOU BE THE JUDGE 

EXPERIMENTAL PROBABILITY 

THE EVEN-ODD GAME 

PROBABILITY WITH MODELS 

ONE $M,ILL,ION 

TAKE YOUR CHOICE 

BE A WINNER 

BUSINESS & COMMERCE 

A NOISY PROJECT 

USING FREQUENCY TABLES TO ANALYZE 
WRITTEN MATERIAL 

MAKING A PICTOGRAPH 

COMPARING DIFFERENT TYPES OF GRAPHS 

CHOOSING MEAN OR MODE TO DESCRIBE A 
DISTRIBUTION 

CHOOSING MEAN OR MODE TO DESCRIBE A 
DISTRIBUTION 

USING SAMPLES TO ESTIMATE RATIOS 

EVALUATING SAMPLING PLANS 

PREDICTING OUTCOMES OF DICE 

USING PROBABILITIES TO MAKE CHOICES 

USING PROBABILITIES TO MAKE CHOICES 

USING TREES TO ANALYZE GAMES 

SURVEYING OPINIONS ON HOUSEHOLD TOOLS 

( 

( 
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ENVIRONMENT 

WHO NEEDS A BIKE PATH? 

PULL FOR POOLING 

PEOPLE & CULTURE 

A SPORTY QUESTION 

WHAT'S ON TV? 

YOU TAKE A SURVEY 

IS IT BEST TO BE GOLDEN? 

DECISION MAKING 

GATHERING DATA ON BICYCLE AND CAR 
USAGE 

GATHERING DATA ON THE NUMBER OF 
RIDE RS IN CARS 

GATHERING DATA TO INVESTIGATE 
DISCRIMINATION 

COLLECTING DATA ON TYPES OF TELEVISION 
PROGRAMS 

US ING A SURVEY TO ANSWER QUESTIONS 

COLLECTING DATA TO SEE IF GOLDEN 
RECTANGLES ARE THE MOST PLEASING 
SHAPE 
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PR.OBLU[ SOLY.lNG 
One of the most important aspects of mathematics is posing and solving problems. 

Therefore in teaching mathematics at any level, problems and their solutions should 

be accorded a central position. 

What is a "problem?" How does it differ from an "exercise?" What is a "solu

tion?" A problem occurs when one feels 

the attainment of a certain goal is 

desirable but the route to that goal is 

not apparent. A solution is found when 

the route to the goal is determined. A 

problem becomes an exercise when the 

route reduces to the use of known tech

niques and formulas. A problem for Tom 

in the fifth grade may be only an exer

cise from him in the eighth grade. A 

problem for Ms. Porter in her first year 

of teaching may no longer be one after 

five years of experience. Exercises are 

worthwhile in order to reinforce acquired techniques but not all assignments should 

be exercises. Practice with mathematical problems should develop habits of clear 

thinking, of careful consideration of alternatives, of planning and checking. Hope

fully such habits will be of use when one is facing problems in later life. 

Many statistical problems and their solutions are quite different from problems 

in arithmetic, algebra and geometry. A typical problem in statistics might be to 

determine the percent of students in a certain school or school district who are 

immune to measles. Its solution will require use of many statistical skills and 

methods. This problem may be only of intrinsic interest when posed. But the solu

tion of the problem may become urgent if an epidemic of measles is feared and a 

decision has to be made whether to innoculate some or all of the children. 

A second statistical problem is: What are the average weights of children 

at different age levels and how do children in this class compare to these aver

ages? Others are: Is there a boy and a girl who are representative of the students 
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in this class and, if so, how are the 

two to be selected? What is the prob

ability a family of four children has 

two boys and two girls? The four aces 

from a deck of playing cards are dealt 

face down in some random order on the 

table. John identifies the four cards 

without looking at them. What is the 

probability he did this by pure chance 

and not by psychic power? 

How do these problems differ from 

those encountered in arithmetic or 

geometry? Usually the data or infor

mation for a problem in arithmetic or 

the facts and conditions for a problem 

in geometry are given and the solutions 

PROBLEM SOLVING 

·l) 
~\,~~ 

when found are definite. The answer is a set of numbers, a figure or a proof. The 

problem is how to work from what is given to what is wanted. If apples cost 11¢ 

apiece and oranges 12¢, how much money is needed to buy 5 oranges and 3 apples? A 

harder problem might be: How many apples and how many oranges can be bought for 

exactly $1.00? In each case enough data is given. The answer to the first is 93¢. 

The answer to the second is one orange and eight apples. Both answers can be easily 

checked but the method of finding the second answer is not at all evident. The answer 

could be found by repeated guessing and checking. It should be noted that guessing 

and checking is a reputable method of solving problems that is too often overlooked. 

To find the general method of solving the second problem is in itself quite a diff

icult problem even in algebra. 

Finding an exact answer is not usually possible for problems in statistics. 

Here the data must be gathered after it has been decided what data is relevant. The 

answers are likely to be couched in such terms as: We are 95% sure that only between 

30 and 40 percent of the children are immune to measles. On the other hand the 

fundamental ideas and methods of thinking about problems are still much the same. 

George Poly a has written five books on problem solving.-;, Polya suggests four 

*In increasing order of difficulty these books are: 

Polya, George. How to Solve It. 2nd Ed. Princeton: Princeton University Press, 1973. 

--- Mathematical Discovery, Vol. I & 11. New York: John Wiley & Sons, Inc., 1962. 

____ Mathematics and Plausible Reasoning, Vol. I & 11 . Princeton: Princeton University Press, 1959. 
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essential phases or steps for solving problems. These steps are just as valid and 

valuable for problems in statistics as they are for problems in any field of math

ematics or in any other field such as academic, business or human relations. Let 

us look at Polya's steps with particular emphasis on how they apply to statistical 

problems. 

it 
'\f' 

1. UNDERSTANDING THE PROBLEM. Reformulate the problem. Determine as clearly 

as possible what is known. What limits are imposed? How exact an answer 

is wanted? 

2. DEVISING A PLAN. Determine what information is needed and where and how it 

is to be collected. Should it be done by sampling or otherwise? What mod

el, if any, should be used? Is simulation desirable? 

3. CARRYING OUT THE PLAN. Collect the data. Organize it into tables and 

graphs. Interpret the data to determine the solution. 

4. LOOKING BACK. Was the plan or the model appropriate? Is the result reason

able? Does it solve the problem? If not, is it at least a step in the 

right direction? If yes, can we find a better or an easier method? Can we 

apply this method to solve another similar problem? 

Let us apply these principles to the problem of determining the percent of 

students who are immune to measles. 

UNDERSTANDING THE PROBLEM. The problem seems clear enough at first glance but 

a closer look reveals some uncertainties. Is the "measles" referred to regular 

measles or German measles? Are children immune if they were inoculated once before 

entering school or only if they were inoculated recently? What does "recently" mean? 

DEVISING A PLAN. Once the problem itself is clarified, data must be gathered. 

Can it be obtained directly from school health records? If not, then questionnaires 

for the students or their parents will be needed to gather the necessary information. 

If the school district is large, then to save time and money probably only a sample 

group will be examined. Now statistical techniques and methods are directly in

volved. 

CARRYING OUT THE PLAN. Decisions have to be made on such things as the ques

tions to be asked, the size of the sample and how the poll is to be taken. How can 

it be assured that the sample is really representative of all the students? How are 

results to be presented in order to make the reports both fair and vivid? 

LOOKING BACK. How can projections from the sample to the whole student body be 

made and with what reliability? Are the results reasonable? Do they check with 

SOURCE: How to Solve It, 2nd Ed. 
Reprinted by permission of Princeton University Press 
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those from neighboring communities? 

Helping students see these as 

pertinent questions whose answers will 

help them solve other real problems 

is one of the purposes of this re

source. One of the real difficulties 

may be to get students to accept an 

answer such as "We are 95% sure that 

only about one-third of the children 

are presently immune to regular measles." 

The answer is not a certainty as they 

may expect all answers to be. They 

must realize it is the best that can be 

done without unreasonable expenditures 

of time and money. 

The second statistical problem 

PROBLEM SOLVING 

mentioned above was about the average weights of children of different ages and how 

the children in this class compare to these averages. Here the statistical concepts 

of average, range and deviation are important. Again, gathering, organizing and 

summarizing data are necessary before interpreting it to get the information neces

sary to solve the problem. 

Frequently the solution of a statistical problem leads directly to a decision 

for action. Such a decision as choosing a class representative may be made arbitra

rily but it is likely to be better with some statistical analysis. The original 

problem is really not very clear. As stated it is open to several interpretations 

depending on the answers to preliminary questions. Probably different interpreta

tions will lead to different choices. Is the representative boy and/or girl to be 

chosen as the one nearest the average in height, in weight, in age, in academic 

achievement, in some form of athletic prowess or in a combination of any number of 

these or other items? Once this has been decided, a plan can be devised to make the 

selection. It can be carried out and the result checked. 

Suppose the problem is clarified as follows. For a classroom competition, Room 

A is asked to select a boy for a baseball distance throw and a girl for accuracy in 

throwing a softball at a target. Problem: How to select the two representatives. 

Is the problem now clear? Yes, it seems so. Plan: Call for volunteers, have these 
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volunteers practice a few times and then conduct a preliminary competition to select 

the best ones. Four girls and three boys volunteer. Each one gets five throws. 

The results are tabulated. 

TABLE 1 

BOYS' BASEBALL DISTANCE THROW 
(Distance in metres) 

Al 46.2 47.3 48.8 49.2 45.5 

Bob 47.3 39.2 49.6 54.1 41. 7 

Chris 51.1 50.2 48.6 42 . 3 42.4 

TABLE 2 

GIRLS' SOFTBALL ACCURACY THROW 
(Score on target) 

Donna 25 5 10 5 20 

Evelyn 15 15 20 15 20 

Frankie 0 10 25 25 25 

Joan 15 20 20 5 25 

Now it seems the solution is not so clear. How is the interclass competition to be 

scored? By the average, by the first throw, by the best throw, by the average of 

the three best throws? This sort of information is necessary before the decision 

can be made. As work on the problem progresses, other information may be needed. 

Making a graph of the scores shows that Bob's throws vary most widely. The range of 

his throws is 15 m. He has the longest throw but the lowest average. Al has the 

largest average but Chris has the two best throws. Frankie got the most bull's-eyes 

but Donna had the best first throw. The final decision must be based on all the in

formation about the contest and all the evidence about the individuals competing 

that can be gathered. Even so the chosen students may have a bad day and not do as 

well as we had hoped. Looking back: Was the plan a good one? Were the best pro

spects too reluctant to volunteer? Should the whole class have been tested? Were 

too many throws required so that fatigue entered in? Was too little practice 

allowed? 

A method of probl em solving widely used in statistics is that of using a model 
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to simulate the original problem. This is frequently done in studying the behavior 

of sampling, particularly when the sampling is destructive, as in studying the life 

of light bulbs or the quality of large shipments of eggs. The model may be built 

by simulating the sampling process by use of random numbers. 

Random numbers for this purpose 

may be read from tables but generating 

them by computer or programmable cal

culator may be more practical since it 

is many, many times faster. The model 

and the method of simulation must be 

chosen with care so as to be appropriate 

to the problem at hand. Sampling prob

lems are of great importance in busi

ness, industry, banking, manufacturing, 

medicine, law, etc. Methods for their 

solution will be valued by many students 

in later life and early acquaintance 

with these ideas will be helpful. 

•• .. 
•• .. 
•• .. 
•• .. 

········· • ••••••••• 
[2] [D -

Problems in statistics frequently do not have hard and fast answers. But there 

are methods that lead to solutions. These solutions may not be exact or certain. 

However, there is usually a measurable degree of confidence in the result. On the 

basis of the solution "We are 95% sure that between 30 and 53 percent of the chil

dren in this district are immune to regular measles" the Board of Health has to 

decide whether to have all children inoculated to prevent a new epidemic. 

The three ideas of problem solving, 

critical thinking and decision making 

are interrelated in many ways. The 

diagram to the right may help in think

ing about them and their relationship 

to each other. 

In some situations all three are 

inextricably involved, while in others 

the main emphasis is on only one or two 

of the three. One might say that every attempt to solve a problem involves critical 

thinking. This is so whether it be to formulate it carefully, analyze it, create a 
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plan for its solution, carry out the plan or to look back, reconsider, generalize 

and specialize the problem. So too, the solution of a problem may lead to making 

·n-=~~,~= 

a decision. Indeed the problem may be: Should all the children be immunized 

against measles this fall before being permitted to start school? On the other hand, 

the problem "What is the probability of rolling a 5 with a fair die?" involves no 

decision at all. 

Critical thinking may be involved in decision making. An advertisement says, 

"Buy a GASAVER CAR. The EPA mileage is 42 in the country and 34 in the city." Be

fore we decide to buy this car we might ask: Is that with a car full of passengers 

or with just a driver? Is it with high test or regular gas? etc. 

Sometimes critical thinking is important for our own satisfaction even if no 

problem is to be solved or immediate decision to be made. Is the School Committee's 

prediction of declining school enrollment next fall justified by the data they 

present or is it made to justify reducing the budget? Critical thinking should help 

a student understand better how to support a position with solid evidence and just

ifiable assumptions. It should help decide whether evidence is sufficient to per

suade us to action. At this point, it becomes a vital adjunct to decision making. 

Some decisions involve little critical thinking or problem solving. A teacher 

may decide what shoes to wear today simply by using a rotation system or by matching 

their color to the color of the clothes she decides to put on. 

But in many cases and in many ways, decision making is an application to real 

world situations made on the basis of a solution to a problem. Critical thinking 

will be essential in deciding the mathematical model appropriate to the 'practical 

problem. The solution of the problem may then be the basis for making the decision 

for action. All three ideas are inextricably bound up in some situations. But the 

individual threads need to be studied separately to help us make the best use of 

our minds to think critically in solving our problems and making our decisions. 
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EXAMPLES OF PROBLEM SOLVING IN THE CLASSROOM MATERIALS 

I. Using Sampling to Solve a Problem 

Many problems in statistics involve 

making estimates or predictions about a 

population. Analyzing the data from 

samples can help in making estimates 

for the population. 

II. Drawing Probability Trees to Solve 

Problems 

1)' ''°"' is fiippod Hcsc, che, ~. . TRE.E. 

:,:::::·.::';,: ,: :::; _:_:""' ~~~ -½ 

Complete the t hree-stage dia gram~. H 1" 

to the right to show the out- ~1/ 
con,es forthsa thrcetoins. 

Write the probability of eac:h H ; 

outcomebel~thcbranch. 

What are thechancesotgetting; 

a) three heads? 

b) t.wo hea ds? 

c) one head? 

d) no heads? 

e) What ls the swn of the probabilities in a-e? 

---

Materials, 2 litre container f i l l ed wi t h bea n s of one color 

100 ml cup 

Try to guess the number of bea ns in 

the container. Try the plan below 

to help you check or revise your estimate . 

1) Use the 100 ml cup to take a samp l e 

of beans from the jar. Be su r e the 

b eans a r e leve l with the t op of the 

cup . 

2) Count Ehe beans in t he cup , 

3) Take three more 100 ml sampl e s. 

Count the beans in e ach samp le . 

4) Find the average numb er of beans in 

th"' four sam!'.)les . 

5) /low many 100 ml cups are contained 

in the 2 l con t ainer ? 

(Hi nt : 1 l "' 100 0 ml) 

Many problems in probability can be 

analyzed by drawing probability trees. 
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PROBLEM SOLVING FOUND IN CLASSROOM MATERIALS 

GATHERING DATA 

A TRAFFIC PROBLEM 

TABLES 

AN AGE OLD PROBLE:M 

GRAPHS 

SCALE AND PLOT 

SA1:1PLING 

CAN YOU TELL? 

ARE YOU SUCCESSFUL? 

TWO SCOOPS OF RAISINS 

HOW MANY DOTS? 

BEANS BY THE CUPFUL 

IT'S A PILE OF STONES! 

HOH .MANY DEER? 

EXPERIMENTAL PROBABILITY 

PICKING MARBLES 2 AT A TIME 

SP INNING CO INS 

DECIDING WHAT DATA TO COLLECT TO 
ANSWER A QUESTION 

MAKING A STEM-AND-LEAF DISPLAY 

LABELING SCALES AND PLOTTING POINTS 

INCREASING THE NUMBER OF SAMPLES TO 
MAIZE .BETTER PREDICTIONS 

SEEING HOW SAMPLES DESCRIBE A KNOWN 
POPULATION 

USING SA1:1PLES TO CHECK FOR A UNIFORM 
DISTRIBUTION 

USING SA11PLES TO ESTIMATE POPULATION 
SIZE 

USING SMPLES TO ESTIMHE THE NUMBER 
OF BEANS IN A JAR 

USING SA11PLES TO PREDICT THE MASS OF 
STONES 

USING SAlfPLES TO ESTIMATE POPULATION 
SIZE 

FINDING THE RELATIVE FREQUENCY OF 
OUTCOMES 

DETERMINING FAIRNESS OF SPINNING A 
COIN 
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I'LL FLIP YOU FOR IT 

GET BACK ON THE TRACK 

TOSSING PENNIES 

A TREE SPINNER 

THE HEXED HEXASPIN 

ROLL THAT CUBE 

ROLL A DIE 

A CEREAL QUESTION 

A COMPLETE SET 

ROLLING DICE 

CRAZY QUOTIENTS 

PROBABILITY WITH MODELS 

ONE $M, ILL, ION 

TAKE YOUR CHOICE 

FI NDING PROBABILITIES I 

PROBABILITY PROBLEMS TO PURSUE 

PROBLEM SOLVING 

fl · --...,.= 

RECORDING OUTCOMES OF FLIPS OF A COIN 

USING COIN FLIPS TO SIMULATE A RANDOM 
WALK 

USING COIN FLIPS TO DETERMINE FAIRNESS 
OF A GAME 

EXAMINING OUTCOMES OF A SPINNER 

DETERMINING FAIRNESS OF A HEXASPIN 

ESTIMATING THE FREQUENCY OF OUTCOMES 
OF DICE 

RECORDING THE OUTCOMES FOR ROLLS OF 
A DIE 

USING A SIMULATION TO GATHER DATA TO 
MAKE A PREDICTION 

USING A COMPUTER TO FIND THE EXPECTED 
NUMBER OF PURCHASES 

ESTIMATING THE FREQUENCY OF THE SUMS 
OF TWO DICE 

DETERMINING FAIRNESS OF A GAME 

USING PROBABILITIES TO MAKE CHOICES 

USING PROBABILITIES TO MAKE CHOICES 

FINDING PROBABILITIES FOR OUTCOMES 

DRAWING ONE-STAGE TREES TO SOLVE WORD 
PROBLEMS 
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CARDS AND NUMBERS 

PICKY PROBLEMS 

vJHAT DO YOU EXPECT? 

MARBLE PROBLEMS 

COINS AND KIDS 

SINK THAT FREE THROW! 

CHANCES ARE 

A MATCHED PAIR 

MORE MARBLE PROBLEMS 

PARTIAL TREES 

BE A WINNER 

TO TREE OR NOT TO TREE 

ON THE AVERAGE 

COUNTING TECHNIQUES 

WHAT'S NEW AT THE ZOO? 

PASCAL'S PATTERNS 

PERPLEXING PROBABILITIES 

BUSINESS & COMMERCE 

CHANCES AT THE SUPERMARKET 

JOIN THE QUEUE 

INSURANCE FOR A PREMIUM 

PROBLEM SOLVING 

FINDING PROBABILITIES FOR OUTCOMES 

FINDING PROBABILITIES FOR OUTCOMES 

EXAMINING PROBABILITY SITUATIONS 

USING TWO-STAGE TREES TO SOLVE WORD 
PROBLEMS 

USING TREES TO SOLVE WORD PROBLEMS 

USING TREES TO SOLVE WORD PROBLEMS 

USING TREES TO SOLVE WORD PROBLEMS 

USING TREES TO SOLVE WORD PROBLEMS 

USING TREES TO SOLVE WORD PROBLEMS 

USING PARTIAL TREES TO SOLVE WORD 
PROBLEMS 

USING TREES TO ANALYZE GAMES · 

USING TREES TO SOLVE WORD PROBLEMS 

STUDYING VARIABILITY IN THE TOSSES 
OF A COIN 

COUNTING ARRANGEMENTS 

n .,,. 

FINDING PATTERNS IN PASCAL'S TRI ANGLE 

USING COUNTING TECHNIQUES TO SOLVE 
PROBABILITY PROBLEMS 

FIGURING THE CHANCES OF WINNING IN A 
SUPERMARKET GAME 

USING RANDOM DIGITS TO INVESTIGATE 
CUSTOMER ARRIVAL 

USING A MORTALITY TABLE TO FIGURE THE 
PREMIUM FOR A LIFE INSURANCE POLICY 
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ENVIRONMENT 

WHO NEEDS A BIKE PATH? 

COUNTING CORNERS 

DECAY AND HALF-LIFE 

LET'S GO FISHING 

PEOPLE & CULTURE 

WREN'S YOUR BIRTHDAY? 

A SPORTY QUESTION 

WHO'S #1? 

AN ORDERLY ARRANGEMENT 
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PROBLEM SOLVING 

GATHERING DATA ON BICYCLE AND CAR 
USAGE 

ANALYZING DATA ON TRAFFIC AT 
INTERSECTIONS 

USING DICE TO SIMULATE RADIOACTIVE 
DECAY 

USING SAMPLING TO ESTIMATE THE MAKE
UP OF A POPULATION 

:-'\: .,,~ 

USING A COMPUTER TO FIND PROBABILITI ES 

GATHERING DATA TO INVESTIGATE 
DISCRIMINATION 

FINDING AND GRAPHING LETTER FREQUENCIES 

COUNTING THE POSSIBLE PERMUTATIONS OF 
NOTES 
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Models of real life situations are a frequent experience for most people. Mod

el railroads and model plailes are scaled down from actual size while in a science 

nru.seum the model of the eye of a fly is greatly enlarged. To study changes in the 

design of an airplane wing, a model is made and subjected to wind tunnel tests. To 

get public reactions to plans for a new school, a model is built and displayed. 

Models also occur frequently in the mathematics classroom. In many elementary 

classes, circle-fractions are models that give concrete realizations to the abstract 

ideas of fractions while manipulations with groups of counters are models of the 

notions of addition and subtraction. 

In later years the situation may sometimes be reversed. Instead of having 

concrete models of abstract mathematical ideas we have mathematical models to help 

study concrete real-life situations. As an illustration, consider the following 

example: 

A famous problem in the early 1700 1 s concerned the bridges in the city of 

KOnigsberg. There were seven such bridges, some across the river Pregel and some 

giving access to an island in the river. 

The problem was: Could a family start 

from their home and take a walk during 

which they would cross each bridge once 

and only once! They might end up back 

at home or at a friend's home in another 

region. A rough map of the situation 

is drawn in Figure 1. No one had found 

a way to take such a walk but some peo

ple still thought it might be possible, 

Finally in 1736, Leonard Euler, one 

A 

C 

of the great mathematicians of all time, 

solved the problem by making a mathema
Fig. 1. The Bridges of Konigsberg 

tical model. The model consists of four points 

A, B, C and D representing the four regions, and 

seven arcs representing the bridges, drawn to con

nect the points as the bridges connect the regions. 

The resulting figure is the graph in Figure 2, with 

four vertices and seven arcs. In this model, the 

bridge problem becomes: Can you start at some ver

tex and trace the whole graph without going over Fig, 2, Graph Model of the 
Bridges of Konigsberg 
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any arc twice? Euler proved the answer to this particular graph problem is NO. So 

the answer to the bridge problem is also NO. This type of model has proved very 

useful. It is used to solve many other problems involving communication networks 

such as roads and telephone lines. 

We should note that the model ignores many features of the real life city such 

as the size of the island or the length of the bridges. A scale map would be a mod

el of the city but it would not serve the purpose of analyzing the bridge problem as 

does Euler's graph model. He concentrates on the four regions and the seven bridges 

connecting the regions in certain pairs and ignores everything else. 

Real situations are often complicated. The builder of mathematical models has 

to walk a fine line between oversimplifying the model so it serves no useful purpose 

or leaving it so complicated it cannot help solve the problem and again is of no 

valqe. 

In statis-

tics, bar graphs 

and circle graphs 

are models to 

convey informa

tion quickly to 

the eye. A 

scatter diagram 

of weight r--ver- SI 
SUS height in 2 

Figure 3 is ~ a 
f-

model of the :r 
~ 

possible rela-
w 
3 

tionship be-

tween these 

quantities. 

Any model must 

be used with 

care. 
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Fig. 3. Scatter Diagram of Weight vs. Height in a 5th Grade Class 
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For example, this model says a student whose height is 152 cm might weigh about 

40 kg. But it would be foolish to say a student 130 cm in height should weigh about 

O kg as following the dotted portion of the trend line might indicateo Using a mod

el beyond the appropriate region may suggest results that are absurd in the real 

situationo A Mercator projection map of the earth is a good model for regions 

near the equator but it makes Greenland as large as South America which a global 

map shows is not true. 

Examples of models in this resource are the use of coin tossing or dice rolling 

to simulate a series of experiments. If the chances of success or failure in an ex

periment are even, then tossing coins may be an appropriate model. If the chance of 

success is 1/6 then rolling dice would be a better approach. Of course, not all ex

periments have their chance of success equal to either 1/2 or 1/6, so other models 

must be developed. The choice of an appropriate model is perhaps the most important 

concern for the model builder. Students will need practice and help in making such 

choices. 

CHOOSING A MODEL 

Example 1 

In families of five children, what percent will have four of one sex and one of 

the other? Since the chances of a baby being a boy or girl are about the same, a 

model based on tossing coins would be appropriate. 

Example 2 

Sam has six shirts, each a different color. He wants to wear them each about 

the same number of times but doesn't like to wear them always in the same order. A 

good model for choosing his shirt might be to roll a die each morning using a die 

that has each face marked with the color of one of his shirts. Is this a good mod

el? Yes, because the chance of each color showing on the die is 1/6 and in the long 

run each color will occur about the same number of times. 

Example 3 

Ella has eleven different outfits she wants to wear equally often but not al

ways in the same order. Pete suggests she number her outfits from 2 to 12, roll two 

dice each morning and wear the outfit whose number comes up. Is this a good model? 

The answer is NO. Why? Although just eleven numbers can be rolled, the chances of 
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getting a 7 are much higher than of getting a 2. 

more wear than outfits 2 and 12. 

Outfits 6, 7 and 8 would get much 

What model could be designed to help Ella? Random digits can be used to design 

an appropriate model. This will be done near the end of this paper. 

Example 4 

In the activity A Cereal Question, the 

roll of a die does seem to be a good model 

for studying the problem of how many cereal 

boxes need to be bought to get at least one 

pen of each of the six different colors. 

Rolling the die simulates buying a cereal 

box, the result of the roll indicating the 

color of the pen in the box. 

noisy and time consuming. 

But it can be 

Is there another model that will pro-

vide a simulation quieter, quicker and easi

er? Yes, the important quality of the model 

was that it had six equally likely outcomes 

to match the purchase of the six equally 

likely colored pens. 

AB suggested in the activity, a random 

digit table can be used to provide six 

equally likely outcomes. Thus a hundred 

simulations of the original purchase can 

be obtained quickly without buying a single 

box or rolling a single die. By use of a 

computer a thousand or ten thousand simula

tions can be done and the average number of 

purchases needed to get the six different 

pens easily figured. 

Simulations by means of a model in 

which probability and random outcomes are 

used are called Monte Carlo methods. They 

are frequently used in statistical problems. 

lnoido each box o! KJ.Hro:1'0 F<ost•d WhMt 

1ommfos 1o ono !r<iJe (elt tli> P"n. The pens 
<,r<t of z.lx col<.>rs -- red, gre,m, orange, 

yoHo,,, bluo ond purple. 

A) SiHy "ants tho whoJ.o """· H he J.s lue~y. 
what's the fo~o•t n"1Tlbcr of boxos ho w;l,H 

need to buy? 

Bl On th<> avcuqc, t,ow many boxon do you thin~ 

ho wiU Mod to buy to yet the set7 IMokc a guoss.) 

C) lf you hod C lot 0£ <nonoy, you could buy bOxcs o( ec«,ol until you had 

tho complote set. If four me;.,ho<0 of tho clMS did this, do you 

think they "ould aH buy the same nUiJ'.b<>< of b<>xos? 

Horo is o "~Y to prc,Uct tho avor~qo nuo,b<,t of boxoa nco<lod for the 

l'{ln set "ith<>ut buyl,ng a 0J.n9le. box of cereal. 

l) Lot th" six outcomes of tl>o <ll<, roprezent the olx pen•, 

l for a rod pon 

l for on oungc pen 

~ ~ 
2) TOU tho die. I\ l moans you l>11vc 

bo~ght ~ box conUininq 11n ou.n9<, PC.'1S TALLY 

~~~ until you hOva 2!.1£ pon of •)<t<:o, 

each col.or, 2)<.RC.,Co.) 
Telly your t<>saos in the Ubl.o 

'-")<>AA"""" to the riqht. 
4)<',CU!C 

3) !10"1 many bo~os <Ii<! you nco<I to si)vcu.ow buy? ___ 
,;)p,;Ro>c,: 

" /tepoirt tho oxperimeo.t O moro 
timoo, li<lcord in the tlll,lo b~low. TOTAL --
~ .. o:,<P~«tM['-'1'42 "1.P(R)MOJT •3 C.<Pe~ME>rr"4 tlf>Q!<MW" "~ 

1)1><;0 

2)G~tt» ._, 
~)$.U(: 

~)V.>.COW 

,;)~cc -~ - -" Uao tho total$ from tho five expe(irnents to find th.o avera~e n<latobor 
of boxos nc.,ded for a sot of pens. (Be sure to add in tho 

--- firot exvor>m<mt.) 

" Extcnslon, Supvouu thorc we<<a io di.tfor<rnt aup~,~<loq curds packa~ed 
in curoal, l!C"I many boxus do you think you•<l noed to buy to get the 
Mt? Moro thiUI for tile 6 pon oot? What if thora 
woro ~ H thoro "er" U ca~many bOX-0$ 
would l>o nooclod~al;f M tho cardo? ___ 

( 
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If the original experiment cannot be carried out, a simulation may be the only way 

to proceed. Such was the case in the original investigation into the feasibility of 

the atomic bomb. Simulation of the way the neutrons would behave as the chain reac

tion started was necessary both to detennine the critical size of the bomb itself 

and to determine if, after such a chain reaction once started, it would·stop before 

destroying the whole world. 

Monte Carlo methods can involve cards, coins, dice, random numbers, spinners or 

any other devices that seem most appropriate. Cards are used in ·the activity How Many 

Deer? to simulate methods used to count wild animals in a park or fish in a lake. 

SIMULATION: USING A MODEL 
Tossing five coins was suggested as a good model for studying the composition 

of families of five children. To carry out the simulation we would record B for 

each head and G for each tail in a given toss to specify the number of boys and 

girls in that family. Doing this a hundred times and recording the number of fami

lies with four B's and one G or four G's and one B will give an approximation to the 

percent required. Since the chances of B or Gare assumed to be 1/2, simulation by 

use of random numbers could be done by ·reading five successive digits for each fami

ly, recording B for every even digit and G for every odd one. This could be done 

even more rapidly by using a computer and the results obtained for a thousand or ten 

thousand families. 

Random numbers could be used to help Sam pick his shirts just as they were used 

to simulate buying cereal boxes. We still need to design a model for Ella to use in 

selecting one outfit out of eleven with equal chances for each one. Consider a ran

dom number table and read two digits at a time. There are a hundred possibilities 

from 00, 01 to 99. These numbers can be divided into eleven groups with one number 

left over. Let it be 00. Group the remaining numbers from 01 to 99 in groups of 

9 numbers. 

01 to 09 group 1 46 to 54 group 6 

10 to 18 group 2 55 to 63 group 7 

19 to 27 group 3 64 to 72 group 8 

28 to 36 group 4 73 to 81 group 9 

37 to 45 group 5 82 to 90 group 10 

91 to 99 group 11 
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If her outfits are numbered from 1 to 11, Ella can read a series of numbers 

from the random number table and pick the outfits for the week according to the 

groups the numbers fall in. She ignores the 00 whenever it occurs. If she reads 

85, 40, 88, 30, 95, 00, 50, 02, 66, 99, 44 she would wear in succession outfits num

ber 10, 5, 10, 4, 11, 6, 1, 8, 11 and 5. 

Monte Carlo methods can be used to simulate sampling. Suppose a major league 

baseball player has a batting average of .353. What is his chance of getting three 

or more hits in five times at bat in today's game? These five times at bat can be 

considered as a sample of size five drawn from a large reservoir of times at bat 

where the probability of getting a hit each time is .353. Drawing a sample can be 

simulated by reading five successive three digit numbers from a random number table. 

Numbers from 001 to 353 stand for hits. Running a simulation for a hundred games 

and· comparing the number of times three or mote hits occur to a hundred gives an 

approximation to the chance we are looking for. 

As another example, a salesman claims his light bulbs are guaranteed to be no 

more than 2% defective. Defective means they have a life of less than 1000 hours. 

How can tests be made to see if the claim is right? Testing bulbs destroys them so 

only samples can be tested. How big should a sample be and how many bad bulbs can 

be allowed in a sample before the whole shipment should be rejected? The salesman 

suggests taking a sample of SO and passing the shipment if either no bad bulbs or 

only one is detected. This is a sampling plan with a sample size of 50 and a passing 

or acceptance mark of 1. Is this a fair test? How often will it reject a good ship

ment and how often will it pass a bad shipment in which 5 or 10% of the bulbs are 

bad? The probabilities involved could be computed 9r read from sufficiently large 

tables if they were available. What we want is a model we can modify to simulate 

many different sampling plans. By trying one plan after the other in simulation we 

would get an empirical basis for deciding which plan is best in that both buyer and 

seller agree it is fair. Then we use this plan for actually testing bulbs. The 

simulation could be done by reading sets of fifty three-digit numbers from a random 

number table. Defective bulbs would be represented by the numbers from 001 to 020 

for the 2% case and by 001 to 050 or 100 in the 5 or 10% case. The other numbers 

would represent good bulbs. Many such samples could be run on a computer and a de

cision made as to whether the plan was good or not. If not, samples of different 

size and passing number could be tried until a satisfactory plan was found. 

( 
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In using models and simulations, it is important to remember what simplifying 

assumptions have been made about the original problem. Answers obtained from the 

model should be checked with the given conditions. Perhaps the model can be adjust

ed to take care of some conditions ignored the first time in making the assumptions. 

If so, progress is made toward better and more accurate solutions. Picking a suit

able model may be very difficult. Practice in simple cases is important as is the 

discussion of the appropiiateness of a particular model for a given problem. 
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EXAMPLES OF MODELS AND SIMULATIONS IN THE CLASSROOM MATERIALS 

"•cbul>loo homl;n•r~O< rostou
root ho• two or<lor-tnor•. 
If both oro buoy whon ou•tor,
"'" ocr\vo, thoy wdt in o 
lin-0, "<JUCUO (prcnouncod G). 
111,M on o«:!or•tokcr io f<oo, 
tho fl.«t customor in the 
GUOUO movoz to ploco ao <>rdo<. 

~•ch cuatomor toSc• about 
four 11>inuto5 ,o <><dcr, Cus
tomur• do not o<rJ.vo ot o 
HOOdv roto. n~dnq ony 
q!von minuto, tho chon<:o o 
customer onivcs i8 0. 7, 

ThlnS oMut thoso <Juoo,J.on•. Dudo~ • JO-minute pedod, 
,\) WMt i• the ovor•~• 1009th ot the queue Ion tM ovcr11go, ho-~ mony 

custo=ro aro .,,!Ung in lino to ploco on order)? 

BJ On tho ov,u·o90, h<>"' JMO>Y mlnutco doos o custom« •P<nd >tandi<>q \n 
tho qucuo on<l ordodnq7 

C) How <nony cust~mor-froo "'1nutos am u,or<, !<>r ooch crdor-,o~cr? 
OJ O<> you thin~ thoro ore too mony, j"ot on<>ugh, o, •hould tho ,ootMront 

hu·o ono,hor o,4or-tokor? 

II. Using Cards to Simulate a 

Sampling Procedure 

Sampling is used to make estimates 

about populations, but sometimes the 

sampling procedures are difficult to 

understand. By simulating the sampling 

with cards or marbles, students learn 

how the sampling works. This activity 

simulates the marking of deer to de

termine the total number of deer in a 

I. Using Simulations to Solve 

Problems 

Many problems can be solved through 

modeling and simulations. Using a 

model to simulate the problem situation 

provides data for solving the problem. 

Students can simulate the lines at a 

quick-order hamburger stand and obtain 

estimates for the waiting time and the 

length of the lines. This data could 

be helpful in making decisions about 

the number of clerks needed. 

'"~ ~lthl o ~11,un., ou,.,,., """"" '"' 
oumt><,, of l!oh Jo• 1'Y.o1 H"" "1~h< o <ooser 
o,<lr,.Ho tho oui,bo, of <le<r lo • l"gc ""'~ l!~, 
Ydlwstooo1 

lo <'>o o•~cd"""' ~elou. tho '~'"' "V"""' 
<ho"''" ewula<!oo. \·ou "" ti>lnt <o leo<o" 
,,.,,ho<l foe o,,tto,."!og ,h, """'" of 4,., (oo,Ou). 

\) ~,I,·" r,ve """" ..,, "'"'°" r,.,,. <h,, 
"""'' ro, e<>o1•h· 1. '"""'<Ohl,•,,,_ 
'°'~ <h, oeoOet M """'" ,.,;a, Y"" """'"'C ~Of MA~1<H' 
a«~. "'''"'" ,o, '"'"" <o <ho a,.,, 
lo OH("""' •l•"'"'' 

population. Marbles could have been used 
b) .Shu(/l,· <I><· ,led '"""' "°''"· atau f-----'-+---

(l"'-, ''"''" ""'"' ro, "'""''' 1. '" ""· >-~----1----'""h•, '"'"'" ""' ""ol>et ol notks,) 

'"'"'· 
in place of the cards. 
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MODELS AND SIMULATIONS FOUND IN CLASSROOM MATERIALS 

SAMPLING 

LET'S USE OUR RANUTAS 

MAKING ESTIMATES 

HOW MANY DEER? 

EXPERIMENTAL PROBABILITY 

A CEREAL QUESTION 

A COMPLETE SET 

BUSINESS & COMMERCE 

JOIN THE QUEUE 

ENVIRONMENT 

DECAY AND HALF-LIFE 

LET'S GO FISHING 

RECREATION 

YOU CAN'T GET A HIT ALL THE TIME 

ONE DIE OR TWO 

POKER WITH THE COMPUTER 

USING A RANDOM NUMBER TABLE FOR 
Si\11PLING 

USING Si\11PLES TO ESTIMATE POPULATION 
SIZE 

USING SAMPLES TO ESTIMATE POPULATION 
SIZE 

USING A SIMULATION TO GATHER DATA TO 
MAKE A PREDICTION 

USING A COMPUTER TO FIND THE EXPECTED 
NUMBER OF PURCHASES 

USING RANDOM DIGITS TO INVESTIGATE 
CUSTOMER ARRIVAL 

USING DICE TO SIMULATE RADIOACTIVE 
DECAY 

US ING SILMPLING TO ESTIMATE THE MAKE
UP OF A POPULATION 

USING A COJ1PUTER TO ANALYZE BATTING 
TRENDS 

USING A COMPUTER TO COMPARE ROLLS OF 
A DIE WITH ROLLS OF TWO DICE 

USING RANDOM DIGITS FROM A COMPUTER 
TO PLAY POKER 
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cALC'IJLATo~ cbM UTE s 
Since the use of numbers first began, people :p ~ 

have devised and used calculators of various types 

to help and speed up the computations involved. 

Such calculators include fingers, small pebbles 

(Latin: calculi) lined up in rows, the abacus, 

the slide rule, the adding machine and now the 

hand-held electronic calcul~tor and the computer. 

The computer is useful for handling large masses 

of numbers for repetitive and complex operations. 

For individual classroom use, the hand-held elec

tronic calculator is, at the moment, more useful. 

The advent of this device marks a turning point 

in the ease of mathematical calculations possibly 

as important as that of the shift from the Roman 

numeration system to our commonly used place

value system. 

The price of calculators over the last few 

years has been going steadily down but their 

power and sophistication has been going up. Sim

ple four function calculators are now available 

for under $10_.00 and, if the trend continues, 

the cost may soon be something like $1.98, At 

that price they could be prOvided for students 

as routinely as textbooks and pencils. Teachers 

need to decide now how to take advantage of cal-

culators so they can train their students how 

to use this fascinating new tool to the greatest 

advantage. 

' 
' ' 

I 
i 

I 

CDVI I 
L X 111 

MUL,IPLY \ \ ! 

The mathematics classroom no longer needs to be insulated from the numbers of 

the real world. When learning how to determine the perimeter and area of a rectan

gle, it is vital to learn why one adds in one case and multiplies in the other. 

Practice in using small integral values is needed while learning when to add and 

when to multiply. But in actual practice the numbers involved are more likely to be 

23. 4 and 32. 3 than 20 and 30. A person using a calculator can compute the sum or 

product in each case with the same ease. In non-routine problems considerable time 
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must be spent on analysis of the problem and on selection of the proper algorithm to 

carry out the solution. It would be nice if less time had to be spent on the re

sulting calculations. 

While a calculator allows a complicated series of arithmetic operations to be 

done by pushing a series of buttons, it does not eliminate the need for students to 

know the basic arithmetic skills. These skills are necessary for estimating and 

judging the reasonableness of answers obtained on the calculator as well as for rou

tine calculations with small counting numbers. 

An unreasonable answer to a problem should always be recognized by a student. 

An error with a calculator may be the result of carelessness in pushing the buttons 

or a fundamental mistake in the analysis of the problem. If the former, a mere re

petition of the calculation should be enough. But if the latter, a complete review 

and-reassessment of the analysis will be necessary. The calculator does.!!£.!:. replace 

thinking. It is a tool to speed up calculations, to free us to think more careful

ly, and to analyze our problems more thoroughly. 

An analogy to the value of a calculator in 

doing arithmetic computations might be that of a 

typewriter in writing a composition. Students 

need to learn when and how to add and multiply 

small whole numbers with or without pencil and 

paper just as they need to learn to write leg~bly 

and spell accurately. Long and involved computa

tions are more easily done on a calculator once it 

has been mastered just as a long composition is 

more easily written on a typewriter once the touch 

system has been learned. Just as a typewriter 

produces gibberish if the keys are struck in the 

wrong order so will a calculator produce wrong 

answers if the G button is pushed when the 0 
one is called for or 2.35 is entered instead of 

the correct 23.5. 

In elementary statistics, an electronic calculator cannot be used to decide 

whether the mean, median or mode of a set of numbers is the most appropriate average 

to consider or the most appropriate representative number of the set. Nor will it 

serve to find the mode or median. Fortunately, the mean is most often desired and 

( 
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the calculator can be used to find it easily. This is as true if 53 numbers of four 

digits each are involved or only 10 UUillbers of one digit each. The process may be 

longer but for the calculator the difficulty is the same. 

Other summarizing numbers used in statistics are the variance and the standard 

deviation. These are fairly messy to compute even with a small four function cal

culator. But by carefully recording the intermediate steps it can be done. The 

time and effort involved will be much less than in doing it by hand. Even this can 

be avoided with slightly more sophisticated calculators specially designed for sta

tistical work that now sell for less than $25.00. They will give both the mean and 

the standard deviation for any set of numbers as soon as the numbers are entered and 

the right buttons pushed. Such calculators will also give the correlation coeffi

cient for two sets of numbers and the constants determining the equation of the line 

of best fit for the scatter diagram of the two sets. Without a calculator, deter

mining these last items exactly is beyond the scope of the present project even 

though we have discussed the ideas in the CONTENT FOR TEACHERS sections. 

Probabilities can also be worked out on a 

calculator. Again it is important to remember 

that only a careful analysis of the problem will 

determine what probability is the right one to 

work out and the reasonableness of the result, 

Most inexpensive calculators use a straight 

forward arithmetic sequence of operations per

formed as they are entered. Thus, punching in 

order [I] , G , ITJ, 0 , rn, G, m, G will 

display 12 as the answer. But if the problem is 

(3 + 4) X (6 + 5) 
7 + 2 

the intermediate answers, 7, 11 and 77 and 9 have 

to be stored either on scrap paper or in the cal

culator's memory for later recall and use, Some 

more expensive calculators have parentheses keys 

;-. .-... · :·, :· '· .... ' .. ' . . 

and an algebraic logic so that the problem could be done as follows: 

m.rn.G.rn.rn.0.m.~.G
~-rn.0.m.m.G.rn.rn.0-
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Other calculators use the Reverse Polish No

tation (RPN) logic that may seem awkward at first. 

but eliminates the use of parentheses and is in 

fact quite easy to learn and use rapidly. On this 

kind of a calculator, the key sequence for the 

same problem would be: 

QJ, !Enter!, [II, [3:J, ~, JEnterJ, [II, [3:}, 
@, [I], !Enter!, IT], [II, 0· 

Some calculators use a so-called commercial logic 

much like the one used on old adding machines. 

In addition to the different logics and 

methods of operation, each calculator has its own· 

quirks and specialties to be learned from its in

struction booklet. Someday manufacturers may 

standardize their machines. 

CALCULATORS AND COMPUTERS 
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A few of the late model calculators have the capacity to learn a program. They 

are called programmable calculators. On some of them the program has to be entered 

( 

by hand; on others, it can be fed in from a previously recorded magnetic tape. What ( 

is a program? It is a series of pre-arranged steps that performs the same sequence 

of operations on whatever numbers are entered. Such a program is very useful if, 

for instance, one wants to compute the means of many different sets of numbers. 

A computer is not yet a widely available 

classroom device even though many schools have 

access to large central computers through time

sharing arrangements and local terminals. Some 

schools have their own mini-computer. More can 

be expected to have access to a computer in one 

way or another in the near future. The cost of 

a mini-computer is dropping rapidly and dramati

cally. Soon computers will be available to most 

students so teach~rs should know their capabili

ties and how to take advantage of this powerful 

new tool. Some students will gain experience 

with these computers by merely using programs al

ready in the computer library or by inputting 
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programs prepared by someone else. Other students will want to write their own pro

grams, an exciting endeavor to be encouraged for all students as it involves real 

skill in logical analyses and in careful and exact writing. 

Some programs in the BASIC language have been provided in this resource to be 

copied and used or to serve as examples for students interested in writing their 

own. They will be found in the APPENDIX of the CONTENT FOR TEACHERS section. These 

programs will probably have to be modified slightly for use on your computer as each 

computer has its own idiosyncrasies and slight modifications of the BASIC language. 

In the near future, the ability to use a computer will be just as important to 

a student as the ability to use a library. When that~day comes the knowledge that 

a computer cannot do the analysis of a problem will be just as important as the 

knowledge that a computer can do the required calculations. We must see that our 

students are well prepared in both respects. 
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EXAMPLES OF CALCULATORS AND COMPUTERS IN THE CLASSROOM MATERIALS 

I. Using Calculators to Compute 

Running Totals 

Calculators can be used to speed up the 

computation of running totals which 

lead into percentiles. Calculators 

are also useful for computing means, 

ranges and percents. 

II. Using Calculators to Compute 

Factorials 

Formal methods for counting combina

tions and permutations inVolve factori-

als. Factorials can be computed quick

ly with a calculator. 

lJ During £pri~g vac~tJ.on·J<><,n worked pore

t:lna, •• o bO<J90< ot tllo ""P~rlllllr~ot. 
Hor ounfogs o,cc sh.,,,n to tM riqJ,t. 

Jooo ..,onts to ~'"'" th<> t<>tol O<n<,Unt she 

~" .. ~.~(! 

'=..,.., .. ,._,.(! 
""'-""'~ • 4.oo 

Ma Mrnoa by tho on4 of ono doy, two ............,,. 4 1.1.w 
doys, thr•~ days, etc. ThoM totolo o«, \ "11C,,'< o(I.QCI 

cOllod runnlnq totolo. 

COr,\pletc tho t~lo bol""' to 8h0w Jo~n •• ,-o,,nJ.ng totals. Tho ffrot 

,~ ""' '°"" '°"' '" ,... • ~uning• RunnJ.n~ 'l"oOlo ,. ,.. 

H<>n<loy Sl.1S SJ15 ~ l 
Tuoodoy $4.25 _se 00•~ 0 $3 7S + S4 25 
Wodnoodoy $4. 00 

Thu<•day $4.50 
Fridny $5.0Q 

2) Tho chort bolw shows tho """"""' of otudonto wM ato ot tho sohool 
c11fotcria onoh d-'Y f,u ono woo~. 

o) Ho.~o ;, •unning tot<tl fo~ tho wee~. 

Mon<llly l?S 

T'uoodoy io7 
Wo<lnoodoy 18~ 

Thu<Oday HJ 
f'r!.do.y 160 

l) Tho s!<ls' ,onoyb•ll ""~ 10 h•vlns ., p10<u« tokon. "•" """' 
dl(f•""' ~-'Y• <on tho 6 stdo u.,, vp for <h< pkturo, __ 
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III. Using a Computer to Simulate 

Situations 

Students can use the computer programs 

in the APPENDIX to the CONTENT FOR 

TEACHERS for many different kinds of 

simulations. This activity simulates 

the hits in one season (182 games) for 

players with different.batting averages. 

IV. Using a Computer to Determine 

Probabilities 

Do you <Mak two or <»re s<udeo<, in Y<><« slo,s ha,.., tho so~, b[e<isdoy (somo dny, """"' 
..,,,,1,p !1,>w e.ooy otud,•ots d<> you th!nl, I< vould tol<O for the prob,Ml!ty of th<, hop• 
p,oio~ to Oe .)O! H,,o o t"'"'' _ 

'1. ""'" ,,he erob,~llf<leo r,om <h< 

'"""'"'"' pdoto,,. fn Column 1 hi 
the toble to the <!~h<. 

!!!, nouod Moh prno.,ollity to ,h,• oea<

"' oo<•lrue.dtod<h ""'I M,o,d lo 

Colu"'" ). 

!V. G,,,pli tho ,oue.<)ed ero1>,b<l1tio, 

b,lov, (:oaM« the poio<o tO rn••• 
, u"" trneh, 

"" the r,rn~h to n,•erox!"""" 

,n, cl"'"'''° ,v ,i,, rrob,, 

~"Hr !• .\0 ""' " loost 

,,.,, "'""°"" ~u, Mv; <l•e 

'""" l>lnhd,y, 

Vl. o,e the ~<0ph «> fl"d <he ~•o

b•blll<Y that ot '"" t~o 
ntudoa'" <n your doa, hove 

<11" '""" hlr<hO•>· 

VII, t.,., o surve) o( :w, doo, 

,o oeo lf 00)' otuOoato hove 

<Mo,.., hlr<hd•>· 

TC\I:. PRCOlAB'~rty T,,,,,r ..-we, Ole M(>~~ 

"'WOEN,,.,. ><A"" n<E ""'"'~ l!\l~P'.'f -------,--,--
wl-+---l----l--l---+-+--1--IH 

~ <-+--+-~--""1 

- -~-+-+--1--1-<-~ 
o,; "''"""'s30~,;~o«s 

,,,.,,_,<X'>T"' nJ <:cA,;$ 
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11 Run the ¢0:nputer progr~rn BllTTER t<>n tlrnoa, sove th,; 011tp1't. 

al Change tho batting ovc~~'Je for Mch tiJ>e, Use .2$0, ,l6n, .270, 

.280, .~9~ .• lOO, .no, ,320, .)30, .340. 

b) ~ecp tha number o! gornM ployaa the"""'"· Use ln each time. 

:n Hoko o li,ic graph bolo·• ohowin9 tho n\lmller of 9omeo out of l8i that 
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When a sequence of probabilities are 

wanted, it is easier to use a computer. 

The probabilities from this activity 

are surprising, and students might want 

to gather data on birthdays before they 

believe that the results are reasonable. 

369 



370 

TEACHING EMPHASES CALCULATORS AND COMPUTERS 

i ( 
CALCULATORS AND COMPUTERS FOUND IN CLASSROOM MATERIALS 

GRAPHS 

TO MAKE A CIRCLE GRAPH 

RANGE & DEVIATION 

RUNNING TOTALS 

SAMPLING 

ARE YOU SUCCESSFUL? 

EXPERIMENTAL PROBABILITY 

A COMPLETE SET 

RANDOM NUMBERS VIA A CALCULATOR 

CRAZY QUOTIENTS 

COUNTING TECHNIQUES 

SPORTY NUMBERS 

WEBSTER'S DICTIONARY 

BUSINESS & COMMERCE 

IS FOOD EATING UP YOUR INCOME? 

CHANCES AT THE SUPERMARKET 

CALLING ALL CARS 

MAKING A MORTALITY TABLE 

MAKING A CIRCLE GRAPH 

FINDING RUNNING TOTALS 

SEEING HOW SAMPLES DESCRIBE A 
KNOWN POPULATION 

USING A COMPUTER TO FIND THE EXPECTED 
NUMBER OF PURCHASES 

GENERATING RANDOWNUMBERS WITH A 
CALCULATOR 

DETERMINING FAIRNESS OF A GAME 

INTRODUCING AND USING FACTORIALS 

COMPUTATION WITH FACTORIALS 

USING CIRCLE GRAPHS TO COMPARE PER
CENT OF INCOME SPENT ON FOOD 

FIGURING THE CHANCES OF WINNING IN A 
SUPERMARKET GAME 

COLLECTING AND STUDYING DATA ON 
FAMILY CARS 

USING PROBABILITIES TO CONSTRUCT A 
MORTALITY TABLE 

( 

( 
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ENVIRONMENT 

PARTICULAR POLLUTANTS 

WATER WASTES 

HEALTH & MEDICINE 

A BLOOD RELATIONSHIP 

YOUR INTERNAL COMllUSTION MACHINE 

PEOPLE & CULTURE 

POPULATION ESTIMATION 

SIZING UP THE STATES 

CANADA - NEIGHBOR TO THE NORTH 

WREN'S YOUR BIRTHDAY? 

HOW DOES YOUR READING RATE? 

RECREATION 

YOU CAN'T GET A HIT ALL THE TIME 

ONE DIE OR TWO 

POKER WITH THE COMPUTER 

CALCULATORS AND cm!PUTERS 

READING A TABLE AND MAKING A GRAPH 
OF SOURCES OF AIR POLLUTION 

READING A TABLE ON WATER POLLUTION 

USING A CIRCLE GRAPH TO SHOW 
DISTRIBUTION OF BLOOD TYPES 

COMPLETING A TABLE TO SHOW CALORIE 
USE 

USING A SOURCE BOOK TO GATHER 
POPULATION DATA 

READING A TABLE OF STATE POPULATIONS 

READING A TABLE AND GRAPH ON 
CANADA'S POPULATION 

USING A COMPUTER TO FIND PROBABILITIES 

USING AVERAGES AND GRAPHS TO INCREASE 
READING RATE 

USING A COMPUTER TO ANALYZE BATTING 
TRENDS 

USING A COMPUTER TO COMPARE ROLLS OF 
A DIE WITH ROLLS OF TWO DICE 

USING RANDO!1 DIGITS FROM A COMPUTER 
TO PLAY POKER 
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LABOR_AToll_Y APPRPAClrES 
Like "modern math" or "discovery learning" or "individualization," the phrase 

"laboratory approach" means different things to different people. Although the 

phrase may conjure up visions of manipulative materials, perhaps the most commonly 

agreed-on characteristic is that in laboratory approaches the emphasis is on learn

ing-by. doing as opposed to learning-by-listening. The important feature is that the 

student is an active participant rather than a passive receptor. Sometimes this in-

volvement is accomplished through the use of a manipulative, but it could be accom

plished through a pencil paper investigation, a class or individual project or even 

a teacher led discussion. This view of laboratory approaches ties in closely with 

problem solving and discovery learning. 

WHAT IS A LABORATORY ACTIVITY? 
A laboratory activity is a task or mathematical exercise that emphasizes 

"learning by doing. 11 Two examples are given below. 

a) Jo and Lynn are working with the 

activity card to the right. Their 

teacher has given them plain cubes 

with colored dots on the faces. 

They each guessed green would occur 

most often when one die is rolled. 

Their experimental results supported 

this guess. They have agreed to 

guess that green-green (GG) will 

occur most often when two dice are 

rolled. They are rolling the dice 

to see what will happen, The tally 

starts to show more green-red (GR) 

pairs than GG, After 50 rolls they 

total their tallies and decide to 

revise their guess to GR. There is 

time left in the class period so 

U L<>ok at coch cuhc. 

2l "hkh color will probobly ocx,ur most <:>(ten when you roll o 

l} E•ch M you coll one cobc H Hmes. ~ecord 

in o tohlc like the one to the d<;1ht, 

4) wt,J.ch e<>lM did occur ""'st oheo? __ _ 

SJ How could you colo< o cube so ooch or tho 

coloro will havo on equal chMce M 
occuuing? ______ _ 

~) H you ,on both cuhca at the """"' time, 6 c,)lo,, ¢0,,,binotiono ore 

p,>osiblc. "rHc them. (n me~ns ycll01< on both ""-'\>M,l 

9) Any time you mo,e o gu,:,,~, like in 0), you 

con'• \>o wrcnq. N,:,s• tMt yo\> I\Avo <lono the 

osperimonl, "OUld you tl);e •<> cevlse 

lchM~~l you~ quaso? _ H so, whot 
eoc.l,lnoti•h ~oul~ you qu<>ss n01<'/ __ 

they roll the dice another 50 times. Again GR happens most often. Jo and 

Lynn discuss the activity and decide to ask their teacher if GR is "supposed" 

to happen more often. They return the activity card and cubes to a manila 

folder and hand in their papers. 
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b) A class was challenged to find all the 

possible combinations of 3 different colors 

chosen from 5 colors. They were each given 

35 centimetre cubes or chips, 7 of each of 

the 5 colors. Students started to arrange 

the chips and cubes on their desks. Some 

students started to write down what they 

found so they wouldn 1 t duplicate. Stu

dents started to compare their findings. 

Someone said, "I've found six cOrnbina

tions." Someone else said, "I've found 

eight. t1 One student asked if they could 

start writing the combinations on the 

LABORATORY APPROACHES 

RED G.RE:rn BLUE W!-lrrE YELLOW 

Tl-lESE 
ARE 

ALL "TI-\E 
WAYS RE:D 

A~D GRE.EN 
CAN BE 

board so all the students could compare what they found. Combinations were 

written on the board until the students were convinced they had them all. 

The teacher saw they had found the ten possible combinations and asked the 

students to identify an organized way that could have been used to find all 

the combinations. For example, find the ways that red and green could be 

used, red and blue, red and white; then work on the next color, remembering 

to check for repetitions. The homework assignment was to try to find all 

the possible combinations of 3 different colors chosen from 6 colors. 

The two lab activities above involved students in active learning. The teacher 

provided the activity or the challenge and then became a resource person. Students 

explored the activities at their own pace and in their own way. The activities pro

vided opportunities for students to use problem solving processes--organizing infor

mation into a table, looking for patterns, making predictions and checking predic

tions. Cooperation among pairs or groups of students was encouraged and each stu

dent had a chance for success. 

Lab activities can vary greatly in form from those described above. Active 

learning can be accomplished through a game, a demonstration, a paper and ·pencil 

exercise, a set of manipulatives with a task card, or an experiment using instru

ments to take measurements. An activity like Tossing Pennies from EXPERIMENTAL PRO

BABILITY has students play a game until they can decide if it is fair. The demon

stration described in Normal Distributions in RANGE AND DEVIATIONS can help students 

understand normal curves. A lab activity could involve measuring to make a scatter 

( 

( 



TEACHING EMPHASES LABORATORY APPROACHES 

diagram, experimenting with spinners to approximate a probability, counting cars or 

bicycles to make reconnnendations on traffic regulations or taking surveys to deter

mine opinions • 

ORGANIZATION OF LABS 

COLLECTING EQUIPMENT 

A collection of lab materials is useful for some lab activity sessions. Items 

can be made, gathered or purchased. Below are three lists of suggested materials 

and manipulatives that have been used in various lab activities. 

COMMON ITEMS 

--Adhesives: tapes, glue 

--Coloring Materials: pens, pencils, chalk, crayons, paint 

--Fasteners or Binders: string, nails, pins, rubber bands, staples, wire, tacks 

--Hard and Soft Wood: blocks, cork, boards, pegs, tagboard, toothpicks 

--Paper and Write-on Materials: cardboard, construction paper, grid paper, letter 

stencils, plastic sheets, road maps, waxed paper, index cards, tracing paper 

--Miscellaneous: measuring cups and spoons, modeling clay, needles, calendars, 

boxes, bottles, cans, cartons, cups, mirrors, catalogs, almanacs*, restaurant 

menus, phone books 

TOOLS AND INSTRUMENTS 

hammer tape measures 

calculators metre sticks 

paper cutter metric weights 

paper punch balance scales 

paper stapler stop watch 

scissors thermometer 

straightedges T-square 

protractors templates 

compasses clock 

MANIPULATIVES 

Cuisenaire rods 

geoboards 

Soma cubes 

attribute blocks 

tangrams 

colored wooden cubes 

linking cubes 

geoblocks 

pattern blocks 

dice 

spinners 

sample boards 

marbles 

blank cubes 

coins 

polyhedral dice 
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THE MATHEMATICS LABORATORY 

The mathematics laboratory is an environment that provides for active learning 

and encourages active participation. In terms of physical organization, three basic 

kinds of mathematics laboratories are often discussed. 

1) A decentralized laboratory--a self-contained set of lab materials stored in the 
teacher's classroom and readily available for the students to use. 

2) A rolling or movable laboratory--a set of lab materials placed on a cart, stored 
in a.central location, and wheeled from classroom td classroom as needed~ 

3) A centralized laboratory--a room especially designed (or adapted) and equipped 
for use as a permanent mathematics laboratory. Classes are usually brought into 
the lab room on a rotating schedule that allows each mathematics class to use 
the lab materials several times a week as needed. 

For most schools, the decentralized laboratory is the most practical and desir

able mathematics laboratory. Lab materials can be collected and organized at a mod

est rate as they are constructed, donated or purchased. 

Eventually a set of lab materials will grow to a size large enough to be quite 

versatile. The classroom environment needs to be versatile as well. Flat tables, 

bookcases, movable carts and other furniture can be added to provide work areas for 

the students and storage space for the lab activities. 

Lab materials may be packaged for student use in boxes, manila folders or enve

lopes. For example, a task card may be placed in a shoe box along with grid paper, 

scissors and several 'crayons that are required for the activity. Teachers may 

choose to package the materials with an activity card, or they may decide to have 

the students get needed materials for an activity from organized storage shelves. 

It is important that the students learn how to obtain the necessary lab items, how 

to read and follow the directions on a lab card, and how to cooperate and share 

their ideas. 

ORGANIZATION OF THE STUDENTS 

There are various ways of organizing the students for math lab participation. 

If a class is inexperienced in laboratory methods, whole class or large group acti

vities might be easier to initiate. Other activities may be done in small groups 

where the students rotate among several lab stations. (See Teaching Via Laboratory 

Approaches in the resource Mathematics in Science and Society.) Often pairs of stu

dents work well; the teacher can carefully select the partners or, in some cases, 

allow the students to choose partners. Once the students understand the basic lab 

procedures, each pair can do a different lab activity. This cuts down the competi

tion with classmates and allows the pair to make decisions and solve problems at 

their own rate. 
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CONTENT OF LAB ACTIVITIES 

Lab activities can be organized around a mathematical topic, say experimental 

probability. The materials such as cubes, spinners and coins are collected for each 

activity. Once the materials have been selected, they can be organized into lab 

packages. The class can then be divided into pairs or groups for the lab sessions. 

Another way is to organize a set of lab activities covering different topics or 

concepts. Each lab activity is unique and self-contained. For example, a series of 

ten lab activities could include the exploration of ten different topics, probabili

ty, length, mass, fractions, etc. One program which is organized this way is Math

Lab--Junior High [McFadden, et al., 1975]. 

THE ROLE OF THE TEACHER 

The teacher's role often changes between one of disseminator of knowledge to 

resource person and moderator. The students do the lab activities; the teacher 

watches and encourages inquiry and independent thinking. Using a laboratory ap

proach requires considerable preparation and forethought. The teacher needs to 

find, organize and store lab materials for easy use; tell students where lab materi

als are, what to do with them and how to schedule their use; carefully prepare task 

cards or directions for the lab activities; instruct students in problem-solving 

methods of attack and investigation; interact enthusiastically with students and 

share in their experiences; and evaluate each student's attitudes, work habits and 

accomplishments. 

GETTING STARTED 

There are many ways to incorporate laboratory approaches with present methods 

of teaching. The descriptions below provide several suggestions to consider when 

starting to use a laboratory approach. 

Mr. Langford has a class of thirty seventh graders. He was not sure about us

ing lab materials, so he decided to start small. He set up an "activity corner" in 

the room. Three lab cards with the necessary equipment (e.g. in this_ case, rulers, 

measuring tapes, grid paper) were set up in the "activity corner." Each day of one 

week a different group of six students was allowed to work in pairs using the lab 

materials. The rest of the class worked on related paper and pencil exercises. All 

week was spent on the study of mean, median and mode. All thirty students had a 

chance to do the lab activities, and the activities integrated well with the week's 

mathematics topic. Mr. Langford plans to collect or write task cards that mix well 

with his established curriculum. Later, he might try other ways of using the lab 

activity cards. 
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@( 
Ms. Wilkins decided to assign each Friday as a 11lab day 11 for her eighth-grade 

class of 28 students. She had watched several classes using a "lab day" once a week 

and decided to try it herself. She prepared two sets of seven lab cards covering 

seven different mathematical topics. Each student was assigned a partner, and the 

pair worked together for each of the seven 11lab days." For seven weeks the students 

rotated to a new lab activity each Friday. They were asked to keep a record of 

their results and follow the planned rotation schedule. Ms. Wilkins found that this 

seven-week period with one "lab day 11 a week coincided well with the nine-week term. 

She developed a second set of lab materials for another .seven weeks. This time lab 

was used twice a week and 14 task cards put into 14 manila envelopes along with ma

nipuJatives, paper, or other materials needed for each activity. Each card treated 

the topic of probability and contained various levels of abstraction and enrichment 

opt~ons for the students. 

Mr. Jeffreys and Ms. Slone have adjoining sixth-grade rooms. They planned to 

team teach a number of units in mathematics and decided to try the lab approach for 

their unit on sampling. They made sample boards and gathered marbles, decks of 

cards and cubes. Mr. Jeffreys and Ms. Slone picked out five activities from the 

SAMPLING section. One activity was used each day for one week. Often the class 

compared the data in small groups or compiled the data to make better predictions. 

The above are examples of teachers who were willing to support an active ap

proach to learning. They prepared for using the lab approach by collecting and or

ganizing materials and deciding on the content of lab activities. 

Initially, when selecting materials and equipment to use in the math lab, find 

readily available materials in the school. As time goes on, you will be able to 

buy, make or scrounge other materials as they are needed for particular activities. 

Pages from this resource that are marked with the lab symbol, W , the problem-

solving symbol, l) , or the modeling and simulations symbol, ~~, may include ideas 

for lab activities. The lab symbol itself mainly flags those pages which use a ma

nipulative. Lab activities can also be found in the resources Number Sense and 

Arithmetic Skills, Ratio, Proportion and Scaling, Geometry and Visualization, and 

Mathematics in Science ·and Society. Ideas for laboratory activities can be found in 

any of the sources listed on page 8. Many periodicals (such as The Arithmetic 

Teacher or The Mathematics Teacher) inClude sections in each issue which contain 

ideas for activities that require a minimum of preparation and materials. Notice 

the interests of the students. Be creative and use your own ideas or their ideas as 

a source of lab activities. Discuss and exchange ideas about math labs with other 

teachers. 
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Start small--in no way can most teachers and students survive a complete change 

of program. Students who have become passive learners need time to adapt to the 

role of active learners. The students need to develop inquisitive attitudes that 

motivate them to keep at a problem and not give up. They need supervision and gUid

ance from the teacher as they learn to function in the lab environment. Eventually, 

the students should be able to select materials for each lab activity and return 

materials to the proper storage area when finished. 

In the beginning it is a good idea to provide activities where each group mem

ber has a specific role. Have a specific objective in mind for each activity, and 

have a clear idea of its mathematical content. Go through the lab activity to find 

what background concepts or skills the students will need to tackle it. Check for 

any difficulties the stu~ents might encounter as they do the activity. 

PLAN FOR EVALUATION 

"Teacher evaluation of pupil progress should take two forms: (1) evaluation of 

written records, i.e., record papers, and (2) assessment of pupil competency based 

on observation and interaction with the youngster as he works. In both cases, the 

emphasis is on the progress of the individual in solving a given problem using his 

own particular talents and capabilities. Obviously, no evaluation is quite so valu

able as that done first-hand. A laboratory approach offers unique opportunities to 

assess understandings and competencies through observation and discussion with the 

pupil as he completes his assigned task. In evaluating written records, provide 

positive reinforcement for carefully completed recordings. Encourage completeness 

of answers, keeping in mind that the record paper is primarily a communications de

vice. If each pupil keeps a folder of his completed record papers, he can note his 

own improvement in recording throughout the school year." (Scot·t McFadden, et al., 

"Program Teacher Commentary On Using MathLab," published by Action Math Associates, 

1976. )' 

SUMMARY 
The laboratory approach is a philosophy which emphasizes r'learning by doing. 11 

"It is a system based on active learning and focuses on the learning process rather 

than on the teaching process." [Kidd, et al., 1970] At the level of their abilities 

and interests, the students discover relationships and study real-world problems 

which utilize specific mathematical skills. A laboratory approach can be integrated 

into the classroom and used along with, not in place of, many other equally valuable 

teaching strategies. 

*Permission to use excerpt granted by Action Math Associates, Inc, 
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SELECTED SOURCES FOR LABORATORY APPROACHES 

The Arithmetic Teacher. Reston, Virginia: The National Council of Teachers of 
Mathematics. 

Biggs, Edith E. and MacLean, James R. Freedom to Learn. Don Mills, Ontario: 
Addison-Wesley (Canada) Ltd., 1969. 

Kidd, Kenneth P.; ·Myers, Shirley S.; and C_illey, David M. The Laboratory Approach 
to Mathematics. Palo Alto, California: Science Research Associates, Inc., 
1970. 

Krulik, Stephen. A Mathematics Laboratory Handbook for Secondary Schools. Phila
delphia: W. B. Saunders Co., 1972. 

The Mathematics Teacher. Reston, Virginia: The National Council of Teachers of 
Mathematics. 

McFadden, Scott; Anderson, Keith; and Schaaf, Oscar. MathLab--Junior High. Eugene, 
Oregon: Action Math Associates, Inc., 1975. 

Reys, Robert F. and Post, Thomas R. The Mathematics Laboratory. Boston: Prindle, 
Weber & Schmidt, Inc., 1973. 

Sobel, Max and Maletsky, Evan. Teaching Mathematics: A Sourcebook of Aids~ Activi
ties, and Strategies. Englewood Cliffs, New Jersey: Prentice-Hall, Inc., 1975. 

Teacher-Made Aids for Elementary School Mathematics; Readings from the Arithmetic 
Teacher. Reston, Virginia: The National Council of Teachers of Mathematics. 

( 

Laboratory and instructional materials can be obtained from the following publishing ( 

companies: 

Action Math Associates 
1358 Dalton Drive 
Eugene, Oregon 97404 

Creative Publi~ations, Inc. 
P.O. Box 10328 
Palo Alto, California 94303 

Cuisenaire Company of America, Inc. 
12 Church Street 
New Rochelle, New York 10805 

Educational Teaching Aids Division 
159 West Kinzie Street 
Chicago, Illinois 60611 

Gamco Industries, Inc. 
Box 1911FG 
Big Spring, Texas 79720 

Ideal School Supply Company 
11000 South Lavergne Avenue 
Oaklawn, Illinois 60453 

The Math Group, Inc. 
396 East 79th Street 
Minneapolis, Minnesota 55420 

Midwest Publications Company, Inc. 
P.O. Box 307 
Birmingham, Michigan 48012 

Mind/Matter Corporation 
P.O. Box 345 
Danbury, Connecticut 06810 

Ohaus Scale Corporation 
29 Hanover Road 
Florham Park, New Jersey 07932 

Scott Resources, Inc. 
1900 E. Lincoln 
Box 2121 
Fort Collins, Colorado 80521 

Selective Educational Equipment, Inc. 
3 Bridge Street 
Newton, Massachusetts 02195 

Walker Educational Book Corporation 
720 Fifth Avenue 
New York, New York 10019 

Webster Division 
McGraw-Hill Book Company 
330 West 42nd Street 
New York, New York 10036 
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EXAMPLES OF LABORATORY APPROACHES IN THE CLASSROOM MATERIALS 

I. Using Concrete Materials to 

Understand Concepts 

Sometimes a concrete representation 

will help students understand a con-

cept. Here cubes are moved until the 

mean length of several trains is found. 

II. 

III. 

Experimenting to Estimate Chances 

& PIChINGR; 
MRQgL[£ · 
RT R TIM[ 

l 5t<.>dMt to ho the ""'rl>le p!.eRor 
ll rot the 01orl>les behi.nd your bock. Mix thol:I u~. 

21 Without l-Ooki.n<:1, plac<> :/ rnarl>leo !none l>ond ond l O\~rblo in 
tho otl\ot h,>nd, 

J) Do you U1in~ tho two rnorHe" oro the s11me e<>lor or <liHetont 
coloea? _____ · 

4) Che,;,k your 9ue5o. Were thoy the so"1C or dlfforont? ____ _ 

5) Ir you di.d this many tifJles, which do you thinR '1ould hoppen most 
o!ten " soroo or di.Heront? 

"I) Aro the toUls wl>ot you expoctod? 
ij) Chon~<> Jo~s- Rope-0-t the cxpcdment 2Q more t!MS, Touil~ s __ 

"-
~) Arc the totols ob(>ut the F"-"" Min (61? 

10) You, te~<,her wHl l\dp you combine th<; totols fro"' tho rest of 
the <;loss, Wdto them I\Qre, s 

Total Pie~• 

U) o) Tl,e :r.orblos were tho """"' about or the time. 
bl The ,.,o,bles wc,c differ<>nt obout or tho tb,e. 

12) Bcceuoe O! the 0><1>ed1Mnt, would you Uk~ to rovioe your gue"' 

you /1111de in GUC•t.loh {$)? --- H so, 9lvc You, M'i' 
guoos he<e. __ _ 

Discovering Arrangements 

Students can use colored chips to in

vestigate the number of ways to arrange 

three colors in a row. They can then 

explore arrangements when colors are 

allowed to repeat. 

!<oterl.ols, bo9 of cubes from you, t..nehe, 

Activity, 

11 ln the tllblo W<l.t.e tho <;<>locs Of tM 

cubes in the bo9, 

l) ~ut oll. tho cube, of OM Color end to end 
to moko 5 trn.\ns, 

Color 

""iil:!ifil"'~""--
,.,.,,b.J.,®!N-W+•:;:P(:Jtk,Fffi ITTJ:Tr :f f .. ·r.Jjjjj 

Sl llow many cubes in each train no•n __ _ 

G)~ 

7) We<o ony of tho ori9l.nal troin, the snii,e 1cn9th. ao the mMn 
icngth? __ H so, 1<hl.ch eolor? 

Students can do experiments to gather 

data. The data can be compiled or 

averaged to draw conclusions about the 

chance of an outcome. In this activity 

students might be surprised that the 

chance is better foF drawing 2 marbles 

of different colors than for drawing 

2 marbles of the same color. 

!ll:P(Q1IN!:. 
P~PMU101IDN~ 

ll Move tho chips. fl.nd <lHforent orrM9c1Mnts, 

R~cor,l ""ch oteon9co,cnt. 

1~<: ~1<0,u ~1<0"5 CAl,J & 1'"1lA>l(.<:O "' A 
<!;OW r.,X DW~~R(I.J"f w,,.,','i, 

•J RetliOVe l chl.p. Get anoU1e< ehl-1' with the 

,..., color os • chip you ~<,pt. 

6) Write tho (>rdor of the colors. 
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GRAPHS 

THEY MELT IN YOUR MOUTH 

SCATTER DIAGRAMS 

ARE YOU A SQUARE OR A RECTANGLE? 

A LENGTHY RELATIONSHIP 

MEAN, MEDIAN, MODE 

NUMBER PLEASE 

A CLASSY MEDIAN 

A MEAN TRAIN 

A BALANCED ROD 

A MEAN GUESS 

MEDIAN VS. MEAN 

RANGE & DEVIATION 

ROLL THEM AGAIN 

FILL UP THE GAPS 

NORMAL DISTRIBUTIONS 

USING A GRAPH TO SHOW THE CONTENTS 
OF A PACKAGE OF M&M'S 

GATHERING DATA TO MAKE A SCATTER 
DIAGRAM 

MAKING SCATTER DIAGRAMS TO FIND 
RELATIONSHIPS 

FINDING THE MODAL LAST DIGIT IN A 
TELEPHONE NUMBER 

DEMONSTRATING THE CONCEPTS OF 
MEDIAN AND MODE 

FIND A MEAN LENGTH 

RELATING THE MEAN TO A BALANCE POINT 

DEMONSTRATING THE USE OF AN ASSUMED 
MEAN 

SHOWING EFFECTS OF EXTREME VALUES ON 
MEDIAN AND MEAN 

USING MEAN, MODE AND RANGE TO DESCRIBE 
A DISTRIBUTION 

SHOWING SUMS OF DIFFERENCES ABOVE AND 
BELOW THE MEAN ARE EQUAL 

INTRODUCING AND DEMONSTRATING NORMAL 
DISTRIBUTIONS 
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SAMPLING 

CAN YOU TELL? 

AN AVERAGE SAMPLE, ACTIVITY 1 

AN AVERAGE SAMPLE, ACTIVITY 11 

TWO SCOOPS OF RAISINS 

BEANS BY THE CUPFUL 

IT'S A PILE OF STONES! 

HOW MANY DEER? 

EXPERIMENTAL PROBABILITY 

PICKING MARBLES 2 AT A TIME 

SPINNING COINS 

I'LL FLIP YOU FOR IT 

GET BACK ON THE TRACK 

TOSSING PENNIES 

A TREE SPINNER 

LABORATORY APPROACHES 

INCREASING THE NUMBER OF SAMPLES TO 
MAKE BETTER PREDICTIONS 

COMPARING A MEAN SAMPLE TO THE 
POPULATION 

COMPARING THE ACCURACY OF DIFFERENTLY 
SIZED SAMPLES 

USING SAMPLES TO CHECK FOR A UNIFORM 
DISTRIBUTION 

USING SAMPLES TO ESTIMATE THE NUMBER 
OF BEANS IN A JAR 

USING SAMPLES TO PREDICT THE MASS OF 
STONES 

USING SAMPLES TO ESTIMATE POPULATION 
SIZE 

FINDING THE RELATIVE FREQUENCY OF 
OUTCOMES 

DETERMINING FAIRNESS OF SPINNING A 
COIN 

RECORDING OUTCOMES OF FLIPS OF A COIN 

USING COIN FLIPS TO SIMULATE A RANDOM 
WALK 

USING COIN FLIPS TO DETERMINE FAIRNESS 
OF A GAME 

EXAMINING OUTCOMES OF A SPINNER 

383 



384 

TEACHING EMPHASES 

THE HEXED HEXASPIN 

ROLL THAT CUBE 

ROLL A DIE 

A CEREAL QUESTION 

WILL THE SPIDER CATCH THE FLY? 

ROLLING DICE 

CRAZY QUOTIENTS 

PROBABILITY WITH MODELS 

TAKE YOUR CHOICE 

CARDS IN A HAT 

THE RED-BLUE GAME 

ON THE AVERAGE 

COUNTING TECHNIQUES 

YES, THREE-LETTER WORDS, PLEASE 

WHAT'S NEW AT THE ZOO? 

AND THE WINNER IS ..• 

REPEATING PERMUTATIONS 

LABORATORY APPROACHES 

DETERMINING FAIRNESS OF A HEXASPIN 

ESTIMATING THE FREQUENCY OF OUTCOMES 
OF DICE 

RECORDING THE OUTCOMES FOR ROLLS OF 
A DIE 

USING A SIMULATION TO GATHER DATA TO 
MAKE A PREDICTION 

USING DICE ROLLS TO SIMULATE A 
RANDOM WALK 

ESTIMATING THE FREQUENCY OF THE SUMS 
OF TWO DICE 

DETERMINING FAIRNESS OF A GAME 

USING PROBABILITIES TO MAKE CHOICES 

USING SAMPLING TO PREDICT PROBABILITIES 

USING A TREE TO ANALYZE A GAME 

STUDYING VARIABILITY IN THE TOSSES OF 
A COIN 

USING TREES TO COUNT LETTER ARRANGE-
MENTS 

COUNTING ARRANGEMENTS 

INTRODUCING COMBINATIONS 

FINDING PERMUTATIONS WITH REPETITIONS 

( 
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ENVIRONMENT 

DECAY AND HALF-LifE 

LET'S GO FISHING 

A CHILLING EXPERIENCE 

IS 32° HOT OR COLD? 

BALLOON BAROMETER 

A SWINGING TIME 

HANG TEN 

HEALTH & MEDICINE 

TO EACH HIS OWN 

ARE YOU PHYSICALLY FIT? 

YOU ARE WHAT YOU EAT 

MUSCLE FATIGUE 

PEOPLE & CULTURE 

HOW'S YOUR POP? 

YOU TAKE A SURVEY 

A CHANCY COMPOSITION 

LABORATORY APPROACHES 

USING DICE TO SIMULATE RADIOACTIVE 
DECAY 

USING SAMPLING TO ESTIMATE THE MAKE· 
UP OF A POPULATION 

COLLECTING AND GRAPHING TEMPERATURE 
READINGS 

USING A GRAPH TO COMPARE FAHRENHEIT 
AND CELSIUS TEMPERATURES 

COLLECTING AND GRAPHING DATA FROM A 
HOMEMADE BAROMETER 

MAKING AND USING A GRAPH TO PREDICT 
THE PERIOD OF A PENDULUM 

COLLECTING AND GRAPHING DATA ABOUT 
ELASTICITY 

MAKiNG GRAPHS TO COMPARE BODY 
MEASUREMENTS 

COLLECTING DATA TO DETERMINE 
PHYSICAL FITNESS 

USING RATS TO OBSERVE THE EFFECTS 
OF DIET ON GROWTH 

USING A LINE GRAPH TO SHOW MUSCLE 
FATIGUE 

USING AN EXPERIMENT TO ANALYZE 
TASTE-TESTING ABILITIES 

USING A SURVEY TO ANSWER QUESTIONS 

USING CHANCE TO COMPOSE MUSIC 
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RECREATION 

CLASSROOM DECATHLON 

DROPPING THE BALL 

386 

LABORATORY APPROACHES 

COLLECTING AND ORGANIZING DATA FROM 
A CLASS COMPETITION 

MAKING A GRAPH TO STUDY THE BOUNCE 
OF A BALL 

( 
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CRTIIEl!NC DRTR 
GATHERING DATA MEANINGFUL TO MIDDLE SCHOOL STUDENTS 

Most students are very in

terested in knowing more about 

their classmates. Why not have 

students gather data related to 

their class? This can be done in 

many ways. The student pages 

What's In A Name? and How Much Are 

You Worth? use student names to 

provide data. Sisters and Brothers 

uses the number of sisters and 

brothers each student has. (These 

three activities are in the TABLES 

and GRAPHS sections because they 

also involve organizing the data.) 

Many other activities in this re-

source are similarly designed to 

gather information about the class and the school. 

A brief conversation can be the source of an activity on gathering and orga

nizing data. The chance comment overheard by the teacher below can be the basis of 

an investigation by the student, a group of students, or the whole class. (See 

A Sporty Question in the PEOPLE AND CULTURE section for specific ideas on investi

gating sports discrimination.) 

This activity could result in data 

to support a request for more girls' 

sports, or it could reveal reverse 

discrimination. Perhaps boys are 

not being allowed to participate in 

certain sports like volleyball. 

Students might even decide to carry 

out an attitude survey to see if 

girls and/or boys feel certain 

sports are only for one sex (A 

Sporty Question includes an example 

of such a survey). 

REALLY ? WOULD 
YOU LIKE TO 
SEE II=' OUR 
St.HOOL OR. 
COMMUNITY 
Dl5C.121MINAiE.S? 



COMMENTARY 

Some students feel no one else could 

have the same feeling, fear or wish that 

they have. One junior high girl had aspira

tions to be a doctor, but she felt her class

mates would think it was an odd profession 

for a woman. With the encouragement of her 

parents and a teacher, she surveyed the stu

dent body and discovered that many students 

thought it was appropriate for a woman to be 

a doctor. (Of course, results might not al

ways be this positive.) Not only was she 

able to satisfy her own curiosity, but she 

also was involved in a meaningful applica

tion of statistical methods. 

GATHERING DATA 

O 0 

0~ 

0 

~y 

0 
0 

0 

m 
A school or local issue could also be the basis for an activity. If the bud

get has to be cut and either a sports program or a music program must go, a student 

opinion poll could be taken. (Be sure students are not led to believe their opin

ions will be considered in the decision unless this is true.) A poll could also be 

taken to see if students feel a new plan for lunch lines, absences, or hall passes 

is working. The poll could collect data on grade levels, age and sex so differences 

in student opinions by these categories could be determined. 

No matter what activity is chosen, it is seldom guaranteed to interest all stu

dents. One suggestion for a class with diverse interests is to let some students 

work in small groups to decide what kind of information they would like to collect. 
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COMMENTARY 

WHAT DATA SHOULD BE GATHERED? 
In order to decide what data to gather, 

it is often necessary to define the problem 

more narrowly. Suppose your class begins 

with the question: Should a traffic light 

be installed on the street by the school? 

Ask students: 

• How can this question be answered? (One 

way is to collect data about pedestrian 

and motorist traffic on the street.) 

• What data should be collected? 

• Should we find the number of students 

crossing the street? 

• Should we find the number of vehicles 

using the street? 

• Should speeds be checked? 

• Should a separate tally of children 

under ten years old be kept? 

• Is it practical and possible to collect 

al l the data we'd like to have? 

GATHERING DATA 

I. Read o r par ap hrase this situation f or your stu den ts: Dunn School is loc a t ed 
on a busy ,itre e t. One class de ci.ded to gather data on the traffi c , The y 
want ed to convinc e t he city council that a t ra ffic s ig nal was needed . A 
stud e nt e aid, "One of ua co uld count the cars going by in one day, " Other 
stude nt s in the class made some suggestfr!'s. Le t' s see whi ch suggestions 
you th in k are good one s and why , 

Put th es e sente nc es on a trans parency and discuss t hem one at a t ime , Stu dents 
need to see t hat Statistical dat a can be u sed t o h elp make decisions, This 
a cti v ity b rings out t hat d ecidin g wh at data to collec t is diffi cult and imp ort ant. 
S t ud ents may sugg0st add i tional idea s to co nsi der . 

1. f'ioRE THAN ONE PERSON SHOULD COUNT, 

2, THE SPEEDS COULD BE CHECKED, 

3, \IE SHOULD COUNT ON MORE THAN ONE DAY, 

4 , WE SHOULD COUNT DURING SCHOOL HOURS, 

5, WE COULD COUNT Oi-1 SATURDAY AND SUNDAY, 

6, LET' S COUNT PEOPLE CROSSING THE STREET, 

7, LET' S COUNT PEOPLE IN Tl-IE CARS, 

3, ~E DON1T NEED TO COUNT SMALL CARS LIKE VOLKSWAGENS AND HONDAS, 

9, WE SHOULD START COUNTING AT 8:QJ, 
10, WE SHOULD COUNT TRAFFIC ONLY IN ONE DIRECTI ON, 

11, ~E COULD COUNT FOR A MONTH, 

12, WE SHOULD COUNT ON SUNNY DAYS Atill_ RAI NY DAYS , 

13, WE SHOULD COW-ff TRUCKS AND BIKES SEPARATELY, 

14. \IE SHOULD HAVE A TRIAL RUN, 

15, A FORM SHOULD BE MADE FOR RECORDING, 

The activity A Traffic Problem shown above can be used to stimulate more discussion. 

You can help your students see that some data is very important for answering the 

ques t ion but that there is no reason to collect more data than necessary. 

In the prev i ous example, students migh t col l ect only that data supporting a 

bi as toward installing the traffic light . I f an unbiased answer to the question is 

t o be made, it is necessary to collect data 

t ha t might not support installing the light. 

The class might ask the city traffic control 

commis sion to send a representative to talk 

to the class about possible problems in 

overa l l tra ffic flo w i f a traff ic light were 

installed. The initia l que s tion of i ns tall -

ing a light migh t be discard ed in f avor of 

building a walk over the street or detouring 

pedestrians to another existing crosswalk. 



COMMENTARY GATHERING DATA 

In other activities, students will have to decide how precise the collected 

data should be. Have students decide whether to measure each student's height to 

the nearest centimetre or half-centimetre. They can also decide whether to record 

population figures from the almanac to the nearest million, thousand, or hundred. 

Sometimes it is desirable to have data, but it is too expensive or time-consum

ing to collect all of it. Decisions will have to be made as to how complete the 

data should be. Sometimes a question 

must be left unanswered because the 

necessary data cannot be obtained with

in the limitations of the class. If 

this is discouraging to students, they 

might appreciate hearing about people 

like Tycho Brahe who spent a long time 

collecting data. (Years later, Kepler 

used the data to discover laws of plan

etary motion.) 

Tycho Brahe spent much of his life col
lecting data on the planets and stars. 

You might want to provide more questions in which students can discuss and de-

cide what data to gather. Examples are: Should the candy machine be removed from 

the school? Should a commercial company take over the hot lunch program? What day 

is best for a school party? 

FROM WHAT SOURCES SHOULD THE DATA BE GATHERED? 
Along with deciding what data 

should be collected, students will 

often need to decide what source to 

use. Certain problems may dictate 

the source, but sometimes several 

choices are available. Suppose the 

problem is to find the size of each 

student's family. Ask your class if it 

would be better to poll the students or 

r------------------"""":I 

SECOt..10-

HAl\lD 

to obtain the information from the office. Which source is more accurate? Should 

data on a new ecology bill be obtained from the government agency that supported the 

bill or from the industries that lobbied against it or from both? Is there unbiased 

data available? Do all the sources agree? What's Your Bias ? provides an opportuni

t y for students to discuss possible biases of sources. More ideas on this are given 

in the MISLEADING STATISTICS section. 
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COMMENTARY GATHERING DATA 

To decide what source or sources to use, students will need to be familiar with 

possible sources and to know how to obtain information from them. Activities like 

Information Please, Can You Guesstimate? and Getting to Know Your Almanacs will pro

vide an introduction to reference books usually found in schools. A list of common 

almanacs and a description of each is given in Almanacs and Other Sources of Data. 

Hints on obtaining information from government agencies and corporations are given 

in To Find Facts About Places, People, Things ...• Most of the classroom activities 

in this resource are accompanied by suggestions to students and teachers for choos

ing and using a source. 

As the article below points out, two sources might use different methods to 

collect and report data. 

Nffllll[ West Berlin and 
llUIIIIU[ Hungary have the 
highest suicide rates in 
the world, according to 
incomplete statistics of the 
World Health Organization. 

WHO reports that an in
ternational comparison of 
suicide rates is of "ques
tionable value" so long as 

{ 
the reporting methods of 

• specific countries vary 
widely. The report, how
ever, does reveal some 
interesting trends. 

In 1970, for example, in 
West Berlin 67.5 men per 
100,000 and 33.8 women per 
100,000 took their own 
lives--15 and 30 times 
higher, respectively, than 
in Mexico. 

•--But statisticians con-

sider Mexico's suicide 
statistics unreliable be
cause of that country's 
religious constraints. 

Greece is the European 
country with the lowest 
suicide rate. Hungary, a 
country where many years 
ago a melancholy pop tune 
caused hundreds of people 
to take their lives, leads 
the suicide list with 
rates of 63.8 for men and 
23.8 for women.j( 

In an accompanying com
mentary, the WHO report 
adds that East Germany, 
Denmark, Hungary, A~stria, 
Finland, Sweden, and 
Czechoslovakia are the 
European countries which 
consistently have high 
suicide rates. 

© LLOYD SHEARER 1976 

Permission to use granted by Parade Magazine 

*These statistics are for countries; West Berlin's is 
for a city. 

The page Comparing Data asks students to look up facts in two different 

sources. The data is compared and students are asked to suggest possible reasons 

why the data is the same or different. 



COMMENTARY GATHERING DATA 

HOW SHALL THE DATA BE GATHERED? 
Deciding how to gather data can also be a problem. Students can discuss the 

following questions. Should a written questionnaire -be used or a personal inter

view? If a questionnaire is used, how 

should the questions be worded to avoid 

influencing the answers? If interviews 

are used, should the interviewer be 

allowed to explain what is meant by a 

question? Should information be gotten 

from an agency over the phone or should 

we ask to see written records? 

The answers to these questions 

depend on the situation. Written re

cords might be more exact in some 

HMM ... DOES THAT 
lkJCWD£ X- RA,E.D 
MAGA-Z.11'.lES A\..lt) fv\OVlES? 

cases, but it might be more desirable to pursue verbal information over a phone in 

others. Designing a "fair" questionnaire or interview can be very difficult-

Gathering Data of the CONTENT FOR TEACHERS section explains some of the concerns and 

problems in constructing questionnaires and interviews. 

SOME EXTRA PAYOFFS IN GATHERING DATA 
Having students use source books to gather data can have side benefits. Not 

only will they become more familiar with the sources, but they will probably broaden 

their general store of knowledge. While searching for data on one topic, students 

can often become absorbed in information given in tables about other topics. Gather

ing data firsthand can also result in more knowledge for students. Besides learning 

the statistical principles involved, students learn about the attitudes, opinions 

and preferences of their classmates. Here is a real opportunity to integrate mathe

matics with the social sciences and other subject areas. 
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To introduce the word statistics, ask students if they know what a statistic is. 

Write "statistics" on the chalkboard and carefully pronounce it. Ask students if 

they have ever seen a statistic. Prior to the class, prepaLe posters showing uses of 

statistics. Examples involving statistics (advertisements and articles) can be col

lected from newspapers, magazines and books and mounted on heavy paper. (Collect the 

examples several months before you begin the statistics unit.) One organization is 

shown below. Show the class each poster and briefly discuss the topic. Sample cormnents 

are suggested below for each poster . The presentation gives students a preview of ideas 

in statistics. After viewing the posters mention that statistics is the study of numer

ical data to obtain information. Each item in the data is called a statistic. 

POLL<:. i SU(2V£','S 

'----· ~ ------ . 

~ --
--, 

- - - I: 

·-.-· - •;'_- · 

. : ·. '..,• - . : ... - - .• ... ., : ·: . . . · .. 

------
. - -·;-:-:::-_: 

-~---._.·:- .. : .. ·-·---- ·.-
' -: #! 

. , : . 
' . 

r • • •• • •.' • • - , - • • - • • 

·-, -
. ::.::.-::.-::::.~..::---_ 

- -- -

Statistics is used to help make deci
sions and answer questions . Often it is 
necessary to gather data f i rst. Polls 
and surveys are two ways to get informa
tion. Refer to an example on the poster. 
Tell how the poll or survey was used to 
gather information to answer a question 
or make a prediction. 
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When numbers and facts are gathered 
they need to be put in order before they 
can be helpful. Tables are used to 
organize data. Tables help people com
municate information in a concise form. 
It is important to read tables carefully 
so you understand the facts and don't 
reach incorrect conclusions. Refer to 
some facts in a table on the chart. 



( COIIJiOJUE.D) 

Graphs can also be used to help make 
sense out of data. Graphs are more eye
catching than tables. They also show 
comparisons and patterns of change more 
clearly. Refer to an example and show 
students they can notice trends without 
knowing the actual data. Again mention 
that graphs need to be read carefully 
so the reader is not misled. 

Some data is organized into percentiles. 
Test results, for example the Stanford
Binet, are reported in percentiles. (Your 
local newspaper may have articles on how 
well the schools in the district scored 
on standardized tests.) If so, refer to 
these articles and point out that the 
students were sources of data for these 
reports. 

PE.RCEt.lTILE:S 

l~I 
7,, [!] 

Mean, median and mode are used to 
describe a collection of data. Students 
are probably familiar with the mean. 
Another name for mean is average. Ask 
students if they know how to find the 
average of three numbers. We often hear 
statements like the average temperature 
for Oklahoma City is 60°F. This does not 
mean that if you go there the temperature 
will be 60°F. Refer to an article that 
talks about an average. 

ME'AtJ, MEOIAt-J, "'100E 

By taking a sample it is often possible 
to make an accurate prediction about a 
larger group. In polls a small group of 
people are questioned. Their answers are 
sometimes used to make a prediction about 
the en ti re U. S • 

We see examp1es of probability when we 
read a weather report that says the 
chance of rain is 30%. Probability is 
used to describe if it is likely some
thing will happen. Refer to an example. 
Point out that the "expected" often 
doesn't happen. 

SAMPLltJG A._,D 
P~OSAS\LIT\( 
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There are at least 40 terms hidden in the puzzle. As you find each one, check it 

off on the list below. The words go in these directions:--.+--- i j / '\. 
For example, CHART could be written as TRAHC. 

pie chart 

interval 

mean 

deviation 

digit 

horizontal 

poll 

statistics 

reliable 

predict 

table 

stem and leaf 

zero break 

distribution 

random 

frequency 

data 

mode 

truncate 

trend 

probability 

population 

outcome 

representative 

median 

percentile 

bias 

range 

questions 

bar graph 

H M 
p E 
A A 
R N 
G s 
R A 
A M 
B p 
D L 
B E 
s N 
C 0 
I I 
T T 
s A 
I L 
T u 
A p 
T 0 
s p 

A R 
V I 
T C 
0 A 
M E 
I V 
E M 
A L 
L R 
T A 
V M 
D I 
I s 
G E 
I B 
T N 
F R 
s M 
0 z 
I E 

variance 

decimal 

survey 

sample 

scale 

G 0 T .S 
T A T N 
I D E R 
Q u E s 
B D s A 
0 L C N 
T N E G 
u E R L 
B L p I 
G A A T 
V A I T 
E R I L 
A D E D 
C T I T 
T A I A 
E I L 0 
E Q u E 
H 0 R I 
E R 0 B 
C H A R 

simulate 

scatter diagram 

tally 

pictograph 

histogram 

I H A I y D A M 
E s E R p E R p 
p E H A I C p 0 
T I 0 N s I Q E 
A D N D D M L G 
L N E 0 I A M N 
L E p M s L E A 
y R R p T V 0 R 
C T 0 G R A p H 
L L B E I R E F 
L s A M B I R A 
E M B 0 u A C E 
E T I C T N E L 
R R L T I C N D 
N E I u 0 E T N 
N I T 0 N D I A 
N C y T A M L M 
z 0 N T A L E E 
R E A K E C I T 
T y E V R u s s 
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A sheet of paper (or a notecarq) divided into 9, 12, 16 ••. parts can be used to 

collect data for use in several introductory statistics activities. The data is to be 

written down on cards and may be referred to by students. It is probably best not to 

include any questions that might be embarrassing to students such as weight, waist size, 

income of parents, etc. These types of items can best be handled in situations where 

the raw data is not identified with a particular student. A sample data sheet is shown 

below with a list of non-embarrassing questions that might be asked. 

CD ® ® 
BAY 

OLIVIA PINK. 
Cl'T"< 

NEWTOl\l · JOHN PAN,HER 
ROLLERS 

1) Who is your favorite musical group? 

2) Who is your favorite individual 

singer? 

® ® @ 3) Who is your favorite cartoon 

character? 
BROWN BLUE CAT 

4) What is the color of your eyes? 

5) What is your favorite color? 

(J) @ ® 
6) What kind of pet do you have? 

WELCOME 
7) What is your favorite school subject? 

MATH 
BACK., 

PIZZA 8) What is your favorite TV program? 
K.OiTER 9) What is your favorite food to eat? 

Questions with numerical answers (How many sisters and brothers do you have?) or 

questions with a yes/no answer (Are you left-handed?) could be substituted for any of 

these. The data sheet could be used to provide data for several activities in the 

GRAPHS section. See Sisters and Brothers and My Favorite Color. 

This idea could be used as an introduction to methods for collecting data: 

experiments, interviews, questionnaires, source documents, etc. You could also talk 

about firsthand data gathered by the individual or secondhand data collected from 

another person. Secondhand data can sometimes be obtained from written records like 

health records, birth certificates, driver's licenses, etc. 
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I. Read or paraphrase this situation for your students: Dunn School is located 
on a busy street. One class decided to gather data on the traffic. They 
wanted to convince the city council that a traffic signal was needed. A 
student said, "One of us could count the cars going by in one day." Other 
students in the class made some suggestions. Let's see which suggestions 
you think are good ones and why. 

II. Put these sentences on a transparency and discuss them one at a time. Students 
need to see that statistical data can be used to help make decisions. This 
activity brings out that deciding what data to collect is difficult and important. 
Students may suggest additional ideas to consider. 

l, MORE THAN ONE PERSON SHOULD COUNT, 
2, THE SPEEDS COULD BE CHECKED, 
3, ~E SHOULD COUNT ON MORE THAN ONE DAY, 
4, WE SHOULD COUNT DURING SCHOOL HOURS, 
5, WE COULD COUNT ON SATURDAY AND SUNDAY, 
6, LET'S COUNT PEOPLE CROSSING THE STREET, 
7, ~LET'S COUNT PEOPLE IN THE CARS, 
3, WE DON'T NEED TO COUNT SMALL CARS LIKE VOLKSWAGENS AND HONDAS, 
9, WE SHOULD START COUNTING AT 3:0J, 

lJ, WE SHOULD COUNT TRAFFIC ONLY IN ONE DIRECTION, 
11, ~E COULD COUNT FOR A MONTH, 
12, WE SHOULD COUNT ON SUi~NY DAYS AND RAINY DAYS, 
13, WE SHOULD COUNT TRUCKS AND BIKES SEPARATELY, 
14, UE SHOULD HAVE A TRIAL RUN, 
15, A FORM SHOULD BE MADE FOR RECORDING, 

IDEA FROM : V. T. Thayer, Mathematics in General Education: A Report of the Committee on the Function of 
Mathematics in General Education for the Commission on Secondary School Curriculum,© 1940, 
p. 407 . Reprinted by permission of Prentice-Hall, Inc., Englewood Cliffs, New Jersey. 
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Some items on questionnaires or interviews ask for facts. Some ask 
for opinions. The questionnaire below is designed to obtain facts about 
adult smoking habits. 

Smoking Experience Questionnaire Date ____ _ 
Name _________ Age __ Sex __ 

City County State 

Please draw a line from the age you started smoking 
to your present age or to the age you stopped smoking. 
Vary the height of your line according to how many 
packs of cigarettes you smoked per day. 

>, 

"' 0 

3 

': 2 
O> 
-"' a. 
Q) 
O> 

"' 

I 

I 
a:; 
> 0 
<t 10 

Cigarette smoking 

15 20 25 30 35 40 
Years of Age 

At what age did you begin smoking cigarettes? __ _ 
How many packages do you now smoke per day? _ 
How long a cigarette butt do you usually leave? 

.3f' lf' lf' lf' _ 4 o c1g. _ 2 o c1g. _ 3 o c1g. _ 4 o c1g. 
At what age did you quit smoking cigarettes (if you 
have)?-- .-

Pipe or cigar smoking (show which by circling one) 

"' 30 
2~ 
~e 20 a: t'.? 
Q) "' 
O>.~ 10 
~(.) 
Q) "" 

~ 0 
0 

I 

10 15 20 25 30 35 40 
Years of Age 

At what age did you begin smoking a pipe or cigar? __ 
How many cigars or pipefuls do you now smoke per day? 

How much do you now inhale? 
_ Not at all _ Slightly _ Moderately _ Deeply 
At what age did you quit smoking a pipe or cigar (if 
you have)? __ _ 
If you have smoked only once in a while, please check 
here . __ _ 

45 

45 

1. Study the questionnaire. 

2. What are some advantages 
and disadvantages of not 
asking people to put tlieir 
names on questionnaires? 

3. Put an X to show 

4. 

5. 

a. a 20-year old who smokes 
one pack of cigare~tes 
per day. 

b. a 42-year old who smokes 
6 cigars per day. 

Smoker A checked "moderately" 
as the answer to "How much do 
you now inhale?". Smoker B 
checked "sl.ightly". Is it 
possibl.e Smoker A inhales 
less than Smoker B? Explain. 

Mister Chas never smoked. 
Write a question to ask for 
this data. 

Charts from Well-Being, Intermediate Science Curriculum Study, pp. 115-118. 

Permission to use granted by Silver Burdett Company and Florida State University 
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qu~~TIDNN~IR~ 

( cm.rn "-l\JE.D) 

This portion of the questionnaire is designed to obtain opinions 
about adult smoking habits. 

Neither 6. On this portion Smoker D 
Strongly Mildly agree nor Mildly Strongly answered "strongly disagree" 

agree agree disagree disagree disagree for each statement. Were 
the answers truthful? 

A Smoking 
costs more 
than the • • • D D 
pleasure 
is worth. 

B. When l have 7. Show how you feel about the 
children, I statements. Check the box 
hope that [] D D [] D that best describes your 
they never feeling about each of the 
smoke. five statements. 

C. There is 
nothing 

1.J [] [J [ ] D 
wrong with 
smoking. 

D. Smoking 8. A scale using the numbers 
is a dirty D LJ ['J [] I 7 1 - 5 could be used in place -~_J 

habit. of the five boxes for each 

E. There is 
statement. 

nothing 
STROt-.lGLY STRO!uGLY wrong with 

smoking as AGR.£E. 

long as a D [] [J [] [J t 2 
person 
doesn't 
smoke ton 
much. Use the 

answer 

Charts from Well-Being, Intermediate Science Curriculum Study, pp. 115-118. 

Permission to use granted by Silver Burdett Company and Florida State University 

Dl'oAGREE 

3 4 5 

scale above to 
Statement A. 



THAT5ABDOD 
QUESf10N 

Good questions for questionnaires do cot show biases or try to influence the person 

answering. Choose the better questiou in each pair below. 

2.<a) 
b) 

4.<a) 
b) 

5.<a) 
b) 

a) 6.< 
b) 

7.( 
b) 

8.( 
b) 

a) 

9< 
b) 

Should inexperienced kids of 18 be allowed to vote? (Connect F to E) 

Should the voting age be lowered to 18? (Connect F to D) 

Do you think girls are less athletic than boys? (Connect K to L) 
(Connect Do you agree with most people that girls are less athletic than boys? 

K to G) 

Should kids be allowed to ride bikes on sidewalks? (Connect N to I) 

Should kids be allowed to endanger others by riding bikes on sidewalks? 
(Connect 
N to J) 

Do you like the wonderful Hi Jinks Band? (Connect 0 to J) 

Do you think the Hi Jinks Band is good? (Connect Oto N) 

Are you a member of a large family? (Connect J to H) 

How many brothers and sisters do you have? (Connect I to G) 

Because of the increasing amount of tooth decay, do you think teenagers consume 
too much sugar? (Connect B to C) 

Do you think teenagers get too much sugar in their diets? (Connect A to B) 

Should your city's water 
supply be fluoridated? 

(Connect D to I) 

Should your city's water 
be supplied with the dan
gerous chemical fluoride? 

(Connect I to E) 

Do you think, as the Surgeon 
General does, that smoking 
is hazardous to your health? 

(Connect H to C) 

Do you think smoking can be 
hazardous to your health? 

(Connect B to G) 

Should the United States ne
gotiate with Panama concern
ing rights and obligations 
in the Panama Canal Zone? 

(Connect L to G) 

Should the United States bow 
to the threats of Panama and 
yield our rights in the 
Canal Zone? (Connect M to L) 

~A 

B• 

c• 

D • 
eE 

eF 

~ 

~ 
I( 

• •L 
G 

el-I 

•M 
• 1. ."1 

•J 
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Are the answers to these questions fact (F) or opinion (O)? 
For each exercise, put the appropriate answer in the blanks below. 

1. What is your name? < If F, put e in blank 7. 
If O, put i in blank 2. 

2. Is the Democratic Party's approach to 
urban problems better than the approach 
of the Republican Party? 

<If F, putt in blank 1. 
If 0, put o in blank 2. 

3. What is the best subject in school? 

4. What is your monthly income? <If 
If 

5. What is your address? <If F, put 
If O, put 

6. 

7. 

8. 

How much allowance should a 12-year 
old get each week? 

Is spanking an acceptable form of 
punishment? 

Should the legal age for purchasing 
liquor be 18 years? 

<If F, put b in blank 8. 
If o, put e in blank 11. 

F, put din blank 15. 
o, put u in blank 11. 

s in blank 5. 
s in blank 10. 

<If F, put 0 in blank 4. 
If O, put e in blank 14. 

<If F, put d in blank 6. 
If O, put b in blank 6. 

<If F, 
If O, 

put r in blank 14. 
put u in blank 10. 

9. What is your present telephone number? <If 
If 

F, put 
O, put 

e in blank 4. 
din blank 15. 

10. 

11. 

Is your sex female or male? <If F, 
If O, 

Who is the best musical group? <If 
If 

put e in blank 
put min blank 

12. 
3. 

F, put o in blank 7. 
O, put 1 in blank 1. 

12. What is your age in years and months? < If F, puts in blank 8. 
If O, put i in blank 9. 

13. Should there be a traffic light at 
<If F, put in blank 5. 

the intersection of 5th Avenue and 
n 

Main Street? 
If 0, put V in blank 3. 

14. How many brothers and sisters do you have? /If F, put q in blank 
"-If o, put r in blank 

WI-IAT DID StJOW WI-\ITE DISCOVER ABOUT PRII\JCE CHARMIN ? 

HE TO 
1 2 3 4 5 G 7 8 9 10 11 12 1'3 15 
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Vague words do not have definite meanings. Avoid using vague words 

whenever possible. Circle the words below that are vague. Connect the 

dots next to the vague words. Do it in alphabetical order. What 

geometric solid do you see? ' 

TWO 

MUCI-\ 

• 
"-IO~E 

EASY 

MA~Y 

O~TEl-.l e 

• l.JEVE.R. 

FAIR 

• 

SEVERAL 

SELOOM 

POOR 

e HALF 

U'5UALLY 

TRIPLE e 

SOME.TIMES 

• TWICE: 
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Gallup, Roper, Neilson, Associated Press, United Press International -- all these 
organizations gather information by taking surveys. These surveys solicit facts and 
opinions on a wide range of topics. 

An interview asking questions of people face-to-face is one type of survey. 
There are advantages and disadvantages to conducting an interview. Ask students to 
state reasons, both for or against conducting an interview. The following advantages 
and disadvantages can be brought out in a class discussion. 

Advantages of an interview: 

1) Sometimes people will talk more than 
they will write. 

2) Movements, looks, or tone of voice 
may give other clues about what people 
really think. 

3) In an interview, better data can be 
gathered by asking the respondent to 
make a point clear or to give more 
information. 

Disadvantages of an interview: 

1) An interviewer usually talks to only 
one person at a time, so many interviews 
are necessary to obtain much information. 

2) If the results of several interviews ere 
to be compared, the interviews must be as 
much alike as possible. Therefore, an 
interviewer should be highly trained and experienced. 

3) The interview method can be very costly and time consuming. 

Interviews are sometimes done over the telephone. This method 
may not give good information because people resent their telephones 
being used for this purpose and are reluctant to answer anything 
more than simple questions. Advantages of the telephone survey 
are that it is fast and costs less than the face-to-face interview. 



A second type of survey used to obtain information is the written questionnaire. 
These are usually mailed to people. The people are asked to respond to the 
questions and then to mail back the answers. Like the interview method, the 
use of a questionnaire has both advantages and disadvantages. A class discussion 
can bring out these points. 

Advantages of a questionnaire: 

1) A questionnaire can reach more people than an interviewer can visit in person. 

2) Using a questionnaire can save time. 

3) Using a questionnaire is usually less expensive than interviewing people. 

Disadvantages of a questionnaire: 

1) The responses people write will 
not be as complete as those given 
to an interviewer. 

2) Many mailed questionnaires are 
not returned so the information 
gathered is not as complete. 

3) There is no way to immediately 
check on the responses that are 
given. 

The following questions could be posed for 
further student discussion: 

1) Which of the advantages (dis
advantages) is most important? 

2) When conducting an interview, 
would it be better to read the 
prepared questions or to 
memorize the questions? 

3) Some people like to know that what they say is important enough to 
write down. Others get upset when they see an interviewer taking 
notes. Which is better: remembering the answers or writing them 
down? Do you think a tape recorder would help? 

4) What percent of the written questionnaires do you think should be 
returned in order for the survey to be successful? 

5) Which method, the interview or the written questionnaire, do you 
think would provide the most honest and frank answers? 

6) Is the time of day an interview is conducted important? 
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G£Tr[NG 1QIKNOW 
YO(J~ ALMA,vAC~ 

Almanacs are good sources of statistical information, but many students 
have had little or no experience in using them. This activity provides an 
opportunity for students to become more familiar with these sources. Can You 
Guesstimate and Information Please also use almanacs. 

I. Gather as many almanacs or other statistical source books as you can. 
Use each almanac to make a list of four or five statements like those 
suggested below. Some statements are true. Others are false. Divide 
the class into small groups with one almanac and one set of statements 
based on that almanac. 

II. Tell students that many statements are made by people in everyday conver
sation, on T.V. and in newspapers. Often it is hard to know if a state
ment is true or not. One way to check is by using an almanac, Ask stu
dents to find and write down information from the almanac to show that 
each statement is either true or false. The almanacs and statement lists 
could be rotated so each group has a chance to use each different type of 
almanac. 

Suggested Statements: 
(Some information in almanacs changes each year so the statements below 

might not be accurate for the year of almanac you have available.) 

Information Please Almanac 
a) The Baseball Writers Association chose Yogi Berra more often than 

any other individual as the most valuable player of the year. 
b) It is less than 2,000 miles from Chicago to San Francisco by airplane. 
c) More people were killed in the 1906 San Francisco earthquake than in 

any other earthquake in world history. 

Guinness Book of World Records 
a) Pepsi-Cola is the world's top selling soft drink. 
b) The largest pyramid in the world is in Mexico. 
c) The largest eggs in the world are from whale-sharks. 

The World Almanac 
a) Fewer inches of rain and snow fall in Portland, Oregon than in Jacksonville, 

Florida in an average year. 
b) Georgia has more nuclear power reactors than any other state. 
c) The per capita income (average income per person) in North Dakota is 

less than the per capita income in New Jersey. 

U.S. Fact Book (The facts below are harder to find. A section from the 
table of contents is suggested for each.) 
a) In 1970, there were more American Indians in Arizona than in any other 

state. (See Population: race) 
b) There were almost 8,000 fewer prisoners in California jails in 1971 

than in 1970. (See Law Enforcement: prisoners) 
c) The lumber industry produces more cedar for consumption than any other 

softwood. (See Forests and Forest Products: lumber production) 



1) 

2) 

3) 

4) 

5) 

6) 

7) 

8) 

9) 

10) 

11) 

12) 

13) 

14) 

15) 

I In the table write an estimate 

for each of the records. 

II Use the Guinness Book of World 

Records to check your estimates. 

Record 

Longest time for continuous balancing on one 

The length of the longest recorded fingernail 

The greatest number of years lived by a cat 

The cost of the most expensive car 

Height of the tallest monument 

The greatest speed attained by a dog 

Most expensive pair of shoes 

Diameter of the largest ball of string 

Number of words in the world's longest poem 

Wing span of the largest butterfly 

The greatest amount of snowfall in 24 hours 

Value in dollars of the most valuable stamp 

The fastest speed attained by a race car 

The height of the tallest woman 

The length of the longest whale 

Estimate Actual 

foot hr. 

in. 

yr. 

$ 

ft. 

mph 

$ 

ft. 

in. 

in. 

$ 

mph 

ft. in. 

ft. 
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Use an Information Please Almanac to answer these questions. 

What year is your almanac? 

I. From the section on Sports 

1. What is the highest attendance 

record for a professional 

double-header baseball game? 

people at 

stadium. 

2. What were the most points scored by a player 

in a major college football game? 

points by 

3. Who won the NCAA basketball championships in 1939? 

4. What country has most often won the World Soccer Cup? 

5. Who holds the world record for the 

a) Men's 800 m run , with a time of 

b) Women's 1500 m run , with a time of ------------ ---

II. From the section on Aviation 

1. Who was the first licensed 

woman pilot? 

in year 

2. Who made the first round 

the world non-stop flight? 

in year 

3. What is the speed record 

for airplanes? 

by 

4. What is the altitude record 

for helicopters? 

by 

5. What is the maximum speed of a commercial U.S. jet? 

by ___________ (type of plane). 
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III. From the section on Disasters 

1. How many casualties resulted from the 

1939 flood in China? 

2. How many people were left homeless by 

the 1972 storm Agnes? 

3. When did the Andrea Doria shipwreck 

take place? 

4. How many people survived the 1972 Eastern Airlines crash? 

5. What railroad train accident killed the greatest number of 

people? 

IV. From the section on Economy, American 

1. How many of these types of cars were made 

last year? 

a. Ford c. Plymouth 

b. Chevrolet d. AMC 

2. How many American homes have these electrical appliances? 

a. colored TV sets _____ c. refrigerators 

b. air conditioners _____ d. electric blankets 

3. How many people were employed in these occupations? 

a. Telephone operators d. Physician 

b. Librarian e. Meat cutter 

c. Carpenters f. Nurses, Registered 

4. What was the farm income received for these products? 

a. vegetables c. dairy products 

b. meat d. tobacco 

5. Which individual labor union had the largest number of members 

last year? 
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Suppose there are 223,965,836 citizens 

of the United States alive. This is a com-

plicated number with several digits. It 

is hard to remember. So we usually say 

The population of the U.S. is 

about 224,000,000 or 224 million. 

This is an example of rounding. 

Also the population of the U.S. 

changes every minute. So we are usually 

only interested in a close approximation. 

... . ...... ,·: ,· ,' .·: ·...... . ..... ' 

··:.·. :,· · .. ·. ·, ......... · ... ·. ·. .·.· .· :_ · .. >·.· :._ :._ .·· .': . ' .. ·' ..... : · .. · .. ' 
. : . . . . . : ... 

I. Fill in the blanks. Round 223,965,836 to the nearest 

ten 

hundred 

thousand 

ten thousand 

hundred thousand 

million 

ten million 

hundred million 



II. When to Round 

There are times when numbers should not be rounded. If your 

grocery bill is $22.68, it is not wise to pay $23 for the groceries. 

If the bill is $22.24, the clerk will not accept $22. 

Is it reasonable to round numbers in these situations? 

yes no 

l. Report of the number of people in your state 

2. The number of people invited to supper 

3. A runner's time in a track meet 

4. The height of a mountain 

5. The altitude of an airplane 

6. A builder's measurement in constructing a house 

III. Where to Round 

You must decide where to round numbers. You could say there are 

732 or 730 or 700 students in your school. It depends on how ac

curate you want to be. 

Decide on a good way to round these numbers. 

1. There are 168,218,763 acres of federally owned land in Texas. 

2. Indiana exported $1,349,233,561 of goods in 1972. 

3. In 1974 there were 34,253 million barrels of petroleum reserves. 

4. Between 1960 and 1970, San Diego had a population increase of 

169,259. 

5. It cost $652,747,359 to build one N.Y. World Trade Center 

Building. 

6. People have bought 301,238,462 copies of Elvis Presley's records. 
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DIFFERENT SOURCES OFTEN GIVE DIFFERENT DATA, LOOK UP EACH OF THESE 
TOPICS IN TWO DIFFERENT SOURCES, EXPLAIN WHY THE DATA IS DIFFERENT OR 
THE SAME, 

l, ESTIMATED WORLD POPULATION 
SOURCE: 

SOURCE: 

EXPLAIN: 

_________ POPULATION: 

_________ POPULATION: 

2, HEIGHT OF MT, MCKINLEY 

SOURCE: _______ HEIGHT: ____ _ 

SOURCE: _______ HEIGHT: ____ _ 

EXPLAIN: 

3, NUMBER OF PEOPLE KILLED IN 1964 ALASKA EARTHQUAKE. 

SOURCE: 

SOURCE: 

EXPLAIN: 

412 

_______ NUMBER: 

_______ NUMBE~: 



(CO\\IT\tuUED) 

4, ESTIMATED NUMBER OF CHRISTIAN PEOPLE IN THE WORLD 

SOURCE: 

SOURCE: 

EXPLAIN: 

__________ NUMBER: 

__________ NUMBER: 

5, NUMBER OF TEACHERS IN PUBLIC SCHOOLS 

SOURCE: 

SOURCE: 

________ NUMBER: 

________ NUMBER: 

EXPLAIN: 

6, AREA OF THE ISLANDS OF NEW GUINEA 

SOURCE: 

SOURCE: 

EXPLAIN: 

________ AREA: 

________ AREA: 
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1. 

2. The most popular subject in 

your school. 

A poll of the school band 

A poll of the whole school 

6. The unemployment in your city. 

A labor union 

The unemployment office 

7. The amount of pollution caused 

by cars. 

Environmental Protection Agency 

Auto Maker ~;f,;,~i(j'.( -----------------+-----------------
3. The effect bottle deposits have 

on litter. 

Cola Bottling Co. 

State Highway Department 

4. The health aspects of fluori-

dated water. 

A citizen's group against 

fluoridation 

The city health department 

5. Pros and cons of setting the 

legal drinking age at 18. 
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A poll of 16 to 18 year olds 

A poll of parents 

8. The effects of burning fields on 

air quality. 

A poll of people with asthma 

An organization of farmers 

9. The health aspects of 

cigarette smoking. 

The Surgeon General 

A tobacco company 

10. The amount of accidents caused 

by drivers under 18. 

Accident reports compiled by 

government agency 

Opinions expressed by teenagers 



There are many reference books which are collections of data, tables and graphs. A 

selected list of these books is given below along with a summary of the information in · 

each reference. Additional sources are listed in the bibliography. 

The Associated Press. THE OFFICIAL ASSOCIATED PRESS SPORTS ALMANAC. $2. 25 paper. 

This comprehensive almanac gives a brief description of many sports. Pictures and 
information about outstanding people in each sport are also included. Records, 
record holders and winners are given in easy-to-read tables. Besides the major 
sports like baseball and football, this book includes marbles, handball, bicycle 
racing, ice boating, cat shows, sled-dog racing, and many more. 

Consumers Union of the United States. CONSUMER REPORTS, THE 19?6 BUYING GUIDE ISSUE. 
$1. 95 paper. 

Strengths and weaknesses of items on sale for U.S. families are described. There 
are numerous tables and descriptive information, including prices. 

Dan Golen Paul Associates. INFORMATION PLEASE ALMANAC. $2. 95 paper. 

Numerical data and descriptive text are combined in this almanac. There are writ
ten sections on how a president is elected, major events occurring on each day of 
the year, the defense system, the United Nations, world history, great disasters, 
astronomy, the space age, the Constitution, the presidents of the U.S., Nobel prize 
winners, celebrated persons, sports and so forth. Statistical tables accompany each 
of these topics. 

McWhirter, Norris and McWhirter, Ross. GUINNESS BOOK OF WORLD RECORDS. $1.75 paper. 

This is an easy-to-read book giving rec011ds on what is the highest, lowest, big
gest, smallest, fastest, slowest, oldest, newest, loudest, greatest, hottest, cold
est, strongest in the world. Many pictures are included. Students generally find 
this book fascinating. 

G. & C. Merriam Company. WEBSTER"S NEW COLLEGIATE DICTIONARY. Springfield, Massachu
setts. $10.95 hardback. 

The biographical section lists several thousand people, their birthdates and facts 
about their lives. The geographical section lists several thousand places with sta
tistics such as area, length, height, population, etc. 

Newspaper Enterprise Association. THE WORLD ALMANAC AND BOOK OF FACTS. $2.75 paper. 

Along with a large section of statistics about the United States, this comprehen
sive almanac has information on mountains, bridges, cities, disasters, ... of the 
world. Sections are included on sports, memorable dates, laws and documents, the 
national park system, the states and cities of the U.S. and the nations of the world. 

415 



ALMANACS 
AND OTHER SOURCES 

OF DATA 
(PAGE 2) 

Reader's Digest Association, Inc. READERrs DIGEST 19?6 ALMANAC AND YEARBOOK.$4.95 
hardback. 

This is a comprehensive, illustrated source book that summarizes the major events 
of the previous year. Events from earlier years are also referenced. Numerical 
data and descriptive text are presented for many topics such as accidents and di
sas ter s, books, climate and weather, crime, history, language, medicine and health, 
religion and sports. 

Rosenbloom, Joseph. CONSUMER COMPLAINT GUIDE 19??. Collier Macmillan Publishers. 
$4.95 paper. 

This book provides information for buyers on schemes that cheat consumers and de
scribes la:uJs that are intended to protect consumers. Extensive lists of agencies 
and organizations are included for those who wish to register a complaint or write 
for more information. 

Showers, Victor. THE WORLD IN FIGURES. $14.95 hardback. 

Numerous tables of geographic and population data from around the world are in
cluded. There is also information on railroads, canals, dams, etc. 

United Nations. WORLD STATISTICS IN BRIEF. New York, New York. $3.95 paper. 

This book is a compact, easy-to-read collection of important statistics for vari
ous countries. The first part of the book contains data on the population, agricul
ture, mining, manufacturing, consumption, corronunications, trade, transportation, 
education and culture for the world as a whole, selected regions of the world and 
major countries. The second part presents statistics on many of these categories 
for each of the 139 countries. 

U.S. Bureau of the Census. HISTORICAL STATISTICS OF THE UNITED STATES, COLONIAL TIMES 
TO 19?0, BICENTENNIAL EDITION. Washington, D.C. $26.00 hardback. 

This comprehensive two volume set of statistics and references is an update of 
two previous editions. Among the thirteen topics listed in the first volume are 
population, labor, agriculture and minerals . Energy, business enterprise and 
government are three of thirteen topics in the second volume. 

U.S. Bur ea u of the Census. POCKET DATA BOOK. (For sale by Superintendent of Documents, 
U.S. Government Printing Qffice, Washington, D.C. 20402 or any U.S. Department of 
Commerce Field Office.) $2.80 paper. 
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This book is a small, easy-to-read collection of tables and graphs about the 
United States. The hook contains in forma tion on topics like population, government, 
prices, law enforcement, education, communication, and national defense. This hook 
is less overuhelming and easier to use than the larger, more comprehensive almanacs. 



ALMANACS 
AND OTHER SOURCES 

OF DATA 
(PAGE 3) 

U.S. Bureau of the Census. STATISTICAL ABSTRACT OF THE UNITED STATES. Washington, D.C. 
(Also published as THE U.S. FACT BOOK by Grosset and Dunlop, $3.95 paper.) 

This annual publication is the standard swnmary of statistics on the social, poli
tical, and economic organization of the United States. It is used as a reference 
and guide for many other statistical publications. The abstract is very comprehen
sive giving data on such specific topics as the school lunch program, charac teris 
tics of blind persons, credit card use, magazine advertising, fuel consumpti on, 
prices received by fishermen, automobile Ou)nership, and volume of mail by classes. 
Many irrrportant primary sources of statistical information are referenced by subject 
area in an appendix. 

Wallenchinsky, David and Wallace, Irving. THE PEOPLE'S ALMANAC. $8.00 paper. 

This huge collection of articles, facts and trivia claims to be the first reJer 
ence book ever prepared to be read for pleasure. It contains no tables or graphs, 
but teachers and students alike might find it a fascinating source of facts and in
formation. Here are a few facts you can learn from this book: Harvey Kennedy in
vented the shoelace and made $2.5 million on his patent. Adolf Hitler owned 8,960 
acres of land in Colorado. Mount Everest is 29,000 feet high. Surveyors worried 
that the public might consider this an estimate to the nearest 1000' so they falsely 
reported the height as 29,002 fe et . 
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ORGANIZATION 

Placement Guide for Tabbed Dividers 

Tab Label Follows page: 

CONTENT FOR TEACHERS .............. . ........... ..... 14 
Gathering Data ... .... .. .............. ... ................ 18 
Tables .................................................. 28 
Graphs ......................... ... ..................... 48 
Scatter Diagrams ........................................ 68 
Mean, Median, Mode .......... .. .............. .. ...... . 82 
Range & Deviation .............................. . ...... 102 
Sampling .............................................. 130 
Experimental Probability ................................ 148 
Probability with Models ................................. 158 
Counting Techniques ....... ... ......................... 180 
Probability with Counting .................. ......... .... 198 
Inferential Statistics ......... ... .. .. ......... ... ......... 212 
Appendix-Computer Programs ....................... ... 242 
DIDACTICS ... ... ......................... .. ........... 258 
Components of Instruction .............................. 258 
Classroom Management ................................ 294 
Statistics and Probability Learning ..... .......... ......... 310 
TEACHING EMPHASES .................................. 322 
Critical Thinking ....................................... 322 
Decision Making .................. .... ................. 332 
Problem Solving ........................................ 340 
Models and Simulations ................................. 352 
Calculators and Computers .............................. 362 
Laboratory Approaches ................ . ........ ..... ... 372 
CLASSROOM MATERIALS ....................... ... .... 386 
CONCEPTS AND SKILLS ............................. ... 386 
Gathering Data ... ...................................... 386 
Tables ................................................. 418 
Graphs ................................................ 434 
Scatter Diagrams ......................... ..... ......... 478 
Misleading Statistics ................................... .496 
Mean, Median, Mode .................................. 512 
Range & Deviation ..................................... 540 
Sampling .... .... ..................................... . 570 
Experimental Probability ................................ 604 
Probability with Models ................................. 634 
Counting Techniques ... ....... ........ ... ............. . 692 
APPLICATIONS ....... .. ............. ......... ......... 728 
Business & Commerce ............................. .. .. . 728 
Environment .... ... .. .............. .. .................. 744 
Health & Medicine ..................................... 772 
People & Culture ....................................... 794 
Recreation ....................... ... ................... 838 
GLOSSARY ............................................ 858 
ANNOTATED BIBLIOGRAPHY ........................... 862 
SELECTED ANSWERS .................................... 880 



C01'1rlfTS 
Commentary to TABLES (420-423) 

TITLE PAGE 

Arrests by Type of Offense 424 

Weather and Water 
Conditions 

Studying Some Sports 

What's in a Name? 

The Lexicochronographer 

How Much Are You Worth? 

Let's Pool the Data 

Branching Out 

An Age Old Problem 

Cars for Sale 

425 

426 

427 

428 

429 

430 

431 

432 

433 

TOPIC 

Re11ding a table 

TYPE 

Transparency 
Discussion 

Reading and interpreting Worksheet 
a table 

Reading a table Worksheet 

Making a frequency table Activity card 
Worksheet 

Using frequency tables to Worksheet 
analyze written 
materials 

Making a frequency table Teacher directed 
activity 

Making a table Worksheet 

Introducing stem-and-leaf Teacher directed 
displays activity 

Making a stem-and-leaf Worksheet 
display 

Making a stem-and-leaf Worksheet 
display 
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TRILE!i 
Tables are used in magazines, newspapers, advertisements, almanacs, cookbooks 

and other written material to organize data so it is easier to understand. Students 

must be able to read the tables which accompany newspaper and magazine articles if 

they are to fully understand the article. To make sense out of data that students 

collect, they need to know how to organize the data into tables. 

READING TABLES 

Arrests, by Type of Offense 

Based on reports representing 90 million o! total 1971 population. X Nol applicable. 

Percent under Percent 
Arrests (1,000) 18 years old female 

-----

To help your students learn to 

read tables, you could enlarge an 

almanac table like that shown to the 

right for a transparency and ask 

questions like these: 
Offenses charged 1960 1970 1971 1960\ 1970 1971 1960 1971 

• What does the circled number mean? 

(Students can use the row and 

column headings to determine that 

in 1971, 24.1% of the people 

arrested were under 18.) 

• How many people were arrested for 

robbery in 1970? 

(You might have to remind them 

that the numbers are given to the 

nearest thousand so the answer is 

74,000.) 

• Find an offense showing fewer 

arrests in 1970 than in 1960. 

Total_ _____________ 3,307 4,644 4,439 14. 4 

Serious offenses ______ 463 920 913 41. 9 
Criminal homicide ________ 7 12 13 7.6 
Forcible rape ____ 7 11 11 17. 4 
Robbery _________________ 33 74 80 24. 4 
Aggravated assault.. ______ 55 93 94 11.7 
Burglary, breaking or 

entering _____ 115 200 200 46. 3 
Larceny, theft _________ 193 432 424 47. 7 
Auto theft__ _____ 54 97 93 60. 5 

Other offenses ________ 2,845 3,723 3,527 9. 9 
Drunkenness _____________ 1,213 1,097 978 1.0 
Disorderly conduct_ _______ 394 437 426 11.8 
Assault, other than above._ 118 209 196 10. 7 
Driving whi!e intoxicated ___ 136 281 292 . 8 
Liquor laws ___ . 79 137 125 20. 5 
Vagrancy _____ 133 82 58 5. 7 
Narcotic drug laws ________ 31 266 272 0. 2 
All other (except traffic) ___ 740 1,?14 I, 180 24. 9 

Source: U.S. Federal Bureau of Investigation. 

Table from Pocket Data Book 
table 136, page 122. 

23. 8 8 11 

45. 0 43. 9 11 
8. 3 11.0 14 

18. 2 21.1 X 
35.1 33.0 6 
17. 2 17. 8 15 

51. 0 49. 1 3 
50. 2 49. 3 17 
54. 6 50. 8 4 

18. 6 19. 3 11 
2.6 2. 9 8 

19. 9 20. 3 13 
17. 7 18. 9 10 
1.1 1.1 6 

32.1 33. 0 15 
11. 0 11. 3 8 
20. 7 19. 9 16 
35. 3 34. 7 16 

USA 1973, 

(The skill of skimming a table quickly is one we might take for granted, but it 

might be hard for many students to pick out "vagrancy" or "drunkenness.") 

15 

17 
15 
X 

6 
14 

5 
28 
6 

14 
7 

15 
14 
7 

14 
26 
16 
21 

• Are there any trends in the percent of arrests for those under 18 or for females? 

(It looks like females and persons under 18 are becoming a larger percent of 

those arrested. Of course, data for only two or three different years is not 

conclusive "proof." More recent data might give more or less support to that 

conclusion.) 

• What is the source of this data? 

(The table was printed in Pocket Data Book USA 1973 but the source of the data 

is the U.S. Federal Bureau of Investigation. The data from two different 



COMMENTARY TABLES 

sources might not agree because of the method of collecting it. One should also 

check the source to see if the data might be biased. More classroom ideas on 

biases are given in the MISLEADING STATISTICS section.) 

The activities Weather a:nd Water Conditions and Studying Some Sports can be 

used to help students learn to read tables. These activities explain that some num

bers in tables can be read as they are, others must be related to a certain unit 

like thousands of people or millions of dollars. You could provide other tables 

suitable for fifth or sixth graders who have not had percents. There are more table 

reading activities in APPLICATIONS. To find these activities, check each section's 

Table of Contents. For more background in reading tables, see Tables in the CONTENT 

FOR TEACHERS section. 

MAKING TABLES 
The tables students make will generally be simpler than those found in almanacs 

or magazines. This does not mean it is easier to make tables than to read them. To 

make tables, students will need skills in tallying, in determining interval size, 

and in labeling and organizing data. 

Making a tally should not be diffi

cult for most students. They can use the 

conventional tally method that groups by 

fives, or they could learn the tally meth

od shown to the right that groups by tens. 

An example of a clever method for tally

-ing--the stem-and-leaf display-- is shown 

to the lower right. This method is de

scribed in more detail on pages 6-7 in 

Tables of the CONTENT FOR TEACHERS section 

and in the activities Branching Out, An 

Age Old Problem, and Cars for Sale. 

Most of the activities in this sec

tion give the row or column headings and 

intervals for the tables; however, there 

will be times when students will need to 

decide on table headings and the size of 

intervals. You could adapt I t's An 

1. 2 3 4 5 G 

11 111 1111 J-lft Ml 

1 2 '3 4 5 G 

7 
7 8 9 10 11 12 

~ • [21 ~ ~-~·· 

G1, 59, '-r-7, 53, GS 1 72, 59, 
42., 5G, G.4 

\+':~ L~F 

7, 2-

5 9,3,9,G 

G 1,5,2+ 
"1 '2. 
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Emergency, Activity I in the GRAPHS section to give students some practice in choos

ing categories. Let's Pool the Data provides practice in making a table for given 

categories and age groupings. In Cars for Sale, students choose interval sizes for 

a stem-and-leaf display. 

When organizing a table, students 

might have difficulties just keeping 

the information in straight rows or 

columns. You can encourage students 

to use the lines on their paper for 

straight rows and to draw vertical 

lines to keep the columns straight. 

Another way for students to "keep 

things straight" is to have them place 

a sheet of grid paper under the paper 

on which the table is to be made. The 

horizontal and vertical lines of the 

BD~ 

JUA~ 

ALc.O'vJAWC£ 
$ BROTH£1<S.f 
2.50 SISTERS 

s. 7S .3 
'2. 

2.00 3 

!SD 

300 
2.25 

/.00 

I 
0 

lf 

z.oo 
/,5'0 

"2. 
C> 
I 

2. 

grid can be used as guidelines. Neatness counts! Students will probably need re-

minders to label the rows, columns and title of tables. A table is meaningless un

less it has labels that describe the data. You might have students try to read each 

other's tables to be certain they are clearly labeled and organized. 

A FINAL NOTE 
You can help students see how very useful tables are by collecting and posting 

tables from magazines or newspapers. The following excerpt about tables is from 

pages 17-18 of Peter H. Selby's book Interpreting Graphs and Tables published by 

John Wiley. You might like to use some of his ideas to explain some of the advan

tages and disadvantages of tables to your students. 

A good table is the product of caI'eful thinking and hard work. It 
is not just a package of figures put into neat compartments and ruled to 
make it Zook more attractive. It contains carefully selected data put 
together with thought and ingenuity to serve a specific purpose. 

Tables are, as mentioned before, the backbone of most statistical 
reports. They provide the basic substance and foundation on which con
clusions can be based. They are consi dered valuable for the following 
reasons: 

• Clarity - they present many items of data in an orderly and 
organized way. 

Interpreting Graphs and Tables. Peter H. Selby. John Wiley and Sons, Inc., 1976. Reprinted by permission of John 
Wiley and Sons, Inc. · 
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• Comprehension - they make it possible to compa:t'e many figUPes 
quickly. 

• Explicitness - they provide actual numbers which document data 
presented in accompanying text and charts. 

• Economy - they save space, and words. 

• Convenience - they offer easy and rapid access to desired items 
of information. 

There are, of course, disadvantages of tables. Some of these in
clude the following: 

• Uninviting - tables often look like difficult reading matter so 
many people ignore them. 

• Undramatic - significant relationships often are hard to find 
and comprehend. 

• Too specific - tabular data, 
tend to make crude estimates 
than they actually are. 

When graphs are studied, you can 

compare the advantages of tables to 

those of graphs. The first page of 

Lifetime Home Runs (in the GRAPHS sec

tion) shows a pictograph of home runs 

for some of the famous players in the 

Major League. The second page has the 

same information in a table. The 

questions below the table ask students 

to compare the two ways of presenting 

data. In some cases, the table is more 

useful than.the graph. In others, the 

graph is better. 

because of their formal appearance, 
and projections seem more precise 

~ 
(cot,JTIIJUED) 

ll--l Wl--!AT WAYS ARE PIC'l"~P'-'S A!JO lA8l£ ~ ALIKI..? ~~Tl.:"£1-JT? 

Lll'"f.TIME HOME. RUIJ'::, BY MA.JOI< LEl"sGUI:. LEADERS 

SABE. RUTH 714 

572 

559 

SOURCE. : ~RLD Al ~ANA(; 

Compare this• table with the pictograph on the previous page. 

5) Is it easier to read the number of home runs from the table or the 

pictograph? __ _ 

6) Is the table or pictograph more eye-catching? 

7) Which gives the exact number of home runs? __ _ 

B) Which would you use to prove that Babe Ruth hit exactly 142 more 

home runs than Frank Robinson? 

9) Which would you use to interest other students in baseball 

records? 

10) If vou were goinq to make a table or a pictograph, which would 

take longer? 

Interpreting Graphs and Tables. Peter H. Selby. John Wiley and Sons, Inc., 1976. Reprinted by permission of John 
Wiley and Sons, Inc. 
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BASED ON REPORTS REPRESENTING 90 MILLION OF TOTAL 1971 POPULATION 
X NOT APP LI CABLE 

PERCENT UNDER PERCENT 
ARRESTS (1,000) 18 YEARS OLD FEMALE 

OFFENSES CHARGED 1960 1970 1971 1960 1970 1971 1960 1971 

TOTAL ' 'I'' I I 'I ' '' 3)307 4)644 4)439 14,4 2318 2411 11 15 

SERIOUS OFFENSES,, 463 920 913 41.9 4510 43,9 11 17 
CRIMINAL HOMICIDE I I 7 12 13 716 8,3 11.0 14 15 
FORCIBLE RAPE I I I II I 7 11 11 17,4 l812 21.1 X X 

ROBBERY I' I I' I I I I''' 33 74 80 2414 351l 33,0 6 6 
AGGRAVATED ASSAULT,, 55 93 94 11. 7 1712 1718 15 14 
BURGLARY} BREAKING 

OR ENTERING ,1, ,, , 115 200 200 46,3 51.0 4911 3 5 
LARCENY} THEFT'' I II 193 432 424 47,7 50,2 49,3 17 28 
AUTO THEFT,,,,' I I I I 54 97 93 60,5 54,6 50,8 4 6 

OTHER OFFENSES I I' 2)845 3)723 3)527 9,9 1816 19.3 11 lll 
DRUNKENNESS 'I I I I I I I L213 1.,097 978 1.0 2.6 2,9 8 7 
DISORDERLY CONDUCT, I 394 437 426 11. 8 1919 2013 13 15 
ASSAULT} OTHER 

THAN ABOVE I Ill II I 118 209 196 10.7 17.7 1819 10 14 
DRIVING WHILE 

INTOXICATED I II' II 136 281 292 .8 1.1 1.1 6 7 
LIQOUR LAWS Ill 1,1 II 79 137 125 2015 32 .1 33,0 15 14 
VAGRANCY I I' I I I' I I I' 133 82 58 5.7 11.0 11. 3 8 26 
NARCOTIC DRUG LAWS,, 31 266 272 512 20.7 19.9 16 16 
ALL OTHER (EXCEPT 

TRAFFIC) I I I I I I I I I 740 1,214 Ll80 24.9 3513 34.7 16 21 

SOURCE: U1S, FEDERAL BUREAU OF INVESTIGATION 
Table from Pocket Data Book USA 1973, p. 122 
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W£ATAteAND 
W~Jre @NOlllON~ 

1) a. How many fatalities (deaths) occurred in non-tidal 
waters? 

2) 

3) 

4) 

b. How many injuries occurred in very rough water conditions? 

c. How many vessels were involved in accidents that occurred 
in strong winds? 

These numbers are on the chart. What does each number show? 
a. ® 

~-------------b. 
c. 
The largest number of vessels involved in accidents occurred when 
a. The water conditions were 
b. The weather was 
c. The wind was 
d. The visibility was 
These statistics seem to imply that the worst time to go 
boating is when the water is calm, the weather is clear, the 
wind is light, and the visibility is good. What do you 
think of this 
conclusion? 

.,, 
z 

<>:O 
w-
1- ~ 
<o 
'"°z 0 

u 

"' w 
I 
I
< 
w 

'"' 

0 
z 

'"' 

>
I-

.J 
ai 

"' > 

WEATHER AND WATER CONDITIONS 

1973 

TOTALS 

Oceans or Gulf of Mexico 
Great Lakes 
Tidal waters 
Non-tidal waters 

Calm 
Choppy 
Rough 
Very rough 
Strong current 
Unknown 

Clear 
Cloudy 
Fog 
Rain 
Snow 
Hazy 
Unknown 

None 
Light 
Moderate 
Strong 
Storm 
Unknown 

Good 
Fair 
Poor 
Unknown 

6738 

408 
306 

1764 
4260 

3778 
1375 

625 
319 
272 
, ,; 0 

5183 
668 

92 
237 

19 
146 
393 

1511 
2692 
1342 

579 
190 
424 

5201 
649 
468 
420 

"' w 
1-
.J 
< 
I
< 
u.. 

"' w 

"' ~ 
z 

1754 1599 

142 
73 

249 
1290 

6'3 2 
24 8 
223 
141 
126 
,RA 

961 
236 

38 
70 

8 
21 

420 

365 
477 
253 
181 

46 
432 

71 
83 

330 
1115 

1061 
315 
114 

39 
42 
7Q 

1333 
140 

25 
38 

3 
23 
37 

375 
810 
277 

78 
23 
.'\6 

990 1290 
207 146 
132 129 
4 2 5 34 

Chart from Boating Statistics 1973, United States Coast Guard 
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Use the table to answer these questions. 

1) What four sports are shown? 

2) How many different years are shown? 

3) Look at the Unit column. What three things are shown? 

a) Find 16741 on the chart. There were 674 college football teams 
in 1950. Find (§17]. What does it mean? 

b) Find (17,65~. The unit is 1000. 17,659,000 people attended 
major league baseball in 1950. Find (30,467). What does it 
mean? 

c) Find 3,800*. The unit is $1000. This means $3,800,000 in re
ceipts. Find 11,847*. What does it mean? 

4) Which year shows the fewest number of professional boxers? 

5) Did attendance always increase in baseball games? 
basketball? _______ football? 

6) Did more people attend college or professional football 
games? 

7) Why are the World Series attendance figures for 1950 and 1970 so 
much smaller? 

Selected Recreational Activities: 1950 to 1973 

Activity Unit 1950 1960 1965 1970 1971 1972 

Baseball, major leagues: 
Attendance 1,000 17,659 20,261 22,806 29,000 29,544 27,330 

Regular season 1,000 17,463 19,911 22,442 28,747 29,193 26,967 
National league 1,000 8,321 10,685 13,581 16,662 17,324 15,529 

. American league 1,000 9,142 9,227 8,861 12,085 11,869 11,438 
World series 1,000 196 350 364 253 351 363 

Basketball, professional, attendance: 
National Basketball Asso c . 1,000 -- 1,986 2,750 5,147 6,195 6,634 
American Basketball Asso c. : 

Regular season 1,000 -- -- -- 1,753 2,230 2,437 
Playoffs 1,000 -- -- -- 213 299 360 

Football: 
College, National Collegiate 

Athletic Association: 
Teams Number 674 620 616 617 618 620 
Attendance 1,000 18,962 20,403 24,683 29,466 30,455 30,829 

Professional, Nat'l Football League: 
Attendance 1,000 2,115 4,153 6,546 9,991 10,560 10,929 

Regular season 1,000 1,978 4,054 6,416 9,533 10,076 10,446 
Championship games 1,000 137 99 130 458 484 483 

Boxing, professional matches: 
Boxers Number 3,940 2,920 2,2•2 5,071 5,783 6,136 
Rece ipts, gross $1,000 3,800 5,902 8,264 10,642 10,237 11,847 

Data from United States Statistical Abstract, 1974 
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1973 

30,467 
30,109 
16,675 
13,434 

358 

6,834 

2,400 
364 

630 
31,283 

11,257 
10,731 

526 

7,384 
12,634 



How long is the longest (short
est) first name in your class? The 
longest (shortest) last name? What 
is the most common length for a 
last name? How long is the longest 
complete name? (Use legal names, 
not nicknames. ) 

MY r--\AM~ IS 
JOHNATHAtJ 
THOMPSOt-J. 

To answer these questions: 

1) Collect the names of the students in your class. (Ask each 
student, have them sign a sheet or get a list from your teacher.) 

Lt.TTCRS 'It\\ 

FIRST LAST BOTH 

2) Find the number of letters in 
each first name and last name. 
Record the information in a 
table like the one to the 
right. 

SiUDDJT 
NAME. ~ME. I\JAMES 

3) Count the number of students 
having one letter, two letters, 
three letters in their first, 
last and both names and record 
in a table. 

FRE.QUt:~CY FOR 

WUMBER. l='IR.'ST LA'::>T BOTH 
OF LETTERS ~!\ME !-JAME NAMES 

1 

2 

3 3 

4 G 2 

~ -~ -------- - -- - --.. 

1) JIM CLARK. 3 

2) PATTY WILSOtJ 5 

3) GREG tv\USSER 4 
- - - ------~ - - - -

How long is the 
longest first name? 

How long is the 
longest last name? 

5 

G 

G 

--

4) To get a better idea of the name 
lengths in your class, make a table 
like the one to the right. What 
does this table tell you? 

NUMBER 0~ LE:'l'TE:RS Fl2EQUEl'JCY 

5) Use the information from the table 
in #4 to make a graph. 

(/) 

1-3 

~-G 

'7-9 

10- 12. 

~- - . - -

~ ,. w ..,. t-----+---+-----<. 
0 
:::> 

What is the most frequent length of 
a student's name (first and last)? 

~ 3t----+----t----

.... 
0 2t----+---+.-....,....-,--,--..-...-.~ 

Cl 
~ 1 

5 \/·).-;{_:;-'.{ t.:·/)i: ;\//\. 
2 QL---'---'-'-'-'-"-'-'-'-'~""'--'-'-'-'-~-'-'-~ 

0 -3 4\,-(o '1-9 10-12 
t..lUMBER. OJ:' LEiiER.S 

- ........ 

8 

11 

10 

-
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Li~~ 
L~Xl[O[WRDNOCR~PW~Q 

1) If a paragraph has a lot of 

long words, it will be harder 

to read. Count the number of 

letters in each word of the 

paragraph on the first page. 

Make a tally to record each 

word in the table to the right. 

In the frequency column, write 

the number of words with 

1, 2, 3, ... letters. 

2) Choose a page from a textbook, 

newspaper, encyclopedia, or mag

azine and repeat step 1 for the 

first one-hundred words. 

a) Which has more long words, 

your choice or the paragraph 

on the first page? 

b) Which seems harder to read? 

c) Does the word-length test 

seem to tell which is 

harder to read? 

d) What else might you test 

to tell how hard something 

is to read? 

l\!LJMBER OF 
LETTE.R.S 

1 

2 

3 

4 

5 

G 

7 

8 

g 

'.1.0 

NUMBER OF 
LETTE.RS 

1 

2 

3 

i.J, 

5 

G 

7 

8 

9 

10 

11 

12 
- -

:;> HAPPE.>JS 

0 

TALL'< 0 

OF WORD<::, 
Fl2.E.QU £JJ C. 'r' 

TALLY 
Flc£QUEIJC.'< 

0~ WORDS 

- - - -- - -

3) Choose another test to use on your selection and on the paragraph. 

(You could count the number of syllables in each word or the number 

of words in each sentence.) Organize the results in tables. Which 

test do you think is better? 
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Suppose letters were money as 
shown in the chart. Who has the 
most expensive name in class? Are 
more names worth over $130 or under? 
Is there a most frequent value? 
(Use legal names, not nicknames.) 

1) Ask your class the above questions. 

2) Display or have students make a 
copy of the table to the right. 

3) Have students compute the value 

A= -t.1 

B=$2. 

C=43 

0=$4-

£=$5 

F" = $"" 

G= • 7 

H=$8 

I= $9 

.1 = •10 

K = t.11 

L = s12 

M = S 1'3 

~ = $14 

0 = $15 

P = $1G 

Q = $17 

R-=s18 

of their legal name. A handy organization is to write the 
letters of their name vertically. As they finish, have them 
sign their name on the chalkboard or on the overhead and list 
its value. Be sure to do your name. 

4) Have students suggest ways to organize the results. Would 
any of these be more helpful than the list in (3)? 
a) Arrange the names in alphabetical order. (Not more help

ful for answering the questions at the top of the page.) 
b) Group the boys and girls separately. (Not helpful unless 

the two groups are compared.) 
c) List the names so the values are ordered from smallest 

to largest. (Yes.) 
d) Group the results into intervals. (Yes, since few values 

will be the same, grouping lets you present the results 
more concisely.) 

5) Have the students list the values from smallest to largest. 
Are there two students with names of the same value? More 
than two? 

6) To display the results more concisely, have students choose 
a suitable interval size and make a frequency distribution 
of the data. Some students may need help. Where do most of 
the values lie? 

S = 419 

T = $20 

U = $21 V = $ 25 

V = tt2.2. Z = $ 2/o 

W= s2'3 

X = $ 24 

s 419 

u $21 

s 419 

A • 1 
N 414 

w $23 
0 $ 15 
~ $ 14 

G $ 7 
$ 133 

VALUE TALLY tREQUEtvCY 

For example, consider these values: 

$86, $86, $97, $103, $106, $111, 
$112, $113, $116, $119, $121, $123, 
$127, $129, $133, $133, $140, $140, 
$140, $148, $155, $156, $157, $161, 
$162, $171, $180. $191, $193. 

Since they lie between $80 and $200, 
an interval of ten dollars would be 
convenient. Tables usually have 
6-15 intervals. Remind students that 
the intervals must be the same size. 

$80 -$ 89 

•SO -4 99 

$100 -$109 

$110 - t.119 

-t.120 - <&129 

$190- stS9 

$140- •149 

•150-$159 

-t.tGO- !t.169 

•t.1'70-$179 

$180-$189 

$190-$199 

II 2 

I 1 

II 2 

-H-tt" s 

1111 '-t 

II 2. 

1111 4 

HI 3 

II 2 

I 1 

I 1. 

II 2. 

429 



I. Data has been collected on people's satisfaction 
with the swimming schedule for a city pool. The 
people surveyed range in age from 10 to 34. The 
data is to be arranged in intervals of five years 
and by these groupings: very satisfied, satisfied, _ 
neutral, dissatisfied, very dissatisfied. Draw a 
table for the data shown below. Your table should 
include columns and rows for age intervals and 
satisfaction groupings. 

II. Here is the data from the survey. Enter it in the table you made in I. 

Very Satisfied: age 10-14--399, age 15-19--26, age 20-24--0, age 25-29--1, 
age 30-34--16. 

Satisfied: age 10-14--152, age 15-19--62, age 20-24--19, age 25-29--145, 
age 30-34--249. 

Neutral: age 10-14--56, age 15-19--87, age 20-24--33, age 25-29--13, age 30-34--72. 
Dissatisfied: age 10-14--2, age 15-19--326, age 20-24--42, age 25-29--2, 

age 30-34--29. 
Very Dissatisfied: age 10-14--0, age 15-19--42, age 20-24--153, age 25-29--0, 

age 30-34--3. 

III. What trends do you see in this table? 
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A stem-and-leaf display is a method of: organizing information. It can 
be used for any frequency distribution, but is more convenient to use if the 
range of the data is not extreme. An advantage of the stem-and-leaf display 
is that individual scores can still be seen. 

To introduce this method to the class, show them the scores from a 

1) Ask the students to find the high 
and low scores. (24 and 98) 

2) Since the scores are two digit numbers 
between 20 and 100, explain that 
the tens digits from 2 to 9 can be 
used as stems. List the stems in 
a column and draw a table as shown. 

3) To complete the table, take each 
score and write the units digit in 
the leaf column opposite the correct 
stem. (The first eleven scores have 
been recorded in the table.) Tell 
students that the units digits 
(leaves) act as tallies. By evenly 
spacing the numbers, the finished 
table nicely displays the distribution. 

STEM 

2 

3 

4-

5 

G 

7 

8 

9 

LE:At=' 

4 

9 

8,2 

G 

4 

G,4,4 

4 

3 

AFTER Tl-It TALLY 
I$ COMPLETED YOU 

COULD DRAW 
ANOTI-JE;.R TABLE 
Al\lD ORDt:R TI-\E 

4) When the display is finished, point 
to numbers in the leaf column and 
ask students to give the scores 
they represent. 

LEAF VALUES FROM 
SMALLES"T TO LARGt.~T 
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What was the most common age 
for the presidents of our country 
when each was first inaugurated? 

1) 

2) 

3) 

Oo 
ltl} T\.lE. 0 o 

TABLE WE.RE. FOUND lhl 
At-..J ALMAI\IAC. 

To answer the question, make 
a stem-and-leaf display of 
the numbers. 

LE.AF 

G 

G 

Order the leaf values above 
from smallest to largest. 
List them below. 

STEM LEAF 

4 

5 

5 

G 

G 

What was the most common age? 

4) How many presidents were older 
than sixty when inaugurated? 

5) Were more presidents in their 
fifties or in their sixties? 
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President 
Age, 1st 

Inauguration 

George Washington •.....•...• 57 
John Adams . . . . . . • . . . . . . . . . . . 61 
Thomas Jefferson ......•..•.. 57 
James Madison ••.......••.... 57 
James Monroe ••..•.•...•.•..• 58 
John Quincy Adams .....•..... 57 
Andrew Jackson ....•...•.•... 61 
Martin Van Buren •.......•... 54 
William H. Harrison ..••..... 68 
John Tyler ...•........•..... 51 
James K. Polk ............... 49 
Zachary Taylor .•.....••..... 64 
Millard Fillmore .•....•..... 50 
Franklin Pierce •............ 48 
James Buchanan •.......•..... 65 
Abraham Lincoln . . . • • . . • • . . . . 52 
Andrew Johnson ....•...•...•. 56 
Ulysses S. Grant ......••.•.. 46 
Rutherford B. Hayes ...•.•... 54 
James A. Garfield ........... 49 
Chester A. Arthur ..•..•..... 50 
Grover Cleveland .......•.... 47 
Benjamin Harrison . . . . . • . . • . . 55 
William McKinley ......•..... 54 
Theodore Roosevelt ....•....• 42 
William H. Taft ..........•.. 51 
Woodrow Wilson ..........•... 56 
Warren G. Harding .......•... 55 
Calvin Coolidge ............. 51 
Herbert C. Hoover .........•. 54 
Franklin D. Roosevelt .•...•. 51 
Harry S. Truman . . . . . . . . . . . . . 6 0 
Dwight D. Eisenhower ........ 62 
John F. Kennedy .......•..... 43 
Lyndon B. Johnson ........... 55 
Richard M. Nixon ......•.•... 56 
Gerald R. Ford .......•...... 61 
James E. Carter ..........•.. 52 



(IJ--- • 

Hustling Harry, the 
used car salesman, needs 
to take a price inventory 
of the cars in the lot. 

Help Harry by making 
a stem-and-leaf display 
of the prices. 
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ORGANIZATION 

Placement Guide for Tabbed Dividers 

Tab Label Follows page: 

CONTENT FOR TEACHERS .............. . ........... ..... 14 
Gathering Data ... .... .. .............. ... ................ 18 
Tables .................................................. 28 
Graphs ......................... ... ..................... 48 
Scatter Diagrams ........................................ 68 
Mean, Median, Mode .......... .. .............. .. ...... . 82 
Range & Deviation .............................. . ...... 102 
Sampling .............................................. 130 
Experimental Probability ................................ 148 
Probability with Models ................................. 158 
Counting Techniques ....... ... ......................... 180 
Probability with Counting .................. ......... .... 198 
Inferential Statistics ......... ... .. .. ......... ... ......... 212 
Appendix-Computer Programs ....................... ... 242 
DIDACTICS ... ... ......................... .. ........... 258 
Components of Instruction .............................. 258 
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Gathering Data ... ...................................... 386 
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We see graphs in almost every magazine or newspaper. Politicians, advertisers 

and news commentators use graphs to support positions, promote products, and report 

on happenings in the world. Graphs are used because they can quickly convey the 

general meaning of a mass of data. To be an intelligent voter, a wise consumer and 

an informed citizen, a person must be able to make sense out of the graphs present

ed. Students, too, Cqn be very much influenced by graphs. Aren't the middle school 

years a good time to help people learn to read graphs? 

Understanding graphs presented by others is important, but it is also useful 

to know how to make graphs to convey information, to see trends, to make comparisons 

or to support a statistical statement. The power of a graph to make sense out o f a 

-
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mass of data can and should be brought out in activities in which stud en ts are ask ed 

to make graphs. Other activities can show situations in which a table displays the 

data better than a graph (see Lifetime Home Runs). The Association of Teachers of 

Mathematics gives this warning about graphs: 

The physical act of making a graph, the pleasure in its form, the appre
ciation of its compactness, are valuahle aspects even if the math con
tent of the feeling seems lo1.i,. But these values are not cumulative: 
they do not increase with the number of times they are experienced. It 
seems wrong to suppose that every situation that can be graphed should 
be, or that because a kinds of situation has been graphed once it should 
always be graphed when it reappears. (The Association of Teachers of 
Mathematics, Notes on Mathematics in Primary Schools, [Cambridge: Cam
bridge University Press, 1969], p. 94.)* 

As teachers we will have to decide how much time our students will spend learn

ing to read and make graphs. You could coordinate your efforts with teachers who 

teach the grade ahead or behind yours. One good plan is to have students read and 

interpret pictographs before making them. The same idea of reading, then making can 

be used for bar graphs, line graphs and circle graphs. Xerox Education Publications 

publishes a sequence of four excellent, inexpensive pamphlets and a teacher's guide 

entitled Weekly Reader Table and Graph Skills Series which would be very helpful for 

planning in grades four through eight. (See the ANNOTATED BIBLIOGRAPHY for more in

for mation on this series and also the classroom materials for some example pages.) 

PICTOGRAPHS 
Most of your students probably 

made pictographs in the primary grades. 

They might have pasted a folded piece 

of paper after their names every time 

they read a book or perhaps a teacher 

put up a marker every time three books 

were read. The result was a picto

graph (also called a picture graph or 

pictogram) in which each symbol stood 

for a certain number of books read. 

COLBY 

KEY : [jJ MEAis.i$ O~E BOOK READ 

••••••••••••••••••••••••••••••••••••••••••••••• 

DARRE~ [jJ [jJ [jJ 
KEY GJ MEAtuS ,µRt:.£. BOOKS l<E.AD 

*Permission to use excerpt granted by Cambridge University Press 
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When you have students make pic-

tographs, keep the symbols simple. 

There is little value in spending hours 

copying a complicated symbol over and 

over. It is also helpful to have stu

dents use grids for making their pic

tographs. This will keep their pic

tures lined up vertically and evenly 

spaced. You can put the grids on their 

worksheet as shown to the right or have 

students place a grid under their pa

GRAPHS 

BIKE.$ AT Tl-llJRSTO!J SCHOOL 

GRADE G @ 
Gl<ADE '7 

GRADE 8 

GRADE 9 

KEY:@= 20 BIKES 

SOURCE: SCHOOL SURVEY COMMITTEE 

pers so they will have guidelines. Templates, stickers or rubber stamps could also 

be used to make pictographs more easily. Be sure students record the meaning for 

the symbol on their graphs. 

Some pictographs have scales or num

bers attached so they are easier to read. 

Such graphs combine the eye appeal of pic

tographs with the advantages of bar graphs. 

You might want to use such graphs as a 

transition from pictographs to bar graphs. 

(See Sisters and Brothers.) 

BAR GRAPHS 

When your students learn to read bar 

graphs, be sure they examine the following 

things: 

• The title and subtitles of the graph-

do they help the reader understand 

what data is being presented? 

• The scales on the graph--do they start 

at zero and are they evenly marked? 

Birth and Death Rates 
Rate per 1,000 Population 
0 5 10 15 

I I I 
20 
I 

25 
I 

SOURCE: Pocket Data Book USA 1973, 
p. 57 

If not, how does this change the looks of the graph? (See the MISLEADING 

STATISTICS section for more activities on this.) 

• The labels of the horizontal and vertical axes--what is being shown on each? 

• The source of data--is it likely to be reliable? Possibly biased? 

• The bars--are they beside each other or is there a space between? (There 

usually is a space unless both axes have a number or time scale.) 
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This kind of attention to the details of a bar graph is brought out in Count

i ng All Cars. Also included in this activity are statements which can be completed 

by reading the graph closely. 

Some of your students might have 

difficulty reading a bar graph. If 

your students cannot approximate a 

reading for the bar to the right 

(about 210), you might want to have 

them read some number lines as given 

in Mouth Control. After they can 

give approximate numbers for points 

19'75 

WIDGETS l>-l U.S.A. 

"lUMBER PER 1,000 POPULAilOt--J 

0 50 100 150 200 250 

. '·.· .: .-.. ::. :_:·_:.-.. _·.;-~·.:-.·.•.:._/ .. --..:. ._. __ :_: :-.. . . . . · ... ·. 

on number lines, you can help them transfer this skill to the reading of bar graphs. 

It will be easier for students to make a bar graph if the worksheet has the 

scale already started. (See Completing 

Scales for a worksheet concentrating on 

finishing started scales.) The bars can 

also be started as shown in the activity 

to the right. Notice the marks at the 

right edge of the graph. Students can use 

these marks as guidelines for the bars. 

The solid vertical lines will help students 

draw the upper bars to the correct point 

on the graph. The blanks on the graph re

mind students to give a title, label the 

scales, record the source of the data, and 

give the year for the data. 

When asked to choose and label their 

own scales, students often have difficulty. 

This is not limited to middle school stu-

dents. A class of older students was asked 

This table sho....s the different lengths of time from concep tion to birth for six types 

of animals. The differences can be shown l'll<lrc dra;natically in a b,u graph. Use the table, 

;>ndfollo,,,thesestepstucon,plctcthcbargraph. JG~ 
~F.:1.:.ll1ALS 

l. :::::~ "riting the kind s of an imals on the left of 1.he I Animal ~~"~~~s 

2 . Fini~h numbering the horizontal sc;ile , 
20 

3. Finish t he ba r for e,ich >1nimal. K;,ng.a r oo 42 

4. ti:ante the horbontal scale and label the verti<;al l!st of 
Tiger 105 

I £1k 250 
I Camel 402 

5. '~rl te a title for t.he graph. 

5 . ¥/rit e in the soun:e o f the data. 

~;aa, 645 

~w~~ 9 7 7 

MOUSE 

to complete this table and make a graph of the results on a piece of grid paper. 

Y\ 

I : I : I : I : 1 4
1

5
1 G 1

7 IG: I 
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Here are some of the number lines they used to lab-el the graph paper. 

MAt..JUEL JOHN DOLORES 
8 G4- 40 
7 49 '20 

50 

G 3G 10 
GO 

2s '2 25 n2. 5 n 4 n 1G 4 
3 9 3 
2 4 2 
1 1 1 
0 0 0 

0 1 2 3 4 5G78 0 1 2345G78 0 1 2345 G78 

n .n n 
Manuel is labeling correctly, but he will not have room to show 9, 16, ... , 64 

on his graph. John has used the square numbers in order and equally spaced. His 

first space shows a difference of 1, and the last space shows a difference of 15! 

His graph will be readable but will show a distorted "picture." Dolores saw she 

needed to place more numbers on her line and squashed them together. When she still 

did not have enough room, she tucked 50 and 60 in at random. 

All three of these students need to develop skills in choosing and labeling a 

scale. They might be so used to number lines being labeled 0, 1, 2, 3, ••. that 

they cannot conceive of them being labeled 0, 10, 

20, .•• or 0, 500, 1000, ...• Scale and Plot and 

How Rema:rkable! were written to help students give 

different scales to number lines. Match i ng Scales 

asks th em to match an appropriate scale to a set 

of data. After developing some of these skills, 

the students in the previous example could be asked 

to look at the largest square number (64) which 

must fit on the graph. They can then label the 

grid with multiples of 10 so all the 

da ta will fit. 

For some sets of data it is 

more convenient to use a scale with 

a zero break as shown to the right. 

(It is best to also show a break in 

the bars, but many graphs neglect to 

do this.) The data fits conveniently 

GRADE 9 

GRADE 8 

GRADE 7 

GRADE G 

80 
70 
GO 

--rl.2· 
50 
40 
30 
20 
10 
0 

0 1 2345G 78 
n 

STUDEt-.lTS AT MO~'i?OE SCHOOL 

{ -·7 
{ 

0 200 '210 2'20 2'30 240 2-50 
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into a small space, but it is not as easy to compare one bar with another. The 

ninth grade does not have twice as many students as the seventh grade. Students 

might need help interpreting zero breaks in graphs. They should understand the 

false visual impressions such graphs create. Remind them to read the scale careful

ly and to compare the numbers from the scale--not the lengths of the bars. If you 

decide to have your students make graphs which use zero breaks, be sure they realize 

the breaks should be placed near zero on the scale. Some students will start to 

tuck them in at any convenient place. For example: 

I I y I I V-,---, 
O 'lO 20 100 110 200 210 

Unfortunately, some graphs in newspapers and magazines also do this, leaving the un

wary reader with an incorrect interpretation. 

In making graphs and labeling scales, students might be so meticulous that it 

takes forever. To increase their familiarity with scale labels other than 0, 1, 2, 

3, ..• , you might use the skill pages Scale Sketches, Completing Scales, Scale and 

Plot, How Remax'kahle! and Matching Scales. 

LINE GRAPHS 

Many of the skills discu ssed previously for bar graphs are also necessary for 

reading and making line graphs. Students will need to read the scales on graphs. 

They will need to choose and label scales to fit the data they are planning to gr ap h. 

Skil ls in locating points 

tha t correspond to ordered 

pairs and in determining the 

coord in ates for a specific 

po i nt are also important. 

Some students, even at the 

eighth grade level, will need 

instruction in these skills 

before they can successfully 

read or make line graphs. 

Line graphs are often 

use d to show trends. It's 

not hard to see that the 

trend in the line graphs to 

the right is down--how much, 

we don't know because the 
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scales are noticeably missing. Have your students collect line graphs that show 

trends. You can display these graphs on a poster or make transparencies from them 

for discussion purposes. 

Besides discussing the titles, labels, source and scales for a line graph, it 

is important to bring out these points: 

• Line graphs are used to show 

trends, but we cannot usually 

be certain a trend will continue 

beyond the known data. The car

toon to the right indicates that 

the temperature is going down, 

while utility rates are going up. 

The arrows at the end of the lines 

encourage the reader to believe 

the trends will continue. The 

seasonal nature of temperature 

will, however, send the lower 

line graph up eventually. Warn 

your students: Do not assume a 

trend will continue! See A Trend 

for All Seasons for a student 

page on seasonal trends. 

• It makes sense to read between 

the data points on some line 

graphs; it does not make sense 

to read between points on others. 

The point marked "x" on the 

graph to the right has coordinates 

(6½, 3½), but there is no poly

gon with 6½ edges. It does not 

make sense to read between the 

data points on this graph. 

(Some people say it is incor-

rect to join such graphs with 

line segments, but it is done so 

frequently that students should 

U1ility Rates 

'Uncle!' 

Cartoon from Courier Journal, 1977. 

9 

8 

0 
0 

I/ 
I/ 

I 

V I I 
i 
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/ 
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learn to read such graphs cri

tically.) It does make sense 

to read between the data points 

of this pulse graph. After 

2½ minutes Pat's pulse rate was 

about 105 beats per minute. 

CIRCLE GRAPHS 

GRAPHS 

PATS PULSE DURttJG 
BEAT5/Mt10UTE E.ICERCIS.E/ RES.T 

1'2.0 

I.JJ 
!{ 

90 Dl 
LJJ 
'.:] 
:J GO 0. 

0 
0 1 '2. 3 4 

Ml"-lUTE'::, 
5 

Background for circle graphs begins in the early grades when students use cir

cle parts to learn about fractions. They learn to recognize one half, one third and 

one fourth of a circle, and they learn how these fractions of a circle compare in 

size. 

With this background, students 

can read simple circle graphs like 

those shown in Thin ki ng Through Pie 

Charts . They can compare a part to 

the whole circle as in question 1 

and parts to each other as in ques

tion 2. 

It is as important to know what 

information a graph does not give as 

what information it gives. Questions 

3 and 5 ask about information that 

is not available from the graphs. 

Help your students become critical 

thinkers by discussing the questions 

on the activity thoroughly. 

If an amount is given for the 

whole circle, students can estimate 

POPULXTIOO 0. SMALL TOW~ 

The circular region rep:t"esents Rae 
Lynn's allowance . Thee pa.rts of the 
circle show what fraction of her al
lowance is spent on each item. 

l. What fraction of her allowance 
does she sp end on school 
lunches? 

2 . Doe!; she save more money than she 
spends for "fun?" 

3. From the graph, can you tell if 
she saves ffi()r-e than $1.00? 

4. Suppose Rae Lynn ' s weekly allow
ance is $5.00 . How much does she 
spend eac h week on school 
lunches? Fun? 
Savings? Supplie~ 

5. How many people live in 
Small town? 

6 , Are there more Indians than 
Blacks? 

7. Are ther:e more Chicano s than 
Whites in Small tovn? 

8. S uppose the town has 8,0 00 people. 
About how many Blacks would live 
there? Chicanos? 
Indi ans ~,-

9. What does th e part labeled 
"ot her" rep r esen t? ___ _ 

the amount for the parts. (See Questions 4 and 8.) If an amount is given for one 

part, students can estimate the amount represented by the whole circle, 
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If the data is planned carefully, students 

can make simple circle graphs using only their 

background in fractions. You might want to have 

your students do several exercises like those 

on Your Share of the Pie before introducing the 

idea of percents and angle measure for making 

circle graphs. (Of course, some intermediate 

classes might not cover percents at all.) En

courage your students to think about the graph 

as shown to the right. 

When students understand percents, they 

will be more able to read the circle graphs used 

in newspapers and magazines. You might want to 

make transparencies from some of these "real 

world" graphs and discuss them with your stu

GRAPHS 

LETS SE.E ___ TI-\E 

TOTAL BUDGET I~ $90)000 
AI\JO $ 30,000 IS SPEI-JT 
Ot-.l BIJILOlt-JGS. TI-\AiS 
A THIRD OF Tl-IE CIRCLE 
FOR Bl)JLDlt\JGS. $40,000 
VOR SALARIES IS 

dents. Additional examples are included in APPLICATIONS. Encourage students to 

think critically as they read each graph. What conclusions can be made from the 

graph? What conclusions are not supported by the graph? Bring out the ide a s in The 

Family Circle so students will realize circle graphs usually show how a whole amount 

is distributed, but circle graphs often do not give amount s for the parts. 

Be certain your students are not misled by the size of the circle , Makin g a 

larger circle graph does not increase the amounts represented by the whole circle or 

its parts. You might explain this to students by showing two id e ntical c ircl e 

gr aph s , except for size, and ask students questions about the circle graphs. (Se e 

exercise 4 on Your Share of the Pie .) 

When you have stud e nts make cir c le gra phs 

to represent data, point out that the y mus t 

have " parts to whol e " dat a . It makes no 

sense to r e present the rainfall fo r f i ve dif

ferent years by usin g a circle graph. Anoth

er inappropriate use of circle gr a ph s is 

pointed out in How Can We Display the Data? 

You can avoid h aving stud ents comput e 

the number o f d eg r ees fo r th e ce ntral an gl e 

o f ea ch part by g iv i ng them c ircles with 100 

e venl y spaced marks a s shown to the right . 
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Students can compute the percents or you can give the percents. They then count the 

spaces between the marks to find each part. (Caution--be sure they don't confuse 

the 100 marks with the 360 degree marks on a protractor!) 

Before having students construct circle graphs 

by using a protractor, try some of the ideas on 

Going Around In Circles with your students. Can 

they estimate the percent shaded of a circle? If 

they have a sound understanding of various percents 

ABOUT __ o/c. 
IS SHADED. 

of circles, they will be able to check the reason

ableness of their calculations when they work with degrees. 

The page To Make A Circle Grctph could be discussed and posted so students can 

quickly remind themselves of the steps in making circle graphs. You might also 

want to post a step-by-step flow chart for their calculators so they can accurately 

determine the degrees for each angle. An example is given below. Be sure it fits 

the calculators you have available before giving it to students. 

TO DETERMINE THE ANGLE MEASURE FOR A PART 

I Amount for part • [J • [&i0_unt for whole 

You might want to teach your students 

about other types of 100% graphs--often 

called area graphs. Some experience with 

these is given in It's An Emergency, Acti-

vity V. A long rectangle is used to repre- JUUE.S 
wEEK. 

sent the whole quantity and the rectangle 

t.MEJ:.GE1'.lCY CALLS FOR TWO WEEKS 

is divided into parts. The rectangular 

100% graph has the advantage of being easi

er for students to make because degree 

measure is not involved. The disadvantages 

are: they are not necessarily easier to 

read, they can be confused with bar graphs 

and they are not as commonly used as circle 

graphs. 

OTTOS ~~W,t;=p;r,~ 
WEEK. 

0% 10% ZO¼ 3:l%4O% 50% GO% 70% &)% 90% 100% 

~ FIRE D FALSE ALAeM EJASSlSTNJCE 
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DIFFERENT TYPES OF GRAPHS FOR DIFFERENT PURPOSES 
In most activities, students will be asked to make a certain type of graph, but 

sometimes they will have to decide which type of graph to use. What Kind of Graph?, 

How Can We Display the Data? and It's An Emergency (Activities IV to VI) point out 

appropriate uses for each type of graph. 

You can make a transparency of What 

Kind of Graph? and ask questions like 

this: 
I. LArl GUAGE 

ARABIC 

~ 
NUMBER SPEAKING Ml ll!ONS 

m ,ooo,wi 5]0 LANr.UAGES OF THE WORLD • Line graphs usually show trends. Do 

you see a trend in the first example? 

(The languages could be in other orders 

besides alphabetical. There is no trend.) 

ENGLISH 

HINDUSTANI 

MA~~~~ ~~) 
RUSSIA N 

SPANISH 

350,000, 000 
~ 500 

A 
2l0,000,000 
55(),000,000 

~ 40J 
1110, 000, 000 
220,000,0JO ~ JOO 

! 200 

• Would a circle graph be better for 

this data? (No, it is not parts-to-whole 

data. There are lots of other languages.) 

• Would a bar graph be better in 

Example I? (Yes. A bar graph is shown in 

blue on the page.) 

• For the second example, would a line 

graph be appropriate? (No.) A circle 

graph? (Yes. The bar graph is all right 

in Example II but if it is desirable to 

II, MOr-lEY SPENT ON DEFENSE BY 

THE UNITED STATES !N 1965 

ARMY lL SS2, 000, OOIJ 
NAVY !l,319,000,000 
Al R FORCE 18,JA6,000,000 
OTHER 1,051,000,000 

TOTAL 17,098,000,000 

. 

100 

Q 

LANGUAGE 

i 
BILLIONS 

50 
~ 

qJ 

~ JO 

~ 20 

JO 

0 

< 

convey a "parts-to-whole" idea, a circle graph would be better.) 

~ -
~ ~ ~ ~ i ~ " 

MONEY SPENT ON 

DEFENSE BY U,S , 

I N .1.9<;) 

nnnr, 
0 

< i < 0 
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Materials: Package of M&M's 

Activity: 

448 

1) DON'T OPEN THE PACKAGE YET! 

2) M&M's come in five colors: 

brown, green, orange, tan 

and yellow. Guess what 

color occurs most often in 

your package. 

Least often. 

3) Open the package. 

4) DON'T EAT ANY YET! 

5) Arrange the pieces on the graph on the next page. 

6) Record the total number and the number of each color. 

Total brown 

tan 

7) Which color occurs most often? 

green 

yellow 

8) Is this the same as your neighbor's? 
-

9) Which color occurs least often? 

10) Is this the same as your neighbor's? 

orange 

11) On the graph carefully mark the highest circle for each color. 

12) Shade the circles below it. 

13) NOW YOU CAN EAT THE M&M'S. 
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COLORED 
M~M's 
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To motivate this activity, discuss the differences in the student graphs from They 

Melt in Your Mouth. What do the graphs show usually happens in a package of M&M's? 

(Some graphs may show no yellows; others may show more than sixteen browns.) To get a 

better feeling for the relative amounts of each color in a package suggest that students 

pool their data and make a class graph. 

GREEtJ M~Ms A) An easy way to collect the data for the class 

graph is described below. l\lUMBE.R UJ 
PACKAGE 

TALLY FREQUENCY TOTAL 
1) Prepare five sheets, one for each color, 

as shown. 

2) Students can file by the sheets and put a 

tally mark beside the appropriate number. 

3) The sheets can be assigned to five groups 

0 

1 

2 

3 

4 

l 

I 

1111 

--I-Ht Ill 

1 1 

1 2. 

4 12 

8 '3'2 of students. Each group finds the frequen

cy and total number of M&M's of their parti

cular color. 

~ ~ ~ ---------

4) Record the totals for each color on a transparency 

or the chalkboard so students can see the results. 

B) A discussion on finding an appropriate scale for a graph 

of the class data can follow. 

1) Students are to use page 2 of They Melt in Your' Mouth. 

2) It is convenient to use a "nice" number for the 

scale: 1 circle represents 20 M&M's or 1 circle re-

presents 25 M&M's. 

CL 

COLOR TOTAL 

~ROWhl 

GREEtJ 

ORAtJGE 

TA~ 

~ELLOW 

ASS TOTAL 

3) Have each student make a graph by using the scale and shading the appropriate 

number of circles. Be sure students have labeled the scale correctly. 

After making the bar graph displaying the data for the entire class, it could be 

compared to the individual bar graphs of the students. How are they alike (different)? 

How would a bar graph of a large 2-pound package of M&M's compare to this one? (Students 

might actually investigate this. Also a large package could be used to draw out samples 

of 10 or 20 to see if the samples can be used to predict the makeup of the entire 

package.) 
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The table to the right gives the 

number of forest fires that occurred 

in one area last summer. 

Use the data in the table to com

plete the pictograph below. 

1) Decide how many fires to let each 

symbol stand for. Write this num

ber in the key. 

2) For each month, draw the correct 

number of symbols. Be sure the 

symbols are equally spaced and 

lined up vertically. Try to make 

each symbol the same size and shape. 

FOREST 

,- MAY -

i,- .TUNE . 

... :JULY . 

... AUGUST . 

,- SEPTEMBER.· 

KEY: ~ == FIRES 

FIR£:S 

r:"OlcES'T \:'IR.ES 

MONTH i=-1RES 

MAY '2.0 

J'Ut-JE 14 

JULY '2 '2. 

AUGU~iT 18 

SEPTEM13ER i.+5 

NAME --- --
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Materials needed: red squares, blue squares, poster with axes and student names 

Activity: 

1) As they come into the room, have students get a red square for each of their 

sisters and a blue square for each of their brothers. Count half-sisters or 

half-brothers as sisters or brothers. 

2) Have students place the squares next to their names. (Gummed labels work well.) 

SISTERS $ BROTHERS 0 == SISTER 

COI-Jt-JIE R B 
BROTHER. 

BOB R R R B B B B 

IEtvtJtFER R R R 

SAM B B 

BE.TTY R R R B 

0 1 2 3 4 5 G 7 8 9 

This activity can be used as a 

transition from pictographs to bar 

graphs. 

The following points can be made to 

students: 

1) If each square is read as a sep

arate symbol, the graph is a 

pictograph. 

2) If the squares are grouped to

gether and the scale is used then 

the graph resembles a bar graph. 

Another organization can be used to display the data. This technique can also be 
used for (a) number of girls or boys playing in various sports, (b) number of girls or 
boys interested in various occupations, (c) number of yes or no (true or false) answers 
given to a list of questions, (d) number of students that like or dislike various sub
jects, (e) number of girls and boys born in various months, etc. An example of this 
technique can often be found in an atlas. The highest and lowest points are often 
shown extending up or down from the center line which represents sea level. 

SISTERS 4 BRO'THEl<S 

B[TTY · · · · · · R R R B 

SAM · · · · ·· · · · · · · ·· ·· · B B 

JWt--1\rE.R · · · · R R R 

BOB · · · · · · · · R R R B B B B 

COtvtJIE · · · · · · · · · · · R B 
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0 = SISTER 

~ =BROTl-l~R 

The following questions could be asked: 

Suppose you want to know who has the 

most sisters and brothers. 

Which graph would be better, top or 

bottom? 

Suppose you want to know who has 

the most brothers. 

Which graph would be 

better? 



Pl T!f1! Tl:I 
&IE: lillJiM 

This table shows the different lengths of time from conception to birth for six types 

of animals. The differences can be shown more dramatically in a bar graph. Use the table 

and follow these steps to complete the bar graph. 

1. Finish writing the kinds of animals on the left of the 

graph. 

2. Finish numbering the horizontal scale. 

3. Finish the bar for each animal. 

4. Name the horizontal scale and label the vertical list of 

animals. 

5. Write a title for the graph. 

6. Write in the source of the data. 

MOUSE 

0 50 100 

GESTATION OF ANIMALS 

Animal Length 
in Days 

Mouse 20 
Kangaroo 42 
Tiger 105 
Elk 250 
Camel 402 
Elephant 645 

G50 
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How many assistance or fire runs are made 
in your town each week? How much fire 
damage is reported in your town each month? 

Four students in Mr. Johnson's math class decided to check the fire 
report in the local newspaper each night for a month and record the 
emergency calls. Each student selected one week of the month to report 
on. They agreed to list the types of fires. 

JUDYS RE.PORT DOUG1S REPORT 

CALL':> TALLY \\lUMBE.R CALLS TALLY NUMBE.R 

l='tRE.':> -1+11' 1-1-tf .l+-lt" 15 1~ f'IRE.$ -+Ht..1-\-1+-U-+t.µttlll 2.3 

~ALSE. ALARMS -HtrJ.!-tl'IIII 14 FAL':.E ALARMS -I-Ht J.1-1-t I 11 

A':>':.ISTA>-JCE t II l 4 A$515'T"ANCE -l+tt ..u-+t II 12. 

!•' .".'.'. •: :,'; :':'t ~. \0 ••••••• .', ,!{ : ; t •, '.: ; , ".:: .-.~:••• :.: !••,'•'1•: : •::.:~;:••. ::0;'•',.: •• '!1/,:: ';,'.'.'{,:.':'•; ! I", ,,-,:,r.,, : .''l " tl,:,.-.-.-.:,::i j :: : '• :::,, f ••'.','.:•.••:.:•I•••.,': :•:•::•.,:•: •( "t. •'. :: ,,,:' ,,".t.'",): , 't: i : •l, cf' ",\,,t". ~t:.= • . ::- .,. ,••~• • :r ,:::~1•., .,:, ~:•.::•:\';.:O:'\t•,• 

TYPE OF"' FIRE MUMBER DAMAGES TYPE. OF F"IR'E. l\lUMBER DAMAGES 

CAR/TRUCK. 2. $ '750 CAR/TRUCK. .L.j.. $3GOO 

l-lOU'5E/ BUILDlt.JG 5 $ '2300 HOUSE/BUI LDl ~G G $ 900 

, FIE.LO /TRA'=>H/SA'v.JDUST 4 $ 0 FIELD/TRA5H/5AWDU$T 5 $ 550 

OTHER 4 $ 2.5 OTHER 8 $ 30 

TOTAL 15 TOTAL 23 

OTTo's REPORT 
J 

J"UUES R£:PORT 

CALLS TALLY "-!UMBER CALLS TALLY NUMBER 

FIRES .1-1-tt .!-+tr Ill 13 VIRES -14-tt" -1-ttt II 1'2 

FAL'oE ALAR..-iS Htr Ill 8 rALSE ALARMS Htt II '1 

ASSISTANCE. .I-Hf -Htt ll 12. ASSISiA~Ct:. I 1 

·. '••',' { !:.:~>--:'-"', .'f'i::• (·J';.:Y;•t"-:~,••r1:•i.t:.i:":>~•. ,fi'~ ~".Ct?;.-i::t,(~/; _:;•/ti;_:¢:!?·.•.-M\ "v~· .;(',::~ •. m~·-:=-i-.-.• .. ~. \ ,f1!::·-: .... : ,:. r ";\".l;.,' ':'/:,..:•~. '~ "!',t; ,::.-:-:•.l;-~--::,.!(-,:-; :r..-~:: ·:• :-'.: ::-. :.: ?_ :; • ! :.~ '. 1:.' ;:-:r- f.· • :· ,1:.: ~--. ·-:::: ~~ • ~~ ~:,.,: ·, , ,.::s {:;:j1Jj: 

TYPE OF FIRE. f.JUtv\BE.R DAMAGES TYPE OF !="IRE NUMBER DAMAGES 

CAR/TRUCK. 2 $ 90 CAR/TRUCK. 3 ~ '100 

f.lOUSE/BUILDII\JG c; $2.'7,100 1-\0USE:/BUILOING '3 ft, 10,000 

m:.LO /rRA'5H/SAWDU$T 2 $ 0 F"1£.LD/TRASl-t / $AWCU Si 5 $ 10 

O'T\-IER 3 $ 0 OTl-tE.R 1 $ 0 

TOTAL 13 TOTAL 12., 
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( CONTI IJUED) 
Collect 

the 
the fire 

clippings below 
report for the week. 

for a week 
below to 
it. 

report from your local newspaper 
for Eugene, Oregon. Use the chart 

Check off each call as you tally 

or use 
make a 

FIRE RUNS 

(From 10 a.m. Monday until 10 a.m. Tuesday) 

0 o 10:28 a.m. Monday - 375 E. Seventh Ave., 
smoke i.n building caused by burned out fan 
motor in heating system, no damage. 

j 
(From 10 p.m. Saturday until 10 a.m. Monday) 

10:57 p.m. Saturday - 1365 Willamette St., 
trash fire, no damage. 

4:32 a.m. Sunday - 15th and University 
streets, alarm malfunction. 11:58 a.m. - Delta Road and Valley River 

Drive, car fire, caused by electrical short 
in wiring, $25 damage. 

8:19 a.m. - 325 E. 18th Ave., apartment fire 
caused by smoking in bed, $3,500 damage. 

12:03 p.m. - Behind 2557 Alder St., sparks 
from power line, undetermined damage. 

(From 10 a. m. Tuesday 
until 10 a. m. Wednesday) 

5: 45 p. rn, Tuesday - 1414 Alder St., clothes 
caught fire in dryer, $25 damage. 

6:27 p.m. - 600 Goodpasture Island Rd., 
first aid assistance. 

11:39 p.rn. - 1823 Moss St., garbage fire. 
11:56 p.m. - 1740 Highway 99 North, no fire. 

(From 10 a.m. Wednesday 
until 10 a.m. Thursday) 

12:25 p.m. Wednesday - 1330 Oak Patch Rd., 
grass fire, no damage. 

5:13 p.m. - 2795 Garfield St., fire in 
oven, no damage. 

6:22 p.m. - Behind 1800 River Rd., grass 
fire, no damage. 

(From 10 a.rn. Thursday until 10 a.m. Friday) 

3:23 p.m. Thursday - 2250 Burlington St., 
grass fire, no damage. 

9:27 p.m. - 695 Ruskin St., smoke set off 
alarm. 

9:45 p.m. - 663½ Madison St., pan of food 
on stove burned, no damage. 

(From 10 a.m. to 10 p.m. Friday) 

10:11 a.m. Friday - Jefferson Street Bridge, 
standby for fatal truck accident. 

2: 35 p.m. - West Seventh Place and Seneca 
Street, wash down paint in street. 

3:31 p.m. - 14th Avenue and Columbia Street, 
false alarm at University of Oregon <lormitory. 

4: 46 p.m. - South end of Crenshaw Road, 
brush fire, no damage. 

(From 10 p.m. Friday to 10 p.m. Saturday) 

10:39 p.m. - Fourth and Willamette streets, 
grass fire, caused by careless smoker, 
no damage. 

1:06 a,m. - 1950 River Rd., grass and fence 
fire, cause under investigation, $20 damage. 

3:58 p.m. - 3900 W. First Ave., fuel silo 
fire caused by spontaneous combustion, 
$4,500 damage. 

4:37 p.m. - 5000 Willamette St., false alarm. 
5:28 p.m. - 31st and Willamette streets, 

assist ambulance at scene of possible heart 
at tack. 

5:40 p.m. - 2485 W. 22nd Ave., fire in 
dryer, no damage. 

6:01 p.m. - 5000 Willamette St., false. alarm. 
6:55 p.m. - 200 block of W. Third Ave., 

grass fire. caused by cigarette, no damage. 
7: 5 7 p. m. - Roosevelt Blvd. and Highway 99 

North , illeg a l burning . 

5:32 p.m. - 10th and Willamette streets, 
false alarm. 

7:59 p.m. - 1488 W. Seventh Ave., first aid 
run. 

8:44 p.m. - 17th and Hilyard streets, 
malicious false alarms. 

12:37 a.m. Monday - 2775 Central Blvd., 
house fire, caused by rags with linseed 
oil, $50 damage. 

(VOUR. NAME) 
REPORT 

CALLS iALLY NUMBER 

F'IRE.-S 

F"AL$E ALARMS 

ASSISTA~CE CALLS 

T'-IPE OF FIRE. NUMBE.R DA.MAGES 

CAR/TRUCK.. 

HOUSE/BUILDl~C:, 

F!ELD/TRA.51-1 / SAWDUST 

ontER. 
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[mIT:Lid1\'J~lJqp IB 
Mr. 

make a 
in her 

Since the largest number was 
15, they made 15 equally-spaced 
marks on the vertical scale. 
They labeled each mark. 

On the horizontal scale, they 
marked off three bars each the 
same width to represent the 
three types of calls. Equal 
spaces were left between the 
bars. Each bar was labeled. 

The height of each bar was 
equal to the number of calls. 

they wrote a title 
graph. 

1) Make a similar bar graph to 
show the results in Doug's 
tally table. 

The grid paper will help you 
draw the graph. 

Be sure to start the scale at 
zero. Equally space the marks. 
Carefully label the graph. 
Write a title for the graph. 

2) Ask your teacher for some 
grid paper. 

456 

Make a bar graph which shows 
the results from your tally 
table. 

l\lUMBER AND iYPE':l 
OF EMERGEMCY CALL$ 

15HH~~~ -t-t-1-t-------t---t---t---t-t-H--l 
14+---H~~~~~-:¼- +- +-H~ r-t -+ -+--+---+-+--l 
13-1--~--1,~ ~~H--I H..:...+.4 --+---+--+--+--+--+------1 
12.+---i-------t,~ 
11 

10 
g 

~ ~ 
L. 6 
O 5 
Q/ 4 
~ 3 
~ 2. 
:::i 
:2 1 

0 L.......1---"""" 

FIRES FAL~E A~51STAl\lCE. 
ALARMS 

f-- - ·+---l----+----+-+-+--+--+--+---l----1--- --1----+----+--+----< 



IT/~ ~N [M[QC:(N[V 
rnJ~UdbVdbLJ[t!J ~ 

Otto suggested they make a 
bar graph to post on the hall 
bulletin board. The graph would 
compare the number of each type 
of emergency call for the month. 

1) Use the information in each stu
dent's report to complete the 
table below. Find the total of 
each row. Be sure to include Judy. 

-
i't'PE OF CALL J"UDY DOUG OTTO J"ULlE TOTAL 

FIRES 15 

l='AL':>[ ALARtl\$ 14 

ASS\STA~CE 4 

121---l--l---+---1----1--+--+~e--l--+-+--+--+--+-, 
llJ ORDER TO GRA.Pl-1 Tl4E. LARGEST TOTAL 81--+--+~:c+'.::·~·•:~i<:;>-."' ... .;i,:.t'l--~-~+-+--t--t--t--1-t--t---1 

01\l Tl-IE GRlD, OTTO SAID THA7" EAC.1-1 MARK 4 1--+--1:~(:'.:;;.:\i;,.;\,,.:;;!;_~-:;:;;s;}.;.i~\-l--+-+--t--+-t--,r--+-+--, 

Ol\l TI-\E SC.ALE SHOULD EQUAL FOUR UNITS. o O O O L-.1.-....1i.f:;;:.f;.::.1};:.,;.°5..:.:?1a..(.:..f.._\ ---L--l-L--l---'--......___,__.__.___. 

2) Complete the bar graph above. Make 
each bar the same width. One bar 
is started for you. Finish label
ing the scale and write a title for 
the graph. 

3) Terry recorded the emergency calls 
for another week. She found: 
Fires - 16, False alarms - 3, 
Assistance - 4. Combine Terry's 
findings with the totals of the 
four students above. Complete the 
bar graph to the right to show the 
calls for five weeks. 

Pick a scale that lets you graph 
the largest number. 

Start the scale at zero and equally 
space the markings. Label the 
scales and write a title for the 
graph. 

FIRES 
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Mr. Johnson showed 
Julie and Otto another 
way to graph their re
sults. The total num
ber of calls for both 
weeks and the number of 
each type are easy to , 
compare . JULI ES 

EM(RGE.IJCY CALL'2> FOR ,WO W~E\c:-'::> 

~:.+:-c':---F.:-':1""'-Bel----1-t--+---t---+--+----+-----l TYPE Oi=" CALL 

In this 
bar graph 

orro's 
W~EK 

~.,,_ l="lRE. 

CJ "FAL$E 
ALARM 

~ = A~5\S"l"M.ICE:. 

number of calls for 
the week is used to 
decide the scale. 
Since Otto reported 
33 calls and Julie 
20, the scale needs 
to allow for 3 3. 02~G8IDU~~mw~~~~~M 

t-JUMBE.R OF CALL'=> 

0 

0 
0 

It is important to 
label the graph. 

Compare the bars. What type of emergency 
call caused Otto's bar to be longer than 
Julie's 

On the gr id, make bar graphs 
like the ones above for the 
weeks of Judy and Doug. 

Include a key to explain 
the shadings. 

Use the largest total num
ber of calls to decide 
the scale. 

Be sure to label the 
scales and write a title 
for the graph, 

Which is more effective 
for showing differences 
in the types of calls for 
the students, the table 
or your graph? 
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[m[b1J~V~lf ~ ~ 
Julie and Otto made bar 

graphs to show the break
down of emergency calls 
for two weeks. When they 
compared their bars, they 
noticed that during Otto's 
week there were more ac
tual fire calls than dur
ing Julie's week. 

Julie quickly pointed 
out that more than half 
of her total calls were 
fire calls: 12 out of 
20 or 60% (12 f 20). 
During Otto's week only 
13 out of 33 or 39% 
were actual fire calls. 

' :TULIE5. 
WEE.I<.. 

' OTTOS 
WEEK. 

~MERG.Et-JCY CALL'2> FOR TWO WC£KS 

02~~swn~wIB~~~~~~§~ 
NUMBER OF CALL'$ 

LJ" FAL~E 
ALARM 

Their teacher, ~r. Johnson, complimented the students on their obser
vations. He asked them to make percent bar graphs for their emergency 
calls. 

To find the percents, each 
student divided the number 
of each type of call by the 
total number of calls for 
the 

On grid paper the students 
drew bars 10 squares long. 
Each square shows 10% of 
the total. 

They then marked off the 
percents on each bar and 
labeled them. 

1) Ask your teacher for 
some grid paper. Make 
percent bar graphs for 
the weeks of Doug and 
Judy. 

2) Look at the percent 
bar graphs and the bar 
graphs you drew in 
Activity IV. 

a) Which type of graph 
tells you which week 
had the most actual 
fire calls? 

jUL\E OiTO 

i="IR~ 12-1- 20 = GO¾ 1'3 + 3'3 ~ 39% 

l="ALSE 
7 ~ 20 = 35<>/o 8-:-33 ~ '2.4 °lo 

ALA.R't,11 

A%1STA\\ICE 1 ~ '20 = 5°/o 1'2.;-33 ~ SQ.% 

EMERGE~CY CALL$ FOR n-JO WEEKS 

OT1QSt7'7:"77Jm7'77i'l'77'>.,..,,.,t""'"7.lt-,---:-t--,--,,-+~-,-+....,.,,,-,+.,..,....,.,,.,.+..,,...,..,.,.j 

WEEK. 

0% 10% 20,% 30% 40% 50% GO¼ 70¼ e,()% 901/o 100% 

~ = VIRI:: • = ~ALS~ ALARM Lj = A'::>'SISTAt-JCE 

b) On which type of graph is it 
easier to tell what part of the 
week's calls are false alarms? 
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Mr. Johnson grouped the ~ 
students' fire calls together. (o--1--oJ 

J"UDY DOUG 

MUMBl::R. AMOUUi OF 
TY PE O~ 1='1 R.E. OFFlRE:S DAMAG.E:'3 

CAR /TRIJCK. 2. $ 750 4 $ 3GOO 

1-lOLJ<;t: /APT/ BUI LDI >.JC:, 5 $ 2300 Q, $ 900 

Fl ELD/ iRA51-1 / SAWDUST 4 $ 0 5 $ 550 

011-!ER. 4- $ 25 8 $ 30 

He showed Judy how to make a circle graph 
to show the types of fires for her week. 

First find the total number of fires ... 15 

~ 

The entire circle represents the week's fires. 
Use the ratios to find the part of the circle 
for each type of fire. Judy used a calculator 
to help her. 

2 X 360° = 48° 5 
lS X 360° = 120° 

2 

G 

2 

3 

t:"IE:LD/ 
TRASH/ 
$AWDUS.T 

Use a protractor to mark off angles of 48°, 
120°, 96°, 96° to represent the number of 
each type of fire. 
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OTTO J"UUE. 

$ 90 3 '$ 700 

$27,100 3 $10,000 

$ 0 5 $ 10 

$ 0 1 $ 0 

TYPE$ OF F"lRES 
I 

DURIMG :ruovs WEEK. 
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( CONTI ~U£.D) 

1) Use the circles. below to make circle graphs to show the types of 

fires for Doug's week, Otto's week and Julie's week. 

Label each graph. 

2) Do these graphs tell you which week had the most field/trash/sawdust 

fires? 

3) Use a circle graph to show 

the part of the total damages 

each type of fire caused for 

the four weeks. 

~ 
Round the damages to the 

nearest thousand dollars 

bef or e writing th e ratios. 
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~ACH OF Tl-iE 12 NUMBER. Lit-JES 1--lAS 
A DIFFERENT SCALE. FOLLOW Tl-IE 
PATTEl<t,,.j. PUT A t-JU/V\BER BY EACH 
EQUALLY SPACED MARK 0~ 1HE 
Ll"-lES. 

0 2. 

0 10 

200 

TI-IESE SCALE$ HA.VE A PIECE: CU'T 
CUT. IT IS SI-IOWtJ BY ~ OR l-'VV'-1. 

ol o 
"TWO OR MORE. t--!UMBER':> ARE. GIVE.t-J 

TO I-IELP 'IOU GET STARTED. 

110 

0 

50 

4 
0 

0 100 

0 

0 lG. 18 

~-1--1 ---t----t------t 

0 GO 64 

~--+l------t---i---;-----,1 
0 2.000 2100 



SCRLE C 
P.LDT 

For 

the 

est 

nea 

sea 

Put 

for 

the 

bes 

each exercise, label 

scales so the larg-

number shown will be 

r the top of the 

le. 

a dot on the scale 

each number. Put 

corresponding letter 

ide each dot. 

~ -
Al 95 -

-
e,) 50 -

-c) 75 
-

o) 30 -
-
-
-

o-

L§J -
A) 1G 

B) 10 -
✓ 

C) 13 
-

D) G 

-

0-

EXAMPLE 
50- C 

A) 3~ 
4o-

8) ~4 
"30 -

A 

c) 48 
,5 

o) 1'2. 20-

10 -
D 

o-

~ -
A) 20 

B) GO -· 
C) 50 

-
D) 75 

J 
~ -

A) 2.00 
-

e,) 225 
-

c) 150 
-

DJ 280 
-

-
0-

~ -
A) 8 

B) 18 -

c) 10 
-

o) 14 

-

o-

~ , -

A') 200 
-

B) 450 

-
c) 100 

0) 350 - . 

-

0-

~ 
Al 8 

-
B) 24 

-
c) 18 

D) 10 -. 

-

o-
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Two or more numbers are given 

for each scale below. Finish 

marking and labeling each scale 

with the numbers given. Be sure 

marks are equally spaced. 

In most of these it helps 

to find the midp 0 int first. Be sure 

midpoint is a multiple of the given 

you mark and label it. 

MULTIPLE'S OF TE.t-J (10, 20, '30, · · · _;70) 

80 

MUL Tl PLES or 0~£ \.IUtJDRED 

0 0 

MULTtPLli.S OF l='"IVE MUL'TIPLE5 01=" FOUR 

0 40 0 '2.0 

MULTI PLE;.S O!=' TWE.l\lTY - 'i='IVE 

0 10 0 100 

1G 

GO 

10 
'2.00 

0 
0 0 0 0 MULTIPLE'::> 

1-'llJLTI PLE;:'S OF MULTIPLE'::> MULTIPLES MULTIPLE~ 
OF 

TEW 01=" OF OF' 
l="l!=TY O~E: TWO l=\VE 
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Each set of numbers can be 
plotted on one or more of the 
scales. Put the letter of 
the most reasonable scale be
side each set of numbers. 
Use each letter only once. 

1) 75, 73, 79, 70, 76 

2) 535, 512, 548, 505, 523 

3) 24, 18, 7, 3, 12 

4) 310, 25, 125, 420, 470 

5) 120, 55, 180, 75, 140 

6) 45, 15, 30, 5, 25 

7) 5, 1, 8, 19, 10 

8) 32, 29, 30, 27, 28 

9) 10, 7, 3, 8, 6 

10) 87, 82, 91, 99, 90 

11) 109, 106, 101, 110, 103 

A)I I--------+-------, 
0 10 20 30 4o 50 

C) 
0 50 100 150 200 

E) 
0 5 10 15 20 25 30 

F) 
0 1 2 3 4 5 G 7 8 9 10 

H) ~ 
0 500 510 520 530 540 550 

I) ~ I 
0 80 85 90 95 100 

L) I 
0 2. 4 G 8 10 1'2. 14 1'=> 18 20 

R) 1-1\J\ I 
0 26 2'7 2.8 29 30 31 32 

s) I I I 
I 

400 0 100 200 300 500 

T) f---1\/v\ I 
0 '70 72 74 "TG 78 80 

Y) f-1\/' I 
0 100 10'2. 104 10<o 1.08 110 

r r r r 1, r r r r r r r r r r r r r r 1 
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Look at each point named by a letter. Estimate its value. Write the 

value below the point. Find the value in the mess'1ge below. Write the 

correct letter above it. 

u I 

0 10 20 30 4-o 50 

F'" E 

0 30 GO .90 1.20 

s p 

0 4 8 1'2. 16 

H L M 

0 20 40 GO 80 100 1'20 140 

G 

0 50 100 1.50 

R. ~ 

0 2.5 50 75 100 

B T 
.l..-....... _.L__ 

0 ZS 50 75 1.00 

DID \JOU \-IE.AR ABOUT THE. t--.JE..W MOUTH C.0\IJTROL LAW ? 

36 80 11 20 '25 30 '36 40 36 80 6 11 70 25 11 85 '70 

G 30 25 25 80 '36 GO 90 '25 50 50 

110 25 15 80 30 G 
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Connect each set of points with straight line segments. Do not connect points that 
have "Stop" between them. Cross off each ordered pair as you use it. 

A. (5,60)(5,80)(6,80)(6,60)(5,60)Stop C. (15,8)(15,40)(20,36)(15,36)Stop(0,8) 
(15,36)(10,12)(0,8)Stop(l0,0)(0,8)(50,8) 
(40,0)Stop(15,36)(50,8)Stop(15,12) 
(40,16)Stop(0,4)(10,0)(l5,4)(20,0) 
(25,4)(30,0)(35,4)(40,0)(50,4)Stop 

(4,0)(4,20)(2,40)(2,60)(4,60)(4,50) 
(3,50)(4,40)Stop(6,0)(6,20)(7,30)(7,70) 
(6,70)Stop(3,60)(3,70)(2,100)(3,100) 
(4,70)(4,100)(5,100)(5,80)Stop(6,60) 
(6,50)(7,50)Stop 
100 ~~~~-,--~~--.--~~-. 

90 

80 

'10 

GO 

50 

40 

30 

20 

10 

0 
01 23J.+5<o789Q 

H. (10,250)(10,400)(8,450)(6,200)(6,150) 
Stop(14,200)(14,150)(12,100)(14,100) 
(16,150)(16,200)Stop(l2,250)(18,300) 
(20,300)(18,250)(8,150)(12,250)Stop 
(10,250)(8,250)(6,200)Stop(10,150) 
(6,50)(4,50)(4,100)(16,400)(16,450) 
(18,500)(18,400)(16,350)(16,300)Stop 

500 

4501---l--l----l--1----l--l--+----I---+-~ 

400 l---l--1----l--1-----l--l--+----I---+-~ 

3S0l---l---l---+-l--+--+--+-l--+--I 

30Ql---1---l---+-l--+----l--+-l--+--I 

25Ql---l--1----l--1-----l--l--+-----,I---+-~ 

200 

15Ql---1---1---+-1---l-----l----1--l--+--I 

100 1---1------l--+-1---l-----l----1--l--+--I 

50 1---1---1---+-+---l---+--+-l--+--I 

O O 2- 4 G 8 10 12 1.4 tG 18 20 

~o~~~-----r-,--~~-----r-,--~-. 

3Gl---l--1----1--1-----!--1----1--1-----!-~ 

321---1---1---+-l--+--+--+-l--+--I 

281---1---1---+-l--+--+--+-l--+--I 

2~1---l--1----i--1-----l--1----i--l-----l-~ 

2Ql---1---1---+-l--+--+--+-l--+--I 

1Gl---l---1---+-l--+----l--+-l--+--I 

121---l--l----i--l-----l--l----i--l-----l-~ 

8 1---1---1---+-l--+--+--+-l---+--I 

4 1---1---1---+-l--+----l--+-l--+--I 

0 a 5 10 15 20 2-s 3) 35 40 45 50 

D. (20,5) (40,5) (40,4) (180,2) (180,0) (160, 0) 
(160,1) (20,3) (20,5)Stop(60,10) (140,10) 
(160,9)(160,7)(120,5)(120,4)(80,4)(80,5) 
(40,7)(40,9)(60,10)Stop(60,8)(80,9) 
(100,8)(120,9)(140,8)(120,7)(100,8) 
(80,7)(60,8)Stop(80,6)(100,7)(120,6) 
(80,6)Stop(20,0)(20,2)(160,4)(160,5) 
(180,5)(180,3)(40,1)(40,0)(20,0)Stop 

10 

9 

8 

'T 

G 

5 

'+ 
3 

2 

1 
I 

OO 2.0 40 GO &) 100 1'20 t.40 1.GO 1.80 200 
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0. 
cJ) 30 

<fl 
Cll 
c:( 20 
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RAE LYl-lliS ALLOWAl\.lC£ 

SCHOOL LLJ!l..!CI-IES 

POPULATIOfJ 01=' SMALL iOW"-l 

Cl-llCAll.lO 

The circular region represents Rae 
Lynn's allowance. The parts of the 
circle show what fraction of her al
lowance is spent on each item. 

1. What fraction of her allowance 
does she spend on school 
lunches? 

2. Does she save more money than she 
spends for "fun?" 

3. From the graph, can you tell if 
she saves more than $1.00? 

4. Suppose Rae Lynn's weekly allow
ance is $5.00. How much does she 
spend each week on school 
lunches? _____ Fun? 
Savings? _____ Supplies? 

5. How many people live in 
Small town? 

6. Are there more Indians than 
Blacks? 

7. Are there more Chicanos than 
Whites in Smalltown? 

8. Suppose the town has 8,000 people. 
About how many Blacks would live 
there? 
Indians? 

Chicanos? 

9. What does the part labeled 
"other" represent? 

IDEA FROM : Teaching Modern Mathematics in the Elementary School, by Fehr & Phillips 

Permission to use granted by Addison -Wesley Publishing Company, Inc, 
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1. Shade the given percent of each circle. 

00000 
2. Shade (approximately) the given percent of each circle. Use the above 

circles to help you. 

GO% 30% '2.0% 10% 5% 

GGGGG 
3. Estimate the percent for the shaded part of each circle. 

4. Put the percents in the table 
onto the circle graph. Label 
the graph. 

Color 

Brown 
Blue 
Hazel 
Gray-

EYE COLOR OF STUDENTS 
IN LINCOLN SCHOOL 

Percent 

31% 
38% 
22% 

Green 9% 

5. Look at the circle graph and esti
mate the percents for each part. 
Put the percents in the table. Is 
their sum~ close to 100%? __ _ 

ICE CREAM SOLD AT NICE CREAM PALOUR 

Flavor 

Vanilla 
Strawberry 
Peppermint 
Butter 

Brickle 
Chocolate 

Percent 



These graphs show how two families 

spend their monthly income. 

1) Do the graphs show the number of 

dollars each family spends on these 

items? 

2) Can you tell from the graphs whether 

the two families have the same monthly 

income? 

3) Which family spends a greater percent 

for rent? 

Family A has a monthly income of $500. 

Family B has a monthly income of $800. 

4) How much does family A spend for rent? 

5) How much does family B spend for rent? 

Monthly Budget for Family A 

. . 
. FOOD ·.· · . · .· RENT .' .. 

. . . . . 
6) Which family spends more money for rent? 

_· _. · . . · 301/o · .. :· .· .. _· . . ?,~0/o: . _ _. ._·.:::, 
.... . . · . . : .· .· . ·. ·\ 7) Compare your answers to exercises 

and 6. Why do they differ? 

8) Both families spend 30% of their 

monthly income for food. Which 

3 

family spends more money for food? _____ _ 

9) In terms of percents, family B saves 

twice as much as family A. In terms 

of dollars, family B saves how many 

times as much as family A? 

Monthly Budget for Family B 

are used to compare percents, you 

should know the amounts on which the percents 

are based in order to interpret the graphs correctly. 
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1. Use this data to finish the circle 

graph below. There are 2000 students 

in Franklin School. To get to school, 

1000 walk, 500 ride bikes, 250 take the 

bus and 250 get rides from parents. 

3. Hans has 300 comic books. He has 50 

Hulks, 25 Konans, 150 Fantastic Fours 

and 75 Spiderman comic books. Make a 

circle graph to show this. 

472 

2. Hal asked each of the 36 students in 

his grade what pro basketball player 

they liked best. Make a circle graph 

showing these results: Kareem Abdul 

Jabbar 9, Dr. J 12 and Bill Walton 15. 

4. Jo and Mel each made a circle graph to 

show how they spend their allowance. 

They each get $4.00 a week. 

Who spends more for Fun? 

Savings? 

Junk Food? 

Lunches? 

' JOS ALLOWAI..JC.E. 
ME.LS ALLOWA~CE 

LUNCHES 

LU~CHE:.5 



TD MR"'7E Fl 

CSH~C 
GRRPH 

I. BE SURE YOU HAVE llPARTS TO WHOLEll DATA, FIND THE TOTAL OF 
THE DATA, 

EXAMPLE: How I SPE~D MY DAY 

SLEEPING/EATING 10 HR, 
IN CLASS 6 HR, 
AFTER SCHOOL SPORTS 2 HR, 
HOME CHORES 2 HR, 
SPARE TIME 4 HR, 

TOTAL 24 HR, 

2. DRAW A CIRCLE OF ANY SIZE AND MARK ITS CENTER, 

3. DETERMINE AN ANGLE MEASUREMENT FOR EACH ITEM, 

EXAMPLE: SLEEPING/EATING 

_lQ_ X 360° = 150° 
c:300•24 

4, DRAW A CENTRAL ANGLE FOR EACH 
ITEM, LABEL EACH PART OF THE 
CIRCLE. 

5, WRITE A TITLE FOR THE GRAPH, 

OPTIONAL: WRITE IN THE PERCENT 
FOR EACH ITEM, A 
CALCULATOR WILL HELP, 

EXAMPLE: 
SLEEPING/EATING 

~~ ~ ,417 OR 41,7% 

IN CLASS 

- 6 = ,25 OR 25% 
24 

IN CLASS 

- 6 X 360° = 90° 
24 

HOW 1 SPOJD MY Dl\Y 

Hl CLAS$ 

Q, I-IOUR':> 

(25%) 

SLEEPll\lG/ 
E.A1l~G 

10 HOUR'S 

(41.7%) 

SPARE 
TlME 
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0% 

WAAT ARE THE FAVOR.lit:. COLORS UJ YOUR. CLA~S ? 
These are the favorite 
colors in Mrs. Perez's 
class. 

This is a percent bar graph. It shows the 
percent of the class that prefers each 
color. 

COLOR TALLY F"REQUENC.Y l'."AVORITE COLORS ItJ MRS. PERE:Z.S CLASS y-PURPLE. 

RE.D J.H1' I G 

GREEN l I\ 3 RED GRE:Et\l BLUE ORAt-.:IG.E VELLOW 
BLUE. .I-I-tr 5 24 o/o 1.'2. o/o '2.0o/o 2.4% 4 lGo/o 

ORAtJG,E. !-1-tf I c;; ¾ 

PURPLE I 1. 

\{(.LL()W It It 4 
--

TOTAL 25 

1) Write down your favorite color. 

2) Put your tally mark on the chart on the chalkboard. 

3) Make a bar graph of the favorite colors. 

4) Make a percent bar graph for the favorite colors of the students in 
your class. Each mark shows 10%. Be sure to write a title for your 
graph and label each part. 

5) What is the favorite color of the class? 
cent prefers this color? 

I I I I I I 

10°/o 2.0% 30% 50% GO% 

What per-

I I I 

70% 80% 90% 

474 

100% 



I I 

I I. 

LANGUAGE NUMBER SPEAKING 

ARABIC 150.,000.,000 
ENG LI SH 350.,000.,000 
HINDUSTANI 230.,000.,000 
MANDARIN 

(CHINA) 
550.,000.,000 

RUSSIAN l Ll•., oao., ooo 
SPANISH 220., 000., oao 

MONEY SPENT ON DEFENSE BY 
THE UNITED STATES IN 1365 

ARMY 
NAVY 
AIR FORCE 
OTHER 

TOTAL 

J.L 552., 000., 000 
13., 339., 000., 0')0 
18., ll!6., 000., 000 
4., 061., 000., 000 

MILLIONS 
600 

t9 500 
z -::.::: 
<C I.JO'.) w 
0... 
Cf) 

Cl'.: 300 w 
,::q 
::E: 
::J 
z 200 

100 

0 

u -LANGUAGE ,::q 
<C 
er. 
<C 

BILLIONS 

50 

LJJ 
I-
z 
w 
0... 30 Cf) 

Cf) 

0:: 
<C 20 _J 
_J 
0 
c.:i 

10 

0 

_J 
c:i: 
I-
0 
I-

LANGUAGES OF THE WORLD 

:c 
(/) -_J 
t9 
z:: 
w 

>-~-= 
0:: 
c:i: 

-z 
<C z 
I- - z 
(/) Cl'.: <f 
::J <C -Cl Cl Cf) 
z z Cf) - <!. ::::, 
:c ::E: er. 

MONEY SPENT ON 
DEFENSE BY U,S, 

IN ]_955 

LU 
u 
er. 
0 
LL 

>-
> er 
c:i: -z <( 

er. 
w 
:c 
I-
0 

:c 
Cf) 

z 
<C 
0... 
Cf) 
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23~ 

(/) 
UJ 

I-
n:: 
<( 
0.. ....... _ 
U) 
lJJ 
u 
z 
<( 
Q 

23°s 
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~ow cqN W[ 
DI~PLPl,J 

T~[ DRTR? 

STUDENT BODY FUNDS 

287, 12% 18% 13.CIT 6:, 

STUDENT BODY FUNDS 

(/) (/) 

......... I- ::, 
(/) Cf) 

_Ju u 0 
1-W OUJ - LU n:: 0-:, I- U) 

LU U) - :co WI-
z 

LU I <( 
0.. I- 0.. u n:: ....JZ _J 
<( zo U) 0.. :C LU _J 
0.. I-> on:: <( LU 

lJJ 

_J u I- u 
0 

U) -0 :E: ::r: 
u 
U) 

23% 12/2 1oo;, 
.l. 0/-; 13% rCJf 

0/ ,) 

STUDENT BODY FUNDS 

DANCES & PARTIES 

SCHOOL PAPER 

CONTESTS & TROPHIES 

SCHOOL PROJECTS 

ATHLETIC EVENTS 

MISCELLANEOUS 

STUDENT BODY 
DOLLAR 

SCHOOL DANCES/ PAPER PARTIES zoc I.)' 23¢ 

23% 

28% 

12% 
18% 

13~ 
6% 



YEAR 

TOTAL STUDENT 
BODY FUNDS 

~ow [RN W[ 
OI!;PL~~ 

T~[ D~T~? 
( COI\JT!~UED) 

1973-74 1974-75 1975-76 

41800 511450 

1976-77 

51750 

COMPARING STUDENT 
BODY FUNDS 

7 COMPARING STUDENT 

7 
I 

(/) 
Fi 

ex: 
<( 
_J ,.. 
_] ) 
0 
Cl 

LL 14 
0 

(/) 7, Q • 
z 
<( 
(/) 2 ::, I-

0 
::c 
I-

1 

0 

1976-77 
21% 

1977-78 
24% 

COMPARING STUDENT 
BODY FUNDS 

-
--

..:j· Ln lD 
r--.. r---... r---... 

I I I 
IV'\ ..::r Li, 
r---.. r--.. r---... 
0' c::71 en 
..-l rl rl 

-

r--.. 
r---... 

I 
<..O ,....___ 
0) 
rl 

BODY FUNDS 

6 
(/) 

ex: 
<( 

5 _] 
_J 
0 
Cl 

LL 4 
0 

(/) 3 Cl z 
<( 
(/) 2 ::, 
0 
:c 
I- 1 

0 
,ti" l..i\ lD r---... 
r---... ,....___ r---... r---... 

I I I I 
I'<\ - LI"'\ LO 
r--.. r---... r---... r--.... 
Ol o, C, CJ"l 
rl ,-; rl ..--J 

-

00 
r---... 

I 
r---... 
t---.. 
0, 
rl 

1977-78 

61500 

co 
r---... 

I 
I"'--.. 
r---... 
m 
r-! 
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ORGANIZATION 

Placement Guide for Tabbed Dividers 

Tab Label Follows page: 

CONTENT FOR TEACHERS .............. . ........... ..... 14 
Gathering Data ... .... .. .............. ... ................ 18 
Tables .................................................. 28 
Graphs ......................... ... ..................... 48 
Scatter Diagrams ........................................ 68 
Mean, Median, Mode .......... .. .............. .. ...... . 82 
Range & Deviation .............................. . ...... 102 
Sampling .............................................. 130 
Experimental Probability ................................ 148 
Probability with Models ................................. 158 
Counting Techniques ....... ... ......................... 180 
Probability with Counting .................. ......... .... 198 
Inferential Statistics ......... ... .. .. ......... ... ......... 212 
Appendix-Computer Programs ....................... ... 242 
DIDACTICS ... ... ......................... .. ........... 258 
Components of Instruction .............................. 258 
Classroom Management ................................ 294 
Statistics and Probability Learning ..... .......... ......... 310 
TEACHING EMPHASES .................................. 322 
Critical Thinking ....................................... 322 
Decision Making .................. .... ................. 332 
Problem Solving ........................................ 340 
Models and Simulations ................................. 352 
Calculators and Computers .............................. 362 
Laboratory Approaches ................ . ........ ..... ... 372 
CLASSROOM MATERIALS ....................... ... .... 386 
CONCEPTS AND SKILLS ............................. ... 386 
Gathering Data ... ...................................... 386 
Tables ................................................. 418 
Graphs ................................................ 434 
Scatter Diagrams ......................... ..... ......... 478 
Misleading Statistics ................................... .496 
Mean, Median, Mode .................................. 512 
Range & Deviation ..................................... 540 
Sampling .... .... ..................................... . 570 
Experimental Probability ................................ 604 
Probability with Models ................................. 634 
Counting Techniques ... ....... ........ ... ............. . 692 
APPLICATIONS ....... .. ............. ......... ......... 728 
Business & Commerce ............................. .. .. . 728 
Environment .... ... .. .............. .. .................. 744 
Health & Medicine ..................................... 772 
People & Culture ....................................... 794 
Recreation ....................... ... ................... 838 
GLOSSARY ............................................ 858 
ANNOTATED BIBLIOGRAPHY ........................... 862 
SELECTED ANSWERS .................................... 880 



C011TCNTS 
Commentary to SCATTER DIAGRAMS (480-482) 

TITLE 

Scattered Patterns 

Are You A Square Or A 
Rectangle? 

Do They All Line Up? 

It Sounds Like 20° C 

Come Rain Or Come Shine 

lHabla Usted, El Espanol? 

A Lengthy Relationship 

Lay It On The Line 

Sounds Fishy To Me 

It's Not Healthy To Drive 
Near Home 

PAGE 

483 

484 

486 

488 

490 

491 

492 

494 

495 

496 

TOPIC 

Examining trends in 
scatter diagrams 

Gathering data to make 
a scatter diagram 

Making a scatter diagram 
Drawing a trend line 

Making a scatter diagram 
Using a trend line to 

predict 

Making a scatter diagram 
Making and using a trend 

line 

Making a scatter diagram 
that does not have a 
trend line 

Making scatter diagrams 
to find relationships 

Showing a relationship 
with perfect 
correlation 

Making a scatter diagram 
with a curve for a 
trend line 

Discussing cause and 
effect for two related 
variables 

TYPE 

Transparency 

Activity card 
Worksheet 

Worksheet 

Worksheet 

Worksheet 

Worksheet 

Teacher directed 
activity 

Worksheet 

Worksheet 

Worksheet 
Discussion 
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SCRTT~I D!RCIRNS 
Students will need skills in reading scales, making scales and plotting 

points b efor e they work with scatter diagrams. These skills are discussed in 

the commentary to GRAPHS. Activities in the GRAPHS section like Scale Sketches , 

Mouth Control , and Scale and Plot provide practice with scales and plottin g points. 

You can introduce or review scatter 

diagrams by making a transparency of the 

page Scattered Patterns and discussing the 

idea s below with your students. 

• Scatter diagrams are used to show 

there is (or is not) a relation between 

two vari ables. Ask students what rela

tion is shown by each scatter diagram to 

the right. (In Example I a person's; 

electrical bill tends to increase as more 

appliances are bought; in Example II the 

number of tennis players tends to de

crease as the amount of rain increases; 

in III there doesn't seem to be a rela-

tion between age and distance lived from 

school.) 

• I f points lie in a strip or oval, 

a trend line can be used to show an 

I. $Al,'!PL£ Of' BILLS. 11,.J LITTL...E:VILLC 

" 1 

~ 15 

~ 10 • • • ' • 

8 5 • •• • 
d • 

o-1--,- - ~--~~~ 
01.2345G78910U12. 

ill. 

,4 

NUM&R l$ CL£CTRICAL APPI...INJCE.$ 

SA.MPLE. O"" St\JCll.:N.L!, ~OM 
FRAJJK.LIIJ M IDDLE. S<:l-1001. 

. . . . : .. 

·= . . . 

0 o 2 4 c. a 1012141.;;iaro 
Bl-OCK.S FR.OM SQ-OOL 

• ~ 20 

2 r: 
~ ' 
" ~ 4 

I o+--~~~ - -- -
0 ~ ~ m ~ ~ 

M.I LL 1Ll1"~'i:S Of'" l<:,AHJ 

N. U5E..D CAR':3 AT f.!OtJEST JQ~l,.J~ 

0000 

. . · .. 

<--.-----~~ 2345<;;;7891.0 

CARA<.£: IJ\l YI.AR':. 

a~pro~imation of the relationship in a scatter diagram. (Use a transparent ruler 

or piece of long uncooked spaghetti to fit a li ne on ~raph~ l artd II.] A~l 1[ 
this line would be useful for predicting one variable from a known value of the 

other. (Yes, if the dots are all fairly close to the line.) Can you be certain 

your prediction is correct? (No, unless it is known that the two variables always 

lie exactly on a straight line or curve.) Does it make sense to talk about a trend 

line for Graph III? (No.) 

• Sometimes a smooth curve can be used to show a tr end in a scatter diagram. 

In Example IV a smooth curve seems to be the best fit. Students will probably 

guess that the few outlying points are for special cars whose values tend not 

to decrease with age. 
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COMMENTARY 

A frequent mistake by students 

is to treat a scatter diagram like 

a broken line graph. They will 

plot the points and then connect 

them just like they did for line 

graphs. They often find it hard 

to see a reason for connecting 

plotted points in one case and not 

connecting them in another. To 

help them understand, you might 

point to the several places where 

ME.Al\l It'\ NOT 
SUPPOSED TO 
co11..nJE.C"T THE 
POHJTS? WE 
DID BEFORE! 

SCATTER DIAGRAMS 

dots are above each other. This does not occur in line graphs. Connecting all the 

points makes the graph look like the path of a maze! It is more useful to draw one 

straight line that best describes the trend of the points. 

The activity Are You A Square or A Rectangle? asks students to make a scatter 

diagram showing heights and arm spans. There could be several different arm spans 

for one height. These points should not be connected with line segments. 

A scatter diagram can be made of 

readings taken in an experiment. When 

one reading is taken after each second, 

these points could be connected with 

line segments. The sequence of line 

segments often approximates a line or 

curve of best fit. (Most data gather-

ing in scientific experiments involves 

errors in measurement, so the data 

does not exactly fit the theoretical 

relationship.) 

1'2. 

en 10 
w 
~ 8 

ti L G 
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<(2 00 
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I 
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// 
V 

---
L-----" / 

1'2'345G7 

o TIME l:IJ SECONDS 

If the experiment is repeated and the new points are plotted, they will usually 

not coincide with the first points and the scatter diagram is more apparent. An 

example of this can be seen in Decay and Half-Life in the ENVIRONMENT section. 
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COMMENTARY SCATTER DIAGRAMS 

The activities in this section involve students in making scatter diagrams 

that show positive relations (Are You A Square or A Rectangle?, Do They All Line 

Up?, and It Sounds Like 20°C), a negative relation (Come Rain or Come Shine) and no 

relation (iHabla Usted, El Espanol?). Other activities ask students to make scatter 

diagrams to see if a relationship is more likely to exist between one pair of vari-

ables than another (A Lengthy Relationship). Some activities show pairs of varia-

bles that fit exactly on a line or curve (Lay It On the Line and Sounds Fishy to 

Me). 

Your students might think one variable is the "cause" and the other is the 

"effect." This is a common error in thinking. The scatter diagram below shows a 

negative relationship between the dis-

tance from home and the number of acci-

dents. Does this mean you are safer 

when you are driving in another state? 

(No.) Does the distance from home cause 

the number of accidents? (No, it is 

the greater number of miles driven close 

to home that accounts for the larger 

number of accidents happening near home.) 

Help your students become critical 

thinkers by discussing with them the 

ideas in It 's Not Healthy To Drive Near 

Home. They might be able to think of 

more examples of errors in cause and 

effect reasoning. 

Although students will not see 

scatter diagrams as frequently as other 

r1s NOT fifAL1HY 
TO D1210£ 

/\)[A/2 HOMC 

The graph st 1o ws the putt-mobile 
accidents on the planet Zorr , 

l) Point A tells the numbe r of 
acci dents fo r dI"ivers 25 k i l o
met res fr om hom e. There were 
about accidents. 

2) ls there a relationship between 
th e number of ac cid ents and 
the driver ' s distance from 
home? ______ _ 

3) Is it safer for Zo rr i ans to 
drive t h ei r putt-mobiles if 
they ' re a l ong d i s tance from 
home ? 

4 ) What else might affect both 
o f these mea s urements to cause 
th e m to have t his relationshi1,>? 

~~-

Dl~T,vJC.£. 11-l KILOM(T R!:";, 

CAU;I0'-1: JU':.T SE:CAU!!.L T\.ILR(. 1,;, A p.-.,;1:tRIJ OR iRCNO IIJ A SCA1H::R 
OlAC.RAM WE. C,'l.tsil-l01 s,,:-, Tl-IA,- OIJE. 1-'lt.A~RLMOJT CAUSE.':, 
TkE. OTHER 

5 ) I n each s t a t ement below does one factor c ause the other? Could they 
both be affected by something else? 

a) When e ver I don't h a ve time to study, we qet a pop quiz. If I do 
study , we never get a quiz. 

b ) Lincoln's baske t b all r ecords sho w th at players who commit more 
fouls during the season als o sco r e more points. Jumpshooter John 
decides that if he wants to become a star player he must foul a 
lot. 

c) More accidents occur in one's home than in any other place. 

d) A pas senge r wro t e a letter to an airline a skin g t h e pilots to 
stop turning on the fasten Seat Belts light because e v ery time 
they did, the ride got bwnpy. 

types of graphs, they can learn to appreciate their use in presenting statistical 

data. The activities in this section will give students experience in using scatter 

diagrams to look for relations. 
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Materials: Two metric tape measures, two colored pencils 

Activity: 
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1) Attach one tape measure to the wall 

with the O mark at the floor. Attach 

the other tape measure to the wall 

about shoulder high with the 0 mark 

in a corner. 

2) Stand with your back to the wall. 

Have a partner measure your 

height. cm 

3) Stretch your arms out. Have 

a partner measure your reach 

(fingertip to fingertip). Be 

sure one fingertip touches the 

0 mark in the corner cm 

4) How much longer or shorter is your 

reach than your height? cm 

5) A "square" person's reach is less than 

3 cm longer or shorter than his/her 

height. 

A "rectangle" person's reach is more 

than 3 cm longer or shorter. 

Are you a square or a rectangle? 

6) On the grid on the next page, qraph a point to represent each per

son's height and reach. If the person is a square, use one color; 

if a rectangle use a different color . 

7) Draw a loop around the point that represent square people. 

8) What do you notice about the position of the loop on the grid? 



( com, ~U£D) 

This type of graph, called a scatter diagram, can be used to see 
relationships. In this case, you should see that as heights get 
taller, reaches get longer. 
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9) A person is 178 cm tall. His/her reach would probably be between 
cm and ___ cm. 

10) A person's reach is 149 cm. His/her height would probably be 

between cm and cm. 
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WOMEN MEN 
Desirable Weights for Ages 25 and Over Weight in Pounds Desirable Weights for Ages 25 and Over Weight in Pounds 

(In Indoor Clothing) 

Height Height 
(with shoes on) 

Medium Large 
(with shoes on) 

2-inch heels Small 1-inch heels 
ft _ lo . Frame Frame Frame F!. '"-

4 JO 92-98 96 -107 104-119 5 2 
4 11 94-101 98-110 106-122 5 3 
5 0 96-104 101-113 109-125 5 4 
5 1 99-107 104-116 112-128 5 5 
5 2 102-110 107-119 115-131 5 6 
5 3 105-113 110-122 118-134 5 7 
5 4 108 -116 113-126 121-138 5 8 
5 5 111-119 116-130 125-142 5 9 
5 6 114 -123 120-135 129-146 5 10 
5 7 118 -127 124 -139 133-150 5 11 
5 8 122-131 128-143 137-154 6 0 
5 9 126-135 132-147 141-158 6 1 
5 10 130-140 136-151 145-163 6 2 
5 11 134-144 140-155 149-168 6 3 
6 0 138-148 144-169 153-173 6 4 

For girls between 18 and 25, subtract 1 pound for each year under 25. 

(In Indoor Clothing) 

Small Medium 
Frame Frame 

112-120 118-129 
115-123 121-133 
118-126 124-136 
121-129 127-139 
124-133 130-143 
128-137 134-147 
132-141 138-152 
136-145 142-156 
140-150 146-160 
144-154 150-165 
148-158 154-170 
152-162 158-175 
156-167 162-180 
160-171 167-185 
164-175 172-190 

large 
frame 

126-141 
129-144 
132-148 
135-152 
138-156 
142-161 
147-166 
151-170 
155-174 
159-179 
164-184 
168-189 
I 73-194 
178 199 
182-204 

Study the height
weight chart to the 
left. 

This chart, developed 
by the Metropolitan 
Life Insurance Company, 
suggests a relation
ship between height 
and weight. 

To check this, twelve sixth grade boys were measured and weighed. 

HEIGHT Cc.rm) 
WElGHT(kq) 

These measurements can 
be plotted on a grid. 

To graph the point 
each boy: 

Find his height on the 
horizontal scale. Find 
his weight on the vertical 
scale. Put a dot where 
the two lines cross. 

The point showing Alan's 
height and weight has 
been plotted. (over 144, 
up 35) 

1) Plot points for the 
other eleven boys. 

The graph you have 
made is called a scatter 
diagram. 

so 
49 
48 
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4G 
45 

rJl 44 
~ 43 
ct 4z 
& 41 
9 40 
52 39 

2 38 
t-1 37 
t- 3G 

i 35 
W 34 
3 33 

32 
31 
30 
29 

> 

0 
0 

150 141 

43 37 49 45 29 32 so 

HEIG.HT /WEIGi-iT RELAilONSHIP 

1-1~\GHT I"-1 CD . .lT\Mt..TRES 

Permission to use chart granted by Metropolitan Life Insurance Company 
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( COl\l"Tl~UED) 

Look at the scatter diagram on the 

first page. Notice that the points are 

not scattered all over the graph. They 

seem to lie in a narrow strip. It ap

pears that as the boys' heights increase 

so do their weights. 

• 

• 
• • 
• • 

• 
• 

A line, called a trend line, can show this relationship. A trend line 

is drawn so it is close to each of the points. 

To help you find a trend line: 

Use a black thread, a transparent ruler or a long piece of uncooked 

spaghetti. 

Place the thread on the graph so about the same number of points are 

above the thread as below it. 

Draw in the line. 

2) Draw a trend line for th e graph on the first page. 

A trend line can be used to make 

pr e dictions. 

Suppose the number of zonks is 8. 

A good guess for the number of swills 

is about 7½_. 

If the number of zonks is 3, the num

ber of swills is about 

If the number of swills is 9, the 

number of zonks is about 

14 
13 
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3) Use your trend line on the first page to make these estimates. 

a) A boy's height is 153 cm. A good guess for his we ight is 

b) A boy's weight is 38 kg. A good guess for his height is 
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Have you ever listened to a cricket chirp? 
Do they always chirp at the same rate? 

A scientist listened to crickets. 

He counted the number of chirps they made 
in one minute. 

T~MPERA""TURE (C) CHI RP.s/Ml~UTE T(MPERATU!c~(C) C.HflcPs/MHJUTI: 

8"' Lio 17° 100 

90 4'=- 18° 101 

10° sz 18"' 103 

11° Gl-j. 18° 108 

12.0 GG 19° 110 

1'3° '70 19° 115 

1'30 '77 20° 120 

14-0 80 20° 12G 

15° 8G 21° 120 

15° 90 22° '1.30 

1C:."' 90 2.,2,0 1'3'7 

1~0 9G 2'3° 143 

1'7 98 

Do you think there is a relationship between outdoor temperature and 
cricket chirps? 

1) To check, make a scatter diagram of the data on the next page. 

2) Do the points lie in a narrow strip? If so, draw a trend line. 

3) Use the trend line to make some predictions. 

a) A cricket chirps 56 times in a minute. What is the approximate 
temperature? 

b) If the pattern continued, about how many chirps might a cricket 
make in one minute at 27° C? 

c) At what temperature do crickets stop chirping? 



.j~ 

70 

42 
38 
34 

,. 30 

} 
01234-5 

~1,)1,)() c,0 0 

(CO~Tl)JUED) 

COMPARING CRICK.ET C~I RPS AND TEMPERATURE' 

-.. 
TEMPERATURE (°C) 
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I. A 6th grade class in Seattle 
has a car wash each year. 
They wanted to compare the 
amount of rain with the number 
of cars washed. By examining 
past records, the class found: 

MILLIMETRES Of RAl"-l 20 3 

l\lUMBER or CARS 35 50 

1) Do you think there is 
a relationship between 
the amount of rainfall 
and the number of cars? 

2) Make a scatter diagram on 
the grid. Draw a trend 
line. 

3) As the rainfall increases, 
does the number of cars 
washed increase or de
crease? 

20 

2.0 

II. This table gives the percent 

1G 

35 

0 10 4 22. 4 1 '2. 

58 52. 47 25 54- 40 

CAR \JASI-\ DA'TA 

.a 

Ml LLI/V\£.TRES OF RAI~ 

LEiJGTH PERC.EJ.rT 
OF l="IELD or Fll:.LD of field goals made from different 

distances by the teams in the 
Inter-Mountain Football Conference. 

GOAL (vos) GOALS MADE'.. 

490 

1) Is the percent of goals made related 
to the length of the field goal? 

2) Get some grid paper. 
diagram of the data. 

Make a scatter 
Find a trend line. 

3) As the length of the field goals 
becomes shorter, what do you notice 
about the percent made? 
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l ~RBLR usn~o, 
EL t~PRNDL? 

In the table are test scores 

for ten students in Ms. Dias' 

class. 

1) Use the grid to make a scatter 

diagram of the test scores. 

Label the scales and write a 

title for the graph. 

2) Look for any relationship between 

the two test scores. 

3) A student was absent for the 

geography test. She rece i ved a 

score of 45 on the Spanish test. 

Can you predict her score for 

the geography test? 

STUDE:Ni 

ALEX 

CAROL 

F"RED 

GAIL 

!tJE.Z 

MARY 

PE~~JY 

R.AtJDY 

~TEVE 

WESLEY 

SPAI\IISH 1ES1 GEOGRAPHY TEST 

90 40 

2.8 ,e 
57 45 

7G so 

34 2..B 

G8 "70 

8G 92.. 

3G 48 

8'4 GO 

50 90 
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Some measurements are related (height-weight)--some are not 
(height-I.Q.). In this activity, scatter diagrams are used to investi
gate other possible relationships. 

1) Group students in pairs. Students need a metre stick and string. 
Tel l students they are to take some measurements. The class will 
then look at the results to see if the numbers are related. 

2) Have students take and record (to the nearest centimetre) the measure
ments shown below. 

I ARI"\ LEIJGTI-\ 

ARM LEMGTl-l 
ooo 

I-IEAD SIZE. 

3) In advance, prepare two transparencies (or posters) of these grids: 

I 

I 
'-' 

~ 
c.!J 110 
~ 105" 

100 

l'--,-...,---1'-
,........ 

'\ 
' 
'--r--

\. 
) 

I 

1, \ 
0 40 444e, 

ARI"\ Ln.!GTI-\ (c.rm..) 

TI 

w 
N 
ti'i 31+ 
o 32 
~ 30 

0 

r---..__r--,.__ 

" ,_____ 

>, 
0 40 'i4 1.;e, 

ARM LEMGTl-l ( crrn.) 

r-. 

' ) 

" V 

4) Place grid I on the overhead. As each student reports his/her arm 
length and head size, graph the ordered pair. 
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5) Have students look at the results. Do the points seem to lie in a 
narrow strip? If so, use a long piece of spaghetti to mark a trend 
line. Use the trend line to make predictions: 

Lucy's arm is 60 cm long. How tall might she be? 

Schroeder's height is 140 cm. How long would you expect his arm 
to be? 

Point out that these predictions are only approximations. Also 
caution students against extending the line beyond the data to make 
predictions. 

6) Place grid II on the overhead and repeat steps (4) and (5). 

7) Tell students two measurements are closely related when the points 
lie close to the trend line. 

Which two measurements are more closely related--arm length and 
height or arm length and head size? 

Can students think of two other variables that might be closely 
related? 

8) Collect the students' data sheets. Compile two lists--one for boys, 
one for girls. 

HE:.IG.HT ARM LDJGiH 14EAD ':.IZE 

~ - - _.,..-------.... 

9) On the following day, give each girl the set of girls' data and two 
grids. Do the same for the boys. 

Have them draw scatter diagrams and mark trend lines. 

10) Are height and arm length more closely related for either group (boys, 
girls) than they were for the whole class? Place grid I on the over
head for students to compare. 
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2) 

3) 

4) 

5) 

6) 
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Look at the table below. 100 

95 
TE:.MPERATURC TEMPtRATURE. 
It,J OE.GRE£';. 11\) DEGREES 
FAl-l!cEIJ\.IEIT(°F) CE.LSIUS (°C) 

90 

85 

80 
'7i 25 75 

104 40 70 

'32. 0 G5 

149 G5 

95 35 

1'31 55 

17" 80 

u<oO 
0 

'--' 55 w 
Cl,! 50 

~ 4-5 
Cl,/ 

4o w a. 

50 10 
:i. '35 uJ 
I-

30 
Graph the data on the grid 2 5 ,__+--+---+--+---+--+---+--+---+---+----+---+----+-----<>--+---+--+---+----+--t 

to the right . Draw a trend 2 o t--+---+--+--t---+---+--+----1-r--+---+--+-----+--+---+--+----1-t---t---1 

line. 

What do you notice? 

Suppose the temperature 
50° C. It is about 

is 
0 F. 

As the temperature in degrees 
Fahrenheit increases, what 
happens to the temperature 
in degrees Celsius? 

The table below gives the 
whole number dimensions of 
rectangles having a peri-

15 

10 

5 

0 
0 10 w~~~~w~~mMw~~s~oo~~~ 

TEMPERATURE: ("F) 

meter of 24 units. Graph the data. 
12..-.,.....----,--.--~~~~--~~~-~-

11 t--+---+--+--+--+---+--+-----,f--+---+--+---+--l---1 

lOr-+--+--+-----+--+--+----+-----lf--+--+----+--+--+---1 

9 t-+--+--+--+--+---+--+-----,'---+---+--+---+--+---1 

8 r-+---+-+-----+--+--+----+-----l-f----+----+--+--+---1 

'7 t-+---+--+--t---+---+--+----t-+--+---+---+---+----1 

\,,/IOTH 

1 

8 

3 

10 

5 

9 

4 

11 

2 

'7 

6 

LE~C.TH 

11 

4 

9 

2 

7 

3 

8 

1 

10 

5 

G 

Draw a trend line. 

7) What do you notice? 

8) Suppose the width 
of a rectangle is 
4½ units. Its 
length is about 

IGt-+--+---+--t---+---+--+----t-r--+---+--+---+-~ 

G 2 5t-+--+-----+--+--+---+-+--,f--+---+--+---+--+---I 

~4t-+--+-----+--+--+---+-t--,r--+---+--+---+--+---I 

9) As the width increases, ~r-+---+---+---+--+--+----+-----lf--+--+----+--+--+---1 
what happens to the 21-+--+--+--+--+--+--+--+---+-+-+-+-----1-----l 

1 en g th? ________ 1 1-+--+---+--t---+---+--+----1-1--+---+---+---+-~ 

0 _...._....._...._ .............. __.____.____._.__..___.__..J.-...J....,_J 

o 1 2 3 4 s G 7 e 9 ID un 
WIDTH 



1) Complete the table. NUMBER SQUARE 

c0o 0 

3 

0 

~ 

5 

2. 

G 

1 

2) Make a scatter diagram of 
the data. One point has 
been graphed for you. 

3) Connect the points to 
form a smooth curve. 

4) Use the curve to predict: 

9 

a) 2.5 x 2.5 is approximately 
b) 5.75 _ x 5.75 is approximately 

5) The Fish and 
Game Depart
ment collected 
this data on 
the striped 
bass. 

6) Make a 
scatter 
diagram of 
the data. One 
point has been 
graphed for 
you. 

7) Is there a 
relationship 
between the 
length and the 
mass of the 
fish? 

LDJGTH 0~ 
FISH (crrn) 

20 

90 

110 

30 

GO 

80 

so 
,o 
12.0 

40 

100 

MASS OF" 
FISH (kg) 

.'2..5 

8.5 

15 

.5 

2."75 

G 

1.5 

4 

19 

1 

11.5 

38 
3G 

34 
32 
30 
28 
2G 

24 
22 

W 2.0 

~ 18 
::> 1G 
$ 14 

12 
10 

8 
G 

4 
2 
0 

NUMe,ERS AklD 1"1-lE:IR SQUAR~S 

0 1 

• 

2 3 4 5 G 
NUM&R 

STRIPED BASS DATA 

221--1-1-+-+-+-+--+-+-----+--+--+--+--l 
201--l--l--+-+-+-+-+--+--i----+--1--1---l 

181--l--l--+-+-+-+-+--+--i----+--1--1---l 

1(;.1--l--l--+-+-+-+-+--+--i----+--1--1---l 

<1'141----1---1--+-+-+--+--+--i----+--I--I---I-~ 

~121---+-+-+-+-+--+--+----+--+---I--I---I-~ 

~101-+-+-+-+--+--+-+---+--+--+--+--+---I 
1/1 < 81--l--+--+--+-+-+-+--+--+----+--+---+-~ 

2 Gl--1--l-l-+-+-+--+--+---+---+--+--+--l 
'41--+--+--+--+-+-+-+--+--+----+--+---+-~ 

2 i--1--1--1--+-+-+--+--+---+---+--+--+--l 
0 L.-1--'L-J........,-'---'--.J...._.J...._...J...._...J...._..J........l....-'-...J 

o 10 20 30 4o 50 <::o 10 so 90 100 110 no 
LEtJG.TH (c;m.) 

8) Connect the points to form a smooth curve. 

9) Use the curve to predict: 
A fish is 75 cm long. Its mass is approximately 
A fish has a mass of 10 kg. Its length is approximately 
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I1S NOT f-ifAL1f}Y 
TO D1210£ 

(\)[At2 ROM£ 

The graph shows the putt-mobile 
accidents on the planet Zorr. 

1) Point A tells the number of 
accidents for drivers 25 kilo
metres from home. There were 
about ____ accidents. 

2) Is there a relationship between 
the number of accidents and 

PUTT- MOBILE ACCIDENTS 

the driver's distance from 
home? 1/1 1000 

3) Is it safer for Zorrians to 
drive their putt-mobiles if 
they're a long distance from 
home? 

§ 
D 

~ 
g, 

900 
800 
'700 

bOO 
500 

0 

• -

~ 400 := 
4) What else might affect both ~ 300 z 

Ao --
of these measurements to cause 
them to have this relationship? 

::, 
2 

200 
100 

0 
0 5 10 15 20 25 30 35 40 .!iS 50 55 c;o G'S 70 

DISiANCE. lJJ KILOMETRE.CS 
FR.OM HOME 

CAU'TlOt-.l; JU'?:.T BECAU$E T~E.RE. l':> A PATiERN OR iREND l~ A SCA1TER 
DIAG.RAM WE CA.~f-.lO'T SAY TI-\A.1" Of.JE. Mt.A5URE.ME.hlT CAUSES 
THE OTHER . 

5) In each statement below does one factor cause the other? Could they 
both be affected by something else? 
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a) Whenever I don't have time to study, we get a pop quiz. 
study, we never get a quiz. 

If I do 

b) Lincoln's basketball records show that players who commit more 
fouls during the season also score more points. Jumpshooter John 
decides that if he wants to become a star player he must foul a 
lot. 

c) More accidents occur in one's home than in any other place. 

d) A passenger wrote a letter to an airline asking the pilots to 
stop turning on the Fasten Seat Belts light because every time 
they did, the ride got bumpy. 
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N!!iLERD!NC STRT!!iT!C!i 
Many people accept statistical arguments without. considering that they m,ight 

be misleading. One reason for including statistics in a general curriculum is to 

help people understand and carefully examine the statistical statements, tables and 

graphs used to influence them. Middle school students can begin to ask critical 

questions about statements made by advertisers, politicians and even their peers. 

They can also read tables and graphs critically, It is probably best to have stu

dents work with "honest" statistics befor~ pointing out too many of the misuses of 

statistics. Concentrating too early on the misuses could make students distrustful 

of any reference to statistics. 

STATISTICAL STATEMENTS 

Help your students see that mis

leading statistical statements can be 

very subtle. During a much publicized 

trial, a television news commentator re

ported that the prosecution had spent 

three hundred thousand dollars while the 

defense had spent nearly a quarter of a 

million dollars, Some people in the 

audience probably thought the defense 

T\.-11.: STAiS: OF CALIFORIJIA HAS 
SPE.!JT "THR!e:E HUNDRED THOUSAND 
DOLLARS Pl20SECU1"1\.JG Af-.\GELA 

DAVIS, WHILE IJE:ARLY A QUARTER OF 
A MILL\OIJ DOLLARS 1--\A":, BEEN 

SPENT 01-l Hl::R DEF"EIJSE. 

had spent more because of the magical word "million." The figures might have been 

accurate, but the impression created could be false. Try reading the commentatorts 

statement to your class. Are any of them misled? 

Most students will need help initially in examining the statements of advertis

ers. The activity Thia Doesn't "Ad" Up helps students examine t;he claims in adver

tisements and political statements. (Some are misleading, others are not.) Examining 

the Faats gives students additional experi-

ence in examining claims of advertisers. It 

is probably more interesting to bring actual 

advertisements or political statements to 

class. (Be sure to include advertisements 

which do not try to mislead statistically; 

students should not form the opinion that 

all advertising is false.) 

"TI-IE.'i'RE. MOIST Al.ID 
ME:AT'I, A!JD TH\;_Y RE.ALL\/ 
TASTE Tt:RRIFIC." 

QUESTIOIJ: HOW DOES 
THE ADVERl"\SER 
K!JOW iHlS? 

( 

( 

( 



COMMENTARY MISLEADING STATISTICS 

Below is an ad for a hypothetical toothpaste and some possible questions and com

ments such an ad might stimulate. 

x'M C.OlllG 'tO ASK 
MY OWhl OEt-lT!ST ~ 

WAS!~£. 
'$\'ZE OR, 
t:lUMBC.R Of' 
CA.\l\i\E'.5 

REDUC£0? 

N\A','B£ iHN 
E="ILL£0 ALL Tr\E 

CA,\JITIES At.:ID 
TAUGHT 
'Tl-I.EM HOW 
'TO BRUSH 

BEFORE: 
"l'"RYUJG, 

DA.'Z"Z.LL, 

Students in your class might want to complain about a particular advertisement. 

Specific information on filing an advertising complaint is contained in a bulletin 

called If You Have a Complaint About Advertising ••• published by the National Adver

tising Review Board (NARB), 845 Third Avenue, New York City, 10022. These points 

are summarized in the bulletin: 

1. Put your complaint in writing.· 
2. Be specific about where and when you saw or heard the advertisement. If 

it is a printed advertisement, send the original ad (or a copy) with your 
letter. 

3. Address your complaint to: NAD, 845 Third Avenue, New York City, 10022. 
(NAD is the National Advertising Division of the Council of Better Business 
Bureaus.) 

(This refers to complaints about national advertising. File complaints on local ad

vertising with your local Better Business Bureau listed in the phone book.) The 

bulletin says your complaint will be promptly acknowledged and investigated by NAD, 

and you will receive a report on the ultimate outcome of the case. 

Other publications from NARB which might be of interest to students are the 

bulletin Children's Advertising Guidelines and the booklet The National Advertising 

Review Board 1971-1975. The booklet describes the complaints and decisions for that 
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four-year-period. An example is given below. 

THE COCA COLA COMPANY, Foods Division (Hi-C Fruit Drink) 
Basis of inquiry - Television advertising claimed Hi-C to be "the favor
ite J:r,ink of kids and monsters everywhere." Notwithstanding the hwnor
ous reference to "monsters," it was the opinion of NAD1s Children's Ad
vertising Review Unit that the claim implied child;r,en 1s preference for 
Hi-Cover all other drinks, and supportive data was requested. A con
sumer tracking study and market survey information was submitted which 
NAD did not find sufficiently related to the claim since children were 
not interviewed on brand preference, nor were any other drinks (sodas, 
instant drink mixes, etc.) other than ready-to-serve fruit drinks taken 
into consideration. When advised of NAD 's position that the claim was 
not appropriately qualified to specify the ready-to-serve fruit drink 
category, the advertiser replied that it had discontinued use of the com
mercial and had replaced it with another stating Hi-C was "the favorite 
fruit drink of kids and monsters everywhere" ( emphasis added). However, 
since the data did not address the powdered or concentrated fruit drinks, 
NAD held to its view that the material provided did not substantiate the 
revised claim. Although the advertiser disagreed with NAD's interpreta
tion and considered the material fully supportive of the questioned 
statements it advised that, for its own reasons, the advertising would be 
discontinued, 

News from NAD, for release on and after November 15, 1976. 

TABLES 
Tables can also be misleading. As skills in reading tables are taught, stu

dents can be encouraged to ask questions like, "Who made this table? Are they bi

ased and trying to prejudice us? Where and how was the information gathered?" For 

example, suppose the table on the next page is being used to try to determine which 

cities are the most polluted. Bismarck, North Dakota, has a much higher reading 

than San Diego, Seattle, or Minneapolis/St. Paul. That seems strange. Bismarck has 

about 35,000 people and is located in a state with a low population and with few 

factories. What could have contributed to these unexpected results? Is it a mis

print? Over what period of time were the readings taken? In what part of each city 

were the readings taken? Near the local smoke stack? Over a lake? Were the read

ings for Minneapolis taken during a rainy season while those for Bismarck were taken 

during plowing season when lots of dust was in the air? The table doesn't say. The 

source of the data is probably not biased; however, students should realize that the 

information cannot be used to conclude some cities are polluted until more is known 

about how the data was gathered. (Students should also realize that suspended 

( 

( 

( 



COMMENTARY MISLEADING STATISTICS 

particles are only one factor to consider in air pollution--see City Ci~cwnstances 

in the ENVIRONMENT section for a student activity on this,) 

SusPl~NDI-:o PARTICCL.\TE MATTlm LEVELS, Si,:LF.:CTED C1Tu,:s: 1972 

(In mierogrsms per cubic meter.} 

STATJQ)-; )tin. :-.fax. G\"OllL 
mean 

ST!,"T!OX :'\fin. Max. Geom. 
mean 

Arizona ___ ....• Phoenix .......• 
Cniifomhi. ___ Oakland ...... . 

San Diego ..... . 
San Francisco .. 

Colorado ........ Denver .•...•.. 
ConneHicut ....• Hartford •.•.... 

New Haven .... 

Flotida ......... MiamL .•... _ .. 
Georgia ........ Atlanta ....... . 
Hawaii • Honolulu •.... 
Idaho. . _____ Boise .......... . 
Illinois.. ____ Chicago ....... . 
Iowa.. . ... D,:,s :-.Iolnes ... . 

Kansos .......... Kansas City __ _ 

Louish1nE:1 •.....• New Or!ellns •.• 
'.\!aryland. _ .. ~-_ Baltimore ... __ • 
:\I!chigan ... _____ Detroit._ __ .••.. 
Minnesota .•.•..• Minneapolis .... 
Missouri. •••. ____ St. Louis 

(CA.:"11P)l •.•• 
Nebraska •.•.... Omaha .••...•.. 
Nevada... Reno ...... . 

- Represents zero. 

60 283 
:H 100 , 
26 HOI 

" l:?11 
38 350) I 
:?5 137 I 
23 131 i 
32 ! 13:l , 
39 203 ! 
25 70 
20 2.'H 
a, 336 

'" :.:02 

" 22i 

13 119 
44 16<l 
41 236 
31 130 

32 393 
43 331 
38 218 

144 New 
f>7 Hampshire .... Concord ______ _ 
59 New York ...... Rochester _____ _ 

:?o 93 
39 177 

60 North Dakota •.• Bismarck. ____ _ 24 213 

127 Ohio .. 
60 

CincinnatL __ .. 38 20i 
Columbus...... 2B 135 

60 

62 
B2 

Oklahoma ....... Oklahoma 
C!ty ••.•..... 

40 Oregon •.... _____ Portland •...•.. 
6<.) Pcnnsyl, •1lia ••• Pittshurgh ..... 
97 Rhode fahmd. __ Providence ...•• 
85 South Carolina __ Columbia __ _ 

Tennessee •• . :"lfemphis ... _ 
116 NashnUe ••• 

73 Texas._ ........ _ Dallas .... ___ ••. 
00 Houston •••.... 

lll San Antonio ___ _ 
64 

Utah ...••••.•... Salt Lake City_ 
120 Vir~inia _________ !'lorfolk •.•.••.. 
113 Washington. ..... Seattle •........ 
'J3 West Virgiaia •••• Charleston ••.•• 

Wlsconsin _______ :"l!ilwauk'ee •.... 
Wyoming ....... Cheyenne ••...• 

28 194 

" 255 
69 2()9 
38 lW 
23 lf>i 
42 395 
54 249 

" 349 
43 177 
28 141 

51 211 
g 116 

24 100 
33 181 
41 19i 
7 l<ll 

1 At Continuous Air Monitoring Project (CA)fP) Station. 

Source: U.S. Environmental Protoction Agency, .\Jonitoring and Air QuoW11 Trend$ Repori; l\172. 

38 
88 
87 

87 
78 

67 

86 
135 
69 
83 

" 100 

86 

" 54 

95 

" 47 

" 92 
30 

Table from Statistical Abstract of the United States 1974, p. 180, 

(Suspended Particulate Matter: Particles of smoke, dust, fumes and droplets in the air.) 

GRAPHS 
Most students probably take 

graphs at face value. They might 

look only at the different heights 

of a ba~ graph without noticing that 

the scale does not begin at zero. 

The sharp ups and downs of a line 

graph might be the only thing they 

notice. They might not realize that 

the temperature range of the line 

graph to the right is really very 

small. 

1200 

1100 

1000 

900 

800-'---'--J._--'--'-
197G 1977 

21 

20° 

19° 

,e• 

LOOKS LIKE 
Ws

0

RE SPElilDl"lG 
TWICE A'=, MUCI-\ ~ 
l'f-\lS ','EAR. ~ 

THE l'EMPERAl'URE 

IS !J()T VER\/ 9 
Sl'ABLE! 

~ t 
M TU W TH F 

501 



502 

COMMENTARY MISLEADING STATISTICS 

Pictographs can also be decep

tive. The one to the right 

seems to show that even chimneya, 

on homes will need to be bigger! 

Not only does the scale not 

start at zero, but the area of 

the larger house is at least ten 

times the area of the smaller 

house, while the numbers to be 

represented (120 million versus 

58.3 million) are in a ratio of 

about 2 to 1. 

MILLIOl.lS 
120 

100 

80 

GO 

PROJECTED f>JEED 
15 F'OR 1 '2.0 

J-1\ILLIOt.l 

DWELLll.lG Ut.llTS. 

wow! WERE. 
GOlOO TO flAVE. 
TO BUILD ABOU1" 
1"E.I() 'TIMES A<;, 
MAt.lY f!OUSE5! 

n 
.Fl 

Misleading pictographs are examined in I Didn't Plant It That Way, and 

There's Music in the Air. The activities beginning with Figures Never Lie 

involve examining deceptive bar graphs, making 11honest 11 graphs, and comparing 

the graphs. 

You might want to make a list of things that might mislead. Students can 

help add to the list. Some suggestions are given below. 

THINGS IN GRAPHS THAT MIGHT MISLEAD 
• Does it have a title and labels? 

• Is the source of the data given? 

• If it's a pictograph - is there a key? 

- are the symbols all the same size? 

• If it has a scale - does it start with zero? 

- if not, is a clear zero break shown? 

- are the numbers on the scale evenly spaced? 

• How might the graph change if the horizontal or vertical scales were 

stretched or shrunk? 

Examples of misleading graphs from magazines or advertisements can make these 

activities more meaningful. Examples of honest graphs should be included so stu

dents can ~ee that many graphs in written material are designed to convey data as 

clearly as possible. 

( 

( 

( 



1M TEST Al="1"ER TES"T DAZZLE ~A'S &B\l ' I / ;E 
PRov1;:.h} ,- 0 REoucE cAv1i1Es. DAZZ.LE D -1 I 
1s RECOMMEl-lDED BY MORE ornT1s,s A~D · J Jfl /J/ V 
IS ACC£PTED BY TI-\E AMERICl\1.J DE~.lTAL AS'::/X.. / ~ \ '\ 

:II\I A RECE.~T SU~VEV,* 

DOCTORS 

SMOOTl-t ·SPRE:AD 
MARGARII.JE 
MORE OFTEN 
THA!\l AMY 
OTI-\E.R 8RA.~D. 

* * SUR\JE:.Y RESULTS 

AVAILABLE Ohl REQUEST. 

WACSHO 

LEAVt.S CLOTI-IE':> 
BR.lGHTE.R TI-IAl\l 

BRIGl·n! 

DON'T WORRY ABOUT AN 
ACCIDENT IN A NUCLEAR 
POWER PLANT, THE CHANCES 
OF A SERIOUS ACCIDENT TJ 

MRS. SMITl-l SA.YS 'STROIJG." 
CARP~i IS 'Tl-\£ BEST. 

S14E' HAS 

I-IAD A 
's'TR.OhlG" 
CAR.PET Ul 
\.IER HOUSE 
FOR 20 

has the 
most 
effective 
anti
perspirant 
formula you 
can buy. 

Nothing will 
keep you 
drier. 

IDEA FROM: Probability and Statistics, Nuffield Mathematics Project, John Wiley and Sons, Inc., 1969 

Reprinted by permission of John Wiley and Sons, Inc. 
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T~I~ D•~~N 1T 
"[A] [Qf [ill [p 

Suggestions for the ads: 
(_ C.ONTltJUE.O) 

1. Dazzle Toothpaste: 

How many tests? Two? (See page 2 of the commentary for this section for addition

al questions on this ad.) 

2. Smooth-Spread Magarine: 

How many doctors were surveyed? How were they picked? Maybe doctors don't recom

mend margarine often. Was Brand B recommended 100 times and Smooth-Spread 101 

times? One good point is that survey results are available on request. If stu

dents can find an ad like this, they might write for the results and try to make a 

better decision about the value of the product. 

3. "Strong" Carpet: 

Who is Mrs. Smith? Does she know anything about carpet? Has she used any other 

kind? In what room has she had "Strong" carpet? An unused guest room? A closet? 

Rolled up in an attic? Does the picture show "Strong" carpet or some other kind? 

In what kind of shape is the carpet? 

4. Washo Detergent: 

What is brighter than bright? Are the clothes bleached white? Does it change 

colors? 

5. Stay-Dry Deodorant: 

Does every anti-perspirant use the same formula? Will "nothing" keep you drier? 

Would it be good for a basketball player not to perspire? 

6. Nuclear Power Plant: 

Do you think it is known for certain what the chances are for a major nuclear acci

dent? Can an event with very low chances occur? What damages would result if a 

serious nuclear accident did occur? 

Note: This activity is more meaningful if actual ads are also discussed. You could 

make transparencies or slides of some and discuss them with the class. Others 

could be mounted for small group work. Groups could write questions that they 

would like answered about the product or about the claims on the ad. Have groups 

share this information with the class. 

IDEA FROM: Probability and Statistics, Nuffeld Mathematics Project, John Wiley and Sons, Inc., 1969 

Reprinted by permission of John Wiley and Sons, Inc. 



The Federal Trade Commission is alert to incorrect or deceptive ad
vertising. For this reason, manufacturers are careful that their claim 
is factually true. However, a factually true statement can be mislead
ing if it doesn't mean anything or if the statement is true about all 
similar products. When reading an ad, ask yourself two questions. If 
the claim is true, is it really important? Is that claim true about all 
similar products? 

1. One car manufacturer claims its car is 
"more quiet than a glider." (Actually 
a glider is fairly noisy.) Does that 

2. 

tell you that the car is quiet? ___ _ 

Can you tell if the car is quieter 
cars of the same size and price? ___ _ 

claims that more 
cars sold in the 

,;( 
years are still on the road. What is this 

Another car company 
than 95% of all its 
U.S. in the past 11 
manufacturer trying to get you to believe? ______________ _ 

Would you believe that these cars are better than all others if you 
knew that 95% of all cars sold in the past 11 years are still on the 
road? ___________________ _ 

Would you be impressed if you knew the manufacturer sold very few 
cars 7, 8, 9, 10, and 11 years ago? __________________ _ 

This same manufacturer claims that its sedan has a turning radius 
much shorter than that of a Cadillac Eldorado or Continental Mark IV. 
Does that convince you that this sedan is better when you realize 
that it is a small car, only 2/3 as long as the big cars mentioned 
above? ______ Do you know how the turning radius of the sedan 
compares to that of a V.W. bug? _____ _ 

Would you be surprised if the shorter car did not have a shorter 
radius? 

3. One company claims its fruit juice has 10% more fruit solids than re
quired by U.S. government standards. The government standard re-
ferred to requires 10% fruit solids. What is 10% more than 10%? __ _ 
Do you think 11% fruit solids is a lot better than 10%? --------

505 
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4. A certain home study school claims to have enrolled over 2 million 
people. From this claim, can you tell how many people graduated? 
(Actually only about 12% of all people enrolling in home study 
schools ever finish.) _______________ _ 

Could you tell from the claim how many people got good jobs because 
of the home study training? __________________ _ 

5. One pain reliever claims one pill was proven better than two aspirin 
in two hospital studies. Do you think two hospital studies are 
enough to be convincing? _____ Do you know on how many people the 
pain killers were tested? Do you think these studies in-
volved the type of pain that most people get? (Actually, they did 
not -- the studies involved types of pain that are relatively rare.) 

6. A brand of pipe tobacco claims that it is 44% fresher. 44% fresher 
than what? ____________ _ 

7. We are told that 4 out of 5 dentists recommend a brand of sugarless 
gum for their patients who chew gum. ·How many were surveyed? ___ _ 
Five? ____ Were the dentists picked in a random sample? ______ _ 
Were they employees of the gum company? 

Do most dentists recommend or comment on gum chewing? ______ _ 
Can you tell from the information above? 

8 . A company claims its cranberry juice has more food energy than orange 
juice or tomato juice (food energy is measured in calories). Do you 
think most people want a drink with more calories? 

9. Can you tell what gas mileage you will 
get from a car bought at Nelle's? 

-----------

l NE.LLO'S 
THE BES, 

8UY 
I~ A 

GAS SAVER! 

UP TO 
30 MPG 

10. Can you tell how much money you can borrow from Addison Loan Company? 
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t 
The bar graph shows COOkJE SALES 

72 
the total boxes of Girl ""'":"""" 

Scout cookies sold by G8 - ... -. . . 
each girl in the patrol. G4 

... 

1) Look at the height of 
: ·::. . : : 

GO . :· 
the bars for Lucy and :·•· 
Tammy. Tammy's bar 5c; - - -.. ' 

~ ··•. . ,. 
appears times . : :. ·. . . as x sz- .. ... -
high Lucy's bar. ~ 

... . ... as .. 
48 - r:-:::-: .. .. . .. -

' .. . .. ... : ..... ... 
2) Tammy sold boxes. LL 44 - ··.:• ...· ... '. 

0 r:-:-=-: ... -. ··, ... .. 
Lucy sold --boxes. ..··. , ... .. 

Ol 40 
... ... ··.· .... 

Has Tammy sold twice w .... . .. 
cD \':: .. . : .. 

boxes Lucy? 
... . ·. as many as z: 3G ... -- ... -::-=:-: . .. . · . . .. 

:::, .... ... . . 
2 

.... • ... . ... .. . . 
32 - . .. 

-;-;-;-: ... .... .. -
·•·:- . .. ... ··.: ..... . . .... :: : : .. 

3) Look at Heidi's bar ·.· .. .... ... : :. ··. . .. . .. 
28- ... , .. . . . . ... -. . ... .. ·.•. :_: _:: and Lucy's. Heidi's . ... . ·:: .... ·=. 

bar times 24 - :·. =: 
::·: .. · . : : . .. .... •:·. . '. appears :.· .. :-.. : ' .. .. .. . .. . .. : . 

as high Lucy's. 
. ·•:: -· .. · ::• :: ::_.,_: · .. ·: ~ as 2.0 .... 
::>-

::,. 
::>-~ _..J z i5 4) Heidi sold boxes. u 

~ _..J 

~ 
);,;! cQ ::> Sd Q 

Has Heidi sold three 
_J ~ i=i :> J: 9 

times as many boxes 
as Lucy? COOKIE SALES 

72 
I 

5) Does the graph seem to G8 I 
I 

I I 

mislead you even though ' G4 I 

the sales reported I are I 

correctly? GO I I GO I 
I 

6) the information 
5G 

Use 
from the top graph to 52. I 

I 

complete the bar graph I I 

48 I 

to the right. Shade (/1 

each bar to the appro- ~ 44 I 

priate height. I 

cO 4o I 40 I I 

LI. I 
I 

7) In the new bar graph, 0 3G I 
I 

how does the height of Ol 32. 
Lori's bar compare to uJ 

co 
the height of Lucy's 2 28 

bar? :::i 
2 24 

20 2..0 

Has Lori sold twice as lG 

boxes 
I 

I many as Lucy? I 

12 I 

8) does the scale 8 ' 
I ' How on I I I 

the bottom graph differ 
I 

Lj 
I 

from the scale on the 
top graph. 0 

i 
0 

)- ...J 2 ~ 0 c;:! u '.2:: ...J 
cf_ u i:J 0 ::i r i=, 5 _..J I ....J 
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The students in Ms. Ne~ MEAL NO. OF' STUDEhl"TS 
. , 

class decided to survey the s PrZ.Z.A 'l.40 

school to find out which hot 

lunch meal was the favorite. 

The top five choices are 

listed to the right. 

Alex hates macaroni and 

cheese. He drew the graph 

to the right to try to 

convince the cooks never 

to fix macaroni and cheese 

again. 

140 

1.30 

120 

110 

100 

PIG5 IN A BLAt-.lKE.T 100 

CHlCK.E"-1 127 

HAMBURuER'5 1.'30 
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Lucy saw the graph. She 

told the cooks that Alex 

was trying to mislead them. 

Make an honest bar graph 

that Lucy could use to 

show them the true results. 
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I. 

1) 

2) 

3) 

II. 

1) 

2) 

What data is shown 

on this bar graph? 

What important infor

mation is missing? __ 

Is the graph misleading? 

How many hamburgers 

did each drive-in 

sell during July? 

Bill's 

Dairy King 

Huffy's 

MacDuff's 

Burger Queen 

Is the graph 

misleading? 

If so, how? 

3) Redraw the graph 

as you think it 

should be. 
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I DIDN'T PLPNT 
IT TW~T w~w 

SE.l:'.O SALt'.S 

1975 

2.50 
PACK.AG£':> 

197G 

500 
PACK.AG.£'=> 

A class at Brook's School sells packages of 

seeds each year to pay for a spring field trip. 

One of the students drew the pictograph above. 

1) Do the pictures show that the class of '76 sold twice as 

many packages as the class of '75? 

0 
0 

0 

To help you answer the question, trace the small package of 

seeds. Cut it out. Place it on the large package. How many 

small packages are needed to cover the large package? 

The pictures imply the sales for 1976 are actually 

times as many as in 1975. 



I DIDN'T PL~NT 
IT TWQT W~~ 

( cm.rm.>uEo) 

2) Look at the pictographs below. Each is drawn correctly. 

a.) 

Which do you like best? 

SEED MLES 197 '° 

1~75 

0 

0 

O· 

250 
PACK.AGES 

500 
PACl<'..AGE'5 

c) SEED SALE~ 

197G 

19'75 

250 o 0 500 
PACKAGES O O PACKAGE.$ 

0 

This pictograph may 

mislead you. The large 

package is twice the 

area of the smaller, 

but it does not look 

like it. 

packages 

the right 

d) 

b) SEED SALES 

1975 

250 0 
0 

PACKAGES o 
000° 

500 
PACK.AGE:~ 

SEED SALES 

19'75 19'7G 

2.50 
PAC.K.AGES 

0° 500 
0 

o PACKAGE~ 
0 

0 
0 

not distort shape. 

ing the same shape it 

to compare amounts. 
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TW:CJit MUCI[ 
IN TWb QIR__ 

Look at the two pictographs below: 

@ Money Spent on Radios, T.V.'s, Records and Musical Instruments 

19GO rn rn rn o 

1970 rn rn rn rn rn rn rn rn rn a 
KEY: rn ;:;. 1 BILUOI\J OOL\J\RS 

@ Money Spent on Radios, T.V.'s, Records and Musical Instruments 

Both graphs A and Bare correctly drawn. 
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Motivating mean, median, 
and mode 
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digit in a telephone 
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Finding the mode in a 
frequency graph 

Demonstrating the 
concepts of median 
and mode 

Finding a median height 

Demonstrating a mean area 

Finding a mean length 

Relating the mean to a 
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Demonstrating the use of 
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Demonstration 
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describe a distribution 

Using the mean to Worksheet 
describe a distribution Teacher directed 

activity 

Choosing mean, median, or Worksheet 
mode to describe a 
distribution 
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11:RN, 11:D!RN, IDDI: 

The everyday conversations of people show the tendency to generalize about 

large groups. Average, typical or normal people are discussed as though such people 

exist and are identifiable. The search is for standards (sometimes representative 

and sometimes not) against which everything else can be measured. 

Adolescents, •too, search for a "norm" with which to compare themselves. "Is it 

normal that I am this tall or short? That my feet are this big? That I feel this 

way?" This concern of middle school students for a standard of comparison can be 

used to motivate a unit on mean, median and mode. Zappo the Zarian is a story about 

a teenage being on another planet who is concerned about being "odd" and "not nor

mal." He gathers data and discovers that he is unusual in some ways but is "normal" 

or "average" in other ways. You could have students read the story and then relate 

the concepts of mode, median and mean to the story. 

MODE 

The idea of mode should be easy for most stu

dents to grasp, but they might have trouble keep-

ing the word "mode" attached to the item that "occurs 

most often." You could point out to students that 

"mode" and "most often" begin with the same letters. 

The definition of a la mode might also help them re

member the definition for mode. A la mode means ac

cording to the fashion or the most popular choice. 

A dessert of pie and ice cream is very popular, so 

it is called "pie a la mode." 

MODE . . • t-110€.T OFTE~ 

A LA MODE. 
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COMMENTARY 

The mode can be introduced easily by asking 

students to write down a number. (You might want 

to restrict their choices to numbers between 1 and 

10 or list possible choices on the board.) The 

number that students choose most often is the mode 

of the numbers picked. 

By asking students their eye color, favorite 

athlete or type of pet, you can give students ex

amples of modes that are not numbers, i.e., the 

mode (most frequent) eye color. Be sure to include 

some examples which do not have a mode such as 

{ 2, 10, 6, 8, 5} and examples that are bimodal like 

{2, 2, 2, 3, 5, 7, 7, 7, 9}. 

MEAN, MEDIAN, MODE 

0 

1 

5 

10 

'TT 

I I II 

I II 

11 

Demonstrate how easy it is to read the mode from a frequency table or a fre

quency graph. The item (or interval) with the greatest frequency is the mode. 

Have students work A La Mode to reinforce this .idea. 

$HOE. 

AGE f""REQVE~CY SIZE FREQUENCY '7 • 
G 

10 40 2--3 3 D 5 • • 
3 4 • • 

~11 
43 4-5 G § 3 

1'2 3G 

~ 
1'2. 2 • 

Cl 1 LL 
13 39 9 4 0 

14 
0 10 2.0 30 40 50 GO 

35 

~ 
MEDIAN 

Students have probably heard about the median strip down the middle of two-way 

roads. Perhaps this can help them remember that median stands for the middle num

ber or measurement (or the number midway between the two middle numbers.) 

To demonstrate the concept of median, you could 

use the ideas in A Classy Median. Here is a similar 

demonstration. Bring five cans of various sizes. 

Arrange them on your desk in order of height. Mea

sure the middle can to determine the median height. 

§WW~ 
+ Tl-IE 50UP CAtJ HAS THE 

MEDIA~ HEIGHT 

C 
H 
l 
p 
$ 



COMMENTARY 

Ask a student to find and measure the median diameter 

of the cans. (The student measures the diameters and 

arranges the measurements in order or the cans are 

arranged in order as shown and the diameter of the 

middle can is measured.) 

MEAN, MEDIAN, MODE 

C 
H 
I 
p 
s 

~ 
Tl-IE CI-\IPS CA"1 HAS THE 
ME.CIA~ DIAMETER 

Add another can to the group and have a student reorder them by height. Ex

plain that no can is in the middle, so the median height will be halfway between the 

two middle heights. Students can also find the median length of the six diameters. 

The Student in the Middle can be assigned to students to reinforce their skills in 

finding medians. 

Students will need to put a set of data in order before they can determine the 

median of the set. After ordering the numbers, they can "tic" off the least and 

greatest numbers in pairs until the middle number is left. For an even number of 

data, students will need skills in finding the number halfway between the two mi d

dle values--add the two numbers and divide the sum by 2. 

Many students will think that there are as many 

measurements greater than the median as measurements 

less than the median. To help them see this is not 

always true, show sets of cans where the median 

height is shared by several cans. In the set to the 

right, at least one half are less than or equal to 

the median height, and at least one half are greater 

than or equal to the median height. 

MEAN 

~wwrnw 
+ 

M£D\A~ POSITIO>J ! TWO CAt-..15 

ARE 0~ EITHER SIDE or Tl-\lS 
PQSITIDtJ. TWO HE\GI-ITS A'ic'.E 
LESS THAt-..1 TI--\E. MED\At-..1 1-\E.IGl'-\T 
BUi fl.lO \...\£.lG.\-lTS ARE GREATER 
THAtJ T\.IE MEDIAN \..IEIGI-\T. 

Most students have computed an "average" for scores or measurements by adding 

the measurements and dividing by the number of measurements. You can give students 

a concrete demonstration of a mean by us

ing the ideas in Does Everyone Have a Pen

cil? or A Mean Train. You might also em

phasize that the mean and the number of 

measurements can be used to find the sum 

~,~~,~----_-_-_-_-_{)l~~'---\)/1 

STRII-.X;~ 

;;--; 
~ 

of the measurements. Ask them to find the._M_£A_w_L£_~_G_T_K_o_~_T_H_~_s_£_4 __ PE_N_C_I_L_5 ___ _. 

tot a] length of five pencils if the mean length is 12 cm. (5 x 12 cm= 60 cm) What 

is the total length of 20 pencils if the mean length is 15 cm? (20 x 15 cm= 300 cm) 
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COMMENTARY MEAN, MEDIAN, MODE 

The mean is used more often than median 

or mode, so you will want to be certain stu

dents have skills in computing means by hand 

and with the aid of a calculator. These 

skills can be practiced by finding averages 

and handicaps related to baseball, basket

ball, golf, bowling or other sports (see 

the RECREATION section). 

SOME STUDENT ERRORS IN FINDING MEAN, MEDIAN AND MODE 

Here are some mistakes (misconceptions) that were observed in an eighth grade 

class. 

• When students were asked to identify the mode of 

data in a frequency table as shown to the right, 

some students incorrectly gave 8, the highest fre

quency, instead of 25, the score with the great

est frequency. 

• Sixteen different numbers were given and ordered. 

Score Frequency 

20 7 
22 5 
25 8 
27 4 
30 2 

Some students thought the 

median was ½(least number + greatest number). Some said, "The median is half 

of 16 or 8." Some thought the median was half of the sum of all 16 numbers. 

Others correctly found the average of the middle two numbers. 

• When asked to find the mean of 16 numbers, most students correctly found the 

sum of the numbers and divided by 16. When they were asked to find the mean 

of data given in a frequency table, many students did not multiply the scores 

by their frequency even after instruction. Several incorrect methods were 

used. For the table shown above, they might have computed: 

½(20 + 22 + 25 + 27 + 30) or (2G + 22 + 25 + 27 + 30) ¼ (7 + 5 + 8 + 4 + 2) 

or lc1 + s + s + 4 + 2). 
5 



COMMENTARY MEAN, MEDIAN, MODE 

CHOOSING AMONG MEAN~ MEDIAN AND MODE 
Students should be aware of advantages and disadvantages for each of the three 

connnon representative numbers: mean, median and mode. You might want to put a list 

like that given below on a poster for students. 

THE MODE 

Advantages 

• Gives the item occurring most often 

• Easy to read from a frequency table or graph 

Disadvantages 

• Might not be near center of the values 

• Might be more than one mode 

• Might change drastically with the addition of new scores 

• Might not exist 

THE MEDIAN 

Advantages 

• Gives the middle score (half are at or above the median; half are at or be

low the median) 

• Not as easily influenced by extreme scores (see Median vs. Mean) 

Disadvantages 

• Does not give information about the total of the scores 

• Requires that the scores be ordered 

• Might not be a member of the set 

THE MEAN 

Advantages 

• Is the most common meaning of the word "average" 

• Can often be computed quickly by calculator 

• Gives information about the total of the scores 

• Is the most useful number in most statistical work 

Disadvantages 

• Might be greatly influenced by extreme scores 

• Might not be a member of the set. 

Activities like What Do You Think? and The Average Farrrily ask students to 

choose among median, mean and mode to represent different situations. The ideas in 

these activities can be emphasize~ with class discussions. Students might offer 

logical reasons for using two different types of representative numbers. 
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COMMENTARY MEAN, MEDIAN, MODE 

THE CONFUSION OVER AVERAGE} MEAN~ MEDIAN AND MODE 
The word "average" is an everyday 

word that is usually synonymous with 

"mean." In this resource "average" has 

this common usage. You will want to 

warn your students that not everyone de

fines "average" as the mean. 

This introductory paragraph to a 

height-weight chart involves several 

colllll!on ideas. The word "typical" is 

used--did the author intend the mode? 

The author refers to the 40th percentile; 

percentiles are related to medians be

cause the median is the 50th percentile. 

Did the word "typical" stand for median? 

"Average" is used--is this the mean? We 

really don't know. (If the data was ac-

cumulated from a large sample or a large 

number of samples, the mean, median and 

mode might be very close.) 

Warn students not to assume that 

all sources use the word "average" for 

the mean. Yott can reinforce this idea 

with the activitiy What Do You Think? 

You might also read students chapter 2, 

"The Well-Chosen Average" from Darrell 

Huff's How to Lie With Statistics. (Stu

dents can read the chapter themselves if 

they are about 9th or 10th grade reading 

level.) 

Where Do 
You Stand? 
THE, TYPICAL American man 

stands 5 feet 9 inches and weighs 
172 pounds. The tyPical woman 

is 5 feet 3.6 inches tall llnd weighs 143 
pounds. These are findings of a na
tionwide study of men and women 
aged 18 to 74 conducted from 1971 to 
1974 by the Department of Health, 
Education, and Welfare. 

The study just released shows that 
men generally weigh six pounds more 
and are 0. 7 inches taller than in 1960· 
62. Women weigh three pounds more 
and are 0.5 inches taller. The chart 
below shows height and weight in 
terms of percentiles. If your weight 
equals the 40th percentile for your 
age group, then you're heavier than 
40 per cent of Americans your age, 
and lighter than 60 per cent. But don't 
feel too satisfied. These aren't ideal 
weights, but averages, and the aver
age American in your age group may 
be heavier than he ought to be. 



COMMENTARY MEAN, MEDIAN, MODE 

In some cases it makes a lot of difference if the median is meant instead of 

the mean. You might read your class these parts of a news clipping from the 1976 

presidential campaign. 

WASHINGTON Jimmy 
Carter's views on tax reform are being 
assailed by Republicans and loom as a 
potential centerpiece of his debate 
Thursday with President Ford. 

Carter discussed tax revisions in an 
interview with The Associated Press re
leased Saturday. In a fresh statement of 
his intent Sunday, he said the purpose 
of tax reform should be to shift the 
burden to those with higher incomes 
and away from poor-and middle-income 
families. 

Republicans, particularly -vice presi
dential nominee Sen. Robert Dole, im
mediately asserted that Carter means 
to increase taxes for anyone making 
more than $12,000 to $14,000 a year, and 
termed his original statement a major 
campaign blunder. 

A FINAL NOTE 

The tax controversy arose from 
Carter's responses, as follows, after he 
was asked at the AP interview what he 
meant when he said he would shift the 
tax burden. 

A. That means people who have a 
higher income would pay more taxes at 
a certain level. 

Q. In dollar figures , what are you 
thinking of as higher? 

A. I don't know. I would take the 
mean or median level of income and 
anything above that would be higher 
and anything below that would be low
er. 

Q. The median family income today 
is somewhere around $12,000. Somebody 
earning $15,000 a year is not what peo
ple commonly think of as rich. 

A. I understand. I can't answer that 
question because I haven't gone into it. 
I don't know how to write the tax code 
now in specific terms. It is just not 
possible to do that on a campaign trail. 

After all the discussion and computation of modes, medians and means, be sure 

you remind students of the main reason for studying these ideas. Point out that it 

is useful to have one or more numbers to represent or describe a set of data. These 

numbers can be used as rough standards for comparison; as standards for improvement; 

and as ways to get a quick (if very approximate) idea of the whole set of data. 
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Far away on the planet Zarabo 

lives a group of beings called 

Zarians. In one community, there 

is a Zarian named Zappa. Zappa 

has been sad for several months. 

His teacher Zoolinda had been 

trying to get Zappa to tell her 

why he was so sad. 

Zappa finally blurted out, 

"I'm so odd! My feet are too 

long. My nose is too short. My 

hair is straight. My waist is 

higher than most teenage Zarians. 

I'll bet no one has arms as short 

as mine. Everybody has Nike ten

nis shoes but me and I'll bet I 

live farther from school than any 

one else. I'm just not normal!" 

Zoolinda asked Zappa if he'd 

like to find out how "odd" he 

really is. Zappa said, "What do 

you mean?" His teacher explained 

they could gather data on the 

teenage Zarians in the class and 

see how he compares. Zappa ob-

jected "I don't want any one to know how odd I am!" Zoolinda assured him 

no one would have to write their names on the data card. 

The next day Zoolinda gave the students measuring tape and had each 

student fill out a data card. Here is Zappo's card. 

Length of right arm SO cm 
Length of right foot 30 cm 

Length of nose 2 cm 

Distance of waist from 

floor 100 cm 

522 

Distance lived from school 9 blocks 

Do you have tennis shoes? yes X no 

If so, what brand? Brand x 

Hair (check one) Curly 

Wavey 

Straight X 



[FJ[p(p[ill T~[ 

OO~dlrnJ~ 
( cm.rm)ue:o) 

After school Zappo and Zoolinda looked at all the data cards. Zappo 

complained, "There are too many numbers, I still can't tell how odd I am." 

Zoolinda showed him how to make frequency tables for all the measurements. 

Here are some of the tables. 

RIGHT ARM RIGHT FOOT 

Length Frequency Length Frequency 

48 cm 1 27 cm 6 
49 cm 2 28 cm 5 
50 cm 2 29 cm 3 
51 cm 5 30 cm 7 
52 cm 7 31 cm 3 
53 cm 6 
54 cm l 

NOSE 

Length Frequency 

1 cm 2 
1.5 cm 8 
2 cm 4 
2.5 cm 7 
3 cm 3 

Tennis shoes? 

yes 

no 

Hair: 

curly 

wavey 
straight 

18 

6 

12 

11 
l 

Zappo looked at the tables carefully. "Well," he said, "it looks 

like my arms are shorter than most Zarians in the class, but some have 

even shorter arms. My feet are the most com-

mon length and my nose length is in the mid

dle. I didn't know some of my classmates 

don't even have tennis shoes, but I am the 

only one with straight hair ... " 

Zoolinda pointed out some other things .. 

"Although your nose length is in the middle, 

most of your classmates don't have the same 

nose length as you do--it is normal to have 

this much variation in nose length. Your foot 

length isn't in the middle but it is the most com-

mon length. At your age, the length of feet varies 

a lot. If we all had the same heights and body 

lengths, it would be a pretty boring world. Isn't 

it nice that each of us is average in some ways 

and special in others?" 

Zappo brightened up and thanked his teacher. 

"I guess that's a good way to look at it. I'm not 

odd at all. I'm like others in some ways and spe

cial in others. After all, I'm the only one in 

the class with straight hair!" 
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What digit occurs most often as the last digit 

of a telephone number in your town? Guess ____ _ 

1) Get a page of telephone listings from your teacher. 

2) Select a column of telephone numbers. In the table 

below, tally the last digit of each number. Continue 

to the next column until you have tallied 100 n..imbers. 

DIGIT TALLY FREQUENCY 

0 

1 

2 

3 

4 

5 

E, 

7 

B 

9 

TOTAL 

~~--------./ 

Tl-IE DIGIT OCCUR.RHJG MOST OFTEt\..l IS CALLED "TH~ MODE-

3) In your sample, what digit is the mode? 

4) What percent of your 100 telephone numbers ended in 

O? 3? 5? 
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1) Jack threw a die 30 times and graphed 

the frequency of the outcomes. 

Look at the graph to the right. 

Which column is the highest? 

Which outcome occurred most often? 

6 10 

61 3 5 

Ol 
~ a~---------+--+--+--

The item which occurs most often 
is the mode. In a frequency graph 

the highest point of 

2) Alice drew an arrow to show the 

mode on the graph to the right. 

Do you agree the mode is 

40? 

If so, why? 

1'2. 

)-10 
tJ 
i3 8 
:J af> 
Ll 
Ol 4 
LJ.. 

2. 

1 2 3 4 5 
i'lUMBER or SPOTS Ot-.l 

TOP !="ACE. 

0 _ .......... ,__._--+-~+--L---'-...._.-+-_._-+----''-->-_...,____ --+-- ......... _.__ 

0 10 20 30 40 50 GO 70 00 90 100 

t 
3) On each of the graphs, draw an arrow to show the mode. 

b) 
a.) 2SO 

d) 

G 
2 
w 
::) 

8 
Ql 
LL. 

. . 
• 

>-200 
u 
2 150 
Ll 
::>100 
8' 
~ 50 

0 

c.) 
'1 . 

0" 
25 • 
~4 

• 

8' 3 
. . 

De! 2 
(.., 1 

-~-~~-~~-~~----.--·--o+--~-~~-~~-~--
2 4 G 8 10 1'2. 14 1G 1B O 10 20 30 ~ 50 Cl) 0 

-f') 
iHIS GRAPH 

0 HAS MORE TI-IMJ 

00 Ot\lt MOOE. 
0 

4) Challenge: Throw a die 30 times and record the number of times each outcome 

occurs. Is there a mode? If so, what? 
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The following demonstrates the concepts of median and mode. 

Have the class (or just part of the class) line up from shortest to tallest. It 

is not necessary to know actual heights. Students can compare heights by standing back 

to back. 

If the class has an odd number of members, the middle person can step forward. 

This student has the median height. Point out that the same number of students are on 

either side of this person. 

If there is an even number of students, the median height is the average of the 

heights of the two students in the middle. Explain this by saying, "If a new student 

having a height between those of the middle two joined the class, this person would have 

the median height. Since there isn't, we say the median height is halfway between the 

heights of the middle two students." (If the students in the middle are the same height, 

each has the median height.) 

Are there groups of two or more students having about the same height? If so, 

have these groups step forward. The group(s) with largest number of students has the 

modal height. If there is a mode(s), have only this group(s) remain forward. Is there 

more than one mode in the class? 

Separate the students into two groups: boys and girls. Repeat the demonstration 

for both groups. Do both groups have a mode(s)? Is there a student with the median 

height in either group? If students sit in rows, the demonstration can be done with 

each row. 

If the actual heights of the students are known, the mean height can be calculated. 

These questions could be investigated: Is there a student with the mean height? If 

not, which student(s) is closest to the mean height? Does the same person have the mean, 

median and mode height? Why? If a student 180 cm tall joined the class line up, where 

would the median and mode heights occur? Which changed the most, the position of the 

median or the position of the mean? Why? (The mean is more affected by extreme values.) 

After the students have practiced lining up and identifying students with the 

median, mode and mean heights, the demonstration could be videotaped and viewed. 
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T~E STUDtNT 
IN T~t MIDDLE 

Materials: Centimetre ruler, scissors (0ptional) 

1) Find the height of each student above. Measure to the nearest half centimetre. 

Jon 

Fred ---

Ruby __ _ 

Bill ---

Fran Ed ---- ----
Joan ----

2) Arrange the heights in order from smallest to largest. __ , __ , __ , __ , __ , __ , __ , 

3) Circle the middle height in #2. WHE~ MUMBERS ARE ARRAI-JGEO lt-l ORDER 
Tl-IE MIDDLE "-lUMBER IS Tl-IE. MEDIAI-J. 

4) Which student has the median height? ___ _ 

5) Randy wants to join the group. Find Randy's height. 

6) What is the median height of the group now? __ _ 

Sl~CE ,HERE 15 AtJ EVE.lJ l\lUMBE.R OF HEIGHTS T~E. MEO\At-.l 
IS 1-lALF WAY B~TWED.l Tl-IE MIDDLE TWO 1-\ElGl-ns. 

7) Does any student have this median height? 

8) Wilbur walks over to the group. He is 6 cm tall. Draw Wilbur 

next to Joan. Find the median height of the group. (Include 

Randy.) 

9) Does any student have the median height? 

10) Cindy joins the group. She is 7 cm tall. Draw Cindy next to 

Bill. Find the median height of the group. 

11) Does any student have the median height? ___ _ 
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Materials: bag of cubes from your teacher 

Activity: 

1) In the table write the colors of the 

cubes in the bag. 

2) Write the number of cubes for each color. 

3) Put all the cubes of one color end to end 

to make 5 trains. 

Color Number 

tr· S • S · S - S • ?j • s · S ·. S- · & ·-·:s;.:: s;_,: '.:>-. -·-1-t·'l ·I ... : -1 ··i-··t ··f·-·-i··.l : I . ·. · ; -..·. : _·.·.- ': .. · .: .-:·. ::: .·.· .-_ ....... :·-_-: ·_-:: .'-:> 

4) Move some of the cubes to make 5 trains having the same length. 

5) How many cubes in each train now? 

G) Tl-HS LE~Git-1 15 CALLG:D T\..lt'.. ~ (OR AVERAGE.) LEI--IG."T\4. 

7) Were any of the original trains the same length as the mean 

length? If so, which color? 

8) Get more cubes. 

9) Make 5 trains so that 

a) the mean length is 6 cubes, 

b) one train has the same length as the mean length, 

and c) each train is a different length. 

Show your teacher. 

10) Make 5 trains so that 

a) the mean length is 7 cubes 

and b) no train has the same length as the mean length. 

Show your teacher. 
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Materials: 3 clamps, me tre stick, dowel rod, tape, 2 large paper clips 

Activity: 

530 

1) Balance the metre stick as the 

picture to the right shows. 

2) The balance point of the metre 

st i ck should be at 50 cm. 

3) Hang a clamp at 30 cm. Hang a 

clamp at 70 cm. Is the metre stick still 

balanced? 

4) What is the mean of 30 cm and 70 cm? 

5) Remove the two clamps . Now hang a clamp at 

10 cm. Hang a clamp at 90 cm. Is the 

metre stick still balanced? 

6) What is the mean of 10 cm and 90 cm? 

7) Remove the clamps. Now hang a clamp at 25 

cm. Where would you hang the other clamp to 

keep the stick balanced? 

8) A rod is 80 cm long. The 

you put another clamp to 

a) one clamp is placed 

b) one clamp is placed 

balance 

keep the 

at 10 cm? 

at 55 cm? 

point is at 40 cm. Where would 

rod balanced if 

9) A rod is 150 cm long. 

a) Where is the balance point? 

Where would you put another clamp to keep the rod balanced if 

b) one clamp is placed at 110 cm? 

c) one clamp is placed at 65 cm? 



Jackie wanted to find the mean 

number of letters of the words in 

a paragraph in her math book. 

First she counted the letters in 

each word. The resv.l ts are shown 

in the table to the right. 

I. To find the mean number of let-

ters, Jackie needs to know the 

total number of letters ar.d the 

total number uf words. 

--------------------1) Multiply column 1 by column 

2. Write the products in 

column 3. 

1 2. 3 
LETTERS I~ NUMBER PRODUCT 

A WOE<.O 01=" WORDS (COL. 1 X COL. '2) 

1 5 5 CIO 00 

2 5 

3 18 

J+ i 2 

5 10 

G 2 

7 4 

8 'o 

9 1 

TOTAL 

2) Add the numbers in column 3 to find the total number of letters. 
3) Add the numbers in column 2 to find the total number of words. 
4) Find the mean number of letters by computing 

II. The students in Jackie's 

class counted the number 

of coins they had. 

NUMBER 5 '3 5 5 7 G 4 
OF C.Ol>JS 

5 2 G G 4 G 1 
!="OR 

EACH '2 1 5 0 '3 '.3 G 
STUDD .. rr 4 7 2 G 0 5 s 

1) Make a frequency distri

bution of the data. 

2) Use the method above to 

find the mean number of 

coins for the students 

in Jackie's class. 

total number of letters 
total number of words 

~UMB~R 
J:Rt;:QUENCH 

PRODUC:T 
OF COltS (NUMBER l( FR(QUE..tJCY) 

0 

1 

2 

2> 

4 

5 

<o 

7 

TOTAL 

Mean= 
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D•N/T 
[JLJR[~ UP I • 

R. -~ 
.G 

I. 
•s .i=-

u. 
(i .r: 

~E: 
• :r .T 

.Q 
1)0 D 

v. w X .B 
"1---AA .FF" 

K.. 

o. 
•2 •c .cc 

L. •p .Y 
M. •A 

.~e 

Decide if each answer is True or False (Tor F). Circle the answer and 
connect the dots. 

Connect Connect 
1) The mean of: 1,2,3,4, T: R+H 11) 9 is the median of: T: Q+EE 

5, is 3. F: D+T 9,9,7,5,9. F: B• Q 

2) The median of: 6,1,3, T: AA+FF 12) The mean of: 16,5, T: cc~ 
7,4,3 is 3 F: O+N 4,7,0,9,8 is 7. F: X+DD 

3) 7 is the mode of: T: U+I 13) 4 is the mode of: T: M~ 
2,6,9,7,5,6,l F: J+V 19,6,1,3,4,8 F: R~ 

4) The median of: 2,9, T: Q+D 14) The median of: 19, T: O+P 
5,6,1,2,4 is 4 F: G+E 6,1,3,4,8 is 5 F: K~ 

5) The modes of: 6,6,7, T: BB+Y 15) The mean of: 4,7,1, T: A• C 
7,8,8,9,9,9 are 6,7,8. F: Z+P 6,5,8,2,9 is 5¼. F: A+Y 

6) 6 is the mean of: T: X+SS 16) The mode of: 5,19,5, T: P • M 
8,6,3,7,4,2. F: D+FF 4,6 does not exist. F: I+S 

7) The mode of: 7,9, T: M+A 17) The median of: 6,5, T: C+FF 
13,2,7,5 is 7 F: DD+T 4,7,1,3 is 4½. F: B• CC 

8) The mean of: 2,8,4, T: H+G 18) The mean of: 9,9,9, T: J~ 
7,5,7,10,6,5 is 6. F: B+CC 9,9 is 9. F: J+K 

9) The mode of: 4,4,4, T: V+M 19) The mode of: 4,2,9, T: B+EE 
4,4 is 4. F: L+V 3,9,2,4,5,5 is 3. F: I+F 

10) 3 is the mode of: T: W+SS 20) The modes of: 1,7,2, T: G+F 
4,4,5,4,4,3. F: AA+Z 7,1,3 are 1 and 7. F: N+Z 
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Solve each problem. Find the answer in the message at the bottom of the page. 
Above the answer write the letter of the problem. 

L) Find the mean of these values: 1, 2, 3, 4, 5, 6, 7, 8, 9. 

H) If a car travels at an average speed of 55 km/h for 3 hours, how far does it go? 

G) Find the median of: 4, 6, 8, 3, 1, 3, 2, 9, 4, 7. 

A) A dart player made these scores: 7, 10, 9, 4, 1, 11. Find the mean score. 

N) If the dart player above played again and scored 0, what would the mean score 
be then? 

F) Test scores in Ms. Romano's class are: 75, 80, 85, 80, 70, 90, 60, 70, 85, 85. 
Find the mode. 

B) The mean of five numbers is 8.6. What is the total of the five numbers? 

T) 

U) 

A car travels a distance of 315 km in 7 hours. 

Find the median value: VALUE FREQUE~CY 

4o 

2.0 

10 

8 

1 

1 

10 

1'2. 

What is the mean speed? 

R) A group of students received these test scores: 54, 60,73, 25, 62, 68. Find the 
mean score. 

I) The teacher decides to add four points to each of the six scores above. Find the 
mean score now. 

W) Here are the scores given to a group of students: 26, 14, 37, 17, 20, 32, 21, 41. 
Find the mean score. 

S) The teacher decides to double each of the eight scores above. Find the mean score 
now. 

E) The mean of four numbers is 9 and the mean of another six numbers is 14. Find 
the mean of the combined group of ten numbers. 

M) A train travels at 120 km/h. How many hours will it take to travel 300 km? 

W\..\~R.E IS Tl-lE ME/-\.N LOCATl:D ? 

-- -- -- -- -- -- ---- -- -- -- -- -- -- -- -- -- -- --
45 165 12 2.5 12 7 6 5 61 12 52 43 12 45 26 12 12 6 

I . -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- -- --
45 165 12 4 57 12 7 45 12 52 45 7 6 45 165 12 

---- -- -- -- -- -- -- ---- -- ---- -- -- -- -- -- -- --· 
52 2.5 7 5 5 12 52 45 85 45 165 12 6 9 2.5 43 12 57 52 
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Materials: Cuisenaire Rods 

1) Use colored rods to make the train below. 

I I I I I I 
2) What color is the rod with the median length? ____ _ 

What is this median length? 

3) Place two brown rods on the right end of the train. What color is the 

rod with the median length? What is this median length? 

4) Remove the brown rods. Replace them with two purple rods. 

What is the median length of the rods in the train? 

5) Remove the purple rods. Replace them with two orange rods. 

What is the median length of the rods in the train? 

6) Remove the two orange rods. Add one red and one white rod to 

What is the median length of the rods in the train? 

7) Remove the red and white rods from #6. Can you add two rods 

so that the color of the rod with the median length will not 

be red? 
oO 

8) For each train, find the length of the rods. 
00 

mean 0 

a) Train in tll 14/9 or 1. 56 cm d) Train in #5 

b) Train in ff 3 c) Train in #6 ----
c) Train in 114 

the train. 00 0 

9) When colored rods were added to the first train, which varied the most: the 

median or the mean? 

10) One week the daytime high temperatures were 7°C, 5°C, 8°C, 5°C, 6°C, 7°C, ll°C. 

Find the median temperature. 

Find the mean temperature. 

11) On Monday the temperature jumped to 31°C. 

Find the median temperature for the 8 days. 

Find the mean temperature for the 8 days. 

12) Which measure was affected the most by the temperature jump, 

the median or the mean? 
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1) A survey was conducted in a class 

of 25 students to find how many 

children were in each family. The 

results are shown in the table to 

the right. 

2) Find the mean number of children 

for these families. Mean= 

3) Ar e there any families with the 

mean number of children? 

0 0 O O Tl-\~ AVE.RAGE FAMILY 

CI-ULDRE.IJ 

'l 

'2. 

'3 

4 

5 

MADE UP OF 

1 ADUL"T MALE 

1 ADULT 

At,JO 

IJUMBER 0~ FAMIL\£':, 

6 

8 

5 

4) Find the mode of the number of children in the families. 

5) You are to build 100 houses for a new housing development. Which 

would be more important for you to know, the mean or the mode of the 

number of children in the families? 

Explain. 

6) You are in charge of building a park for the new development. To 

help you decide the size of the playground, which would be more im

portant to know, the mean or the mode of the number of children in 

the families? ______ Explain. 

7) Make a survey of your class to find the mean number of children in 

the families. 

8) Would you expect your answer to #7 to be higher or lower than the 

average for all families in the city? _____ Ex plain. 
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How many M&M's are in a 40 gram package? 

How many of each color are in a 40 gram package? 

1) Find the mean number of M&M's per package. 

whole number) 

~ 

~l ~ ~mnti :~ 
-=- uuu ~ ~=---

(to the nearest 

2) Did you have the mean number of M&~'s in your package? 

3) Find the mean number of M&M's of each color in all the packages in 

the class. (to the nearest whole number) 

brown green 

tan 

orange 

yellow 

4) How many of the five rounded means are the same as the numbers in 

your package? 

5) Find the sum of the five means in (3). 

6) Is the sum close to your answer in (l)? 
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Melcher Manufacturing Company 

boasts that they pay an average 

salary of $10,000 to their employees. 

Is the company telling the truth? 

1) To help you decide, use the 

salary schedule to find 

mean salary: 

median salary: 

mode salary: 

2) Which do you think is a more 

representative number for these 

salaries, the mean, median or 

mode? 

nn ril 

iYPE OF J"OB 

PRESIDE.ITT 

VICE · PRE:SIDEt-l'T 

PL,1:1,t-lT MAl-lAG.ER 

FOREMAN 

SKlLLED OPERA'TOR 

U~SKILLEO QPERA'TOR 

11 fl 

I ,-.-

i=:= 

t-:IUMBER 
SALARY 

EMPLOYED 

1 $133,000 

2. $ '70,000 

3 $ 25,000 

12. $ 8,000 

21 $ G,000 

3G $ 5,000 

Sometimes it is more helpful to know the median; sometimes the mean; 

other times the mode. 

1) If you wanted to find the total amount spent on junk food for a week 

by your class, would you want to know the mean, median or mode amount 

spent by the class? 

2) If you wanted to know if you read more or less books per month than 

most people in the class, would you want to know the mean, median or 

mode? 

3) The Big Wheel roller skating rink is ordering new skates. Which 

would be more useful to know, the mode, mean or median skate size? 

4) The members of the Four Star riding club sold 

candy bars to finance a trip. The sales are 

shown in the table. Which best represents the 

number of bars sold by each member: the mode, 

mean or median? 

5) You want to know which country has a large 

portion of people with low incomes. Which is 

most helpful to know for each country: the 

,mean, mode or median income? 

~UMBER 0~ 
BARS SOLO 

5 

15 

20 

30 

-40 

2.00 

hlUM'i3ER O~ 
MEMBE~ 

1 

e 
5 

4 

'2 

1 
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Commentary to RANGE & DEVIATION (542-550) 

TITLE 

In Over Your Head 

Get Off the Stove, 
Grandpa 

Roll Them Again 

Fill Up the Gaps 

Differences from the Mean 

Clusters and Spreads 

Normal Distributions 

Running Totals 

Stack Them Up 

Miller's High Bars 

Look, Mom, I'm Getting 
Better 

Sensitive Scores 

Quartiles 

Deciles and Percentiles 

PAGE 

551 

552 

553 

554 

555 

556 

558 

562 

563 

564 

566 

567 

568 

569 

TOPIC 

Using range to dis
tinguish two sets 
of data 

Finding the range 

Using mean, mode, and 
range to describe a 
distribution 

Showing sums of 
differences above and 
below the mean are equal 

Showing sums of 
differences above and 
below the mean are equal 

TYPE 

Worksheet 

Worksheet 
Puzzle 

Activity card 
Worksheet 

Worksheet 

Worksheet 

Using average distance Teacher directed 
from the mean to activity 
describe a distribution 

Introducing and 
demonstrating normal 
distributions 

Finding running totals 

Making a graph showing 
running totals 

Making a graph showing 
running totals 

Examining running totals 
graphs of test scores 

Introducing percentiles 
on a running totals 
graph 

Introducing quartiles on 
a running totals graph 

Reading deciles and 
percentiles from a 
running totals graph 

Worksheet 
Teacher directed 

activities 

Worksheet 

Teacher demonstration 
Transparency 

Worksheet 

Worksheet 

Worksheet 

Worksheet 

Worksheet 
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IRNC~ e Dl:Y!RT!DN 
RANGE 

Your students are probably familiar with 

the idea of range. They have had to look at 

the range of numbers to be graphed before 

picking a suitable scale. They might want to 

know the highest and lowest scores on a test 

so they can see how their scores compare. 

Students might also know the heights of the 

tallest and shortest basketball players on 

their favorite team. They probably do not 

find the difference between the two scores or 

heights (the range), but they realize that 

knowing .the high and the low gives them valu

able information about the scores or heights 

as a whole. To introduce a more formal study 

of range, you could use In OVeP Your Head 

shown to the right. In this activity, stu

dents see how ranges are used to compare two 

sets of data. 

\><> J""" 6, 1946, tong,o,o.,,,o Joho Jooo<ng•. J,., 
o! tonn•.,•• u,l~ tho U.S. 110 .. 0 o/ R•~•cooo,o
<hos th0< in ~,y """'"°' eho ov0<030 dopth of 
tlso Tool>igbeo R!voe !, "'1ly ooo foot. "lo o<hor 
,v,Jo," ho oo!~, "you '"" vo~o 1"0<> Ito •outh to 
<ho Op<fog b<oooh lo which It o,lg(na<es.'' 

l) Would you n.lvloo a """-'"'"""" "' «y "•O<os 
<ho ,ivo, fro,; bo~1""1"8 <O ead1 __ 

<) Wl,a, o<he< J.nfo,.,.,10" '"'~u bo holpf,u <o 

kaw ,~ou< tho doptl> of ,ho <ivo<? ____ _ 

3) llil. i.,,,olski"o <l•oo <<><>k quh,., ,.., dH/oroot 

d•Y•· Tho 000< .. for <ho tvo qul.,oo o,o 

11•«~ bolo,,. For ••<h quh, find •~ ""•'"• ~odlOo ood """"· 

© Koo,.:__ @ V.ooa, __ 

P.odJ.oo: Ko•too, 

P.odo, trodoe 

5) \l"M< dHloronoo """ you ,<o \a tho oooro, o! tho ~"""""' ____ _ 

6) A """"'"" <hot holpo oho,, h0'.1 tl>o 'I"" oooro, o,o d<Uo,on, u ooU"-d <ho root•• 

,~ ~ I!'. -r~c o,r~Eoet..,~<. =~.., o) F<"d tho <ons• for Qul< !. _ 

Tl\£ ""'"E'Sl"I' AIJC>l<)W<."!'.1" "'-"""i:. t,) Find <ho <sn~• lo, <),Ji< ll. _ 

Thi• obowo tho, <h• •oo«i, on Qui> I •<o clooo eogctle<<. T_,, "'°''' oo q.1, U "'" .......... 
a) 2, ~. 3, l, 4, O, 1, l, S, 1, 1, 9, 1, 3, l, 9, 2, I, 2. 0 bn~•--

b) 691, 442, 611, ll02, 631, 019, 321, 7$0, 1123, 103$, 88a, ll90, 014 P...n11< • _ 

,) 791, 18'i, 7?1, 192, nl, 7ij6, 787, 790 P...•z• • _ 

Most books define the range as the difference between the highest and lowest 

scores. Others define the range to be the highest and lowest scores. The 

ence can always be computed from these two scores, but the extreme scores 

determined from the difference. The advantage 0£ knowing the two extreme 

be explained to students through the following example. 

Suppose the yearly incomes of ten 

people are being considered and you were 

told that the range for the incomes is 

$20,000. Ask students if they think the 

person with the highest income has the 

possibility for much better living condi

tions than the person with the lower sal-

ary. (This depends on their incomes. If 

the low is $2,000 and the high is $22,000, 

there would be a lot of difference. If 

the low is $1,000,000 and the high is 

MY, n4AT ;.z0,000 DOESfJT 
MAKE ',IOU tv\UO-\ 

FATTER THAI\! 
I Al-'1! 

differ-

cannot be 

scores can 

( 

( 

( 



COMMENTARY 

$1,020,000, the $20,000 wouldn't affect 

the living conditions very much.) You 

could relate this to the 1977 pay raise 

for the members of the U.S. Congress. 

Some people complained that a raise of 

$13,000 was as much as their total sal

ary; however, the pay raise i's not as 

impressive relative to the 1976 Con

gressional salaries, the cost of living 

in Washington, D.C. and the salaries of 

persons in comparable roles. 

DEVIATION FROM TH~ MEAN 
Although the idea of range is fami

liar, it is less likely that students 

will have thought about the distance of 

scores from the mean. You might intro

duce the idea of deviation from the mean 

with the problem-solving activity below. 

RANGE AND DEVIATION 

$13,000 RAISE.?!? 
WOW ! THAi'S MOR~ 

THAI-J I MAKE 
ALL YEAR.! 

$ 13,000 RAISE. ? CI-\ICKD.J FE.E.D l 
M'I !t,JCOME. WEt>.JT UP t4o,ooo 

LAS"T 
YE.AR! 

Tell students you are going to give them information about the lengths of a set 

of colored centimetre rods, and they are to guess what lengths the rods are. Have 

them give possibilities for the lengths after each new piece of information. 

Information Possibilities 

• There are four rods and their (6,6,6,6), (2,2,10,10), 

mean lertgth is 6 cm. What might (1,5,8,10), . .. 
the lengths be? Any combination of 4 whose 

sum is 24. 

and the rods range from 2 cm to (2,6,6,10), (2,5,7,10) 

10 cm in length. One is 2 cm, one is 10 cm, 

the other two add up to 12 cm. 

and on the average, the rods are (2,6,6,10) 4+o+o-+4 = 2 (No) 
4 

3 cm longer or shorter than 4+2+2+4 
(2,4,8,10) = 3 (Yes!) 

the mean length. 4 
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COMMENTARY RANGE AND DEVIATION 

Point out to students how each new piece of information helped them know more about 

the set of rods. You might ask if it would have been as helpful to know the dif

ference between the shortest and longest lengths as it was to know the shortest and 

longest lengths. (With a difference of 8 cm, the rods could be from 1 cm to 9 cm, 

3 cm to 11 cm, ••. ) The average distance from the mean was needed to determine the 

lengths. Be sure students realize that larger sets cannot be determine exactly just 

by knowing the number of scores, the mean, the highest and lowest scores, and the 

average distance from the mean. If there were six rods with mean length 6 cm, rang

ing from 2 cm to 10 cm in length and on the average being 3 cm longer or shorter 

than the mean length, the set could be (2,3,4,8,9,10) or (2,2,5,7,10,10). The lar

ger the set, the greater the number of possibilities. 

You might have students compute the range (as a difference) and the average 

distance from the mean for sets of numbers having the same mean. Point out how both 

of these figures help distinguish the sets. 

Example 1: 4 scores, mean= 6 

Set Average Distance Range 
from Mean 

(6,6,6,6) 0 0 

(1,5,8,10) 9 3 

(4,4,8,8) 4 2 

(1,7,7,9) 8 2.5 

Example 2: 10 scores, mean= 8 

Set Range Average Distance 
from Mean 

(5,6,6,'8,8,8,8, 
7 1.4 9,10,12) 

(1,1,3,4,4,10, 
15 5.4 12,14,15,16) 

You might want to give students two sets 

of data and have them decide (without com

puting deviations) which set would have the 

greater deviation. 

(2,5,10,13,20) or (21,23,24,24,26)? 

Do they see the first set is more spread out 

and will have a greater deviation? 

WI-\E.l..l TI-\E=: SCORES 
A~E IV\ORE SPREAD OU½ 
TI-\E RANGE Al.JD AVERAGE 

DIS"TAI.JCE. FRO(\/) "TI-I.E 
ME.AN GET BIGGER. 

( 
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COMMENTARY RANGE AND DEVIATION 

Some students will have difficulty computing a deviation from the mean unless 

the data is set up in a table. You could give the problems in Example 2 from the 

previous page in the following form: 

Mean 
Distance from 

Score Mean 
Distance from 

Score Mean Mean 

5 8 3 1 8 7 
6 8 2 1 8 7 
6 8 2 3 8 5 
8 8 0 4 8 4 
8 8 0 4 8 4 
8 8 0 10 8 2 
8 8 0 12 8 4 
9 8 1 14 8 6 

10 8 2 15 8 7 
12 8 4 16 8 8 

Total 14 Total 54 

Average Distance from Mean = 14/10 = 1.4 A~erage Distance from Mean""' 54/10 = 5.4 

(Students who have studied signed numbers might be asked to compute the signed dif

ference for each score. The sum of these signed differences will always be zero so 

the distance without the sign is usedo This is discussed more on pages 3 and 4 in 

Range and Deviation of the CONTENT FOR TEACHERS section, See also the student pages 

FiU Up the Gaps and Differences from the Mean. 

The standard deviation is harder to motivate at the middle school grade levels. 

Standard deviations can also be a headache to compute if students do not have access 

to a calculator or computer. Here is a suggestion for introducing standard devia

tions with a minimum of computation and at least a little motivation. 

@ Read this part of a 

newspaper article to your 

class. Students might 

want to discuss the pur-

pose of the study and 

bring out critical points 

like, "Is 18 students a 

large sample?" or 11D0 vol-

unteers drive like people 

who don't volunteer?" 

After discussion, focus on 

the fourth paragraph. 

Study finds 55 mph 
Drivers in late 

model cars without speedometers to 
nag them llbout speeding are most com
fortable traveling about 70 miles ,rn 
hour on the highway, according to stu
dent sc1fety resei'lrchers. 

Tlw· conclusion was reaclwd in a re
Sl'<ll"Ch project carrit•d out by studt•n!s 
at Texas A & M Universi1y. 

"Thl' t•xpl'riment clearly demon
s11·;11ps tha1 tht' averagt• comfortable 
S['ll't'd is wl'!l abon> !he existing national 
spt't'd limil of,% mill's pt•r hour," said 
Dr Ronald Morris or Tt>xas A & M, 
when he prt•st'ntt•d <l parwr on the S'X· 
rwriment :l! a mt't'ting hen' of the SAFE 
Associ<lliun. an organization of s.ifety 
equ1pnwn1 rt•searrhers, m.inufacturers 
and u<wrs, 

"The ana!ysls of our data resulted in 
an overall mean comfortable speed of 
69.94 miles per hour wilh a standard 
deviation of 4.425 miles per hour. From 
this it is reasonable to conclude that the 
probability that the entire population's 
comfortable speed is 55 miles per hour 
is essentially i:.ero." 

Morris, also secretary of the associa• 
tion, said 18 volunteer students drove 
both ways over an isolated segment of 
Interstate 30 west of Texarkana, Tex., 
during daylight hours when weather 
was dry and sunny, 

The students used a !970 Datsun 
2402, a 1973 Ford Torino station wagon 
and a 1973 GMC Sports Van selected to 
represent the range of commercially 
availc1ble passenger vehicles. 
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COMMENTARY RANGE AND DEVIATION 

You might want to read the fourth paragraph to students again. Write the 

values for the mean and standard deviation on the board. Explain that the standard 

deviation is a number used to describe how spread out scores are. Explain that in 

any distribution at least 75% of the scores are within 2 standard deviations from 

the mean, (See Range and Deviation of the CONTENT FOR TEACHERS section for more in

formation on this,) At least 75% of the drivers tested had a comfortable driving 

speed between 69.94 - (2 x 4,425) mph and 69.94 + (2 x 4,425) mph. At least 75% 

were between 61.09 mph and 78,79 mph, Explain further that in any distribution at 

least 89% of the scores are within 3 standard deviations from the mean, in this case, 

between 56,665 mph and 83.215 mph, This study raises doubt about people being com

fortable driving at 55 mph. (Of course, there are many questions to ask about the 

study and the conclusions. Was the sample representative of the populatioll? Is a 

sample size of 18 large enough? Would you expect the entire population to agree on 

any one comfortable speed?) 

If students want to know how to compute a standard deviation you can show them 

the computation in a table like this: 

First: Find the dis

tance of each score 

from the mean. 

Second: Squar~ each 

distance. 

Third: Average the 

~quares. 

Fourth: Take the 

square root of the 

average. 

The standard devi

ation for this set 

is 4. 

POINT SCORED BY THE DUNKERS IN THEIR LAST GAME 

Player 

Redhot 
Tree 
Slammer 
Floater 
Tip It 

Dribbler 
Assist 
Sky Hook 
Stealer 
Fleetfoot 

Points 

11 
3 
9 
6 

14 

9 
4 

15 
6 

13 
90 

Distance 
from Mean 

2 
6 
0 
3 
5 

0 
5 
6 
3 
4 

9+-The Mean 
10!90 

Square of 
Distance 
from Mean 

4 
36 

0 
9 

25 

0 
25 
36 

9 
16 

160 160 = 16 
10 

/IT= 4 '!\ 
The S tandar~) 

Deviation 

( 

( 

( 



COMMENTARY RANGE AND DEVIATION 

SHAPES OF DISTRIBUTIONS 
The stem-and-leaf displays from the activities Branching Out, An Age Old Pro

blem and Cars for Sate in the TABLES section can be used to introduce students to 

the shapes of distributions. An Age Old Problem has students make a stem-and-leaf 

display of ages of the presidents at inauguration. If the "leaves" are lined up 

vertically, the display is like a frequency graph. Show students how the display 

can be turned and a broken line graph or curve added to show the shape of the 

distribution, 
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5 
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E, 
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10 
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8 .... (I) 
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t'- =t ['-

' 
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N 0) =t r-
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1 i 4 0 2 1 

8 s 

12 
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8 
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0 

=t - 2 .. 1/) 

" (/) 
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\.9 \.9 

1 
s 

4 1 
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::t 01 
:;f ::r 

' 

2 

AGES OF 
PRE'3\DEl\1TS 

AT 
llllAUGURAllOIJ 

You can ask students questions about the shape of the distribution. For what 

age interval is the graph the highest? Does it make sense that the graph is low for 

40-44 and 65-69? This graph is almost symmetrical about a center line. Do you 

think all frequency distributions would be shaped like this? 
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COMMENTARY RANGE AND DEVIATION 

Students can look at the shapes of distributions from Wha-t 's In A Na.me? and 

What Am I Worth? in the TABLES section, Are the distributions symmetrical? Stu

dents could graph and compare the distributions from rolling one, two or three dice. 

(Use the data from Roll Them Again in this section for three dice, See the EXPERI

MENTAL PROBABILITY section for activities with one or two dice.) The theoreticar 

distributions for 216 rolls are given below. You could show these shapes on an 

overhead and let students compare their results with these. 

'2.1G ROLLS 

O~E DIE 
3G------~ 
32 -h'-FJ,-,.h-'HHH 
28 F+-h'HHHH 

SUM OF TWO DICE 

)- 24 t+-f-'A-+--+-+-+4 H--+-++-+'-+--'f--".....,r-1-+-+--H 
~ 20+-',__,-C..~i-,-~e..; 

JJ lG -h+--h+-'--1-'-'l--'l-! 

g 1: +-+-+-+--+-+-H 
u. 4 +-'+-'+'--+.'-+'-1-4"' 

. \ 0 .L...'--JL..'-'-L-'-",""-' 

12345G 

~ ... ·.~ 
-·="-·-'· '-+-1 I 

2345G78910ll!Z 

Some of the frequency graphs of students 

will approximate a normal curve. Normal 

Distributions can be used to introduce nor

mal curves. The first page (shown to the 

right) is a worksheet for students. The 

next three pages of the activity contain 

suggestions for demonstrations or activities 

that lead to approximations of normal dis

tributions. An inexpensive device called a 

Hextat that demonstrates an approximately 

normal distribution is available from 

Creative Publications. An example of a hand

made 11hextat 11 is given on page 371 of the 

34th yearbook from the National Council of 

Teachers of Mathematics. 

SUM OF THREE DIC!. 

: :,L____. 

3'I5G78910111213!4151t;;1718 

l) ~1,J,h of tho oM;o> ~,l.., loo;.",,,,, 

"/"'"" """ '\" ""."7\ ' T;""~ 
l) D!o<r!butltlO• ~hl,h '°" be ,,.,,o,("'"" with ""'"'" ,ho;o~ l!~o B obooo •'" ,al!oJ 

""'"'l Jls"lbo<[o,,,, Tho'"'"" Jn 8 is ,allo~ • ""'""'l '"'"'"· (Tho,.,., •• !o A 

""" C '"" ""' ""'"'" '"'°""') ~o,ool '"'""" ""' bo ,all or ;hort, ""',hoy"'" "1-

" ,, 
" ,, 

~~~~.=;""-'-+'"="~:=:=·:=::='~z'+c';:=;Q r: 
a•~•-'·'='-.-.c-+-'='-·~•=•--,=~,, 

ll> ·40 51 ·5~ t~ 

-
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COMMENTARY RANGE AND DEVIATION 

When you have students work activities 
TEtJ TOSSES 01' A COltJ 

from the EXPERIMENTAI PROBABILITY section., ..., (zs 5TUDE.tJT5) 

you can have them make a frequency graph of G • 
their results. In many cases students can 5 • • • 
observe an approximately normal distribu- G 4 • • • • 2 
tion as shown to the right. w 

::, 3 • • • • • 
If you want students to relate stan- s 2 • • • • • C. 

dard deviation to normal curves; you could "-
1 • • • • • • • 

look at chapter 9 of Mathematics A Human 0 

Endeavor chapter 8 of Mathematics An 
0 1 2 3 4 s G 7 8 9 10 or 

Everydaz E~erience. 
NUMBER 01' 1"AIL'5 

Some students might expect all distributions to be approximately normal. You 

might give students the table shown below and ask them to make a graph as shown to 

correspond to the table. Point out the 11 tail" on the right of the graph. Students 

should realize some distributions like this one are skewed to the right. Others are 

skewed to the left. 

BIRTH RATE, BY 
AGE OF MOTHER 

Births per 1,000 Women 
in Each Group 

Age* 1968 

15-19 years 66.1 
20-24 years 167.4 
25-29 years 140.3 
30-34 years 74.9 

35-39 years 35.6 
40-44 years 9.6 
45-49 years .6 

SOURCE: Tables 35 and 
36, u.s. Public Health 
Service 

Table from Pocket Data 
Book USA 1973 

*In 1968 the birth rate 
was 1.0 per 1000 women 
under age 15. 

180 
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20 
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BIRT,-! RATi;:_ 
BY AGE 
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COMMENTARY RANGE AND DEVIATION 

You might have students match frequency tables with shapes of distributions. 

Could your students pick out the closest shape for each of these frequen'cy tables? 

SCORE: 

DISTRIBUTION A: 
B: 
C: 
D: 
E: 

F: 
G: 
H: 
I: 
J: 

SCORE 

(j 
E 

2 1-----w 
::, 

8' 
C>! 
"-

SC.OR.E: 

PERCENTILES 

1 

50 
5 

57 
10 
20 

3 
10 
11 

0 

3 
5 

2 

49 
8 

47 
9 

21 

4 
20 
23 
11 

7 

3 

50 
15 
38 

7 
19 

6 
30 
35 
23 
10 

IA "- ._ ____ _ 
SCORE 

(j 

~_n_ 
i ,_ ____ _ 

SCORE 

4 5 6 

FREQUENCIES 
50 99 101 
19 14 10 
30 23 17 

4 2 1 
20 19 20 

8 
40 
24 
36 
15 

11 
50 
13 
45 
22 

SCORE 

D 

SC.ORE 

14 
60 
11 
49 
33 

7 

99 
15 
12 

2 
20 

17 
50 

9 
44 
46 

0 
2 
w 
::, 

B 

8 

49 
21 

8 
4 

.21 

21 
40 

7 
35 
65 

9 

50 
13 

5 
7 

19 

32 
30 

5 
21 
88 

8'~ 
~ I \ ""-------'-

)-

a 
::, 

s 
C>! 
"-

SCORE 

F 

,_ ____ _ 
SCORE 

10 

49 
7 
3 
9 

19 

19 
20 

3 
10 

117 

G a 
::, 
a 
~ 

C 

11 

50 
5 
2 

10 
20 

4 
10 

2 
2 

148 

SCORE 

u..__ ___ = 
SC.ORE 

Students might know their percentile scores from a Stanford Achievement Test 

or some other standardized test. The actiVities on running totals and percentiles 

in this section can help students understand their percentile scores and the per

centiles that are frequently given in newspaper and magazine articles. The six 

activities beginning with Running Totals show a way to develop percentiles, deciles 

and quartiles. 

A FINAL NOTE 
Students can examine the distributions of data collected from their class, 

their school and their experiments in probability... They can compute the means and 

ranges and notice the shapes and variation of these distributions. 

an important part of understanding statistical data. 

All of this is 

( 
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On June 6, 1946, Congressman John Jennings, Jr., 
of Tennessee told the U.S. House of Representa
tives that in dry weather the average depth of 
the Tombigbee River is only one foot. "In other 
words," he said, "you can wade from its mouth to 
the spring branch in which it originates." 

1) Would you advise a non-swimmer to try wading 

the river from beginning to end? 

2) What other information would be helpful to 

know about the depth of the river? 

3) Ms. Zowalski's class took quizzes two different 

days. The scores for the two quizzes are 

. ". 

listed below. For each quiz, find the mean, median and mode. 

0 

0 Mean: 

Median: 

Mode: 

QUIZ 
SCOR!:: 

5 

6 

NUMBER OF 
STUDE!lliS 

8 

3 

@ Mean: 

Median: 

Mode: 

® QUIZ 
SCORE 

1 

2 

3 

4 

5 

G 

7 

8 

9 

1.0 

4) What do you notice about the means, medians and modes? 

NUMBER OF 
SiUDEt-lTS 

1 

0 

2 

5 

0 

2 

0 

1 

1 

er ·9 • ' . .... . . 
i, . . . 

----------- -- ---
5) What difference can you see in the scores of the quizzes? 

6) A number that helps show how the quiz scores are different is called the range. 

1\-IE RANGE IS Tl--tE. OlffERE~C~ BETWEEW 
Tl-IE. l-!IG.l-\EST A~D LOWE':>1 SCORE. 

a) Find the range for Quiz I. 

b) Find the range for Quiz II. 

This shows that the scores on Quiz I are close together. The scores on Quiz II are 

spread out. 

7) Find the range for each group of data below: 

a) 2, 8, 8, 3, 4, 0, 7, 3, 5, 1, 1, 9, 7, 3, 1, 9, 2, 4, 2, 0 Range= 

b) 697, 442, 817, 1302, 631, 619, 321, 750, 1128, 1035, 888, 1396, 674 Range 

c) 793, 785, 791, 792, 793, 786, 787, 790 Range 
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GRANDPA 
Find the range for each exercise. Place 

the letter above the correct answer below. 

® Cost of record albums in cents 

279 389 498 559 639 789 

@ Eight highest waterfalls in the U.S. 
(in metres) 

739 491 357 213 195 189 189 181 

© Heights on an 8th grade basketball team 
(in centimetres) 

170 183 162 173 175 173 185 170 156 165 

® Eight quiz scores 

76 85 92 96 83 72 83 87 

CD Number of floors in the ten tallest 
buildings in New York City 

110 102 77 71 71 70 67 60 60 59 

(0 Winning football score for Super Bowls I 

35 33 16 23 16 24 14 24 16 

Q Record long run 
\.:!) Broadway plays ® Ten longest vehicle tunnels @Ten fastest land 

in the United States (in metres) animals (km/h) 
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Abie's Irish Rose 2,327 

Fiddler on the Roof 3,242 

Harvey 1,775 

Hello, Dolly 

Life With Father 

Man of La Mancha 

My Fair Lady 

Oklahoma! 

South Pacific 

Tobacco Road 

2,844 

3,213 

2,328 

2,717 

2,246 

1,925 

3,182 

Eisenhower Memorial (CO) 

Copperfield (UT) 

Allegheny (PA) 

Liberty Tubes (PA) 

Zion National Park (UT) 

2,725 

2,130 

1,850 

1,804 

1,757 

East River Mountain (WV-VA) 1,725 

Tuscarora (PA) 

Kittatinny (PA) 

Lehigh (PA) 

Blue Mountain (PA) 

1,623 

1,441 

1,335 

1,323 

G£i OFJ: THE STOVE, <?.RA~DPA. YOU ARE "TOO 

TO 
55S '2.1 45 51 

T\.4E 
.l.+5 24- 510 1402 2.9 • 

Antelope 98.2 

Cape hunting dog 
72. 5 

Cheetah 

Coyote 

Elk 

112. 7 

69.2 

72.5 

Gazelle 80.5 

Gray fox 67.7 

Lion 80.5 

Quarterhorse 76.5 

Wildebeest 80.5 

2.9 



Materials: Three dice 

Juan rolled three dice 40 times. 

For each roll, he counted the 

dots on the tops of the dice. 

The results were: 12, 9, 11, 12, 

12, 12, 8, 11, 9, 13, 13, 4, 10, 

5 9, 8, 11, 7, 13, 10, 9, 10, 

7, 9, 6, 13, 14, 11, 8, 14, 8, 8, 

17, 12, 10, 11, 7, 10, 8, 12. 

1) Find: mean= 

range= 

mode(s) = 

trimmed range= 

IGNORE TI-\E 
TOP TWO AND THE 
BOTTOM 'TWO 
SC.ORES. USE 
JUST 3G 
SCORES. 

2) You perform the experiment. Roll three dice 40 times and record 

the results below. 

3) Find: mean= 

range= 

mode(s) = 

trimmed range= 

4) Compare your results in #3 with Juan's in #1. Are any of the 

answers the same? If so, which ones? 

5) Which answers do you think would be more likely to be the same, 

the ranges or the trimmed ranges? 

6) Compare your answers to #3 with a friend. Are any of the answers 

the same? 

I DEA FROM: Centers and Spreads by Oakland County Mathematics Project 

Permission to use granted by Oakland County Mathematics Project 
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Materials needed: scissors 

1) Use the scale to give the 

height of each bar. 

I I 

2) Find the mean of the 

heights. 

3) Draw a horizontal line across 

the bars to show the mean 

height of the bars. 

8 

7 

G 

5 

4 

~ 

'2 

1 

0 

. : .. 

..... 

. . ·• : . : 
------
: ·.· ·. 

. · . .. .. · .. 

.... ------
. . . . . . . 

. ··.·. -------..... : 
' . . . . . . 

. . . : : ... 
.·_.: .. ·.·.-

: .. .-. : ... 
. . .. . . 

. ... . . . . 

·- .... 
... · .. · 

' ..... · 

· ... · . 

.... -:: : 
-------
.. .. . .. 

. : ._: _· . 

4) On notebook paper, trace the bars. Cut off and save the part of the 

bars above the mean height line. 

· 5) On the figure above, can you fit the cut-off parts below the mean 

height line to fill up the gaps in the other bars? 

6) Shade in the bars to 

the right to show 

these heights: 

4, 11, 2, 

6 I lQ I 9 

7) Find the mean of the 

heights. 

8) Draw a horizontal 

line across the bars 

to show the mean 

height of the bars. 

9) On notebook paper 

1'2 

11 

10 

9 

8 

7 

G 

5 

4 

3 

2 

1. 

0 

r--------, 

' ' I ' r------~ 
' ' I ' r------: 
L..------

' ' 
' ' ' ' 
' ' •------~ 
' I 
!------J 
' ' 
I ' 
I ' r ------: 

' ' ' ' .-------. 
' ' ' ' r- - - - - - _, 

' ' 
' ' .-------· 
I o 
I o 
o I 
r-------· 

I 

' ' ' ~-----~ 
I ' I 

r------, 
' ' I I 
o I 
r-------1 

: ' I O 

~-------' 
' I I 
I 

I 
I :-------, 
I 

' L .. ...... • .. I 
O I 
I I 
I I 
1-.-----, 

I 

' I L-----~ 
o I 
I o 
I I 
L .... - ...... 1 

I I 
I I 

' ' 1-------J 
I I 
I 
I .-------, 

I 
I I 

' ' :------·, 
' I o I 

~ - - - - - -I 
I 

' 

r---- - -, 
' ' :------, 
' ' ,.. ------· 
' ' ' ' 1- ---- --, 

' ' 
:-------~ 
' : ' r·----..J 

' ' ' ' ' :------: 
... ' 
' I 
' ' ,-----J 
' ' I I 

·------~ ' ' ' ' ' ' .,_ ______ 1 

I o 

' I I o 

~-----.J 
' ' ' ' ' ' 

;------, 
I ' 
I : i - - - - - -1 

' ' o I :------.... 
' ' ' ;-----, 

' 1------1 
' ' ' ' ' '------, 
' ' ' ' L _____ , 

' ' 1 ______ : 

I I 
I 

t------~ 

' ' ' ' i-------: 
' ' 
' ' :-------' 

I 

' ' ' ~----- .. 

trace the bars. Cut off and save the part of the bars 

that lie above the mean height line. 

.--------., 
: : 
' ' :----- --~ 

' ' ' ,--- ----. 
o I 

' ' ' ' :-------, 
' ' .-- - - - - -, 
' ' ' ' ' ' ,-------, 

I 
I 

' ' ,-------: 
' ' I I 
... ------1 

I 

' r _____ ,J 

' I 

I ' 
I I .------~ 

' I ' 
I I ,-.------. 

I 
I 

~-----: 
I 
I 

r------, 
' ' ' ' ' I-------· 
' ' 
..-------
' ' I ' ' ' 1-------1 

' ' 

~------: 
:_ ______ : 
' ' ' ' ' ' ~ - - - - -· 
' ' I 
r- - - - • - -, 

' ' o I 
I I ;------, 
' I ~·-~---· 
I 

I ' 
I O 
i------1 
' ' I o 

~------' 
' ' ' ' ' ' 

10) Can you fit the cut-off parts below the mean height line to fill up 
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the gaps in the other bars? (Some may have to be cut.) 

'Tl-IE 'TOTAL OF 1'\--rE. CUT-Of"!=" PAR.TS ABOVE Tl-IE MEAtJ HEIGHT Ll~E 

WILL ALWAYS BE Tl--lE. SAME AS THE. TOTAL OF "THE GAP5 BELOW 

THE MEAl\l HEIG~T L\t-JE. 



DI~~[RlN[lS 
~ROM T~[ M[RN 

1) Find the mean of the 
scores in the table. 

Mean= 

2) For each score find its 
difference from the 
mean. Write the differ
ences in the table. 
Column 1 is for differ-
ences below the mean; 
Column 2 is for differ
ences above the mean. 
The first score has 
been done for you. 

3) Find the total of the 
differences below the 
mean (Col. 1) : 

above the mean 
(Col. 2) : 

What do you notice? 

4) Find the mean of the scores 
in the table. 

Mean= 

5) For each score find its 
difference from the mean. 
Write the results in 
the table. 

6) Find the total of the 
differences below the 
mean (Col. 1) 

above the mean 
(Col. 2) 

7) Alex says that the sum of 
the differences below the 
mean equals the sum of the 
differences above the mean. 
Do you agree? 

SC.ORE 

2.7 

'2.9 

4G 

18 

54 

GO 

SCORE. 

8G 

42 

'29 

58 

2.3 

eo 
'74 

eo4 

DIFFl::RE~CE ~ROM THE MEAN 
&.LOW(COL.1) ABOVE (COL.'2.) 

12 

DIFFERENCE f"~Ot'<\ THE MEAN 

BE.LOW (COL. 1) ABOVE (COL. 2) 

8) Check to see if Alex's conclusion is true for these scores: 59,52,60, 
ll,72,61,59,10,47,71,44,61,28,65. Make a table for the numbers. Find 
the mean. Find the differences above and below the mean. 
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For this activity you will need 

data from Make Mine M&M's in the 

GRAPHS section. 

M~Ms. IN t:"ACH STUDEN'TS PACKAGE 

1) 

2) 

Display a graph like the one 

to the right showing the to-

tal number of M&M's in each 

student's package. 

Ask students if the totals 

seem clustered together or 

spread out. (The totals 

5 

4 

~3 
:) 2 s 
flJ 1 
ti. 

should appear somewhat clustered.) 

. .... 

... •. , 

_:::::: 

53 

-. · · 
. . · -

:-::.·. 
::. :·:. 

::·/ ::. 
.·. · •: 
... ~ ... 

54 55 5G 57 58 
NUMBER 01=' M ~ M's 

•. ·.:· 

\/·\ 
59 

3) Tell students they can compute a number that describes the amount of spread of the 

data. Organizing the data in a table simplifies the work. 
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a) First find the mean of the 

totals. 

[53 + (5 X 54) + (5 X 55) + 

*MEAt-J = 55 

TOTALS D\STAI\JC.E FR.E.QUE.NCY 

(5 X 56) + 58 + 59] 18::::: 55.3 
OF !="l<.EQUDJCY FROM '/.. DISTANCI: 

* If done without a calculator, 

round the mean to the nearest 

whole number (55) to simplify 

the calculations. 

b) Find how far each total is 

from the mean. (53 is 2 away 

from 55.) 

M&JV\~ 

53 

54 

55 

SG 

58 

59 

FREQUEtJC',' 
TOTAL 

c) Multiply each distance from the mean 

by the frequency. (See Column 4 in the 

table.) 

d) Find the distance total. 

e) Divide the distance total by the frequency total. 

MEAN FROM MEAl\l 

1 2 2 

5 1 5 

s 0 0 

5 1 5 

1 3 3 

1 4- 4 

18 D1$'TANC.E 19 
TOTAL 

MEA~ DE\JIA'TIO~ ~ 1 0 0 
-- 00 

~g 

(19 + 18 1.06) 

The average of the distanc .es from the mean is a little more than 1. The totals 

for each package are tightly clustered. 



rr.usre• ~ND 
@~~®&©@ 

( COI\JTl!--JUED J 
4) Use the data from Make Mine M&M's. Divide the class 

into five groups and assign each group a color. 

Have each member of the group make a graph of 

the class frequencies for the group color. 

5) Have the members of each group compare their 

graphs with the graph of the total number per 

package. Is the data on the students' graphs 

more or less spread out than the data on the 

graph of the total number per package? 

6) Have each member compute the average distance from the mean for the group color. 

Provide students with a table similar to the one on the previous page to help them 

organize their work. 

7) Have the members compare the average distance from the mean for their data to the 

average distance from the mean for the total number per package. If larger, point 

out that the spread of their data is greater. 

8) Have groups compare their average distance from the means. Use the group graphs to 

confirm the spread of the data. 

557 



558 

The graph to the right shows the 

distribution of heights for all the sev

enth grade boys at Hoe Dunk Junior High. 

1) Place a dot at the center of the top 

of each bar. Connect the dots with 

line segments. 

2) Which of the shapes below looks most 

like the line graph you made? 

A. I \ 8. 

30 

~ 20 
2 w 
:) s 10 
0( 
LI. 

0 

SEVEMTH GR.ADE BOYS: I-ICE DUt-.lK J'R. HIG\.\ 

0 

0 

0 

0 1(1 <X) .:t t-- 0 ro l9 O'l 
'M .::t s; lll l{l 1.11 l9 <.9 <.9 (9 .... .... .-I .; .-I .... c-i ...... 

I I I 
I I I I I I 

1 \.l> (J) C\I lJl {[) .... '1" r--
.::t $ l() Ill l/1 \.9 ~ ~ .-I .... .... 'M .... .-1 

1-lEIG)-li I.N CE.t,JTIIVIETRES 

C. 
3) Distributions which can be approximated with curves shaped like B above are called 

normal distributions. The curve in Bis called a normal curve. (The curves in A 

and Care not normal curves.) Normal curves can be tall or short, but they are al-

ways shaped like a bell. Which of the curves below are normal curves? 

al\ hM c.~ dA e./1 
4) ComplP.te the graph. Connect the 

midpoints of the tops of the bars. 

Does your graph look something 

like a normal curve? ---
St.VDITI-I GRADE. BO'vS : HOE DUNK jR. l-ll<ol-l 

W~lGl-{'T (kg) FRt:Q. W~IGH"T (kg) i:-REQ. 

35 - '3G 3 47 -~8 19 

3'7 -3s s 49 - 50 1'7 

39 -40 8 51 - 52 1'2. 

-41 -42' 14 53 - 5-4 4 

43 -44 18 55 -5b 2 

45 - ~<o '20 

20 

18 

1G 

14 

12. 
)-

10 () 

~ 8 
:::> 
3 G 
Ill 

4 LL 

2. 

0 

SE.VDJ''Tl--l GRADE BOYS : I-ICE DU~K. J"R. 1-\IGI-I 

0 <.9 co 0 (\] ::t <9 CX) 0 (\J :J ffi ('I) ('() ~ .:t .::t ::t .;:t lO LO If) 
I I I I I I I I I I f 

I!) r- (}) .... rO lO t-- (I) .-I (Y) ({} 
rO rn ft1 4" ~ .::t .::t .::?' LO l[) LO 

WEIG\.\T U.1 1<.\LOGRA!v'\S 



Several demonstrations and activities can be used to show normal distributions. 

A collection of these is given below. 

I. A Normal Distribution of Salt. (Idea from: Goals for the Correlation of Elementary 

Science and Mathematics -- The Report of the Cambridge Conference on the Correlation 

of Science and Mathematics in the Schools.) 

Crease a piece of graph paper in 

the middle. Tape one side onto a flat 

surface. Support the other side with 

a book at about a 60° angle. (You can 

experiment with different angles.) 

Hold your finger over the end of a 

small funnel and fill it with about 

one-half cup of salt. Let the salt come out of the funnel in a smooth stream and 

slide down the side of the paper to the fold. Have students look at the outline of 

the top of the salt against the paper. It should look like a normal curve. You 

can spray the salt and paper with paint, remove the salt, and see the curve more 

clearly. An alternative is to carefully draw a curve along the top of the salt 

mound. 

II. A Distribution of Rice (Idea from: A Handbook of Aids for Teaching Junior-Senior 

High School Mathematics by S. Krulik) 

Enlarge the pattern to the right on 

a 30 cm by 30 cm sheet of paper. The 

columns are 2.5 cm wide and 25 cm long. 

The columns are numbered and a space is 

included at the bottom to help in re

cording. 

Note: In this activity, the rice does 

not become arranged in a normal distri

bution like the salt, but the~ 

of the number of grains in each column 

will approximate a normal curve. 
1 2. 3 4 

25<:tm. l • ., 
~ 

0 

s '° 7 

Permission to use granted by Houghton Mifflin Company, W. B. Saunders Company, and Stephen Krulik 

~ 

25 

e 9 10 

' 

559 



560 

Have students work in groups of two or three. 

Give each group a copy of the pattern and an envelope 

containing at least 50 grains of rice. Have one 

student in each group drop a few grains of rice at 

a time directly over the large dot from a height of 

about 30 cm above the paper. (The paper can be 

placed on the floor so it is flat and the rice won't 

spill all over.) Any grain of rice that rolls out 

of the ten columns should be dropped again. Continue 

until 50 grains are on the paper. 

Have students count the grains in each column and record the total for each 

column. The class results can then be combined and graphed as shown. The graph 

should approximate the normal curve. 

CLAS.~ RESULTS: RICE EXPE.RIMBl"t 

CLASS RE:SULTS GOO 

COL.~ ~ OFGRAll\1S 500 

> 400 I.) 
1 12."7 2 

/ 
w 300 

2. 157 
:, 
g 

200 
3 '28G ~ 

"'-
1.00 

4 317 

1 '2 3 4 5 <o 7 8 9 1.0 
COLUMN tvUMBE.R 

Note: A variation of this experiment is described by Edward L. Spitznagel, Jr., in 

"An Experimental Approach in the Teaching of Probability" in The Mathematics Teacher, 

October, 1968. Spitznagel describes a paper ruled into 20 columns covered with carbon 

paper and placed on the floor. A marble is then rolled down the groove of a ruler 

(inclined 1 in.) and four feet across a table to drop onto the carbon paper. This is 

done 400 times and a frequency graph similar to that shown above is drawn. The graph 

will usually approximate a normal curve. (The article has many specific suggestions 

for doing this experiment with success.) 

Permission to use granted by W. B. Saunders Company and Stephen Krulik 



III. A Distribution of Peas 

Bring enough pea pods so 

each student has three pods. 

(If you do this activity with 

a small group, you might give 

each student more pods.) Have 

each student count the mature 

peas in each pod. Accumulate 

the data in a frequency table 

and graph. 

PEAS. 

# Of' 
PEA5 

0 

1 
'Z 

3 
4 

5 
G. 

7 
e 
9 

U.l Ot->E 1-IU~DRE:.O POI)':, 

TALLY FREQUG:NC..Y 

PEAS lt,j OtJE HU~DRED PODS 

50 

40 

~ 30 

LJ 
::> 20 
8' 
~ 10 

0 -1----r----.----r----r----r----r----r----r---. 

0 1. 3 4 5 c;; 7 8 '9 
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1) During spring vacation Joan worked part

time as a bagger at the supermarket. 

Her earnings are shown to the right. 

Joan wants to know the total amount she 

has earned by the end of one day, two 

days, three days, etc. These totals are 

called running totals. 

MOtvDAY $ '3.'75 

TUE$DAY $ 4. 2.5 

WEDt-)E.'SDA'c' $ 4.00 

THUR'5DAY $ '4.50 

f'RIDA'< $5.00 

Complete the table below to show Joan's running totals. The first 

two have been done for you. 

Earnings Running Totals 

Monday $3.75 

Tuesday $4.25 

Wednesday $4.00 

Thursday $4.50 

Friday $5.00 

2) The chart below shows the number of students who ate at the school 

cafeteria each day for one week. 

a) Make a running total for the week. 

Monday 

Tuesday 

Wednesday 

Thursday 

Friday 

Number of students 

175 

207 

189 

193 

160 

Running Totals 

b) How many students were served up to and including Thursday? 

3) The advance ticket sales for a school play were as follows: 

Wednesday 

Week 1 Thursday 

Friday 

Monday 

Week 2 Tuesday 

Wednesday 

Thursday 

562 

Tickets Running 
Sold Totals 

250 

147 

100 

75 

19 7 

200 

250 

a) When had one-fourth 
of the advance tick
ets been sold? 

b) When had one-half of 
the advance tickets 
been sold? 



The bar graph to the right shows 

the number of absences for a 

class during one school year. 

1) Use the graph to complete 

the running totals table. 

2) How many absences in 

September-October? 

3) How many absences in 

May-June? 

4) When did the absences 

reach 50? 

100? 

The bars from the top graph can 

be used to draw a running 

totals graph. 

3G 

§ 30 

~ 2.4 
<( 18 
Ci 
~ 1 '2 

~ 
G .'.) 

2 
0 

SEPT.-
OC-T. 

CLASS ABSENCES 

NOV.
DEC. 

TAN.
FEB. 

MAR.
APR-

MAY
J"UNE 

MOtvTI-\$ NUMBER AB5ENi RUl\l~ll\lG iOiA.LS 

SE.PT. - OCT. 

~ov. - DE.C. 

JAi\.! . - FEB. 

MAR. - APR. 

MAY - J"U~. 

CLASS ABSENCES 

11'+ 

108 

102 

96 

90 

84 

'78 

72 
(/) 
...I GG 
~ 
~ GO 

(9 54 
2 

2 48 
:2 
J 42 
Q! 

36 

30 

2-4 

18 

12 

G 

0 
SE.Pi.- 5EP1".- SE.Pi.- SEPT.- SEPT.-

OCT. DEC. FEB. APR. JU~E 
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Ms. Miller gave her class 

a 50 question math test. 

The results are shown in 

the graph. The first bar 

shows that 2 students 

each got 10 or fewer 

problems correct. 

The second bar shows that 

5 students each got more 

than 10 but not more than 

20 correct. 

1) Use the top graph to 

compare the running 

total table. 

2) Use the table to make 

a running total bar 

graph. 

3) How many students each 

got 40 or fewer problems 

correct? 

4) How many students each 

got 20 or fewer problems 

correct? 
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1.0 

9 

8 

§ i 
g 6 

iii 5 
u. 
0 4 

~ 3 
dl 

MAiH 'TE.ST RE.5UL1"5 

::·.: :_.::,::. 
: . : : · ... : · . .. .. , .... 
. ·.·.·.·. ·.· .. 

. . . . . . . 

.. . . . 
3 2. +rrn~'7'71 ....... : 
z 

0 -10 11-20 21-30 '31-40 41-1:::D 
hlUMBER or PROBLEMS CORRECT 

l\lC). PROBLEMS COR~E.C-r 1-JQ. STUDEII.JiS R.Ut-J~lt-JG TOTALS 

0 

11 

2.1 

31 

41 

32 

30 

28 

ZG 
u) 
t-- 24 2 
ul 
0 
::J 

'2:2. 

~ 20 
I.,,. 

18 0 
...J 

1G 
~ 
~ 14 

0 1 '2. 2 
2 

lO 2 
.:::i 
Ci 8 

G 

4 

2 

0 

- 10 

- 20 

- 30 

- 40 

- 50 

0-10 

MA1'H ,ES"T RESULTS 

0 -20 0-30 0-40 0-50 
NUMBER OF PROBLEMS CORRE.CT 



5) Ms. Miller used the running 

total table to make this 

graph. 

6) Compare this graph with your 

running total bar graph. 

Each point (except the first) 

is the right most end 

point of a bar. 

7) Complete the table to the 

right. Use it to make a 

graph like the one above. 

MATI-\ TEST R£SULTS 

30 '---+---+---+--<----I---+----< 

2B '---+---+---+--<----I---+----< 

ZGl----+---+---1---i---1---+-----1 

24 1---+----+---+---1----+---+--~ 

~~.._--+----+---+----1----+---+----I 

~ 201---+----+---+---II----+---+--~ 

~ 18 

~ 1'=, 

ill 14 1---+----+---+---1----+---+--~ 
t.. 

. 0 1 '2. .._--+---+---+----1----+---+----I 

J < 101---+----+---+---1----+---+--~ 

~ 8.._--+---+---+----1----+---+----I 

~ G1---+----+---+---1----+---+--~ 
2 
~ 41---+----+---+---i----+---+--~ 

~ Z1---+----+---+---1----+---+--~ 
o~ __ ...,__ _ _,__ _ __,__--'----'----'----' 

0 10 20 30 40 50 GO '10 
"1UM8ER OF PROBLEMS 

CORRECT 

~ 

92 

30 

28 

'2G 
24 

1JJ 22 
0 
:::) '20 
t; 18 

1,. 1G 
0 

14 
.J 
~ 12. 

f2 10 

c!J 8 
:2 
2 6 

§ 4 
Q,! '2. 

MA'TH TEST RE'oUL'iS 

10 30 40 
MUMBER OF PROBLEMS CORREC.'T 

I\.IUl"\BE.R OF Gl2E/(TE5i" 
PROBLEMS ~Ut-1B£.R 11\l f..JUMBER OF leUI-HJ\~G 
CORRECT I~TERVAL STUDt::.1-.lTS TOTAL~ 

0 

11 

'2.1 

'31 

41 

51 

<2,1 

- 10 10 2 

- 20 2.0 2 

- 30 l..j.. 

- 40 7 

- 50 5 

- GO 7 

- '70 3 

8} How many students each 

have 60 or fewer problems 

correct? 

9) Challenge: 

Half of the students 

each have 

or fewer problems 

correct. 

so 
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Look at this running 

totals graph of Sam's 

scores of 9 math tests. 

Each test had 40 points. 

It looks likE:i 

1) Sam is getting 

better in math 

class. 

2) He is progressing 

at a steady rate. 

Use the graph to fill 

in the table below. 

TOTAL POIN"TS 
AFTE!c TEST 

9 

8 

7 

G 

s 

4 

3 

2 

1 

POltJTS SAM 
GOT O~TE::ST 

9 

8 

7 

G 

5 

4 

3 

2 

1 

200 

180 

Cl 
u.l lGO o.1 
0 u 140 (/) 

if) 
120 I-

2 

~ 100 

..J 
80 <! 

I-
~ GO 

4o 

20 

0 

POlt-.lTS SCORE:D BY SA.M O"-l 9 MATH TESTS 

~--
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3) Is Sam getting better in math class? 

4) Is his rate of progress steady? 

~ 
MORAL: Beware of a running totals graph. 

a) A running totals graph always goes up or 

at least stays the same. An upward trend 

does not imply improvement in individual 

scores. 

b) By addinq all previous test scores, the 

\\ graph look~mooth. A smooth graph does 

~ imply consistent test scores. ~---------------
IDEA FROM : Winning With Statistics: A Painless First Look at Numbers, Ratios, Percentages, Means and Inference by R. Runyon 

Permission to use granted by Addison-Wesley Publishing Company, Inc. 
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1) The students in Mr. Frank's class received these scores on a social 
science test: 

TEST SCORES Lio 4'2 44 4G 48 50 52 54 5G 58 GO G2 G4 <o<o GS 70 72 '74 '7<3 'TS 

l="REQUEf\lCY 0 1 0 1 2 1 0 2 3 0 2 '2. 4 2 1 3 0 1 2 1 

2) Use the table to complete the running total graph below. Connect the 
dots with line segments. Use the graph to help you answer the follow
ing questions. 
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TES'T SC.ORES 

3) How many students are in the class? 

4) a) How many students received a test score of 78 or less? 
b) ___ % of the students received a score of 78 or less. 
c) Write this percent in the blank on the right side of the graph. 

5) a) 50% of the class is how many students? 
b) 50% has been marked on the graph for you. 
c) 50% of the students received a test score of or less. 

6) a) 25% of the class is how many students? 
b) Write 25% at the correct place on the right side of the graph. 
c) 25% of the class received a test score of or less. 

7) a) 75% of the class is how many students? 
b) Write 75% at the correct place on the graph. 
c) 75% of the class received a test score of or less. 
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I 
The students at Putnam Junior High had a bottle 

drive to raise money for the outdoor program. 
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the answer.) 

2) 25% of the students each collected 55 or fewer bottles. Since one-quarter of the 

students each collected 55 or fewer bottles, 55 is called the first quartile of the 

number of bottles collected. 

3) 75% of the students each collected about or fewer bottles. Since three-

quarters of the students each collected this number or fewer bottles, the third 

quartile is bottles. 

II. The graph shows the running totals of the under 21 population of Jonesville. 

1) The first quartile age is 

about ___ years. That 

is, 25% of the under 21 

population is ___ years 

or less. 

2) The second quartile age is 

about ___ years. That 

is, 50% of the under 21 

population is years 

or less. 

3) The third quartile age is 

about years. 
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I. The graph shows contributions to the United Way fund drive. 

1) As the dot- RE.SUL'TS 01=" Ut,.l\TED WAY FU"-lD DRIVE 
'2.0 

ted lines 
19 

show, 10% 
18 

of the con-
17 

tributors 
1G 

gave no more 
15 

than $4. l..Ll 
...J 14 0. 

Since one- 0 w 1'3 
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0. 

~ 12 
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3) The fourth 

decile is about dollars. That is, 40% gave 

4) Ms. Bujold gave $60 dollars. She is at the 

dollars or less. 

decile. What percent of the 

contributors gave the same amount or less than Ms. Bujold? ___ _ 

The first decile is also called the 10th percentile; the second decile is the 20th 

6) The 50th percentile is about 

dollars or less. 

dollars. That is, 50% of the contributors gave 

7) Mr. Perez is at the 95th percentile. He gave about dollars. 

8) Suppose you contributed $65. You would be at about the percentile. 
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COIITEHTS 
Commentary to SAMPLING (573-577) 

TITLE 

Don't Lose Your Marbles 

Can You Tell? 

An Average Sample, 
Activity I 

An Ample Sample 

An Average Sample, 
Activity II 

Let's Use Our Ranutas 

Are You Successful? 

Two Scoops of Raisins 

Making Estimates 

How Many Dots? 

Beans by the Cupful 

It's a Pile of Stones! 

How Many Deer? 

PAGE 

578 

580 
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585 

586 

589 

591 

592 

593 

594 

595 

597 

TOPIC 

Using samples to 
estimate ratios 

Increasing the number of 
samples to make better 
predictions 

Comparing a mean sample 
to the population 

Making a sample board 

Comparing the accuracy· 
of differently sized 
samples 

Using a random number 
table for sampling 

Seeing how samples 
describe a known 
population 

Using samples to check 
for a uniform 
distribution 

Using samples to estimate 
population size 

Using samples to estimate 
population sizes 

Using samples to estimate 
the number of beans in 
a jar 

Using samples to predict 
the mass of stones 

Using samples to estimate 
population size 

TYPE 

Teacher directed 
activity 

Teacher directed 
activity 

Activity card 

Activity card 
Worksheet 

Teacher idea 

Activity card 
Worksheet 

Activity card 
Worksheet 

Worksheet 

Activity card 

Worksheet 

Transparency 
Activity card 

Activity card 

Teacher directed 
activity 

Activity card 
Teacher directed 

activity 
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TITLE PAGE TOPIC TYPE \ 

You Be the Judge 598 Evaluating sampling Transparency 
plans Discussion 

At Random 601 Introducing Transparency 
randomness Discussion 

Area By Random Dots 602 Using randomly Worksheet 
arranged dots to 
estimate area 

( 
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~RNPL!NC 
WAYS TO INTRODUCE SAMPLING 

The need for sampling can be introduced with a class discussion. Ask students 

if they have ideas on how to determine the nation's most popular television show at 

8:00 on Wednesday night. Students might suggest that everyone be askedo Discussion 

could include questions like: Is it worthwhile (or even possible) to spend time 

and money polling everyone in the country? Do you think it is reasonable to ask a 

sample of people? If so, how many people do you think should be in the sample? 

Have any of your favorite shows been cancelled because of a poor rating? were you 

asked your opinion? How are 

the Nielsen (television) rat

ings actually made? 

Some students might know 

that data for television 'and 

radio ratings are collected in 

several ways- One way is to 

attach an automatic recorder 

to television sets. This re

corder keeps track of the sta

tion to which the television 

is tuned at different times 

of the day. Another way is to 

have people write down the 

shows they watched in a certain 

time period. In each case, 

a sample of people is used to 

predict the preferences of the 

entire population. Have stu

dents discuss some possible 

errors in each method. Here 

are two ideas that might come 

up: The automatic recorder 

has no way of knowing how many people, if any, are watching. The people recording 

their choices might not remember what they watched or they might be unwilling to 

answer honestly. 
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COMMENTARY 

If the class has collected newspaper 

articles referring to polls, you might .go over 

these and point out the ones that polled a 

sample. Students might be surprised to learn 

only about 1500 people are questioned in a 

Gallup poll to predict national votes. 

Students may point out that a sample 

might not reflect the total population at all. 

This is a perfect chance for you to ask stu

dents how a sample should be chosen so the 

sample would have a reasonable chance of re

flect~ng the population's opinions. on tele

vision shows, political candidates or ecolo

gical issues. Discussion should bring out 

Wl-ll/ lShlT 
A,SAMPLE 
Cl--!OSEN FROM A 
PHONE BOOK 
REPRt.SEIJTATIVE? 

SAMPLING 

the importance of including people from all age groups, from all parts of the 

United States, from all political parties, from different religions, races, etc. 

Ideas of random sampling (when each member of a population has the same chance of 

being chosen) can also be brought out at this time. The suggestions on You Be the 

Judge could be discussed. 

Here is an interesting sampling situation to present to your class. A group 

of ten girls decided they didn't believe there are as many boys in families as 

there are girls. They each wrote down the numbe'r of boys and number of girls in 

their families. The totals showed 16 girls and 10 boys. They decided there pro

bably are more girls than boys in most families. What do you think of this conclu

sion? Students might say the sample of ten 

families is not large enough--if so, ask 

them what they would think about polling the 

families of all the girls in the school or 

10,000 girls picked at random from the 

country. See if someone in the class will 

realize the samples are very biased because 

there is no chance for families with no girls 

to be included. You could have the girls 

and boys in your class separately compile 

data about their families and compare the 

totals. 

( 

( 

( 



COMMENTARY 

Another way to motivate sampling is to 

pose situations like this: A manufacturer 

of matches (or balloons, firecrackers, light 

bulbs, bike tire tubes, etc.) wants to make 

sure the product is of good quality, e.g., 

the matches will burn properly. How can 

the manufacturer by reasonably sure of the 

quality without burning all the matches? 

Students might suggest randomly sampling 

one match out of each box or choosing at 

random, one box out of every 1000 boxes. 

MAKING A SETTING FOR AN ACTIVITY 
Many activities in sampling will 

be more meaningful if a discussion is 

held beforehand. The activity below 

should be more meaningful if you pose 

some of these questions for discussion. 

"How is it possible to estimate the 

number of blue whales? The number of 

elk in Alaska? The number of trout in 

a lake?" Students might suggest you 

could count them all--not very practi

cal because it is very difficult to 

keep the counted ones from mixing with 

the uncounted ones and also impossible 

to be sure you have them all. Some-

one might suggest marking the animals 

as described on the television shows 
11Wild Kingdom" and "The Undersea World 

of Jacques Cousteau." Just how marking 

a sample of animals will help determine 

SAMPLING 

MY D<\TA "IS 100% 
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COMMENTARY SAMPLING 

the total number is usually not clear to students. If you are lucky, someone might 

suggest putting the marked animals back into the population, letting them mix, and 

looking at the percent of marked animals in a new sample. This idea can be ex

plained to the class before it is simulated as suggested in How Many Deer? By ex

plaining that the animals are often caught, marked, and let loose in different parts 

of the park, lake or ocean, you can set the pattern for students to choose cards 

from (and return them to) different parts of the deck. 

The accuracy of the estimate obtained by using cards will vary according to 

how well the cards are mixed after each sample is taken. One class pooled their 

data and obtained an estimate of 46.7 cards for a true population of 49. Another 

class estimated 58.3 cards--not nearly as close. You might want to point out that 

marbles instead of cards could have been used to simulate this sampling problem. 

BRINGING OUT THE MAIN IDEAS IN SAMPLING 
The main purpose of the activities in this section is to show students it is 

possible to make fairly accurate estimates about a population by using well-planned 

sampling. The activities Don't Lose Your Marbles, An Average Sample, Let's Use Our 

Ranutas, Can You Tell? and in the ENVIRONMENT section Let's Go Fishing use sampling 

to estimate the composition of a population--what part of the marbles are red, what 

part of the fish are trout, etc. How Many Dots, Making Estimates, Beans by the 

Cupful, and How Many Deer? use sampling 

techniques to estimate the·total number 

in a population. You can bring out 

the main _purpose of this section by 

summing up each activity with state

ments like, "We made a pretty good 

estimate, didn't we? Not exact, but 

pretty close. 11 (Of course, the sam

ples won't always give good estimates, 

but that is an important point to 

bring out, too!) "Do you see how use

ful this method would be to approxi

mate national votes or opinions?" 

DO YOO SEE 1--\0W 1"1-H'::. METl-lOD 
COULD l-1ELP HJ E:'S1"1MATIIJG Tl-1E 
PERC.EJJT OF OEFEC. T\VE Fi 1<:E 
CRACKER'=>, BALLOOIJS, OR 
B"\SKE,BALLS? 

( 

( 
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COMMENTARY 

You will want to emphasize that sampling 

must be well planned. Ask questions like, 

"Do you see how far off the estimate co1.tld 

be if we didn't thoroughly mix the two colors 

of marbles (or mix the cards, choose samples 

from different parts of the population, •.• )?" 

Two Scoops of Raisins points out that raisins 

are not randomly distributed in Raisin Bran-

they tend to settle to the bottom. Ask stu

dents how they might take samples to estimate 

the number of raisins in one box. They might 

suggest taking three 250 ml samples--one each 

from the top, middle and bottom, averaging 

and multiplying by the number of 250 ml con

tainers-full in the package. Another sugges

tion might be to pour it out, stir it up and 

take a sample. 

SAMPLING 

~ ~ . . 
Materi als: box of Raisin Bran, 3 bo wls, 10 0 ml measuring cup 

Are the raisins even l y di stributed in a 

box of Raisin Bran ce re a l? 

To investigat e this: 

1) Carefu ll y pour t h e Raisin Bran in t o the 

three bowls. Try to pour the top t hird 

of t h e box int o one bowl: the mi ddle thir d 

i nto the se cond bowl; the botto m t hird i n t o 

th e last bowl. 

2) Fill th e 100 ml measuring cup with cereal from the top third of the 

bo x (bowl A) . Count the numb e r o f ra i s in s and record . 

Rep l a ce t he cereal, mix and take anoth er 100 ml sample from the same 

bowl . Count the number of rai s i ns a n d record. 

Find the mea n number of raisins i n t h e two samples . 

3 ) Repeat this s ampling p ro c ed u re fo r the bowl s with the middle and 

b ottom third s. CoWlt the raisi n s and reco rd below. 

Bowl B 

Sample H 

Samp l e f2 

Bowl C 

Sam p le fl 

Sample 12 

4) Compa re t h e means . Are the re about the same nwnbe r of r a i sins in each 

b owl? (Be su r e t o compar e t he mean from bowl A.) 

Are the raisins evenly dist ribute d in a box of Raisin Bra n 

cereal? Why? ___ _____ __ _ _ _ 

The activities Don't Lose Your Marbles and An Average Sample Activit y II 

emphasize that a larger sample will usually give a better estimate of a population. 

Students should realize that even a large sample must be chosen so it will reflect 

the population. It also can be pointed out that taking a larger sample than nee-

essary is a waste of time and effort. (See Sampling of the CONTENT FOR TEACHERS 

section for more information on the size of a sample for various populations.) The 

number of samples taken can also affect the accuracy of an estimate. Usually, if 

more samples are taken and the results are averaged, the estimate of the population 

will be more accurate. Of course, students should take samples of the same size if 

they want to average the data from the samples. 

A FINAL NOTE 
Most of the sampling activities in this sectton involve students in actively 

gathering, organizing and interpreting data. This can be tedious if it takes too 

much time to collect or organize the data. An Ample Sample 

describes a laboratory aid that can be used to obtain 5, 10 

or 25 samples of marbles quickly. You might think of other 

ways to gather data efficiently. Having students pool their 

data as suggested in most activities also shortens the data 

collecting process. 

0 c> O O o 

0 O 0 

0 0 C> O 0 

0 0 o O C> 

OCOoc::, 
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Materials: Prepare a collection of 300 marbles: 200 

white, 100 red. Other colors and objects 

could be used such as centimetre cubes, 

poker chips or beans. 

in a paper bag. 

Place the collection 

1) Tell the class that you have a collection of 300 marbles of different colors but 

all the same size. 

2) Ask, "How could we tell how many marbles there are of each color?" Suggestions 

should include looking at the contents of the bag and counting the number of 

marbles of each color. 

3) Say, "Suppose we don't need to know the number of each color exactly and we don't 

wish to take the time to count the marbles?" Discussion can lead to ideas of taking 

a sample and using it to predict the contents of the bag. 

4) Ask a student to draw a sample of one marble. Record the color on the chalk

board. Ask students what this sample tells about the contents of the bag. 

(There is at least one marble of that color in the bag. Some students might guess 

they are all that color.) 

5) Have four more students each draw a marble. A student 

can record the results on the chalkboard. Ask what 

the sample of five tells about the contents of the bag. 

If the sample is 4 red and 1 white, students could say 

there probably are more red than white. However, it 

should be brought out that they don't know for sure. 

COLOR TALLY 

6) Have five more students each draw a marble. Record the results. Ask students 

578 

to use the sample of 10 to predict the contents of the bag. If the sample is 6 

white, 4 red, students could say there probably are more white than red or there are 

about the same number of each color. Again students don't know for certain. 
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7) Have a student draw 10 more marbles. Record. 

their feelings about the make-up of the bag? 

Does the 20 marble sample change 

(If the make-up of the sample 

changes drastically, so should their feelings about the make-up of the bag.) 

8) Have three more students each draw 10 marbles. Record. Use the sample of 50 

to predict the make-up of the bag. Proportions could be used to estimate the 

number of each color. 

9) Ask students which of the samples they think -gives the best information for esti

mating the make-up of the bag. A sample of 5, 10, 20 or 50 marbles? (Even 

though a small sample might accurately describe the make-up of the collection, 

a larger sample is more likely to be accurate.).) 

10) On the basis of the sampling so far, ask students if they would be willing to 

bet money that they could predict exactly the number of red marbles in the bag. 

Would it be safer to make a bet on an interval for the number of red marbles? Would 

they rather have a sample of 100 to work with? What size of a sample would they 

like in order to be willing to bet on the make-up of the bag? (Samples can be 

used to give accurate estimates. It would be much safer to bet on an interval.) 

11) Extensions: 

a) Prepare a collection of 400 marbles: 200 white, 150 red, 50 blue. Repeat 

steps ·l through 10. 

b) Don't tell students the total number of marbles in the bag. By sampling, the 

students are to determine an estimate of the ratio of marbles of each color. 

After ratios are established, questions such as "If there are 500 marbles, how 

many are blue?" could be asked. 
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Activity I 

Materials: 5 paper bags each contain

ing 30 marbles. The contents of 

the bags are 25 black-5 white, 20b-

10w, 15b-15w, 10b-20w, and 5b-25w. 

On five index cards write the con

tents of the bags. 

[]00[J[IJ 
....-----, I Sb- 2.Sw i--1----, .--------1! 20 b-lOw I l 15b-15wl ! 10\:i-20w I 

j 2'5b-5w j 

1) Show students the five containers and five labels. By sampling, they will try to 

match each bag with its correct label. 

2) Select a bag, mix its contents and ask a student to draw a marble. Have the 

student replace the marble and stir the marbles 

before drawing the next marble. Do this 15 times. 

A student can record the results on the chalk

board. Ask the class to identify the bag. 

3) Select a second bag and repeat the sampling proce

dure with a second student drawing a marble 15 

times with replacement. Ask the class to identify 

the bag. 

4) Repeat the process for the other three bags. Do the students feel they have 

matched each bag with the correct label? If not, which ones would they like to 

switch? Would they like to take more samples from any of the bags to help them 

feel more certain? Which bags seem the easiest to identify? 
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(PAGE 2.) 

Activity II 

Can fewer than 15 samples of one marble 

be taken to identify the contents of the 

bags? Are more samples than 15 necessary? 

To investigate this: 

a) Organize the class into two-person teams. 

b) Give each team two previously prepared 

bags containing 25b-5w and 2Ob-10w or 2Ob-10w and 15b-15w or 15b-15w and 1Ob-20w or 

1Ob-20w and 5b-25w. 

c) Also give each team all five label cards. 

d) Supply each team with the following student page. 

e) Discuss the results. 

Activity III 

Challenge: One can contains two dimes, one 

can contains two nickels and one can contains 

one dime and one nickel. Each can is labeled 

with an incorrect label. What is the fewest 

nlllllber of coins you need to draw (with replace

ment) to know the contents of all three cans? 

Erom which can(s) are the coins drawn? 

A B C 
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(PAGI:: 3) 

Materials: Two paper bags each containing 30 marbles 

Five labels, two of which describe the contents of the bags. 

1) Without looking inside, draw 

a marble ten times from one 

TALLY Of" 
WI-IITE MARBL.E.S 

TALLY 0~ 
BL.A.CK MARBLES LABEL 

bag. 
BAG ~1 

Replace each marble and 1----+----------+-----------t-----1 
BAGJt-2 

stir the marbles before draw-~---~-

ing the next marble. Have 

your partner tally the results. 

Use the samples to select the label 

that best describes the contents of 

the bag. Record the label in the 

table. 

2) Switch roles with your partner. Repeat 

the above sampling plan for bag #2. 

Try to identify the contents of the bag. Record the label. 

3) Do you feel as certain about the contents of the bags from the 10 

samples as you did with the 15 samples used by the class? 

4) Check to see if your predictions are correct. 

5) Exchange your bags with another team. 

6) Repeat steps 1 and 2 but 

draw a marble 30 times with 

replacement. Record the 

samples in the table. Try 

to identify the contents of 

the bags. 

BAG.~ 1 

TALLY OF TALLY OF 
WHITE MARBLES BLACK. MARBLi;:S LABEL 

7) To identify the contents of the bags, which would you feel most cer

tain using: 30 one marble samples, 15 one marble samples or 10 one 

marble samples? 
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Materials: Collection of 200 marbles -- 20 red, 40 white, 140 blue 

A) If you draw two 10-marble samples, would you expect to draw the same number of red 

marbles in each sample? (guess) 

B) If you took a random sample of ten marbles, on the average how many red, white and 

blue would you expect to get? (guess) 

1) Draw a random sample (every marble has the same chance of being drawn) of ten 
marbles. Count the marbles of each color. Record the numbers in the table. 
Put the marbles back and mix them up. Draw nine more samples of ten marbles. 
Record. 

SAMPLt. 11.llJMBER 

1 

'2. 

'3 

4 

5 

<2, 

7 

8 

9 

10 

TOTALS 

RED WI-Iii~ BLUE. 

2) Look at the table. Do the samples 
contain the same number of each 
color? 

3) For the samples find the average 
number of: 

red marbles 
white marbles ---
blue marbles 

4) Compare the numbers in #3 with the make-up of the total collection. Could these 
averages be used to describe the make-up of the total collection? 

5) Compare the numbers in #3 with your guess to question B. You may revise your 
guess here. 

6) Challenge: You have a collection of 1500 marbles. On the average, a sample of 10 
marbles has this make-up: 4 white, 1 black, 5 yellow. How many marbles of these 
colors would you expect in the 1500 marble collection? 

white ------- black -------- yellow ______ _ 
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A twenty-five mar

ble sample board can 

be made by using the 

pattern to the right. 

Redwood (1" x 611 ) is 

advisable since it 

is light and does 

not chip easily 

when the holes are 

drilled. 

Cut the board and 

transfer the mark

ings for the holes. 

A 5/8" drill bit 

makes appropriately 

sized holes to fit 

marbles from a 

Chinese Checkers 

game. You may need 

to use a different 

size for your 

marbles. 

Drill the holes 

almost through the 

board. A rotary 

cutter bit can then 

be used to smooth 

out the holes. 
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Materials: collection of 200 marbles -- 50 red, 150 white 
0 0 o 

•• o 
o• •o 

If you took a random sample of 10 marbles from the collection, on the 

average would you expect to get 3 red marbles and 7 white marbles? 

Test your answer by drawing a random sample of 10 marbles. Record the 

number of each color in the table. Replace the sample. Stir the collec

tion. Draw nine more samples with replacement. 

1) For the samples find the average 

number of: 

red marbles 

white marbles 

2) Repeat the above experiment but 

draw 10 random samples of 20 

marbles. Replace each sample 

before drawing the next. Stir 

the collection each time. For 

each sample, record the number of 

each color in the table to the 

right. 

3) For the samples, find the average 

number of: 

red marbles 

white marbles 

4) On the average, which sample size 

better represents the make-up of 

the original collection: 

10 marbles or 20 marbles 

SAMPLE l\lUMB£R. RED WI-IIT~ 

1 

3 

4 

5 

G 

7 

8 

9 

i.o 

TOiALS 

SAMPLE NUMBER RED WHITE 

1 

3 

4 

5 

7 

8 

9 

10 

TOTALS 
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Drawing samples of marbles may be slow and requires many materials. You can use 
your RAndom NUmber TAbleS to simulate drawing samples of marbles. Get a list of random 
digits from your teacher. Start at the arrow marked on your table. Read the digits in 
the direction of the arrow. When you come to the end of a row or column, start at the 
beginning of the next one. 

1. Use a random number table to simulate drawing a sample of 25 marbles from a bag 
containing 200 white and 100 red marbles. Twice as many are white so twice as 
many digits should stand for white. Use 1, 2, 3, 4, 5, 6 for white marbles. -Use 
7, 8, 9 for red. Ignore the 0 if you happen to read it. Read 25 non-zero digits 
for your sample. As you read, tally the results. 
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example, if the digits are 
84 57 52 89 88 12 52 03 39 71 19 48 20 9 

tally and totals are 
!<ED 

WHITE 

Repeat until you have 10 samples. 

'3AMPL£ 1 SAMPLE 2. SAMPLE 3 

RED 

WHITE: ~ I ! I 
SAMPLE 5 SAMPLE G $6..MPLE 7 

I I i RED 

WHITE 

SAMPLE 9 SAMPL£ 10 M£.AtJ OF' SAMPLES 

REO 

WI-HTt: 

! MEA>lCll' R£D = 
MEAl-.l OF WI-\ITE = 

Write the fraction: mean of reds/mean of whites. 

Is this fraction close to 1/2? 

Do you think it should be close to 1/2? Why or why not? 

SAMPLE 4 

SAMPLE 8 



2. Suppose a bag contains 200 red and 300 black marbles. You want to simulate 

drawing samples by reading digits from a random number table. 

How many of the 10 digits should stand for red marbles? 

How many for black? 

Choose the digits for red. For black. 

3. Do the same if the bag has 200 red and 500 black marbles. 

4. Suppose the bag has 350 red and 650 black marbles. Use the table to read two-digit 

numbers such as 21 or 36 or 99 or 00. Let the thirty-five numbers from 01 to 35 

stand for red. Which ones will stand for black? 

How many should there be? Can any be ignored? 

5, Suppose the bag has 370 red and 470 black. Which two-digit numbers could stand for 

red? 

Which should be ignored? 

. . . . .. ~ ..... · . . 
:~:;-_· ~ ,· .... .- . ~ . . , 

Which for black? 

, ·\{{)/\: \< ; : :'.: :_ : C :.,;",;. _,;.::, Lij:,, ···~ CD 0 
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6. Suppose a bag has 200 green, 150 black and 50 white marbles. There are four times 

as many green as white marbles and three times as many black as white. 

When you simulate drawing samples from this bag by reading random digits, let one 

digit stand for a white marble. 

Choose a digit to stand for a white marble. Write it here. 

How many digits should stand for black marbles? 

Choose the digits to stand for black marbles. Write them here. 

How many digits should stand for green marbles? 

Choose the digits to stand for green marbles. Write them here. 

How many digits should you ignore? 

Which digits will you ignore? 

Simulate 10 samples of size 25. Record the results here. 

SAMPLE 1. SAMPLE. 2. SAMPLE. '3 

GREE~ 

BLACK 

WHITE 

SAMPLE 5 SAMPLE G SAMPLE 7 

GREEN 

BLACK. 

Wl-H'TE 

SAMPLE 9 SAMPLE: 1.0 MEAtJ OF SAMPLE~ 

GREEJ\..l ME:A!l.1 Or' GREE:JJ = 

SLACK. MEA~ OF BLACK= 

WHl'iE MEA~ a:-WHITE= 

What is the ratio of the mean number of blacks to whites? 

What is the ratio of the mean number of greens to whites? 

What numbers do you think these ratios should be close to? 

Why? 

SAMPLE. 4 

SAMPLE e 



Al2.E YOV 
SUCCESSFUL? 

I. Suppose you have a collection of 2000 mar

bles. Twenty of the marbles are red (1% of 

2000) and the rest are white. Without look

ing you draw out a sample of 50 marbles. 

How many of the 50 marbles would you expect 

to be red? 

If you drew one hundred SO-marble samples 

(each time replacing the marbles) would you 

expect each sample to be the same? 

What is the fewest number of red marbles you 

would expect in a sample? 

the most red's you would expect? 

II. To check your guesses, run the computer program SUCCES 

Let N = 2000 

Nl = 20 (the red marbles are called successes) 

M = 50 

The computer will draw one hundred SO-marble samples. 

III. In the table record the distribution of 

successes (red marbles) for the one hundred 

samples. 

Compare the results with your guesses. 

Were you close? 

From the printout what is the average num

ber of successes (red marbles)? 

This number is ___ percent of the 50 marbles. 

NUMBER 0~ SUC.CESSE.'S 

(RED MAR.BLES) 

~ ' 

•• •• •• •• .. 

FREQUE.t-.\C'-1' 

- _ _,...._____ -
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ARE YOV 
S\JCCESSFUL? 

(COll..)1"\~UE.D) 

IV. Make a graph of the distribution of red 

marbles (successes) in the one hundred 

samples. 

Which column(s) are high? 

V. Run the program again. Make a graph of 

the new distribution. Are the graphs 

similar? ----

VI. Suppose 40 of the 2000 marbles were red 

(2% of 2000). In a sample of 50 marbles 

590 

how many would you expect to be red? __ _ 

For this 2% mixture do you think a graph 

of the distribution of red marbles in one 

hundred SO-marble samples would differ 

from the ones you drew in IV and V? 

To see, run the program SUCCES. 

Let N = 2000 

Nl = 40 

M = 50 

Make a graph of the distribution. Which 

column(s) are high? _____ _ 

From the printout what is the average 

number of successes (red marbles) for 

this 2% mixture? ___ _ 

This number is ____ percent of the 

50 marbles. 

DISTRIBUTION OF RED MARBLES (SUCCESSES) 
IN ONE HUNDRED SAMPLES FROM A 
POPULATION WITH 1% RED MARBLES 

so~~~~~~~~~~-.--.--.--.--.--. 

,e+-+-+-+-+-+-+-+-+-+-+-+-+-+-+--+--1 

rG-1-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-I 
74+-+-+-+-+-+-+-+-+-+-+-+-+-+--+--+--I 

,2-1-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-1 
,o.1-.1--1-.1-.1--1--1--1--1---1----1----1---1---1--+-~ 

Ge +-+-+-+-+-+-+-+-+--+--+--+---+--+--+--+--I 

GG-'-+-+-...!-...!-...!-...!-...!-...!-+-+-+-+-+---+--+--1 

G4-'-...!-...!-...l-...!-...!-+-+-+-+-+--+--+--+---+---+--1 

G2+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+--l 
GQ-'-...!-...!-...l-...!-...!-...!-+-+-+-+-+--+---+---+---+--1 

sa.1--1--1--1--1--1--1---1----1----1--+-+-+-+-+--~ 

SG-1-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+--l 
54.1--1--1-.1--1--1--1---1----1---1----1--+-+-+--+-~ 

s2.1-.1-.1-.1-.1-.1--1---1----1---1----1--+-+-+--+-~ 

so+-+-+-+-+-+-+-+-+-+--+--+--+---+--+--+--1 

48 -l----1---+--l--~---!---!-+-+-+-+-+-+-+-+-I 
4G.1-.1--1-.1--1--1--1---1----1----1----1----1--+-+-+--~ 

)- L.\-4 -l---l--+-----!-+---l--+--1---+--+---+-+-+-+--~ 

~ 42 
I.JI 40 .L-.1.--L--L-----!---!--1---1---1--+-+-+--+--+-----+--I 

6 39-1----~---!--l--+-+-----+-----+---+--+--+-+-+-+--+------i 

W 3G+-+--+--l--~---!---!-+-+-+-+-+-+-+-+-I 
~ 34-l--¼----l---!---l--+-+--+-+-+--+--f--------1-+-+----+---i 

32+-+-+-+-+-+--+--+--+--+---+---+---+--+--+---+--~ 

30-1--1--1--l--l--l--l-+-+-+-+-+-+-+-+-+--l 
28:-l-+-+-+--l---1----1---1--~---!---!---!-+-+-+---I 
2G-l-+-+-...!-+-+-+-+-+-+-+-+-+--+---+---+--1 

24+-+---1----1--+-+-+-+-+--+--+--+--+---+--+--+--I 

22+-+-+-+-+-+-+-+-+--+--+--+---+---+---+--+-

20-1-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-
18+-+--+--+-+-+--+--+---+---+---+--+--+--+---+---+-~ 

1G+--l---l---+--l--~---!---!---!-+-+-+-+-+-+---1 
14.1--1-----1--.1.--.1.--1----<---!--l---l---l--l--l--+--+--+-----I 

12+-+-+-+-+-+-+-+-+-+-+-+-+--+---+--+--I 

10+-+-+-+-+-+-+-+-+-+-+-+-+---+--+--+--I 

B -1-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-I 
G+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+---1 
4 +--f-------l-+-+--l---+--+-+-+-¼----lf-------1-+-+-+---I 
2+-+-+--l-.l-+-+-+-+-+-+-+-+-+--+--+--1 
0 ,.___.____.____.____.____.____.___-'---'---'---'---'---'--...,___...,___....____. 

0 1 2 3 l{ S G r <5 9 1.0 111'2.1.~ 14 11=> 
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Materials: box of Raisin Bran, 3 bowls, 100 ml measuring cup 

Are the raisins evenly distributed in a 

box of Raisin Bran cereal? 

To investigate this: 

1) Carefully pour the Raisin Bran into the 

three bowls. Try to pour the top third 

of the box into one bowl; the middle third 

into the second bowl; the bottom third into 

the last bowl. 

A B C 

2) Fill the 100 ml measuring cup with cereal from the top third of the 

box (bowl A). Count the number of raisins and record. 

Replace the cereal, mix and take another 100 ml sample from the same 

bowl. Count the number of raisins and record. 

Find the mean number of raisins in the two samples. 

3) Repeat this sampling procedure for the bowls with the middle and 

bottcm thirds. Count the raisins and record below. 

Bowl B 

Sample #1 

Sample #2 

Mean 

Bowl C 

Sample #1 

Sample #2 

Mean 

4) Compare the means. Are there about the same number of raisins in each 

bowl? _____ (Be sure to compare the mean from bowl A.) 

Are the raisins evenly distributed in a box of Raisin Bran 

cereal? _____ Why? 
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One year in California, aerial pictures were used to count 4.5 

million ducks and 731,000 geese. Are these numbers exact or approxi

mate? How do photo interpreters make these estimates? 

Suppose each dot in the 

picture represents a duck. • • • • • • • • 
of • . • • • • Can you guess the number • • • • • • • • • • • • • • • . • • • ducks? • • •• . • •• • B • 

• • • • • • • • • • • • • 
• • • • • • • 1) Find section A. Count the • • • • • • • • • • • • • • • dots. If dot is • . ••• • a on a • • •• • • •• • • • • • • • • . • line, count it. • . • • ••••••••• • . . • • • • ....... • • . 
• . ·... . .. . 

sections this • .. . . . . 
2) How many in •• . . • • • •• • . 

• • • . ..... • • • • • picture? . . . • • • • • • • . . • • • •A.•• •• • • • • • • 
3) total estimate, 

. • •• • • To get a • . • • • • • . • • • .. • • • 
multiply to . • • your answer • • • • . • • • • • #1 by your answer to #2. • • • • • 

• 

4) Is this a good estimate of the total number of dots? Explain. 

5) Find section B. Count the dots. Find the total estimate. ---
6) Are your two estimates very different? If so, explain why. 

7) Select a section you feel will give you a good estimate. Count the 

dots. ____ Find the total estimate. 

8) Compute the average number of dots in sections A, B, and your section. 

Use the average to make a total estimate. 

9) Compare the estimates in #7 and #8 with those in #3 and #5. Which 

estimates seem most accurate? 
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HOW MANY DOTS ARE IN THE RECTANGLE? 

1) To get an estimate, use the 3 cm by 3 cm square provided by your 
teacher. Place the square inside the rectangle. Count the dots in 
the square and on the edges of the square. Record the number of 
dots. 

2) Do this two more times. 
part of the rectangle. 

Each time place the square in a different 
Record. 

3) Find the mean number of dots in these three samples. 

4) If placed side by side, how many 3 cm by 3 cm squares would cover the 
rectangle? 

5) To estimate the number of dots in the rectangle, multiply your answer 
to #3 by your answer to #4. 

• • • • • .a 
• • • • • • • • • • • • • • • • • • • • • • • 

• • . . • • • • • • • • . • • • • • • • • • • • • • • . • • • . • • • •• • . • • • • • • • • • • • • • • • • • • 
• • • • • • • 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • g • • • • • • • • • • • 
• • • • • • c'1 • • • ~ • • • • • • • • • • • • • • • • • • • • • • • • • • • 

• • • • • • • . • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ,, • 
~ ... 

r- 18CfN'\. .. 
6) Do you think you would get a better estimate if you 

a) used a 2 cm by 2 cm square or a 4 cm by 4 cm square? 
b) took one sample where the dots are crowded, one where there are 

few dots and one where there is a middle amount? 
c) took 5 samples? 

7) Try the suggestions in #6. Write down your 
estimate for each suggestion. 
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Materials: 2 litre container filled with beans of one color 

100 ml cup 

Try to guess the number of beans in 

the container. Try the plan below 

to help you check or revise your estimate. 

1) Use the 100 ml cup to take a sample 

of beans from the jar. Be sure the 

beans are level with the top of the 

cup. 

2) Count the beans in the cup. 

3) Take three more 100 ml samples. 

Count the beans in each sample. 

4) Find the average number of beans in 

the four samples. 

5) How many 100 ml cups are contained 

in the 2 .e. container? 

{Hint: 1 R.. = 1000 ml) 

6) Use your answers from #4 and #5 to estimate the number of beans in 

the 2 .e container. 

7) Suppose the 2 .e. container was filled with flibbers. 

When four 100 ml samples were taken, the counts 

were 176, 187, 194, 167. Find the average number 

of flibbers in the four samples. 

8) Estimate the number of flibbers in the 2 l container. 
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The following activity can be used to help students see that a random 

sample can give a good estimate for a population (perhaps a better 

estimate than a sample which they carefully choose). 

Preparation of materials: 

1) 22 

'2.) 8G.5 

3)28 

4) 75.5 

Experiment: 

51)4G.0 

52) 41.3 

53)40 

a) Collect 200 small stones. The stones 

should vary in mass from about 20 grams 

to 100 grams. You could have the stu

dents or an aide gather the stones. 

b) Number the stones from 1 to 200. (Do not 

number them in order of increasing size.) 

c) Find t.he mass of each stone to the near

est gram or to the nearest tenth of a 

gram. 

d) Prepare a record sheet that lists the 

stones in order from l to 200 with their 

masses. 

e) Find the total mass of the stones and di

vide by 200 to find the mean mass of the 

stones. 

1) Place the stones on a table with the numbered sides facing up. Tell 

students they will each try to estimate the total mass of the stones 

by taking a representative sample. 

2) Have each student inspect the stones and record the numbers of ten 

stones that he/she feels are representative of the collection. Some 

students will select five large and five small, others will try to 

pick ten that seem about average and others will try to use no patter~. 

(Don't suggest any of these plans in advance to the students.) The 

activity works smoother if about five students are at the table at one 

time. 
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3) As each student finishes selecting the sample, give him/her a copy of 

the record sheet. (Alternatively, several could be posted in the room.} 

Tell the student to find the total mass of his/her sample and the mean 

of the sample. Then each student multiplies by 200 to approximate the 

mass of the collection. Have each student record his/her approxi

mation on the chalkboard. 

4} After the class has finished sampling, place a transparency of 

random digits on the overhead and select ten numbers from 1 to 200 

inclusively. Use the record sheet to find the masses for the stones 

with these numbers. Find the mean of this sample and multiply by 

200 to approximate the mass of the collection. Record the results 

on the chalkboard. 

5} Tell the class the total mass of the stones based on the weighings. 

6} Have each student find the difference between this amount and his/ 

her approximation. You do the same for the random-digit approxima

tion. 

7} Compare your difference with the students' differences. Find how 

many students got closer approximations than you did. 

8} The random digits can be used to select another sample. Again, 

compare the results with the students' approximations. 

9} Discuss the students' methods for selecting the stones in their 

samples. At least some of the students should feel that the 

random-digit method of selecting a representative sample is as 

good or better than any of their plans. 
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Materials: A deck of playing cards (no jokers) 

How might a wildlife official estimate the 
number of fish in a lake? How might a ranger 
estimate the number of deer in a large park like 
Yellowstone? 

In the experiment below, the cards represent 
the deer population. You are going to learn a 
method for estimating the number of deer (cards). 

1) Don't count the number of cards in your deck! That is what you are trying to find. 

2) Shuffle the deck several times. 

3) Select eight cards at random. Record both the number and suit--9D, KC, SH, etc. 

These eight cards represent eight marked deer. 

4) Return the eight cards (deer) to the deck in different places and shuffle several times. 

5) Select five cards at random from the 
deck for sample 1. In the table, re
cord the number of marked cards you 
drew. Return the cards to the deck 
in different places. 

6) Shuffle the deck several times. Draw 
five more cards for sample 2. In the 
table, record the number of marked 
cards. 

7) In a similar manner, draw four more 
five-card samples. Be sure to return 
each sample. Shuffle several times 
before drawing the next sample. 

SAMPLE #OF MARK.ED 

1 

2 

3 

4 

5 

G 

TOTAL 

8) Find the total number of marked cards in the six samples. 

9) Use this proportion to estimate the total number of cards in the deck (the total 
deer population): .!!!. = d m the number of marked cards (8) 

x c x total number of cards in the deck 
d total number of marked cards drawn 
c = total number of cards in the samples (30) 

10) To check your estimate of the total deer population, count the number of cards in the 
deck. 

IDEA FROM: STATISTICS BY EXAMPLE, Exploring Data. F. Mosteller, et al. Addison-Wesley Publishing Company, Inc. 
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1) You wish to take a poll within the 

school to find out how popular basket

ball is. 

a) Would your results be the same if 

you sample only those who play bas

ketball? all girls? grade six students? 

b) Which students would you sample 

in the poll? 

2) The music department in your school 

wishes to know how much interest there 

is in starting a new music program. The 

department decides to ask the members of 

the school band. 

a) Do you think the opinions of the band 

members will accurately describe the 

feelings of the student body? 

b) If you didn't have time to ask every

one in school, which students would 

you select? 

3) Goldilocks was hungry and saw the bears' 

porridge sitting on the table. She 

carefully skimmed a spoonful off the 

top of each bowl to see if it was the 

right temperature to eat. 
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a) Will Goldilocks' method of sampling 

mislead her? 

b) If so, how should she sample the 

porridge? 



(PAGE.'2.) 

4} A math teacher wishes to pick three 

students to collect homework. To avoid 

showing favoritism, the teacher numbers 

the students from 1 to 30. The teacher 

then spins a spinner twice to pick a 

student. (Spins of 2 and 3 mean that 

student #23 is selected.} 

a} Do you think this is a fair way to 

choose students? 

b} Can you think of another way so 

everyone has an equal chance? 

5} Do you think the following sampling methods 

would give accurate information? If not, 

suggest a better plan. 

a) Deciding whether potatoes are cooked 

by piercing one potato with a fork. 

b} Determining the most popular brand of cigarette 

by questioning customers in the non-smoking 

section of a restaurant. 

c) Determining the most popular 

make of car by counting 

500 cars in a large shpp

ping center parking lot. 
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6) BUY FROM US mail-order company opens some 

of its outgoing packages to see if the 

orders are being filled correctly. The 

inspectors check packages from 9:00 A.M. 

to 10:00 A.M. on Wednesdays. The 

inspectors have found few mistakes, but 

many customers are complaining. 

a) What is wrong with the inspectors' 

method? 

b) Inspector Ike suggests a new plan: Check packages every day, but 

only those heavier than 20 kg. Do you think Ike's plan will work? 

If not, what would you suggest? 

7) In 1936, the Literary Digest magazine conducted 

a poll to predict the next president of the 

United States. The magazine mailed 10 million 

sample ballots to persons on telephone and 

automobile owner lists. 2.3 million ballots 

were returned. 57% voted for Landon; 43% for 

Roosevelt. However, Roosevelt won the election 

getting 63% of the vote! 

What might have caused the error in the 

Literary Digest's poll? 

8) Today the Gallup Poll conducts surveys 

to predict the feelings and opinions of 

Americans. About how many people do 

600 

you think Gallup polls in its nationwide 

surveys? 
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WHAT DOES "AT RANDOM" MEAN? 

I. Twenty squares are shaded in each grid below. The first grid was 

shaded according to a planned pattern. The second grid was shaded 

"at random." 

II. Eight students are standing in a line. The first time they are ar

ranged in order of height. The second time they are arranged "at 

random." 

III. The first list shows ten words arranged in alphabetical order. The 

second list shows the same words arranged "at random." 

average 

graph 

mean 

median 

mode 

percentile 

population 

range 

sample 

statistics 

IDEA FROM: Making Mathematics, A Secondary Course, Book 
4, by D. Paling, et al. 

Permission to use granted by Oxfo,rd University Press 

sample 

mode 

average 

mean 

percentile 

median 

range 

population 

statistics 

graph 
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AKtA BY 
kANDOM DOTS 

GR\D 0~ DOTS 

7r-
• . . . . • . . . . 

Materials: 5 cm by 5 cm square of 
transparency • • • • • • • • • . 

Irregular shapes of 
transparencies • • • . • • • . • • 

(see s~cond page) 

1. What is the area of the • • . • • • • • • • square to 
the right? How many 
dots are in the square? • • • . • • . • • • 

2. What is the area of the 5 cm by • • . • • • • • • • 
§ 

5 cm square of transparency? __ ~ 
Place it inside the large square. 
How many dots does it cover? __ . • • • • . • • • • 
(If dots fall on the edge, count 
half of them.) . • • • • • • . • • 

3. Place the transparent square any- • . • . • • • • • • 
where inside the square four more 
times. Each time count the number 
of dots covered. Find the • • • . • • . • . . 

mean n 
number of dots covered for five 

~ •, trials. 10cim. 

4. On the average, what fraction of the total dots are covered by the transparent 
square each time? 

5. There are 100 dots arranged at RAtuDOM OOTS 

random the to the . on square • •• • . . . • right. Place the transparent . . • . • 
square inside the square. How • 
many dots does it cover? • 

• • • • • 
6. Do this four more times. Find • • • • . • . 

the mean number of dots covered . 
for the five trials. • • . . . • . 

• 
7. On the what fraction of • • • average, . 

the total dots covered by the . 
are • . . . . 

transparent square each time? . • . • 
8. The tranparent square covers • 

• . 
about 1/4 of the dots because • • . • • • its area is the area of • • • 
the large • • • square. • • . 

• • • • • 
• • • • . • • 

• • • • • 
• • • 

• • • • 
IDEA FROM: Making Mathematics, A Secondary Course, Book 4, by D. Paling, et al. 
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At[A SY 
kANDOM DOTS 

( CONTJNUED) 

Note: On the previous page, you showed that a shape with 
should cover about 1/4 of the dots. It is also true that 
dots, it should have about 1/4 of the area of the square. 
lar relationship holds for other shapes and fractions. 

9. Trace these shapes onto a 
transparency and cut them out. 

10. Place each of them inside the 
RANDOM DOTS square five times. 
Find the mean number of dots 
covered by each shape. 

parallelogram: ( 

triangle: ( 

+ 

+ 

+ 

+ 

11. What would be a good estimate for 
the area of the parallelogram? 

For the area of the tri-
angle? 

12. Trace these shapes onto a 
transparency and cut them out. 

13. Place each of them in the RANDOM 
DOTS square five times. 
Find the mean number of dots 
covered by each glob. 
glob Ill 
glob #2 ----

14. What would be a good estimate for 
the area of glob Ill? 
glob 1/2? 

+ 

+ 

15. Suppose the RANDOM DOTS square on the 
previous page had 200 dots. Estimate 

+ 

+ 

) -.- 5 

) -.- 5 

GLOB #1 

the area .of each shape given in the table below. 

Mean number of 

1/4 of the area of the square 
if a shape covers 1/4 of the 

A simi-

GLOB 4:1:-2 

Shape dots covered A ro;;:imate area of sha e 

A 100 

B so 
C 20 

D 45 

E 36 

I DEA FROM: Making Mathematics, A Secondary Course, Book 4, by D. Paling, et al. 

Permission to use granted by Oxford University Press 603 
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l:IPEl!fllENTIIL 
PIDIRl!L!T¥ 

Words related to probability are 

already incorporated in the vocabulary 

of students. They know that the exact 

outcomes of many games, sporting events 

and everyday happenings cannot be pre

dicted, so their conversations include 

phrases like those to the right, 

We all use our experiences to help 

us predict what will happen in the fu

ture. Here is an example you can use 

to relate experimental probability .to 

n's LltELY THAi ... 

PROBABLY 

everyday life. Sid has had five meetings with Fred. Fred has been late four of 

these times. From these experiences, would you guess Fred will be late or on time 

for the next meeting with Sid? (Probably late. Based on this small amount of data, 

there are 4 chances out of 5 that Fred will be late and 1 chance out of 5 that he 

will be on time. Of course, one would want to collect more information on Fred be

fore assuming he is late 4/5 of the time,) 

The experiments in this section provide an opportunity for students to collect, 

organize and interpret data to gain a better general understanding of the likeli

hood of certain events happening. Here is the general format for the activities. 

I. 

@ 

II. 

A question or problem is posedo 

"If you flipped a coin 100 times, would there be more heads or tails?" 

(See I'll Flip You For It.) 

"Is it easier to roll a 4 than a 6 with one die?" (See Roll A Die.) 

"If you drop a thumbtack 100 times, what part of the time will it land 

point up?" 

Students are asked to make a guess. 

(Their gtiess can tell you a little about their subjective ideas of proba

bility, One student might think head; is lucky or 6's very hard to get, 

and so forth,) 
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COMMENTARY EXPERIMENTAL PROBABILITY 

III. An experiment is outlined for the student to do. 

A coin is flipped 100 times. 

A die is rolled 60 times, 

Ten thumbtacks are dropped 10 times. 

IV. The data from each student is recorded. The data from different students 

is compared and/or compiled. Patterns or trends are discussed. Students 

might revise their guesses. 

"There were more heads for 11 students and more tails for 14 students. 

The totals showed 1253 heads out of 2500 flips. Sometimes tails comes up 

more. Some times heads. t1 

114s· came up more often than 6s for 8 students, but 6 happened more often 

for 12 students and they tied for 5 students. Sometimes 4s come up more 

and sometimes 6s. 

"The fraction of thumbtacks landing point up ranged from 54/100 to 67 /100, 

Seems like they land point up over half of the time." 

THE UNEXPECTED CAN HAPPEN 
Experiments will not necessarily convince a student that certain events have 

the same chance of occurring. Two examples are given below. 

• A teacher decided to question an eleven year old sixth grade boy to see if he 

thought heads and tails had the same chance of occurring in a coin flip. The fol

lowing conversation ies~lted. 

Teacher: If you flipped a coin 100 times, how many times would it come up 

heads and how many times tails? 

Student: I'd guess about 32 heads 

and 68 tails. 

Teacher: You think tails is more 

likely than heads? 

Student: Yep. 

Teacher: Have you ever tried it 

100 times? 

Student: No, but my dad did and 

that's what he got. 

Want to try it? 

( 

( 

( 
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COMMENTARY EXPERIMENTAL PROBABILITY 

Teacher: Sure. 

Student: (100 flips later) 53 tails! I knew tails would win! 

Teacher: Do you think that would happen if we did it again? 

Student: Well, maybe--want to go best two out of three? 

Teacher: Sure. 

Student: Come on tails! (100 flips later) 57 tails! See! 

Teacher: Do you think tails would always win? 

Student: Well, I guess heads could win, but tails is lucky for me. 

The teacher decided not to force the idea that heads and tails have the same 

chance with a fair coin. The student now had three experiments on which to base his 

judgements--all of which favored tails, but not so radically as the one experiment 

he had heard his· father describe. In class, the student would be able to observe 

the results of other students and see (most likely) that tails doesn't always win. 

This data could be accumulated and the .relative frequency for both heads and tails 

should settle around .5. 

The idea that tails (or heads) is lucky for some people is quite common even 

among people who know that the chances for each are the same. Many adults have a 

similar feeling about luck. One college basketball coach was distressed when a bag 

containing his favorite suit was misplaced during a plane flight. When the suit was 

found in time for the game and his team won, he said, 0 ! knew we couldn't lose; not 

when I'm wearing my lucky suit! u 

• A teacher of an eighth grade g~neral 

mathematics class introduced the ideas on 

Roll A Die by asking the students if they 

thought any number was harder to roll than 

the others. Most stud-ents thought ls and 

6s were harder to get. (Possibly because 

ls and 6s are needed for many games.) A die 

was passed around the room. Each student 

rolled twice and recorded the rolls by 

placing a cube on the front desk over the 

correct number. After twelve rolls were 

completed, the cubes showed four 6s, two 5s, 

one 4, three 3s, two 2s and no ls. The stu

dents were saying, 11It can't happen!" or 
0 It never happens this way!" 
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COMMENTARY EXPERIMENTAL PROBABILITY 

The teacher asked the students to predict the next roll. Some thought it was 

time for a 1 or a 4. Others thought the best guess was 6 because it had occurred 

most often so far. After the sixteen students had rolled twice, the results were 

this: 

Number on Die 1 2 3 4 5 6 

Frequency 4 4 7 4 4 9 

Comments from students included, "But tomorrow we'd get something different;" 

"This doesn't prove anything! 11 and "I still think ls and 6s are harder to get--the 

ls didn I t show up much. tt 

The teacher passed out copies of 

Roll A Die and had the students work 

in pairs to gather more data. She was 

hoping 1, 2, 3, 4, 5 and 6 would occur 

about the same number of times so stu

dents would see they are equally like

ly. After each pair had rolled 60 times, 

the results given to the right were re

corded on the board. 

Some students were reinforced in 

their belief that ls are harder to get 

because of the low total in that column. 

RESULTS FROM ROll A 01£ 

1 '2 3 4 5 G 

PAIR 1 G 10 10 11 11 12. 

PAIR 2. 8 8 1'3 12. 12. 7 

PAIR 3 9 10 10 12. 4 15 

PAIR 4 G 9 9 11 12. 13 

PAIR 5 9 11 1'2. 10 8 10 

PAIR G 11 '7 9 G 1'=> 14 

PAIR '7 9 13 8 1'7 9 4 

PAIR s 10 '1 G 1G 11 10 

TOTAL'=> c;.s '75 TT 95 80 85 

TOTALS 

GO 

GO 

GO 

GO 

GO 

<c.O 

GO 

GO 

c:§§:) 
ROLLS 

They were surprised that 6s had the second highest·total. Because more variation had 

occurred in the rolls that teacher has expected, she did not try to convince students 

the numbers were equally likely. She had the students discuss the variability of the 

numbers which ranged from four 6s to seventeen 4s. The students were interested in the 

frequency of the numbers in the table and the teached helped them see that 10 was most 

frequent. (This will not always be true.) They knew it was unlikely for this exact 

distribution to happen again. 

Students were asked to make predictions, "If you throw the die 6000 times, 

about how many ls, 2s, ••• 6s would you expect?" They said, "You can't tell until 

you do it." or "It'll be different every time." Some students multiplied their 

experiment~l results by 100. The teacher realized this was a sensible use of their 

experiment and that the "expected value" of 1000 for each number was an idea better 

saved until students were more familiar with equally likely outcomes. 

( 

( 
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COMMENTARY EXPERIMENTAL PROBABILITY 

These two examples show that experimental probability will not always give the 

hoped-for results; students might not become convinced that certain events are 

equally likely. 

SOME FIRST EXPERIMENTS IN PROBABILITY 
Because students have had experiences with coins and dice, they may have 

formed ideas about tails happening more often, 6s being hard to get and so on. 

These sometimes poorly founded ideas can interfere with logical interpretations of 

experiment with objects that do not have commonly accepted probabilities such as 

thumbtacks to estimate the number of times a thumbtack will land point up. You 

could also use toothpaste or shampoo caps. Students could also investigate card

board cylinders or different lengths cut from the center of paper towel rolls, or 

small blocks of wood or foam that are not cubes. 

RE.SULT 

F-'EQlJENCY 

TOOTI-I PASTE CAP 
OR PAPER CUP 

CARDBOARD CYLlt-JDER 

12£5ULT R§S OJ 
F\2.EQUEIJC',I 

When students are tossing bottle caps or cardboard cylinders, be sure they give 

the cap or cylinder plenty of "flip" for a fair toss. You can ask if they are will

ing to predict the approximate results of 1000 tosses based on the results of one 

toss. Ten tosses? One hundred tosses? They should realize that the more tosses, 

the more likely they can make a reasonable approximation. If you have students com

pile their data (this provides a large number of trials without boring one pair of 

students), be certain their bottle caps or other models are as similar as possible. 

A toothpaste cap with a hunk of dried toothpaste will not have the same results as 

a very clean one. 

Students should relate the results of their experiments to the design of the 

physical objects they are tossing or spinning. This might be easier to do when the 

possible results are not "equally likely~" (That is, a student might flip 53 tails 

out of 100 and feel there is definitely a better chance for tails. It is unlikely 
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COMMENTARY EXPERIMENTAL PROBABILITY 

to have exactly 50 tails occur.) You can have students experiment with objects like 

those below and ask them to explain their results in terms of the model. These ex

periments also give you a good chance to observe their intuitive ideas of probabi-

lity. )<le:LLCW 

• If a student rolls this cube sixty times, the re-

sults will probably show more greens than yellows and 

more yellows than whites. The student can explain this 

by saying there are more green faces than yellow and 

more yellow than white. 

• If a student rolls this oblong block of foam sixty 

times, the 6 and the 1 will most likely occur much less 

frequently than the 2, 3, 4 or 5. Studeilts. can explain 

this in terms of the shape of the block. "There is less 

room for the 1 and 6 end to land on" or 0 It is more sta

ble when it is lying down.tt Without the experiment, 

some students might think the numbers have the same 

chance of occurring. 

• If a marble is drawn from the bag, its color re

corded, the marble returned to the bag and the procedure 

repeated 20 times, probably more blues will be recorded 

than reds. The results can be explained in terms of the 

greater number of blue marbles in the bag. (Young stu-

dents might feel red is more likely because it is their 

favorite color or because there is only one red--see 

pages 3-4 in Statistics and Probahitity Learning.) 

• For this spinner, students might think blue has a 

better chance because it shows up in two places. An ex

periment can show that white occurs more often. Stu

dents can relate these results to the greater area of 

the white section than the total area of blue. Note: 

Unbiased spinners are difficult to make. The way they 

are spun can also influence results. 

GRE£t,.J 

WI-IITE:, 

2 

3 

WHITE 

1 

( 

( 

( 



COMMENTARY EXPERIMENTAL PROBABILITY 

BRINGING OUT THE IDEA OF EQUALLY LIKELY 
It is hard to convince some students that heads and ·tails are equally likely-

that they have the same probability of happening--by flipping a coin a predetermined 

number of times. Even after 1000 flips, some students might believe tails is more 

likely if tails occurred 505 times. They focus on the greater number of tails 

rather than the ratio of tails to total number of tosses. There are several ways to 

avoid this. 

• Have students work first with models 

where the outcomes are not equally likely. 

(Some simple examples were given in the pre

vious section.) The activity Picking Ma:t'bles 

2 At A Time has students collect data which 

will help them see it is twice as likely to 

draw 2 marbles of the same color as it is to 

draw 2 marbles of different colors. The acti

vity can then be extended to choosing 2 mar-

bles out of 3 blues and 1 red. In this second 

experiment, the number of differently colored 

pairs should be much closer to the number of 

same colored pairs. The contrast in the data 

for the two experiments helps students be more 

willing to accept the idea that "samen and 
0 different" are equally likely in the second 

experiment. 

• Build the idea of ratios as 

a decimal into the activities. In-

1.0 

..9 

.8 

(/) . 7 
..J 

~ .G 

l etudent to I,<, the ""'rblc pi<:ket 
l) Put the "1ntblco behind your back. Ni.x thcrn up. 

2) IIHhout lo0Hn9, phco 2 mublco in QM hnd .,nd l ,onrblc ;.n 
the oehor l•and. 

l) :
1
r;;

7 
think the t-.lo rnarHM ~cc the "fi""' eoloc or dHtercnt 

I) Cl,eol< youe 9ueaa. I/ore tlrny the """" or dHfHent? 

$) !i.~~u-d!:..:;ht: ~m,,;!:~;, which <lo you thln!: would happen rnQ;t 

S) Do the <,Xpcrfaont 20 tlmoo, Rcc<»d S for •= and o foe dl.Hexcnt, 

I I I I I I I I I I I'" .. ,. := 
71 A<e the tot.>ls whnt you expected? 

al Chango jobo. i\opcat the oxrerj_,iont 20 more time,. ToU1a s_ 

~) Are the totals about tho S"-""' "" >n (6)? 

,_ 
lQ) Your te..cher wHl help you co"'1,foc the totds fro"' tho te•t of 

the chaa. WrHc them here, s 

'Totol ~tc~• __ _ 
U) A) 'l'hc marblM wcre the s"mc allout __ oi the Hrne, 

b) 'l'hc roorblco w-0<0 dHforont obout __ of th<> thm, 

1n Becouu<> <>~ the O:<J>ert,.,,,,nt, would you H~e to rcvioe your guess 
you mode i.n quonUon (5)1 ___ Ir so, gh" your new 

gu""" here. 

TAILS l"-l O"-IE 1-!UhlDRED TOSSES 

stead of recording only 27 tails 

out of 50 flips, have students 

write this as 27/50 or .54. This 

number approximates the probabili- .s ------------ ----- ------- ------ -~-~ 

ty of getting a tail. Students 

could calculate decimals after 10, 

20, 30, ..• , 100 tosses and see 

that it stabilizes (usually) around 

• 5. Data from the whole class could 

also be· compiled and a decimal ratio 

plotted on a graph. 

.4 

-3 

.2 

. 1 

o+--~-~-~-~-~-~-~-~-~-~ 
10 20 30 l;O 50 GO '70 80 90 100 0 

"-!UMBER Cl!' TOSSES 
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COMMENTARY EXPERIMENTAL P.ROBABILITY 

• Look at a distribution of the 

results from several repeats of the "TEN TOSSES OF A COIN 

experiment. Have each student iill 
(2.5 STUDENTS) 

'1 
the class flip a penny ten times. 

G • 
Make a graph of the individual re-

5 • • • 
sults. If your class has 25 students 

6 4 • • • • 
the graph might look like the one ~ 3 • • • • • 
shown here. You can point out how :::, 

O' w 2 • • • • • the results cluster around 5--half OI 
L. 1 • • • • • • • heads and half tails. Much variabi-

0 
lity is possible, but this is fair- 0 1 2 3 '+ 5 G '7 8 9 10 

ly evenly distributed around the 5. NUMBER OF TAILS 

Once the idea of equally likely is accepted as reasonable, coins, dice, spin

ners and random digits can be used in simulations. A Cereal Question and A Tree 

Spinner use these models to simulate situations. In these activities, a question 

is posed, data gathered from the simulation and a generalization is made from the 

data. (You might want students to consider why a particular model is used in a 

situation. See Models and Simulations in the TEACHING EMPHASES section.) 

( 

( 

( 



Materials: 2 blue marbles and 1 red marble 

1 student to be the recorder 

1 student to be the marble picker 
1) Put the marbles behind your back. Mix them up. 

2) Without looking, place 2 marbles in one hand and 1 marble in 
the other hand. 

3) Do you th.Lnk the two marbles are the same color or different 
colors? 

4) Check your guess. Were they the same or different? 

5) If you did this many times, which do you think would happen most 
often - same or different? 

6) Do the experiment 20 times. Record S for same and D for different. 

Totals S 
~ 

D ---

I 
7) Are the totals what you expected? 

8) Change jobs. Repeat the experiment 20 more times. Totals S ---
D 

9) Are the totals about the same as in (6)? 

10) Your teacher will help you combine the totals from the rest of 
the class. Write them here. S 

11) a) The marbles were the same about 

b) The marbles were different about 

D 

Total Picks 

of the time. 

of the time. 

12) Because of the experiment, would you like to revise your guess 

you made in question (5)? 

guess here. 

If so, give your new 

IDEA FROM: the Probability and Statistics strand of the preliminary experimental version of CSMP Math ematics 
for the Intermediate Grades, Part 1. 

Permission to use granted by Comprehensive School Mathematics Program and CEM REL, Inc. 
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Materials: a coin and some t a p e 

IS SPIIJNlt-..lG A COlt-J !='"AIR ? 

Activity: 

1) Hold the coin straight up on 

2) Spin the coin by snapping an edge. 

3) When it stops spinning, record 

that shows. 

4) Repeat 20 times. Record Hor T. Totals 

H 

T 

5) Is spinning a coin "fair"? Did you get about as many heads 

616 

as you did tails? 

6) Put some tape on the tail side of the coin. 

(Don't put any tape on the edge of the coin.) 

7) Repeat steps (1) - (4) with the taped coin. 

8) Do you think the taped coin is fair? _ _ _ Why ? 

Totals 

H 

T 



!=°RED FLOP !="LIPPED A F"IF"TY - CEt-17" PIECE FORTY TIMES. \...IE GOT MORE 'TAILS 
Tl4Al\l I-IE.ADS. \,JILL YOllR FLIPS ALSO Sl-!OW MORE 'TAIL~? 

Materials: a coin (no two-headed coins allowed) 

Activity: 

1) Flip your coin twenty times. Record H for heads or T for tails. 

2) Record the number of heads and ~REQUE~CY 

the number of tails from your H ~-----!-------------; 
twenty flips. 'T 

'-------'------------

3) Which occurred more for you - heads or tails? 

4) Check with other students. Which occurred more? 

5) Pretend you flipped ten heads in a row. 

a) What do you think the next flip will be? 
b) Is the 11th flip affected by the results of the first 

ten flips? 
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Materials: a coin 

Activity: 

1) Flip the coin. 

2) Heads (H) means move one space up./ 

3) Tails (T) means move one space down~ 

4) In 50 flips how many times do you expect to return to the 

618 

middle 

5) Do the 

STARTING 

POl~T~ 

line? 

experiment. Flip 50 times. Record your results. 

6) How many times did you return to the middle line? 

7) Do the results surprise you? 

8) In the 50 flips, how many heads 

did you get? 

and how many tails 

TOTALS 

T 



Gary, the gambler, is setting up a friendly game. He suggests to Tony, 
"Let's toss pennies. I'll toss first. If it comes up heads, I win. If 
it comes up tails, you toss. If your penny comes up heads, I win; if 
it's tails, you win." 

Tony says, "That's not fair! You'll win twice as often." 
Gary: "O.K., then! I get one penny if I win -- you get two if you win." 
Tony: "1hat's better! Let~play!" 

Play the game 20 times. How much did Gary win? 
How much did Tony win? 

Based on your data in the table, is the game fair? 
Give reasons. 

GARYS TOt..lYS 
W\11.11\lER. 

GAR.YI& TOtJ',IS 
TURt-.1 

TOSS TOSS Wl~l\lltJGS WINN\>JGS 

1 

2 

3 ,____ 

4 

~ 

<o 

7 

8 

9 

10 

11. 

1'2 

13 

14 
15 

1G 

1'7 

1.8 

19 

20 

TOTAL WINNINGS 

SOURCE: Taking Chances, Oakland County Mathematics Project 

Permission to use granted by Oakland County Mathematics Project 

619 



Materials~ Spinner like the one shown 

Activity: 

2 I. Before you spin answer these 

questions. 

a) Do you think one number will 

occur more often? 

b) Which number? 

c) Why? 

II. Spin the spinner 20 times. Record 

each spin in the table below. 

1 
0 

How many O's did you get? 

How many l's? 

2's? 
III. Because of the experiment, would you like to revise 

620 

your answer to (I-a) above? 

IV. Were your results similar to your neighbor's results? 

d 

v. A plant grows by producing 1 or 2 new branches and dies when O new 

branches are produced. For example, the tree below was grown with 

these six spins: 1, 2, 1, 1, 0, 0 

e 

START 

1) The first spin grows one new branch (a). 
2) The second spin grows two new branches (b) 

and (c). 
3) The third spin grows 1 new branch (d) on 

branch (b). (Start at the left.) 
4) The fourth spin grows 1 new branch (e) on 

branch (c). (Move right to the next live 
branch on the same level.) 

5) The fifth spin causes branch {d) to die. 
(Start again at the left since there are no 
more live branches to the right.) 

6) The sixth spin causes branch (e) to die. 

VI. Grow 5 plants. For each plant spin no more than 10 times or until 

all branches are dead. 

a) After 10 spins, how many of the 5 plants are still growing? 



TWb ~~LL~IT 
~IQJPN[bLDT 

Match each spinner with the tally most likely 

Put the correct letter in the blank to answer 

CD Letter Tally 0 Letter Tally ® Letter 

A 11 A 14 A 

B 9 B 15 B 

C 10 C 31 C 

D 11 

E 10 © Letter Tally ® Letter 

F 9 A 5 A 

B 7 B 

0 Letter Tally C 6 C 

A 14 D 8 D 

B 16 E 5 

C 15 F 29 (j) Letter 

D 15 A 

B 

C 

® © 

WAAT EVEt-\T MADE SIR LA!\.lCELOT GALLANT It-..l G'2'2 ? 

Ht. OPt:1-JE.D THE Ff R~T 

'7 'l.0 2 8 3 5 4 

to occur from 60 spins. 

the riddle at the bottom. 

Tally ® Letter Tally 

32 A 15 

20 B 16 

8 C 8 

D 8 

Tally E 6 

16 F 7 

8 

29 ® Letter Tally 

7 A 14 

B 32 

Tally C 14 

30 

16 @ Letter Tally 

14 A 22 

B 19 

C 19 

A B 

9 1 
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I. To make a hexaspin, 

a) Carefully cut out this hexagon.---+ 

b) Poke a round toothpick exactly 

through the center of the 

hexagon. 

II. Make some guesses about the hexaspin. 

a) If you spin it several times do 

you think it will stop on one 

letter more often than any other 

letter? ____ If so, which letter? 

b) Guess how many times it will stop on a Din 30 spins. 

III. Spin the hexaspin exactly 

30 times. Record in a 

table like this. 

a) Were your results what 

you expected? 

b) Compare your table with 

your classmates' tables. 

LE:iTl:.RS 
OlJ 1-l~XASPlt-.l 

A 

B 

TALLY OF" LA~Clt-.lG~ FREQUENCY 

~ I G 

4 

Are their results similar to yours? 

IV. To make a hexed hexaspin, 

a) Carefully cut out this shape.-. 

b) Fold on the dotted line and 

glue X to B. 

c) Poke a round toothpick 

through the center of the 

hexagon. 

V. Repeat II and III for this 

spinner. Why do you think it 

is called "hexed"? 

I DEA FROM : Making Mathematics, A Secondary Course , 

Book 2, by D. Paling, et al. 

Permission to use granted by Oxford University Press 



Materials: 2 cubes 

2 students 

Activity: 

1) Look at each cube. 

2) Which color will probably occur most often when you roll a 

cube? least often? 

3) Each of you roll one cube 24 times. Record 

in a table like the one to the right. 

4) Which color did occur most often? 

least often? 

5) How could you color a cube so each of the 

colors will have an equal chance of 

occurring? 

COLOR TALL'Y FREQUENCY 

YELLOW 

RED 

GREEl\.l 

TOTAL 

6) If you roll both cubes at the same time, 6 color combinations are 

possible. Write them. (YY means yellow on both cubes.) 

7) Which combination do you guess will occur most often? 

8) Roll the cubes 48 times. Record the results.-------,-----..------. 

9) Any time you make like in ( 7) , 
COMBll\lATIO TALLY FREQUENC'I 

a guess, you 

can't be wrong. Now that you have done the YY 

experiment, would you like to revise RR 

(change) your guess? If so, what GG 

combination would you guess now? GY 

GR 

RY 

TOTAL 

623 



Materials: One die 

Two person team 

Millard Morse says that with one die it is easier to roll a 4 than a 6. 

Do the following experiment to check out Millard's claim. 

1) Roll the die 30 times. Have your partner record the rolls below. 

2) Have your partner roll the die 30 

times. You record the rolls below. 

3) How many times did a 4 come up? 

a 6? Complete the table to 

summarize the results of the tosses. 

4) Do you agree with Millard's claim? 

624 

i;-AC.E 
OF" DIE 

1 

z 
3 

4 
5 

G 

/ ' 
'A', 

I \W 
'- - I 

FREQUDJCY 

TOTAL 



Materials: one die for each student 

Inside each box of Killroy's Frosted Wheat 

Yummies is one free felt tip pen. The pens 

are of six colors -- red, green, orange, 

yellow, blue and purple. 

A) Billy wants the whole set. If he is lucky, 

what's the fewest number of boxes he will 

need to buy? 

B) On the average, how many boxes do you think 

he will need to buy to get the set? (Make a guess.) 

C) If you had a lot of money, you could buy boxes of cereal until you had 

the complete set. If four members of the class did this, do you 

think they would all buy the same number of boxes? 

Here is a way to predict the average number of boxes needed for the 

pen set without buying a single box of cereal. 

1) Let the six outcomes of the die represent the six pens: 

1 for a red pen 

2 for -a green pen -
3 for an orange pen • • • 
4 fur a blue pen • • 
5 fur a yellow pen 

6 fur a purple pen 

625 



2) Toss the die. A 3 means you have 
bought a box containing an orange 
pen. 
Toss until you have one pen of 
each color. --
Tally your tosses in the table 
to the right. 

3) How many boxes did you need to 
buy? 

4) Repeat the experiment 4 more 
times. Record in the table below. 

PEl\:IS EXPERlMEtJT ,#'2, 8<P£.RIM£NT # 3 

I) RE.D 

2)GREE.>-l 

3)0RAt-JGE. 

4)BLUE 

5)YELLOW 

<;.)PURPLE 

TO"TAL 

PENS TALLY 

1) RED 

2.) GREE\IJ 

S)ORA~G.E 

4)BLlJE 

5)YELLOW 

<;.) PURPLE 

TOTAL 

E.'i.PE:R.IMEtJT #4 EXPERIMENT 14:5 

5) Use the totals from the five experiments to find the average number 
of boxes needed for a set of pens. ______ (Be sure to add in the 

first experiment.) 

6) Extension: 
in cereal. 
set? 

Suppose there were 10 different super-dog 
How many boxes do you think you'd need to 

More than for the 6 pen set? 
were 12 cards? 
would be needed 

If there were 12 cards, how 
to get half of the cards? 

626 

cards packaged 
buy to get the 

What if there 
many boxes 



I. Inside each box of cereal is packed one free 
a) Suppose there are two differently colored 

you would expect to buy to get a complete 
b) Suppose there are six differently colored 

you would expect to buy to get a complete 
c) Ten differently colored pens. 
d) Fourteen differently colored pens. 

II. Run the computer program BAI.PEN four times. 
Use N 2, then 6, then 10, then 14. 
Use M 10 each time. 

III. Round each average number of purchases 
from the computer print out to the 
nearest whole number. Write the 
results in the table below. 

Number of 
2 6 10 14 Pens 

Number of 
Purchases 

IV. Compare the numbers in the table with 
your predictions. Would you like to 
revise your guesses? __ _ 

V. Graph the data in the table on the 
grid to the right. Join the dots 
with line segments. 

VI. Use the graph to predict the number 
of purchases needed if there are 
twelve pens. 

VII. Use the graph to predict the number 
of purchases needed if there are 
eighteen pens. 
Twenty pens. ___ (You will need 
to extend the graph.) 

VIII. Let N = 12, 18, 20. Use M = 10. 
Run the computer program BAI.PEN three 
times to check your predictions in 
VII. 

pen. 
pens. Predict the number of boxes 
set (a pen of each color). 
pens. Predict the number of boxes 
set. 

T\-1[. EXPECTED tJUM8ER 01"-" 
PURC.l-lASE.S TO GET A 
COMPLETE SET. 

100 ..--~-..--~-..---.--,----,---r--,---, 

9G1----+---1----+---1----+--1----+--+--+---1 

921-----+---I--+--+-+--+-+--+-+-~ 

881----+--+---+--+--l~-+--+---+-+--t 

841-----+---I--+--+-+--+-+--+-+-~ 

80 l--+-l--+-1---+-+---+-+---+--I 

7G 1----+--+---+--+--i1--+--+---+-+--i 

721--+---I--+--+-+--+-+--+-+-~ 

G81----+--+---+--+--l--+--+---+-+--t 

G41----+---1--+---+-+--+-+--+-+-~ 

r/l GO 1----+---1----+---1----+--+----+--+--+---1 
w 
~ 5GJ----+--+--+-+--+-+--+--+--+--t 
<! 
:I 
~ 52 

[ 481---+---1--+--+-+--+-+--+-+-~ 

lJ. 
441---+--+-+--+--I----+--+-+--+---; 

O 401---+--+-+--+--+-+---+--+-+-~ 
Cle 
L..i 3G 1----+--+---+--+--ir---+--+---+--+--t 
!O 
Z:: 3 Z 1---+------l--+---+-+---+-+--+-+--i 
::i 
2 28 l---+-------ll---+---1--+---t---+--+--t--, 

24f---+---------,f---+---f---+---t--+--+----+-----i 

201--+-+--+--+--l f-- ---+---+--+--+---t 

1c; l----+--+---+--+------!--+---1-----+--+--t 

12 l--+---1--+-l--+---t---+--+---+--I 

8 

4 1---+----+- +--+-------l---t--+ - +--+-----; 

0 L__....L._.L_---1. _ __.___. _ ____.__,____..__ _ _._____, 

0 2 4 G B 10 12 14 1G 18 20 
~UMBER CT" PENS 
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66534 54365 21644 32524 64631 42523 33652 

54415 16611 25655 32122 33365 45165 26556 

46353 51643 51246 54655 52241 26346 36345 

33623 32364 35414 21451 65133 34143 45163 

14361 66264 61164 13531 43255 34166 54343 

14215 34124 45654 25316 15646 14342 62535 

44311 63511 44541 62515 36455 12123 25542 

63361 22633 44561 56411 22445 51443 24222 

61332 16655 44141 56222 26633 14256 36315 

15354 46644 16246 56541 44555 35516 24334 

12563 33521 16361 22116 11226 54361 32531 

13513 13542 52151 24613 65261 56554 11441 

45266 11611 13121 63655 43212 61646 13414 

14233 45665 31154 45122 26424 24354 45552 

12533 43643 25523 44413 66563 11535 12366 

52122 11131 22423 55442 66263 34625 42533 

44153 13311 26145 61541 44413 24515 52224 

36654 24242 25654 31122 64536 66244 32345 

61113 55635 53235 66211 26664 16236 65461 

23565 36121 56465 15541 52631 42331 13422 
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OONODM NUM•b•~ 
YIQ D [OL[ULQTOO 

STEP 1 

ENTER 
A) DECIMAL POINT 

B) THEN ANY SIX DIGITS 

c) THEN ANY ODD DIGIT 
EXCEPT 5 

STEP 2 

STEP 3 

STEP 4 

FOR A 1-DIGIT NUMBER COPY THE FIRST 

DIGIT AFTER THE DECIMAL POINT, 

FOR A 2-DIGIT NUMBER COPY THE FIRST 

IliQ_ DIGITS AFTER THE DECIMAL POINT, 

FOR A 3-DIGIT NUMBER , , , 

WITHOUT CLEARING THE ~., 

REPEAT STEPS 2 THROUGH 4 TO GET AS 

MANY RANDOM NUMBERS AS YOU WISH, 

EXAMPLE 
STEP 1 r-------------1 

I 1 

! . 3186527 ! 
I I ~------i----__ J 

------- -------- STEP 2 ,,,- ......... ,, 
, ' 

/ , 3186527 X 147 = \ 
I • 
I / 

\ 46 I 841946 / 
' , 

-----~~~:==c:::·/ STEP 3 
,- .... , 

,,- ',, 
,' ', 

,' 46 I 841946 - 46 = \ I I 
I I 
\ I 

',, I 841946 / 
........ ,," 

r--- --------~.---------- __ S~EP 4 
I I 
I I 

: foR A 2 DIGIT NUMBER: 
I I 

I ' 

: WRITE DOWN 84, ! 
I I 

L--- --------*-----------S~EP 2 
,,' ...... ,, 

,, ', 
/ .841946 X 147 = \ 
I I 

' ' \ 123 I 76606 / 
' , ', ,, 

--~:::~~:r:~::~:-STEP 3 
,- .... , ,, ,, 

/' 123 I 76606 - 123 = \ 
: ! 
\, ,76606 ,/ - , ,_____ _,,,_ ..... S 4 

r---------1:---- ----, TEP 
I I 
I I 

: WRITE DOWN 76, : 
I I ~----------i __________ J 

r---------- -----------, 
I 
I 

STEP 2 

: .76606 X 147 = : 
I 

I 112 I 61082 : 
~-----------------------J 
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Materials needed: 2 markers 

1 octahedral die 

1 

Rules: 1) Fly rolls first. 

630 

2) The number face-up determines the direction 

of the move. See the diagram to the right. ,e---->,t<----_. 3 

3) If a move is impossible, roll until a move 

can be made. 

4) Play until 

a) the spider catches the fly or 

b) the fly escapes through the exit. 

5 

5) How many moves do you think it will take before the game 

is over? 

IDEA FROM: Al Shulte 

Permission to use granted by Oakland County Mathematics Project 



Materials: Pair of dice for every two students 

Activity: 

1) When the dice are rolled a large number of times, what sum do you 

think will occur most often? 

2) You and your partner each roll the dice 20 times. Tally the sums. 

SUM TALL'{ 

1 

2 

3 

4 
5 

G 

'1 

8 

9 

'l.0 

'11 

12 

4) From the graph 

a) Which sum or 

sums occurred 

most often? 

b) Which sum or 

sums occurred 

least often? 

if) 

~ 
:J 
(/) 

3) Make a graph of the forty sums. Shade one 

square for each time a sum was rolled. 

SUM'5 ROLLED WITH OlCE 

15f--+--+--+--+---+--ll-----+-+--+--+---+--l-+-+--+--+--+---+-+-+--+--+--+---I 

1..&, 10 l--+--+--+--+--+--.l---+--+--+--+--+--.l---+---+--+--+--+--+-+--+---+--+--+---1 
0 

'.r 
CJ 
2 
w 
::, 
a 
I.LI 
~ 51--+--+--+--+---+--11-----+-+--+--+---+--l-+-+--+--+--+---+-+-+--+--+--+---I 
LL. 

41--+-+--+---+--+--+--+--l-+--+-+--+--+--+--+--+--l-+--+-+--+--+--+-----i 

3 1--+-+--+--+---+--+-+--+--+--+--+---+-f-+--+--+--+----+--if-t--+--+--+------i 
2. l---l-+---l----+--l---l-+---+---l--+--+--+~l---+-+--+----+--l---11-----+-+--+--+------i 

1 
0 L-J___J___L.__L___J_____J_l__J__---'---'---'------'-__J'----'-------'-----'----L-----'-__J'--,.___.___.___,____, 

'2. 3 4 5 G 7 e 9 10 11 12 
SUMS 

5) Your teacher will help you combine your results with the results 

of the rest of the class. For your class: 

a) Which sum or sums occurred most often? 

b) Which sum or sums occurred least often? 

6) A guess like you made in question 1 can't be wrong. Now what 

sum do you think will occur most often? 

631 



632 

Materials: 2 players each with an octahedral die 

Rules: 

1) Each player rolls the die. 

2) Higher number is player A. Lower number is player B. 

3) Player A rolls. Player B rolls. Divide A's number by B's number. 

a) If the 1st digit of the quotient is 1, 2 or 3, A wins. 

b) If the 1st digit of the quotient is 4, 5, 6, 7 or 8, B wins. 

c) Example: A rolls 4; B rolls 2. 4 2 = 2 A wins. 

A rolls 3; B rolls 6. 3 .- 6 = .5 B wins. 

A rolls 5; B rolls 8. 5 . 8 = .625 B wins. -
A rolls 5; B rolls 3. 5 3 1. 666 •.• A wins. 

4) Is this a "fair" game? Do both players have the same chance of 

winning? 

5) Play the game 30 times. Record in the table below. You can do the 

division on a calculator to speed up the game. 

A's ROLL 

B's ROLL 

QUOTIE.f\lT 

Wlt.J~ER 

As ROLL 

B~ ROLL 

QUOTIENT 

WINt--lER 

IDEA FROM: Probability for Intermediate Grades, Teacher Commentary, School Mathematics Study Group 

Permission to use granted by the School Mathematics Study Group 



Materials: Score sheet for each player, 4 dice 

1) To score points you roll 1, 2, 3 or 4 dice and try to get all 
even numbers. 

2) For your turn, you choose how many dice to roll. 

3) Points are scored like this: 

a) If you decide to roll and you get score 

1 die------- 1 even number------- 2 points 

2 dice------ 2 even numbers------ 4 points 

3 dice------ 3 even numbers------ 8 points 

4 dice------ 4 even numbers ------16 points 

b) If you roll any odd numbers, score 

4) To play: 

a) On the score sheet mark your 
choice with an X. 

b) Roll the number of dice you chose. 
c) Mark your score. 
d) Find your running total. 

The sample score sheet to the 
right shows a player's results 
four turns. 

5) Each player takes a turn. 

6) Player with highest total after 
10 rounds is the winner. 

SCOlcE 
SHEET 

#OF 

DICE 

1 

2 

3 

4 

T UR NS 
VALUE 1 2 3 

2 

4 

8 

1G 

for 

4 

0 points for that turn. 

TURl\.\S 
""o~ VALUE 1 2 3 4 
DICE 

1 2 X X 
'2. 4 X 
3 e X 
4 16 

5 G 7 8 9 10 

~Ul\.\Nlt\JG V V V V IV V V IV IV V "TOTAL 

sco 
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PIDIRl!L!T¥ N!TH IDDEL!i 
ASSIGNING NUMBERS FOR PROBABILITIES 

The activities in t9e 

EXPERIMENTAL PROBABILITY 

section involve students in 

gathering data to compare 

the frequency of different 

outcomes. This will usually 

lead students to conclusions 

like, "It is more likely to 

be two marbles of different 

colors than two marbles the 

same,u "It's not very likely 

that a sum of 12 is rolled 

with 2 dice" or "Heads and 

tails have about the same 

chance." These conclusions 

100 
TACKS, vou'o 
PR0BA8LY GET 
ABOUT 40 
POINT'.':> DOWW. 

ITS MORE 

W~AT DOES THE 
DATA ON THE 

THUMBTACK TOSSES 
SHOW? 

YOU CAIJT 
PREDICT FOR. 

CERTAIIJ WHAT 
'wiLL HAPPO.l. 

LIKELY TO LAND 
POUJT UP ~-1..t,l'..2.J 

TH/\t..l 
R'.)\l,,JT 
OOWl,,J. 

C 

are fine but they could be more informative if students used nmnbers to describe the ( 
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"likelihood" of each outcome. Here are some suggestions for introducing the 

assignment of numbers for probabilities. 

Use Percents 

Even before studying percents in school, many students will know that a 90% 

chance means pretty likely and a 5% chance means unlikely. If your students have 

this general understanding, they are already associating numbers with probabilities. 

You might start a class discussion with questions about percents and chance. 
11wtiich is more likely to happen, something with a 40% chance or something with a 

60% chance?; What percent would be used for the chance of an outcome that is 

certain to happen?; If there is a 40% chance of rain, what is the percent chance 

of no rain?; If there is a 50% chance of rain, is it more likely to rain or not?" 

If your students can answer the above questions, show them how to translate 

the "percent chance" statements to probability state!Ilents. "100% is another 

name for 1. Something with a 100% chance of happening has the probability of 1 

of happening. What is the probability that the sun will rise tomorrow? That this 

pencil will fall if I let go of it?u Discussions like this can help students see 

that the probability of something certain to happen is 1, the probability of some- ( 



COMMENTARY PROBABILITY WITH MODELS 

thing just as likely to happen as· not is ½ and the probability of an outcome 

happening plus the probability of the outcome not happening equals 1, (Maybe 

Yes Maybe No gives a development of this without percents.) 

Use Relative Frequencies from Experiments 

Students can use the data gathered in activities from the EXPERIMENTAL PROBA

BILITY section to approximate probabilities. You could define 

The Ntm1ber of Times Outcome Occurred Approximate Probability of an Outcome=:.:.:=""''-''-;.-""==--"'"-':-"=='-"==="' 
Total Number of Trials (The degree of certainty) 

Point out to students that this fraction is always between O and 1, inclusiveQ 

In dr~wing one marble with replacement from a bag of all red marbles, students 

should see that the probability for a red marble is 1 because the numerator and 

denominator are always equal. The probability of drawing a blue marble is 0 

because blue will occur O times. Students can use data from thumbtack tosses, 

coin flips ·or marble draws to approximate the probability for an outcome. These 

approximations can make it 

head 

of a 

on one flip of a coin 

seem 
. 1 
lS 'z 

reasonable to conclude that the probability of a 

, the probability of rolling a five in one roll 

d . . 1 d ie is 6 , an so on. 

Point out situations where experimental data is the only way to approximate 

a probability. Batting averages and free throw percentages are determined by the 

data available on players. These averages and percents are a good approximation 

for the likelihood of a player getting a hit or sinking a free throw. 

Use the Symmetry of the Object 

You can try to convince students of a probability by having them examine 

the spinner, marbles, die or coin being used. If a spinner is half red and 

half blue it seems reasonable that a spin of red should have the same probability 
1 

as a spin of blue. Each color should occur about z of the time so the probabili-

ties are both%. A die is a cube and, because of its symmetry, should not favor 
1 any of the six outcomes. Each result should happen about -
6 

of the time so it is 
1 1-:-1 reasonable to assign a probability of 6 for a LI on one roll. 

Sometimes students will be able to use the symmetry 

of an object to reason that two probabilities are equal, 

but they will need to use experimental data to estimate 

all the probabilities involved. For example, in tossing 

a short cylinder, the probability it lands on its top 

should equal the probability it lands on its bottom, 

TOP [] 
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Students will need to toss the cylinder to get an estimate of the probability it 

will land on the curved surface. 

When you have students detennine probabilities in this 0 reasonable 11 way, watch 

for possible misconceptions they might have. Some students might ignore the p~ysical 

make-up of the object and decide that their favorite color is most likely to be spun 

or the number they need most for a game is least likely to be rolled with a die. 

You might want to give some of the diagnostic exercises suggested below so you will 

have a better idea if your students pay attention to the structure of the object be

ing tossed or spun. The paper Statistics a:nd Probability Learning in this resource 

gives more background on student misconceptions about probability. 

SOME DIAGNOSTIC EXERCISES 
If a student answers red for both Exercises 1 and 2, red might be the student's 

favorite color. This student is not looking at the make-up of the spinner. Exercise 

3 might be answered "Blue" because blue occurs in two places. Show the spinner 

divided in 8 congruent pie shapes so students can see that green covers as much area 

as blue. Some may still feel blue has a greater chance than green. Students who have 

these misconceptions may need extra help in understanding probability. Students will 

probably answer Exercise 4 by counting yellows versus blues. Exercises 5 and 6 will 

give some information about how students relate chance to the contents of a bag of 

marbles. 

1. What is more likely RED 4. What is more likely 
for this spinner, ®0 to be drawn from 
red or green? ___ GREEr-.l this bag, a yellow @0y 

marble or a blue @0® marble? 

-2. What is more likely 5. If you want an equal ~ 

for this spinner, chance of drawing 
red or green? ___ red or blue, you ® would put in 

red marbles. @ ® 

3. What is more likely 6. If you wanted to draw a 
for this spinner, red marble tw"ice as 
blue or green? ___ 

RED often as a blue marble 
you would put in 
red marbles. ®® 
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The student page Take Your Choice has additional ideas for diagnostic questions. 

On the page are pairs of boxes containing black marbles and white marbles. Students 

are to choose the box in eaCh pair from which there is a better chance of drawing a 

black marble. Students usually use several strategies, both correct and incorrect, 

for making these choices. Some of the incorrect strategies are discussed in the 

paper Statistics and Probability Learning. Some correct strategies are given 

below. 

e If the boxes have the same number 

of winners (black marbles) stu

dents can compare the number of 

losers (white marbles). 

If the boxes have the same number 

of losers, the box with more win

ners has the better chance. 

ti If the marbles can be grouped in 

the same ratio, the boxes have 

the same chance. (This physical 

grouping is probably hard for 

most students and it might be 

easier to write ratios or 

fractions.) 

8 Other arrangements are even 

more difficult and many students 

will not be able to give good 

reasons for their choices without 

writing and comparing fractions 

or ratios to represent the 

chances. 

A B 

oe 
1--lMM ___ SA~IS: NUMB!e:R OIC 

Wll-.l~ERS BUT BOX A HAS 
LOSERS. ILL PICK BOX A. 

B 
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USING MODELS TO FIND PROBABILITIES 
Several models have beeri developed to help students see how to find probabili

ties. Some of these models help in counting equally likely outcomes. 

A grid can be used to count the possible totals 

when rolling a red die and a green die as 

shown in And The Sum Is ••. Students can find 

the probability of rolling a 7 by dividing 

the number of the 7's by the total number of 

possibilities. Grids are used as models 

in Roll That Cube Revisited, Which Die Is 

Better? Revisited and Crazy Quotients Re

visited. Another counting model, that of 

drawing chords on a circle, is shown in 

Picking Marbles 2 At A Time in the EXPERI

MENTAL PROBABILITY section. 

The most versatile model seems to be 

the tree diagram. Students can use tree 

~ 

l::J 
2 r-:7 
w L..!J 
w 
[\/ fool 
~ ~ 

r-=-7 
~ 

fioil 
l!..!.!J 
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G .., 
7 8 
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4 5 G .., 

5 G ., e 

G ., e 9 

., 8 9 10 

8 9 10 11 

9 10 11 1'2. 

/ 

( 

diagrams to represent equally or unequally likely events or to find the probability of ( 

several things happening in succession. Because of this, Probability With Models in 

the CONTENT FOR TEACHERS section and the classroom materials in this section rely 

mainly on tree diagrams for detennining probabilities. You might want to read 

the content paper before using probability trees with your students. 

Students may have difficulties with 

trees. Here are some ideas that might help. 

• Encourage your students to draw n fat" 

trees. Students may not leave enough 

space for labeling or for the second 

or third stages. 

( 



COMMENTARY PROBABILITY WITH MODELS 

e Have students label the tree with 

outcomes ~ probabilities at 

each stage of a 2 or 3-Stage tree. 

I 1-l".VE PROBABILITIES 

If they don't label they might forget 

what each branch represents. 

e Be sure students relate the physical make

up of the· spinner, die or coin to the pro

babilities placed on the tree. You can 

use a page like South of the Border to see 

if students can mat.ch spinners and con

tainers with appropriate trees. 

\,J 

1 
G 

y 

B 

1 
,:; 

1 
3 

w 

• Some students will not need to use trees on some of the activities in this 

section. They will be able to determine the probabilities using counting 

methods. Remind students that they can return to using trees when they 

1 
3 

.1 
2 

"get stuck" on a problem or when a problem involves more than one step (like 

rolling a die then flipping a coin). 

DETERMINING EXPECTED NUMBERS 
Many of the activities in the EXPERIMENTAL PROBABILITY section have students 

y 

guess how many times an outcome would Qccur in a certain number of trials. They 

guess how many times a coin might land tails up in 40 flips and how many j• •.I 's 

might be rolled in 60 rolls of a die. After the experiments are finished, the data 

from different students are averaged. These averages are estimates for the 

expected number of outcomes just like the relative frequency of number of successes 

to number of trials is an estimate for the probability. After students assign 

probabilities to outcomes, they can calculate expected numbers by multiplying the 

number of trials by the probability for the outcome. Here are some problems you 

can have them solve: 

643 
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• What is the expected 

ntilllber of j.••/ 's in 

60 rolls of a die? 

(1/6 of 60 = 10) 

300 rolls of a die? 

(1/6 of 300 = 50) 

10 rolls of a die? 

(1/6 of 10 f:!, 1. 67) 

The last problem will pro

bably create all sorts of 

questions--see the cartoon 

to the right. If your 

PROBABILITY WITH MODELS 

W EAC!-1 STUDENT UJ 
THE CLASS ROLLED 10 
TIMES At,.1O WE AVEl.?AGED 
T\.\E NUMBER OF ISJ5, 
THE AVE-.?AGE \,,/OULD 
LIKELY BE CLOSE 
TO 1.G'7, 

students have difficulty with the words "expected number" try using "on the 

average, how many 1•••/ 's would you expect to be rolled?" 

• In 100 rolls of a die how many times would you expect to roll 

an even number? (P(even number)= 1/2 so 1/2 x 100 = 50) 

an odd number? (1/2 x 100 = 50) 

a prime nwnber? (2,3 and 5 are prime. 1/2 x 100 = 50) 

• During the basketball season, Sinker Sue has made 21 out 

throws. Estimate the probability of Sue making her next 

of 35 attempted free 
21 free throw, (35 .6) 

Using the probability • 6, how many free throws would you expect Sinker Sue to 

make out of her next 10 attempts? (.6 x 10 = 6) This idea could be extended 

to an activity where students gather data on a basketball player and use it to 

approximate a probability. They can then compare the number of ~ree throws 

actually made out of those attempted in a recent game with the expected 

number. Students might want to discuss free throw percentages of players from 

their school or from a favorite college or professional team. They might 

also relate these percentages to choices of people to foul in the last minutes 

of a game. 

( 

( 
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FIGURING ODDS 
Odds and probabilities 

are commonly used· in news

papers and everyday speech, 

but many people confuse the 

two ideas. Students should 

know the difference. Perhaps 

your students already know 

that "even" odds, a 50-50 

chance and a probability of 

1/2 mean the same thing. To 

help students dis~over the 

general relationship between 

odds and probabilities, you 

could have them compJE!:te 

and examine patterns in a 

table like that shown below. 

To fill in this table students 

will need to know how to assign 

probabilities and that the odds 

for something happening is the 

ratio of the number of chances 

it will happen to the number 

of chances it will not happen. 

CONTENTS OF BAG 

Number of Red Number of Blue 

1 1 

1 2 

2 3 

4 2 

PROBABILITY WITH MODELS 

Loretta McKay of Rainier, Oro, gave birth to her 
third set of twins in six years. The odds against 
such a thing happening were given as 512,000 to 1, 
but other odds-makers, their pocket calculators 
flashing crazily, said it was more like winning the 
Irish Sweepstakes every day for a year. 

ODDS FOR 
Some students might 

PROBABILITY write 1/1, 1/2, 2/3 
OF DRAWING RED DRAWING RED and 4/2 for the pro-

1/2 1 to 
babili ties. Point 

1 out that a probabi-
1/3 1 to 2 lity of 1 means red 

2/5 2 to 3 
would be certain 
and it is not. A 

4/6 or 2/3 4 to 2 or probability of 4/2 
2 to 1 is impossible. 
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Ask your students if they can find the odds for drawing a red marble if the 

probability of drawing red is 3/4. Can they use the patterns in the table to see 

the odds is the ratio of the numerator of the probability fraction to the differ

ence of the denominator and numerator? Yo_u might want to give them some odds and 

have them compute corresponding probabilities. 

COINS AND DICE THAT "REMEMBER" 
Most of us know a coin can't remember but many people saythings to the con

trary. Do your students believe there is a better chance for flipping a tail after 

three heads have been flipped? Lots of adults believe this but, of .course, the coin 

cannot remember. No matter how many heads have been flipped, there is still a 50-50 

chance for getting a head on the next try. You can use the ideas in Ghosts, Goblins 

and "Coins that Remember, 11 Tricky Statements and On the Average to promote discus

sion about such ideas. You could have students flip coins until they flip three heads 

in a row. Have them record the next flip. What fraction of the students got a head 

on the fourth flip? Don't be too disappointed if your students still believe that 

after a sequence of heads they are "due" for a tail. 

contrary cannot change people's minds on this subject! 
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WHAT IS THE CHANCE OF EACH OF THESE EVENTS OCCURRING? WRITE O:JE OF THESE 
FIVE A'lSWERS I 

1) YOU WILL GROW ANOTHER HEAD. 

2) YOU WILL GET A 11TAIL" WHEN YOU FLIP A COIN. 

3) YOU HAVE A HE1~RT I -----

4) YOU WILL TAKE A SPACE TRIP TO THE MOON. 

5) YOU WILL EAT SUPPER TONIGHT. 

6) YOU WILL GET A "HEAD11 WHEN YOU FLIP A COIN. 

7) YOU WI LL GET A "TWO" WHEN YOU ROLL A DIE, 

8) YOU WILL GET OLDER. 

9) YOU WILL GET A NUMBER GREATER THAN 11TWO" WHEN YOU ROLL A 
DIE. 

10) YOU WILL SEE A LIVE DINOSAUR AT THE ZOO, 

I DEA FROM: A Study of Parts of the Develop

ment of a Unit by J. Shepler 

Permission to use granted by Dr. Jack Shepler 
647 
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Mathematicians use a probability line to show the chance of an event. 

In the appropriate places write the numbers of the exercises on the 

previous page along this probability line. 

NEVE.R ALWAYS 

An event that can never happen has a probability of 0. 

An event that has the same chance of happening or not happening has a 
l probability of 2 . 

11) What do you think is the probability of an event that 

a) always happens? 

b) probably happens? 

c) probably does not happen? 

Write the number of each exercise below in the appropriate place on 

the probability line. 

12) You will live to be 100 years old. 

13) You will draw the Ace of clubs from a regular deck of cards. 

14) You will get an A in math class. 

15) You will draw a red card from a regular deck of cards. 

16) You will watch television today. 

I DEA FROM : A Study of Parts of the Development of a Unit by J . Sh epler 

Permission to use granted by Dr. Jack Shepler 
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I . . 
. 

. 

In problems #1-10, sketch a tree 

diagram to show the probability of 

drawing each marble from the container. 

Write the probability on each branch. 

• 
~ 2. ';2 

B R 

Since each marble 

has the same chance 

of being selected the 

probabilities are 

equal • 

Note: Exercises 6-10 are all about 
the same container. TREE 

1. 

2. 

3. 

4. 

5. 

© 
®@ 

® 
@@ 

®@ 

TREE 
6. 

TREE. 
8. 

iRE:£ 

TREE 
10. 

marble 

✓- .... , 

,' ~''-c-,--
1 I 

® 0---v --L-----' 

@ 
®@ 

.,-, 
' ' , \ 

I \ 
I \ ® ___,___..... 

.,-, 
I ' I \ 

I \ 

@ ~' ----

✓,,,,-' 

/ \ 
I 
I 

§ 

@ 

sketch 

the tree to 

probability 

TR.E.E 

- TREE 

ing marbles ---- ,REE 
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TR[[ Dii:lGRRM 
Jae , . 

Each spinner is to be spun once. Draw 

a tree diagram to show the probability of 

the pointer landing in each region. Assume 

the pointer doesn't stop on a line. 

1. 

2. 

3. 

4. 

5. 

650 

TRE~ 0 0 Be sure to 

TREE 

TREE 

TREE 

TREE 

write the? 
probability: 

on each 

branch! 

EXAMPLE: 

w 

7. 
V 

y 

TRE.E 

~ 2 2 
R B 

are 

the 

are equal. 

TREE 

TREE. 

TREE 

TREE 

TREE 
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TREE 

3 3 3 

In exercies #1-4, sketch a tree diagram to 

show the probability of drawing each marble 

from a container. Be sure to write the 

probability on each branch. 

ml .! 

B B R 

1) 

2) 

®® 
®@ 

TREE 

TREE 

3) 

4) 

®@ 
®@ 

®® 
®@ 

•REE 

5a) What is the probability of drawing a blue marble from container #1? ---
b) What is the probability of drawing a red marble from container #1? __ _ 

EACl-t MARBLE lS 1/3. THE.. 
t/3 + 1/3 = 2/3 . 

6) Write the probabilities for these drawings: 

a) A blue marble from container #2 ---
b) A red marble from container #2 

c) A blue marble from container #3 ---

d) A red marble from container #3 

e) A blue marble from container #4 

f) A red marble from container #4 
---

7) Because there are two colors in each container a two-branch 

tree can be used to show the probability of drawing a red or 

a blue marble from the containers. For container #1, the tree is: 

Sketch two-branch trees below to show the probability of 

drawing a marble of either color from each of the containers. 

--•- ~/\½ % \e 

Container 112: Container #3: Container //4: 

651 
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K 

EXAMPLE: 
TREE 

For each container, draw a tree diagram to~ ~ 

show the probability of drawing a marble of . @ '2. ~ 

each color. @ 3 3 
--- @ R B 

-~A. 

1. TREE 

®® 
®@ 

2. 

® 
®® 

®@@ 
3. 

®®@ 
@® 

®@@ 
4. 

®@ 
@®® 
®® 

®@® 
5. 

®@@ R@ 
®@~® 
®®@ 
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branch tree. 

TR.E.E 

TREE: 

TREE 

TREE 

6. __ _ 

®Cy)® 
~@ 

7. 

@(2)® 
®@0D 

8. 

@®® 
®@® 

9. 

®®@ 
©@® 

10, 

®®@® 
®G)® 
®@® 

0 o Draw a three-

TREE branch tree. 

TREE 

TREE 

TREE. 

TREE 



1. 

2. 

3. 

4. 

5. 

TR[[ DI~GR~M 
~ 
~ 

Each spinner is to be spun once. Draw 

a tree diagram to show the probability 

of the pointer landing on each color. 

TREE. 

TRE.E 

TREE 

TREE 

TREE 

TREE 

TREE. 

TREE: 

TREE. 

TREE. 
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Each spinner or container can be matched with a tree diagram. Some diagrams show the 
probability of the pointer landing on each color for one spin of a spinner. Others show 
the probability of drawing a marble of each color for a one-marble draw. 

Write the letter of the correct tree diagram beside the spinner or container. Then 
fill in the answer blanks at the bottom of the page to find out what happened on a South 
American plantation on November 21, 1977. 
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A B C D E 

In each pair below circle the letter of the spinner that will more likely 

show red than blue. 

1) B or E 4) A or D 

2) C or A 5) B or C 

3) E or C 6) B or D 

Suppose a rich person (Money Bags) will give you $1,000,000 if you can get 

red on one spin of a spinner. 

7) Which spinner would you choose? 

8) Which spinner would Money Bags choose for 

you to use if she didn't want you to win? 

9) If you could make your own spinner, how 

would you color it? 

10) If Money Bags could make a spinner for you and 

didn't want you to win, how would she color the spinner? 

IDEA FROM: A Study of Parts of the Development of a Unit by J. Shepler 

Permission to use granted by Dr. Jack Shepler 
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Each box has some black and some white marbles. A person chooses one box from each 

pair and draws one marble. The person wins if the marble is black. Which box in each pair 

gives the best chance of winning? Circle your choice. 

1) 

3) 

5) 

7) 

9) 

B BOX A 

BOX B 
SAME CI-\ANC~ 

BOX A 
BOX B 
SAME CHAI-JCE. 

BOX A 
BOX B 
SAME CHAI-JC£ 

BOX A 
SOXB 
SAME CHANCE. 

BOXA 
BOX B 
SAME CHAklCE 

A 
2) GJ 
4) 

6) 

8) 

10) 

BOX A 
BOX B 
SAME CHAt-JCE 

BOX A 
BOX B 
SAME 0¥,,NCE 

BOXA 
BOX B 

. SAME CI-\ANC.E. 

BOX A 
BOX B 
SA.ME:. CHAt-.JC.E. 

11) Get two boxes. Pick one of experiments 3, 4, 6 or 7. Put the correct marbles in each 

box. 

a) Without looking pick a marble from box A. Record the color. Put the marble back 

in the box. Shake the box. 

b) Repeat 24 more times. 

c) Without looking pick a marble from box B. Record the color. 

d) Repeat 24 more times. 

e) Does the experiment agree with your choice? 

f) Would you like to change your choice? 

I DEA FROM : A Study of Parts of the Development of 
A Unit by J. Shepler 

BOX BLACK Wl-lliE 

A 

B 

Perm ission to use granted by Dr. Jack Shepler 
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Materials: Package of file cards 

Hat (Can) 

1) Count out 10 cards. 

Letter 2 of them with an X • Letter 5 of them with a y ·. 
Letter 3 of them with a z. Mix them up and put them in 

the hat. 

Think about drawing a single card from the hat. 

The probability that this card would be an Xis 2/10. 

What is the probability that this card would be: 

a) y? b) z? 

2) Now do the experiment below to see how close your results are to the probabilities 

listed above. 

a) Select a card. Record its letter. Put it back in the hat. Shake the hat. 

b) Perform the experiment a total of 40 times. 

c) Is the ratio of X 's to 40 close to 2/10? 

d) Write about your results. Do you think you took a large enough sample? 

Discuss this with your teacher. 

3) Remove the cards from the hat. Secretly change some of the letters so that the 

probabilities are different. Don't introduce any new letters. Keep only X's, 

y ' s and 'Z.' s • 

Now see if your partner can determine the new probabilities. 

4) Repeat the steps given in Exercise 3. 

This time, you draw cards out of the hat after your partner secretly changes some 

of the letters. 

EXTENSION: Put 5 cards in the hat: 2 ~•sand 3 y's. Guess the probability of 

selecting 2 cards and getting 

a) both ~•s b) both y's c) one of each. 

Now conduct an experiment to check your guesses. Write about your experiment. 

SOURCE: Math/ab - Junior High by S. McFadden, et al. 

Permission to use granted by Action Math Associates, Inc. 
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r=-INDING 
PR•g1:u;JIL ITI[Si 

X . 
. 

Suppose the spinner is spun once. 

The pointer has the same chance of 
2 

landing on each numbered region. 

(If the pointer stops on a line, 

it does not count and is spun again.) 
1 2 3 4 5 G 7 8 

The tree diagram shows the 

probability of landing on a 5 is 1/8. 

1. Fill in the probabilities below for 

a) P(2) 

= 

1 
We write P(5) = 8 

one spin of the spinner. 

f) P(even number)= 

is than = b) P(8) g) P(number greater 4) 

c) P(2 or 8) = oo ·~h) P(number is less than 4) = 
d) P(7 6) P(number greater than 7) i) is or 

e) P(odd number) j) P(l or 2 or 3 or 4 or 5 or 6 or 7 or 8) = 

2. Use the tree diagram above to fill in the probabilities for one spin of the spinner. 

a) P(8) e) P(4 or not 4) 

b) P(not 8) f) P(l3) 
tf" AN EVENT 

ooO CANl\lOT OCCUR 
c) P(4) = g) P(not even) ns PROBABILITY 

d) P(not 4) 
rs ZEl<O-

h) P(even or odd) 

3. The probabilities are for one spin of the above spinner. Use the tree diagram to 
select an outcome that has each probability. e.g., 3 P(7 or 6 or 5) = 8 
a) P( ) 

1 
d) p ( 7 = - ) = -8 8 

b) P( ) 
2 1 

e) = 8 or 4 P( ) = 1 

c) P( ) 
1 
2 f) P( ) 0 
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I. 

J:""INDING 
PQ•gRQILITI[!; 

~ 
~ 

1) One marble is drawn. Draw a tree 
diagram to show the probability 
of each outcome 

@_(R) 
~---® 

2) Use the tree to fill in the prob- @@ 
abilities for a draw of one marble. 

P(B) = 

P(not R) = 
P(R) P (B or G or R) 

P(Y) 

Ili) A fair coin is flipped once. ~- I}-_,_. 
Draw a tree diagram to show the ~ 
probability of each outcome. 

2) Fill in the probabilities for one flip of the 

PROBABILITY 
P(H) = -- 00 0 0~ A HEAD. 

P(H or T) = P(not T) 

III. 
1) A fair die is rolled once. 

Draw a tree diagram to show the 
probability of each outcome. 

P(T) = 

2) Fill in the probabilities for one roll of the die. 

IV. 

P(f:::l) ir:;J 

1) A card is chosen 
at random from this 
this group. Draw 
a tree diagram to 
show the prob
ability of draw
ing each card. 

P(f::l orr-;-1) = Li l!:!.J --

in the probabilities for a draw of one card. 

P(K) = oo 
-- 0 

PROBABILITY 
A KING. 

TRE.E 

TREE 

P(not ~) = 

or lf:l) = Li ---

TREE 

P(not +) 
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PROQJ:lQILITL,J 
PR•gl[M!; TD 

PLJR~LJ[ 
For each situation, draw a tree diagram to show the probability of each outcome. Use 
the tree diagram to answer the question. 

1) A bag contains 4 red, 3 green and 2 yellow 

marbles. A marble is picked at random. What 

is the probability of picking 

a) a green marble? 

b) a green or red marble? 

c) neither a green nor a red marble? 

2) There are 10 slips of paper in a hat. The slips 

are numbered from 1 through 10. One slip is 

drawn at random from the hat. What is the 

probability that the slip has 

a) a 5 on it? 

b) a number greater than 6? 

c) an even number on it? 

d) a number evenly divisible by 3? 

3) Mr. Jacobs has 14 good eggs and 4 rotten eggs 

lying on the counter. His wife puts the eggs 

together and places them in the refrigerator. 

Mr. Jacobs chooses one at random. What is 

the probability he picks a good egg? 

4) One letter of the word "statistician" is selected 

at random. What is the probability the letter is 

a) "t"? 

b) "a"? 

c) a vowel? 

d} a consonant? 

5) In Olivia's class, 2 students have red hair, 

660 

4 have black hair, 6 have blond hair and 12 stu

dents have brown hair. One student is chosen at 

random. What is the probability the student has 

a) blonde hair? 

b) not red hair? 

TREE 

TREE. 

TREE 

TREE 

TREE 



y 

A deck of play:Lng cards has 52 cards. Tll.e~e 

are four sutts: 

hearts • , and 

thirteen cards: 

clubs +, 
spades •. 

ace (A), 2, 

d;L8,Jllonds • , 
Each suit has 

3, 4, 5, 6, 7, 8, 

9, 10, and three face cards - Jack (J), Queen (Q), 

King (K). 

If a tree diagram were drawn to show the prob

ability of drawing a single card at random, 

how many branches would it have? 

1) Think about how many branches lead to each outcome below. Write the probability for 

each outcome. 

P(the A of spades)= 

P(the J of clubs)= 

P(not the J of clubs)= 

P(the 2 or the 3 of diamonds) 

P(a King) 

P(an ace) 

If a tree diagram were drawn 

ability of choosing a number 

to 

at 

P(a heart)= 

P(not a spade)= 

P(a Kor a Q) = 

P (not a 10) 

P(the 14 of hearts)= 

P(a face card)= 

show the prob- 1 2 

random from 
6 7 

this set, how many branches would it have? 
11 12 

16 
2) Think about how many branches lead to each 

21 
outcome below. Write the probability for 

each outcome. 26 

P(2) = P(2 or 3) 

P(a number greater than 20) = P(31) = 

3 

8 

13 

P(not 17) P(a perfect square) 

4 

9 

14 

= 

P(an even number) P(a number divisible by 1) 

P(a number evenly divisible by 3) P(a prime number) = 

15 

= 
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1) 

:_ ... 

... :·: _:._: 

.. . 

. ::.:·::: 

2) 

3) 

4) 

V 

40 marbles in the bag 

• 5 green 

Sally picks one marble. 

Find: a) P(black) 

e 25 black b) P(yellow) 

• rest are yellow c) P(not green) 

George spins one time. 

Find: a) p ( 2) 

b) P(number greater than 2) 

c) P(number is odd) 

d) P(number is prime) 

30 cubes in the box Carlos picks one cube. 

• only blue, red Find: 

and yellow cubes a) P(yellow) 

• 6 blue cubes b) P(red or blue) 

• same number of 

red as yellow c) P (brown) 

Deck of Diana picks one card 

52 cards Find: a) p (9 • ) 
b) P(King) 

c) P (club) 

d) P(card greater than 8) 

I DEA FROM: The School MathematicsProject , Book E 

Permission to use granted by Cambridge University Press 



Answer T (true) or F (false) for statements 1-10. 

1) If a tossed coin does not stand on its edge, it is certain to be either heads 

or tails. 

2) If you toss a fair coin once, you are as likely to get a head as a tail. 

3) If you toss a fair coin 100 times, it may be heads 0 times or 100 times or any 

whole nmnber in between. 

4) If you toss a fair coin 1000 times, it is very unlikely that you will get 

900 tails. 

5) Whether you get heads or tails when you toss a fair coin is a matter of 

chance. 

6) You might toss a fair coin 50 times without getting a head. 

7) A box contains two blue marbles and one red marble. You pick one marble without 

looking. The chances are 1 out of 3 it will be blue. 

8) In statement 7, your chances of picking a red marble are two out of three. 

9) In statement 7, your chance of picking a green marble is zero. 

10) Joe is eight years old. It is more likely he is four feet tall than 10 

feet tall. 

Statements 11 - 15 refer to the spinner. Answer yes or no. 

11) If you spin the spinner 10 times, are you likely to get 

the same number of reds as whites? 

12) Are you likely to get more whites than reds? 

13) If the chances of getting red are 3 out of 4, are the 

chances of getting white 1 out of 4? 

14) Can you be certain of getting at least one red in 10 spins? 

15) Is it very likely that you will get no whites in 10 spins? 

Read the following statement. Then answer statements 16 - 20. 

James has three green marbles and two blue marbles in his pocket. 

What is the least number of marbles he must remove to be sure of getting 

16) a blue marble? 

17) both blue marbles? ----
18) both colors? 

19) a green one? 

20) If James removes one marble, there are three chances out of ----
a green one. 

it will be 

SOURCE: Probability for Intermediate Grades, Teacher's Commentary, by School Mathematics Study Group 

Permission to use granted by the School Mathematics Study Group 
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Suppose you have the two spinners to the 

right. Each is spun once. What is the 

probability of first getting Blue on 

Spinner I and then getting True on Spin

ner II? A tree diagram can help you 

answer this question. 
SPlt-.lfllER I 

1) Draw a tree diagram for Spinner I. Since 

each color has the same chance of occurring 

the probability for each branch is 1/3. 

2) Suppose the pointer of Spinner I lands 

on Red. When Spinner II is spun, True 

or False have the same chance of occur

ring. The probability of each is 1/2. 

Draw two brances at the end of the 

R-branch to show this. 

3) Suppose the pointer of Spinner I lands 

on White. Again the pointer of Spinner II 

has the same chance of landing on True 

or False. Draw two branches with prob

abilities 1/2 at the end of the W-branch. 

4) Suppose the pointer of Spinner I lands on 

Blue. Both outcomes of Spinner II have 

the same chance of occurring. Draw two 

branches at the end of the B-branch with 

1 
3 

probabilities 1/2. OU'TCOME.: (R,T) 
PROBABILITY ; 1 

<c. 

R. 

1 
s 

1. 

3 

F 

(R,F) 
1 1. 

G 

SPlt-.lNER Ir 

B 

1 
3 

15T SPlt.J 

F 

1 
3 

(W,F) (8,T) 
1 1 

G G 

r
(B,r) 

1 
G 

5) The two-stage tree has six outcomes: 

(R,T), (R,F), (W,T), (W,F), (B,T), (B,F). 

Each has the same chance of occurring 

(R,T) means the pointer of Spinner I 

664 

is on Red and the pointer of Spinner II 

so the probability of each is 1/6. 
is on True. 

If each spinner is spun once, the 
probability of getting Blue on Spinner I 
and True on Spinner II is 1/6. 



Both spinners in exercises 1-3 
are spun once. Draw two-stage 
tree diagrams to show the out
comes of the two spins. 

a) Write the probabilities on 
each branch of the trees. 

b) Write the outcomes below 
the branches. 

c) Write the probability 
for each outcome. 

1. 

2. 

3. 

SPll'-INE.R I 5P\l\l~E.R TI 

What is the probability of 

getting (B,E)? 

SPll\.lt-..lER :r. SPINNER II 

w 

What is the probability of 

getting (W,2)? 

SPll\.lt\.lE.R Il 

What is the probability of 

getting (30, R)? 

( COIIJT 11\JUED) 

EXAMPLE: 
SPll\.l~ER I SPIJ\.l~ER TI 

0@ 
0 

OUiCOME.: (B,O) 

PROBABlLliY : ! 
2 

(e, '2.) 
1 1 
G G 

TRE.E. 

TREE 

TREE 

1 
3 

0 1 
(w,o) (w,1) 

1 1 
G G G 
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1) The spinner is spun once 

and then a marble is drawn 

from the bag. Draw a two

stage tree to show the 

outcomes. What is the 

probability of getting a 

zero on the spinner and 

a red marble from the 

bag? 

® 
2) A coin is flipped once _J,=----,-=--1 

and a die is rolled once. ••• I 

Draw a two-stage tree to ••• I 

show the outcomes. What 

is the probability of 

getting a tail and a six? 

3) Each coin is flipped once. 

Draw a two-stage tree to 

show the outcomes. What 

is the probability of 

getting two heads? 

What is the probability 

of getting one head and 

one tail? 
oo~ 

4) One coin is flipped twice. 

Do you see how your tree 

diagram in #3 can be used 

to show the outcomes? 

' 

What is the probability of getting two tails? 

666 
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To find the probability of a 
single outcome on a two-stage 
tree, you can multiply the 
probabilities on both branches 
leading to the outcome. 

To find the probability of 
0 on Spinner I and Red on 
Spinner II, multiply.!. x .!. = _l • 

2 2 4 

SPJt-:ihlER l. 

0 
TRE.E 

1<:.T SPHJ 

B z1.1o $Pihl 
(1,B) 

1. 

4 

Study each diagram below. Multiply the probabilities on both branches to find the 

probability of a single outcome. Find and write the probability below each outcome. 

1) 

3) 

TRE.E 

w 

1 
3 

10 5 
(w,10) (B,5) 

10 
(B, 10) 

"TR£E o o o 

3 

®5PIM.JE.R I 
Q -.. 

2) 

4) 

TREE 

TRE£ 

T 
(T,T) 

-----
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black marbles. You draw one 

marble, look at it, 

Then you draw one marble again. 

a) What are your chances of 

getting two black marbles? 0 a 

the tree diagram to 

Be sure to write the 

on the 

00 

b) What are your chances of getting one or more 

black marbles in the two draws? 

2) A bag has 4 red marbles and 3 black 

marbles. You draw one marble, 

look at it, put it back. Then 

you draw one marble again. 

What are your chances of getting: o 
00 

a) two black marbles? 

b) no black marbles? 

c) only one red marble? 

3) A bag has 3 red marbles, 2 white 

marbles and 1 blue marble. You 

draw one marble, look at it, 

668 

put it back. Then you draw one 

marble again. 

What are your chances of getting: 

a) two white marbles? 

b) only one white marble? 

c) no white marbles? 

d) two marbles the same color? 

Hint: both white or both 

red or both blue 

TREE 

B 1sr DRAW 

B 

TREE 

TREE 



1) A penny is flipped first, 

a nickel, then a dime. How many 

outcomes are possible? __ _ 

~:":::t:i::: :~:::t::: :~:~rai, 0 
comes for the three coins. . ... ,.. · ,· 

Write the probability of each 

outcome below the branch. 

What are the chances of getting: 

a) three heads? 

b) two heads? 

c) one head? 

d) no heads? 

H 

e) What is the sum of the probabilities in a-e? 

2) A family has four children. 

The probability for a boy and 

the probability for a girl are 

each 1/2. How many possible 

outcomes for a family of four 

children? 

Draw a tree diagram to show all 

the possible outcomes. 

What is the probability a 

family with four children has: 

a) exactly four girls? 

b) two girls and two boys? 

c) all children the same sex? 

d) only one girl? 

e) Do these probabilities add to one? 

____ Why not? 

3) A family has exactly three children. 

What is the probability that the 

family has: 

a) three boys? 

b) two boys? 

c) one boy? 

'.l. 
2 

'T 

TRE.E. 

1 
2 

,. 
PEt--!NY 

~ICKEL 
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I,. No:r,-th Salem and South_ Sale)ll )?lay each 

other four times during the regular 

basketball season. For any 

North's probability of winning is 

2/3; South's probability of winning 

is 1/3. 

a) 

b) 

c) 

Who do you think is more likely 

to win the most games? 

For any one game what is North's 

probability of losing? 

Complete the tree diagram to show 

all the possible outcomes (Wins 

and Losses) for North for the 

four games. 

Below each final outcome in the 

diagram write the probability. 

d) What is the probability 

1) North will win all four games? 

2) each school wins two games? 

3) South wins three games? 

II. North and South Salem are to play each 

other three times during a holiday 

tournament. One of North's key 

players is sick and can't play. So 

for any one game North's probability 

of winning is 3/5; South's probability 

of winning is 2/5. 

What is the probability 

a) North loses all three games? 

b) South wins two of the three games? 

c) North wins two of the three games? 
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TO§£ING 
P[,,I\JI~~ 
Qcursr,e:o 

On the page Tossing Pennies in the Experimental Probability section, Gary offers to 

play the following game with Tony. Gary flips a coin. If it is heads, Gary wins. If 

it is tails, Tony flips a coin. If Tony's coin is a head, Gary wins. If it is a tail, 

Tony wins. Tony says the game is unfair. Gary then offers to accept one penny when 

he wins and to pay Tony two pennies for a loss. A tree diagram can be used to analyze 

the game. 

At stage 1 (Gary's flip), the chances of 

Hor Tare equally likely. Gary will win 

half of the time. 

v.\.!. 2. \'2. 
\ 

H •, 

CA~YS FLIP 

1/\1:_ 
2 \2 

\ 
\ 

1 \ 1 - ,-
2 \ 2. ' 

At stage 2 (Tony's flip if Gary got a tail), 

the chances of Hor Tare equally likely. At 

stage 2, Gary wins half of the time. Tony wins 

only on the dotted branch. 

1-1 ✓:r 
\ 

H •T TONYS FLIP 

Wl~IJER 

PROBABILliY 

G G T 
1 1 1 
z 4 .q 

The tree shows Gary's chances of winning a game are 3/4. If 4 games are played and 

Gary won 3, he would collect 3¢ while Tony would only win 2¢. A fairer bet would be 

for Gary to pay Tony 3¢ when Tony wins. Then in the 4 games, if Gary won 3, each would 

win 3¢. 

A second activity mentioned on the page Tossing Pennies involves flipping two coins. 

The class is divided into two teams A and Band the teacher is team C. Each student 

flips two coins. If both are heads, team A wins the two coins. If both are tails, 

team B wins the two coins. If one is a tail and one is a head, team C wins the two 

coins. Below is an analysis of the game using a tree diagram. 

At stage 1, the chances of a head or a tail 

are equally likely. 

At stage 2, the chances of a head or a tail 

are equally likely for each outcome of stage 1. 

The completed tree shows four equally likely 

outcomes, two of which are winners for C. 

1:-/\~ 
1/ \ 

1-\ T 

1 
2 

l-\ 
This game may dispell the misconception of 

three equally likely outcomes for flipping 
PROeABILl'TY 

1 

~ 
two coins -- two heads, two tails or one 

of each. 
'vJIN"1ER A 

STAGE 1 

STAGE 1 
1 
'2. 

T 
STAG.E. '2. 

1 1. l 
4 4 4 
C C B 
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1) Pete has two bags. One conta,;Lns 3 black µia,:r;b1.es 

and 1 white marble. The other contains 3 black 

and 2 white. Pete shu££les the bags so Dick 

can't tell their contents. Dick chooses a bag 

and draws one marble. What are the chances he 

draws a white marble? 

a) To answer the question, imagine Dick 

spins a spinner to choose the bag. 

(Each bag has the same chance of being 

selected.) 

b) Dick then draws a marble from the bag. 

Complete the tree to show the outcomes 

of drawing a marble. Be sure to write 

the probability below each outcome. 

c) Find the probability Dick draws a 

white marble. 

probabilities of drawing 

0 

from Bag I or a white from Bag II. 

1. 
2 

I 

BAG I 

•• •o 
TREE. 

1 
2 

BAG II 

Il SPll\.l>JER 

2) Penelope has two bags. One contains 4 black marbles and 3 white marbles. The 

other contains 2 black and 4 white. Sue chooses a bag and draws one marble. 

What are the chances she draws a black marble? __ _ 

3) 

BOX I BOX I[ A coin is tossed to choose Box I or Box II. Without 

looking, Alan draws a card from the box. 

~ LQ] lt]ri] 
What are the chances that Alan draws 

a) a Queen (Q)? 

LQ] • b) an Ace (A)? w~ c) a club cf)? 
d) a King (K)? 
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Haphazard Hal has 6 identical J?airs o;t; socks, 

except 3 pairs are brown and 3 pairs are black. 

Hal never bothers to pair up his socks. He 

just tosses them into the sock drawer. When he 

gets up in the morning he is sleepy. He reaches 

into the drawer and grabs two socks without 

looking at their color. 

What are the chances Hal gets a pair the same 

color? (Assume the sock drawer has 6 brown and 

6 black socks each morning.) 

A tree diagram can help you find the 

chances. When Hal draws the first sock, 

the chances of getting a brown sock 6 are 12 . 
The chances of getting a black sock for 

the first sock 6 are also TI 

To figure the chances for the second sock 

we need to know the color of the first sock. 

1) Suppose the first sock was brown. There 

are 11 socks left in the drawer: 

1.6 ,. SOCK. 

5 brown, 6 black. The chances of the 
5 

1",.SOCK. 

second sock being brown are 11 . 

The chances of the second sock being 
6 black are 11 . These probabilities 

are shown on the tree. 

2) Suppose the first sock was black. There 

are 11 socks left: 6 brown, 5 black. 

The chances of the second sock being 

brown are . (Write this proba-

bility on the tree.) 

The chances of the second sock being 

2NOSOCK. 

5 
11 

:2."'oSOCI( 
Bf\! 

G 
12 

Bl\l 

black are · . (Write this probability on the tree.) ---

G 

12 

BK. 

1 

BK. 

BK 

G. 
12. 

Bl<'.. 

BK. 
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( COtJTthlUE.D) 

*To find the cha.nces of getting a brown and 
6 5 30 

then a brown, multiply 12 X 11 = 13 2 • 

The chances of getting a brown and then a 
6 6 36 

black, 12 X 11 = 132 

The chances of getting a black and then a 
6 6 36 

brown, 12 X 11 = 132 • 

*The chances of getting a black and then a 
6 5 30 

black, 12 X 11 = 132 • 

BK. 

30 
1'9'2. 

30 30 60 To find the chances that Hal gets a matched pair add* 132 + 132 = 132 • 

674 

1) Suppose Hal has 4 brown socks and -

4 black socks. These are haphaz

ardly arranged in the drawer. Hal 

grabs two socks. What are the chances 

he gets a matched pair? 

Not a matched pair? 

(Use the method described above. Draw 

a tree diagram and find the probabilities 

on each branch.) 

2) Now suppose Hal has 4 brown socks 

and 6 black socks. What are the 

chances he gets a matched pair? 

Are his chances better ----
than in #1? 

What are his chances of not getting a 

matched pair? 



l} A bag has 3 red marbles and 2 black 

marbles. ·:{ou draw one marble, look at 

it, and do not put it back. Then you 

draw another _marble. 

a) What are your chances of drawing 

two black marbles? 

Study the tree carefully. 

only four marbles left after the 

first draw. Write the missing 

probability on the 

TREE 

1ST DRAW 

20 

b) What are your chances of getting one or more black marbles in the two draws? 

2) A bag has 4 red marbles and 3 black 

marbles. You draw one marble, look 

at it and do not put it back. Then 

you draw another marble. 

What are your chances of getting: 00 

a) two black marbles? 

b) no black marbles? 

c) only one red marble? 

3) A bag has 3 red marbles, 2 white 

marbles and 1 blue marble. You draw 

one marble, look at it and do not 

put it back. Then you draw another 

marble. 

What are your chances of getting: 

a) two white marbles? 

b) only one white marble? 

c) no white marbles? 

d) two blue marbles? 

e) two marbles the same color? 

TRE.E 

00 

TRE:.E 
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Materials: pencil, paper clip or hair pin 

Activity: 

1) Bend one edge of the paper 

clip until it is straight. 

2) Arrange the paper clip and 

pencil on the circle like 

the diagram shows. 

3) Snap the end of the paper 

clip so it spins. Prac

tice a few times. 

Game for .two players: 

1) Red counts 3 points -- blue counts 2 points. First player to 30 points is the winner. 

2) Make a table for each player 

as shown to the right. 

3) On your turn, spin the spin

ner. If you get blue, 

continue to spin. Stop when 

you 

a) have spun 4 times 

NAME. 

SPl~S 

1,;,r TORN 

2_NC WRN 

3Ro TURN 
4tH TURkl 

5TK TURN 

orb) get red. -

----------- _____,r'-~ ~ -
4) Record your spins and points. 

After the game: 

1) How many turns did the two players make? 

How many turns were 1 spin? ___ _ 

2 spins? ___ _ 

2) This tree diagram shows all the possible 

outcomes for one turn. In each circle, write 

the score earned if the turn ended on that 

spin. 

3) Find the probability of a turn ending with 

3 spins ___ _ 

4 spins ___ _ 

0 
1 spin. 

2 spins. 

3 spins. 

4 spins with red on the 4th spin. 

4 spins with blue on the 4th spin. 

IDEA FROM : The School Mathematics Project, Book H 

Permission to use granted by Cambridge University Press 

676 

POl~TS 

TOTAL 

-------------____.,, . 

~ 

R l'ST $P\t-.l 

0 
2i..ic SPIN 

0 



To solve some probability problems, it is not 

necessary to draw the whole tree diagram. 

1) Spinner I is spun once and then 

Spinner II is spun once. 

What are the chances of getting 

Green on Spinner I and a "2" 

on Spinner II? 

answer the question. 

2) A red die is rolled and then 

a green die is rolled. What 

are the chances of getting 

a six on the red die and an 

even number on the green die? 

3) A card is drawn from a well

shuffled deck of 52 playing 

cards. The card is replaced, 

the deck reshuffled and 

another card is drawn. What 

are the chances that both 

cards are aces? 

4) A card is drawn from a well

shuffled deck of 52 playing 

cards. The card is not 

replaced. A second card is 

drawn. What are the chances 

that the first card is a club 

and the second card is a heart? 

• 

4 
QQ 

TREE 

1 

3 

'2, 

(G,2) 

677 
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In each problem below, write an X in the blank beside the game which gives you the 

best chance of winning. If the chances are the same, write an X in the blank beside 

"Same chance of winning." To help you decide, draw tree diagrams to find the proba

bilities of winning for each game. 

1) 

2) 

~~ 
G:7 \:J 

Game I: You spin Spinner I once. 

You win if you get white. 

Game II: You spin Spinner II twice. 

You win if you get Red on the first 

spin and White on the second spin. 

Same chance of winning. 

BAG I BAG II 

Game I: You draw a marble from Bag I. 

You win if there is a "3" on it. 

Game II: You draw a marble from Bag II. 

(Don't put the marble back.) You 

draw another marble. You win if you 

get a "l" on the first marble and 

a "3" on the second marble. 

Same chance of winning. 

IDEA FROM : A Study of Parts of the Development of a Unit by J . Shepler 

Permission to use granted by Dr. Jack Shepler 
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3) 

4) 

5) 

SPlNtJE..R I SP(NI\IE.R TI 

Game I: You spin the first spinner once. 

You win if you get a "4". 

Game II: You spin both spinners once. 

You win if you get a "l" and an "R" 

or a "l" and a "B". 

Same chance of winning. 

BAG I 

®® 
®8 
Game I: 

BAG TI 

You pick a marble from Bag I. 

You win if you get the white marble. 

Game II: You pick a marble from each bag. 

You win if you get a red marble and 

a yellow marble or a blue marble and 

a green marble. 

Same chance of winning. 

BAG I 

G) 
®@ 

Game I: 

BAGTI 

® 
@G) 

You draw a marble from Bag I. 

You win if there is a "2" on it. 

Game II: You pick a marble from each bag. 

Find the sum of the numbers on the 

marbles. You win if the sum is "3". 

Same chance of winning. 

IDEA FROM: A Study of Parts of the Development of a Unit by J. Shepler 

Permission to use granted by Dr. Jack Shepler 

TRE.£S 

TREES 

TRE.ES 

679 



1) A dozen eggs from a farm contains three eggs with spotted yolks. 

a) If you pick one egg from this dozen, what is the probability the yolk is 

not spotted? 

b) If you pick one spotted egg, what is the probability a second egg picked 

will be spotted? 

c) Draw a two-stage tree diagram to find the probability of picking two eggs 

with spotted yolks 

one spotted 

two eggs with good yolks ___ one good and 

2) A radio signal has probability 9/10 of 

being correctly interpreted. To improve 

the chances of receiving a correct 

message, each symbol is transmitted three 

times. A symbol is correctly received 

if it is correctly interpreted two of 

the three times or all three times. Use 

the tree diagram to find the probability 

of a symbol being correctly received. 

Symbol received 

Probability of correct reception 

C means correctly 

interpreted. 

I means incorrectly 

interpreted. 

C 

I 

9 
10 

I. 

I I 

3) The Community Club has a cake raffle each month. Each member buys one ticket. John 

has never won. 

680 

a) If the club has 15 members, what is the probability John will win this month if 

everyone has an equal chance of winning? 

b) Sam decides to help John by putting 5 extra tickets for John in the ticket 

box. Now what is John's probability of winning? 

c) What is the probability that Sam will win? 

d) What is the probability that another member will win? 

e) At the last minute Juanita brings an extra cake. The club decides to draw two 

tickets without replacing the first ticket. What is the probability John will 

win both cakes? 

f) What is the probability John still will not win either cake? 



Louise was playing Monopoly. She wondered what sum occurred most often when the 

dice were rolled. What do you think? 

1) Fill in the table to find the sums 

for rolling two die. 

2) Which sum occurs most often? 

3) a) How many of the sums are 5? __ _ 

b) List them with the green die 

number listed first. 

__ ,_ 
c) The probability of rolling a sum of 

5 is out of ----------~ 
be written P(sum 5) 
,,__ ________ ,.,______ --_,.....__..,_--_/ Fl 

~ 

4) Find P (sum= 10). 5) 

6) Find P(sum 7). 7) 

8) Find P(sum 7 or 11). 9) 

10) Find P(sum _::.. 4). 11) 

12) Find P (sum is prime). 

Louise asked her teacher what would happen 

if the dice were rolled 72 times. Ms. Garcia 

answered, "On the average you could expect to 

get the sum of 5 eight times out of 72 rolls. 

This can be shown by multiplying 3~ x 72." 

For practice, Ms. Garcia asked Louise to 

find these expected results. 

R£D DIE" • [2J [SJ [:] 

5 

9 

Find P(sum 2). 

Find P(sum 11). 

Find P(sum > 6). 

Find P(sum is even). 

~~ 
~~ 
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12) Sum Number of rolls Louise thought Answer 

a) 6 72 
5 

72 
36 

X 

b) 9 180 
4 

36 
X 

c) 11 144 X 144 

d) 7 3600 X 

In the library, Louise found a book called 72 Hours at the Crap Table by 

B. Mickelson. Craps is a game played by rolling a pair of dice and betting on the 

sum that comes up. The table below shows what actually happened on 14,976 rolls 

of the dice. 

'::>UM 

.A.C-TUAL 
ROLLS 

EXPECTED 
ROLLS 

3 J.j. 5 G 7 8 g 10 11 1'2. 

40'2. 854 12'37 1Q.G.9 2009 2.575 '2082 1G02 125-4 B75 .l.+17 

13) Use the probability for getting each sum to find the expected number of sums for 

the 14,976 rolls. Write your answers in the table. A calculator will make the 

calculation easier. @X 14 97G 01\.1 THE 
' 

LATOR IS 2. + 3G x l4, 97 G. 
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Depending on the level of your class, students could compute the probabilities 

for each of the events described in Roll That Cube in EXPERIMENTAL PROBABILITY. 

When rolling one cube there are six possible outcomes. Of the six, yellow 

occurs 1 time, red 2 times and green 3 times. The respective probabilities are 
1 1 2 1 3 yellow 6 , red 3 (6) and green 2 (6). Exercise 3 in Roll That Cube could be an-

swered by saying yellow should occur about 4 times, red about 8 times and green about 

12 times. 

When rolling two cubes there are nine possible outcomes. These can be illus

trated with a tree diagram or a matrix. 

'{ 

yy 

R 

R G G 

YR. YG RY R.R RG GY GR 

G 

G 

GG 

y 

R 

G 

y R G 

yy YR YG 

RY RR RG 

GY GR GG 

The probabilities associated with each of the nine outcomes can also be illustrated. 

1 .1.. 1 
G 3 2 y R. G 

R G 

I .l.. i e 3 

y yy YR YG 

1 
I ..l. .L I 

6 36 18 12. 
c; 

R RY RR RG 

'{ G G y G 
yy YR YG RY RR RG GY GR GG 

1 1 1 1 1 1 1 1. 1 

.l _j_ I I 
3 18 9 8 

G GY GR. GG 
I I I l 

2. ~ G 4 
3G 18 12 18 9 G 1'2. G 4 

GR and RG represent the same color combination since order is not important. The 

probability for rolling GR is the sum of the probabilities for rolling GR and RG: 

<¼+ ¼ = ½). The "correct" guess for exercise 6 in Roll That Gube is GR. Many stu

dents may guess that GG will occur most often. 
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WHICH DIE 
I5 BETTE~? 

~~\JJb~~LJ~[QJ 
This activity analyzes the situations shown in Which Die Is Better? in EXPERIMENTAL 

PROBABILITY. In the long run, A will win over B, B will win over C, C will win over D 

and D will win over A. In each case, of the 36 possible combinations, the one die will 

win 24 times. The person choosing second can always choose a die that will have a pro-

bability of winning oft This can be illustrated by the use of a grid or a tree 

diagram. 

Using Die A and Die B, the grid would look like the one below. 

8 

1 1 1 

A A A 

A A A 

2 A A A 
A 

2 A A A 

A A A 

A A A 

5 5 

B B 

B B 

B B 

B B 

A A 

A A 

5 

B 

B 

B 

B 

A 

A 

A is the winner in 24 of the 36 possibilities. 

2 The probability of A winning is 3 

A tree diagram of the above example shows the probabilities of rolling each of 

the numbers. The winner and the probability of winning are shown. The probability of 

each outcome is found by multiplying the probabilities along the branches. 

Probability of A winning is 
1 1 1 2 

~ 1 -+-+-=-3 6 6 3 
Dll:: A 3 3 

Probability of B winning is 
1 
3 

DIE e, I I You may want to check out each of the 2. 2 
other possibilities. If Die A and Die C 

5 1 ~ are used, the probability of A winning is 
5 If Die Band Die Dare used, Die B 

Wl~t-.lE.R A B A A 9 1 
I I l.. I should win - of the time. 

2 
PR05ABILITY 3 3 G G 
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C<2A2Y 
QUOTIENTS 
~£VrSrT£D 

In the game Crazy Quotients in EXPERIMENTAL PROBABILITY, what app~ars to be an un

fair game for player A actually turns out to be an unfair game for player B. An exami

nation of the table of quotients (only the first digit is shown) shows that 1, 2 and 3 

occur more frequently. 

PLAYER B 

1 2 3 4 6 

1 1 .5 .'3 .2 .. 2. 

2 2 1. .G .5 .4 

3 '3 1. 1 .'7 .G 

PLAYER A 4 4 2 1.. 1 .a 

5 s 2. 1. 1. 1 

<o ~ 3 2 1. 1.. 

7 '1 3. 2. 1. 1. 

8 8 4 2.. 2 1.. 

G '7 

.1. .1 

.s .2. 

.5 A 

.6 .5 

.e .7 

1. .a 

1. 1 

1. 1. 

8 

.1 

• '2. 

. '3 

.5 

.G 

.7 

.8 

1 

Of the 64 possible outcomes, a 

1, 2 or 3 occurs as the first digit 

40 times. Thus the probability of 

A winning is i~. P(A wins)= i~. 
The probability of B winning is 

24 
64 • P(B wins) 

24 
= 64. In reduced 

form and decimal form, the respective 
5 3 probabilities are 8 and 8 or .625 

and .375. 

The game could be played with normal dice using the rule that A wins on 1, 2 

and 3 and B wins on 4, 5 and 6. The game now looks reasonably fair. But A's probabi-
23 13 ~ lity of winning is 36 ~ . 64 and B's probability of winning is 36 ~. 36. 

The net below can be used to make an octahedral die. A set containing 4-sided, 

6-sided, 8-sided, 12-sided and 20-sided dice can be purchased from Creative 

Publications. 
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Have you ever wanted to find the answer to a sensitive question like "How many kids 

smoke marijuana?". In many groups this question would be answered with the socially 

acceptable answer of none. This activity illustrates a method where a group of respon

dents can answer truthfully but answers of individuals are not identified. The tech

nique involves the use of randomly occurring events. 

To explain the technique to your class use a non-embarassing question that can 

easily be checked. Let the random event be the rolling of a red die and a green die. 

The question is "Are you a girl?". 

Give these directions to the class: Each student rolls the dice. 

1) If an odd number shows on the upper face of the red die, answer the 

question truthfully. 

2) If an even number shows on the red die, look at the green die. 

a) If an odd number shows, automatically answer yes. 

b) If an even number shows, automatically answer no. 

The following show possible responses. 

1) SALLY 

'2.) SAMUl::L 

3) SiEVDJ 

4) SUSAt-1 

5) SHIRLl::V 

<;;) STAt..lLCY 

RED GREE~ 

@ @ -A~SWE.RS TRUTI-IF1JLLY - YES 

@ ®l -At-JSWERS TRUTHf'"ULLY - NO 

~ © -A.MSWER5 AUTOMATICALLY - YE$ 

© @ -At-JSWE!c, AUTOMATICALLY - YES 

® @ -A~SWER AUTOMATIC.ALLY - t-lC 

- Af\JSW~S AUT0MATICALL\J - 1\.\0 

Since rolling dice is a random event, we would expect the 

red die to be odd half the time and even half the time. So 
TRUTHFUL 

we would expect half the students to answer truthfully and half 

to answer automatically. For those answering automatically we 

would expect half (1/4 of the total) to answer yes and half to 

answer no. 
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To determine the portion of truthful responses to the question: 

1) Find the total number of yes responses and the total number of no responses. 

2) Subtract from each total 1/4 of the total number of respondents. 

3) Divide the remaining numbers by 1/2 of the total number of respondents to 

get the fraction or decimal for each response. (You will probably want to 

convert these to percents.) 

For example, using the above technique with a class of 32 students, 17 yes answers 

and 15 no answers occurred to the que _stion "Are you a girl?". Subtracting 8 (we would 

expect 1/4 of the total to automatically answer yes) from the yes answers and 8 (we 

would expect 1/4 of the total to automatically answer no) from the no answers gives 9 

yes answers and 7 no answers. 9 yes answers out of 16 answers implies 56% of the stu

dents are girls and 7 no answers out of 16 answers implies 44% of the students are boys. 

The actual class had 16 girls (50%) and 16 boys (50%). 

The technique was illustrated using the question "Are you a girl?" so students 

could immediately verify the results. After they are convinced(?) the technique 

is a reasonable one, sensitive and/or embarassing questions can be used. 

Three words of caution: (1) Each student must keep the results of his/her random 

event secret. (2) As with any statistical event, particularly with a sample size as 

small as a .class, there is a chance that the results will not be as expected. The re

sults of one class with 21 boys and 11 girls (66% and 34%) indicated 31% boys and 69% 

girls. (3) The technique determines only the responses of the group as a whole and in 

no way does it describe an individual's response. 

Other random events that could be used are flipping two coins (head or tail), 

spinning a spinner twice (two different colors or odd or even number), drawing two 

cards from a deck (red or black), using the middle two digits from the last four digits 

of a telephone number (odd or even), using the last two digits of the serial number of a 

dollar bill (odd or even) or using a table of random digits (odd or even). 

The technique could be used for questions with three responses like "How often 

do you smoke pot? -- never, once a week or less, more than once a week." For those an

swering automatically, a 1 or 2 on the green die means to answer "never"; a 3 or 4 means 

to answer "sometimes"; and a 5 or 6 means to answer:. "often". 
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GHOSTSJ GOBLINS & "COINS THAT REMEMBER" 

1. Do you believe that there are ghosts? 

2. Do you believe that there are goblins? 

3. Do you believe that a coin can remember? 

You probably answered "No" to all these questions. Yet often we hear 

people talk as if they believe that coins can think and remember. They really 

do not understand the ideas in the law Q! large numbers. Most people call it 

the law Q! averages, and they often draw wrong conclusions from it. 

You have heard people say: 

A. "I have tossed an honest coin four times. Each time it came up heads. 

The law of averages says that the next toss will be tails." 

Do you believe that the next toss is more likely to be tails than heads? 

B. "My teacher uses a spinner to assign positions for the baseball game 

of "work up". I haven't been assigned as a pitcher yet this year. 

Therefore, by the law of averages, I'm sure to be assigned as pitcher 

today.'' 

Do you th ink that th is pupil is more likely than not to be chosen as 

a pitcher? 

C. "I have been tossing an honest die. In 23 tosses, the face with one 

dot on it has never been up. By the law of averages, it is very likely 

that it will come up on the next toss." 

Do you think the face with one dot is more likely than any other face? 

Let's look at each of these examples of a misunderstanding of the "law of 

averages". Look back at statement A . 

A. A coin does not have a memory. It cannot "remember'" 

that it has been heads on the last four tosses. There is 

an equal chance for heads or for tails on the next toss. 

We can use mathematics to prove that it is "unusual" to have a coin 

show four heads in four tosses. We can draw a tree diagram, make a table, 

or look at the fourth row in the Pascal Triangle. How many different 

outcomes are there when 4 coins are tossed or when one coin is tossed 

4 times? How many of these outcomes consist of four heads? So, 

P(4 heads) = 1~ 

However, this also means that we expect 4 heads in a row, once every 

16 times that we toss 4 coins. The coin while flying through the air on 

the fifth toss cannot say to itself, "Well, that's 4 heads in a row; I 

better twist a bit more and be sure to land tails or I'll mess up the 'law of 

averages' ." The probability of heads on the next toss is of course ! , the 

same as any other individual toss. Some people who misunderstand the 

law of averages th ink the probability of tails is much greater than ! after 

a coin has been heads several times in a row. Do you know people like this? 

They have forgotten that what happens on one toss has NOTHING to do with 

what will happen on the next toss. 
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GHOSTS, GOBLINS & "COINS THAT REMEMBER" 
(PAGE 2) 

Refer to statements B and C . 

B. If there are 9 positions on the baseball field, then the 

probability of getting any one position is 1 out of 9 . 

The fact that this pupil has not been a pitcher yet does 

not cause the spinner to favor one position for him over 

the others. He still has only 1 chance in 9 of being 

a pitch er today. 

C. This person is overlooking one simple fact about a die -

it cannot think! It cannot say, "Let's see now. I know 

the probability of any face is i. My face with one dot 

on it has not been up in 23 tosses, so on the next toss 

I' 11 land so that the face with the one dot is on the top. 11 

This person is thinking, "One face hasn't been up for a long time, so 

that face is more I ikely to come up than any of the others. 11 Th is is a mis take 

about the law of averages that people often make. He doesn't really believe 

that dice can think, yet he is acting as if they could. Each face on a die has 

just as much chance to be up as any other face. If the face with one dot has 

not been up in 100 tosses, it~ has no more chance than any other face 

to be up on the next toss. In fact, it has just one chance out of six. 

Can you th ink of other correct or incorrect statements that you have 

heard about the law of averages? List some of them. 

Why do so many people mis understand the law of averages? It is too bad, 

but we all believe things and arrive at conclusions which just aren't true. 

Which of these statements are false? 

1. Lightning never strikes twice in the same place. 

2. If you handle a frog, you'll get warts. 

3. The end of the Panama Canal on the Pacific Ocean side is 

farther west than the end on the Atlantic Ocean side. 

4. Horses are smarter than pigs. 

5. George Washington threw a dollar across the Potomac River. 

6. Columbus discovered America. 

Many people believe some of these statements. Did you believe any of 

them? If you did, it isn't at all surprising. However, the six statements 

are all false. Most of us believe some things which really aren't true. Why 

is this so? There are many reasons. Among them are: 

1. We are told or we have read something which is not true, but 

we remember it. 

2. We did not understand what we were told or what we have read. 

3. We reasoned incorrectly. 

4. Our experience caused us to believe something that wasn't true. 
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GHOSTS, GOBLINS & "COINS THAT REMEMBER" 
(PAGE 3) 

5. We jumped to a conclusion without knowing enough facts. 

6. We failed to check our belief against the facts. 

This list could go on and on. There may be other reasons that you can 

th ink of. People arrive at false ideas about the law of averages for many of 

these same reasons. We can be fooled unless we are very careful. We 

might believe that an outcome, such as heads on a toss of a coin, is bound 

to happen if it hasn't happened for many tosses. It is easy to understand 

how our brain fools us in this case. It tells us that for a large number of 

tosses of a coin, heads will occur about half of the time -- and this_!?. true. 

Th is is an example of the law of large numbers. Then we observe that heads 

hasn't occurred for several tosses and we make the mistake of thinking that 

heads must now start occurring more often to "catch up" with the number 

of tails. Th is_!?. not true. Remember, a coin can't th ink. On each toss, 

there is just as much chance for heads to turn up as for tails. 

By using mathematics, we can learn many interesting things. For 

example, from 15 children in your room, there are 6,435 different ways 

you can have 7 children on a committee. If you choose a ?-member 

committee from 30 students, you have a choice of 2,035,800 different 

committees. Another example is if a coin has been tossed and heads have 

occurred 7 out of 10 times, chances are less than ~ that tails will 

"catch up" in 100 tosses. The mathematician can tell what will probably 

happen in cases such as this. 

The next time that you hear some statement about the "law of averages", 

listen carefully. Try to find what the person believes and see if he is using 

it correctly. 

ASSIGNMENT: 

1. Complete the page Tricky Statements. Discuss 

your answers with your teacher. 

2. Do the activity On the Average. Discuss the 

results with your teacher. 

Perhaps now you can see why some people misunderstand the law of 

averages. With many tosses of a coin, we do see that about half of the 

tosses are heads. That is, it takes 2 tosses, on the average, to get heads. 

But, when you tossed a coin, you found that sometimes you tossed a head 

on only 1 toss. Other times, you had to toss the coin several times to get 

a head. Th is should help you understand that these people fail to see that 

the "average" is made from numbers that differ quite widely and that there 

is NOT a "law" which says that you must get a head after tossing 5 tails, 

for example. 



Mark these TRUE or FALSE. 

1. You have been spinning a spinner that has a dial which 

is ! black and } red. The last four spins have landed 

on black. It is more likely that the spinner will show red 

on the next spin than black. 

2. The last five new pupils who came to our school were boys. 

The chances are better than equal that the next new pupil 

w i II be a g i r I. 

3. The hospital reported that the last seven babies born there 

were girls. It is more likely that the next baby born there 

will be a boy than that it will be a girl. 

4. The weatherman says that on the average it rains 4 days 

during the month of July. Today is the 27th of July and it 

has not rained all month. Therefore, it will rain tomorrow. 

5. An auto dealer has 250 new cars and he knows that one 

out of every five new cars he sells is colored black. Th is 

week he has sold a blue, a white, a green, and a grey car. 

It is more likely than not that the next car he sells will 

be a black one. 

SOURCE : Probability for Intermediate Grades, Teacher's Commentary , by School Mathematics Study Group 

Permission to use granted by the School Mathematics Study Group 
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This experiment may help you to see why some people 

draw wrong conclusions from the law of averages. 
'\t I 

~'):Problem: How many times, on the average, do you think that you would have 

\,/' to toss a coin before it comes up heads? Use the chart below to 

answer the question. 

692 

Procedure: 

1. Toss a coin. Count the number of tosses until you get a head. For 

example: If you get a head on the first toss, write 1 in the column 

just to the right of "1st head." Start over. If you do not get a head 

until the fourth toss, write a 4 just to the right of "2nd head." Con

tinue until you have completed Column A. Repeat for Columns B through 

E. Each column provides space to record the tosses for 10 heads. 

2. After you have tossed 50 heads, add the number of tosses to get each 

group of ten heads. Divide each of these sums by 10 to find the avera~2 

number of tosses needed to get one head for that column. 

3. Add the sums from the 

five columns and di-

vide by 50. 1st head 
This gives the average 

2nd head 
number of tosses to 

3rd head 
get one head. Is this 

average closer to 2 
4th head 

than the average for 5th head 

each of the five col- 6th head 

umns? How many 7th head 

times did it take more 8th head 
than 5 tosses to get a 9th head 
head? How many 10th head 
times did it take 2 

tosses to get a head? SUM 

___ How many times SUM -=-10 
did it take only 1 toss 

to get a head? 

Number of Tosses to Get a Head 

A B C 

SOURCE : Probability for Intermediate Grades, Teacher's Commentary, by School Mathematics Study Group 

Permission to use granted by the School Mathematics Study Group 
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CDUNT!NC TECHN!DUES 
Counting begins during pre-school 

when students count objects one at a time. 

In school they soon learn to count by 2 1 s, 

S's or l0's and to find the products of 

whole numbers. Both of these techniques 

can be used to find "how many" without 

counting objects one at a time. The for

mal counting techniques associated with 

probability have this same purpose--to 

find out "how many0 without having to 

count one at a time. 

II =•11"""".1111! =---· ·--·•1 - •• .. al ··~ . E .. 
Illa iw 
EIII ~-

111.-•-•p-·•·=--.. ~11:1•1-= ll(II 
i!ir J.,i _ · _. • =-ill! · ·• 
Ill~ ,,.·--·-~tnela .... ·• ,._IIL"-

SOME CONCRETE EXPERIENCES WITH COMBINATIONS 
As in learning many mathematical concepts and skills, it might be helpful to 

your students to solve some problems with concrete objects befo~e attempting to use 

abstract methods of counting. (Depending on the level of your students, you might 

decide to give only these concrete experiences and leave the formal methods for 

( 

counting to later gradeso) Here are some informal activities to try with your class. ( 

• Give each student an envelope containing 50 markers or slips of paper, 10 each 

of blue, red, yellow, white and green. Ask them to use the markers to show all the 

possible pairs of 2 different colors. Here the pair blue-yellow is the same as 

yellow-blueo These are called combinations of colors. Watch how students solve the 

problem. Do they guess at pairs and then look to see if they have duplicated a pair 

or are theY using a system? If they are 

just guessing, encourage them to develop a 

system of pairing the markers so they won't 

miss any. 

After everyone has had a chance to 

work on the problem, some of the students 

can share their methods with the class. 

If students notice the number pattern 

4 + 3 + 2 + 1, point -0ut that the method 

works only for choosing pairs of colors. 

They will be learning more general number 

pat terns for counting combinations later. 

FIRST I PAIRED BLUE wrn-1 EAC\.\ 
C.OLOR. T\.\EIJ 1: PAIRED RED WITH 
EVE.RY COLOR EXCEPT BLUE. THE"-l 
YELLOW ••• T\.\ERE ARE 10 POSSIBLE 
PAIRS. 

(fil§J 

[fil 0 @] [y] 

[ill ~ §] ~ [y] ~ 

[fil [§] §] [§] 0 [§] ~ [§] 

( 
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9 Change the problem by adding another color, (With 6 colors there are 15 

pairs,) Change the problem again by allowing pairs to be the same color--that is, 

allow red-red, blue-blue, etc. (For 5 colors there are 15 possible pairs, for 6 

colors, there are 21 pairs.) 

• Organize the class into groups of 

five or six, Ask students to find all pos

sible pairs that could be chosen out of 

their group. They probably will not recog

nize this as the same problem (mathemati

cally) as choosing pairs of colors from 

5 or 6 colors; only the things to be se

lected are different. You might want to 

pose the problem again in another disguise: 

Andrea wants to take 2 books to read on her 

trip. She has 5 books to choose from. How 

many ways can she choose 2 books out of 5? 

MAVIS COULD BE CHOSEtJ Wl"TH 
ZELDA, MO, SID, OR ZEKE. THA"TS 
4 WAYS FOR HER. ZELDA HAS 
TI--\REE WAYS LEt="T... SID HA'2. 
2. WAYS LEFT, MO, 1 .•. 
10 PAIRS! 

Do your students try to list the pairs or do they realize the answer is 10 again? 

For 6 books, do they answer 15 pairs? 

• While the class is in groups, ask them to figure out how many handshakes would 

happen if everyone shook hands with everyone else exactly once. (This is the "same" 

problem again--some might recognize it,) This time you might want to build a pat-

tern for determining the number of pairs chosen out of 10 people, objects, Ask 

students to find the number of handshakes for 2 people, 3 people, 4 people and 5 

people. They can then look for patterns to find the number of handshakes for 

10 people. 

L.'.I\VE MAVIS OU"l ;,O 7I1ERE 
1\1?.E FOUR PE.OPLE TO 
SHAKE HAIJDS. lLL 
'SHAKE WITH MO, $ID AIJD 
ZEK.E /\IJD BE/'-..,,--~ 
DOt-..JE. 

~VIS) 

0 SID 

0 ZELDA 0 

HOW C0Mt:. 
I ONLY HAVE 

Ot-..JE SHAKE. LEFT? 

' I THINK WED 
BETTER WRITE 
SOME. OF "THIS 
DOW!J. 

People Handshakes Pattern 

2 
3 
4 
5 

10 

There are 

1-
+2 

3 +3 
6 ----- - +4 

10........__ _ +5 

+6 
+7 
+8 
+9 

1+2+3+ ... +9 45 
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REMIND STUDENTS: The number pattern on the previous page works for choosing 

pairs. The activity Choosing Points on a Circle shows number patterns 

for choosing combinations of 3 or more out of a set. 

• Ask students to show all the possible combinations of three colors chosen out 

of four colors. Again, challenge them to find a ·system and later to explain it to 

the class, (Some students might be able·to see that choosing 3 out of 4 is like 

choosing 1 out of 4 to leave out.) Using 4 colors, they should find that 4 combina

tions of 3 colors are possible. Extend the 

problem to choosing combinations of 4 col

ors out of 5, 5 colors out of 6, 

• Change the problem by asking for the 

number of possible combinations of 3 colors 

chosen from 5 colors. (Some students 

might relate this to the ways of choosing 

2 colors to leave out.) 

The last activity given above is more 

difficult, It is hard to keep track of 

the colors used and to decide how to pro

ceed next. Encourage students to write 

statements down to keep things straight-

FIRST T KEPT BLUE Al-JD RED 
TOGETHER. THE1'J BLUE AND YEU.DW 
At-JD FOUi-JD THE REST OF 'THE 
BLUES. BLUE WAS IN G COMBltJA
TI0tJS SO li!:EO HAD TO BE IIIJ G 
TOO. YELLOW, WHITE ,At.JD GRE.E.1'J 
NEEDED TO BE. HJ OtJE MORE 
PLACE TO MAKE 10. 

"There can't be any more blue with red; I've found· all the combinations with blue; 

Each color must show up six times; 11 etc. 

These activities all involve combinations of objects; the arrangement or order 

of the objects does not matter. Students are often able to solve these simple com

bination problems by systematically listing the combinations. To solve more compli

cated questions about combinations, students will need to generalize. This is dis

cussed in the last part of this commentary and in Counting Techniques of the CONTENT 

FOR TEACHERS section. 

SOME CONCRETE EXPERIENCES WITH PERMUTATIONS 
The order in which objects are picked does not matter for combinations. The 

handshakes were combinations because the result is the same if Zelda shakes hands 

with Sid or Sid shakes hands with Zelda. In some situations order does make a dif

ference. Suppose the problem is to find the number of valentines sent if each per

son in a group sends one valentine to every other person. Tasha sending Igor a val-

( 

( 

entine is different from Igor sending Tasha a valentine. The two orderings of Tasha ( 
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and Igor means two different valentines. The word 11permute 11 is defined as "to 

change the order." Sets whose order is important are called permutations. Here are 

some activities for your class in counting permutations. 

• Give each student cubes or counters of 

3 different colors. Ask them to find and 

record all the ways the three colors can 

be arranged in a row so they are in a dif

ferent order each time. You might restate 

the problem pointing out that each student 

has one set of colors. All three colors 

will be used in each arrangement. Encour

age students to use a system such as the 

student is describing in the illustration. 

e Here is the same problem in disguise. 

Ask students how many mathematics problems 

can be made by putting the numbers 4, 5 

and 7 in the blanks. (__ __) • ? 

Have them write out the problems and solve 

them. (Some of the problems will involve 

negative numbers. For example, 

(4 - 7) + 5 = -.6. 

• Make a worksheet with nine identical

ly drawn cubes with vertices labeled A and 

B. Have students draw arrows showing all 

the possible paths 3 units long on the 

edges of the cube from A to B. (To get 

from A to B, a point must move one unit in 

each direction: back, right and down. 

There are six ways to order these three 

words so there are six paths.) 

FIRST I F0U1'JD ALL THE WA'IS 
STARTIIJG WITH RED. THERE 
ARE Z SO GREE1'l A1'JD BLUE 
MUST EACH STAR, Z. 

NOTICE THAT 
3 OBJECTS CAl0 BE 

ORDERED DJ G WAYS. 

A~I AA=?l rffi 
ld)B~BllvB 
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• Another geometric variation of arrang

ing three things in order is to find all 

the ways to connect 3 points in order. 

Notice that A•\•C• •S 

is not allowed because the points aren't 

connected in order. This could be ex

tended to connecting 4 points in order. 

• Vary the first permutation problem 

above by adding a cube of a new color. 

Challenge students to find a system to 

determine how many orderings (permutations) 

of the four cubes are possible. Some stu

dents will experiment with orderings and 

check to see if they have duplicates. 

Others will find all the ways to start 

with one color and multiply by the number 

of colors as shown to the right. Another 

way is to look at the arrangements of three 

colors and realize for each arrangement 

the new color can go 

able positions: 

in any one of 4 avail-

~ BJ V 
gJ 

There are 6 ways to arrange three cubes in 

a row so there must be 4 x 6 or 24 ways 

to arrange four cubes in a row. (See What's 

N<M at the Zoo? and the last part of this 

commentary for more ideas on this.) 

SPECIAL COUNTING PROBLEMS 

• 
C 

• 
C 

COUNTING TECHNIQUES 

• • 
C C 

{',,. '? ~---•~ 

I\ 
• 
C 

• 
C 

G WAYS TO 
PU, RED 
FIRST. EACH 
OF ,HE 4 
COLORS 
CAt-.l BE 
FIRST It-.l 
G WAYS. 
L\ X G; " 

24 WAYS 

FOUR OBJECTS 
CAt-J BE ORDERED J;t-.l 24 WAYS. 

Sometimes there are special conditions on a counting problem. Suppose the 

question is to find the number of ways to arrange 4 suits of cards in your hand if 

no suit can be beside another suit of the same color. Another example is to find 

the number of ways to get 2 heads and 2 tails out of 4 Hips of a coin. These pro

blems and the other activities discussed below can be given to students before 

generalizations or counting, formulas are studied. 

( 

( 

( 
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• Students· can solve the card sui·t pro-

blem by listing all the possibilities, 

Better yet, some students will realize 

they can figure out the ways to start with 

one suit, say hearts, and multiply by 4 to 

find all the ways, Some students might 

organize their information as shown to the 

right. 

• Listing the ways to get 2 heads and 

2 tails out of 4 flips is easier if a sys

tem is followed. Encourage students to 

follow a pattern. Here is one possible 

pattern: First find all the ways the 2 

heads can be in a row: HHTT, Tl!HT, TTIJH. 

COUNTING TECHNIQUES 

RE.D F'IRST 

HI.ART F"IR5T DIAMOt>JD FIRST 

BLACK Fl~ST 

L\ WAYS 

TI-H,:. SUITS CNJ BE AR12AI\.IGED 
Ilcl 8 WAYS, 

Now find the ways the heads can have 1 tail '--------------------J 
between them: HTl!T, THTH. Last, firtd the ways the heads can have 2 tails between 

them: HTTH. There are 6 ways to get 2 heads and 2 tails in 4 flips. (You might 

want to pose the problem so students can relate it to Choosing a combination of 

pairs: How many ways can you choose 2 positions for heads in 4 flips of a coin?) 

Some students might think the card suit problem with 2 reds and 2 blacks is the 

same as the problem with 2 heads and 2 tails. The card problem has 4 distinct suits, 

but their arrangement is restricted to RBRB or BRBR. The coin problem does not re

strict the arrangement and there are not 4 distinct things. Heads and tails are 

both repeated. Arrangements where one thing can be used more than once are called 

permutations with repetition. Repeating Permutations gives several other related 

problems. Some additional background for permutations wi_th repetition is also given 

on page 3 of Repeating Permutations. 

• Make a worksheet of fifteen or so 2 by 3 

rectangles about the size shown here. Ask stu

dents to find the number of 5 unit paths from A 

to B. (So as not to spoil your fun, the paths 

are given on page 10 of this commentary,) Stu

dents can find the paths by trial and error-

pooling their paths and eliud.nating duplicates. 

A 

-

' - -
m.JE POSSIBLE PATH 
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Some might attack the problem systematically. One system is shown on page 10 of 

this commentary. 

• Make a worksheet of about 15 sets of 5 

squares in a row as shown. Ask students to find 

the number of ways 3 of the squares can be shaded. 

The graphic to the right shows three of the ways, 

but no organized way of searching is apparent. 

With a system, such as finding all the ways with 

3 shaded in a row, then 2 in a row, then no 2 

beside each other, all the ways can be found. 

(See the solution and further comments on page 10. 

SOME OF THE vJAYS 

You might prefer to have your students view this problem as a combination problem: 

How many ways can 3 positions for the shaded squares be chosen out of five 

positions?) 

The activities sqggested so far have posed problems which can be solved by mov

ing cubes or counters around and/or listing the different possibilities. Such ex

periences have value as a background for more form.al study of permutations and com

binations. More importantly, they allow students to explore, See patterns, and 

develop their own systems for solving problems. 

USING A SYSTEMATIC APPROACH 
Much was said in the previous pages about enc_ouraging students to develOp a sys

tematic method for finding combinations or permutations. There is usually a lot of 

satisfaction in knowing that all the possibilities have been found. How will stu

dents know this unless they are systematic? (Some students, will answer, "I've found 

them all because there aren't any more" or uI don't want to look any more. 11) 

You might want to show your students 

how to use utrees" to find permutations. 

The graphic to the right shows all the pos

sible orderings of a red cube, a green cube 

and a blue cube. Some students might be

come confused trying to change a vertical 

ordering into a horizontal listiQg. You 

might want to show the tree in a horizontal 

way. The activity Yes, Three Letter Word,s, 

Please shows more examples with trees. In 

Counting Techniques of the CONTENT FOR 

15 T COLOR 

FOR 

( 

( 

( 
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TEACHERS section there are also examples using trees. Probability With Models of 

the CONTENT FOR TEACHERS section and PROBABILITY WITH MODELS in the student materi

als both employ trees. Trees are a very useful organizational model in both count

ing and probability, 

WHICH SHOULD BE TAUGHT FIRST, PERMUTATIONS OR COMBINATIONS? 

Not everyone agrees what should be taught first, permutations or combinations. 

Piaget in his book.The Origins of the Idea of Chance in Children notes that with 

uninstructed students, the ability to list systematically all permutations occurs 

later than the ability to list combinations. It appears that students should be 

given many concrete experiences with permutations and combinations before too much 

formalizing of methods of counting. 

DEVELOPING A METHOD FOR COUNTING WITHOUT LISTING 
As the number of things to be combined or ordered (permuted) increases, it be

comes more difficult and time-consuming to list all the possible ways. If you have 

your students work with more complicated problems, they will need to have a gener

alized method for finding the number of possible combinations or permutations. 

There are several ways you could introduce these generalizations. 

Through Number Patterns 

For combinations use the number pat

terns shown in Choosing Points on a Nrcle. 

You could introduce Pascal's triangle and 

how it relates to combinations. (Back-

ground information on this is given in That 

Rascal Pascal and on page 11 of Counting 

Techniques of the CONTENT FOR TEACHERS 

section. 

For permutations of n objects with no 

repetitions follow the development in What's 

New at the Zoo shown on the next page. You 

could use small, differently shaped objects 

on an overhead projector to help students 

see the arrangements. After they see the 2 

CHOOSING 
POINTS 

OC\J R CIQCLf;: 
(""G.t '11) 

Slc..llor <li"ouosfo"• al>ou< l po1n,,., 

l p~lnto, l pol"' ond I po;n,, at.on oo 

o <lr<lo ohould g;.,. tho coou.to lo th" 

toMo <o mo elgl>t, 

~1,llo ~o,kio& ";th '"" d«lo vrn, 

) t-<>1n<o, <"1'~•.•h< tho< dooo,lng ,~o 

polo<, ou<omotlc,lly loovoo Mo pol"< oot, 

' ""'"'~ 
"'">l"TI', 
"""'""',:, 
4PO».ns 

$ l>:)tr-,'TI; 

' ~~ 

' , 

' 
4 

' 

, , " , ~., O(>l<l~ "01~>5 !>0<>11~ 

' 
' ' 
0 " ' 
~ ~ ' ' 

'" ""' cl"le "W' ) pol"'"• "'" ,o,.,l .-11robor M <ho!<es of tl,r<·,• ,,,,.,,,, ,od fou, 

••lats oce 41/flc"l< <o flod and dc,w, ~at"""'"" coo flM "'""'"','"'of ohol«tJ for 

IM• wlo<o by '"•l!d•s !( '-'Ill ho <ho, .... " ''"' ""o/," of chow,; '"' ""'" '"""· 
Sl~!hdy <l>o ""°""' of ch<o!<o, for tht<e po<"'" vl!l bo tho'"""' " <h,, ""•boT <>f 

,Ool<<', for <wo eo!o<s. Tuo oMoplo, o! eooh °'""'-""""•low. 
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ways of ordering two objects, show them 

the 3 places a new object could go in 

each of the 2 arrangements. Help students 

see that there are three times as many ways 

to order three objects as two objects or 

3 x 2 x 1 ways. A fourth object can go in 

any one of four places in each of the six 

arrangements as before or 4 x 3 x 2 x 1 

ways. You mght want to record this in a 

table to show what is happening, as shown 

below. The number pattern in the table 

should help students guess that i objects 

can be ordered in ix 4 x 3 x 2 x 1 ways, 

6 objects in 6 x 5 x 4 x 3 x 2 x 1 ways and 

SC? on. 

Oh.IE 
08:TECT 

l 

Tl.vO 
OBJ"ECTS 

2 "1 

THREE 
OBTECTS 

3X2.><1. 

Through The Fundamental Counting Principle 

COUNTING TECHNIQUES 

MOOOO'\r'~ G;J~M 
001]' 'jj'[)(]~ t£@l@l cw 

-
C<>uo<i"g <ho .,,..,t,., of ornmgo,:,oo<• coo bo aovOl"l'Od '° ou,Hnod bol.ov. Dif!o,oo<ly 

Oh•""d <>< d<flaro,.,ly oolorad '''"~"'" oo oo ow<hood =~• oo oHoo<Lvo dom:mo«otloo. 

I" St>« vuh ooo obJo«--• •1""'°· • I 0,,o o«oog.,,oot 1" p<1<1ofb\o. l o«oos•"""' 

" ~;• :.;:;:•• objoot·•• tho""'° .. """:)•~:;:;, Thoto o<a ,.,., pl•«••• pu< 1,. 

-• •-l>lo o«onso"""" "" poooi~lo, l • l • l a<uns«:1<0 ... 

" Add 4 th1'd objo0<. co .. ,h ol th< t~o 0"""11"""0<0 >.bovo, 

th<«< ploe<>o to put i<, 

fo, Moh, ,ho,o OTO 

"' '><>fo« ., Sotw«n ,, Moo, 

TOD OT• O• T 
TD 0 • TO • OT 

Si>< •«•os•••"'" o<o pooiliblo. Jxl,1•60«0030""""· 

" .... ~ ., foo«h obj«<.<• oooh of ,ho "~ """""""""'" ohOvo. For oooh, """" o« 
!oo,pl••••<opottt . 

"' Oofo,o ., Sotvoo,, i., ood lod ,, ao,~«• 1od ood l«I " M<« 

•vo • v•o • vo• • vo•• 

I" ., 

Tvoa<y•!o"' """"8""""'" o,o poooli>lo. •, l, ix l • l4 ,,,.aso,..,nto. 

Ftoo ,uo ,<ioh to ~•«h P,o•y, •~• boby oloph,o< >< •~• ,oo. 
•"•ogoo,;0<0 ,on they lino op .•«•" tOo r,.,,, ol th• <•s•1 

Su?pooo cho,o O<O oli)>< ••Jo, II"" "'"' "''""II""""'" oovl 

FOUl2 
OBYECTS 

ln haw "'"Y 4Ufo,oot 

--

A second way (the most traditional and generalizable way) is to teach students 

the Fundamental Counting Principle. The Fundamental Counting Principle is discussed 

thoroughly in Counting Techniques of the CONTENT FOR TEACHERS section. The activi

ties 5 Coins in the Fountain, The Un-Proverb and Aloha suggest ways for introducing 

and using this principle. It is applied to counting permutations in Numbers and 

Letters and Sporty Numbers. 

( 

( 

( 



COMMENTARY 

Solutions for problems on page 7: 

A A --+ --+ 

~ --+ i 
~ ~ 

B 
A --+ ,..._...;_:.._ ____ A 

i __. i i 
i --+, 

·n 

A A._ _____ _ 

i --+ __. t--. 
i ---•. i--. -I •• 

·o 8 

--+ 

* 

A --+ 

B 
A 

i 

i 

--+ 

COUNTING TECHNIQUES 

--+ --+ 

i. 
B 

--+ --+ 

i 
s 

~ • • • • • o---o---a-a---•* • • • • • 
ll---a--0--0-a D---11-11--0-11 111-D-11--a-O • ----o-o-a--111 

• • • • • • -o-11-0----111 

The two problems above are similar. The first is the problem of arranging 

3 R's (or 3 rightward movements) and 2 D's (or 2 downward movements) in order. The 

second is to arrange 3 B's (black squares) and 2 W's (white squares) in order. The 

rectangle with a* matches the row of squares with a* You might have students 

"match" all ten of their solutions. 
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Use the letters to the right. Start at M. 

Trace a path to H to spell MATH. 

A PATl-t CAM 0"-ILY GO TO THE. LEiTER':i 
:rusT BE.LOW A L~TTER. A A 

T/~, T 

How many ways do you think it can be done? 

These steps will help you to check your guess. 

1) How many paths from the M to the left A? 

the right A? 

Write your answers in the blanks. 

2) How many paths from the M to the left T? 

the right T? 

(careful) the middle T? 

DID YOU SAY 2 J:¥1..THS TO i\.\t: MIDDLE T? 
TRACE. Tl-\t. 2 PAil-lS WITI-( YOUR Fll\.lGER. 

Write your answers in the blanks. 

3) How many paths from the M to the left H? 

the right H? 

(careful) the left middle H? 

(careful) the right middle H? 

DID YOU SAY 3 PAi\4$ TO Tl-IE RIGHT MlDDL{;_ 1-1 ? 
""n<A.C.E. THE. 3 PAi\-1.$ WITH YOUR Flt-..JGE.R. 

Write your answers in the blanks. 

4) Now, how many paths can you trace to spell 

MATH? 

M 
A A 

T T T 
H H H H 

M 

M 

M 

C 
AA 

NNN 
D D D D 

yyyyy 

5) Starting at C, how many paths can you trace to spell CANDY? 

6) Make up a word triangle of your own. You 

could use your name. 
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1) On the board, draw and number three blanks. 
1 

2) With your own chips and container demonstrate 

how to mix the chips; pick one chip; fill in 

the first blank with the letter on the chip; 

pick a second chip; fill in the second blank; 

pick the third chip; and fill in the third blank. 

A chip is not to be replaced after it is picked. 

2 

3) Have each student draw two sets of blanks and do the experiment twice. 

3 

4) On the board, record the results. If the experiment is done many times, the six 

"words" should occur about the same number of times. TAE, TEA, ATE, AET, EAT, ETA 

Interestingly, only TAE is not listed in Webster's New _g_ollegiate Dictionary. AET 

is an abbreviation meaning aged. ETA is the seventh letter of the Greek alphabet. 

5) Ask if any more words can be 

formed. Students will probably 

think they have all the words. 

Use a tree diagram to show the 

six possible words. Build the 

tree one step at a time. Trace 

along a branch. Have students 

identify the word. 

1ST L£.iTER 

'2."'0 LETiER. 

3RD LETTER 

A 

E 

A 

E :T A T 

,, ,, 
G POSSIBLI:: WORDS 

With only one example, it is best not to have students relate the total number of 

words to the number of letters. Later the fundamental counting principle can be intro

duced. 

To find the nwriber of ways of making several decisions in succession, 

rrrultiply the nwriber of choices that can be made in each decision. 

In the example above, the number 6 is obtained by multiplying 3 x 2 x 1, but 

3 + 2 + 1 is also 6. Students might think of adding instead of multiplying. With 4 

chips, 4 x 3 x 2 x 1 words are possible but not 4 + 3 + 2 + 1 words. 
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Y~~. T~RI;t; 
L~TTf;R W•RDs, 

PLI;R~{; 
(COt-.lTl~UE.D') 

The experiment can be repeated, but this time replace the chip before making the 

next pick. When the results of two trials per pair of students are recorded, all possi-
' ble words probably won't be listed. Again ask students if other words are possible. 

Suggest making a tree diagram to show possible words. 

1_ '$T LtTTE.R. 

',2.NP LETTE.R 

T A E. T A E T A E T A E T A E i 'T A E 'T 

'2.,'7 POS"::ilBLE '\.vOR.DS., 

A more difficult experiment uses partial replacement. If Tis picked, replace. If 

either A or Eis picked, do not replace. Follow the above procedures for recording 

results, drawing the tree, etc. The fundamental counting principle can not be used 

for this experiment because a consistent number of ways for choosing the 2nd and 3rd 

letter can't be made. The tree diagram is an efficient way to show the results. 
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ls,- LETTER 

gRo LE.TTt.R 

T E T T E. A T E T A T T 

13 POSSIBLE ''woRos" 

IDEA FROM: The preliminary experimental version of CSMP Mathematics for the Intermediate Grades, Entry 
Module I, and the preliminary experimental version of CSMP Mathematics for the Upper Primary 
Grades, Part II. 

Permission to use granted by Comprehensive School Mathematics Program and CEM REL, Inc. 
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Counting the number of arrangements can be developed as outlined below. Differently 

shaped or differently colored markers on an overhead make an effective demonstration. 

1) Start with one object--a square. 
One arrangement is possible. 1 arrangement 

2) Add a second object. to the arrangement above. There are two places to put it. 

a) Before b) After 

-• •-Two arrangements are possible. 2 X 1 2 arrangements. 

3) Add a third object T to each of the two arrangements above. For each, there are 

three places to put it. 

a) Before b) Between c) After 

TOD OT • ODT 
TOO • TO DOT 

Six arrangements are possible. 3 x 2 x 1 = 6 arrangements. 

4) Add a fourth object. to each of the six arrangements above. For each, there are 

four places to put it. 

a) Before b) Between 1st and 2nd c) Between 2nd and 3rd d) After 

evo • veo • voe • vo • e 
• • • • 
• • • • 
• • • • 

Twenty-four arrangements are possible. 4 X 3 X 2 X 1 24 arrangements. 

5) Five kids wish to watch Packy, the baby elephant at the zoo. In how many different 

arrangements can they line up across the front of the cage? 

6) Suppose there are eight kids. How many arrangements now? 
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IN T~~ 

The shopping center has a fountain. People throw money into the water. The money 

is usually given to charity. The merchants wanted to advertise a special sale. They 

offered all the money in the fountain to any 5th, 6th, 7th or 8th grader who could 

figure out how many different ways 5 coins could be arranged in a row. The coins are 

a penny, a nickel, a dime, a quar~er and a half dollar. 

1) What is your guess? 

Tammy tried to solve the problem this way. She drew 5 blanks. She thought, "Any of 

the 5 coins could be in the first blank. I will put a 5 in the 1st 

5 

"Once I put a coin in the first blank, 4 coins are left to choose from for the second 

blank." 

s 4 ©@ ----------

Finish Tammy's work. How many coins are left to choose from for the third blank; then 

for the fourth blank; then for the fifth blank? 
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5 4 

2) How many different ways can the 5 coins be arranged? 

3) Is your answer to (2) close to your guess in (l)? 

4) How many ways can 4 people sit in 4 seats in a row at a theater? 

5) How many ways can 6 books be arranged in order on a shelf? 

6) How many ways can 7 bottles of pop be placed in a row on a 

grocer's shelf? 



A B 
1 A rolling stone - gathers no moss. 1 

2 A bird in the hand - - - is worth two in the bush. 2 

3 A penny saved 

4 A stitch in time 

5 The early bird 

6 Every cloud 

- - - is a penny earned. 

- saves nine. 

- - - gets the worm. 

- - - has a silver lining. 

The proverbs above are divided into two parts, A and B 

Create your own un-proverb. 

1) Roll a die to get a first part. 

2) Roll a die to get a second part. 

3) Write your proverb or un-proverb here. 

4) a) How many ways can the parts above be paired together? 

b) How many pairings would be un-proverbs? 

5) If you had eight proverbs, how many pairings would be 

un-proverbs? 

6) If you had twelve proverbs, how many pairings would be 

un-proverbs? 

7) What un-proverb is 

shown in the drawing 

to the right? 

3 

4 

5 

6 

8) 
JACK. A~D j(LL WEJ..rr UP 1"1-\E HILL 

TO FETCH A PAIL OF WATER. 

JACK. FELL DOWN At-JD BROK.E HIS CR0WtJ 

How many un-poems can be written 

by using a spinner to decide the 

order of the four lines of the 

poem? 

I DEA FROM: "Mathematical Games" by M. Gardner, Scientific American, February 1977 

Permission to use granted by Scientific American and Martin Gardner 
709 



710 

HLDHH 
1) A hale aina (restaurant) in Hawaii has these items on the menu. 

Meat 
Iwi aoao (spare ribs) 
Pipi ku (roast beef) 
Pelehu oma (roast turkey) 
Opihi (shellfish) 
Lau lau (butterfish) 
Kalua paa (roast pig) 
A ku (tuna) 
Kamano (salmon) 

Vegetable 
Ipu kalua (baked squash) 
Lau ai ai (salad) 
Limu (sea weed) 
Poi (taro root) 
Ula paa (breadfruit) 
Vala (sweet potato) 

a) How many ways can you choose from the meat column? 

Beverage 
Wai (juice) 
Waiu (milk) 
Koka (soda pop) 
Ki (tea) 
Kope (coffee) 

b) How many different pairs can you order if you take one from the meat column 
and one from the vegetable column? 

c) Order one item from each of the three columns. How many different ways could 
you do it? 

2) The Island Travel Agency offers trips by plane between cities. 
a) How many direct flights from Honolulu to Lihue? 
b) How many direct flights from Honolulu to Hilo? 
c) How many flights from Lihue to Hilo by going only through Honolulu? 
d) How many direct flights from Hilo to Kahului to Honolulu to Lihue to 

Honolulu to Hilo? 

3) The Hawaiian alphabet has only 12 letters - 5 vowels a, e, i, o, u and 7 consonants -
h, k, 1, m, n, p and w. How many different three letter words can be made if the 
word has 2 vowels with a consonant in the middle? The vowels may be the same. 

IDEA FROM: Mathematics A Human Endeavor by H. Jacobs 

Permission to use granted by W. H. Freeman and Company, Publishers 



AND 1Df.1BER9 
LEIIER5 

1) A zip code has 5 digits. How many zip codes are possible if each digit can 

be O - 9? 

2) A social security number is a 9 digit number written in three parts. 

2 9 8 - -- -
Everyone's social security number is different. 

a) If all digits O - 9 can be used, how many social security numbers are' 

possible? 

b) Are there enough numbers so each citizen in the United States can have a 

different number? 

3) License plates in OreEon have 3 letters and 3 digits. I's and O's are not used as 

letters. The first letter shows the month the license plate was issued: A for 

January, B for February, etc. (remember the letter I is not used). 

a) What letter represents licenses issued in November? 

b) How many license plates are possible? 

c) In 1974, 1,579,736 cars, trucks and buses were licensed in Oregon. How many 

possible license plates were not being used? 

4) TV and radio stations have station codes starting with Kor W (KWAX or WJW). Some 

stations use 3 letters. Other stations use 4 letters. Letters may be repeated. 

a) 

b) 

c) 

How many station codes with 3 letters are possible? 

How many station codes with 4 letters are possible? 

An almanac lists 4,357 AM, 2, 448 FM and 721 TV stations in the United States 

1974. If each station did have a different code, how many station codes are 

not used? 

in 

5) You are going to take a True - False test with 10 questions. You forgot to study. 

So you decide to guess at the answers. How many sets of guesses are possible? 

CREGO~ G1l 

DAK-143 - 97401 
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1) The girls' volleyball team is having a picture taken. How many 

different ways can the 6 girls line up for the picture? 

2) Four friends decide to play a tennis tourna

ment. How many different ways can the 

players' names be placed on the first part 

of the tournament ladder? 

@ 
~------: __ ___, I 

.&...------___ r ______ j 

3) The Fighting Ducks basketball team always plays man-to-man 

defense. How many different ways can the 5 defensive 

assignments be made? 

4) Joe Fan got 8 sports books for Christmas. How many different 

ways can he arrange them in a row on a bookshelf? 

5) A baseball team has 9 players. How many differen~ batting 

orders can a manager make up? 

6) The Oakland Raiders starting defensive team is being 

introduced at the Super Bowl. How many different 

ways can the 11 team members be introduced? 

Products like the ones above are called factorials. You 

start with a number and keep multiplying by the next small

er number until you get to 1. An exclamation mark(!) is 

used to show a factorial. 6 x 5 x 4 x 3 x 2 x 1 can be 

written as 6! (6! is read "six factorial.") 

7) Write the factors for 7!. (7 ! is read "seven factorial.") 

8) Find the value for 7! 

9) What is the largest factorial your calculator can display without indicating 

an overflow? 

I DEA FROM: Counting and Choosing, Oakland County Mathematics Project 

Permission to use granted by Oakland County Mathematics Project 



Work each exercise. Find the correct answer in the riddle below. 

Put the appropriate letter in each blank. 

© 
® 
@ 

® 
® 
Ci) 

® 

How many different ways can you arrange the letters in MIX? 

What is the value of 6 X 5!? 

How many different telephone numbers can be made by rearranging 

the digits in 348-5927 if no digits are repeated? 

What is the value of 6! t 3!? 

5! is how much smaller than 5 3? 

What is the value of 7! + 4!? 

How many different ways can you arrange the letters in 

SCRAMBLE? 

@ What is the value of 7! - 6!? 

@ How many different zip codes can be made 

rearranging the digits in 97402 if no 

digits are repeated? 

@ What is the value of 3! + 5!? 

l:l\l 1801 NOA\-1 W~'::>TER BECAME !="AMOUS B£CAUSE. HE PU1" 

1'2.0 '720 120 '2.10 G 6 5040 1.20 

1. '2G 5040 120 40,320 G 
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Materials: 4 pennies - each with a different date 

A B C D 
Activity: 

., ... - --....... 
, ' 

/ ' 
I \ 

,,,.- --.... , ... 
/ ' 

I \ 

,,,,.,.---..... , ... 
/ ' 

I \ 

.,,,,~-----.... , 
/ ' 

I ' 

714 

I \ 
/ I 
I I 

I \ 

I ' I I 

1) Place the pennies in the circles. 

Write the date below each penny. 

I 
I 
\ / 
' ...... ____ ,...,,." 

\ I 
\ I 

\ I ' , ,... .,"' ___ ,.,. 

A contest is being held to pick 

two pennies. I will choose two dates but won't tell you. 

You will win the pennies if you choose the correct pair. 

2) What are the choices you could make? 

a) If you choose A first, the pairs could be 

A __ , A __ , or A 

b) Choosing B first, B __ , B , or B --
c) Choosing C first, C __ , C __ , or C 

d) Choosing D first, D __ , D __ , or D 

I \ 
I \ 
I I 
\ I 
I 
\ 

' 
I 

I 
/ , 

I \ 
I I 
I / 
\ I 
\ I 
' / ', ,, ___ ,,,. 

Look closely. You win by choosing the correct pair . Penny A and Penny Bis the 

same pair as Penny Band Penny A. 

3) In (2), circle a pair. Cross out any pair that is the same. Continue circling and 

crossing out until no repeats are left. Now how many different pairs can you 

choose from? 

4) Suppose another penny is added; label it E. 

a) Write all the pairs. 

A 

B 

A A A 

b) Circle a pair. Cross out any pair that is the 

same. How many different pairs are there? 



CHOOSING 
POINTS 

ON A CIQCLE: 

This act;tvity shows how to form combinations using po;i.nts on a c;trcle. Segments, 

triangles or quadrilaterals help to ;tllustrate the different ways to make choices. 

Differently colored pens or chalk may help to emphasize choices. 

Write the table below on the board or a transparency. Fill it in as the different 

ways are found. A circle with four points is used for this demonstration. 

WAYS TO CI-\OO'SE 

1 '2. s 4 
POl~T POltJTS POIMTS pOINTS 

I 
CIRCLE: WITl-t 
~ POltJT5 

a) The circle has four points marked. How many ways 

can you choose one point? 

You can choose A (point to A). 

You can choose B (point to B). 

You can choose C (point to C). 

You can choose D (point to D). 

You can choose one point in 4 ways (record 4 in the table). 

b) How many ways can you choose two points? 

Show your choice of two points by connecting the 

points with a line segment. 

You can choose A and B (draw the segment). 

You can choose A and C (draw the segment). 

(Continue until all 6 choices are shown. Emphasize 

that the choice of A and Bis the same as the choice 

Band A. Only one segment is drawn between A and B. 

The order that the two points were chosen doesn't matter.) 

You can choose two points in 6 ways (record 6 in the table). 
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C~OOGJ:NG 
POINTS 

ON A CIQCLE 
(PAG~ 2.) 

c) How many ways can you choose three points7 

Show your choice by drawing a triangle 

to connect the three points. 

You can choose A, Band C (draw the 

triangle). 

You can choose A, Band D (draw the 

triangle). 

You can choose A, C and D (draw the 

triangle). 

You can choose B, C and D (draw the 

triangle). 

You can choose three points in 4 ways (record 4 in the table). 

(Using the four graphics have students see that a choice of three points together 

is like leaving one point out. Choosing A, Band C together leaves D out. The 

number of ways of choosing three points out of four is the same as the number of 

ways of choosing one point out of four. Refer to the table to show the numbers are 

the same.) 

d) How many ways can you choose four points7 

Show your choice by drawing a quadrilateral 

716 

to connect the four points. 

You can choose A, B, C and D (draw the quadri

lateral). 

You can choose four points in 1 way (record 1 in the table). 

(Emphasize that the choices of B, C, D and A or C, B, D, and A will give 

quadrilateral. If a student suggests the points A, C, D and B 

you will need to emphasize that these are the same four points 

even though the figure looks different.) 

~ 
~ 

the same 



CHOOSING 
POINTS 

Q(\J R CIQCL~ 
(PAG.E 3) 

Similar discussions about 3 points, 

2 points, 1 point and 5 points given on 

a circle should give the results in the 

table to the right, 

While working wlth the circle with 

3 points, emphasize that choosing two 

points automatically leaves one point out. 

1 POl~J"T 

2.. POl~TS 

3 F0\1'JTS 

-4 P0l"1TS 

5 i::ott-.l'TS 

WAYS iO CH00$1c: 

1. 2. '3 Lj. 5 
POINT POtm.5 POlt,.tiS POlt,.tTS R'.)IIST5 

1 

2 1 

3 3 1. 

4 G 4 1 

5 1.0 10 5 1 

In the circle with 5 points, the total number of choices of three points and four 

points are difficult to find and draw, but students can find the number of choices for 

four points by realizing it will be the same as the number of choices for one point. 

Similarly the number of choices for three points will be the same as the number of 

choices for two points. Two examples of each are shown below. 

D D 

I 
\ 
\ 

C C 

D 
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Qb P~ 1111 IN~, 
Pl(IJMUl~lI•N~ 

1) Get 3 chips, each a different color. 

Place a chip on each of these blanks. 

2) Write the order of the colors. (Use an abbreviation) 

3) Move the chips. Find different arrangements. 

Record each arrangement. 

T\-\E iHRE.E CHIPS CAt,J BE AR.Rf\...iGE:.D 
ROW SIX DWFER.n . .n- WA'<S-

4) Remove 1 chip. Get another chip with the 

same color as a chip you kept. 

DlFFli.RE~T ARRA~GEME.~1"~ '? 

5) Place a chip on each of these blanks. 

6) Write the order of the colors. 

7) Take the 2 chips with the same color and trade places. 

Write the order of the colors. 

8) Is there a difference in the answers to (6) and (7)? 

9) Move the chips to make as many different arrangements as you can. 

Write each new arrangement of the colors. 

10) Including the arrangement in (6), how many did you find? 

11) Explain why there are fewer arrangements when a color is repeated. 
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The Beebe family, Mom, Dad, Otto and Barbara, are interested in how 

many different arrangements of the letters in each name can be made. 

Help them out by writing the lettex-s of each name on separate slips 

of paper. (Don't do Barbara's name.) Arrange the letters in as many 

different ways as you can. Record each different arrangement. 

a) MOM Place and rearrange the letters here: 

Record the different arrangements here. 

How many different arrangements did you find? 

b) DAD Place and rearrange the letters here: 

Record here. 

How many different arrangements? 

c) OTTO 

Record here. 

How many different arrangements? 

d) BEEBE 

Record here. 

How many different arrangements? 

e) BARBARA Guess how many different arrangements there are. 

Check with your teacher for the answer. 
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Q~P~QlIN~ 
P~DMUlQlIDN~ 

(PAG~ 3) 

How many different arrangements of the letters in ALASKA? If each letter were 

different, 6 x 5 x 4 x 3 x 2 x 1 = 6! arrangements would be possible. But switching 

the A's does not distinguish one arrangement from another. For example, ALASKA - ALASKA. 

Can you tell the first A and the last A were switched in the second spelling? In ALASKA 

there are 3 x 2 x 1 = 3! different ways to arrange the A's and not change the spelling. 
6! 6 X 5 X 4 X 3 X 2 X 1 = 120. So the different arrangements of the letters are 3! or 3 x 2 x 1 

On the first page, the different arrangements of the chips (two with the same color) is 

3! 
2! 

or 3 X 2 X 1 
2 X 1 3. 

The different arrangements of the letters in TENNESSEE would be 

8! 
4!2!2! 

or 8 X ] X 6 X 5 X 4 X 3 X 2 X 1 
4 X 3 X 2 X 1 X 2 X 1 X 2 X 1 

420. 

If you have developed this concept with your class, you can ask them to find 

the different arrangements of letters in words such as states: ALASKA, TENNESSEE, 

MISSISSIPPI, (your state, city or town), animal names: ELEPHANT, KANGAROO, .AJ.~ACONDA, 

fruit: TANGARINE, BANANA, APPLE, etc. 

Palindromic words, spelled the same backwards as forwards, could be used to 

investigate permutations with repetition. RADAR, TOOT, ZOONOOZ (a publication of the 

San Diego Zoo), MADAM, I'M ADAM are just a few examples. 

Students may enjoy finding the number of permutations in the letters of their 

names; first, last or both. 
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1 

1. 1 

1 2 1 

1. 3 1 

1 4 4 1 

1 5 10 10 5 1 

This number triangle is called Pascal's triangle. Blaise Pascal was a 

French priest who was very interested in mathematics. The patterns in 

the triangle can be extended indefinitely. 
,-------7 ~i---4/ ,----- \4--i7 \l 2 1 \3 3,' 

triangle. \3/ \10,: \ 6,/ 
\ 

1) Find these four groups in Pascal's \5/ 
'I ' \ I \ I 

' I " , 
" 

., 

2) Do you see a relationship among the three numbers in each group? 

3) Use the relationship you found to write three more rows on the 

triangle above. 

4) These groups occur later in the triangle. Find each missing number. 

a) \9 ----36/ 
' ? ' . 

I ' , 
\' 

, 
, 

b) ..__-? .... T:fo/ 
\165 ' 

' , 
' ' , ' , \ , ,., 

~--------------1 
c) \210 ?/ 

\, 462 / 
' \ 

,' 
• I . ' , 

, 
' 

IDEA FROM: Counting and Choosing, Oakland County Mathematics Project 

Permission to use granted by Oakland County Mathematics Project 

,-----------------7 
d)\? 120 45/ 

\ 330 ? / 
\ I 

\ ? / 
\ I 

\ I \ ,,, 
\ I 

\ I 
\ I 

\ I 
\ I 

\~,' 

I 
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The pages Math in Many Ways and Choosing Points on a Circle show Pascal's triangle 

can be helpful in finding the number of different ways of selecting objects if order is 

not important. 

The following points are needed if students are to read and use the triangle. 

1) If you are picking from 3 objects, look 

at the row 1, l, 3, 1. If you are pick

ing from 5 objects, look at the row 

1, i, 10, 10, 5, 1, etc. 

2) The 1 in the first position of 

each row tells the number of ways 

0 objects can be chosen. For 

example, choosing O objects out 

of 3 can be done in 1 way. 

3) The 1 in the last position tells 

the number of ways all the objects 

can be chosen. For example, 

choosing 3 objects out of 3 can 

be done in 1 way. 

1 

1 

1 

1 4 

1. 5 

15 

1 

1 1 

1 

'3 1. 

1 

10 1.0 5 

20 15 

If there are 5 objects, 0 objects can be chosen in 1 way, 1 object in 5 ways, 

1 

2 objects in 10 ways, 3 objects in 10 ways, 4 objects in 5 ways and 5 objects in 

1 way. 

4) Choosing a number of objects automatically forms another set of objects that was not 

chosen. Pascal's triangle shows this by its symmetrical nature. Choosing 2 objects 

from 3 can be done in 3 ways; choosing 1 object from 3 can also be done in 3 ways. 

5) The usual notation used for combinations is(~) indicating r objects chosen from 

n objects without regard for the order of the objects. 

a) (~) = n See (1) above. (~) 
b) (~) = 1 See (2). (~) G) 

(;) (~) (!) 
c) (:) = 1 See (3). 

(g) (~) (~) (!) 
(;) = (n n r) d) See (4). (6) (1) (~) ( ~) (~) 

e) (~) + (r ~ 1) = (n + D Remember the rule for generating Pascal's triangle. r + 

f) ( 0°) = 1 Th is allows the triangle to be complete. 
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~1--l~DING 
PR~CRL_/~ 
TRIRNGL~ 

Many interesting patterns emerge when parts of Pascal's triangle are shaded. Some 

suggestions are given below. Students might like to draw Pascal's triangle on a large 

poster and add more rows to it. 

Examples of patterns that could be shaded in different colors include: 

1) even numbers 

2) odd numbers 

3) multiples of 3 

4) multiples of 5 

5) multiples of 10 

6) multiples of a prime 
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1) Find the sum 

each row. 

A 

B 

C 

D 

3) 

4) 

• 
• • • • 
1 3 

5) 

0 
1 

of 2} J?;ick a number on the 

triangle (not 1) • Write 

the six numbers that 

surround the picked 

number. 

---- ---- -- --
Multiply the six numbers. 

1 
What is special about this 

product? 

These are the first four counting numbers. With your 

finger, trace the diagonal in Pascal's triangle where 

these numbers are found. Write the next two counting 

numbers. 

• 
• • • 

• • • • • 
• • • • • • 

G 10 

10 

These are the first four triangular 

numbers. With your finger, trace the 

diagonal in Pascal's triangle where 

these numbers are found. Write the 

next two triangular numbers. 

These are the first three pyramidal 

numbers. With your finger, trace the 

diagonal in Pascal's triangle where 

these numbers are found. Write the 

next two pyramidal numbers. 

IDEA FROM: Making Mathematics, A Secondary Course, Book 4, by D. Paling, et al. 

Permission to use granted by Oxford University Press 

724 



6) Cut out the strips of the triangle above. 

Arrange strips A, B, C and D like this. 

Find the sum of each column. 

Compare the sums with strip E. What do 

you notice? 

Arrange strips A - H to find the numbers 

that would go on strip I. 

µJ 
L----1------'---L-----'-~-.....___..______,_ _ _. 

7) Arrange the strips like the diagram below. 

1 

• 1 2 

• 1 3 3 

+ 1 4 G 4 

• 1 5 10 10 5 

• 1 G 15 20 15 <o 

• 1 '7 21 35 '35 2.1 7 

• 1 8 28 5G 70 5<;. 28 8 

Find the sum of the columns marked with an arrow. Write the sums. 

The sums show what sequence of numbers? 
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p~~[~L RND 
PR•gJ=IrJILIT~ 

What is the probability of getting 2 heads and 1 tail when you flip 3 coins 

a penny, a nickle and a dime? Use the table below to write all the outcomes of heads 

and tails. Two outcomes are done for you. 

3 HEADS '2. HEAD<.:. AND 
11"AlL 

H 

H 

H 

T 

T 

H 

1) How many different outcomes in all? 

1. HEA.O A~D 
'2. 'TAILS. 

3 TAILS 

2) How many of the outcomes show 2 heads and 1 tail? 

3) What is the probability of flipping 3 coins and getting 2 heads and 1 tail? 

Pascal's triangle can also be used. 

Look at the row with the numbers 

1, 3, 3, 1. These are the numbers 

of outcomes you got for each column 

in the table. 

There is (are) 

1 way to get 3 heads and 0 tails, 

3 ways to get 2 heads and 1 tail, 

3 ways to get 1 head and 2 tails, 

1 way to get 0 heads and 3 tails. 

.1. 

i i 

i. '2. i 

1 3 '3 1 

1 ~ G 4 1 

1 5 1.0 10 5 1 

1 G 15 20 15 G 1 

1 7 21. '35 '35 '2.1 '7 1 

1 8 28 5G 70 6G '2.8 8 1. 

1. 9 3G 84 1'2.G 1'26 84 3G 9 1 

1 10 45 1'20 '2.10 '2.6'2. '2.10 1'2.0 45 10 1 



4) Look at the row 

There 

p~~[~L RN• 
PQOQJ:lgILIT~ 

(c.01\rTltJUED) 

with the numbers 1, 5, 10, 10, 5, 1. 

is (are) __ way to get 5 heads and 

5 ways to get 4 heads and 

10 ways to get heads and 

__ ways to get 2 heads and 

__ ways to get head and 

__ way to get heads and 

0 tails, 

tail, 

2 tails, 

tails, 

tails, 

tails. 

What is the probability of flipping 5 coins and getting 1 head and 4 tails? 

5) Look at the row with the numbers 1, 4, 6, 4, 1. These numbers count the outcomes for 

6) 

flipping 4 coins. Write what each number means. 

1 

4 

6 

4 

1 

What is the probability of flipping 4 coins and getting 2 heads and 2 tails? 

Use Pascal's triangle to find these probabilities. 

a) Flipping 5 coins and getting 3 heads and 2 tails 

b) Flipping 5 coins and getting 4 heads and 1 tail 

c) Having 8 children and getting 3 girls and 5 boys 

d) Having 6 children and getting 6 girls and 0 boys 

e) Spinning this spinner 8) 4 times and getting 2 O's and 2 l's 

f) Choosing 5 numbers between 1 and 100 at random and getting 5 even numbers 

g) Choosing 7 numbers between 1 and 100 at random and getting 7 even numbers 

h) Answering a 10 question true-false test at random and getting 

10 true answers 
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P[•PL(XIN~ 
POO•Q•ILITI[S 

1) Television and radio stations have station codes starting with 

Kor W (KAAW or WJW). Some stations use 3 call letters. Other 

stations use 4 letters. Letters may be repeated. 

a) How many station codes with 3 letters are possible? 

b) How many 3-letter station codes have all 3 letters the same? 

c) What is the probability that a station with a 3-letter code has all 

3 letters the same? 

d) How many 3-letter station codes have the first and last letter the 

same? ------
e) What is the probability that a station with a 3-letter code has the first 

and last letters the same? 

f) How many station codes with four letters are possible? 

g) What is the probability that a station with a 4-letter code has all 

4 letters the same? 

h) What is the probability that a station with a 4-letter code has all 

4 letters different? 

2) A zip code has 5 digits. Digits may be repeated. 

a) How many zip codes are possible? 

b) If all zip codes were possible, what is the probability that a zip code 

has the same first and last digit? 

c) If all zip codes were possible, what is the probability that a zip code 

has all odd digits? 

d) What is the probability of a zip code reading the same 

forwards (e.g., 12321)? 

3) You are going to take a true-false test with 10 questions. 

728 

a) How many different sets of answers are possible? 

b) What is the probability that all 10 answers are false? 

c) What is the probability that a set of answers has 3 true and 7 false 

answers? 

d) What is the probability of having exactly 6 true answers arranged one after 

the other? 
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Bill receives a weekly 
allowance of $1.35. He wants 
to convince his parents he 
should get more. He found 
that five classmates received 
these amounts: Jack - $1.50; 
Sharon - $1.40; Art - $1.90; 
Alice - $1.60; Jane - $1.75. 

1) Use the grid to draw an 
"honest" bar graph to show 
the six ailowances. The 
vertical scale should run 
from Oto $2.00. You could 
use steps of $.10. 

Label the bars with each 
student's name. 

2) To fool his parents, Bill 
drew a deceptive graph. To 
see what Bill's graph looked 
like, use the same scale as 
in #1, but start the graph 
at the $1.20 line. 

3) From Bill's graph, Jack 
appears to receive how many 
times as much money as Bill? 

4) Advertisers some
times use Bill's 
graphing to fool 
the readers. 
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Study the graph. 
Does it accurately 
show the increased 
costs? -------

ALLOWANCES 

BILLS DE.CEPTIVE GRAPH 
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. THE GRAPHS FOR THE OR THE 1969 BUDGET ABOVE TO II. COMPARE THE GRAPHS F QUESTIONS: 
1978 BUDGET. ANSWER THESE ' d a greater part of the 

732 

1. Did the corpor~tion income fax~;7~~ovi e Did corporation in~ome 
budget dollar in 1969 than fn the total budget in 1969 than in taxes provide more dollars or 

1978? --- h d llar were budgeted to nation-
2. In 1969 how many cents out ofte~~ fr~m the graphs if mor~ total? 

al defense?-~ c:~ry~~ti~nal defense in 1969 than in 1978._ 
dollars were budgeted . . . 19 69 and 19 7 8 are 

3 The graphs for the budget doltl~rg c~:~~~ ~~ri~he budget dollar be-. h th same Why are e 
very muc . e 969 · d 197 8 so different? _______ _ ing spent in 1 an 



Materials: Five daily New York Stock 
Exchange reports (Your local 
newspaper probably has this 
report.) 

Activity: 

1) Use one column of the stock report. 

2) How many stocks increased in value? 

(Look for a +) 

3) How many stocks decreased in value? 

(Look for a-) 

4) If a stock is picked at random from 

your column, what is the probability it increased in value? 

5) Keep a record for each of the five days for the stocks in your 

col urnn. 

DA'< 

1. 

2 

3 

4 
5 

PROBA.BI LITY 
WE"-lT UP 

STOC.K..S 6) Did the probabilities stay 

pretty much the same, or 

did they change a lot? 

7) Do you think knowing a daily probability would be useful to predict 

the ups and downs of the stock market? 

Why or why not? 

Extensions: 

8) Read about the Dow-Jones average. Write a short report. 

9) Read about a "bear" market; a "bull" market. Write a short report. 

SOURCE: What Are My Chances?, Book A, by A. Shulte and S. Choate 

Permission to use granted by Creative Publications, Inc. 
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THE LABOR FORCE, EMPLOYED AND UNEMPLOYED, 1963-72, BY MONTHS 

MILLlOt-JS 

10 

MILLIONS 
10 

7 

5 

3 

2 

1 

8 

7 

G 

5 

4 

3 

'2 

1 

o.........,LI..LU ............ U.U..,.u..L.U ................................................... .U..U.., ..................... L.U..LI ........... .L.LU.LU..LLLLU.U..U.LU.LLLLU.L.LU.LL.U.aLU.LIU.U..,.-U..LL~U.U.o 

J 19G3 J 19<o4 J 19'=>'5 J 19c;G J 1~7 J 19GB J 19G9 J 1970 J 19'11 J 1972 D 

1) Each mark on the vertical scale represents ________ persons. 

2) The J along the horizontal scale represents 

3) The D at the end of the horizontal scale represents 

4) The highest number in the labor force occured in ______ _ (year). 

5) The number of employed persons increased by about how many from the beginning of 

1963 to the end of 1972? 

6) Explain the peak during the middle of each year. 

7) The graph shows what trend for the number of unemployed persons? 

8) The graph shows what trend for the number of employed persons? 

9) If the trend continues, about what year will the number of employed persons 

reach 10,000,000? 

10) Find the approximate rate of unemployment for December of 1972. ______ _ 
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( COIIJ'T! l.JUE:.D) 

UNEMPLOYMENT RATE, BY REGION, 1972 ANNUAL AVERAGES 

PER COJT PE.R CE1'JT 
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A'TLAI\JTIC QUEBEC Ol-JTAR~O PRAIRIES B.C. 

11) From the graph the Canadian rate of unemployment is about _____ percent. 

12) Which regions had rates higher than the Canadian rate of unemployment? 

13) If you cut the strips above the Canadian rate of unemployment, would they exactly 

fill up the strips below the Canadian rate? Explain. 

THE LABOR FORCE, 1972, ANNUAL AVERAGES 

Men Women 

Age Group Number 
Participation 

Number 
Participation 

Rate Rate 

1000 % 1000 % 

14-19 years .•••.....•• 545 40.8 407 32.0 
20-24 years ........•.. 827 84.0 580 60.5 
25-44 years ••......••. 2,636 96. 8 1,171 42.8 
45-64 years ..........• 1,791 89.2 756 36.3 
65 years and over ..... 139 18.7 39 4.3 

The chart says there are 5L15, 000 employed men in the 14-19 years age group. This 

represents 40.8% of all 14-19 year old men. 

14) Which age group for men has the highest percent of working men? 

15) Which age group for women has the highest percent of working women? 

16) How many working women are in the 45-64 year old age group? 

17) About how many Canadian women are in the 45-64 year old age group? 

18) (Difficult) About what percent of the 20-24 year olds in Canada are 

working? 
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TOTAL EXPORTS AND TOTAL IMPORTS, 1968-72 BY QUARTERS 

Ql 
uJ 

ij 
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(J 
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... , .. .,, 
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__ ,"'i_,.,,.' 

IMPORTS 

1971 

.,,. .,, ... 

.,, ----
.,,...,,,. .,,,.--

1972 

I __ , I 

I 
I 

I 
I 

1) If exports total more than imports, a country has a favorable balance of trade. ----
Does Canada have a favorable balance of trade? 

2) In what quarter of what year did the exports exceed $4 billion? 

3) In what quarter of what year did the imports exceed $4 billion? 

4) In what quarter of what year was the difference between exports and imports the 

greatest? the smallest? 

5) Before 1968, do you think Canada had an unfavorable balance of trade? 

6) When do you think Canada's exports will reach $6 billion? _______ _ 
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RT THE 
~LJP[~Mi=l~~[T 

Sometimes supermarkets have 

games that can be used as motiva

tion for an investigation in pro

ability. Here is a table from an 

advertisement used to promote a 

game for a supermarket chain in 

the Northwest. 

Enlarge the table on a trans

parency and show it to your class. 

Pose these questions: 

1. What are the chances for win

ning $1000 in 5 visits? 

2. The game ends officially when 

all the game cards are distri

buted. How many game cards 

are there? 

P~IZES 

$1000 

1000 

20 

10 

5 

1 

NO.OF 
PRIZES 

9 

45 

170 

340 

G80 

13,GOO 

Cl-~AI\.ICIZ$ FOR Wl~~lt,.JG 

1 VISIT 13 VlSlTS 

11~ 155)889 1 n..i 1l41 s3o 

1 I)-J 37)7'78 1 IN 2,901;; 

1 I~ 10)000 1 I>-.l '7C:,9 

1 DJ 5,000 1 HJ 385 

1 HJ 2,500 1 II\.\ 192.. 

l HJ 1'2.5 1 lt-.l 10 

The table does not answer the questions but, by examining patterns in the table, it 

is possible to compute the answers. Have your students look for patterns. By using a 

calculator, they can discover that dividing each of the numbers under the "l visit" 

column by 13 gives the numbers under the "13 visit" column. A way to find the chances 

of winning $1000 in 5 visits is to divide 188,889 by 5. There is about 1 chance in 

37,779 to win $1000 in 5 visits. 

A second pattern can be discovered by multiplying the number of prizes in each cate

gory by the corresponding number under the "l visit" column (9 x 188,889). In each case 

the product is about 1,700,000. Could it be there are 1,700,000 game cards? There are 

nine $1000 prizes. 9 chances out of 1,700,000 ~ 1 chance out of 188,889. Your students 

might ask other questions and discover other patterns in the table. (What are the 

chances of winning a prize of any size in 1 visit? 14,844 out of 1,700,000 ~ 1 out of 

100. Did each store receive an equal number of cards? Can't tell.) You can have stu

dents bring in other promotional games for the class to analyze. 
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Pl Nl:1!9' 
eRIJJ:ECI 

Make plans to take a poll of 50 people 

(or if more convenient two homes per pupil 

and plan so that there will not be duplica

tion of households). Use these questions 

or develop a set of your own that might be 

more relevant to your community. 

1) Would you be willing to pay 8% more for an air conditioner if it made less noise? 

More specifically, would you pay $310 as compared to $288? 

2) Would you be willing to pay $99 for a less noisy vacuum cleaner if the same model 

but noisier was available for $90? 

3) Would you be willing to pay $1.25 more for a less noisy hair dryer? 

4) Would you be willing to pay $5.00 more for a less noisy lawn mower? 

Tabulate your results on a chart similar to the one shown here. 

"YES" "NO" "UNDECIDED" 

ITEM NO. % NO. % NO. % 

Air 
Conditioner 

Vacuum 
Cleaner 

Hair 
Dryer 

Lawn 
Mower 

If you can come to any conclusions that might influence a manufacturer of one of 

these items, why not write to such a manufacturer explaining what you have done and 

offer some concrete suggestions to him for future production plans. Wouldn't it be 

interesting to find out if the company would respond to your suggestions? 

SOURCE: Pollution: Problems, Projects and Mathematics Exercises, Wisconsin Department of Public Instruction 

Permission to use granted by Wisconsin Department of Public Instruction 



CRLLINC 
RLL CRR5 

1) Take a poll among the students in your class. Find out how many families have 

a) no cars c) 2 cars 

b) 1 car d) 3 or more cars 

2) Make some kind of graph for the information. Here are some samples. 

(f) 

~ 
V 

L, 
0 

FAMILY CARS. 

o,&.a 1:····· 2:··· 
6 3+ =• 2 

• =3FAMIL!t:.S 

FAMILY CARS f""AMILY CA~S 

0 1 2 3+ 

3) In your poll, what percent of the families have one car? Two or more? 

4) How do these percents compare with the percents for 1970 in this table? 

AUTOMOBILE OWNERSHIP 

1950 1955 1960 1965 

Millions of families 45.2 49.1 53.4 58.5 

% of families owning autos 59 70 77 79 

a) one auto (%) 52 60 62 55 

b) two or more (%) 7 10 15 24 

Table from Environmental Science, Intermediate Science Curriculum Study 

Permission to use granted by Silver Burdett Company and Florida State University 

5) For each year in the table, what percent of the families did not own an 

automobile? 

1970 

63.7 

80 

50 

30 

6) How many millions of families owned automobiles for each of the years in the 
table? ______________________________________ _ 

7) Which is growing at a faster rate: the number of families, or the number of 

families owning automobiles? ________ _ 

8) Predict figures for 1975 and 1980. _____________ _ 
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MacDubles hamburger restau
rant has two order-takers. 
If both are busy when custom
ers arrive, they wait in a 
line, a queue (pronounced q). 
When an order-taker is free, 
the first customer in the 
queue moves to place an order. 

Each customer takes about 
four minutes to order. Cus
tomers do not arrive at a 
steady rate. During any 
given minute, the chance a 
customer arrives is 0.7. 

•-----·--·· \. •:::-::.- 'l, • ... _., ·--- .... •---- .. 
··-- <Ii ·-···- \. --· . ------,, ------_... . ----

Think about these questions. During a 30-minute period: 

A) What is the average length of the queue (on the average, how many 
customers are waiting in line to place an order)? 

B) On the average, how many minutes does a customer spend standing in 
the queue and ordering? 

C) How many customer-free minutes are there for each order-taker? 
D) Do you think there are too many, just enough, or should the restaurant 

hire another order-taker? 

To simulate the customer arrival for 30 minutes, use a random digit 
table to obtain 30 digits. Each digit tells if a customer arrives during 
the minute. Since the probability of arriving during a given minute is 
0.7, use the digits 1, 2, 3, 4, 5, 6, 7 to mean a customer arrives. The 
digits 8, 9, 0 mean no customer arrives during the minute. Use the table 
on the following page to record the customer arrival for 30 minutes. 

,, ~~~ 
( An example is given below. For\ 

( 
t~e. first eight minutes, the J 
digits were: 2, 5, 6, 4, 9, 3, / 

, 2, 5. \ a) 

MINUTE 

1 

ORDER- ORDER-
QUEUE 

TAKER X TAKEK' Y 

1 

·, 

" b) 

"2" means a customer arrives/ c) 
during minute 1. A 1 is 

d) 
placed under order-taker X. 

b) "5" means a customer arrives 
during minute 2. A 2 is 
placed under order-taker Y. 
1 is repeated under X since 
the first customer takes 
four minutes to order. 

e) 

f) 

g) 

_i h) 

'i 
J 
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2 

3 

4 

5 

G 

7 

8 

1 2 

1 2. 3 

1 2 3 4 

3 2 L/ 

3 4 5 

3 4 s G 

3 4- 5 G 7 



c) 116 11 means a customer 
arrives during min
ute 3. A 3 is placed 
in the first posi
tion in the queue. 

d) "4" means a customer 
arrives during min
ute 4. A 4 is placed 
in the second posi
tion in the queue. 

e) "9" means no custom
er arrives during 
minute 5. Customer 
1 leaves and cus
tomer 3 moves to 
order-taker X. The 
queue line is only 
one person long. 

f) "3" means a customer 
arrives during min
ute 6. Customer 2 
leaves and customer 
4 moves to order
taker Y. The new 
customer, 5, is in 
the queue. 

g) "2" means a customer 
arrives during min
ute 7. This new cus
tomer, 6, stands in 
the queue. 

h) 11 5" means a customer 
arrives during min
ute 8. The customer 
stands in the queue. 

1) Write 30 digits 
from the random 
digit table in 
the bubble above 
the table. 

2) Complete the 
table. 

3) Use it to answer 
questions A, B, 
C, Don the pre
vious page. 

30 Random Digits: __ , __ , __ , __ , __ , __ , __ , __ 
__ , __ , __ , __ , __ , __ , __ , --' __ , --' -- __ , 
__ , __ , __ , __ , __ , __ , __ , __ , __ , __ 
Minute Order- Order-

Queue Taker X Taker Y 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 
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How is a mortality table made? 

Life insurance companies keep careful records of the lives and deaths of their 

policy holders. Data is collected on the ages of those being insured and the number 

that die during a year for each age group. From these facts, the number of deaths per 

1000 people is found. 

Finding number of deaths per 1000 people 

Several insurance companies report this data: At the beginning of a year, 4280 

thirteen-year-olds are insured. By the end of the year, 6 have died. 
6 The probability of dying is 4280 To find the deaths per 1000 people, solve 

this proportion: 
6 

4280 
X 

1000. x = 1.40. Based on past data, the expected 

number of deaths per 1000 thirteen-year olds is estimated at 1.40. 

I. Use the information below to find the number of deaths per 1000 people for each age. 

AGE 
t-JUMBE.R Ir-JSURE.D AT 1-JUMBE.R OF NUMBER OF DEATHS 
BE.Glt-..lt-.ll~G OF YEAR DEATHS PER 1000 PG:RSQ)JS 

14 4500 7 

15 5000 8 

1G 4750 8 

17 5800 10 

II. For an age group, the actual number of deaths each year varies. One insurance com

pany found this information over a five year span for its thirteen-year-old policy 

742 

holders. 

YEAR "-!UMBER Il\.lSURE.D AT l\lUMBE.R OF ~UMBER o~ DEATHS 
BE:Glt-J~.HNG OF YEAR DEATHS PER 1000 PERSO~S 

19'71 5550 8 1.44 

1972. 4800 9 1 .88 

19'?3 G050 1'2. 1..98 

1974 5700 11 1.93 

1~75 50GO '7 1.38 

Insurance companies use many years of data to establish a 

reliable death rate for each age. 

able number for 

predicting 

deaths for 

teen-year-olds, 

find the average 

the last column. 



Making the mortality table 
(1656-1742) 

first 
Once a reliable death rate per 1000 people is known for 

each age group the mortality table can be constructed. ---------------__.,.......____ 
From past records, an insurance company reports these death rates per 1000 people: 

AGE. 
DEATH PER 
1000 PEOPLE. 

1"'3 1.40 

14 1.47 

15 1.52. 

1G 1.G2 

17 1.'70 

A 

AGE. 
NUMBER 
LIVl~G 

13 40,000 

11+ 
15 

1G 

1'7 

B 

DEA'"THS 

The company wishes to construct a mortality 

table starting with 40,000 thirteen year 

olds. The steps are shown below the table. 

C 

DEATHS PER 
DURltJG \/EAR 1000 PEOPLE 

1.40 

1.4'7 

1.5'2 

1.G2 

1.'72 

To complete the table: 

1) Use the death rate from column C to find the number of deaths for age 13. 

2) 

1.40 
1000 

Write your answer in column B. 

X 40,QQQ ( Round to the nearest ~~---j 
\_ whole number. 

~.._____~ . 

3) Subtract your answer from 40,000 to find the number living at age 14. Write the 

number in the table. 

4) To find the deaths during the year for 14 year olds, multiply the number living by 

the death rate (1 · 47 ) Round the answer to the nearest whole number and write it 
1000 

in column B. 

5) To find the number living for age 15, subtract the number in column B from column A 

for age 14. Write the answer in column A. 

6) Continue the calculations to complete the table. 
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When you purchase a life insurance policy, you agree 

to pay the company a fixed amount of money annually 

called the premium. Insurance companies use mortality 

tables to help them figure the amount of the premium for 

each policy holder. 

Mr. Phillips wishes to start a life insurance com

pany. He plans to insure 2000 thirteen-year olds for 

$5000 each for one year. How much should he collect 

from each person in order to pay the death claims for 

those who may die during the year? (Mr. Phillips must 

pay $5000 for each person who dies.) 

The deaths per 1000 for thirteen-year olds in the 

mortality table is 1.32. Since there are 2000 to insure, 

the expected number of deaths is 2.64 or about 3. Mr. 

Phillips can expect to pay claims equal to 3 x $5000 or 

$15,000. (The actual number of deaths during the year 

could be greater than or less than 3. Over many years, 

the number of deaths per year for 2000 thirteen-year 

olds would average about 3.) 

How much money should Mr. Phillips collect from each of the 2000 persons to pay the 

death claims of $15,000? 

$15,000 • 2000 $7.50. 

(This amount pays only the death claims. A higher fee is needed to cover Mr. Phillips' 

operational costs.) 

1. Mr. Phillips plans to insure 4000 fifteen-year olds for $3000 for one year. He 

wishes to collect enough money to pay the expected death claims for this group. 

How much should the premium be for each person? 

2. The Stinnet Insurance Company has 7480 policy holders of age 21. The company in

sures each person for $10,000 for one year. In order to pay the expected death 

claims for this group, how much should the premium be for each person? 

3. You own an insurance company. 4250 thirty-year olds wish to be insured for $15,000 

for one year. In order to pay the expected death claims for this group, what pre

mium should you charge each person? 
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ENVIRONMENT 

TITLE 

Get a Horse? 

Air Pollution 

City Circumstances 

Particular Pollutants 

Who Needs a Bike Path? 

Counting Corners 

Pull for Pooling 

To Spray or Not to Spray 

Water Wastes 

Decay and Half-Life 

Rocky Mountain High 

Continental Facts 

Highs and Lows 

Let's Go Fishing 

CONTDITS 

PAGE 
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748 

749 

750 

751 

752 

754 

755 

756 

757 

760 

761 

763 

764 

TOPIC 

Using a table to compare 
fuel efficiency 

Reading a table 
Making a graph on air 

pollution 

Reading a table on air 
pollution 

Reading a table and making 
a graph of sources of 
air pollution 

Gathering data on bicycle 
and car usage 

Analyzing data on traffic 
at intersections 

Gathering data on the 
number of riders in cars 

Reading a table on 
pesticide usage 

Reading a table on 
water pollution 

Using dice to simulate 
radioactive decay 

Making a stem-and-leaf 
display of each state's 
highest point 

Graphing information about 
continents 

Using a graph to compare 
continental highs and 
lows 

Using sampling to estimate 
the makeup of a 
population 

TYPE 

Worksheet 

Teacher idea 

Worksheet 

Worksheet 

Activity card 

Teacher idea 

Activity card 

Transparency 

Worksheet 

Worksheet 

Worksheet 

Worksheet 

Teacher 
demonstration 

Bulletin board 

Worksheet 
Activity card 

745 



TI TLE PAGE 

A Chilling Experience 765 

Is 32 Degrees Hot or Cold? 766 

Balloon Barometer 767 

A Swinging Time 768 

Hang Ten 770 
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TOPIC 

Collecting and graphing 
temperature readings 

Using a graph to compare 
degrees Celsius to 
degrees Fahrenheit 

Collecting and graphing 
data from a homemade 
barometer 

Making and using a graph 
to predict the period 
of a pendulum 

Collecting and graphing 
data about elasticity 

TYPE 

Activity card 
Workshee t 

Worksheet 

Activity card 

Activity card 
Worksheet 

Activity card 
Workshe et 



It is more efficient on a trip for a car to have 4 people in it than just 1. That 
way more people are moved many miles for about the same amount of gasoline. When two 
people go 10 miles each, you can say that they have traveled 20 people-miles. The 
number of people-miles per gallon gives one way to compare different kinds of vehicles. 

Average number of People in People-miles 
Vehicle miles per gallon vehicle per gallon 

Car 13.3 1 13.3 

1. 3* 17.3 

2 26.6 

5 66.5 

Bus 5.9 5 29.5 

50 295.0 

Jet aircraft 0.24 73 17.5 

Electric train a 1.88 600 1130 (level 
ground) 

*Estimated average aElectricity used is expressed in terms of fuel. . 

Data updated from Principles of Environmental Science by Kenneth Watt. Copyright 1973, McGraw
Hill Book Company. Used with permission of McGraw-Hill Book Company. 

1) According to the table, what type of vehicle gives the most people-miles per 
gallon?_____ The least? 

2) Since jets do not give a very high people-miles per gallon figure, why do people 
going on long trips like to fly? 

3) Since cars have a low people-miles per gallon figure, why do so many people drive 
instead of taking a bus? 

4) What does the 1. 3 in the "people in vehicle" column mean? 

5) How was the last column figured out? 

6) Some cars get 35 miles per gallon. With 2 people, what would the people-miles per 
gallon be for such a car? 

7) Suppose a 
miles per 
give? 
buses? 

jet had 150 people (including the crew) in it and got the same number of 
gallon as in the table. How many people-miles per gallon would that 

Would this be more efficient than 3 

8) Besides fuel efficiency, why would one bus with 50 people be better than 10 cars, 
each with 5 people? 
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This is an example of a table showing air pollution data. Local information is 

available from the nearest air pollution authority. You can find a number in the 

governmental section of the telephone book . Ask for data in table or graph form 

relating to air pollution in your area. 

City 

Eugene 

Springfie l d 

Ju ncti on City 

Cottage Gr ove 

Oakridge 

Rura l 

SUMMARY 

SUSPENDED PARTICULATE 

1972 

Sta t i o n Loca ti on Field Stati on 
Number 

City Hall 20- 18- 32 

Commerce Bldg. 20-1 8- 35 

City Li brary 20-33-37 

City Shops 20-3 3- 35 

Cit y Offices 20- 24- 04 

City Hall 20-09 - 01 

Fire Stati on 20-30-01 

LRAPA, Airport 20- 00- 33 

*micrograms p e r c u b i c metre 

Ja n 

88 

-

114 

80 

68 

-

-

25 

Polluti on I ndex 

0 - 60 Li ght 
61 - 100 Mod erate 

101 - 260 Heavy 
261 - Ver y Hea vy 

Suspend ed Par t ic ulate (µg/ m3) * Monthly Aver age 

Feb Mar Apr May J un e July Aug Sep Oct Nov 

108 72 78 103 92 164 135 159 10 7 64 

79 58 77 84 91 75 97 92 98 50 

138 92 89 93 59 88 107 109 142 75 

99 88 75 111 119 122 138 114 131 80 

75 58 49 68 60 68 75 91 84 54 

- 47 39 46 38 45 51 47 59 45 

- 85 56 89 78 79 10 5 83 106 73 

36 25 23 38 48 42 50 53 72 30 

Dec 

96 

88 

95 

92 

44 

53 

69 

32 

1) Students can select a color for each category in the pollution index and color 

the monthly averages in the table. 

2) Students can answer questions based on the table. For example, 

a) What is the highest monthly average in the table? 

b) For Oakridge, how many months show moderate pollution? 

c) Which field station reported the most months with heavy pollution? 

d) Which month shows more readings in the light category? 

Yearly 
Average 

106 

81 

100 

104 

66 

47 

82 

40 

3) Students can compute the yearly averages for each field station. An average of 

the readings for each month can also be figured. 

4) For each field station, students can make a line graph of the monthly readings to 

check for trends. By comparing graphs, students can identif y the stations with the 

most (least) variation in readings. Similiarities or differences in trends for 

the stations can be ±nvestigated. 



[ITY 
[IR[UM5TRN[E5 

SUSPENDED PARTICULATE MATTER LEVELS, SELECTED CITIES: 1972 
[In micrograms per cubic meter.] 

STATION Min. Max. 
Geom. 

STATION Mean 
Arizona .•••• Phoenix ••• 60 283 144 New 
California .• Oakland ... 21 100 57 Hampshire ••• 

San Diego. 26 140 59 New York •••.• 
San 

Francisco 29 121 60 North Dakota. 
Colorado •••• Denver .... 38 355 127 Ohio •••.••••• 
Connecticut. Hartford .. 25 137 60 

New Haven. 23 131 60 Oklahoma •••.• 
Florida ..••• Miami. ••.. 32 132 62 
Georgia ••.•. Atlanta ••. 39 203 82 Oregon ••••••. 
Hawaii •.•••• Honolulu •• 25 70 40 Pennsylvania. 
Idaho ••••••• Boise ••••• 20 254 69 Rhode Island. 
Illinois •••• Chicago ••• 39 336 97 South 
Iowa .•••••.• Des Moines 34 202 85 Carolina •••• 
Kansas .••..• Kansas Tennessee ..•. 

City ..•.. 29 227 116 
Louisiana ••• New Texas •••••••• 

Orleans .• 43 119 73 
Maryland •••. Baltimore. 44 166 90 Utah ••••••••• 
Mi · chigan .••. Detroit •.• 41 236 111 
Minnesota ••• Minnea- Virginia ••••• 

polis •••• 31 130 64 Washington ••• 
Missouri •••• St. Louis West 

(CAMP) 1 •• 32 393 120 Virginia •••• 
Nebraska •••• Omaha ••••. 43 331 113 Wisconsin •••• 
Nevada ..•..• Reno .•..•. 38 218 93 Wyoming .••••• 

1At Continuous Air Monitoring Project (CAMP) Station. 
SOURCE: U.S. Environmental Protection Agency, 
Monitoring and Air Quality Trends Report, 1972. 

Concord ••• 
Rochester. 

Bismarck •• 
Cincinnati 
Columbus •• 
Oklahoma 

City .•••• 
Portland •• 
Pittsburgh 
Providence 

Columbia •• 
Memphis ••• 
Nashville. 
Dallas •••• 
Rous ton ••• 
Salt Lake 

City ••••• 
Norfolk ••• 
Seattle ••• 

Charleston 
Milwaukee. 
Cheyenne .• 

Min. 

20 
39 

24 
38 
28 

28 
29 
69 
38 

23 
42 
54 
29 
43 

51 
9 

24 

33 
41 

7 

Table from Statistical Abstract of the United States 1974 

Geom. 
Max. Mean 

93 38 
177 88 

213 87 
207 87 
135 78 

194 67 
255 86 
259 135 
129 69 

157 63 
395 92 
249 106 
349 86 
177 189 

211 95 
116 55 
109 47 

181 98 
197 92 
148 30 

(Suspended Particulate Matter: Particles of smoke, dust, fumes and droplets in the air.) 

1) Using a standard of 75 microgram/m 3 (annual geometric mean), what cities had too 
much suspended particulate matter? 

2) Which city had the highest geometric mean? _____ _ the lowest? 

3) What city had the highest maximum amount of suspended particulate matter? ____ _ 

4) These are selected cities, not the only cities with air problems. How many states 
are not represented? ___ _ 

5) What are some cities with obvious air pollution problems that are not mentioned 

here?---------------------------------------
6) Suspended particulate matter does not include carbon monoxide, ozone, sulfur 

oxides or nitrogen oxides. What information do you need before you decide whether 
the cities in the table have polluted air? ___________________ _ 
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PAI2T[CULAf 
POLLUTANTS 

T~£Y USE.D 10 I-IA\/( 0 0 0 o 

XYGEl\l IM THE.IR AIR. ~ 

SOURCES OF U.S. AIR POLLUTION (1974, est.) 

(millions of metric tonnes) 

Kind of Pollutant 

Carbon Sulfur Hydro- Nitrogen Particu- Total 
Source monoxide oxides carbons oxides lates for source 

Transportation 73.5 .8 12.8 10. 7 1.3 

Heating • 6 5.6 1. 6 4.0 2.6 

Power plants .3 18.7 0.1 7.0 3.3 

Industry 12.7 6.2 3.1 0.6 11.0 

Burning waste 2.4 0 0.6 0.1 0.5 

Uncontrolled and 
5.1 0.1 12.2 0.1 miscellaneous 0.8 

Totals 

Data from Statistical Abstract of the United States 1975 

1) Find the totals for each source and for each kind of pollutant. 

2) What was the grand total of air pollution in 1974? 

3) About what percent of the total pollution does transportation put in the air? 

4) Make a circle graph for either the sources (use the totals column) or the kinds 

of pollutants (use the bottom row). (Round the grand total to 200 million and 

each of the other totals to the nearest million.) 
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Do a lot of cars and bikes travel 

near your school each day? Many cities 

are establishing bike paths so that 

both types of vehicles won't have to 

travel in the same lanes. 

Find several locations to take bike and car 

counts, and collect the following information 

for a period of one hour. 

Street Time Bikes/hour Cars/hour 

13™ t ALDE.R. 8-9 AM 252 

Approximate bike 

to car ratio 

1 

Do you think a separate bike path is needed? If so, who should have the infor

mation so that a path could be established? 

Do you think the number of bicycles would increase if a path were established? 

Why should bicycles be encouraged? 

Compare the motor vehicle registration and bicycle registration for your city. 

Look at each for the last 5 years to see if there are any general patterns. 
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The traffic divisions of cities gather data on 

the amount and type of traffic at busy intersections. 

Sometimes a cable is stretched over one lane of a 

street. Every 15 seconds a mechanical device records · 

on a paper tape the number of cars crossing the 

cable. Often the traffic at an intersection must be 

counted by observation. The person counting might 

use a large board with buttons to tally the count. 

The data is stored in a computer and it is used to 

help make decisions about traffic signs and lights, 

turn lanes, bike lanes, widening streets or creating 

one-way streets. 

To show what is happening at a particular intersection the data is recorded on a 

diagram as shown on the next page. Here are some ideas for using this diagram: 

I. Have students take a count at a busy intersection near school and record it on 

the diagram. You could form 8 teams, (a) through (h), and have each team do the 

counts as labeled in blue on the next page. You might want to simplify the dia

gram and have students count only the traffic entering and leaving on each 

street. You might want them to count bike traffic separately. A discussion of 

the data could include questions like, "Should there be a different type of 

traffic control--lights or signs? Should there be a bike lane, left turn lane 

or a better pedestrian crossing?" 

752 

II. Show the diagram on an overhead. Add hypothetical data like that shown in blue 

on the diagram. Ask questions like those in I above. 

III. Show the diagram and give only the numbers at each of the arrowheads (16 num

bers). Have students figure out the numbers for the rest of the blanks. 

IV. Give students the 4 outside numbers and have them figure out possible numbers 

for the rest of the blanks. (Traffic engineers sometimes have to do this. If 

they have the data from the surrounding intersections, they can figure out a 

logical flow of traffic for an intersection without counting.) 

V. Have someone from the traffic division in your city visit your class and de

scribe how they collect and use data on traffic. 



DATE -------------------
CITY OF _______________ _ 

DAY OF WEEK ____________ _ INTERSECTION OF __________ _ 

TIME COUNTED to ------ ------
WEATHER ______________ _ 

PED. 

D 

D 

AND __________ _ 

Total vehicles entering 

intersection __ _ 

Number entering from 

North & South __ _ 

Number entering from 

East & West ---

STREET OR AVEhlUE 

~ INDICATE NOR.TH 

~ 
~ 
ci. 
0 
t
w 
~ 
I
en 
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PULL FDR 
PDDLINC 

~ 
=~ 

Make plans to take a count of cars traveling certain 

routes, at certain hours, on various days in your 

community. 

Suggestions: 

Go to the location you have chosen. Count the cars 

traveling in one direction and the number of passengers 

in each car. Do this for½ hour during a morning rush 
1 1 hour, 2 hour during an evening rush hour, and 2 hour 

during a midday hour. 

Determine how many days you will do this and vary your 

days so that some are weekdays and some on weekends. 

When you arrive at what you feel is a fair sampling 

determine how many fewer cars would have been needed 

if each car would have carried 3 passengers. 

Determine what per cent of the cars carried only 1 

person; 2 persons; 3 persons; more than 3 persons. 

What conclusions can you form as an individual or as 

a group carrying out this project? Can you use these 

conclusions to make some recommendations to your own 

family (families)? To the staff of your school? To 

the members of your community? To your traffic 

department? 

SOURCE: Pollution : Problems, Projects and Mathematics Exercises, 6-9, Wisconsin Department of Public Instruction 

Permission to use granted by Wisconsin Departrpent of Public Instruction 
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PESTICIDE USAGE AND AGRICULTURAL USAGE 

Pesticide Use Yield 

Grams per Kilograms per 
Area or Nation hectare Rank hectare Rank 

Japan 10, 790 1 5,480 1 

Europe 1,870 2 3,430 2 

United States 1,490 3 2,600 3 

Latin America 220 4 1,970 4 

Australia and 
Pacific Islands 198 5 1,570 5 

India 149 6 820 7 

Africa 127 7 1,210 6 

Table from Patterns and Perspectives in Environmental Science, National 
Science Board. A hectare is 10,000 square metres. 

Permission to use table granted by National Science Board 
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WATER POLLUTION OF MAJOR DRAINAGE AREAS (REGIONS DRAINED BY INTERRELATED STREAMS) 

Total length Polluted km 1971 duration-
of streams in 

Name of area the area (km) 1970 1971 intensity factor* 

Ohio 46,400 15,800 38,500 .42 

Southeast 18,800 5,000 7,200 .74 

Great Lakes 34,200 10,500 14,000 .45 

Northeast 51,900 19,000 9,300 .61 

Middle Atlantic 51,100 7,400 9,000 .47 

California 45,200 8,600 13,500 .27 

Gulf of Mexico 103,600 26,600 18,600 .35 

Missouri 16,700 6,800 2,900 .31 

Columbia 48,700 11,900 9,100 .12 

United States . 416,600 111,600 122,100 .41 

*This indicates how badly the stream was polluted and for how long during the year. The 
greater the decimal, the worse the pollution. 

Table adapted from Statistical Abstract of the United States 1975 

1) Which area within the U.S. has the greatest number of kilometres of 

stream length? 

2) Which areas had fewer polluted kilometres in 

1971 than in 1970? 

3) Which area had the highest duration-intensity 

factor in 1971? 

The lowest? 

4) For each area, find the percent of the total 

stream length polluted in 1971. Arrange the 

areas in order from greatest to least percent. 

5) What are some streams in your drainage area? 

Check with a pollution agency to see if the 

streams are polluted. 

---·----

--
---- __,..., 

~ ----------~ ---:-----..,;--:-• .- . . ~ - ___,, -.. ___.,,,--. 



Materials Needed: Graph paper, set of 20 cubes with one face of each cube 

I 

marked with a D 

Begin by rolling all 20 particles. 

Remove any particles that decay (the 

side marked D turns up). Record 

your results in the table to the 

right. 

Continue rolling until all active 

particles have decayed. You may 

need to extend the table. 

II Do you think the results would 

be exactly the same if you 

rolled the 20 radioactive 

particles again? 

If the side marked D turns up, 

a particle has decayed. This 

die is removed from the pile 

before the next roll. 

R LL PARTlC.LE:5 PARTICLES 
O DECA'<l::D R~MAINING 

0 zo 

5 

G 

'7 

8 

9 

III Make at least five more trials. Each time start with 20 radioactive particles. 

As in part I, roll until all radioactive particles have decayed. Make tables like 

those below and record your results. 

1 

3 
-4 
5 
6 

IDEA FROM: Laboratory Activities for Teachers of Secondary Mathematics by G. Kulm 
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HALF-LIFE 
(PAGE. 2J ~ 

~ 
~ '201'"-"""T---.--.--.--.----,--....---,--,--,-...---r-----.--r--, 

IX' 18 -t---t--+-+--+--+--+--+--+--+---+---+--+--+--+-----1 
cf) 1G ' l.JI +-+--+-+--+--+--+--+--+--+--+--+-+-+-+~ 
d 1.t.i;--;---+--+--+--+--+--+---+--+--+--+--+--+--+---1 

~ 1 'l-t---t--+---+,-+-+---t---t-----,f--<f--1--1--+--+--l 

Graph each of your six trials on the grid 

below. The graph of a trial should look 

something like the one to the left. Draw 

a smooth curve which best fits your points. 

a: 10 
u 8+-+--+--+--+--i--+--+---+---+--+--+--+--+--+--1 

0 G+--+--+-+-+--'--+--+--+--+---+---+--+--+--+-----1 

~ 4+--+-+-+-+--'----+--+--+--+---+---+--+--+--+-----1 

,~ t 

0 1 2. 3 '+ G 7 8 9 10 11 1'2. 131~ 15 

NUMBER Qi;- ROLL':> • 
V The half-life of a radioactive 

substance is the time it takes 

for half of the particles to decay. 

From the graph above I can 

see it took about 5 rolls 

before half the particles 

So the half-life 

is 5 rolls. 

Use your graph from part VI below. On the average, the half-life of a sample of 20 

radioactive particles would be _____ rolls. 

VI What would happen to the half-life if your starting pile was twice as large? 

Make a prediction for the half-life. rolls -----
Perform several trials to check your prediction. 

<.!) 
2 
2 

i 
Cit 

IQ 
_J 
u 
t 
~ 

~ 
Ol 

l!l 
~ 
::> 
2 

20 I I 

19 DECAY 01=" RADIOACT/Vt;: PARTICLES - r--

18 1<.ESUL "T'5 or- SIX 71::'.IAL~ 
17 
1G 

15 
14 
1'3 
12 
11 
10 
9 
B 
7 
<;; 

5 
4 
3 
2 
1 
0 

012345G7B9roun~~~~vmm~~~a~~~u~~~ 

~UMBER 01=" ROLLS 
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~t[:~GJ RND 
HALF-LIFE 

(PAGE 3) 
Nuclear reactors are becoming more common because of the energy crises. A by-

product of the reactors is radioactive chemical waste which must be safely stored. 

This is causing some problems because of the long half-lives of some of the radioactive 

isotopes. 

The half-life of a radioactive 

substance is the time it takes for 

half of the substance to lose its 

radioactivity, that is, to decay. 

R.ADIOA.CTIVE DECAY CURVE 

Tl-IC TIME. REQUIRED 
FOR 1-tALF Tl-IE 

For example, let's suppose, there are 1000 

ratioactive particles. In one half-life 500 

particles (half of the 1000) decay. In the 

second half-life (the same length of time) the 

if) 

~ 250 
c.J 

~ 125 

l 

' ... 
' ' -- -- - - - - : - ------:-- ------ : 
~ j I 

remaining particles are again reduced by one half, 1 ST 2,NO 

that is half of 500 or 250. See the graph to the right. HALF-LIFE 
TIM£. • 

Decay for any particular particle is completely random and can't be measured, but 

the concept of half-life allows scientists to quite accurately predict the decay of an 

entire sample. 

The half-lives of nuclear particles :vary from a tiny fraction of a second to more 

than a billion years. For strontium-90 and cesium-137, waste products in nuclear 

reactors, an isolation time of 600 years is required before it is safe to release them 

into the environment. 

CARBON-14 DATING: 

All living material has a certain percent 

of carbon in its chemical makeup. Most of 

this is stable carbon-12, but there is a small 

amount of carbon-14 which has a half-life of 

slightly more than 5000 years. Scientists can 

analyze artifacts and determine the percent of 

carbon-14 left to establish its age. This 

method is effective for organic material 1,000 

to 50,000 years old. 

IDEA FROM: Laboratory Activities for Teachers of Secondary Mathematics by G. Kulm 

Permission to use granted by Prindle, Weber and Schmidt, Inc. 
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Peak-Scaler Pike collected 
the elevations of the highest 
points in each of the states. 

State 

Alabama 

Alaska 

Arizona 

Elevation 
(metres) 

734 

6194 

3951 

State 

Louisiana 

Maine 

Maryland 

Arkansas 839 Massachusetts 

California 4418 Michigan 

Colorado 4399 Minnesota 

· Connecticut 725 Mississippi 

Delaware 135 Missouri 

Elorida 105 Montana 

Georgia 1458 Nebraska 

Hawaii 4205 Nevada 

Idaho 3859 New Hampshire 

Illinois 376 New Jersey 

Indiana 383 New Mexico 

Iowa 509 New York 

Kansas 1231 North Carolina 

Kentucky 1263 North Dakota 

Make a stem and leaf 
display of the elevations. 

The stems are thousands. 

000 

How many states have 
elevations above 2000 
metres? 

760 

0 

0 
0 

" 

S.TEM 

0 

0 734 

1 

1 

2. 

2 

3 

3 951 

4 

4-

5 

5 

G 

I 
I 
I 
I 
I 
I 

I 
I 
I 

I 
I 

' I 
I 

I 
I 
I 
I 
I 
I 

I 
I 
I 

I 
I 

Elevation 
(metres) 

163 

1656 

1024 

1064 

604 

701 

246 

540 

3901 

1654 

4005 

1917 

550 

4011 

1629 

2037 

1069 

!,"• 

·~ 

State 

Ohio 

Oklahoma 

Oregon 

Pennsylvania 

Rhode Island 

South Carolina 

South Dakota 

Tennessee 

Texas 

Utah 

Vermont 

Virginia 

Washington 

West Virginia 

Wisconsin 

Wyoming 

LEAF 
I I I 
I I I 
I 

I I I 

I I 
I I I 

I I I 
I I 

I I I 

I I 

I 

I 
I 
I 

I 

I 

I 
I 
I 
I 
I 

I 
I 

I 
I 
I 
I 
I I I 

I I I 
I I I 
I I I I 

Elevation 
(metres) 

472 

1516 

3424 

979 

247 

1085 

2207 

2025 

2667 

4123 

1339 

1746 

4392 

1482 

595 

4207 

I 
I 

I 
I 

I 
I 
I 

I 
I 

I I 
I 

I I 
I 
I 

I 
I 
I 

I 
I 
I 



HERE ARE SOME FACTS ABOUT 

Continents 
Asia 
Africa 
North America 
South America 
Europe 
Australia 
Antarctica 

CONTINENTS: 

Area (km2 ) 
43,999,000 
29,801,000 
24,320,000 
17,599,000 

9,700,000 
7,687,000 

14,245,000 

I. Finish the bar graph to the 
right: Be sure to pick a 
suitable scale. Label the 
scale. 

II. Make a bar graph showing popu
lation. Use the rectangle at 
the bottom of the page. Label 
the scale. Give a title to 
the graph. 

III. Can you tell if one continent 
has more people than another 
by comparing their areas? 
How or why? 

IV. Why do you think Antarc
tica has no population given? 

V. Do you think Australia 
will ever be as popu
lated as Europe? 
Why? 

Population (estimated) 
2,265,000,000 

374,000,000 
335,000,000 
206,000,000 
659,000,000 

13,300,000 
(negligible) 

APPROXIMA-rE AREA':. 
OF Tl-lE COlvTl~Et-.liS 
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<( V 5,1 u w 

~ 
at Cl! ~ Q. 
i... ~ <( w w 

~ i a 
2 <fi 
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CIITIIEITIL 
F IC i 5 (couT1~UED) 

HERE ARE MORE FACTS: 

Lowest Point 
Continent 
Asia 
Africa 

Highest Point 
(In Metres) (In Metres Below Sea Level) 

North America 
South America 
Europe 
Australia 
Antarctica 

Everest 8848 
Kilimanjaro 5895 
McKinley 6194 
Aconcagua 6960 
El'bras 5642 
Kosciusko 2228 
Vinson Massif 5139 

VI. Make a bar graph in the 
rectangle to the right. 
Show the highest point in 
each continent. 

VII. Finish the bar graph in the 
rectangle·at the bottom of 
the page. Show the lowest 
point in each continent. 

VIII. Which continent has 
the greatest difference 
in the highest and 
lowest points? 

IX. Which continent has the 
least difference in high
est and lowest points? 

Find a map in an atlas 
with a legend showing 
elevations. How high 
is the highest point 
on the map? 
the lowest 
point? 

+100 

SE:A 
L'i::VEL 

-100 

Dead Sea 396 
Lake Assal 156 
Death Valley 86 
Valdes Peninsula 40 
Caspian Sea 28 
Lake Eyre 16 
(Not Known) 

<( <( < Lil .i: 
<! u 

<( u <.) (.) 
0. :::i t 'Ji ~ IB ~ 0 <( 

<( u. ~ <( £ ~ (l,! 
~ <( -<(_ :J t;; I.ii ,_., 

;z en ::J ;2 
<( <( 

? 

~ 



The second page of Continental Facts 

has students graph the highest and lowest 

points on each continent. Because the 

two secs of data have such different 

ranges, students probably picked two very 

different scales. A better comparison 

of the highs and lows can be made if they 

are both placed on one graph with one 

scale. 

You could prepare this graph and 

use it as a contrast to the two graphs 

on Continental Facts or making the 

graph could be a student project. 

• Mark a 1 metre strip of poster 

board in centimetres. 

• Mark "SEA LEVEL" ten centimetres 

from the bottom. 

• Label the scale using 1 cm: 100 m. 

(The graph to the right has a scale 

of 1 cm: 500 m so it will fit the 

page.) 

• Complete the bar graph. Strips of 

tape or paper could be used for the 

bars. 

• Have students compare this graph to 

those on Continental Facts. 

• Have students answer questions about 
the graph: which has a greater 

METRES 

9000 -

8000 -

7000 -

GOOO -

5000-

4000-

3000-

-

2000-

1000 -

500 -

range, the highs or lows? .•• 
S~ L£VEL -

-500 

HIGHEST AtJD LOWEST POl~T5 lt-.l 
EACI-\ COt,JTlt-JEl\}T 

-

-
-

w 
0. 

~ 
:::, 
w 

-

? 
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Goal: To estimate the percent of each 
type in a mixture. 

Needed: Bag with 3 kinds of items 

== 
__ / 

Sometimes wildlife specialists want to know what percent of the fish in a body of water 
are game fish like trout, bass or salmon. Here is one way to estimate the percents. 

I Mix up the contents of the bag. 

II Without looking, reach in the bag and grab a handful. Count the number of each 
type. Record in a table like the one below. Put the handful back in the bag. 

III In the same way, repeat steps I 
and II to get two more samples. 

IV Find the totals for each type. 
Add these totals together to 
find the grand total of the 
samples. 

V Each type is what percent of the 
grand total? Record your answers 
in the table above. 

VI Count the items in the bag and 
record in the table to the right. 
Each type is what percent of the 
total? How close were your 
answers in V? 

SAMPLE. 1 

SAMPLE 2 

SAMPLE 3 

TOTALS 

%OF 
GRA~D1"0iAL 

t--.JUMBER. 

TYPE: 

e, 

GR.A1')D 
TOiAL 

-----+-----+------+-------, 

A B C TOTAL 

Many lakes have report forms people can use to list the different types of fish 
they have caught. By combining their results like you did in steps IV and V, 
wildlife specialists can estimate the percent of each type of fish in the lake. 



Materials Needed: Ice cubes, warm water, Celsius thermometer, stirrer, watch 

and a glass or cup 

I Fill the glass about 
1 
2 full of water. 

Record 

temperature 

minute. 

In the table below record the starting 

temperature and the new temperatures 

l . f b · · · every 2 minute a ter you egin stirring. 

LENGTH 01;" TIMI;:. 
STIRRED I~ MINUTES 

TE;:MPERATURt: HJ 
DEGREES CELSIUS 

$TART 
1 
2. 

1 3 

changed in four readings--

31-
2. 

4 5 5l.. 
2 

II Make a large graph like the one below. Let the horizontal axis be time and the 

I 1 1½ 2 2½ 3 314 l-li 5 ~ Q, 2 
Tl\v\E 11'-J t-1\\1.._\UTES 

vertical axis be temperature as shown. Graph 

the data from your table. Draw line segments 

to connect the points. 

How much did the temperature drop in the first 

1) minute? oc 
2) two minutes? oc 
3) five minutes? oc 
4) ten minutes? oc 

III You be the scientist. 

get colder than 0°C? 

Can you explain why the water and ice cube mixture didn't 

765 



Materials Needed: One Celsius thermometer, one Fahrenheit thermometer, ice cubes, 

hot water and salt 

Measure and record the temperature 

of each item with the Celsius and 

Fahrenheit thermometers. 

CE:LSIUS 

Plot these pairs of temperatures on the grid below. 

Place the Celsius readings on the horizontal axis 

and the Fahrenheit readings on the vertical. Draw 

a line of best fit for the points. 

ermine Using the graph det 

the temperatures in 

A) Normal body tern 

Celsius. 

perature 

oc 
----

B) A warm day __ oc 

C) A cold day __ oc 

D) Water freezes_ oc 

-30 ·2.0 
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Instruments used to measure air 
pressure are called barometers. 

Meteorologists use barometers 
to detect changes in the atmos
pheric pressure. This helps them 

!forecast the weather. 

AtJ£ROID &A,ROM~TER 

t"\ERCURY 
BAROME..TER 

Here is a method of making a barometer using an empty large wide mouth jar (a coffee can 
also works), a large round balloon, a strong rubber band, a soda straw and a needle. 

2.0 I-HG\-\ 

---:;;;;;;;;,~=......e. 10 

0 
LOW 

I Cut a balloon so it may be stretched over 
the mouth of the jar. Secure the balloon 
to the jar with the rubber band. It is 
important that the balloon be as tight as 
possible, To one end of the straw attach 
the needle for a pointer. Tape the other 
end to the middle of the balloon. 

When finished, set the barometer and scale in a protected area. It works best when 
kept away from drafts and large temperature changes. 

II Make a millimetre scale as shown. Support it so the needle points at 10. 

TIME.: 
B:00 A.M. 9:00 10: 1 

MAR.CH 7 

RE.AD/NG 11 1'2. 12. 

WEATI-IER CLOUDY CLEARlt,.JG ) 
l 

CDNDITIOI\.\ 

IV Make a line graph similar to 
the one at the right for each 
day you record with the baro
meter. Indicate any weather 
changes on the graph at the 
appropriate time. 

ol 

IDEA FROM: Build-It-Yourself Science Laboratory by R. Barrett 

Permission to use granted by Doubleday and Company 

III Make a daily recording table 
similar to the one shown to the 
left and record the barometer 
reading every hour. Record any 
changes in the weather condition. 

MARCH 7 

i 
CLE.RRl~G 

8A.M. 9AM. 10AM. 11AM. 12. 1P.M. 2.P.M. 3P.M. 
I\IOQt,.l 

TIME 
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R 
SWINGING 

TIME 
Materials needed: Metre stick, 

about a metre of string, paper 

clip, identical weights (fishing 

sinkers or metal washers), watch 

with a second hand. 

I Set up a pendulum as shown to 

the right. Tie the string so 

the pendulum length is 50 cm. 

Ot-JE BEAT IS 
A COMPLETE SWIMG1ALL 

THE WAY-W ONE 
SIDE AND BACK 
AGAIIJ. 

Trial 1 

Trial 2 

Trial 3 

DOUBLE 

OF WEIGHTS 

HUNG Ot-J 
THE 

PENDULUM 

0 
0 

0 
0 

A simple pendulum can be made by 

hanging weights on a string. 

~ 
BEt,.fT Oor,.l\ 

PAPER \\!/0 

CLIP 

Pull the weight back about 10 cm and release it. 

Measure the amount of time for 10 beats. Make 

three separate trials and enter the results below. 

Length of 

Pendulum 

50 cm 

50 cm 

50 cm 

Time for 

10 beats 
AVE.RAGE: TIME 

FOR THE. THREE 
TRIALS 

What effect do you think additional weights will 

have on the time required for ten beats? ----

Try it. 

Length of 

Pendulum 

Time for 

10 beats 

Time for 

1 beat 
00------+-------+------+-------

Trial 4 50 cm 

Predict the time required for 10 beats if the number of weights were tripled. Check to 

see if you are correct. 



R 
SWINGING 

TIME 
( CON"Tl IJ\JE:D) 

III Use the single weight as in trial 1. For each trial 
make the pendulum length the same as shown in the table 
below. What effect do you think this will have on the 
time for 10 beats? 

Try it. 

Record your results in the table below. 

Pendulum Time for Time for 
Length 10 Beats 1 Beat 

Trial 5 40 cm 

Trial 6 30 cm 

Trial 7 20 cm 

Trial 8 60 cm 

Trial 9 70 cm 
Your own 

Trial 10 choice: 

IV Make a graph of trials 5 through 10. 

'2. 

'.1.-2.s 
4 

~ 
11.s 

2 

1.!...s L.J 
2 4 
0 

Ql 

fl 
LL) 

L 

15 

~s 
. 4 

A seconds pendulum has one beat in 

exactly one second. Using your 

graph, what would be the length of 

I- a seconds pendulum? ___ cm 

.l..s 
2. 

..!..s 
4 

10 20 30 40 SO GO '70 BO 
LE.hlGl"l--1 OF" PDJDULUM IN CJYY\. 
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Materials Needed: Two identical rubber 

bands, about 20 identical weights (such 

as fishing sinkers, machine washers or 

nuts), metre stick, paper clip and graph 

paper 

I Assemble the materials as shown. Adjust the 

metre stick so the pointer is at zero when no 

weights are attached. 

After the setup is complete add the identical weights 

one at a time. Each time record the total stretch of 

the rubber bands. 

Number of weights 0 1 2 3 4 5 6 7} 
Total stretch (cm) 0 

5 

. :- : :.-swF•P:OR.:J"".". · .. : ·.-.:_:_.. _: _: -: 

SE:t--.!T PAPER CLIP 
ACTS OOTI-\ A~ A 
POIWTER. At--1D A. 
WElGI-\T HA\...\GER 

II Hang two identical rubber bands over the support with the paper clip suspended 

-::· :.::_::_·-.:: from both of them as shown. Adjust the metre stick so 

the pointer is at zero. As in part I, add the weights 

one by one. Record the total stretch of the rubber bands. 

Humber of weights 0 1 

Total stretch (cm) 

III Change the two rubber bands so they are tied 

together, hanging in tandem. Adjust the metre 

stick so the pointer is at zero. Will this 

setup produce a different stretch than both 

parts I & II? 

Add weights one by one to find out. 

Number of weights 0 1 2 3 4 5 6 

Total stretch (cm) 

2 3 4 5 

7 8 9 

6 7 

10) 

J 

" :s 

8 9) 
( 



(CONTlNU£0) 

IV Graph the results. 

1) Choose and label the vertical scale. 

2) Plot the results of part I. Connect the points. 

3) Use the same axes to plot the results of part II. 

Connect the points. 

4) Plot the results of part III on the same axes. 

Connect the points. 

5) Do you see any similarity between the three graphs? 

2 
H 

0 1 '2 3 4 5 G 7 
NUMBE.R. OF' WEIGHTS 

8 9 10 
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HEALTH & MEDICINE 

TITLE 

What's Your Type? 

Stretch Smith 

Graphs of Growth 

To Each His Own 

Are You Physically Fit? 

Your Internal Combustion 
Machine 

Fifty Ways to Love Your 
Liver 

You Are What You Eat 

A Chilling Factor 

Football Injuries 

Up in Smoke 

Pulse and Temperature 

Muscle Fatigue 

A Blood Relationship 

CONTEtfTS 

PAGE 

774 

775 

777 

779 

780 

784 

785 

786 

787 

788 

789 

790 

791 

792 

TOPIC 

Reading a table of body 
types 

Using graphs to study 
growth rates 

Using graphs to understand 
a person's growth rate 

Making graphs to compare 
body measurements 

Collecting data to deter
mine physical fitness 

Completing a table to show 
calorie use 

Examining a deceptive bar 
graph of nutrients 

Using rats to observe the 
effects of diet on growth 

Studying a table of the 
effects of wind and 
temperature 

Reading a table about 
football injuries 

Reading a bar graph on 
the hazards of smoking 

Reading temperature and 
pulse from a hospital 
chart 

Using a line graph to 
show muscle fatigue 

Using a circle graph to 
show distribution of 
blood types 

TYPE 

Worksheet 

Worksheet 
Tra1:sparency 

Transparency 
Bulletin board 

Activity card 
Workshe et 

Teacher idea 

Worksheet 

Worksheet 
Transparency 

Teacher idea 

Worksheet 

Worksheet 

Works heet 

Worksheet 

Teacher idea 

Worksheet 

773 
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1) Use a metric tape measure to find your height in centimetres. 

2) Use a metric scale to find your weight in kilograms. 

3) From the chart, what is your body type? 

Ma."=>s in 

NOTE.: HEAVY 1'5 NOT THE SAME AS FAT. LtGI-IT IS NOT T\..lE SAME 

AS SK\~klY. A t"TO CJm., 110 lt.g l='OOTBALL PLAYER. WOULD BE 

TALL, !-{CAV'I BUi I-IE CERiAlt-.!LY WOULD t\lOT BE. FAT. 
A 1lt2 Crn"I.., ~O K.<3 G'-<Mt...>AS1 WOULD BE. $HORT, LIGHT BU, 
SI-IE: WOULD NOT BE: SK.l~t,.l'{. 

ki lo<:3ra ms 

Height in centimetres GROWTH CHAQT FOR GIRLS 

\0 Yrs. II Y'<"s. 12 Yrs. 13 Yrs 14 Yr-s. 
Ta.II 143-155 .153- lG3 157-168 IG2-170 IG2- 173 

Aver-a.qe 134-142 140-152 147-156 152- \GI 154-IGI 
Short 125-133 130-139 135-14-6 140-151 14G-153 

40-52 45-59 49-G3 55-68 57-71 

29-39 33-44 3G-48 41-54 45-56 
23-28 25-32 28-35 31-40 3G-44 

kg 

15 Yrs. 

IG4-l73 

15G-IG3 

147-155 

G0-72. 
47-59 
39-4G 

-• • • • 
{ 

Ta. I I 149- 155 

Avev-a.ge f 34-148 

ShoYt 1~5-133 

H eo..vy 38- 52. 

A vev-a.9e 30- 3 7 

Liq ht 23-29 

11 Yrs. 

l49-IG3 

139-148 

130-138 

43-57 

33-42. 
27-32 

GROWTH 

12. Yrs. 

157- lGB 

142-156 

133-141 

48-G3 

38-47 
29-37 

CHART FOQ BOYS 

13 Yrs. \4 Yrs. 

IGZ-178 \G9- l83 

149-IGI 154-- 1G8 

\38-148 lA-3- 153 

50-70 Gl-75 

39-49 45-60 
31-38 34-44 

4) Sally is 15 years old, is 170 centimetres tall, and weighs 
58 kilograms. What is her body type? 

5) John is 11 years old, is 135 centimetres tall, and weighs 
30 kilograms. What is his body type? 

6) Which body type would be best for these sports? 

a) Gymnastics b) Basketball c) Archery 

d) Horse racing e) Wrestling f) Shot putting 

\5 Yrs. 

\G9- 185 

159-188 

148-158 

G7-78 

49-66 

40-48 



''Stretch" Smith is a ba.sketba.11 @ 
star. He says, his a.ge and h.eight 

are always in the same ratio. 

When his age doubles, his height 

doubles. 

1) Assume "Stretch" is right. Fill in the tables below. 

How 0\d \.v'a..s ·s·h--etd,''? . 
A H 

12.. Yrs. 160cm 
Yv-s. 80 c.rn 
Yrs. 40 Cl'Y) 

Yv-.s. 2.0 c.m 

2) Graph the information in 

the tables. The graph 

is started for you. 

3) 

Join the points with a 

straight line. 

Use the graph to approxi-

mate these heights and ages. 

A = 30 yrs., H = 
A = 0 yrs., H = 
A = H = 250 cm 

A = H = 100 cm 

4) Does "Stretch" know what 

he is talking about? Explain. 

A H. 

12 Yrs. \GOcrn 
24 Yrs. 
3G Y\rs. 

550 

500 
!,/) 450 ll) 

~ 
Q) 400 
f 

-+- 350 
s:: 
II.I 300 u 
s; 

i5o 
~ :Z.00 a-, ·v 
_s;;: 150 ··························• 

(00 

50 

0 3 6 9 12 15 18 21 2.4 27 30 33 
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SMITH 
II (COtJTl~UED) 

350 

GROWTH GRAPH 

300 FOR 
STRETCH SM ITH 

250 

200 

~ 
Ill! 
l- 150 
LJ 
~ 
i= -2 100 -w e» u 

.,, -
50 

0 

0 3 G 9 12 15 1.8 2.1 2Li 
AGE. 

crnTlt'lETRES 

300 GROWTH GRAPH 
FOR 

250 MEN AND WOMEN 
(AVERAGE) 

200 

150 1'55 150 

125 

100 
109 

so 

0 ........ '--+-"--+-~L-..L.~---,-L---¥-....>..y....~...L.-l~~-~....L..,-~-~-~---..~~~ .......... ~~-• 
"---v--' '--v--' '--v--' '----v----' 0 1 

2.-4 5-7 8-10 11-15 

AGE 

'----v----' 
1G-'20 

'----v----' 
21-28 



CJm. TALL 
2.00 

175 

150 

1'2.5 

100 

75 

50 

25 

0 

HEIGHT MEASURED 
EVERY FIVE YEARS 

O YEARS OLD S lO 15 20 

A ROUGH ESTIMATE OF A PERSON'S GROWTH CAN BE FOUND BY 
TAKING A MEASUREMENT EVERY FIVE YEARS, 

Cl'tY\ TALL 
2.00 

175 

150 

1'2.5 

100 

'15 

50 

25 

0 

HEIGHT MEASURED 
EVERY YEAR 

0 YEARS OLD 5 10 15 20 

A MORE ACCURATE APPROXIMATION IS FOUND BY MEASURING 
EACH YEAR, 
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OTr\ TALL 
'2.00 

175 

150 

1'2.5 

100 

-rs 

'50 

25 

0 

HEIGHT MEASURED 
EvERY Six MoNTHS 

0 YEARS OLD 5 10 15 20 

MEASURING EVERY SIXTH MONTH APPROXIMATES A CURVE SHOWING 
THIS PERSON'S GROWTH, 

<:,m TALL 
'2.00 

1'15 

150 

12.5 

100 

-rs 

50 

0 

COMPARING SEVERAL 
RATES OF GROWTH 

O Yf:'ARS OLD S 10 15 '20 

THE RATE OF GROWTH CAN BE REPRESENTED BY TANGENTS TO THE 
CURVE, THE MORE UPRIGHT THE TANGENT) THE GREATER THE RATE, 



Get your measurements for the following. Put them in the blank spaces. 

foot length 
in centimetres 

height in 
centimetres 

standing long 
jump in 
centimetres 

------... --

1. What is the ratio of your 

a) arm stretch to height 

b) foot length to height 

c) arm reach to height 

d) standing long jump to height 

e) high jump to height 

f) standing long jump to high jump 

arm stretch 
in centimetres 

standing high 
jump in 
centimetres 

arm reach 
standing 
flat-footed 
in centimetres 

2. Write each of the above ratios as a percent. Put the answers in the blanks above. 

3. Use the information from your entire 

class. Make a graph as shown to the 

right for each comparison a-f. Do any 

of the graphs show a pattern? 

4. Can you predict the approximate 

high jump of a person if you know 

the person's height? 

if you know foot length? 

I--

~ 
C) 
Q:! 
LJ 
0.. 

1'20 
110 

lOO 

90 

00 
'10 

GO 
50 
40 
30 
'20 
10 
0 

SAM JUA\..l JOE. BETH CAROL S\-IERI 
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I=IT? 
An interesting and fun activity (perhaps in cooperation with the 

physical education teacher) would be to test the physical fitness of your 

students. The President's Council on Physical Fitness has suggested the 

following seven tests: pullups, situps, standing long jump, shuttle run, 

fifty-yard dash, softball throw for distance and six hundred-yard run/walk. 

Standards of performance for boys and girls, ages 10-17, are shown 

below. Notice that the charts also include standards for qualifying for 

the Presidential Physical Fitness Award. Official application forms and 

complete information can be obtained by writing to Presidential Physical 

Fitness Awards, 1201 Sixteenth Street N.W., Washington, D.C. 20036. 

The data collected during testing can be used for motivating several 

concepts of descriptive statistics such as mean, median, mode, range, 

etc. The data can be used to make several kinds of graphs, e.g., a bar 

graph comparing performances of students in a class or a line graph to 

record progress of an individual student. Students will probably be very 

interested in comparing results from earlier tests. 

PULLUPS 
A boy grasps the bar with 

palms forward and hangs from 
the bar so his feet don't 
touch the floor. A success
ful pullup is completed when 
the boy pulls his body up 
until his chin is over the 
bar and then lowers his body 
until his elbows are fully 
extended. 

FLEXED ARM HANG 
Two spotters help a girl to 

raise her body so her chin is 
above the bar, palms forward, 
elbows flexed and feet off the 
floor. A timer records the time, 
in seconds, that the girl can 
hold this position. 

IDEA FROM: Youth Physical Fitness 
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BOYS 

[Number of pullups] 

Rating 

Excellent •....•.•• 
Presidential Award 
Good •..•••.••.•••• 
Satisfactory •.•.•• 
Poor .......•.•..•• 

Rating 

Excellent •....••.• 
Presidential Award 
Good ....•.•••.•..• 
Satisfactory •••.•• 
Poor .•••••••.•.••• 

10 11 12 

8 8 9 
6 6 6 
5 5 5 
3 3 3 
1 1 1 

GIRLS 

[In seconds] 

10 11 12 

31 35 30 
21 20 19 
18 17 15 
10 10 8 

6 5 5 

Age 

13 

10 
8 
7 
4 
2 

Age 

13 

30 
18 
15 

9 
5 

14 15 16 

12 13 14 
10 10 12 

8 10 11 
6 7 9 
4 5 6 

14 15 16 

30 33 37 
19 18 19 
16 16 16 

9 10 9 
5 6 5 

17 

16 
12 
12 
9 
7 

17 

31 
19 
16 
10 

6 



SITUPS 

1=1P~ ~DU 
P~l,J~I[~LLl) 

r=IT? 
( PAGE '2.) 

BOYS 

[Number of situps] 

Age 

A pupil lies on his 
back and locks his fingers 
behind his head while a 
partner holds his ankles 
to keep his heels on the 
floor. Two situps are 
completed when the pupil 
(1) sits up, (2) touches 
right elbow to left knee, 
(3) lies back down, 
(4) sits up, (5) touches 
left elbow to right knee 
and (6) lies back down. 

STANDING LONG JUMP 

Rating 

Excellent ••••.•••• 
Presidential Award 
Good •••••••.•.•.•. 
Satisfactory ..••.• 
Poor ...•...••••.•• 

Excellent ••...•••• 
Presidential Award 
Good ......•....••. 
Satisfactory ...••. 
Poor ••.••••••••••• 

BOYS 

Rating 10 11 12 13 
ft. in. ft. in. ft. in. ft. 

Excellent ••••• 6 1 6 3 6 6 7 
Presidential 

Award ••••.•• 5 8 5 10 6 2 6 
Good •••••••••• 5 7 5 9 6 1 6 
Satisfactory •• 5 2 5 4 5 8 6 
Poor ••••.•••.. 4 10 5 0 5 4 5 

GIRLS 

Excellent ••••• 5 8 6 2 6 3 6 
Presidential 

Award •••••.. 5 4 5 8 5 9 5 
Good •••..••••• 5 2 5 6 5 8 5 
Satisfactory •• 4 10 5 0 5 2 5 
Poor •••••••..• 4 5 4 8 4 9 4 

10 11 12 13 14 15 

100 100 100 100 100 100 
100 100 100 100 100 100 

76 89 100 100 100 100 
50 50 59 75 99 99 
34 35 42 50 60 61 

GIRLS 

50 50 50 50 50 50 
50 50 50 50 50 50 
50 50 50 50 49 42 
39 37 39 38 34 30 
26 26 26 27 25 24 

Age 
14 15 16 

in. ft. 1,n. ft. in. ft. in. 

2 7 9 8 0 8 5 

9 7 3 7 6 7 11 
7 7 0 7 6 7 9 
0 6 7 7 0 7 4 
7 6 1 6 6 6 11 

3 6 4 6 6 6 7 

10 6 0 6 1 6 2 
8 5 10 6 0 6 0 
3 5 5 5 6 5 6 

10 5 0 5 1 5 2 

16 17 

100 100 
100 100 
100 100 

99 85 
63 57 

50 50 
50 50 
41 45 
30 30 
24 23 

17 
ft. in. 

8 6 

8 1 
8 0 
7 6 
7 0 

6 8 

6 2 
6 0 
5 7 
5 2 

A pupil stands comfortably with knees flexed and then jumps forward as far as 
possible. The distance is measured from the starting line to the point where the heels 
first touch the floor. 
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SHUTTLE RUN 
Two blocks of wood. 

2" x 2" x 4", are placed 
30 feet from a start
ing line. A pupil runs 
to the blocks, picks 
up one block, runs back 
to the starting line 
and places the block 
behind it. This action 
is repeated to place 
t he second block behind 
the starting line. 
The time needed to 
accomplish the task is 
recorded to the nearest 
10th of a second. 

50-YARD DASH 

The time needed 
for a pupil to run 
50 yards is recorded 
to the nearest 10th 
of a second. 

BOYS 

[In seconds to nearest 10th] 

Rating 
Age 

10 11 12 13 14 15 

Excellent ... 10.0 10.0 9.8 9.5 9.3 9.1 
Presidential 

Award ..... 10.4 10. 3 10.0 9.9 9.6 9.4 
Good ....••.• 10.5 10.4 10. 2 10.0 9.8 9.5 
Satisfactory 11.0 10.9 10.7 10.4 10.0 9.8 
Poor ..•.•••• 11.5 11.3 11.1 10.9 10.5 10.1 

GIRLS 

Excellent ... 10.0 10.0 10.0 10.0 10.0 10.0 
Presidential 

Award ••... 10.8 10 •. 6 10.5 10.5 10.4 10.5 
Good .••.•..• 11.0 10.9 10.8 10.6 10.5 10. 7 
Satisfactory 11.5 11.4 11.3 11.1 11.0 11.1 
Poor •.••..•. 12.0 12.0 11.9 11.8 11.5 11.6 

BOYS 

[In seconds to nearest 10th] 

Rating 
Age 

10 11 12 13 14 15 

Excellent •••••. 7.0 7.0 6.8 6.5 6.3 6.1 
Presidential 

Award .••••.•• 7.4 7.4 7.0 6.9 6.6 6.4 
Good •••••• ••••• 7.5 7.5 7.2 7.0 6.7 6.5 
Satisfactory ... 8.0 7~ 8 7.6 7.3 7.0 6.7 
Poor ......... .. 8.5 8.1 8.0 7.6 7.2 7.0 

GIRLS 

Excellent •....• 7.0 7.0 7.0 7.0 7.0 7.1 
Presidential 

Award •••••... 7.5 7.6 7.5 7.5 7.4 7.5 
Good ••••••• •••• 7.7 7. 7 7.6 7.6 7.5 7.6 
Sa tis factory ••• 8.2 8.1 8.0 8.0 7.9 8.0 
Poor .•••....... 8.8 8.5 8.4 8.4 8.3 8.3 

16 17 

9,0 8.9 

9.2 9.1 
9.3 9.2 
9.7 9.6 

10.0 10.0 

10.0 10.0 

10.4 10.4 
10.6 10.5 
11.0 11.0 
11.5 11.5 

16 17 

6.0 6.0 

6.2 6.1 
6.3 6·.2 
6.5 6.5 
6.8 6.7 

7.0 7.1 

7.5 7.5 
7.5 7.6 
8.0 8.0 
8.5 8.5 



SOFTBALL THROW 
A softball is 

thrown as far as possi
ble with an overhand 
motion. The best of 
three throws is re
corded by measuring 
the distance from the 
starting line to the 
point where the soft
ball first touches 
the ground. 

PR(; l,JOLJ 
PWW~I[PLLl,J 

·~IT7 
(PAGE. i+) 

BOYS 

[In feet] 

Rating Age 
10 11 12 13 

Excellent ••... 138 151 165 195 
Presidential 

Award ...•... 122 136 150 175 
Good •.•..•...• 11.8 129 145 168 
Satisfactory .. 102 115 129 147 
Poor .....•••.. 91 105 115 131 

GIRLS 

Excellent. •..• 84 95 103 111 
Presidential 

Award ...••.. 71 81 90 94 
Good •..••..••• 69 77 85 90 
Satisfactory •. 54 64 70 75 
Poor ••.•...... 46 55 59 65 

14 

208 

187 
181 
165 
146 

114 

100 
95 
80 
70 

600-YARD RUN/WALK BOYS 

The time needed 
for a pupil to run 
600 yards is recorded 
in minu tes and seconds. 
Walking is permitted, 
but the objective is 
to cover the 600 
yards in the short
est possible time. 

Rating 

Excellent ••••. 
Presidential 

Award ....... 
Good ••.•.••... 
Satisfactory .• 
Poor .......... 

Excellent ..... 
Presidential 

Award •..•... 
Good ••.•.•.... 
Satisfactory .. 
Poor ••.....•.. 

[In minutes and seconds] 

Age 
10 11 12 13 14 

1:58 1:59 1:52 1:46 1:37 

2:12 2:08 2:02 1:53 1:46 
2:15 2:11 2:05 1:55 1:48 
2:26 2:21 2:15 2:05 1:57 
2:40 2:33 2:26 2:15 2:05 

GIRLS 

2:05 2:13 2:14 2:12 2:09 

2:20 2:24 2:24 2:25 2:22 
2:26 2:28 2:27 2:29 2:25 
2:41 2:43 2:42 2:44 2:41 
2: 55 2:59 2 :58 3:00 2:5 5 

15 16 17 

221 238 249 

204 213 226 
198 207 218 
180 189 198 
165 172 180 

120 123 120 

105 104 102 
100 98 98 

84 81 82 
73 71 71 

15 16 17 

1:34 1: 32 1:31 

1:40 1: 37 1:36 
1:42 1:39 1:38 
1:49 1:47 1:45 
1:58 1:56 1:54 

2:09 2: 10 2 :11 

2:23 2:23 2:27 
2:26 2:26 2:3 1 
2:40 2:42 2:46 
2: 52 2:5 6 3: 00 
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~Ou£ 1NTEel\l&L 
COMBbSTCon, 
MACH!NE 

The food you eat is used for growth, repair and energy. When you eat more Calories 

than your body can use, the extra Calories are stored as fat. 1600 extra Calories con

vert to about 1 kilogram of body mass. By increasing your activity you can burn more 

Calories. 

The chart below shows the average number of Calories used 

per minute for each type of activity. (These amounts can vary 

with individuals.) 

Activity Walking Biking Swimming Running Reclining 

Calories Used 
5.2 8.2 11.2 19.4 1. 3 Per Minute 

The table below lists some foods and the approximate number 

of Calories they contain. Complete the table to show the approximate number of minutes 

of each activity it would take to burn up the food. Use a calculator to help you. 

Food 

Milk, 1 glass 

Cookie, 
Chocolate Chip 

Spaghetti and 
Sauce, 360 ml 

Cheeseburger 

Pancake with 
Syrup 

Chocolate Bar, 
60 gm 

Beans, Green, 
240 ml 

Number of 
Calories Walking 

166 

51 

396 

425 

124 

294 

27 

Number of Minutes 
Biking Swimming Running Reclining 

Do you wish to lose weight? Boys your age need 

about 2800 Calories per day; girls about 2400 

Calories. 

Get a Calori e chart and keep track of the Calo

ries you eat each day. If you wish to lose weight, 

you should eat fewer Calories and/or exercise more. 



35:t'.: .-
6 
~ 
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25% .-

20% .-

1'5% -

10¾ -

5¾ -

0% 

Ff PTY WAYS TO [O(;~ 
~YOUR, LtUf:R »-
B BEEF 

es} ~ 

6 
~ 

LIVER. 

FRIED 

• 

~ 
{!J"' 

§ 
~ 

~v 
~o 

45 

a ..... -- --

Percent of the U.S. Recommended Daily 
Allowances (RDA) of these nutrients 

~ 
r-'""'---

I I 

Graph adapted from Comparison Cards, Card 9, National Dairy Council Courtesy of National Dairy Council 

1) The vertical scale on the left of the graph is drawn between what 
two percents? 

2) The bars for Protein, Vitamin A, Niacin, and Iron are all the same 
height. Do they represent the same percents? 

3) List each nutrient and its percent that 85 g of fried beef liver sup
plies in order from lowest to highest. 

4) Suppose the graph had bars all in one piece and the scale still 
started at zero. The Vitamin A bar would be ___ times as long as 
the Protein bar. 

5) Would it be practical to draw the graph with the bars all one 
piece? 
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Often students don't realize the need for a well-bal

anced diet. They don't directly observe the effects of eat

ing only junk food or of eliminating an important food from 

their diets. Classroom experiments where young rats are fed 

contrasting diets will show how food affects growth and 

sometimes behavior patterns. 

An excellent publication Animal Feeding Demonstration ... 

for the Classroom can be ordered from the National Dairy 

Council, 6300 N. River Road, Rosemont, Illinois 60018. (You 

may wish to check with your local dairy council for this or 

similar information.) The publication thoroughly explains 

the experiments. Sources are listed for obtaining rats, instructions are given for 

constructing cages and for proper care of the rats and various diets are furnished. 

Ample teacher information is provided to help explain and facilitate the activities. 

Applications to Statistics: Much information needs to be organized and recorded 

accurately. Each rat needs to be labeled. Once a diet has been selected, food has to 

be weighed or measured and the amounts recorded. This is a good opportunity to teach 

and give students practice using the metric system. Weekly, the rats are weighed and 

their appearance and behavior are noted. Line graphs are an effective means for showing 

the growth rate. If the data for both the test and control rats are plotted on the same 

graph, comparisons can easily be made. Near the end of the experiment, both rats can be 

fed the nutritious diet and students can observe the effects on the rat previously fed 

the poor diet. After the experiment is completed, students can study the data, summa

rize the results and relate the conclusions to their own eating patterns. Other ques

tions can be discussed: Do students think the outcomes will be nearly the same if the 

same diets are used with new rats? Oth e r th an diet, what could af fec t gr owth ra te? 

Will the results be more believable if several rats exhibit similar growth patterns with 

the same diets? 



WltuD-CHILL CHART 

~/ D{]>;::1:::·· 
:.-.... ·_. ... ::· .. 

W ~Cl·.'· tr:·.•: : . : 
?"'\ :-··_ .. 

. 
. 

··.· 

[K].:.:•i· /\ ..:: ... :', 

il-lERMOMET~R READlf.JG · - · DE.GlcEl::S CE.LSIUS 
Wl1'.1D 

SPEED 4 2 -1 -4 -7 -9 -12. -15 -18 -21 -23 -2G -29 -32. -34 

4 : 2. [-1 f -4 j ·'7 . -9 i-12. -15 -18 -21 -2.3 -ZG -2.9 i-32 I -34 
1------1· .... ... .. ( ....... ... ; ...... C.QLD ... .. ; ...... . ... : ........... · --+---+--------- ......... .. ......... . 

CALM 

8 km/h 3 : 1. :- 3 ) -G i -9 : -11 -14 -17 -2.1 -2.4 1-2.G i-29 -32. -3G -37 

1G km/h ·~·2· .. ·:--~G···-:--~·s .. ti; .... ' -17 . -19 -23 -2.G : -30 (~i3 .. -3G -39 -43 -4'7 -50 
t------1 · · .. ··· ····:····· .. ····:• .. .. ...... r' --.--~--~-"""'!' 
'24 km/h -G . -9 , -12. ·1'7 -21 -24 /-2.e, /-3'2. -3G -40 -43 -LlG -51 - 54 -5, 

,__ ___ _. ........... .. .. . ... ... ·---+VER'(--~···· ······· ·· ·· .. .. . . :..,.._-J---+---t---+---t---+---+-----l 
32 km/h -8 1-11 -l<o -20 -23 -2.'7 [-31 -3<o -40 -43 -4'7 -51 -5G -GO -G3 

----C.OLD---"'"·· ···· ........... ···I----+---+---+---+---+---+---+-~ ........... 
4okm/h -9 -18 -2.'2.. -2<c '-30 :-34 -38 -43 -47 -50 -55 -59 -G4 -G7 

1----+----1.--- .... · B\TT .Elie' · · · · ·: E:.'><.TRE.ME:-COl...t::> -+---t----+-----l 
-14 

........... 
4ekm/h -11 -19 -24 '-2B :-32 -3G -41 -45 -49 -53 -5'7 -Gl -Ge;. -70 

1----+----t·· ········j··C.OL.D .... ··· •·1----+---t----+---+---+---+---+--+-----1 
-15 

........... 
JSGkm/h -12 -lG -20 -25 i-29 >33 -37 -42. -47 -51 -S-5 -58 -G4 -GB -'72. 

t------t--t---+_ -z-o--t·~2~·r30···r~34 .. -38 -43 -48 -52 -56 -~0 -GG -70 -7-4 G4km/h -13 -17 

Table adapted from Emergency Care and Transportation of the Sick and Injured by American 
Academy of Orthopaedic Surgeons, 1971. 

When you're outdoors and the wind comes up, the air 

feels colder than it actually is. The chart above shows 

the wind chill (how cold it feels) for different actual 

temperatures and different wind speeds. For example, if 

the temperature is -1°C and the wind speed is 24 km/h, 

it feels the same as -12°C and no wind. 

1) If the wind is 40 km/h and the temperature is -7°C, it feels the same as 

with no wind. 

2) Find the wind chill if the temperature is -15°C and the wind is 24 km/h. 

Is this chill factor classified as very cold, bitter cold or extreme cold? -----
3) If the temperature reading is -21°C and the wind chill is -49°C, then the wind speed 

is approximately? 

4) Does it feel colder at 2°C with a wind blowing at 56 km/h or at -12°C with a wind at 

8 km/h? 

5) If the chill factor is classified as extreme cold, exposed flesh on a person's body 

will freeze in less than an hour. Jane is skiing. The temperature is -21°C and the 

wind speed is 40 km/h. She plans to make four runs that could take more than an hour. 

What advice would you give her? 

Permission to use table granted by the American Academy of Orthopaedic Surgeons 
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1. A. What part of 

the body sus

tained more 

injuries than 

any other 

part? 

B. What percent of 

the total was 

it? 

C. Of the 1,169 

injuries about 

how many were 

knee injuries? 

2. The leg accounted 

for what percent of 

the total NFL injur

ies in 1974? 

KNEES 20.0% 

VARIOUS 1.5% 
Is this more or 

less than half? 
Permission to use granted by Stanford Research Institute 

3. According to this study, of all injuries counted in 1974, 15.4% were reoccurrences 

of previous injuries. What percent of the total were first time football 

injuries? 

4. What percent of all injuries occurred above the shoulder? 

Of the 1,169 injuries about how many does this account for? 

5. The study showed younger players received more injuries than their older teammates. 

788 

The eight teams at the top of the league received fewer injuries than the bottom 

eight teams. Can you explain? 



Suppose you, or someone you know, is one of the more than 70 million cigarette 
smokers in the country today. Consider the following questions. 

(/) 

z 
0 
(/) 

G.0 

~ 5.0 
D 
s 
~ 4.o 
0.. 

w 
>-

"' a:: 3 .0 
0 
w 
>
(/) 

3 2.0 
", 
w 
('.) 

cl: 1 .0 

0 

How many cigarettes will you (or a person you know) smoke 
of your lifetime? ______________ _ ____ _ 

What will the total cost of these cigarettes be? _________ _ 

If all these cigarettes were placed end to end in a line, how 
long would the line be? _________ --=-------,,-----=--~~-~,/...__ __ _ 

To answer these questions you will need the following information: 

a. The number of cigarettes on the average you (or the 
you know) smoke a day. 

person 
CI-\E.CK. 

:I:1\1 AN 
ALMAIJAC. b. The number of years you can expect to live. 

c. The cost of a pack of cigarettes. 

d. The length (in millimetres) of one cigarette 

RATES OF CHRONIC BRONCHITIS AND EMPHYSEMA 

"NEVER 
SMOKERS" 

FOR SMOKERS AND NON-SMOKERS G.5 

- MALE 
• FEMALE 

FORMER 
SMOKERS 

(Heavy and 
Ii ght smok e rs) 

:_-:..-:·. 
·:,·_.':: 
··:·.·. 

UNDER 11 11-20 21 & OVER 

PRESENT SMOKERS BY NUMBER OF 
CIGARETTES SMOKED PER DAY 

---HEAVIEST AMOUNT 

4) Do your chances of chronic 
bronchitis or emphysema 
increase significantly 
if you started smoking 
but smoked less than 11 
cigarettes per day? ___ _ 

5) Which category of smokers 
has the greatest chance 
of either illness? 

What are the 
rates? 

6) Which category has the 
least? __________ _ 

Graph from Patterns and Perspectives in Environmental Science, National Science 
Board 

7) For a given category 
which sex, male or female, 
has the greater chance of 
developing chronic 
bronchitis or emphysema? 

Permission to use granted by National Science Board 
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. . . . . 
PULSE TEMP . . . . . . . . . . . . . . . . . . . 
140 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
130 42 

. . . . . . . . . . . . . . ·• . . . . . . . . . . . . . . . . . . . . . 
120 41 

. . . . . . . . . . . · • . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
110 40 

. . . . . . . . . . . . . . . . . . . . . . 
L/ • tS--

. . . . . . . . . 
L/' 

. . 
100 39 

. . . . . K . . . . . . . . . . . . ~ . . . . . 
~ 

. . 
:..- . . . . . . . . . . . . 

~ 
. . . 

90 38 . . . . . . . . . . . . . . . . . . . . . '="-. . . . 0 . . . . . . 
~ 

. . . . . . 
80 37 . . . . . . . . . . . . . . . . . . . . . ,._ . . . . . . . . . . . . . . . . . . . . . . . . 
70 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
60 35 

. . . . . . . . . . . . . . . . • . . . . . . . . . . . . . . . . . . . . . . . . . . . 
~n . . . . . . . . . . . . . . . . . . . . . . . . . 

Respiration 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
HOUR 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

CV) r--. ,...; LI"\ °' CV) CV) r--. ,...; LI"\ °' 
CV) CV) r--. ,...; LI"\ °' ('I') CV) 

0 0 ,...; ,...; ,...; N 0 0 ,...; ,...; ,...; N 0 0 ,...; ,...; ,...; N 0 

II II I 

Day 1 Day 2 Day 3 

This is a real hospital chart. Nurses take and record the pulse and 
temperature of patients. Nurses do this with two differently colored 
pencils. 

1) Look at the chart. The heavy straight line shows the normal tempera
ture in degrees Celsius. What is this temperature? 

2) Each small dot shows an increase of a) 
b) 

degrees in temperature. 
beats in pulse. 

3) Look at the circled dot. a) 
b) 
c) 

What temperature is shown? 
What pulse is shown? 
What time is it? 

4) Look at the hours. 
0700 -- 1100 

If 0300 is 3:00 A.M. (in the morning), what is 
1500 -- 1900 -- 2300 

5) Look at the line graph on the chart. a) What day and time did the 
temperature start to fall? 

b) What day and time did it 
reach normal? 



Many sporting, musical or recreational activities involve an extensive use of 
muscles. Usually those who have conditioned their muscles through practice perform 
better and have less muscle fatigue. In this activity students will measure muscle 
fatigue. 

Three students are needed per group; one as the "muscle" person, one as the timer, 
and one as the counter. 

The "muscle'.' person places the right forearm flat on a table so the back of the 
fingertips are flat on the table top. He/she closes and opens the right hand as fast 
as possible until the timer says stop, being sure the fingertips touch the palm when 
closed and the fingertips touch the table when open. 

The timer times each trial for 30 seconds and records the count on the table. 
Between the 3rd and 4th trials the "muscle" person is given a 30-second rest period. 

The counter counts the number of times the fingertips touch the table, relays the 
count to the timer, and begins the count over at 1 for each trial. 

After the activity has been completed for the right hand, repeat the steps for 
the left hand. 

A table with sample data and a graph of that data are shown below. 

MUSCLE FATIGUE 
80 

30 SECO>JD RIGHT LtTT (/1 
l.J.) 

PERIODS HA~D HAND 0/. 
_'.:) 
cf) 

1. 72 '2.8 9 u 
2. c;;o GO 0 

2 
3 4'7 45 .:{ 

:r 

'-+ R.EST REST u. 
0 

70 

GO 

50 

40 

111GHT 

" 
LEFT 

'~ 

~ ''-, 
' 

'~, ~ ) I' , ' 
~>-
~ 

5 50 52. Ol w 
30 

6 ~'2.. .q.5 co 
~ 
'.) , 31 35 2 20 

10 

R[ST 

0 
3 4 5 G 

TIME. PE..RIOD'o 

Squeezing a tennis ball or a small rubber ball is an exercise used to increase 
strength in the hand and wrist muscles. Students could practice this exercise for 15 
minutes each day for two weeks. Then repeat this muscle fatigue activity and compare 
the results. 
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Donors for Wednesday 
A Positive . . .' .16 
A Negative . . . 1 
0 Positive : . . 4 
0 Negative . . . 1 
B Positive . . . 2 
AB Positive . . 1 

The Lane Memorial Blood Bank, 740 
E. 13th Ave., Eugene, will be open for 
appointments from 10:30 a.m . to 1 p.m. 
and from 2 to 4:30 p.m. 

Arthur saw this ad in the newspaper. 

His father explained that each person 
has one of eight types of blood (A positive, 
A negative, B positive, B negative, 
0 positive, O negative, AB positive, 
AB negative). A person's blood type 
must be considered when he/she receives 
a transfusion. 

Arthur decided to keep a record of the requests. He wanted 
to see which blood types were needed the most. 

TYPE I\IUMBERS OF DOIJOR5 hlE.E.DED 

A POSITtVE 7 8 5 G 7 G 8 10 lG 8 10 6 8 1.5 5 G 

A NEGATIVE t.+ '2.. 1 1 1 1 1 1 1 3 0 1 0 1 2 1 

0 POSl'TIVE. 12 1 '2. G 5 10 8 1'2. 10 4 10 10 G 12 1.5 10 Q, 

0 NEGATIVE. 0 1 0 0 3 1 1 4 1 4 2 1 1 7 '2. 1 

B POSl1t\JE 4 0 2 '2 1 1 2 1 2. 1 2 1 0 t 1 1 

AB POSITIVE 1 1 2. 1 1 1 1 2 1 1 1 2 1 3 1 2. 
( 

1) Find the total number of donors needed for each blood type. 

A Positive A Negative 0 Positive 

0 Negative B Positive AB Positive 

2) Find the total number of donors needed. 

3} Find the percent of the total for each blood type. 

0 o % with A Positive 
Oo 

% with A Negative 

% with O Positive 

% 

% 

% 

% with O Negative 

% with B Positive 

% with AB Pogitive 

% 

% 

% 



ooBtllllD 
•bl~TIDNCWIP 

(cot-.lTI ~UEO) 

4) Use the percents in (3) 
to make a circle graph. 

% 

% 

% 

% 

% 

% 

Remember: To find the 
size of each central 
angle multiply each 
percent by 360° 

with A Positive X 360 ° 

with A Negative X 360 ° 

with 0 Positive X 360 ° 

with 0 Negative X 360° 

with B Positive X 360 ° 

with AB Positive X 360° 

:::::-

~ 

'::::: 

"' 
~ 

~ 

BLOOD TYPES 

LABEL ~AC.H 
PART Wll"H Tl-l'E 
BLOOD "TYPE. 
At-JD 71-11:.. 
PERC.E..l\!T. 

5) Arthur noticed that donors with blood types B Negative and 
AB Negative were not listed in the newspaper. What might 
be the reason? 

6) To find the actual percent of people having each blood type, 
Arthur visited the blood bank. 

DONOR INFORMATION 
WHO CAN DONATE BLOOD? 

Healthy persons between 18 and 66 years 
and who weigh 102 pounds or more. 
"Donors between 17 and 18 years must 
have written permission from a parent or 
guardian before they can donate." 
Donors may donate every three months. 

Who cannot donate blood? 
Persons with a cold . sore throat or an 
infection. Persons with a history of jaun
dice, hepatitis, or heart disease. All 
donors are carefully screened each time 
they donate blood. 

BLOOD GROUPS APPEAR IN THE 
UNITED STATES AS FOLLOWS 

Fre -
Blood Croup and Rh How many have it qu ency 

0 (Rh positive) person in 3 37.4% 
0 (Rh negative) person in 15 6.6% 
A (Rh positive) person in 3 35.7% 
A IRh negative) person in 16 6.3% 
B (Rh positive person in 12 85% 
B (Rh negati ve) person in 67 1.5% 
AB (Rh positive) person in 29 3.4% 
AB 1Rh negative ) person in 167 .6% 

MAKE A CIRCLE GRAPH. 

BLOOD TYPES HJ THE U. 5. 

7) Use the table in (6) to predict the number of students in your class 
with each type of blood. 
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PEOPLE & CULTURE 

TITLE 

Population Estimation 

Sizing Up the States 

Counting Everybody 

Canada, Neighbor to 
the North 

How Many Children? 

Graphing the World's 
Population 

Population Projects 

When's Your Birthday? 

How's Your Pop? 

A Sporty Question 

It's Not What it Looks 
Like 

Evaluating an Evaluation 

Wow, I Didn't Know That 

What's en TV? 

CONT£NTS 

PAGE 

797 

798 

800 

802 

804 

805 

806 

807 

808 

809 

811 

812 

81'+ 

815 

TOPIC 

Using a source book to 
gather population data 

Reading a table of state 
populations 

Completing a table of 
census figures 

Reading a table and graph 
on Canada's population 

TYPE 

Worksheet 

Worksheet 

Teacher idea 
Worksheet 

Worksheet 

Using family size to predict Worksheet 
future population 

Making and using a graph 
to predict population 
trends 

Gathering and interpreting 
population data 

Using a computer to find 
probabilities 

Worksheet 

Teacher ideas 

Worksheet 

Using an experiment·to Activity card 
analyze taste-testing 
abilities 

Gathering data to investi- Teacher directed 
gate discrimination activity 

Reading a table to discover Worksheet 
job discrimination 

Analyzing a questionnaire Worksheet 
used in teacher evaluation Discussion 

Analyzing averages Bulletin board 
Transparency 

Collecting data on types 
of television programs 

Activity card 
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TITLE 

You Take a Survey 

The Ten Most Wanted List 

Is it Best to be Golden? 

How Does Your Reading 
Rate? 

The Fry Test 

Wr.o's #1? 

Wi~l the Real 0 A" 
Please Stand Up? 

Can You Hit Higr. "C"? 

Beethoven Bar Graphed 

A Chancy Corr.position 

An or,derly Arrangement 

PAGE 

8] 7 

818 

821 

824 

825 

827 

830 

831 

832 

836 

837 

TGPIC 

Using a survey to answer 
questions 

Using sampling to make 
identifications 

Collecting data to see if 
golden rectangles are 
the most pleasing shape 

Using averages and graphs 
to increase r•eading rate 

Using the Fry test to 
dete1 1mine reading level 

Finding and grap,ung letter 
frequencies 

Analyzing a table of 
musical frequencies 

Reading a table of instru
ments and voice ranges 

Using a bar graph to 
analyze music 

Usir:g chance to compose 
music 

Counting the possible 
permutations of notes 

TYPE 

Activity card 

Werk sheet 

Teacher directed 
activity 

Activity card 
Worksheet 

Teacher page 

Teacher diree1:ed 
activity 

Worksheet 

Worksheet 

Teac~1er idea 

Activity card 

Worksheet 

( 

( 

( 
' 



PDPULQTIDN 
b~TIMPTIDN 

1) Estimate the population of •.. 

B BB 

U~ITED 

YOUR 
SCl--lOOL 

2) Find recent population figures for your school (your teacher should know) 

________ , your city ________ , your state 

the U.S. ________ , and the world _______ _ (Look in an almanac 

or encyclopedia.) Compare these figures with your guesses in (1), 

3) Round the populations of: 

your school (to the nearest 100) 

the nearest large city (to the nearest 10,000) 

your state (to the nearest 100,000) 

the U.S. (to the nearest million) 

the world (to the nearest 100 million) 

4) What percent of the city's population is your school enrollment? 

5) What percent of the state's population lives in your city? 

6) What percent of the U.S. population lives in your state? 

does not? 

What percent 

7) What percent of the U.S. population lives 

in your city? 

8) What percent of the world population lives 

in the U.S.? 
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1) These population figures have been rounded 

to the nearest ______ _ 

2) Shade each state on the map on the following 

page according to its population. 

Choose your own colors. Color used 

0 - 1 million 
1 - 2 million 
2 - 5 million 
5 - 10 million 

10 - 25 million 

If you do not have a calculator, round the 

population figures to the nearest million for 

the percent problems that follow. 

3) The state with the largest population is 

Its popula

tion is what percent of the U.S. total 

population? 

4) What is the fewest number of states required 
1 to get 3 or 33% of the total U.S. popula-

tion? List them. 

5) What is the fewest number of states that con

tains½ or 50% of the U.S. population? 

List them. 

6) Study the map you shaded. Why are some areas 

much more populated than others? 

7) Use the population figures in the table. 

What is the largest number of state popula

tions you can add and still be less than 

California's population? ___ _ 

ALABAMA 
ALASKA 
ARIZONA 
ARKANSAS 
CALIFORNIA 
COLORADO 
CONNECTICUT 
DELAWARE 
FLORIDA 
GEORGIA 
HAWAII 
IDAHO 
ILLINOIS 
INDIANA 
IOWA 
KANSAS 
KENTUCKY 
LOUISIANA 
MAINE 
MARYLAND 
MASSACHUSETTS 
MICHIGAN 
MINNESOTA 
MISSISSIPPI 
MISSOURI 
MONTANA 
NEBRASKA 
NEVADA 
NEW HAMSHIRE 
NEW JERSEY 
NEW MEXICO 
NEW YORK 
NORTH CAROLINA 
NORTH DAKOTA 
OHIO 
OKLAHOMA 
OREGON 
PENNSYLVANIA 
RHODE ISLAND 
SOUTH CAROLINA 
SOUTH DAKOTA 
TENNESSEE 
TEXAS 
UTAH 
VERMONT 
VIRGINIA 
WASHINGTON 
WEST VIRGINIA 
WISCONSIN 
WYOMING 

TOTAL 

July 1, 1974 
Population 
Estimates* 

3,577,000 
337,000 

2,153,000 
2,062,000 

20,907,000 
2,496,000 
3,088,000 

573,000 
8,090,000 
4,882,000 

847,000 
799,000 

11,131,000 
5,330,000 
2,855,000 
2,270,000 
3,357,000 
3,764,000 
1,047,000 
4,094,000 
5,800,000 
9,098,000 
3,917,000 
2,324,000 
4,777,000 

735,000 
1,543,000 

573,000 
808,000 

7,330,000 
1,122,000 

18,111,000 
5,363,000 

637,000 
10,737,000 

2,709,000 
2,266,000 

11,835,000 
937,000 

2,784,000 
682,000 

4,129,000 
12,050,000 

1,173,000 
470,000 

4,908,000 
3,476,000 
1,791,000 
4,566,000 

359,000 

210,669,000 

*Statistical Abstract of the United States 1975 
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800 

C£1\.1'2,US 
Y£AR 

1.790 

1800 

19"70 

COUNTING 
EVERY BODY 

@ en 

;;;l~ 
@II 2 :) 

w © if) 
t- § 3 0 

~8!,i2 2 w CJ owo (.!) 2 Di ::l uJ <.!> 0/. 

® :::> 2 ~ :J 200\{) ~ ::z 0 0- :::> _J :f £ll cl a uJ i cit POPULA"TIO"-l a: @ 2 f U 4- Q. V a.. 0 0. 

3,929,214 li,000,000 ----------- -------

5_,308,483 5,000,(X'I.) 1,0CX),000 '2.5.0% 

After the students have 

completed the table on the 

following page, the infor

mation could be graphed. 

Students can discuss: 

1) what information is 

appropriate to graph: 

actual; increase of; 

or the percent of 

increase of population. 

2) what type of graph is 

appropriate (line, 

bar, circle, picture). 

Use the table and the same 

graphing procedures for pop

ulation figures for your 

state and city. Each state 

census is available in an 

almanac. The city census is 

available in each state's 

governmental handbook at the 

public library or from the 

Chamber of Commerce. 

Compare the graphs of the actual population for the U.S., your state and city. 

The population of foreign countries could also be used and compared in a similar way. 



CENSUS 

Y[AR 

1790 

1800 

1970 

COUNTING 
EVERY BODY 

(COts.lTlk!UE.D) 

~(!?) I I:@:) :z C/1 :z :::::) 
0 0 t; (0 @ if) 

t:i: uJ L.J 2 t.,..l I- h. :z 
0 C/) LJ 

..J D Qt 0 
2 L oJ :::, 2 w u @ :::) 2 <( :.i <:t:'o 9 

C/] LJ (.!) Di,! 
0 :, t...J ..J z u :z 0 

POPULATION 0 ~ :2 i ::r: ~ Q,! uJ Ot <( 

8: CJ LL. a. LJ.I :::i:: 0- u Q. u 

3,92,9, 214 4-,000,000 ------- ----

5,308,483 s,ooopoo 1,000,000 ,25.0% 

You will need a 1971 
or newer almanac. Use 
the index to find the 
page location for United 
States population. 

The national census 
was first taken in 1790. 

o C 

Since then a census has 
been taken every 10 
years. 

a) From the almanac copy 
the population for each 
ten-year period from 
1790 to 1970. 
b) Round each figure to 
the nearest million. 
c) Find the change in 
population for each 
period--use the numbers 
in Column {E) to get your 
answer. 
d) Find the percent 
change for each period 
by dividing the change-
C~lumn@--by the rounded 
population of the 
previous census year-
Column@ 

Which column gives 
you more information-
Column @or Column@ 

Why? 

What major trend do 
you see? 
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Population to 
Province Area (km2 ) nearest 1,000 

Newfoundland 404,519 532,000 
Prince Edward Island 5,656 113,000 
Nova Scotia 55,490 794,000 
New Brunswick 73,436 642,000 

Quebec 1,540,687 6,059,000 
Ontario 1,068,587 7,825,000 
Manitoba 650,090 992,000 
Saskatchewan 651,903 916,000 

Alberta 661,118 1,655,000 
British Columbia 948,600 2,247,000 
Yukon Territory 536,326 19,000 
Northwest Territory 3,379,698 36,000 

CAL\JADA 9,976,110 21,830,000 
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1) How many provinces are in Canada? ____ _ 

2) Which province has the smallest area? largest? 

3) Which province has the smallest population? ________ largest? 

4) The four provinces of Quebec, Ontario, Alberta and British Columbia have about what 

percent of Canada's total population? 

5) The Northwest Territory has about what percent of Canada's area? 

Canada's population? 

6) If the land in the province were divided evenly, how much land would each person in 

these provinces have? 

a) The Northwest Territory 

b) Ontario 

c) Prince Edward Island 

d) All of Canada 

7) If the land were divided evenly, how much would each person in your state have? 

MALES FE!v\AL~S 
The graph shows the pop-
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ulation of Canada both by 

age and by sex. 

(8) About how many males 

are in the 0-4 age 

group? 

(9) About how many fe-

males are in the 

10-14 age group? 

10) In the 80+- age group, 

are there more males 

or females? ----
11) In 10 years, will 

Canada need mor e or 

fewer public s chool 

teachers? 
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1) Some people don't have children. Some have 1 or 2 or 3 or more. How many children 

do you think you will have when you grow up? 

2) Suppose that on the average each 

person has 3 children, each child 

has 3 children when grown, and so 

on. How many children will be in 

the 2nd generation? 

If the average keeps up, how many 

children will be in the 4th 

generation? 

Cl-llLDREl\.l 
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YOU O 
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3) Suppose that on the average each person has 2 children in each generation. How 

many children will be in the 4th generation? (Hint: Make a diagram like the one 

above.) 

4) How many children will be in 

the 4th generation using your 

number from exercise l? 

5) Would a 4-child average give 

twice as many children in 

each generation as a 2-child 

average? 

6) According to the graph, about 

when was the population 

200 million? 

100 million? 

50 million? 

7) What could decide whether the 

population is greater or less 

than 300 million by the year 

2000? 

SOURCE : Commission of Population Growth 
and the American Future ( 1972) 

U.S. Population: 2- vs. 3-Child Family 

700 

600 

500 

400 

300 

YEAR 

• 
~ 2·CHILD 
~•AIV\ILIE!c> 

300 mil lion 2015 

Graph from Options; A Study Guide to Population and the American Future , 
Produced by The Population Reference Bureau, Inc . 

Permission to use granted by The Population Reference Bureau, Inc. 



1) 

This table gives the 

population of the world 

from 4000 B.C. 

How many years did it take the 

population to double, from 

250 million to 500 million? 

500 million to 1 billion? 

1 billion to 2 billion? 

2 billion to 4 billion? 

Estimate when the population will be 

double the 1960 population. 

2) Use a whole piece of graph paper and 

graph the ordered pairs in the table. 

Draw a smooth curve through the 

points. 

World Population (estima ted) 

Date Population (millions) 

4000 B.C. 75 

2000 B.C. 150 

0 250 

1650 A.D. 500 

1830 A.D. 1000 

1930 A.D. 2000 

1960 A.D. 3000 

1970 A.D. 3600 

1975 A.D. 4000 

3) From the graph and exercise 1, what would be a reasonable estimate of the world 

population in the year 2000? 

4) Why did the population increase so slowly for so many years? 

IDEA FROM: Environmental Science, Intermediate Science Curriculum Study 

Permission to use granted by Silver Burdett Company and Florida State University 
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1. Find which city has the fastest growth rate in your county. The off ice which 
has this information will vary from state to state. Try the records office or 
the county information number. The local Chamber of Commerce might have figures 
for a few years. List some cities and their population changes in the past few 
years. Which city had the greatest increase in numbers? What is the growth rate 
of the closest large city? The greatest percent of increase? Look in an almanac 
and find the state that is growing at the greatest percent of increase. 

2. Find out how many classmates have pets. How would you estimate the number of 
dogs and cats in your city? 

3. Look at a map of your state. Is one county of the state more populous than 
another? Figure the population density (ratio of number of people to ni1mber of 
sq uare kilometres) of each county. Which is the most dense? Make up a color 
code and color the counties of the state on a map according to their population 
densities. 

4. Look in an almanac to find which state's population is most dense. Which European 
country's population is most dense? 

5. Use an almanac to find the country from which the greatest number of immigrants 
came to the U.S. in a recent year (not in all almanacs). Or, graph the number of 
immigrants to the U.S . for a large number of years and try to explain any changes. 

6. Graph your school district's enrollment for the years that information is available. 
(Call the superintendent's office.) Is the enrollment growth proportional to 

7. 

8. 

the city's population growth? 

Find information from state tourist bureaus or your 
about the number of tourists visiting your state or 
city. What are the advantages and disadvantages of 
tourism? 

local Chamber of Commerce 
your 

Contact the motor vehicle department and ask 
of-state registrations turned in last year . 
figures will give you an 
approximate number of families 
moving into your state. 
Compare the number from 
each state. Are the 
majority coming from 
one state? Graph the 
results. 

for the out
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Do you think two or more students in your class have the same birthday (same day, same 
month)? How many students do you think it would take for the probability of this hap-
pening to be .50? Make a guess. __ _ 

I . To find out, use the computer. 

Your teacher will tell you how to 

run the program BIRDAY. 

II. Write the probabilities from the 

computer printout in Column 2 in 

the table to the right. 

III. Round each probability to the near

est one-hundredth and record in 

Column 3. 

IV. Graph the rounded probabilities 

below. Connect the points to make 

a line graph. 

v. Use the graph to approximate 

the class size so the proba-

bility is . 50 that at least 

two students will have the 

same birthday. 

Would you like to revise 

your guess? )-
/-

VI. Use the graph to find the pro- J 
iti 

bability that at least two <( 
d) 

students in your class have 0 
Qi:' 

the same birthday. 0.. 

VII. Take a survey of your class 

to see if any students have 

the same birthday. 

2 3 

NUMBER. ROWJDED 
HJ CLASS 

PRO BA Bl LIT'Y 
PROBABILITY 

10 

15 

2.0 

25 

30 

35 

40 

Tl-\E PROeABILITY Tl-1A"T TWO OR MOR.(: 
SiUDEI-JT5 HAV(;: TH~ SAME B\RTI---IDAY 
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Suppose three cups of cola drink are on the 
table. One is Coke, one is Pepsi, and one 
is RC Cola. The cups have labels A, B, and 
Conly. You are to taste from each cup and 
tell which cup contains which cola. 

1. Make a list of all of the possible ways 
the colas could have been put into the 
three cups. 

A B C 

Coke Pepsi RC Cola 

2. If you guessed without tasting, you would have 1 out of 
of being correct. 

chances 

3. If 24 students guessed without tasting, how many would you expect to 
guess all three colas correctly? 

4. If all of the students in your class guessed without tasting, how many 
would you expect to guess all three colas correctly? 

TRY THE EXPERIMENT WITH YOUR CLASS. 

Ask your teacher to prepare 3 identical cups labeled A, B, and C: one 
with Coke, one with Pepsi, and one with RC Cola for each student. 
Taste a small amount of cola from each cup. 

5. Write down which cola comes from which bottle. According to your 
taste, A is , Bis , and C is ------ ------

6. How many students in your class got all three colas right? 

7. Is this more or less than you expected if they were just guessing? 

8. Do you think that the results in your class are good enough to say 
that your class can tell the colas apart by tasting? 
Why or why not? 

MATERIALS: paper cups (3 for each student), colas (Coke, Pepsi, RC)*, 
pencil. 

*This activity can also be done using 3 varieties of chewing gum in place of 
the colas. 

SOURCE: What Are Mv Chances?, Book A, by A. Shult e and S. Choate 

Permission to use granted by Creative Publications, Inc. 



Many people are concerned about discrimination in our society. There have been 

movements to prevent discrimination against blacks, Indians, women, children, the 

aged ... Your students might be wondering if their school, city, state or country dis

criminates against certain groups. This activity suggests how information can be found 

to answer a specific discrimination question. 

PROBLEM: Do school and community sports programs discriminate against girls? 

CLARIFYING THE PROBLEM: 

During a discussion of this problem students might question what it means to be dis

criminated against. They could decide to find out what portion of the sports budget is 

spent for each of girls' and boys' sports, which sports are limited to only girls or 

only boys, how many different types of sports are available to girls and how many to 

boys, if athletic facilities are available to boys more often than to girls or if girls' 

teams are allowed to compete away from home as often as boys' teams. 

Other information will also be helpful. How many girls and how many boys go out for 

each type of sport? (30% of the sports budget might be spent for girls' sports, 20% for 

coed sports and 50% for boys' sports, but 35 girls and 100 boys might go out for the 

program.) Are there girls who would like to play baseball or boys who would like to 

play volleyball but are not allowed to? Are some sports viewed by students, faculty or 

parents as being strictly for girls or only for boys? 

GATHERING THE INFORMATION: 

Most of the information can be obtained from the school office or community group in 

charge of the sports program. A questionnaire similar to that shown on the following 

page could be used to obtain information about student attitudes towards sports. 

ORGANIZING THE INFORMATION: 

The data from the questionnaire will be hardest to organize. Students will probably 

want to tally the responses from girls and boys separately. They might also tally the 

responses by grade level to compare differences and see trends. 

INTERPRETING THE INFORMATION: 

Students might suggest different interpretations or you might have some suggestions 

ready for them to consider. The data could be shown to someone in charge of the sports 

program for another interpretation. 
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STUDENT QUESTIONNAIRE 

I. GRADE LEVEL: Fifth 
Sixth 
Seventh 
Eighth 

III. WHAT ORGANIZED SPORTS DID YOU 
THE SPORTS IN P.E. CLASSES.) 

PLAY 

baseball ice hockey 

II. SEX: Male 
Female 

IN THE LAST YEAR? 

track 
basketball karate or judo volleyball 
cross-country __ softball wrestling 
field hockey soccer other 
football swimming 
gymnastics tennis 

(DON'T COUNT 

IV. WHICH OF THE ABOVE SPORTS WOULD YOU PLAY IN IF THEY WERE OFFERED? 

baseball 
basketball 
cross-country--
field hockey -
football 
gymnastics 

ice hockey 
karate or judo 
softball 
soccer 
swimming 
tennis 

track 
volleyball 
wrestling 
other 

V. AFTER EACH SPORT BELOW PUT G-B IF APPROPRIATE FOR BOTH GIRLS AND BOYS 
G IF APPROPRIATE FOR GIRLS ONLY 

baseball 
basketball 
cross-country--
field hockey -
football 
gymnastics 

B IF APPROPRIATE FOR BOYS ONLY 

ice hockey 
karate or judo 
softball 
soccer 
swimming 
tennis 

track 
volleyball 
wrestling 
other 

VI. PUT AN E AFTER EACH SPORT AT LEAST ONE PARENT OR GUARDIAN HAS ENCOUR
AGED YOU TO PLAY. 
PUT AD AFTER EACH SPORT AT LEAST ONE PARENT OR GUARDIAN HAS DISCOUR
AGED YOU FROM PLAYING. 

baseball 
ba sketball 
cross-country 
fiel d hock ey 
football 
gymnastics 

ice hockey 
karate or judo 
softball 
s oc c er 
swimming 
tennis 

track 
volleyball 
wrestling 
oth er 



HYPOTHETICAL DATA SHOWING THE NUMBER OF MALE AND FEMALE APPLICANTS FOR VARIOUS 
TEACHING CATEGORIES, THE NUMBER ACCEPTED, AND THE PERCENT ACCEPTED 

Male Female 
Job Category Number Number % Number Number % 

Teacher Applied Accepted Accepted Applied Accepted Accepted 

Grades 13-14 150 30 20 40 16 40 
(2-year 

College) 

Grades 11-12 200 70 35 50 35 70 

Grades 9-10 100 15 15 50 15 30 

Grades K-8 50 2 4 600 48 8 

Total 500 117 23 740 114 15 

1) Look at the table. What percent of female and male applicants were 

accepted for employment in: 

Grades 13-14 

Grades 11-12 

Grades 9-10 

Grades K-8 

Female% Male% 

2) For each individual category the percent of female applicants accepted 

is how many times as much as for male applicants? 

3) For each individual category is the number of female applicants 

accepted twice as much as male applicants? 

4) Now examine the totals in the table. 

a) What percent of females were accepted? males? 

b) How many females were accepted? males? 

5) a) Do the individual categories seem to show discrimination against 

females? 

b) Do the totals seem to show discrimination against females? 

IDEA FROM: Winning With Statistics: A Painless First Look at Numbers, Ratios, Percentages, Means and Inference by R. Runyon 

Permission to use granted by Addison-Wesley Publishing Company, Inc. 
811 



£VAl O~TLNG ~CV 
£VALU~T{()(V 

The teachers of a junior high school wanted more feedback from students on how they 

could improve their teaching. They asked the student council to help. The student 

council made up a questionnaire somewhat like the one on the next page. 

Read the questionnaire and answer these questions. 

1. Are there items you would reword? 

another sheet of paper. 

If so, circle the number and reword it on 

2. Are there items you would omit? Which ones? 

3. Are there other items you would like included if you were to evaluate teachers? 

List them. 

4. Suppose each of 30 students in 5 classes evaluated one teachers. How would you 

suggest organizing the data from the 150 questionnaires? 

5. Who should tabulate the data? the teacher? the principal? ___ a student 

or group of students? ___ Other suggestions 

6. Who should see the results? 

Each teacher should see his/her own. 

Any student, teacher or parent should be allowed to see the results. 

The principal should see them all. 

They should be shown to the local editor of a paper. __ _ 

7. Suppose the questionnaire were used in a school. In each pair, check what you think 

is most likely to happen. 

a. Teachers would not change. 

b. Teachers would make use of the evaluation and improve their teaching. 

a. Students would feel their opinions counted more. 

b. Students wouldn't take the time to fill out the questionnaire. 

a. Students would honestly try to help teachers. 

b. Students would be very critical of hard teachers. 
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t(}AlOAIJNG AN 
£VALUATION 

( COhlTl~U£DJ 

This teacher evaluation is your way to help teachers improve their teaching. 

Look at the question, read the examples, then rate the teacher poor, fair, average, 

good or excellent compared to your ideal teacher . 

This teacher evaluation is for your own benefit. By filling this out honestly and 

seriously you can help the teachers improve their teaching skills. 

1. ATTITUDE TOWARDS STUDENT IDEAS: (Does the 

teacher have respect for the things you say 

in class?) 

2. FAIRHESS: (Is the teacher fair and impartial 

in his/her treatment of all students in the class?) 

3. ENTHUSIASM: (Does he/she show interest and 

enthusiasm for the subject? Does the teacher 

appear to enjoy teaching the subject?) 

4. PATIENCE: (Does the teacher know how to deal 

with someone who doesn't understand?) 

5. KNOWLEDGE OF SUBJECT: , (Does the teacher have 

a thorough knowledge and understanding of 

his/her teaching field?) 

6. CLARITY OF PRESENTATION: (Are ideas presented 

at a level you can understand?) 

7. ENCOURAGEMENT OF STUDENT PARTICIPATION: (Does 

the teacher encourage you to raise questions 

in class?) 

8. CLASS PREPARATION: (Is the teacher prepared 

for class?) 

1 

poor 

poor 

poor 

poor 

poor 

poor 

poor 

poor 

2 

fair 

fair 

fair 

fair 

fair 

fair 

fair 

fair 

3 

avg 

avg 

avg 

avg 

avg 

avg 

avg 

avg 

4 

good 

good 

good 

good 

good 

good 

good 

good 

5 

exc 

exc 

exc 

exc 

exc 

exc 

exc 

exc 
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Half of all .the girls 
in the 7th grade are 
at or above average 
weight for 7th grade 
girls. 

Half of all the people 
in the United States 
are average or above 
average in intelli
gence. 

6th grade boys 
scored at or below average in the 
spelling test. 

:o 

Half of all the 
workers in the United 
States make as much 
as or more than the 
average wage. 

Half of all American 
cars are at or below 
average in safety. 

Half of the people of 
the world die at or 
before the average 

1 age for dying. 

Half of all the 8th 
grade girls throw the 
discus as far as or 
further than the 
average __,,.,,,-
distance. 

. • . .. 

I DEA FROM : Winning With Statistics : A Painless First Look at Numbers , Ratios, Percentages, Means and Inferenc e by R . Runyon 

Permission to use granted by Addison-Wesley Publishing Comp any, Inc. 
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Some television networks concentrate 

on certain types of programs, like 

Westerns. Is there a trend this sea

son? Study the types of programs 

shown on 'J'V for a week. 

Use either the TV listing in your 

daily newspaper or a weekly TV guide. 

Record the programs from 3 p.m. to 

11 p.m. Put the total amount of time 

for each type of show. Use .5 for 

30 minute programs; 1 for hour programs; 

1.5 for hour and one-half programs, etc. 

Comedy Western Crime News 

Mon. 

Tues. 

Wed. 

Thurs. 

Fri. 

Sat. 

Sun. 

Totals 

Culture Science Musical, 
Program Fiction Variety 

What do you think? Is one type of program more popular this season? 
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The student page What's on TV? could be followed with other activities like these: 

1) Violence: How much violence is there in television programs? Is there more vio 

lence later or earlier in the day? Students could decide by surveying different 

programs and recording each time there are verbal threats, physical force, weapon 

usage and so forth. 

2) Ti me for Connnercials: Measure the amount of time devoted to commercials during 

a one or two hour period. What percent of time is "usually" devoted to commer

cials? Graphs could be made to study whether certain hours have more commercials. 

3) Types of Connnercials: Discuss the different ways commercials try to influence: 

uses of a well-known person, use of an authority figure (doctor type), use of or

dinary people, use of humor, use of fear of failure (bad breath, acne), etc. Deve

lop a list with your class. Have students watch a program and classify each com

mercial according to the developed list. New types may need to be added to the list. 

4) Favorite Programs: Ask students what their favorite programs are. You or the 

students could make up a questionnaire to study viewing patterns of students in 

the class; in the school. 

5) Show Dropping: Why is your favorite show of last year no longer on TV? How are 

decisions to drop or retain programs made? By whom? Discuss the Nielsen ratings. 

6) Saturday Morning: Some of the old favorites are now animated for "Saturday 

morning specials." What types of shows are on Saturday? What percent of crime? 

What percent of time for commercials? What types of connnercials? 

7) Future Programs: What kind of programs would the students like to see on TV? 

They might like to write descriptions of new programs not yet on TV. Students could 

survey the school to see what others think about their proposed shows. 



Materials: Whatever is necessary for your survey 

Here are some questions that could be answered by taking 

a survey: 

• What is the most popular TV program? 

• What percent of the people are left-handed? 

• What is the most popular song? 

• What are the chances that a person drives with a 

seat belt on? 

• What is the most popular automobile color? 

1. Write down three other questions that could be answered 

by taking a survey. 

2. Select a question--either one of your own or one of those listed above. Decide how 

to conduct the survey. Before starting, talk with your teacher about your plan. 

3. Display your results so that others can easily understand them. 

4. Do you feel that your results would apply to 

• the rest of the school? 

• the community? 

• your state? 

• the entire nation? 

Explain your answers. 

EXTENSION: Check to see if your teacher or school library has the book, ~ow to Lie 

with Statistics, by Darrell Huff. Perhaps other books on probability and statistics 

are available for you to read. 

SOURCE: Mathlab · Junior High by S. McFadden, et al. 

Permission to use gr anted by Action Math Associates, Inc. 
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TW( T(N MOST 
WANTCD LIST 

Many police departments have artists that draw sketches of suspected criminals. 

Some departments even have books containing many drawings of differently shaped noses, 

mouths, etc. From these books a victim or witness can pick features and the artist can 

make a composite sketch. 

1) Look at the features on the next two pages. 

2) Cut out Jour favorite feature from each of the groups. 

3) Use glue or transparent tape to attach the features to the face outline below. 

4) How many different faces could be made using the features on the next page? 

X X X X 

hair nose eyes mouth ears 

5) What is the probability that another student, picking at random, makes the same 

face as you? 

6) Survey the class to find the features favored by most of the students. Make a sketch 

using these features. 



l~~ T[N MOST 
WAtvT(D LIST 

(PAGE 2) 

819 



820 

1~~ T(N MOST 
WANT(D LIST 

(PAGE. 3J 
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IS IT BEST TD 
BE lli][Q][L[ID[~? 

I. Show the class several examples of golden rectangles in art and architecture. Use 

examples as shown on pages 94 and 95 in Mathematics from the Life Science Library 

or use the examples on the top of the following page. While pointing out the 

golden_rectangles, explain that many people from the time of the Greeks have be

lieved golden rectangles are the most pleasing rectangular shapes. 

II. Present the problem: Are there any golden rectangles in our room? Students might 

be able to eliminate a blackboard for being "too long" and skinny or a floor tile 

for being too "square", but be puzzled as to how they should decide if some rec

tangular shapes are really golden. A worksheet of carefully drawn golden rectan

gles (see bottom of next page) could be given to students. They can then measure 

the rectangles and discover that the quotient of each pair of lengths and widths 

is about 1. 6. Now the "about 1. 611 criteria can be used to determine golden 

rectangles. 

III. Some students might have questioned whether golden rectangles are the most pleas

ing. "I like squares best!" can be a lead into a new problem: Is it true that 

golden rectangles are the most pleasing shapes? A survey of the class can be 

taken where students pick their favorite shape from a collection of rectangles. 

(See the third page of this activity for such a collection.) Was the golden rec

tangle chosen most often? 

IV. Perhaps the results were biased by so much previous discussion of the golden 

rectangle. Ask students what they think about this. Students might also wonder 

if the arrangement of the rectangles on the page influenced the results. Size of 

the golden rectangle might also effect results. 

V. Have a committee of students survey several other classes and compare the results 

to their class' survey. Students could take home page 3 and have family members 

vote. Does the data support the idea that the golden rectangle is most pleasing? 
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IS IT BEST TD 
BE [GJ[ill[L[ID[~? 

(PAGE 2) 

Some people think golden rectangles are the most pleasing to look at. 

Golden rectangles are often used in art and architecture. Here are some 

examples. 

GOLDE:t-:i G.OLDEt-.l 

Many buildings have golden Pop artists sometimes use golden 

rectangles. rectangles. (The whole picture is 

also a golden rectangle.) 

What Makes A Rectangle Golden? Measure Each of These Golden Rectangles 

To Find Out. 

LENG.TH 

\.JIDTH 

LEl-:iG"TI-\.;. \.JIOTI-\ 

L __ 

w __ 
L+W __ 

LEhlGTH 

WIDTI-\ 

L~NGTI-\..,. WIDTI-\ __ 

LEl\lGTI-\ __ 

WIDTH __ 

LE~GTH + WIDTH __ 

Measure Some Rectangles In Your Room. 

Are some books golden? Are some windows golden? 

List four things in your room that have the shape of a golden rectangle. 



IS IT BEST TO 
BE ~ill][L[ID[~? 

(P,A,GE. 3) 

WHICH OF THESE RECTANGLES DO YOU LIKE BEST? VOTE FOR ONE, 

A B C D 
B~--~ 

A 
Cr------ - ------, 

DI.__ __ _ 

WHICH OF THESE BUILDINGS DO YOU LIKE BEST? VOTE FOR ONE, 

A 

}:"~ 
I IU 

A 
-v-; 

(_ 

Ill Ii 

-

B 

~ y 
M ~ I 

- -

Greek temples drawn by Nancy Linn. 

D 
;y; 

11 111 

-

From the book The Golden Mean by Charles F. Linn 

Permission to use granted by Doubleday and Company 

C D 

J..1 
.--::-- (i)) - ~ -
/11 •N f!I 111 Iii II\ Iii Ill JI 

r-- ~ - - -

I 
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aow DOES ~QC,R, 
12Ef\V!NG 
RATE? 

Keeping track of your reading rate can help you see if 

your rate is improving. Here's how to find your 

reading rate: 

1. Choose a book that is not difficult for you to 

read. 

2. Chaos~ a page in the book that is all words-

no pictures or illustrations. 

PlcESIDEIJT JOHW r:-: KE~t--.lEDY 
WAS A SPEED RE:ADER.. 

3. Find the approximate number of words on this page by doing these steps: 

a. Choose ten lines at random from the page. 

b. Find the average number of words in the ten lines. (You'll have to count the 

words in each line, add, then divide the total by ten.) 

c. Count the lines on the page. 

in (b). 

Multiply this number by the result 

4. Find your reading rate by doing these steps: 

a. Read the page. Have someone time you and record the number of seconds it 

takes to read the page. 

b. Divide the number of words on the page (the second number from 3(c) above) by 

the number of seconds from 4(a) above. 

of words per second. 

This is your average number 

c. Multiply the number in 4(b) by 60 to find your reading rate--the average num-

ber of words per minute. 

Do this two or three times a week. Use books 

at about the same level of reading. Choose 

different pages. Try to increase your rate of 

reading. Keep a record of your reading rate 

and after several weeks, graph the rates. Is 

there a trend to show your reading rate is 

increasing? 

CAUTION: "Reading" means understanding 

the words, too. Don't try to move your 

eyes over the words so fast that you don't 

understand. Some material isn't meant to 

be read quickly (mathematics, for instance!). 



The reading level of written material is of concern to editors, writers, and 
teachers. To help establish the level of reading material several tests ha ve been 
designed. These tests use measures of sentence length and number of syllables in 
words. 

Edward Fry, a professor at Rutgers University Reading Center, has developed a 
procedure that is quick and easy to use. His method is described below. 

1) Choose three one-hundred-word passages, one each from near the beginning, mid
dle, and end of the book. Skip all proper nouns and numerals. 

2) Count the total number of sentences in each hundred-word passage. (Esti
mate to the nearest tenth of a sentence.) Average these three numbers.* 

3) Count the total number of syllables in each hundred-word sample. (You 
could count every syllable over one in each word and then add 100.) 
Average the total number of syllables for the three samples.* 

4) On the graph on the following page, plot the average number of sentences 
and the average number of syllables per hundred words to determine the 
area of readability level. Most plot points will fall near the heavy 
curved line. 

* Example 

l\.1Utv\BER OF 

SE.t-!TEt-.lCES PER 100 WORDS 

PAGE 5 

100- WORD SAMPLE PAGE 89 

PAGE 1G0 

AVERAGE 

9.1 

8.5 

-r.o 

3) 2.4.G 

8.2. 

NUMBER OF 

SYLLA.BLE.'5 PE.R 100 WORDS 

122. 

144 

129 

3)395 

l '3 2 

THt'.SE AVE-RAG.E5 1 WHE.hl PLOTTED O~ T~E GRAPH, FALL Il\l Tl-IE 5 TH 
GRADE AREA SO THE BOOK. IS ABOUT SiH GRADE REAC>lk\G 

If great variability occurs either in sentence length or in syllable count for 
the three selections, select several more passages and average before plotting. 

IDEA FROM: "Re adability Fo rmula that Saves Ti me," by E. Fry, Journal of Reading, April, 1968 
"Updating the Fry Readability Formula," by J. Kretschmer, The Reading Teacher, March 1976 

Permission to use granted by International Reading Association 
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Graph for Estimating Readability 
by Edward Fry, Rutgers University Reading Center 

Average number of syllables per 100 words 

Short words Long words 

Source: Journal of Reading, April, 1968 (p. 513) 

How accurate is the score? 

Fry claims his method is accurate to within a grade level. However, there 
are no rigorous standards of just what constitutes a particular grade level of 
difficulty. The standards set so far have been based on subjective agreements be
tween publishers and educators, relative ranking (comparing the orders in which a 
group of books is ranked by several formulas or tests), and comprehension tests. 

When compared to the other more involved readability tests, Fry's formula 
does seem to rank the readability level of printed material higher. To correct 
this, Joseph Kretchmer has updated Fry's method by identifying a gro up of 
basic words of two or three syllables to be counted as one syllable words. The 
group of words is lis te d below. Using this list as a reference, apply the Fry 

abo ut 
after 
again 
ego 
almost 
along 
also 
always 
another 
any 
anything 

IDEA FROM: 

arounel happy open formula in the usual manner but count 
awa~ into ot her until th ese wor ds as only one syl lab le when 
=~se ~tt~~Y ~:~le ::%an obtaining the syllable count. With this 
better mother pretty yellow correction, the accuracy of the Fry 
city morning second yesterday method should be increased. 
ever money seven 
every myself something 
family never today 
father o'clock under 
funny only upon 
going 

"Readability Formula that Saves Time," by E. Fry, Journal of Reading, April, 1968, and 
"Updating the Fry Readability Formula ," by J. Kretschmer, The Reading Teacher, March 1976 

826 Perm ission to use granted by International Reading Association 



Which letter of the alphabet occurs most frequently in printed material? 

(The following is written as an individual activity but can be done in a 
two-person group.) 

1) Each student chooses a book. 

2) Each student then selects five lines of print and keeps a tally to count 
how many times each letter occurs. If graph paper is used, and a square 
shaded for each occurence of a letter, a bar graph will be constructed. 

AW If ) 

B II 
C Ill ) 

\ 
Lr-"' - -"-.: r--''-v~J 

3) To compile the results, several methods can be used. 

a) Students can report their most frequent letter to the class, and a 
tally on the blackboard can be kept. 

b) A large bar graph can be constructed on the bulletin board, and the 
students can shade in their results. The large bar graph may need to 
be scaled to make the size manageable. For each letter a ratio th a t 
compares the number of occurrences for the letter to the total number 
of occurrences of all letters tallied by the class can be written. A 
calculator can be used to convert the ratio to a percent. 

c) Students can examine their own tally for each letter and write the 
ratio, number of times the letter occurred: total number of letters 
counted in 5 lines of print. The ratio can also be converted to a 
percent (use the calculator). It may be desirable to have students 
construct a bar graph showing the percents. 

I DEA FROM : Readings in Mathematics, Book 2, and Mathematics A Human Endeavor 

Permission to use granted by W. H. Freeman and Company, Publishers, and Ginn and Company (Xerox Corporation) 
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4) Suggestions for analyzing the results. 

a) Students can compare their tallies with their 
neighbor's. 

b) If students have expressed their tallies with 
percents, the percents of each student can be 
added to see how close the sum is to 100%. 
(Rounding error might make the sum not equal 
to 100%.) 

c) The individual percents can be compared with 
the percents calculated from the class bar 
graph. Which set of data is more valid and 
why? Do the percents for the class bar 
graph add to 100%? 

Extensions: 

I. Morse Code 

Morse Code is used to send messages rapidly. 
Letters are formed by a combination of no more than 
four dots and/or dashes; digits by a combination of 
five dots and/or dashes as shown in the tables. A 
dash is formed by depressing the telegraph key for 
a time unit three times as long as for a dot. The 
space between dots and dashes in the same letter has 
the same time uni~ as the dot. For example, 

R ~ R ll 

L in tv\o\rse code is • - • • 

~ 
'' L'' has a. time u.ni-t leY19t h of 9, 

QJ 
.JJ-----~ 

~ Morse 
~ Character-

I •----
2 •• - - -
3 ••• 
4 .... 
5 ••••• 
6 - •••• 
7 - ••• 
8 - - .. 
9 ----• 
0 -----i 

• ' • • 
3 

The cost of sending a mes
sage depends on the number of time 
units in the length of the message. 
This is dependent on the number of 
times each letter of the alphabet 
occurs in the message. To devise 
a code that is the most economical, 
those letters that occur most fre
quently should be represented by 
code characters that have the 
shortest time unit lengths. 

s: ·-
>-

~ <Jc/) 
QJ I)) S:.l,. 

(I) 
~.l- V)~ -1--

Ill <V 

(/)~ .\.. d (I).- ~ Q.l,. --- E s:: Q"'Q) -d v-
~....I 2...s::- i:::=> ~o 
uJ u u:. ~ 

A .- 5 8 
B - ... 9 l~ 
C -•-• 11 3 
D - .. 7 4 
E • I 13 
I=' .. - . 9 2 
G --• 9 I~ 
H • • • • 7 6 
I • • 3 61 

J 13 
I •--- 2. 

9 
I 

K -•- 2. 

L •- .. 9 
I 

32. 

M -- 7 3 
N -· 5 7 
0 --- 11 8 
p •- -• I\ 2. 
Q 13 

I --•-
4i 

R. ·-· 7 G2 
s ••• 5 G 
T - 3 9 
u .. - 7 3 
V • • • - 9 \ 
w •- - 9 I~ 
X -• •- 11 

J_ 
2, 

y -•-- 13 2 
z --•• 11 

_1 
4-

Total time u.1'1it length 
of avet""a.qe 100-lett-er 
messa.9e. I 

IDEA FROM: Readings in Mathematics, Book 2, Mathematics A Human Endeavor, and 
"Hamming it up mathematically" 

Permission to use granted by W. H. Freeman and Company, Publishers, Ginn and Company (Xerox Corporation), 
and School Science and Mathematics Association, Inc. 

...c 
~ 
s: (/) 
(l) > 

-1)) 

++---+-
.S:w 
j-

0 
VO ~-
F~ 

40 
13i 
33 
28 
13 
18 
13~ 
42 
19½ 
6~ 
4~ 
31l 
21 
35 
88 
22 
3~ 

45~ 
30 
27 
2.1 
9 

I 
132.. 
s¼ 
26 
21 

Gl2i 



Have students create their own "Morse code" based on the percent frequency 
from their individual tallies. For a more efficient code, the percent frequency 
from the large bar graph could be used by the entire class. 

The table lists the Morse code character for each letter of the alphabet 
and gives the total time unit length of the average 100-letter message. Students 
may wish to compare their codes with the Morse code. Are their codes more efficient 
than Morse's? 

Is the Morse code the most efficient code in terms of economy? 

Research projects: 

1) Is the keyboard arrangement of the typewriter efficient? Were percent fre
quencies of letters considered in assigning letters to the keys? (For infor
mation, see The Codebreakers by David Kahn. 

2) Check the letter frequencies in a Scrabble game. Find the percent frequency 
for each letter. 

NOTE: In creating the Morse code, Samuel F. B. Morse in 1838 counted the 
letters in a Philadelphia newspaper's typecase to help him assign the characters. 
Had he assigned the symbols haphazardly, the average message would have cost 25% 
more. 

II. 1) Have students use the percent frequencies of letters based on the large 
bar graph to estimate the number of letters in each of the following: 

a) E's in 300 letters 

b) M's in 500 letters 

c) Y's in 3000 letters 

2) Consider the sentence: "Pack my box with five dozen liquor jugs." 

a) Find the percent frequency of the letter E in this sentence. 

b) How does this percent compare with the percent frequency for the 
letter E from the large bar graph? 

c) Check the percent frequencies of other letters in the sentence and 
compare them with the percent frequencies from the large bar graph. 

3) "This group of words is unusual. If you look at 
it analytically you may find out why. Do not 
quit. By staying with it you will not fail. 

Have students try to compose a paragraph or sentence 
without using the letter E! 

Suggested Reading: The Codebreakers by David Kahn, 
Macmillan, 196 7. 
Famous Stor ie s of Code and Ci pher edi ted by Raymond T. 
Bond, Collier Books, 1965 
Have His Carcase by Dorothy Sayers, Avon, 1974. 

ID EA FROM : Readings in Mathematics, Book 2, and Mathematics A Human Endeavor 

In 1939 Ernest 
Wright wrote a 267-
page novel entitled: 

r 
Gadsby, A 
Story of I 
Over I 
50,000._ _____ __, 
Words 
Wit hout Using t he 
Le tt er E. 

Permission to use granted by W. H. Freeman and Company, Publishers, and Ginn and Company (Xerox Corporation) 
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WILL T~[ R[~L 
J=I PL[~~[ 
~T~ND LJP? 

People haven't always agreed on the pitch of a note. The table below gives many 
different frequencies (and many different pitches) that have been used for the first A 
above middle Con the piano. If aU these "A's" were played together the result would 
be noise not music. 

1. The table lists the frequencies least to greatest and gives the year that 

frequency was used. Find the median frequency for the table. 

2. What is the range of the frequencies in the table? 

3. What is the mean of the frequencies given for the years 1600 to 1699? 

1700 to 1799? 1800 to 1899? Is there a general trend 

in the frequencies as the years increase? 

Frequency for A 

374.2 
376.6 
393. 2 
395.2 

398. 7 
402.9 
409. 
414.4 

415. 
421. 6 
422.5 
423.2 

427. 
427.8 
433. 
435.4 

440.2 
441. 7 
444.2 
445.6 

448.4 
451. 7 
458. 
474.1 

484.2 
503.7 
563.1 
567.3 

Frequencies for the first A above middle C 

Date 

1700 
1766 
1713 
1759 

1854 
1648 
1783 
1776 

1754 
1780 
1751 
1815 

1811 
1788 
1820 
1859 

1834 
1690 
1880 
1879 

1857 
1880 
1880 
1708 

1688 
1636 
1636 
1619 

Place 

Lille, organ of L'Hospice Comptesse 
Paris, from model after Bedos 
Great organ in Strassburg cathedral 
Organ at Trinity College, Cambridge, England 

Lille, restored organ of La Madeleine 
Paris, Mersenne's spinet 
Paris, court clavecins 
Breslau, clavichords 

Dresden, Silbermann organ 
Vienna, Stein pianos, used by Mozart 
England, Handel's tuning fork 
Band of Dresden opera, under von Weber 

Paris, Grand Opera 
England, St. George's Chapel, Windsor 
London Philharmonic 
Paris, Diapason normal of Conservatoire 

Scheibler's "Stuttgart Standard" 
Organ at Hampton Court Palace, England 
United States "low organ pitch" 
London, Covent Garden Opera 

Berlin Opera 
United States, Chickering's standard fork 
United States, Steinway's pitch 
London, Chapel Royal, St. James 

Hamburg, St. Jacobi Kirche, approved by Bach 
Paris, Mersenne's ton de chapelle 
Paris, Mersenne's chamber pitch 
North German church pitch 

Table from The Physics of Musical Sound by Jess J . Josephs, pp. 64-65. 

Permission to use granted by Crane, Russak and Company, Inc. 

In l939~ an International Pitch Conference was held in London. This conference 
recorrmended a frequency of 440 cycles per second for the standard of the first A above 
middle C. The U.S. National Bureau of Standards broadcasts this frequency so people 
can standardize their "A 's" by radio. 



The table below gives the range in pitch for voices and instruments. The frequen
cy column tells how many vibrations per second are necessary to create a tone with the 
given pitch. Look at the table and answer the questions below. ~ 

,...,..,....,_, ,-., NNNUlWOJ.Z:::lQ 
,...,..,...,...,....,....,...NN N~~w~~~~~o~~wo,...ww~~~N ~~~~w,...rn N~WW~bb~n~~~~!5~~~(})~ti~~~moJ~O~~NOO~~())~m~1;~~~~£~w~~Ng~g 

....J ,_. 0) ..J .... J;:; l9 (JI !v [}1 lJJ IV IJ) 0 --, 0 ..J ,__. ,f::; 0 {I) I\) 0 J::: (.,I} ~ (0 OJ J: 0 _J U ' {)) 0 (ft oJ {)) 6'J +' Q rn 

][1!1~~tJ~t![~~lJ~~t1~tJ~~tJ~tJ~~t1~tl~~[IJ~~tc 
C Sopra no C 

G Alto E: 

le Tener A 

r.. Bass E 

G Vfoli n E 

C Vi ola E 
(' Ce lo A 

E Bass r, 

D P icc o l,-, 
C F lt st- P C 

B'P (' h n P Q, 

E'. P.nrc 1 -l "h iTn-;,-..- A 

D ClRrnet BP 
n Bass Clarinet F 

pl> i'..l tn ·, 'lx n nhnnP A"' 
A'P Tenor Saxonh one E'P 

pP Bari one Saxonho1 e AP 
BP Bassoon Elc> 

a' Contra Bassoon Ab 
£ Tr urnnet 9b 

E Cornet AP 

6 French Horn F 

E Tromba,,,, D 

C Ba: s Trombone F 

E Tuh"' D 
~ Ha,rn r..~ 

c:; ~locknncn-ln l 
C Celesta 
r_ Xvlonhone C 

C Tubul a r Be l ls I=" 
D Ti , ani G I 

1. Which instrument 
range in pitch? 
lowest pitch. 

(not including the piano) on the table above has the greatest 
Give the frequency of this instrument's 

The frequency of its highest pitch. 

2. Which instrument has the least range in pitch? 
the frequency of this instrument's lowest pitch. 
The frequency of its highest pitch. 

Give 

s1> 

C 

C 

3. If you play 
the table). 
less than) 

an instrument see if it is on the table (if not, pick any instrument on 
How does its range of pitch compare to a trumpet? (greater, equal to, 

To a clarinet? (greater, equal to, less than) 

4. Which type of voice has the greatest range in pitch? 

Table from Listeners Guide to Musical Understanding published by William C. Brown Company Publishers, page 56, 
Fourth Edition. 

z:::. 
() 
< 

Permission to use table granted by William C. Brown Company Publishers 831 



Many people recognize a composer or singer when 

they hear the music played or sung. There's something 

familiar about the melody or its rhythm that makes it 

identifiable. Can composers be identified by some 

mathematical structure in their music? 

Some components of music that are easy to represent with numbers or number sequences 

are the placement of note~ in the scale and interval jumps. 

Most students could easily analyze a piece of music by studying the frequency of 

interval jumps. Bar graphs can be used to display th~ information obtained. 

Activity for Students: 

Assign the numbers 1 to 88 in ascending order to the 88 notes on the piano. Each 

half-step interval is given a new uumber in this manner: 

The melody line of some piece of music is then changed to a sequence of numbers. 

Beethoven's "Minuet in G" is numbered here as an example: 

t 51 52 54 53 54 53 54 53 54 SG 51 Stw9 51 

832 



(PAGE 2.) 

The next step in the process is most quickly done by two people. The first person 

looks at the numbers representing two consecutive notes, and reads the difference to a 

second person who records the difference. The interval jump is considered positive when 

the second note goes up and negative when the second note goes down in pitch. The first 

interval of the "Minuet," 51 to 52, would read as a positive 1. The next interval read 

is 52 to 54 or positive 2. Students could record the number of each kind of interval 

jump in a frequency table like this: 

l~TE.RVAL 
-9 

DlffERENC[ 
-8 -, -G -5 -4 -3 -z -1 0 1 2 '3 4 5 G 7 8 9 

F"REQUOlCY 

The data is much more interesting when put into a bar graph. Your bar graph might 

look something like this: 

FREQUENCY 

.50 

'25 

0 

-9 -8 -7 -G -5 -'-4 -3 -2. -1 0 1 2 3 5 G '1 8 9 

INTERVAL DIFFERENCES 

Questions about the bar graph could be asked: Are there any patterns in the graph? 

Do the patterns occur in another piece by Beethoven? 

Other graphs could show the number of occurances of each given note on the scale. 

Extension of Activity: 

More graphs could be done showing the same data about another piece by the same 

composer and compared. Other comparisons could be done on different composers, dif

ferent styles of music, or different times in history. 

Question: Can we get a computer to help in the process? See the advertisement on 

the next page. 
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Advertisement 

Solving Musical Mysteries by Computer 
Plagiarism didn't concern sixtee11th

centur> · Italian song \\Titers. The,· clicln ·t 
think t\\·ice about borro\\ ·i11g e,1ch 
other's best tunes. And noboch· ~n1ded. 

That's the \\·ay it ,,·as back then. 
But today , musicologists "·,mt to trace 
preciseh · ,,·ho bono"·ecl " ·hat from 
whom. A11cl the computer is helping 
them do this. jt1st as it is helping them 
in manv other kinds of musical research. 

Th~ t,vo scores belo,,· sho"· ho" · an 
obscure musician . :\icola Broca, bor
rowed a melocl>· from ,{ better-kno\\'11 
composer, Josquin des Pres. :\icola 
e,·en went so far as to t\\·ist Josquin's 
\\·ords, and turn a sacred song into a 
clitt,· of disappointed lm·e. Out of some 
-10,000 different tunes, the IB.\l 
System 370 .\Ioele! l-'58 at the State 
Cniversitv of :'\ew York in Binghamton 
selected these t\\·o, because the,· had 
such similar meloclic form. Dr. ~Ian,· 
Lincoln. Chairman of the Departme1;t 
of .\I usic , \\·as then able to compare the 
printouts of the opening themes. sc-n1-
tinize publication elates and trace the 
borrowing. 

.\lusicologists like Dr. Lincoln ha,·e 
to cope with such a vast reperton- the, · 
iust couldn't tackle much research of 
this kind " ·ithout computer help. Of 
course. the,· must ha,·e a \\·a,· to put a 
musical score into computer-reaclahle 
form. Ancl that's ,dl\ · so ma11\' musicol
ogists today are using a coding "stem 
callecl DAH.\IS. 

DAH.\IS. Digital Alternate Hepre
sentation of .\Iusical Scores. ,vas devel
oped by Stefan Baner-.\lengelberg. a 
,·isiting professor at Binghamton ,,·ho 

1 Fuitfrufrnl-wot'•ui ,: lntedomim fpenui 

Lc,uu 
P,, fi, 
Erno, 
Perm 

is also ,1 staff member at the Ill.\! S,·s
tems Hesearch Institute. He s,n-s. ":'\;J\\' 
a nrnsicologist can take any ·piece of 
music in standard notation and tran
scribe it into a code for entiy into a 
computer." 

Since musicologists ha\·e a \\·ay to 
tell the computer precisely what a 
composer has scored, they can now 
process a formidable volume of data. 
Ju fact, in man,· uni,·ersities toda,· mu
sic department~ are among the biggest 
computer users. 

\\'ith DAR.\IS as their tool, musi
cologists can develop programs to ana
h·ze a composer's use of harmony, 
rhvthm and counterpoint. \\'ith this 
knO\dedge they mn develop a theory 
about his style, and study ho\\. it 
en>h·ed. The,· c.111 e\·en attempt to de
termine when Bac-h, for example, com
posed a particular \\·ork. 

"Once nm know enough about 
composers' stdistic techniques," sm s 
Bauer-.\lengelberg, "much music that 
"as once clubbed 'anonymous' , or was 
\\Tonglv attributed, can be ascribed to 
the right composer. This is especialh · 
important in earh- music , where title 
pages from folios are often lost." 

Looking to the future, Bauer-.\len
gelherg speaks of how the computer 
could be used to print musical scores: 
":'\o\\· that a "a,· has been found to 
make music machine-readable, we 
hope the cla,· is not far off when we 
"·ill be able to use the con;puter in the 
preparation of master plates for mu
sic printing." 

~~!I! , L llL ••• 1.1, Uilu·1L!HU,o' 
~ Pmd«inttdonn,f.,nui j I 

~11HJUHJ.t.• •* lt ••• 1.1, 11 
F,rm, fu mi• f, ~f.,m, S. fottmu, po•~,~, 

Eftnaf,mpninttcmo Ognirniodiftgnoalt 
Daptrftctotvtro,m;mte &loa1J10rinmccon1 

~1~~:rt!:t;:0 ~i::::r~:~== 
Cht:I miotor ad ttcbmaui Che pio vo!u, a,, don: 

Pliicheintt P,:,i.d,eintt 

Tu:o songs. Tu:o composers. Similar melodies. The computer 
helps solt:c the mystery: idw borrou;cd from u:hom. 

Information in advertise

ments can be used as resource 

material and as ideas for 

projects. 

This advertisement would 

be interesting after students 

have analyzed some music. 

Their work was probably time

consuming and they will see 

the advantages of using the 

computer. 

Ask students to look for 

advertisements or articles 

relating the computer and 

music. 

If there is a computer 

terminal available, check on 

programs or simulations 

involving music. Students 

do not need to know a corn~ 

puter language to use the 

prepared programs. 

Advertisement from Scientific American 
June 1975, p. 46. ' 

Reprinted by permission from Scientific 
American.© 1975 by International 
Business Machines Corporation, 



(PAGE 4) 
T\"TLE OF JVlUS.tC __________ _ ____ __ _ _ __ _ 

UfTE.l<VAL 
TALLY 

DlFFEREIJCE 
DJTE.RVAL 

TALL',' 
DI !='FER.E.t.JCE 

-11 0 

-10 1 

- 9 2 

- e 3 

- 'l 4 

-G 5 

- 5 G:, 

- L\- '7 

- 3 8 

- 2. 9 

- 1 10 

11 

[NTERVAL 
-11 -10 -9 -8 -7 -~ -5 -4 -3 -2 -1 0 1 2 3 4 5 G 7 8 g 10 11 DIF!="EREtJCE 

FREQUENCY 

FREQUENCY 100 -

,5 -

50 -

25 -

I Q '-- - -·· l I 

-11 -10 -9 -8 -7 -G - 5 -4 -3 ·2 - 1 0 1 2. 3 4 5 G; '7 8 9 10 11 

INTERVAL DlFt="E.R.Et--JCES 
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Material: Blank music paper 

Three dice marked as shown below. 

REST C 
0 

000 
ha.I+ 

A B C D E F G Rt:ST h I dotted 
w o e ha.It' ha..l+ q,uo.rtcr 

C C 

Procedure: 

--Place the treble clef sign and the! time signature on the top staff of 

the music paper. (See the example below.) 

--Mark off the number of measures you want to compose or spin a spinner to 

determine the number of measures. 

--Roll one of the lettered die (your choice) and the time die to determine 

the pitch and length of the first note. Record this on your staff. 

--Continue this process until the measures are full. 

Special Rules: 

--If a C is rolled, the note can be placed in either C position:-or 
-e-

The same is true for other notes. 

--If a time is rolled that will not fit into a measure, roll a new time. 

If a quarter note or re~t is necessary to fill the measure, the time die 

need not be rolled. Whole rests are not allowed. 

--A composer may decide to begin and end each composition with a c. 

It looks like music but what does it sound like? Play your composition 

or have a musically inclined friend play it for you. How do you like your 

"composition by chance?" 
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ij.= Question: Suppose you want to write a melody using exactly 5 quarter 

notes and choosing from 7 different pitches: A, B, C, D, 

E, F, G. How many different melodies could you write? 

(Hints are given below.) 

I. Let's simplify the problem: 

a) What if you wanted to use 2 quarter notes and choose from 2 pitche3, 

A and B'? There are 4 possible "melodies." Can you write them below? 

A ~' __ , and 

b) Write the melody arrangements for 2 quarter notes and 3 pitches, 

A, B and C. 

' --
How many are there? or X 

J Jc~ How many melody arrangements for r 2 quarter notes and 4 pitches? or X 

2 quarter notes and 5 pitches'? or X 

2 quarter notes and 6 pitches? or X 

J 2 quarter note .s and 7 pitches? or X 

2 quarter notes and 12 pitches? or X 

II. Try the same reasoning for 3 quarter notes. 

a) 3 quarter notes and 2 pitches. The melody arrangements are 

There are or X X arrangements. 

b) How many melody arrangements for 

3 quarter notes and 3 pitches? or X X 

3 quarter notes and 4 pitches? or X X 

3 quarter notes and 5 pitches? or X X 

3 quarter notes and 6 pitches? or X X 

3 quarter notes and 7 pitches? or X X 

3 quarter notes and 12 pitches? or X X 

III. Try to answer the question at the top of the page. Write your answer 

here: 
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Save clippings from the newspapers and magazines that include sports records, 

statistics about players, advertisements about equipment and events, and pictures 

for the bulletin board. The sports section of a newspaper is the easiest place to 

f i nd facts and figures, but you might also find sports information in magazines and 

other periodicals. The statistics from the preliminaries below could be used to 

have students determine who should be in the finals. 

As much as possible relate any statistics to those of your students and/or school 

records. Students could collect articles, write questions about the articles and 

pass them around the class. 

World swim championships 
Men 

(PRELIMINARIES) 

200-meters Backstroke 
FIRST HEAT - 1, Lutz Wanja, East Germany, 

2: 11.62. 2, Bob Tierney, United States , 2: 12.77. 3, 
Reinhold Becker, West Germany, 2 : 15,47. 4, Garv 
Abrahams , Great Britain , 2: 15.62. 5, Igor Omel-. 
chen ko, Soviet Union , 2: 16.80. 6, Lorenzo de Jo 
Torr e, Colombia, 2:29.60. 

SECOND HEAT - l, Paul Hove, United States, 
2: 08.73. 2, Abdul Karin Ressang, The Net her lands , 
2:0 9.97. 3, Steve Pick e ll, Canada, 2 : 11.20. 4; Krasi 
m ir Petkov, Bulgaria , 2: 11.79. 5, Conrado Port o, 
Aroentina , 2: 12.78. 6, Enriaue Lede sma, Ec uado r, 
2:22.90. 

THIRD HEAT - 1, Roland Matthe s, East Ger 
many, 2:08 .73. 2, Solton Rudolf, Hu nO£Jrv, 2: 08.92. 
3, Jome s Corter , Great Britain, 2:09.77. 4, Fr a n
cis co Santos , Spa in, 2: 11.94. 5, Lapo Cion chi, 
2: 13.80. 

FOURTH HEAT - 1, Ma rk Tonelli , Australia, 
2:06.08. , 2, Zoltan Verroszt o, Hunga r y, 2: 07.91. 3, 
Sontlaoo Esteve, Spain , 2:08.94. 4, Butch Batch e
lor, Canada, 2: 13.12. 5, Bodo Schlag , West Germa• 
ny, 2: 16.48. 6, Genar Otero , Colof'l"lb-ia .. 2: 19.02. 7, 
Jose Luis Lopez, Ecuador, 2: 28.15. 

400-meter Freestyle 
FIRST HEAT - L Gordon Downie, Gr eat Brit

ain, 4: 05.60. 2, Peter Pettersson , Sweden , 4: 06.22. 
3, Alexand r Sa msonov , Soviet Union , 4: 11.67. 4, 
Micha el Ker , Canada , 4: 13.79. 5, Juan Alfredo 
Uri be, Colombia , 4: 31.56. · 

SECOND HEAT c.... 1, Fronk Pfutze , East Ger
many, 4:04.15. 1, Rainrr Slrohback, East Germa
ny, 4:05.02. 3, Bengt Gings io, Sweden , 4:09.72. 4, 
Jim Gre en, Canoda, 4: 15.47. 5, Krosimir Enchev, 
Bulgar ia, 4:20.27. 6, Gullermo Pacheco, Peru, 
4: 20.99. 

THIRD HEAT - l, Bruce Furniss, United 
States, 4:03.31. 2, Werner Lape, West Germany, 
4:07.37. 3, Max Met zker, Australia, 4:08.53. 4, 
Brett Taylor, New Zealand, 4:09.24 . 5, Henk Elzer• 
man, The Netherlands, 4: 12.52. 6, Tomas 'Becerra, 
Colombia, 4:22.00. 

FOURTH HEAT - 1, Tim Shaw, United States, 
4:04.23. 2, Grpham Windeatt, Australia, 4:04.76 ._ 3, 
Andre i Kr.vlov, Soviet Union, 4:05. 62. 4, Marc L"oz
zard , France , 4:0 7.70. 5, Josy Wllwert, Luxem
bourg, 4:28.91. 

Women 
!PRELIMINARIES) 

100-meter Butterfly 
FIRST HEAT - j, Jill Symons, United Stafes, 

1:03.56. 2, Gunllla Andersson, Sweden, 1 :05.28. 3, 
Natalia Popova, Soviet Union, 1 :05.41. 4, Flovia 
Nodalutti, Romania, 1: 05.90. 5, Eva Lyndonyi, 
Hungary, 1: 06.50. 6, Montserrat Maio , Spain, 
1:07.41. 

SECOND HEAT T 1, Camille Wright, United 
Stales , 1 :03.74. 2, Moria de Milagros Poris, Costa 
Rico, ·1 :04.48. 3, Tamara Shelofostovo , Soviet 
Union, 1:04.97. 4, Kuniko Bonno , Japan, 1:05.09. 5, 
Rosemarie Ribeiro, 1 :05.41. 6, Schiovon Donatello, 
Italy, ·l:06.15. 7, Seate Jasch, Wt;sf Germany, 
l :07.09. 8, Mario Teresa' Correra, Ecuador, 
l: 14.05. . 

THIRD HEAT - 1, Rosemarie Kother, East 
Germany, l : 02.83. 2, Gudrun Beman, West Ger
many, 1:04.42. 3, Lynda Hanel, Australia, 1:04.62. 
4, Wendy Quirk, Canada, l :04.73. 5, Lynne Rowe, 
New Zealand, 1 :05.23. 6, Joanne Atkinson, Great 
Britain; 1:06.36. 7, Cinzio Rompazzo, Italy, 1:06.47. 
8, Maria Matilde Menocal, Colon:ibia, 1: 10.43.-

FOURTH HEAT - 1, Kornella Ender, East 
Germ.any , f:02,86. 2, Barbara Clark, Canada, 
1:04.65. 3, Niro Stove, Australia, 1:·0-1.as. 4, Mon• 
iQue Rodahl, New Zealand, _ 1:05.27 . 5, Yosue 
Hathuda, Japan, 1 :05.88. 6, Anne Adams, Great 
Brita .in, 1:0S.97. 7, Jose Darnen, The Netherlands, 

· 1:06.45. 

400-meter Individual Medley 

FIRST HEAT - l, Kathy Heddy, United 
States , 5: 04.25, 2, Judy Hud son, Australia, 5:05.47. 
1, U 1 McKinncn . Canada . 5:05.71. 4, Deborah 
Simpson, Gr eat Britain, 5: 17.15. 

SECOND HEAT - 1, Jenni Franks, United 
Stat es, and Karla Linke , E ast Germa ny, tied for 
first, 5: 04.70. 3, Susan Richardson, Gr e.ot Britain, 
5:10.54. 4, Morino Maliutino, Soviet Union , 5:14.40. 
5, Colette Grabbe , Belgium, 5: 21.42. 6, Birgit New• 
man, West Germany, 5 :22.01. 

THIRD HEAT - 1, Ulrike Tauber, East Ger
many, 5:00.55. 2, Cheryl Gibson, Canada, 5:04.39. 
J, Susan Hunter, New 'zealond, 5:07.53, 4, Paolo 
Morozzi, Italy, 5:32.39. 

200-meter Backstroke· 
1, Zoltan Verrasi.to, H-ungorv, 2: 05.05. 2, Mark . 

Tonnefli, Aust ralia, · 2:05 .78. 3, Poul · Hove, US.A, 
2:06.49. 4, Roland Matthes, E. Gef'mony, 2:07.09. 
5, Solton Rudolf, Hungary, 2:07.15. 6, Sanllapo 
Estevo, . Spain, 2:09 .21. 71 Abdul Karin Ressong, 
Holland, 2:09.78. 8, Jomes Carter, G. Britain, 
2:11.67. 

400-meter Freestyle 
1, Tim Shaw, USA, 3:54.88 (-Betters meet rec

ord of 3:58.18, set by Rick Demoot, USA, 1973). 2, 
Bruce Furniss, USA, 3;57.71. 3, Frank Pfutze j E. 
Germany, 4:01.10 . 4, Graham Windedtt, Australia, 
4:02.72. 5, , Gordon Downie, G. Britain, 4:02.88. 6, 
Rainer Strohboch, E. Germany, 4:05.00. 

(FINALS) 

100-meter Butterfly 
T, Kornelio Ender, E. Germany, 1: 01.2~ 

(Betters world record of 1 :0l.33, set by Korenila 
Ender, E. Germany, 1975). 2, Rosemarie Kother, 
E. Germany , l :01.80. 3, Camille Wright, USA, 
1:02.79. 4, JIii Symons , USA, 1 :03.51. 5, Marla Del 
Milagro POris, Costa Rica, 1,: 03.86. 6, Barbo rd 
Clark, Canada, l :04.06. 7, Gudrun Beckmann, W. 
Germany, 1:04.29. B, Lynda Hanel, Australia, 
1:04.33. 

400-meter IndlviJ:lual Medley 
1, Ulrike Tauber, E. Germany, 4:52.76 (Betters 

meet record of 4:57 .51, set by Gudrun Wegner, E. 
Germany, 1973). 2, Karid Linke, E. Germany, 
4:57.83. 3, Kathy HeddY, USA, 5:00.46. 4, Jenny 
Franke, USA, 5:03.15. _5, Liz Mackinnon, Canada, 
5:03.81. 6, Susan Hunter , N. Zealand , 5;03.&S. 7, 
Cheryl Gibson, Canada ; S:0•.04. 8, Judy · Hudson, 
Australia, 5: 04.99. 
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Showing the relationship of sports to other problems in society can be 

interesting. See the graph below. Questions could be made from the chart for 

use by you or your students. 
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POLWTANT LEVEL'::> (PARTS PER 1-lUIJDRCD MlLLIOl\l) 

This chart shows the effects of certain air pollutants on the performance of cross
country track teams as pollution in an area became worse. Pollution levels were 
recorded one hour before each meet. 
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This activity consists of ten events for 

you to perform. The best performance in each 

event will be scored 100 points. The remaining 

performances are scored as a percent of the 

best performance. 

1. 

The ten events of this decathlon are: 

Cotton ball throw 
Throw a ball of cotton as far as you can. Measure 
the distance from the starting line to the point 
where the cotton ball first touches the floor. 

2. Basketball put 
In the gym or outside throw a basketball as far as 
you can. Use a motion like a shot putter. Measure 
the distance from the starting line to the point the 
basketball first touches the floor. 

3. Standing long jump 
Jump as far as you can from a standing start. 
Measure the distance from the starting line to the 
back of your heels where you jump. 

4. Tiddley-wink snap 

5. 

Snap a tiddley-wink as far as possible. Measure the 
distance from the starting line to the point where 
the tiddley-wink first touches the floor. 

Twenty-metre, one-legged dash = = 
In the gym or outside record the time it takes to hop 20 metres while holding one 
leg up off the floor. 

6. Plastic straw throw 
Throw a plastic straw as far as possible. Measure the distance from the starting 
line to the point where the straw first touches the floor. 

7. Fifty-metre backwards run 
Outside, record the time it takes to run 50 metres backwards. 

8. Airplane fly 
In the gym or outside throw a paper airplane as far as you can. Measure the dis
tance from the starting line to the point where the plane first touches the floor. 

9. Rubber band snap 
Snap a rubber band as far as you can. Measure the distance from the starting line 
to the point where the rubber band first touches the floor. 

10. Paper toss score 
From a distance of 4 metres record how many wads of paper you can throw, 1 at a 
time, into a wastepaper basket in 30 seconds. 

Pick a partner. For each of the ten events, as one person is performing, the part
ner will be either timing or measuring distances. Each person will perform three sepa
rate trials in each event. Label and record the trials on your individual record sheet. 
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PERSONAL RECORDS OF CLASSROOM DECATHLON 

NAME: 

PARTNER: 

Trial 1 Trial 2 Trial 3 

EVENT: 

EVENT: 

EVENT: 

EVENT: 

EVENT: 

EVENT: 

EVENT: 

EVENT: 

EVENT: 

EVENT: 

Circle your best performance for each event. 
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Final Sunnnary Card 

NAME: 

PARTNER: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

EVENT: BEST: SCORE: 

TOTAL SCORE: 

The best performance in the class in each event is assigned a value of 100 points. 

Each remaining performance is compared to the best performance to determine a score. 

For example, if the best distance in the cotton ball throw is 8.0 metres, it would be 

worth 100 points. The score of a 6.5 metre throw would be as follows: 

::~ = 1~ ~ a.ox= G50 ==? X= 81.2 OR 81 POlt-JTS 
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ANAlV.ZlNG ~c1Illtrr~s 
Charts or tables enable a person to find facts rapidly because the information is 

well-organized and kept as brief as possible. Use the information in this chart to 
answer these questions. 

PARTICIPATION IN SELECTED OUTDOOR RECREATION ACTIVITIES: 1972 

ACTIVITY 

1) Camping in 
remote or wilderness areas ......... . 

Camping in developed camp grounds ... . 
Hunting .•............................ 
Fishing ..•.......................... 
Riding motorcycles off the road ..... . 

2) Hiking with a pack, 
mountain/rock climbing ............ . 

Nature walks ........................ . 
Walking for pleasure ................ . 
Bicycling ........................... . 
Horseback riding ......... . .......... . 

3) Water skiing ........................ . 
Sailing ............................. . 
Other boating ................ . ...... . 
Outdoor pool swimming . .............. . 
Other swimming ...................... . 

4) Golf ................................ . 
Tennis •.............................. 
Playing other 

outdoor games or sports ........... . 

5) Going to outdoor sports events .. . ... . 
Visiting zoos, fairs, 

amusement parks .....•.............. 
Sightseeing ......................... . 
Picnicking ........ ................... . 
Driving for pleasure ................ . 

6) Snow skiing . ........................ . 
Snowmobiling ........................ . 
Other winter sports ............•..... 

Participants 
(millions) 

7.7 
17.5 
22.2 
38.O 

7.4 

8.6 
26.7 
54.2 
16.7 

8.7 

8.5 
4.1 

23.3 
28.5 
53.8 

7.7 
8.6 

35.O 

. 18.9 

38.7 
59.8 
74.4 
54.5 

7.2 
7.2 

24.8 

Data from United States Statistical Abstract, 1974 

a) What is the most popular activity? 

b) The second most popular? 

Participants as percentage 
of total population 

5 
11 
14 
24 

5 

5 
17 
34 
10 

5 

5 
3 

15 
18 
34 

5 
5 

22 

12 

24 
37 
47 
34 

5 
5 

16 

c) What fraction of the U.S. population uses picnicking as an activity? 
fishing as an activity? 

d) Do more people camp in campgrounds or wilderness areas? 

e) Do more people hunt or fish? snow ski or water ski? 

f) What fraction of the population rides bicycles? 

g) Do twice as many people bicycle as play golf? 

h) Are golf, tennis and fi~hing all equally popular? 

i) How many millions of people participate in the activities in the fifth category? 

j) The population of the United States is about 220,000,000 people. Why is it possible 
for the number of participants to be larger than the U.S. population? 
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Ralph wanted to organize the number 
of home runs his heroes made. He made 
this stem-and-leaf display. It shows 
the total home runs hit by the champion 
home run hitters in the American League, 
1920-1974. 

STEM 

2 

2 

3 

3 

LEAF 

2,4 

3,4,2,3,2,2,2,3,2,2, 

9,G,5,7, G,9,7, 7, '7 

HOME RUN LEADERS 

National League 
Year 
1920 C. Williams .............. 15 
1921 G. Kelly ..............•.. 23 
1922 R. Hornsby ............... 42 
1923 C. Williams ............•. 41 
1924 J. Fournier .............. 27 
1925 R. Hornsby ............... 39 
1926 H. Wilson ............•... 21 
1927 H. Wilson, C. Williams ... 30 
1928 H. Wilson, J. Bottomley .. 31 
1929 C. Klein ......... . ...•... 43 
1930 H. Wilson ................ 56 
1931 C. Klein ................. 31 
1932 C. Klein, M. Ott ......... 38 
1933 C. Klein ................. 28 
1934 Collins, M. Ott .......... 35 
1935 W. Berger ...............• 34 
1936 M. Ott •.................. 33 
1937 M. Ott, J. Medwick ....... 31 
1938 M. Ott ................... 36 
1939 J. Mize ... ,. . ............. 28 
1940 J. Mize ..............•... 43 
1941 D. Camilli ..•.•.••.•..••. 34 
1942 M. Ott ................... 30 
1943 B. Nicholson .... • • ....... 29 
1944 B. Nicholson .........•... 33 
1945 T. Holmes ................ 28 
1946 R. Kiner .............•... 23 
1947 R. Kiner, J. Mize ........ 51 
1948 R. Kiner, J. Mize ........ 40 
1949 R. Kiner ................. 54 
1950 R. Kiner ................. 47 
1951 R. Kiner ................. 42 
1952 R. Kiner, H. Sauer ....... 37 
1953 E. Mathews ............... 47 
1954 T. Kluszewski ..........•. 49 
1955 W. Mays .................. 51 
1956 D. Snider .......•.. •• ..•. 43 
1957 H. Aaron .........•....... 44 
1958 E. Banks ............ • .... 47 
1959 E. Mathews ............... 46 
1960 E. Banks ..•.............. 41 
1961 0. Capeda ...•............ 46 
1962 W. Mays .................. 49 
1963 H. Aaron, W. McCovey ..... 44 
1964 W. Mays .................. 47 
1965 W. Mays •................. 52 
1966 H. Aaron, W. McCovey .•... 44 
1967 H. Aaron ..•..•.•......... 39 
1968 W. McCovey ............... 36 
1969 W. McCovey ............... 45 
1970 J. Bench ..•.............. 45 
1971 W. Stargell .............. 48 
1972 J. Ilench ..•.............. 40 
1973 W. Stargell .............. 44 
1974 M. Schmidt ............... 36 

4 1, 1, 4,3,3,2,2,2,0,4,4,4 

4 G, 7, ~ 9, G, 8, 9 1 G, G, 8, S, 9 1 9, 9 

5 4;-'4, 2 

5 9,S,8 

G o, 1 

1) Make a stem-and-leaf display for the 
home run totals of the National League. 

•~:iTEM LEAF 

:t 

2) Is yohr display for the National League 
similar to Ralph's for the American 
League? 

3) Were the home run totals higher for the 
National League? 
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Materials needed: Any of these: soccer ball, table tennis (ping pong) ball, basketball, 
tennis ball, volleyball, softball, golf ball. 

metre stick 
masking tape 

I. Select one of the balls for the 
first experiment. Attach the metre 
stick to a table or desk, so the 
stick stands vertically. 

II. Drop the ball from the 100 cm . 
mark. Have your partner measure 
how high it bounces. Read the mark 
to the nearest cm at the bottom of 
the ball. Record in the table to 
the right. Drop the ball from the 
other heights listed and record 
the bounces. 

BALL 
WOr---r-ir--.---,--.------.-r-----,-------.---.-~-

§ 90 r-----1f-------+--+-+--+-------+------+--+--+---l--i----l 

v 80 t--t---1f-+--+-+---+--+--+-------+--l---+---l 
Cl 
~ '70 !--+-+--+-+--+--+---+--+--l--+--1---1 
:;z 
6 GO t----+-+--+-+---+--+---+--+--l-+-1----1 
(l) 

50 f---+--+-+---+----11--+--+-~-l-------l-~I----I 

30r--+--+-+---+----ll--+--+-~-l-------1--1----1 
f-
0 20 t----+-+--+-+--+--+---+-+___.:1-+-11----1 
w 
~ IDt--+-t--+-t----+-l----+--1f----+---+--+-~ 

0 '----'----L--'-----L--"------'--'----J____L_..,______._____J 
O 10 20 30 40 50 60 --co 80 90 100 110 1'2D 

1-lEIGHT BALL DROPPED Cc.rm) 

BALL 

1-\ t: l G.1-\ T 1-\E:lG.HT 
BALL EALL 

DROP?E.D BOUl-lCED 
(am) (c,m') 

14E\G,\-rT 
100 

AT 
:+-FIRS, 

I I 
80 

\ : BOUt-.!CE GO 
I I 

I 

50 

40 
'2.0 

III. Plot the points of your table on 
this graph. 

IV. The points probably do not lie in a 
straight line, but they do follow a 
pattern. Connect the points. 

V. Use the graph to predict the bounce 
of a ball dropped from 90 cm, 
from 120 cm. 

VI. Try the same experiment with another 
ball. Record and then graph the height 
of the bounces. Do both balls follow the 
same kind of pattern? -- ·- . _____ _ 

VII. For a given height, which ball has the highest bounce? 
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~OU [ ~N'T G[ T 
~ ~IT 

i:lLL T~[ TIM[ 

1) Run the computer program BATTER ten times. 

a) Change the batting average for each time. 

.280, .290 .. 300, .310, .320, .330, .340. 

b) Keep the number of games played the same. 

Save the output. 

Use .250, .260, .270, 

Use 182 each time. 

2) Make a line graph below showing the number of games out of 182 that 

the batter got zero hits. 

c;o 

55 

i:J so 

~ 45 
0 

t 40 
:r 

~ 35 

LJ 
N 30 
L.. 
0 25 
n.:' 

~ 20 

~ 
:) 15 
2 

10 

s 

0 LAJ 

3) From the graph: 

0 

N 
0 
0 
P') 

I I I I I 
~UMBER Of" 2€:K'O _ 

1-IIT GA.MES FOR A 
GIVE~ BA,TTl"-!G 

AVE.RAGE 

BA"TTI t-JG AVERAGES 

a) Predict the number of zero hit games for a .350 hitter. 

b) A batter got zero hits in 20 games. His batting average is 

about 



1) 

2) 

3) 

Run the computer program called 

T0SSlD. Let N and M he 100. 

Make a bar graph to the right 

showing the percent of the 100 

rolls that were a 1, 2, 3, 4, 

5 or 6. 

Run the computer program called 

T0SS2D. Toss the die 100 times. 

4) Make a bar graph below showing 

the percent of the sums that 

were 2, 3, 4, • • • I 11 or 12. 

100 lcOLLS 01=" l"WO DICE 

18 

~ 
lG 

...J 
0 14 
Cil 

0 1'2 
g 
Li.. 10 
0 

~ 
8 

w G (J 

0/. 
L.J 

4 a. 

2 

0 
2 3 4 s G r e 9 

SUMS ROLLED 
10 11 

20 

18 

(/) 1G 
.J 

100 ROLLS 01="" A DICE 

314+--;--,-~r--'-------i 
. Ci.! 

01'2 
0 ... 
u. 10 
0 

~ 
e 

~ G•-~~----~-~--
f'i 
~ 4 

12 

2 +---i---i-----;--;---~--i 

0 ~---~--~----~-~ 
1 2 3 
NUMBER. 

4 5 G 
ROLLED 

5) How are the 

two bar 

graphs dif-

ferent? 

6) Why do you 

think this 

difference 

happened? 
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Sue and Hal were asked to judge a 
dance contest. The best dancer was given 
a 1. The second best dancer was given a 
2 and so on. 

DAt.JC£R.S A B C D E I=" G H I J" 

sue c; 3 1 7 9 5 2 8 10 4 

I-IAL 5 4 1 G 10 8 3 7 9 2 

1) Which dancer(s) did Sue and Hal exactly agree about? 

2) For which dancer(s) are the scores farthest apart? 

3) On the grid plot the scores of each dancer. 
scales on the graph. 

4) Draw a trend line which best shows 
the relationship between the ratings. 

Extension: 

1) Choose ten pop recording artists 
or rock groups. Rate them from l to 
10, giving the one you like the best 
a mark of l; the second best a 2; 
and so on. 

2) Get a partner to do the same 
thing with the same artists. 

3) Make a table of the results. 

4) Draw a scatter diagram. 

(/) 
w 
o! 
0 u 
(/) 

(/) 
'...J 
<{ 
:I 

5) See if it is possible to find a trend line. 

Be sure to number the 

COMPA~ll\lG DANCt:.R.'2> 

suE's SCORES 

6) Do you and your partner agree or disagree on the groups? 



JUDGING 
GYMNq~TI[s 

IN T'-1[ OL~MPICs 
In the Olympics the scores of four judges are used to rate a gymnast. The 

high score and the low score are dropped. The other two scores are aver

aged. Find the score for each of these events. Write the scores at the 

bottom of the page. 

@§ M£At-J5 8.'2 

l ) WOJI/\EIJS BALAt-:iCE BEAi-'\ 2) MENS VAULT 

4 ) ME.NS PARALLEL BARS 5) WOMEl-..lS U~E:.VEN BARS 6) MDJ5 POMMEL HORSE 

7) WOME~.l<;:. FLOOR EXERCISE 8) MEl\lS 1-\IGI-\ BAR 9) WOMEt-.lS VAUL, 

10) MEtJS Rll--JGS 
1) 2) --- ---
3) 4) --
5) 6) --- ---
7) 8) --IBI sl IBIBl@TI] ffi1 9) 10) ---
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Gt,JMN~£;TIC~ 
IN 

l-tIGl-l ~Cf-l•OL 
In high school meets, the ratings of three judges are used to score a 

gymnast. Two methods are used. 

a) All three scores are averaged. The mean score is used. 

b) Only the median score is used. 

Use both methods to find the score for each of these 
events. 

GIRLS BALANC£ BEAM 
I 

BOYS VAULi 

~ l 
[ili] ITli] [ili] 

o.) __ _ b)--- a.) b) a.) __ _ b) __ _ 

BOYS PARALLEL BARS GIRi.'..<:. UNE.VE!I.I BAR'=> BOYS POMMEL HORSE 

i f 
18 1°1 18131 lslol IGl8 1 ITIT] IG I 51 

I 

IGl8 1 ·1Gl8 I 17 141 

o.)--- b)--- a.)___ b)--- o.) b) 

GIRL":. VAULT 

~ tr 
[2@ [iliJ [ili] 

a)--- b) __ _ a.) __ _ b) __ _ a.) b) 
BOY'S RINGS 

66 
[TIQ] 09 [iliJ 

a.)--- b) __ _ 



To calcufate a player's batting average 

divide the number of hits (H) by the number 

of times at bat (AB). Times at bat does not 

include walks, hit-by-pitcher 

Find ~he batting average 

places. 

Player and Team 

Willie Stargell, Pittsburgh 

Cesar Cedeno, Houston 

Dave Roberts, San Diego 

Pete Rose, Cincinnati 

Lou Brock, St. Louis 

Dusty Baker, Atlanta 

ARRANGE TI-\ESE 
BATTERS II\} OR.DER, 

BES, FlRST . 

\ . 

or sacrifices. 

for each of the following, accurate to three decimal 

(G) (AB) (H) Batting 
Games At Bat Hits Average 

I 

148 522 156 

139 525 168 

127 479 137 

160 680 230 

160 650 193 

159 604 174 

The following six baseball clubs make up the 

eastern division of the National Baseball League. 

Compute the percent of games won for each team. Who 

was the eastern division winner? 

Won Lost Percent Won 

Montreal 79 83 

Pittsburgh 80 82 

Philadelphia 71 91 

New York 82 79 

St. Louis 81 81 

Chic ago 77 84 
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R. 
During the 1921 season, Babe Ruth got 85 singles, 44 doubles, 16 triples, and 

59 home runs. A single is worth one base, a double two bases, a triple three bases 

and a home run is worth four bases. 

HIT FREQUENCY 

Singles 

Doubles 

Triples 

Home Runs 

R\.rn-t's 457 
TOTAL B/\'oE'::, 
STILL STAhlD'::, 

A~ A RE.C012D FOl2 
TI-\E MOS, TOTAL 

BASES II-J A SIWGLE 
SEAS.O}J. 

85 

44 

16 

59 

TOTAL BASES 

85 

88 

48 

236 

457 

... . .. . . 

\ I/ - -/ J\ 

To find a baseball player's slugging average divide the "times at bat" into the 

total bases the player has. Calculate the slugging average for the following baseball 

players. 

HOME TOTAL SLUGGING 
PLAYER AT BATS SINGLES DOUBLES TRIPLES RUNS BASES AVERAGE 

Gonzales 352 70 23 11 26 

Jones 292 37 16 5 12 

Marsh 470 58 21 13 22 

Segovia 468 63 31 18 27 

Loren 204 28 19 6 6 
-··-

BABE RU"TH HAS Tl-IE HIGHEST LIFETIME SLUGGlfJG AVERAGE 
FOR 2.1 YEARS or PLAYING TN T\-lE. MAJ"OR LEAGUE.S. 



Each week during the football season, collect the scores involving 

the local high school team. You may wish to use professional or college 

scores. Put them together at the end of the season (see sample below) 

and have students do the following. 

1. Plac~ the winning scores in order--largest to smallest. 

2. Write the highest winning score. 

Write the lowest winning score. 

Find how far apart the highest and lowest winning scores are. 

(RANGE) ----------
Determine the most frequent winning score. (MODE) 3. 

4. 

5. 

----------
(MEDIAN) Determine the median winning score. 

Determine the mean winning score. 
----------

(MEAN) ----------
6. Arrange the LOSING scores in order--largest to smallest. 

7. Answer 2, 3, 4, and 5 for the losing scores. 

8. Were there any games where the winning and losing scores were the 

same as the median winning and losing scores? 

Week 1 

District SAAA Football Scores 
Week 2 

Thurston 28, Sheldon 8 
Marshfield 21, Cottage Grove 12 
North Bend 34, Churchill 18 
South Eugene 26, Willamette 8 
Springfield 12, North Eugene 7 

Week 4 

Churchill 25, Springfield 0 
Marshfield 13, Sheldon 12 
South Eugene 34, Cottage Grove 26 
Thurston 16, North Eugene 14 
North Bend 40, Willamette 26 

North Bend 22, Sheldon 20 
Churchill 21, South Eugene 20 
Willamette 29, North Eugene 8 
Cottage Grove 40, Springfield 18 
Marshfield 59, Thurst on 28 

Week 5 

North Bend 42, North Eugene 20 
South Eugene 36, Marshfield 15 
Cottage Grove 7, Thurst on 0 
Sheldon 12, Springfield 7 
Churchill 35, Willamette 21 

Week 3 

North Eugene 14, Cottage Grove 7 
Sheldon 22, South Eugene 21 
Thruston 22, Willamette 8 
Marsh field 26, Churchill 6 
North Bend 24, Springfield 0 

Week 6 

Willamette 27, Sheldon 22 
North Eugene 28, Churchill 6 
South Eugene 28, Thurston 21 
Marshfield 20, Springfield 0 
North Bend 34, Cottage Grove 21 

9. Use the scores to make league standings for each of the weeks of the 

season. Include the number of games won, number of games lost and 

the percent of games won expressed as a 3-place decimal like .750. 

10. Were the scores of the first-place team all above the mode of the 

winning scores? median? mean? 
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In a diving meet, five judges each give a score to a diver. 
Scores have to end with .0 or .5 like 6.0 or 8.5. 

Find the range of the scores in Exercises 1, 2 and 3. 

1) 

[ili]IGl0 11Gl5 1~ 
!Gisi 

2) 

IGl5 ll71°1ffi[I]] 
11 1°1 

3) 

18 1°ll8 1°118 1°1~ 
[ill] 

Find the trimmed range (ignore the highest and lowest score) of the scores 
in Exercises 4, 5 and 6. 

4) 5) 

[lli] [lliJ IBl0 117 Isl 
lslol 

IT@] 11 10118 1°118 1°1 
18 1°1 

To get a diver's score in Exercises 7, 8, 9 and 10: 

a) Ignore the highest and lowest scores. 

b) Add the remaining scores. 

c) Multiply by the degree of difficulty. 

DE.GREE Of" \ ~ 
DIFFlCUL'TY ~ 

Total 

6) 

18 1°1 l8 1ol l8 lol 18 15 1 
18 1°1 

Total 

9 >( [s[s[ [9[ol [s[ol [s[sl [9[ol 101 [s[o[ [a[o[ [s[s[ [ei[sl [s[sl 
~@ Total _____ @ Total 

11) The degrees of difficulty for dives 1-6 are 2.7, 2.4 , 2.0 , 

2.3, 2.5, and 2.1 • Find the total scores for each dive. 

1) -- 2) --- 3) --- 4) --- 5) --- 6) 

12) The odd-numbered dives (l,3,5,7,9) were done by diver A. The even

numbered dives (2,4,6,8,10) were done by diver B. Which diver won 

the diving competition? 

856 



P0[1E:{2 WlTA 
TR£ COMPDT£P, 

Read all the instructions before you go to the computer. 

To play poker with several friends (include the computer as a player): 

1) Ruri the computer program SHUFLE. 

The output lists the numbers from 1 to 52 in a random arrangement. 

shown below: 

38 48 19 42 50 37 43 35 39 7 51 23 29 41 6 

16 30 27 22 3 26 34 17 49 33 46 24 18 32 40 

31 13 15 44 8 10 12 36 9 25 28 20 47 45 11 

The numbers 1-13 are the Ace of Spades, ZS, ... ' JS, QS, and King 

14-26 are the Ace of Hearts, 2H, ... ' JH, QH, and King 

27-39 are the Diamonds; 

and 40-52 are the Clubs. 

A sample 

21 52 

2 4 

1 

of Spades; 

of Hearts; 

2) From the computer printout, pick your numbers just like you were dealing. 

is 

5 

14 

For example, if there are three players, player 1 gets the 1st (38), 4th, 7th, 10th 

and 13th numbers. Player 2 gets the 2nd (48), 5th, 8th, 11th and 14th numbers. 

Player 3 gets the 3rd (19), 6th, 9th, 12th and 15th numbers. 

3) Write your numbers and actual cards in tables like the ones shown. A three-person 

game is using the output listed above. 

Computer Player 2 Player 3 

Card Number Actual Card Card Number Actual Card Card Number Actual Card 

38 QD 48 9C 19 6H 
42 3C 50 JC 37 JD 
43 4C 35 9D 39 KD 

7 7S 51 QC 23 lOH 
29 3D 41 2C 6 6S 

4) Figure out the best hand. Computer has a pair of J's. Player 2 has a pair of 9's. 

Player 3 has a pair of 6's" Player 2 wins. 

5) The ranking of winning hands in poker Royal flush 
Straight flush 

is shown to the right. 4 of a Kind 
Full House 
Flush 

6) Overall, do you think the computer has Straight 
3 of a Kind 

the highest probability of winning? Keep 2 Pairs 

a tally of games won by each player to 
1 Pair 
High Card 

find out. 
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C£0JSARY 
almanac. A source book, usually pub

lished annually, that contains sta
tistical and general information. 

a:t'ithmetic average. 
of data. 

The mean of a set 

assumed mean. An estimate of the mean 
of a set of data. It is used to cal
culate the true mean. 

average. 1. noun: Usually the mean of 
a set of data. Sometimes used for 
median or mode. 2. verb: To calcu
late the mean of a set of data. 

bar graph. A graph that uses rectan
gular bars to represent data. The 
bars may be vertical or horizontal. 

' 

WIDGET'.:> 

PRODUCED 

19£.10 

1950 
19GO 

19'70 
IIIJ U.'5.A. 

0 10 20304050GO 

Tl--10U5AWDS OF WIDGETS 

central tendency. The tendency of a 
distribution to cluster about some 
"middle" or "average" value. 
sures of central tendency are 
mean, median and mode. 

Mea
the 

chance. 1. An everyday word for prob
ability as in "There is 30% chance 
of rain." 2. Opportunity or possi
bility. "There are 3 chances to 
draw a red marble." 

circle graph. A graph in the shape 
of a circle that shows "parts to 
whole" data. 

FAVOR.\"TE PE,5 

AT 
TEFFER'50"1 

SCHOOL 

DOG 

combination. A group of items chosen 
from a set. The items in a combina
tion have no particular order. 

correlation. A measure expressing the 
extent to which two variables are re
lated, for example, height and weight. 

data. Facts (often numerical) used 
to understand situations, make deci
sions or support positions. Used 
commonly as both singular and plural. 

decile. One of the numbers dividing 
an ordered distribution into ten 
parts of equal frequency. The fifth 
decile is the.median. 

deviation. See mean absolute devia
tion and standard deviation. 

equally likely. Having the same 
chance or probability of occurring. 

event. A set of one or more possible 
outcomes of an experiment. 

expePiment. A situation involving 
chance or probability. For example, 
a die is rolled once, a coin is 
tossed three times or a marble is 
drawn from a jar. 

fair coin. A coin where heads and 
tails have the same chance of 
occurring. 

fair die. A die where each face has 
the same chance of showing. 

fair game. A game is fair if each 
player has the same chance of winning 
(assuming both players have the same 

. ability in playing the game). 

firsthand data. Data collected by the 
individual by observation or by 
surveying. 

frequency. 
category. 

The number of items in a 

frequency table. An organization of 
data showing the frequency for each 
value or category. 
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GLOSSARY 

fundamental- counting principle. A rule 
for counting: The total number of 
ways of making several decisions in 
order is the product of the number of 
ways to make each decision. 

mean. The average of a set of numeri-
cal items, The mean is computed by 
finding the sum of the items and di
viding by the number of items, 

mean absolute deviation. The average 
dist'ance of the scores from the mean. 
It describes the amount of sptead in 
a d•istribution. 

median. The middle item in an ordered 
set of data, If the data has an even 
number of items the median is the 
average of the two middle items, 

mode. The item occurring most often 
in a distribution. 

noY'lllal curve. 
shown. 

A bell shaped curve as 

normal distribution. A distribution 
whose graph is a normal curve. The 
mean, median and mode are equal for 
a normal distribution. 

odds. For equally likely outcomes, 
the ratio of the number of favorable 
outcomes to the number of un.favorable 
outcomes. 

outcome. One of the possible results 
of an experiment. 

percent bar graph. A graph where the 
entire rectangular bar represents 
100%. Also known as an area bar 
graph 

MADISOt-.J SC\.100l.'S FAVOR\TE Slr,,JGE.R 

61\RBRA .TOHt--.l MO,, 

$1REl$At-.lt DE"-JVER "THE 01"\-IER 

Z.So/a 30°/a 
HOOPLE 

25% 
2.0¾ 

fun-ran 

percentile. One of the numbers <livid- ( 
ing an ordered distribution into 100 
parts of equal frequency, The 50th 
percentile is the median. 

permutation. An ordered arrangement 
of items chosen from a set. 

permute. To change the order, 

pictograph. A grapn that uses 
tures to represent the data. 

BIKES AT SCHOOL 
S'" GRAOE ® © ® O! 
7+~ GRADE ® ® ® @ O! 
G'h GRADE. @ ®"' 
5+h GRADE ® @CE 

© ~ 1.0 BlKES 

pie cha:l't. A circle graph. 

pie-

poll. A survey of selected people to 
obtain information. 

population. The set of all items be
ing considered for an investigation. 

probability. 1. A number assigned to 
an event to measure its likelihood of 
occurring. The probability of an 
event is always between O and 1 in
clusive. 2. The branch of mathemat
ics that studies probabilities. 

probability scale. A scale extending 
from Oto 1 on which the probability 
of an event can be represented. 

0 .5 1 
'--., 50 % 0-IA!JClc. Ot RI\I IJ 

qua:l'tile. One of the numbers dividing 
an ordered distribution into 4 parts 
of equal frequency, The 2nd quartile 
is the median. 

random. Items are arranged at random 
if there is no predetermined pattern 
for the arrangement and each item has 
the same chance of occurring in any 
position. 

( 

( 



GLOSSARY 

random nwnber table. A list of digits 
where each digit has an equal chance 
of appearing in.any position of the 
table. 

range. The difference between the 
highest and lowest scores in a set of 
data, Sometimes the range is given 
as the highest and lowest scores, 

relative frequency. The ratio of the 
number of occurrences of an event to 
the total number of trials. 

running total. In a set of data, the 
sum of the items up to and including 
a given i tern. 

sample. A set of items selected from 
a population. Often used to make a 
prediction about the population. 

sample space. The set of possible 
outcomes in an experiment. 

sampling. The process of taking a 
sample (to predict a population), 

scatter diagram. 
relationship (or 
variables. 

A graph showing the 
lack of) between two 

secondhand data. Data collected by 
another person. Secondhand data is 
found in written records as health 
records, birth certificates and 
source books such as almanacs. 

simulation. The process of represent
ing one situation with another to 
gather information about the original 
situation. 

skewed, Not symmetrical, Extending 
to one side. 

SKEWED 

~ 

ran-zer 

standard deviation. A number which 
describes the amount of spread in a 
distribution. Its calculation in
volves squares and square roots. 

statistics. l. The study of 
data to obtain information. 
other word for data. 

numerical 
2. An-

stem-and-leaf display. A frequency 
table from which individual data can 
be read. 

survey. The process or product of 
gathering information from a group of 
people about themselves or about a 
topic. Interviews and questionnaires 
are types of surveys. 

trend line. A line on a scatter dia
gram that best shows the relationship 
between two variables. 

trial. Doing an experiment once. For 
example, flipping a coin once or 
rolling a die once. 

trimmed range, The range of a set of 
data after one or more of the highest 
and the same number of the lowest 
scores have been omitted. 

zero break. The break in a number 
line to show a piece of the number 
line has been omitted. Used often in 
graphs. 

1972 y•• '';/:'.·?-:>,:•·:.:i:·'. :I 
1971 { ·.··· . ·1 

-:-/: ~--~ :_ -.:.:·-=· :\·::•::: 

1970 • . . 
100 110 120 130 
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ANNDTAT£0 BZKEOCflfRIY 
)· 

The following is a list of sources used in the development of this resource. It 
is not a comprehensive listing of materials available. In some cases, good sources 
have not been included simply because the project did not receive permission to use 
the publisher's material or a fee requirement p-rohibited its use by the project. 

ACTIVITIES IN MATHEMATICS, Second Course. Donovan A. Johnson, Viggo P. Hanson, 
Wayne H. Peterson, Jesse A. Rudnick, Ray Cleveland, and L. Carey Bolster. 
Glenview,_ Illinois: Scott, Foresman and Company, 1971. (Scott, Foresman _and 
Company, 1900 East Lake Ave., Glenview, IL 60025) 

375 pp; hardbound; color; teacher reference; medium reading level 

ACTIVITIES IN MATHEMATICS consists of four units, The graphing unit 
includes plotting points and drawing line graphs of data. Gathering data, 
making bar graphs and investigating counting techniques are covered in the 
statistics unit. The four units are consolidated in hardbound and separated 
in paperbound. 

APPLICATIONS IN MATHEMATICS, Course A, Sampling and Statistics. Donovan A. Johnson, 
Viggo P. Hanson, Wayne H. Peterson, Jesse A. Rudnick, Ray Cleveland, and L. 
Carey Bolster. Glenview, Illinois: Scott, Foresman and Company, 1972. (Scott, 
Foresman and Company, 1900 East Lake Ave., Glenview, IL 60025) 

62 pp; paper; color; textbook; high reading level 

This booklet offers an activity-oriented approach to sampling and statis
tics. A survey sheet is used to gather data on the class; this information is 
then used to study graphing and measures of central tendency. 

APPLICATIONS IN MATHEMATICS, Course B, Decision Making. Donovan A. Johnson, Viggo P. 
Hanson, Wayne H. Peterson, Jesse A. Rudnick, Ray Cleveland, and L. Carey Bolster. 
Glenview, Illinois: Scott, Foresman and Company, 1972. (Scott, Foresman and 
Company, 1900 East Lake Ave., Glenview, IL 60025) 

62 pp; paper; color; textbook; high reading level 

This booklet teaches many decision-making skills (estimation, sampling, 
making drawings, using statistics, taking surveys, etc.} and how to use them 
to solve problems. 

AVERAGES. Jane Jonas Srivastava. New York: Thomas Y. Crowell Company, 1975. (Copy
right now held by Harper and Row, Publishers, Inc., 10 E. 53rd St., New York, 
NY 10022) 

33 pp; hardbound; color; student references; low reading level 

Mean, Median and Mode are explained in a simple but delightful way. 
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BUILD-IT-YOURSELF SCIENCE LABORATORY. Raymond Barrett. Garden City, New York: 
Doubleday and Company, Inc., 1963. (Doubleday and Company, Inc., 245 Park Ave., 
New York, NY 10017) 

340 pp; paper; teacher reference; b/w 

This book contains a collection of science activities that can be set 
up and performed using homemade, inexpensive equipment. 

CANADA 1974, English Edition. Con~tance McFarland and Margaret Johnstone, ed. Ottawa, 
Canada: under the authority of the Minister of Industry, Trade and Commerce, 
1973. (Ministry of Industry, Trade and Commerce, Ottawa, Ontario KlA OHS, Canada) 

348 pp; paper; color; teacher reference; medium reading_ level 

The book contains information on Canada's geography, environment, history, 
religion and economics. Much statistical material in the form of tables and 
graphs is included. 

CENTERS AND SPREADS. Oakland County Mathematics Project. Pontiac, Michigan: Oakland 
County Mathematics Project, 1971. (Oakland Schools, 2100 Pontiac Lake Rd., 
Pontiac, MI 48054) 

57 pp; paper; b/w; textbook; high reading level 

( 

This is an excellent source of activities on measures of central tendency, (
range, mean deviation and standard deviation. 

CHANGING TIMES, The Kiplinger Magazine. Editors Park, Maryland: The Kiplinger
Washington Editors, Inc. (The Kiplinger- Washington Editors, Inc., 1729 H. 
St., N.W., Washington, D.C. 20006) 

Suggestions and cautions to consumers form the basis for this magazine. 
Many tables, graphs and statistics that can be used in a machematics classroom 
are included in each issue. 

COLLECTING, ORGANIZING AND INTERPRETING DATA. (Topics in Mathematics, Booklet 16) 
Reston, Virginia: National Council of Teachers of Mathematics, 1969. (National 
Council of Teachers of Mathematics, 1906 Association Dr., Reston, VA 22091) 

42 pp; paper; teacher reference 

This is one of a series of topical booklets .in mathematics for elementary 
school teachers. It describes methods of gathering, organizing and interpreting 
data and gives ideas for classroom activities and discussions. 

COMPARISON CARDS. See U.S. RDA Comparison Cards and Guide for Teachers and Other 
Readers. 
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COUNTING AND CHOOSING. Oakland County Mathematics Project. Pontiac, Michigan: 
Oakland County Mathematics Project, 1972. (Oakland Schools, 2100 Pontiac Lake 
Rd., Pontiac, MI 48054) 

34 pp; paper; b/w; textbook; medium reading level 

Simple ideas about permutations and combinations using the multiplication 
principle and Pascal's triangle are included in this book. 

"Deciding Authorship." Frederick Mosteller and David L. Wallace. STATISTICS: A 
GUIDE TO THE UNKNOWN. Judith M. Tanur, editor. San Francisco: Holden-Day, Inc., 
1972. (Holden-Day, Inc., 500 Sansome St., San Francisco, CA 94111) 

EMERGENCY CARE AND TRANSPORTATION OF THE SICK AND INJURED. Chicago: American Academy 
of Orthopaedic Surgeons, 1971. (American Academy of Orthopaedic Surgeons, 430 
North Michigan St., Chicago, IL 60611) 

ENVIRONMENTAL SCIENCE. (Probing the Natural World/ Level III) Intermediate Science 
Curriculum Study. Morristown, New Jersey: Silver Burdett General Learning 
Corporation, 1972. (Silver Burdett Company, 250 James St., Morristown, NJ 07960) 

146 pp;. paper; color; workbook; medium reading level 

One of a serie,s of eight student workbooks, this book explores plagues, 
pollution, and population problems. 

ESTIMATES OF SCHOOL STATISTICS, 1974- 1975. Washington, D.C.: National Education 
Association, 1975. (National Education Association, Research.Division, 1201 

16th St., N.W., Washington, D.C. 20036) 

"Estimating the Size of Wildlife Populations." Samprit Chatterjee. Exploring Data, 
from the program STATISTICS BY EXAMPLE. Edited by F. Mosteller, W. Kruskal, 
R. Link, R. Pieters, and G. Rising. Copyright (C) 1973 by Addison-Wesley 
Publishing Company, Inc. (Addison-Wesley Publishing Company, Inc., Sand Hill 
Rd., Menlo Park, CA 94025) 

EXPLORATIONS IN MATHEMATICS. J. Arthur Wiebe and James W. ~oodfellow. New York: 
Holt, Rinehart and Winston, Publishers, 1970. (Holt, Rinehart and Winston, 
Publishers, 383 Madison Ave., New York, NY 10017) 

504 pp; hardbound; color; textbook; high reading level 

This textbook for a general mathematics class contains chapters on 
graphing, chance, statistics and permutations. Emphasis is placed on gathering, 
organizing and analyzing data. 

THE FIGURE FINAGLERS. Robert S. Reichard. New York: McGraw-Hill Book Company, 1974. 
(McGraw-Hill Book Company, 1221 Avenue of the Americas, New York, NY 10020) 

274 pp; paper; b/w; teacher reference; high reading level 

This book attempts to classify, document and analyze the many ways statis
tics can be used to confuse and mislead. 
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FLAWS AND FALLACIES IN STATISTICAL THINKING. Stephen K. Campbell. Englewood Cliffs, 
New Jersey: Prentice-Hall, Inc., 1974. (Prentice-Hall, Inc., Englewood Cliffs, ( 
NJ 07632) 

200 pp; paper; teacher reference; b/w 

This book exposes the fallacies and wrong methods used in statistical 
thinking, and guides the layman into distinguishing between valid and faulty 
statistical reasoning. 

"A fun way to introduce probability." Rich Billstein. THE ARITHMETIC TEACHER, Vol. 24, 
No. 1 (January, 1977) pp. 39-42. Reston, Virginia: National Council of Teachers 
of Mathematics. (National CoW1cil of Teachers of Mathematics, 1906 Association 
Dr., Reston, VA 22091) 

The author shows how both the traditional coin-flipping and dice-rolling 
approaches to probability can be extended into game situations that have 
surprising results. 

GOALS FOR THE CORRELATION OF ELEMENTARY SCIENCE AND MATHEMATICS, Report of the 
Cambridge Conference on the Correlation of Science and Mathematics in the 
Schools. Boston: Houghton-Mifflin Company, 1969. (Houghton-Mifflin Company, 
Educational Division, 1 Beacon St., Boston, MA 02107) 

208 pp; paper; teach8r reference 

This is a report of a workshop-style conference held in 1967 that 
includes sections entitled Goals, Implications for the Mathematics-Science 
Curriculum, Curricula and Teacher Training, and Recommendations for Immediate 
Implementation. Twenty-five appendices include many specific suggestions for 
the classroom. 

GOLDEN MEAN: MATHEMATICS IN THE FINE ARTS. Charles Linn. New York: Doubleday and 
Company, Inc., 1974. (Doubleday and Company, Inc., 245 Park Ave., New York, 
NY 10017) 

GUIDELINES FOR TEACHING MATHEMATICS, 2nd ed. Donovan Johnson and Gerald Rising. 
Belmont, California: Wadsworth Publishing Company, Inc., 1972. (Wadsworth 
Publishing Company, Inc., 10 Davis Dr., Belmont, CA 94002) 

"Hamming it up mathematically." Dale M. Shafer. SCHOOL SCIENCE AND MATHEMATICS. 
Indiana, Pennsylvania: School Science and Mathematics Association, Inc.(School 
Science and Mathematics Association, Inc., Indiana University of Pennsylvania, 
Box 1614, Indiana, PA 15701) 

A HANDBOOK OF AIDS FOR TEACHING JUNIOR-SENIOR HIGH SCHOOL MATHEMATICS. Stephen Krulik. 
Philadelphia: W.B. Saunders Company, 1971. (W.B. Saunders Company, 218 W. 
Washington Square, Philadelphia, PA 19105) 

120 pp; paper; b/w; teacher reference 

( 

The manual contains many aids that can be used to teach mathematics. In-
cluded is a probability board and experiment that generates a normal curve ( 
of distribution. 
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HOW TO LIE WITH STATISTICS. Darrell Huff. New York: W.W. Norton and Company, Inc., 
1954. (W. w. Norton and Company, Inc., 500 Fifth Ave., New York, NY 10036) 

142 pp; paper; b/w; teacher reference; student reference; medium reading level 

This is a delightful book that illustrates how statistics can be used to 
demonstrate any point of view. Although published in 1954, the examples of 
distortion and suggestions for critical examination are still relevant. 

HOW TO LIVE THROUGH JUNIOR HIGH SCHOOL. Eric Johnson. Philadelphia: J.B. Lippincott 
Company, 1975. (J. B. Lippincott Company, 521 Fifth Ave., New York, NY 10017) 

HOW TO SOLVE IT: A NEW ASPECT OF MATHEMATICAL METHOD. G. Polya. Princeton: Princeton 
University Press, 1973. (Princeton University Press, Princeton, NJ 08540) 

INTERPRETING GRAPHS AND TABLES. Peter Selby. New York: John Wiley and Sons, Inc., 
1976. (John Wiley and Sons, Inc., 605 Third Ave., New York, NY 10016) 

AN INTRODUCTION TO PROBABILITY AND STAT~STICS. Boston: Houghton-Mifflin Company, 1964. 
(Houghton-Mifflin Company, Educational Division, 1 Beacon St., Boston, MA 02107) 

103 pp; paper; b/w; teacher reference 

This booklet introduces the basic ideas of statistics and probability. 
Among the topics discussed in some detail are collection of data, reading and 
interpreting graphs, probability, distributions, regression lines and corre

lation. 

INTRODUCTION TO STATISTICAL ANALYSIS AND INFERENCE. Sidney J. Armore. New York: John 
Wiley and Sons, Inc., 1966. (John Wiley and Sons, Inc., 605 Third Ave., New 

York, NY 10016) 

JOURNAL OF READING. Newark, Delaware: International Reading Association. (International 
Reading Association, BOO Barksdale Rd., Newark, DE 19711) 

THE KENT MATHEMATICS PROJECT. Turnbridge Wells, England: Kent Mathematics Project 
(not yet published). 

paper; b/w 

This is a materials bank from which teachers can select individual courses 
of study for students from 9-16 years of age. The expected date of availability 
of the materials is September 1977. 

LABORATORY ACTIVITIES FOR TEACHERS OF SECONDARY MATHEMATICS. Gerald Kulm. Boston: 
Prindle, Weber and Schmidt, Inc., 1976. (Prindle, Weber and Schmidt, Inc., 
20 Newbury St., Boston, MA 02116) 

paper; b/w; teacher reference 

This is a collection of laboratory activities designed for secondary 

students. 
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LADY LUCK: THE THEORY OF PROBABILITY. Warren Weaver. Garden City, New York: Anchor 
Books, 1963. (Anchor Books, imprint of Doubleday and Company, Inc., 245 Park 
Ave., New York, NY 10017) 

392 pp; paper; b/w; teacher reference; high reading level 

Through interesting examples, this highly readable book explains many of 
the concepts of statistics and probability. Some of the examples are historical, 
some of the examples are paradoxical; but all of the examples are understandable. 

LEARNING TO TEACH SECONDARY SCHOOL MATHEMATICS. Otto c. Bassler and John R. Kolb. 
Scranton: Internatio~al Textbook Company, 1971. (International Textbook Company, 
INTEXT, Oak and Pawnee Streets, Scranton, PA 18508) 

434 pp; paper; teacher reference 

This is a textbook on methods of teaching secondary mathematics. The 
appendices of this book contain a list of goals for a unit on statistics, 
a list of objectives of a unit on statistics, and a sample lesson plan for 
statistics. 

LISTENER'S GUIDE TO MUSICAL UNDERSTANDING, Fourth Edition. Leon Dallin. Dubuque, 
Iowa: William C. Brown Company Publishers, 1972. (William C. Brown Company 
Publishers, 2460 Kerper Blvd., Dubuque, IA 52001) 

( 

MAKING MATHEMATICS, A Secondary Course, Books 1-4. D. Paling, C. s. Banwell, and ( 
K. D. Saunders. Ely House: Oxford University Press, 1972. {Oxford University 
Press, 200 Madison Ave., New York, NY 10016) 

125 pp. each; booklets; medium reading level 

These are a series of booklets that are suitable for grades 5-8. The 
booklets provide class, group and individual activities in various mathematical 
topics. Graphs, statistics and random numbers are included as topics. 

"Mathematical Games. 11 Martin Gardner. SCIENTIFIC AMERICAN, Vol. 236, No. 2 (February, 
1977), pp. 121-125. New York: Scientific American, Inc. (W. H. Freeman and 
Company, Publishers, 660 Market St., San Francisco, CA 94104) 

This popular feature of SCIENTIFIC AMERICAN describes several interesting 
and amusing activities involving wordplay and mathematics. 

MATHEMATICS. (Life Science Library Series) David Bergamini. Morristown, New Jersey: 
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Time-Life Books, Inc., 1970. (Time-Life Books, Inc., Alexandria, VA 22314) 

196 pp; hardbound; student reference; color; medium reading level 

The colored, and black and white photographs and graphics in this 
historical survey of mathematics make this an excellent resource for student 
and teacher alike. The book covers the development of mathematics from counting 
to computers, probability and modern geometries. ( 



MATHEMATICS A HUMAN ENDEAVOR. Harold Jacobs. San Francisco: W. H. Freeman and 
Company, Publishers, 1970. (W. H. Freeman and Company, Publishers, 660 Market 
St., San Francisco, CA 94104) 

529 pp; hardbound; b/w; textbook; high reading level 

This liberal arts course text is an excellent resource book. Many of the 
ideas are suitable for or could be adapted for middle school students. 

MATHEMATICS AND LIVING THINGS, Teacher's Commentary. School Mathematics Study Group. 
Palo Alto, California: The Board of Trustees of the Leland Stanford Junior 
University, 1965. (Distributed by A. C. Vroman, 2085 East Foothill Blvd., 
Pasadena, CA 91109) 

170 pp; hardbound; b/w; teacher's guide 

This is a teacher reference book that uses exercises in biological sciences 
to obtain data for introducing mathematical concepts and principles. 

MATHEMATICS, AN EVERYDAY EXPERIENCE. Vern E. Heeven and Charles D. Miller. Glenview, 
Illinois: Scott, Foresman and Company, 1976. (Scott, Foresman and Company, 1900 
East Lake Ave., Glenview, IL 60025) 

519 pp; hardbound; b/w; textbook; high reading level 

This is a general math book with an emphasis on applications. The book has 
many beautiful photographs relating the everyday world to mathematics. About 
150 pages are devoted to probability and statistics. The book would be useful 
in general mathematics, liberal arts mathematics or mathematics f0r elementaiy 

teachers. 

MATHEMATICS FOR TffE INTERMEDIATE GRADES, Part I. Comprehensive School Mathematics 
Program. St. Louis: CEMREL, Inc., 1976. (CSMP, CEMREL, Inc, 3120 59th St., 
St. Louis, MO 63139) 

The "Comprehensive School Mathematics Program" is a curriculum 
development project of CEMREL, Inc., a national educational laboratory 
with offices in St. Louis, Missouri. 

MATHEMATICS FOR TODAY, Level Blue. Ed Williams, Sawl Katz and Patricia Flagholz. 
New York: Oxford Book Company, Inc., 1976. (Oxford Book Company, Inc., 11 Park 
Place, New York, NY 10007) 

256 pp; hardbound; b/w; teacher's guide; mediwn reading level 

The book provides drill practice while focusing on mathematical skills 
required in everyday life. 
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MATHEMATICS FOR UPPER PRIMARY GRADES, Part II. Comprehensive School Mathematics 
Program. St. Louis: CEMREL, Inc., 1976. (CSMP, CEMREL, Inc., 3120 59th St., 
St. Louis, MO 63139) 

The "Comprehensive School Mathematics Program" is a curriculum development 
project of CEMREL, Inc., a national educational laboratory with offices in St. 
Louis, Missouri. 

MATHEMATICS IN GENERAL EDUCATION. V. T. Thayer. New York: Appleton-Century-Crofts, 
Inc., 1940. (Copyright now held by Prentice-Hall, Inc., Englewood Cliffs, 
NJ_ 07632) 

423 pp; hardbound; teacher reference 

This is a report of the Committee on the Function of Mathematics in 
Ge~eral Education for the Commission on Secondary School Curriculum of the 
Progressive Education Association. 

A MATHEMATICS LABORATORY HANDBOOK FOR SECONDARY SCHOOLS. Stephen Krulik. Philadelphia: 
W. B. Saunders Company, 1972. (W. B. Saunders Company, 218 W. Washington Square, 
Philadelphia, PA ·19105) 

107 pp; paper; b/w; teacher reference 

The booklet includes a description of the mathematics laboratory approach 
to teaching, its place in the curriculum, and activities designed for the 
mathematics laboratory {including five activities on statistics and probability). 

MATHLAB-- Junior High. Scott McFadden, Keith Anderson and Oscar Schaaf. Eugene, 
Oregon: Action Math Associates, Inc., 1975. (Action Math Associates, Inc., 
1358 Dalton Dr., Eugene, OR 97404) 

80 pp; paper; b/w; teacher 1 s guide; student reference; low reading level 

This book is a collection of activity cards designed to provide students 
with problem-solving situations. Eight activities dealing with probability 
are included. 

THE NATIONAL ADVERTISING REVIEW BOARD, 1971-1976. New York: National Advertising 
Division of Better Business Bureaus. (National Advertising Division of Better 
Business Bureaus, 845 Third Ave., New York, NY 10022) 
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This booklet describes complaints handled by NARB {National Advertising 
Review Board) during the years 1971 through 1976, and the decisions that were 
made by the board. This booklet can be obtained at a cost of $1.00 plus 68¢ for 
mailing. 
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THE NEWS MATH. Betty Buzitis and Jeanette Keller. Seattle: Seattle Times Company, 

1974. 

117 pp; paper; teacher reference; b/w 

The booklet sensitizes students to the newspaper as a source of data. 
Sample activities and suggestions for lessons that involve the newspaper 
are given. These activities apply many mathematics concepts and skills: 
graphs and charts, averages, estimation, fractions, classification, etc. 

NOTES ON MATHEMATICS IN PRIMARY SCHOOLS. The Association of Teachers of Mathematics. 
New-York: Cambridge University Press, 1969. (Cambridge University Press, 32 
East 57 St., New York, NY 10022) 

OPTIONS; A STUDY GUIDE TO POPULATION AND THE AMERICAN FUTURE. Kathryn Horsley. 
Washington, D.C.: Population Reference Bureau. (Population Reference Bureau, 
1337 Connecticut Ave., N. W., Washington, D.C. 20036) 

OVERVIEW AND ANALYSIS OF SCHOOL MATHEMATICS, GRADES K-12. Washington, D.C.: 
Conference Board of the Mathematical Sciences, 1975. (Conferen~e Board of the 
Mathematical Sciences, 832 Joseph Henry Building, 2100 Pennsylvania Ave., N.W., 
Washington, D.C. 20037) 

PATHWAYS TO PROBABILITY. Amy C. King and Cecil B. Read. New York: Holt, Rinehart 
and Winston, Publishers, 1963. (Holt, Rinehart and Winston, Publishers, 383 
Madison Ave., New York, NY 10017) 

139 pp; paper; b/w; teacher reference; student reference; medium reading level 

The book gives a historical development of probability. Included are brief 
sketches of the lives, accomplishments and problems of some of the persons 

involvedo 

PATTERNS AND PERSPECTIVES IN ENVIRONMENTAL SCIENCE. Washington, D.C.: National 
Science Board, n.d. (National Science Board, 1800 Go St., Washington, D.C. 
20550) 

A PHILOSOPHICAL ESSAY ON PROBABILITIES. Marquis de Laplace. New York: John Wiley 
and Sons, Inc., 1952. (John Wiley and Sons, Inc., 605 Third Ave., New York, 
NY 10016) 

196 pp; paper 

Mostly of historical interest, this is an essay written in 1795 to 
explain the principles and general results of the-theory of probability 
and how .they apply to "important questions of life." 

THE PHYSICS OF MUSICAL .SOUND. Jess Josephs. New York: Crane, Russak and Company, 
Inc., 1965. (Crane, Russak and Company, Inc.,. 347 Madison Ave., New York, 
NY 10017) 

POCKET DATA BOOK USA 1973. Washington, D.C.: United States Government Printing 
Office, 19730 (United States Government Printing Office, Division of Public 
Documents, Washington, D.C. 20402) 
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POLLUTION PROBLEMS, PROJECTS AND MATHEMATICS EXERCISES, 6-9. (Bulletin No. 1082) 
Madison, Wisconsin: Wisconsin Department of Public Instruction, n.d. (Wisconsin 
Department of Public Instruction, 126 Langdon St., Madison WI 53702) 

84 pp; paper 

This is a teacher-written collection of problems and projects. Exercises 
are grouped under whole numbers, rational numbers, real numbers, percent and 
proportion, measurement and statistical measures and graphs. 

PRINCIPLES OF ENVIRONMENTAL SCIENCE. Kenneth E. Watts. New York: McGraw-Hill Book 
Company, 1973. (McGraw-Hill Book Company, 1221 Avenue of the Americas, New York 
NY 10020) 

"Probability." D,p,id A. Page. THE GROWTH OF MATHEMATICAL IDEAS, Grades K-12. 
Restoh, Virginia: National Council of Teachers of Mathematics·, 1959. 
(National Council of Teachers of Mathematics, 1906 Association Dr., Reston, 

VA 22091) 

"Probability" gives some background for ~lementary probability and 
suggestions for sprinkling probability ideas throughout the K-12 years. 

PROBABILITY AND STATISTICS. Nuffield Mathematics Project. New York: John Wiley 
and Sons, Inc., 1969. (John Wiley and Sons, Inc., 605 Third Ave., New York, 
NY 10016) 

53 pp; paper; b/w; teacher ref'erence; classroom ideas 

One of a series from the Nuffield Mathematics Project, this booklet 
is full. of interesting classroom ideas for probability and statistics on 
a middle school level. Included are examples of student work. 

PROBABILITY AND STATISTICS--AN INTRODUCTION THROUGH EXPERIMENTS. Edmund c. Berkeley. 
Newtonville, Massachusetts: Berkeley Enterprises, Inc., 1961. 

121 pp; paper; b/w; teacher reference 

The book provides an introduction to probability and statistics by 
means of actual physical experiments. 

PROBABILITY FOR INTERMEDIATE GRADES' Teacher. s Commentary. Revised Edition. 
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School Mathematics Study Group. Palo Alto, California: The Board of Trustees 
of the Leland Stanford Junior University, 1965. (Distributed by A. C. Vroman, 
2085 East Foothill Blvd., Pasadena, CA 91109) 

192 pp; paper; b/w; teacher•s guide; medium reading level 

This book is a followup to a book written for primary grades. It uses 
dice, coins, colored cubes and spinners as models for probability experiments. 
Student texts are available. 
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PROBABILITY FOR PRIMARY GRADES, Teacher's Commentary, Revised Edition. School 
Mathematics Study Group. Palo Alto, California: The Board of Trustees of the 
Leland Stanford Junior University, 1965. (Distributed by A.C. Vroman, 2085 
East Foothill Blvd., Pasadena, CA 01109) 

135 pp; paper; b/w; teacher's guide; medium reading level 

Simple probability ideas are explored using dice, coins, colored cubes 
and spinners as models. Student texts are available. 

Probability, Statistics and Combinatories. MATHEMATICS FOR THE INTERMEDIATE GRADES, 
Entry Module 1. Comprehensive School Mathematics Program. St. Louis: CEMREL, 
Inc., 1976. (CSMP, CEMREL, Inc., 3120 59th St., St. Louis, MO 63139) 

96 pp; paper; b/w; teacher reference 

One of a series, this book describes introductory lessons for probability, 

statistics and counting techniques. 

PROBABILITY: THE SCIENCE OF CHANCE, Teacher's Manual. Margaret F. Willerding. 
Chicago: Franklin Publications, Inc., 1970. ( Distributed by Lyons and 
Carnahan, Educational Division of Meredith Corporation, 407 E. 25th St., 
Chicago, IL 60616) 

hardbound; color; teacher's guide; medium reading level 

Written at the junior high level, the book treats the following topics 
in probability theory: probabilities with tossing coins and dice, meaning 
of outcome, experiment, sample space and event, statistical probability, 
mathematical expectation, probability in business and conditional probability. 
The book endeavors to create a desire for further study of the subject. 

PROBABILITY WITH STATISTICAL APPLICATIONS. Rourke Mosteller and Thomas Mosteller. 
Reading, Massachusetts: Addison-Wesley Publishing Company, Inc., 
(Addison-Wesley Publishing Company, Inc., South St., Reading, MA 

1973. 
01867) 

"Random Digits and Some of Their Uses." Roger Carlson. Weighing Chances from the 
program STATISTICS BY EXAMPLE. Edited by F. Mosteller, w. Kruskal, R. Link, 
R. Pieters, and G. Rising. Copyright (C) 1973 by Addison-Wesley Publishing 
Company, Inc. (Addison-Wesley Publishing Company, Inc., Sand Hill Road, Menlo 
Park, CA 94025) 

"Random models in the classroom." Keith Selkirk. MATHEMATICS IN SCHOOLS, Vol. 3 
No. 2( March, 1974), pp. 15-17. Essex: Longman Group Limited. (Longman Group 
Limited, 5 Bentinck St., London, England WlM 5RN} 

This article describes eight ideas for using random digits as models for 

probabilistic situations. 
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"A readability formula that saves time." Edward Fry. JOURNAL OF READING, Vol. 11, ( 
No. 7 (April, 1968), pp. 513- 516. Newark, Delaware: International Reading , 
Association. (International Reading Association, 800 Barksdale Rd., Newark, 
DE 19711) 

This article describes a test developed by Edward Fry that is used 
to determine the readability level of written materials .. 

READINGS IN MATHEMATICS: BOOK 2, edited by Irving Adler, (C) Copyright, 1972, 
by Ginn and Company (Xerox Corporation). Used with permission. (Ginn and 
Company, Xerox Corporation, 191 Spring St., Lexington, MA 02173) 

188 pp; paper; b/w; teacher reference 

Many selections wtitten by both contemporary authors and by great 
scientists and mathematicians of the past are included in this book. The 
selections relate mathematics to everyday life, science and literature. 
The book is interesting reading for the lay persoh as well as the mathematician. 

THE SCHOOL MATHEMATICS PROJECT, Books A-H. School Mathematics Project. London: 
Cambridge University Press, 1972. (Distributed by Cuisenaire Company of 
America, Inc., 12 Church St., New Rochelle, NY 10805) 

approx. 300 pp. each book; paper; b/w; textbook; medium reading level 

Each of these books contains some statistics and/or probability. The ( 
project uses a spiral, activity-oriented apProach, with the simpler concepts 
in the earlier books. 

SCIENTIFIC AMERICAN. San Francisco: W.H. Freeman and Company, Publishers. (W.H. 
Freeman and Company, Publishers, 660 Market St., San Francisco, CA 94104) 

SECONDARY SCHOOL MATHEMATICS. School Mathematics Study Group. Palo Alto, California: 
The Board of Trustees of the Leland Stanford Junior University, 1971. (Dis
tributed by A. C. Vroman, 2085 East Foothill Blvd., Pasadena, CA 91109) 

96 pp; paper; textbook; high reading level 

Chapters 23 (Quadratic Functions) and 24 (Statistics) are published in 
paperbound books. The chapter on statistics is intended for high school 
students. It includes coverage of normal curves and standard deviation. 

SETS, PROBABILITY AND STATISTICS: THE MATHEMATICS OF LIFE INSURANCE. Paul C. 
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Clifford, Mildred Keiffer and Max A. Sobel. New York: Institute of Life 
Insurance, Education Division, 1972. ( American Council of Li

1

fe Insurance, 
8150 K. St., N.W., Washington, D.C. 20006) 

35 pp; paper; workbook; color; medium reading level 

The booklet describes (in student lesson form) sets, elementary probability 
and the mathematics used in the life insurance business. 
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11A seventh...,grade mathematics class tackles the stock market." Esther K. Friedmann. 
THE ARITHMETIC TEACHER. Vol. 20, No. 1 (January, 1973), pp. 45-47. Reston, 
Virginia: National Council of Teachers of Mathematics. (National Council of 
Teachers,of Mathematics, 1906 Association Dr., Reston, VA 22091) 

This article describes how a class used the stock market as an 
application of mathematics. 

SOME USES OF MATHEMATICS: A SOURCE BOOK FOR TEACHERS AND STUDENTS OF SCHOOL 
MATHEMATICS. (Studies in Mathematics, Vol. XVI) Max S. Bell, ed. Palo 
Alto, California: School Mathematics Study Group, 1967. (Distributed by 
A. C. Vroman, 2085 East Foothill Blvd., Pasadena, CA 91109) 

252 pp; paper; teacher reference; b/w; high reading level 

Twenty-four articles dealing with applications of mathematics and 
mathematical models make up this book. 

SOURCES OF STATISTICS. Joan Harvey. Hamden, Connecticut: Linnet Books, 1971. 

125 pp; hardbound; teacher reference 

A list and descriptions of the main statistical publications of the 
United Kingdom and the more important publications of the United States and 
of various international organizations are included. These are grouped into 
chapters such as social problems, education, tourism and advertising. 

STARTING STATISTICS. E. L. Hanson and G. A. Brown. Amersham, Bucks, Great Britain: 
Hulton Educational Publications, Ltd., 1975. 

96 pp; paper; color; textbook; high reading level 

The basic ideas of statistics and probability are illustrated with many 
charts and examples. The last chapter on two dimensional statistics is 
appropriate for students with some knowledge of algebra. 

STARTING STATISTICS. K. Lewis and H. Ward. London: Longman Group Limited, 1969. 
(Longman Group Limited, 5 Bentinck St., London, England WlM 5RN) 

138 pp; paper; b/w; teacher reference; medium reading level 

In an easy reading style, this book explores·many statistical ideas and 
presents class activities on: collecting and displacing data, averages, 
correlation, frequency distributions, running tot~ls, probability, sampling 
spread, and continuity. The authors have stressed the practical aspects of the 
subject and have encouraged students to get their own facts and to discuss, 
analyze and justify any conclusions they may deduce from the facts. 

STATISTICAL ABSTRACT OF THE UNITED STATES, 1976. Washington, D.C.: U.S. Bureau of 
the Census. (Commerce Department, Bureau of the Census, Washington, D.C. 20233) 
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STATISTICAL THINKING: A STRUCTURAL APPROACH. John L. Phillips, Jr. San Francisco: 
W.H. Freeman and Company, Publishers, 1973. (W.H. Freeman and Company, Publishers,( 
660 Market St., San Francisco, CA 94104) 

124 pp; paper; graphics; teacher reference; high reading level 

Persons beginning a study of statistics can use this as a resource book 
that explains many statistical terms and tests using uncomplicated examples. 

STATISTICS. Irene Campbell. (Mathematics in the Making 12) Boston: Houghton-Mifflin 
Company, 1970. (Houghton-Mifflin Company, Educational Division, 1 Beacon St., 
Boston, MA 02107) 

32 pp; paper; student reference; teacher reference; color 

The book describes some uses of statistics and outlines introductory 
activities for students to investigate. 

STATISTICS. (Topics from Mathematics) David S. Fielber. New York: The Syndics of 
the Cambridge University Press, 1967. (Cambridge University Press, 32 East 
57 St., New York, NY 10022) 

31 pp; paper; color; teacher reference; student reference. 

The booklet introduces statistics and discusses distributions, samples, 
and graphs. 

"Statistics." Richard s. Pieters and John J. Kinsella. THE GROWTH OF MATHEMATICAL 
IDEAS, Grades K-12. Reston, Virginia: National Council of Teachers of Mathe
matics, 1959. (National Council of Teachers ,of Mathematics, 1906 Association 
Dr., Reston, VA 22091) 

"Statistics" gives an overview of statistics at the pre-college level 
and makes recommendations for the teaching of statistics in grades K-12. 

STATISTICS. Jane Jonas Srivastava. New York: Thomas Y. Crowell Company, 1973. 
(Copyright now held by Harper and Row, Publishers, Inc., 10 E. 53rd St., 

New York, NY 10022) 

34 pp; hardbound; color; student reference; medium reading level 

This juvenile literature book is a simple introduction to the concept 
and uses of statistics. 

STATISTICS: A CONCEPTUAL APPROACH. Sidney J. Armore. Columbus, Ohio: Charles 
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E. Merrill Publishing Company, 1975. (Charles E. Merrill Publishing Company, 
1300 Alum Creek Dr., Columbus, OH 43216) 
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STATISTICS: A GUIDE TO THE UNKNOWN. Judi th M. Tanur, ed. San Francisco: Holden-'Day 
Inc., 1972. (Holden-Day, Inc., 500 Sansome St., San Francisco, CA 94111) 

430 pp; paper; teacher reference; high reading level 

This is an excellent collection of essays describing the use of statistics 
for applications in diverse fields, from deciding whether James Madison or 
Alexander Hamilton wrote several of the Federalist papers to deciding whether 
bunting in baseball is a helpful strategy. 

STATISTICS AND PROBABILITY. (The School Mathematics Project) J. H. Durran. London: 
Cambridge University Press, 1970. (Cambridge University Press, 32 East 57 St., 
New York, NY 10022) 

488 pp; hardbound; b/w; teacher reference; high reading level 

This book.is a sophisticated coverage of probability and statistics for 
teachers and high-ability students. 

STATISTICS; A NEW APPROACH. W. A. Wallis and H. V. Roberts. New York: Free Press, 
1956. (Distributed by Macmillan Publishing Company, Inc., 866 Third Ave., 
New York, NY 10022) 

STATISTICS BY EXAMPLE. Frederick Mosteller, William H. Kruskal, Richard F. Link, 
Richard S. Pieters, and Gerald R. Rising, ed. Menlo Park, California: Addison
Wesley, Publishing Company, Inc., 1973. (Addison-Wesley Publishing Company, 
Inc., Sand Hill Rd., Menlo Park, CA 94025) 

150 pp. each; paper; b/w; teacher reference; high reading level 

The four books in the series, Exploring Data, Weighing Chances, Detecting 
Patterns and Finding Models, illustrate many situations that explain real-life 
problems in terms of statistics. A knowledge of intermediate algebra is 
necessary to understand the mathematics involved. 

"Statistics, choice and chance." Edi th Biggs. MATHEMATICS FOR OLDER CHILDREN. 
New York: Citation Press, 1972, pp. 53-62. (Citation Press, imprint of 
Scholastic Book Services, 50 W. 44th St., New York, NY 10036) 

117 pp; paper; teacher reference; b/w; medium reading level 

This chapter shows examples of work done by students in a discovery-type 
environment. 

STATISTICS FOR PROBLEM SOLVING. C. Mitchell Dayton and Clayton L. Stankard. New 
York: McGraw-Hill Book Company, 1971. (McGraw-Hill Book Company, 1221 Avenue 
of the Amercias, New York, NY 10020) 

290 pp; hard; b/w; teacher reference; high reading level 

The book is designed to serve as a textbook for introductory applied 
statistics for students in education, educational psychology and related 
behavioral science fields. 
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STATISTICS FOR TEACHERS. Estelle S. Gellman. New York: Harper and Row, Publishers, 
Inc., 1973. (Harper and Row, Publishers, Inc., 10 E. 53rd St., New York, ( 
NY 10022) 

238 pp; paper; b/w; teacher reference; high reading level 

Emphasis is on the application of statistics in describing classroom 
performance and in testing hypotheses relevant to the classroom situation. 
A knowledge of elementary algebra is required. 

A STUDY OF PARTS OF THE DEVELOPMENT OF A UNIT IN PROBABILITY AND STATISTICS FOR THE 
ELEMENTARY SCHOOL. Jack Shepler. Unpublished Ph.D. dissertation, University 
of Wisconsin, 1969. (Available from University Microfilms International, 
Ann Arbor, MI 48104) 

This disseration is an excellent source of ideas and activities for both 
experimental and formal probability, as well as a discussion of how students 
perform on the activities. 

"Suicide. 11 Lloyd Shearer. PARADE MAGAZINE, April 1976. New York: Parade Publications, 
Inc. (Parade Publications, Inc., 733 Third Ave., New York, NY 10017) 

TAKING CHANCES. Oakland County Mathematics Project. Pontiac, Michigan: Oakland 
County Mathematics Project, 1971. (Oakland Schools, 2100 Pontiac Lake Rd., 
Pontiac, MI 48054) 

70 pp; paper; b/w; textbook; medium reading level ( 

Simple probability ideas are presented as a series of activities using 
dice, coins, cards and spinners. 

TEACHING MODERN MATHEMATICS IN THE ELEMENTARY SCHOOL. H. w. Fehr and J. Mc. Phillips. 
Addison-Wesley Publishing Company, Inc., 1972. (Addison-Wesley Publishing 
Company, Inc., South St., Reading, MA 01867) 

515 pp; hardbound; teacher reference 

A book on the curriculum and pedagogy of contemporary elementary school 
mathema.tics. The book is intended primarily for a methods course for preservice 
elementary schoOl teachers. It is a very useful reference book. 

THE TEACHING OF PROBABILITY AND STATISTICS. Lennard Rode, ed. New York: John Wiley and 
and Sons, Inc., 1970. (John Wiley and Sons, Inc., 605 Third Ave., New York, 
NY 10016) 

373 pp; hardbound; teacher reference; high reading level 

This is a collection of the papers presented at the first CSMP International 
Conference on the teaching of probability and statistics. Although some topics 
are advanced, there are many ideas for Classroom activities. 

TEACHING READING AND MATHEMATICS. Richard A. Earle. Newark, Delaware: International ( 
Reading Association, 1976. (International Reading Association, 800 Barksdale 
Rd., Newark, DE 19711) 
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"To find facts about £laces, people, things •••• " CHANGING TIMES, The Kiplinger 
Magazine, Vol. 29, No. 11 (November, 1975), p. 18. Editors Park, Maryland: 
The Kiplinger-Washington Editors, Inc. (The Kiplinger-Washington Editors, 
Inc., 1729 H. St., N.W., Washington, D.C. 20006) 

The article describes many sources of information_ 

"Updating the Fry readability formula." Joseph C. Kretschmer. THE READING TEACHER, 
Vol. 29, No. 6 (March, 1976), pp. 555-558. Newark, Delaware: International 
Reading Associationo (International Reading Association, 800 Barksdale Rd., 
Newark, DE 19711) 

This article describes Kretschmer's effort to make Fry's readability 
formula more accurate. 

U.S. NEWS AND WORLD REPORT. Washington, D. C. : U.S. News and World Report, Inc. 
(U.S. News and World Report, Inc., 2500 N. St., N.W., Washington, D.C. 20037) 

U.S. RDA COMPARISON CARDS AND GUIDE FOR TEACHERS AND OTHER READERS. Chicago: 
National Dairy Council, 1974. (National Dairy Council, 6300 N. River Rd., 
Rosemont, IL 60018) 

color; teacher reference 

This set contains multi-colored bar graphs of the main nutrients found 
in 57 foods (each graph is drawn on card stock}, spirit duplicating masters 
for class activities, and a teacher/leader guide. 

WEEKLY READER TABLE AND GRAPH SKILLS SERIES. Beth Atwood, George Brown, Morton 
Malkofsky and Carolyn Paine; Columbus, Ohio: Xerox Corporation, 1968. 
(Xerox Corporation, 245 Long Hill Road, Middletown, CT 06457) 

47 pp. each; pamphlets; workbook; teacher reference; b/w 

The series, comprised of four pamphlets, develops the necessary skills 
for reading and interpreting tables and graphs. Experience is also provided 
in collecting data, ·organizing data in tables and construe-ting graphso In each 
pamphlet a skill is introduced, extended, reinforced and then reviewed. Although 
the pamphlets are written at a 3-6 grade reading level, pamphlets C and D 
include mathematical content appropriate for developing units at the junior 
high and senior high general math levels. An accompanying teacher's guide 
explains how to use each pamphlet. 

WELL-BEING. (Probing the Natural World/ Level III) Intermediate Science Curriculum 
Studyo Morristown, New Jersey: Silver Burdett Gen~ral Learning Corporation, 
1972. (Silver .Burdett Company, 250 James St., Morristown, NJ 07960) 

143 pp; paper; color; workbook; medium reading level 

One of a series of eight student workbooks, this book has activity
oriented lessons dealing with the senses and functions of the body, and 
how these are affected by food, smoking, alcohol, and other ~rugs. 
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WHAT ARE MY CHANCES, Book A. Albert P. Shulte and Stuart A. Choate. Palo Alto, 
California: Creative Publications, Inc., 1977. (Creative Publications, Inc., ( 
Box 10328, Palo Alto, CA 94303) 

97 pp; paper; b/w; teacher reference; medium reading level 

Seventy-three activities are used to develop an intuitive feeling about 
probability. Extensive teacher notes are included. 

WINNING WITH STATISTICS: A PAINLESS FIRST LOOK AT NUMBERS, RATIOS, PERCENTAGES, 
MEANS AND INFERENCE. Richard P. Runyon. Reading, Massachusetts: Addison-Wesley 
Publishing Company, Inc., 1977 (Addison-Wesley Publishing Company, Inc., 
South St., Reading, MA 01867) 

210 pp; paper; b/w; teacher reference 

The book is a humorous introduction to statistics, its many measures, 
and the many ways it can be used to mislead. 

THE WORLD OF PHYSICS. Robert Hulsizer and David Lazarus. Reading, Massachusetts: 
Addison-Wesley Publishing Company, Inc., 1972. (Addison-Wesley Publishing 
Company, Inc., South St .. , Reading, MA 01867) 

518 pp; hardbound; b/w; textbook 

This book, written as a high school physics text, is full of hand-drawn 
graphics that are easy to understand. 

YOUTH PHYSICAL FITNESS: SUGGESTED ELEMENTS OF A SCHOOL-CENTERED PROGRAM. Washington, 
D.C.: United States Government Printing Office, 1967. (United States Government 
Printing Office, Division of Public Documents, Washington, D. C. 20402) 

880 

109 pp; paper; b/w; teacher reference 

This book has exercises to evaluate and promote physical fitness of 
students. 
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PAGE NUMBER TABLES 

425 (la) 1290 (lb) 39 (le) 579 (2a) number of fatalities in foggy 
weather (2b) number of injuries in poor visibility (2c) total re
ported number of fatalities in 1973 due to boating accidents 
(3a) calm (3b) clear (3c) light (3d) good 

426 (1) baseball; basketball; football; boxing (2) 7 
(3) 1000; number; $1000 (3a) 617 college football teams in 1970 
(3b) 30,467,000 attendance in 1973 (3c) $11,847,000 in receipts 
in 1972 (4) 1965 (5) No; yes; yes (6) college (7) The number 
of games played was fewer 

432 (3) 51, 54 or 57 (4) 7 (5) 23 

GRAPHS 

459 (2a) bar graph (2b) percent bar graph 

465 

471 

487 

488 

490 I. 
II. 

494 

495 

496 

(1) 
(9) 

(1) 
(7) 

(2) 

(3a) 
(3b) 

(3) 
(3) 

(3) 
(4) 
(5) 
(7) 
(8) 
(9) 

(4a) 
(4b) 
(7) 
(9) 

T 
F 

(2) H 
(10) I 

(3) E (4) 
(11) y 

s 

No (2) No (3) Family A 
Even though 30% is greater 
30% of $500. (8) Family B 

(5) C (6) A (7) L 

(4) 150 (5) 200 (6) 
than 25%, 25% of $800 is 

(9) More than 3 times 

SCATTER DIAGRAMS 

8. 
' 

7½ 

10° or 11° 
maybe 160 

decrease 
They increase. 

The points lie in a straight line. 
125° 
It increases~ 
The points lie in a straight line. 
7½ units 
It decreases. 

6 
32 

Yes 
5· , 95 

(1) 350 
(2) Yes 

(8) R 

Family B 
greater than 
as much 

(3) Not necessarily, even though it appears so from the graph. 
(4) Most driving is done close to home so more accidents happen 

close to home. 

881 



882 

PAGE NUMBER 

505 (1) 
(2) 

(3) 
(4) 

506 (5) 

507 

(6) 
(7) 
(8) 
(9) 

(10) 

(1) 
(2) 
(3) 
(4) 
(5) 
(7) 
(8) 

509 (1) 

527 

529 

530 

(2) 

(1) 

(5) 
(9) 

(10) 

(_3) 
(Ba) 

MISLEADING STATISTICS 

No; no. 
That they make sturdy, reliable cars; not necessarily; no; no; 
no; yes 
11%; not much 
No; no 
Probably not; no; no 
Can't tell 
Can't tell; can't tell; don't know; don't know; not sure; no 
No 
No 
No 

2 
44; 32; no 
3 
56; no 
Yes 
Yes 
The scale starts at zero. It is not cut off at the bottom. 

25,000; 20,000; 5,000; 10,000; 3,000 
Yes; the scale does not show equal intervals. 

MEAN, 

Jon - 4.5 cm; Ruby -
Bill - 6 cm; Joan -

9 (7) Yes; yellow 
Possible lengths are 
Possible lengths are 

Yes 
70 

(4) 50 
cm (Bb) 

cm (5) 
25 cm 

MEDIAN, MODE 

5 cm; 
5.5 cm 

2, 4, 
4, 5, 

Yes 
(9a) 

Fran - 7 cm; 

6, 8, 
6, 9, 

(6) 
7 5 cm 

10 or 
11. 

50 cm 
(9b) 

Ed - 5 cm; 

4, 

(7) 
40 

5, 6, 7, 

75 cm 
cm (9c) 

Fred -

8. 

85 cm 

6 cm; 

532 (a) mean 37 (b) mean = 7 (c) mean = 34 

537 (2) 3.1 (3) No (4) 2 
(5) Mode. In the table 14 of 21 families have 2 or less children. 

More smaller homes are needed. 
(6) Mean. The park should accomodate the total number of children. 

This can be found by knowing the mean number of children per family. 
(8) Probably higher, since each family in the class has at least one 

child. 

539 Top 
Bottom 

(1) 
(1) 
(2) 

(3) 
(4) 
(5) 

$10,000; $6,000; $5,000 (2) Answers will vary, 
Mean 
Median (If you are above the median, you have read more books 
than half the class.) 
Mode (The most common sizes will be needed more often,) 
Median or mode 
Median 

( 

( 

( 



PAGE NUMBER 

551 (3) 
(4) 
(5) 
(6a) 
(7a) 

RANGE AND DEVIATION 

I. 5; 5; 5 II. 
All the same 
More spread out 
2 (6b) 9 
9 (7b) 1075 

5; 5; 5 

(7c) 8 

553 (1) 10.325; 12, 8; 13; 7 
(5) Students should observe less variability in the trimmed ranges. 

554 (1) 7; 2; 6; 4; 6 (2) 5 (5) Yes (7) 7 (10) Yes 

555 (1) 
(4) 
(8) 

39 (3) 
5 7 (6) 
Mean= 

43; 43; The numbers are the same 
77; 77 (7) Yes 

50; sum above= sum below= 110 

558 (2) B (3) a, c, d (4) Yes 

562 (1) 12.00; 16.50; 21.50 
(2) 175; 382; 571; 764; 924 
(3) 250; 397; 497; 572; 769; 969; 1219 

563 (1) Number absent - 30, 24, 18, 24, 12; Running totals - 30, 54, 72, 
98, 108 

(2) 32 (3) 12 (4) Sometime in Nov.-Dec.; Sometime in May-June 

564 (1) Number of students - 2, 5, 7, 10, 8; Running totals - 2, 7, 14, 

567 

568 I. 
II. 

5691. 

583 

585 

586 

587 

24, 32 
(3) 24 (4) 7 

(3) 28 (4a) 28 (4b) 100 (Sa) 14 (Sc) 62 (6a) 7 (6c) 54 
(7a) 21 (7c) 68 

(1) 82 (3) 118; 118 
(1) 6· 

' 
6 (2) 10; 10 (3) 14 

(2) 8· , 8 (3) 18; 18 (4) 8th; 80 (5) 13 (6) 26; 26 
(7) 85 (8) 83rd 

SAMPLING 

(6) 600; 150; 750 

(4) 20 marbles 

(1) Yes; the fraction of reds to whites in the population is 1/2. 
(2) 4· , 6 · , 1, 2, 3, 4· , s, 6, 7, 8, 9, 0 
(3) Digits for red: 1, 2. Ignore 8, 9, O· , Digits for black: 3, 4, 

5, 6, 7 
(4) 36 to 00; 65; no 
(5) 01 to 37; 38 to 84; 85 to 00 
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PAGE NUMBER 

588 (6) 

SAMPLING (continued) 

3/1; 4/1; the fractions of blacks to whites and greens to whites 
are 3/1 and 4/1 respectively in the population. 

591 (4) Probably not; Probably not. The weight of the raisins will cause 
them to settle to the bottom of the box. 

592 (1) 53 (2) 20 (3) 1060 (4) No; Section A contains too many dots, 
(5) 5; 100 (6) Yes; Section A contains many dots; section B contains 

few dots. (9) The estimates in #7 and #8. 

594 (7) 181 

602 (1) 
(6) 

100 cm2 ; 100 
=2s (7) 1/4 

(2) 25 cm2 ; ~25 
(8) 1/4 

(3) ~25 (4) 1/4 

603 (10) 
(15) 

._,., 16; :c<8 (11) ~ 16 cm2 ; ~ 8 cm2 (13) ~ 26; ~10 

617 

A - (100/200) x 100 cm2 = 50 cm2 

B - (50/200) x 100 cm2 = 25 cm2 

C - 10 cm2 

D - 22.5 cm2 

E - 18 cm2 

(Sb) No 

EXPERIMENTAL PROBABILITY 

623 (2) Green; yellow (5) Use each color on two faces 
(6) YY; RR; GG; GR; GY; RY 

PROBABILITY WITH MODELS 

(5) 15 to 32 

647 (1) Never (2) Maybe Yes - !!aybe No (3) Always (4) Probably not 
(5) Probably (6) Maybe Yes - Maybe No (7) Probably Not 
(8) Always (9) Probably (10) Never 

648 (lla) 1 (llb) Between 1/2 and 1 (llc) Between O and 1/2 

655 

658 

(1) 
(9) 

(la) 
(le) 
(li) 
(2e) 
(3) 

659 I. (2) 
II.(2) 

III.(2) 
IV. (2) 

E (2) C (3) 
All red (10) 

E (4) A 
All blue 

(5) C (6) D (7) E (8) 

1/8 (lb) 1/8 (le) 2/8 or 1/4 (ld) 2/8 or 1/4 
4/8 or 1/2 (lf) 4/8 or 1/2 (lg) 4/8 or 1/2 (lh) 
1/8 (lj) 8/8 or 1 (2a) 1/8 (2b) 7 /8 (2c) 1/8 
8/8 or 1 (2f) 0/8 or O (2g) 4/8 or 1/2 (2h) 8/8 

Answers may vary. 

1/6; 1/2; l; 1/2; 0 
1/2; 1/2; l; 1/2 
1/6; 1/6; 1/3; 5/6; O; 1 
1/9; 4/9; 1/3; 7/9 

B 

3/8 
(2d) 
or 1 

7/8 

( 

( 

( 



PAGE NUMBER PROBABILITY WITH MODELS (continued) 

660 (la) 1/3 
(2a) 1/ 10 
(3) 7/9 
( 4a) 1/ 4 
(Sa) 1/4 

(lb) 7/9 (le) 2/9 
(2b) 1/3 (2c) 1/2 

(4b) 1/6 (4c) 5/12 
(Sb) 11/12 

(2d) 

(4d) 

3/10 

7/12 

661 (1) 52; 1/52; 1/52; 51/52; 2/52 = 1/26; 4/52 = 1/13; 4/52 = 1/13; 
13/52 = 1/4; 39/52 = 3/4; 8/52 = 2/13; 48/52 = 12/13; 0/52 = O; 
12/52 = 3/13; 30 

(2) 1/30; 2/30 = 1/15; 10/30 = 1/3; 29/30; 15/30 = 1/2; 10/30 = 1/3; 
0/30 = O; 5/30 = 1/6; 30/30 = l; 10/30 = 1/3 

662 (la) 25/40 (lb) 10/40 (le) 35/40 
(2a) 1/10 (2b) 8/10 (2c) 5/10 (2d) 4/10 
(3a) 12/30 (3b) 18/30 (3c) 0/30 
(4a) 1/52 (4b) 4/52 (4c) 13/52 (4d) 20/52 or 24/52 depending on 

whether aces are 1 or 13. 

663 (1) 
(10) 
(17) 

T 
T 
5 

(2) T (3) 
(11) No 
(18) 4 

T 
(12) 

(19) 

(4) T (5) T 
No (13) Yes 

3 (20) Five 

(6) T (7) F 
(14) No (15) 

(8) F (9) T 
No (16) 4 

665 (1) 1/8 (2) 1/4 (3) 1/9 

666 (1) 1/8 (2) 1/12 (3) 1/4; 1/2 (4) 1/4 

667 (1) 1/6; 1/6; 1/6; 1/6; 1/6; 1/6 
(2) 1/4; 1/4; 1/4; 1/4 
(3) 2/20 = 1/10; 6/20 = 3/10; 3/20; 0/20 
(4) 2/18 = 1/9; 10/18 = 5/9; 1/18; 5/18 

668 (la) 
(2a) 
(3a) 

4/25 
9/ 49 
1/9 

(lb) 
(2b) 

(3b) 

16/ 25 
16/ 49 (2c) 24/ 49 

4/9 (3c) 4/9 (3d) 7/18 

669 (1) 8 (la) 1/8 (lb) 3/8 (le) 3/8 (ld) 1/8 (le) 8/8 = 1 
(2) 16 (2a) 1/16 (2b) 6/16 or 3/8 (2c) 2/16 or 1/8 
(2d) 4/16 or 2/8 (2e) No; not all possibilities considered, 
(3a) 1/8 (3b) 3/8 (3c) 3/8 

670 I.(a) North (b) 1/3 (d) 16/81; 8/27; 8/81 
II.(a) 8/125 (b) 36/125 (c) 54/125 

672 (le) 13/40 (2) 19/42 (3a) 1/6 (3b) 7/24 (3c) 11/24 (3d) 

673 (2) 6/11; 5/11 

674 (1) 3/7; 4/7 (2) 7/15; yes; 8/15 

675 (la) 1/10 (lb) 14/20 (2a) 1/7 (2b) 2/7 (2c) 4/7 
(3a) 1/15 (3b) 8/15 (3c) 2/ 5 (3d) 0 (3e) 4/15 

5/12 
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PAGE NUMBER PROBABILITY WITH MODELS (continued) 

3/5; 6/25; 12/125; 28/625; 16/625 676 (3) 

677 (1) 1/6 (2) 1/12 (3) 1/169 (4) 13/204 

678 (1) Same chance of winning (2) Game I 

679 (3) Game I (4) Same chance of winning (5) Game I 

680 

681 

(la) 
(3a) 
(3f) 

9/12 (lb) 
1/15 (3b) 
182/ 380 

2/11 (le) 
6/20 (3c) 

6/132; 72/132; 54/132 
1/20 (3d) 13/ 20 (3e) 30/380 

(2) 7 (3a) 4 (3b) 4,1; 3,2; 2,3; 1,4 (3c) 
(4) 3/36 (5) 1/36 (6) 6/36 (7) 2/36 (8) 
(10) 6/36 (11) 18/36 (12) 15/36 

4; 36 
8/36 (9) 21/36 

682 (12a) 10 (12b) 180; 20 (12c) 2/36; 8 (12d) 6/36; 3600; 600 

COUNTING TECHNIQUES 

707 (5) 120 (6) 40,320 

708 (2) 120 (4) 4x3x2xl=24 (5) 6x5x4x3x2xl 720 
(6) 7 X 6 X 5 X 4 X 3 X 2 X 1 = 5040 

709 

710 

711 

712 

(4a) 6 X 6 = 36 (4b) 6 X 5 = 30 (5) 8 X 7 = 56 (6) 12 X 11 = 132 
(8) 4 x 3 x 2 x 1 = 24 but one is the poem as is. There are 23 unpoems, 

(la) 
(2a) 
(3) 

8 (lb) 
2 (2b) 

8 X 6 
3 (2c) 

175 5 X 7 X 5 = 

48 (le) 8 X 6 X 5 240 
2 X 3 = 6 (2d) 1 X 2 X 2 X 2 X 3 24 

(1) 100,000 (2a) 
about 220 million 
(4a) 1352 (4b) 

1,000,000,000 (2b) Yes, U.S. 
(3a) L (3b) 6,912,000 (3c) 

35,152 (4c) 28,978 (5) 1024 

population is 
5,332,264 

(1) 
(7) 

720 (2) 24 (3) 120 (4) 40,320 
7 X 6 X 5 X 4 X 3 X 2 X 1 (8) 5040 

(5) 362,880 
(9) Varies 

(6) 39,916,800 

714 (2a) B; C; D (2b) A; C; D (le) A; B; D (2d) A; B; C (2e) 12 
(4b) 10 

718 (8) No (10) 3 (11) An exchange between two repeated letters does 
not distinguish one arrangement from an9ther. 
(a) 110M; MMO; OMM; 3 (b) DAD; ADD; DDA; 3 

719 (c) OTTO; OTOT; OOTT; TOTO; TOOT; TTOO; 6 

721 

(d) BEEEB; BEEBE; BEBEE; BBEEE; EBEEB; EBEBE; EBBEE; EEBEB; EEBBE; 
EEEBB; 10 

(e) 210 

(2) Yes; 1 + 2 = 3 or 3 - 1 = 2 or 3 - 2 = l; 6 + 4 = 10; 3 + 3 = 6; 
4 + 1 = 5 (Sa) 45 (Sb) 45 (Sc) 252 (Sd) 210; 165; 495 

( 

( 

( 



PAGE NUMBER COUNTING TECHNIQUES (continued) 

724 (1) A - l; B - 2; C - 4; D - 8; E - 16; F - 32; G - 64; H - 128; 
Powers of 2, all possible combinations of n objects. For n = 4, 
1_ X l_ X l_ X l_ = 16 combinations. There are two choices for each 

(2) 
(6) 

object, either it is counted 
Always a perfect square (3) 
Sums are the numbers (except 
1, 8, 28, 56, 70, 56, 28, 8, 
8 (2) 3 (3) 3/8 

or it is not counted. 
5; 6 (4) 15; 21 (5) 20; 35 

the first) on strip E; 4, 6, 4, l; 
1 

l; l; 3; 10; 3; 5; l; 4; l; O; 5; 5/32 
726 

727 

(1) 
(4) 
(5) 1 way to get 4 heads and O tails; 4 ways to get 3 heads and 1 tail; 

6 ways to get 2 heads and 2 tails; 4 ways to get 1 head and 

(6a) 
{6f) 

3 tails; 1 way to get O heads and 4 tails; 6/16 
10/32 (6b) 5/32 (6c) 56/256 {6d) 1/64 (6e) 6/16 
1/32 {6g) 1/128 (6h) 1/1024 

BUSINESS AND COMMERCE 

734 (1) 1,000,000 (2) January (3) December (4) 1972 
(5) about 2,400,000 (6) Summertime jobs for students and agriculture 
workers (7) Number is about the same (8) Number is increasing 
(9) 1980-1982 - Answers will vary. (10) about 6% 

735 (11) 6.3% (12) Atlantic, Quebec, B.C. 
different populations. The base figure 
(14) 25-44 (15) 20-24 (16) 756,000 

(13) 
is not 

(17) 

No; The regions have 
the same for each region. 
2,080 , 000 ( 18) 7 2% 

736 (1) Yes (2) 1969 (3) 1970 (4) late 1970; early 1969 
(5) Can't tell. Students may answer yes. (6) Probably 1973. This 
could be checked in an almanac. 

744 (1) $4.50 (2) $18.72 (3) $35.30 

HEALTH AND MEDICINE 

774 (4) Tall, average (5) Short, light (6) Answers may vary. 

785 

787 

790 

(1) 0% and 35% 
Vitamin C 38%, 
Vitamin A 908% 

(2) No 
Iron 42%, 

(4) 18 

(3) Calcium 1%, Thiamin (B1 ) 15%, 
Protein 50%, Riboflavin (B2 ) 209%, 

(1) 
wind 
(6) 
(1) 
(4) 
(Sa) 

-26°C (2) -32°C; Bitter cold (3) 48 km/h (4) 2°C with a 
at 56 km/h (5a) 2°C; 16 km/h (Sb) 4°C; 24 km/h 
She shouldn't make four runs. Exposed flesh will freeze. 
37° (2a) 37.6°C (2b) 86 (2c) 11 o'clock {3a) .2 (3b) 
7:00 A.M.; 11:00 A.M.; 3:00 P.M.; 7:00 P.M.; 11:00 P.M. 
Day 2, 1900 (Sb) Day 3, 2300 

792 (1) 131; 21; 149; 30; 20; 22 (2) 373 (3) 35; 40; 6; 5; 8; 6 
(4) 126°; 144°; 22°; 18°; 29°; 22° 

793 (5) Few people have these blood types. Few donors are needed. 

2 

887 



888 

PAGE NUMBER PEOPLE AND CULTURE 

803 (1) 12 (2) Prince Edward Island; Northwest Territory 
Yukon Territory; Ontario (4) 80% (5) 33%; .2% 

837 

(3) 
(6a) 
(8) 

(Ia) 
(le) 
(Ila) 
(Ilb) 
7 3 or 

94 km2 (6b) .14 km2 (6c) .05 km2 (6d) .46 km2 

900,000 (9) 1,100,000 (10) Females (11) Less 

AB, BA, BB (Ib) AA, AB, 
16 or 4 x 4; 25 or 5 x 5; 
AAA, AAB, ABA, BBA, BAA, 
33 or 3 x 3 x 3; 43 or 4 

7 x 7 x 7; 12 3 or 12 x 12 

AC, BB, BA, BC, CC, CA, CB; 9 or 3 x 3 
36 or 6 x 6; 49 or 7 x 7; 144 or 12 x 12 
BAB, ABB, BBB; 8 or 2 x 2 x 2 
x 4 x 4; 53 or 5 x 5 x 5; 63 or 6 x 6 x 6; 
x 12 (III) 75 or 7 x 7 x 7 x 7 x 7 

RECREATION 

849 (5) The numbers in the top graph occur about the same number of times 
while the middle sums occur more. 

851 

852 

856 

(6) With one die the chance of rolling any number is about the same, 
With two dice the middle sums have more chances to occur, 

8.8; 7.8; 8.4; 8.1; 8. 45; 7. 2; 9.45; 8. 35; 7. 5; 8.75 

(a) 7.2 (b) 7. 2; (a) 7.5 (b) 7. 5; (a) 7.0 (b) 
(a) 6.8 (b) 6. 8:; (a) 8.1 (b) 8.0; (a) 7,0 (b) 
(a) 8.0 (b) 8.1 (a) 7.3 (b) 7. 5; (a) 7.3 (b) 
(a) 7.3 (b) 7.4 

(1) .5 (2) 
(8) 56.25 
58.75; 50.4 

1.0 (3) 1.0 (4) .5 (5) .5 (6) 0 
(9) 52.0 (10) 55.0 (11) 52.65; 49.2; 

(12) Diver A wins; 268.9 to 263.75 

7. 0; 
6.8; 
7. 2; 

(7) 57.5 
48.0; 52.9; 

( 

( 
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