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1 Natural Numbers

Thenumbers1.2,3 4,5 6,7.8 .. . which we use so often
in our everyday lives are called Natural Numbers because,
it was thought, they had a natural existence, quite inde-
pendent of man They corresponded to something in reality:
two eyes, a brace of pheasants, four legs and so on, where-
as. as we shall see later, it is necessary to invent other
numbers which do not correspond to anything tangible.
Consider for example, ~1; (no-one has ever seen ‘minus
one sheep’). All numbers, however, including our Natural
Numbers, are an abstract concept and it took man a long
time to arrive at a convenient way of representing what he
meant by two, three, four, etc While we may agree that the
Natural Numbers are easier for us 1o understand than the
other numbers we must, nevertheless, bear in mind that
they involve this abstract notion which is still something of
a mystery to us. Yet a very large part of mathematics is built
upon them.

-2
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How on earth_
could we represent -2 ?

In Beginnings @ we were concerned with one-to-one
correspondence, matching and mapping. Even earlier ex-
periences of the young infant were ones concerned with
building a vocabulary such as: many. few, a lot. more than,
less than, from which developed an awareness of both ine-
gualities and equality. Experiences followed in recognising
or becoming aware of ‘twoness’, ‘threeness’, etc.. through
a variety of real situations illustrated by using blocks, bricks,
conkers, shells, rods, and discussion. The child learned to
attach the appropriate number name to a set of objects. All
this is very much the same as man experienced himself in
the development of this abstract concept of number which
he needed to be able to express himself, count and record
his possessions: cattle, sheep and crops. From ‘word
pictures he hitupon the idea of matching the objects of one
set with those of anather, perhaps matching weapons with
men, and from this he was able to see if there were too few
or too many. Very quickly. no doubt, a standard set was
used for matching with a set of real objects and what better
at this stage than his fingers or toes? Larger numbers, of
course. presented a greater difficulty and it was then that
the idea of tallying became a marked step forward: either
notches cut into a piece of wood or knots tied in a piece of
fibre.
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Even though the use of tallying with a model (knots or
notches) as a standard, and a one-to-one correspondence
between the sheep and the notches, was limited, it was still
a big step towards abstract numbers. Man's early concept
of fiveness would no doubt be 1n terms of the number of
fingers on the hand and not the abstract five” This requires
a big intellectual leap. The perceptions of matching and
one-to-one correspondence, and the actions required in
setting up these relationships did not in themselves bring
about the idea of numbers, but they greatly increased the
chanceas of their formation.

We must, therefore, be aware of the corresponding devel
opment in our children. How does a child recognise the
threeness of three? Actions and perceptions are the pre
liminary steps in the acquisition of the concept of Cardinal
Number {(number names). Certain logical ideas have to be
acquired by the child before a real grasp of numbers is
possible; these will come through experience and intuition

The historical development of natural numbers and how
man first began to write them can be fascinating to young
children. A teacher aims to gain a child's interest and uses
this to create a climate for future learning. It is suggested,
therefore, that stories illustrating the development of
natural (or, as they are sometimes called. ‘caunting’) num-
pers be used.

Though no-one is quite clear exactly when people first
began to write numbers, we know that in early days the
signs representing a numeral were merely strokes which
plL)Ddb| represented the fingers of the hand. The word
‘digit’ which is a word we use for each of the numerals 1 to
9 comes from the Latin word 'digitus” finger. Should we be
surprised when chitdren use their fingers to count ?

We have often seen children (and adults) using their fingers
to perform a calculation. As an example: how many more

days of the week are left? If it is now Monday, the child will

call off the names of the days of the week and for each day
he names he will turn down (or bring up) a finger on his
hand:

— > thumb
Wednesday ————>1st finger
Thursday —————> middle finger
Friday ——————> ring finger
Saturday———-> little finger

Tuesday

He knows, therefore, that there are five days left till the end
of the week



The two sets { Tuesday, Wednesday, Thursday. Friday.
Saturday § and { thumb, 1Tst finger, middle finger, ring
finger. little finger ! are in one-to-one correspondence; that
is, corresponding elements can be ‘paired off” (Tuesday.
thumb), (Wednesday, 1st finger) and so on.

If two sets are in one-10-one correspondence they have the
same associated cardinal number. When we count the
number of objects in a set we are using a standard reference
set which itself consists of the names of all the {finite)
cardinal numbers in order (that is, one, two, three, efc.).
When we have matched every object in the set being
counted with members of the reference set (in the standard
order), then the last named member of the reference set is
the name of the cardinal number of the set being counted.

If we think about any particular cardinal number, say
‘three’, then there are an infinite number of sets of abjects
which can be put in one-to-one correspondence with the
number of crasses in the diagram below

and hence each of these sets is 1n one-to-one correspon-
dence with each other, since the property of ‘one-to-one
correspondence’ is transitive.

Similarly, to each cardinal number there corresponds an
infinite family of sets in one-to-one correspondence with
each ather. When we ask "How many ?" or "How many ob-
Jects are there here?” we are really asking which of these
families a given set belongs to.

It is not suggested that children are burdened with these
explanations but merely that the teacher should be aware
that behind these natural developments mathematical rela-
tionships exist.

3

Our early work in the Junior School concerning computa-
tion will be aimed at acquiring an interest in and a real
understanding of Natural Numbers, counting natural num-
bers and also introducing zero, represented by the symbo!
0. 1t is felt that through stories of historical development,
with practical illustrations and applications where possible,
the children will be helped through interest and their natural
curiosity to become aware of our system of notation and
place-value. The need for an organised structure should
also become apparent.

From the Infant School, the young child will be familiar
with the numbers 1 to 9 and will also recognise 10 as a
number, perhaps even 20. 30, 40, etc., but we must realise
that at this stage these are only numbers, and there is little
or no appreciation of place value. So, during these early
stages we shall confine ourselves to an interest in the num-
bers 1 to 10, with perhaps 20, 30, 40, . . . 100 for some
children.

Other Ways of Writing Numbers

Chinese

Thousands of years ago. the Chinese had a method ot
representing numbers by using short pieces of bamboo
which they placed on the ground or, perhaps, on a piece of
board.

This is how they showed their units:

UM TT W
L ees
RRNI
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Assignment:

Get a box of match-sucks or break up some small twigs and make
numbers in the old Chinese way.
‘ Why do you think the Chinese changed the pattern fram 6 1o 9 2 Wiy
l
Babylonian Numerals (Cuneiform or ‘Wedge-shaped")
These were made on slabs of damp clay using a piece of
wood to press the wedge-shaped symbols into the clay
which was then baked or dried in the sun. Their symbols
were even simpler than the Chinese bamboo symbaols

didn't they go on putting sticks ina row ?

1 2 3 4 5 6 7 8 9
ARVAVARVAVAVARVAVAVARVAVAVARVAVAVARVAVAVERVIVAVARVAVAY,
VAV VAVAVRYAVAVARVAVIVARVIVAY,
IVARRVAVARRVAVAV,

10 1 20
3 gAY ag

This way of writing numbers was being used during the
time of King Nebuchadnezzar, nearly 600 vears before the
birth of Christ, when Daniel was put into the lions” den.

I Take same plasticine and with the end of a stick or samething
| welneh will make a mark in the plasticine, set uut the Babylorian
numbers from 1 to 10.

Write. in Babylonian, how many yvears ald yvou are

Roman numerals
The Romans also used strokes to represent their numbers
and their system seems to have been derived from the
fingers and hand.

B Y [
S (O I
oL

1 2

The Rormans then proceeded with VI (6), VII (7}, VI (8),
VI (9). and X (10) as two fives (X)

Extensions of this notation, based on parts of a circle, will
be given at a later stage when bigger numbers and place-
value are fairly well understood.

Briefly, they are: —
M for 1000 from O, or two semi-circles: — Q D

D for 500 from D, a semi-circle (half of 1000)
C for 100 from curved part of semi-circle
L for B0 fram Imwer nart nf semi-rircle \\

One small change in the Roman numerals that we still see
today is that seldom do we find mare than three symbols
together. Four (I111) is now written as [V, one less than five;
VHIT(9) 1s now written as IX {one less than ten) and so on.
Note that | in IV has a different significance from the | in VI,
determined by its position (this is the beginnings of place-
value).

These Roman symbais and the Chinese rod numerals show
that at oné time five was the basis of their counting systems,
almost certainly from the number of fingers on the hand.
Thuswehave:1,2,3, 4.5, and’band1’.'5and 2", '6 and 3,
two 5's, 'two b'sand 1, etc

| I [ Y
Vievikovie i X

(Ask the children where they might have seen these num-
erals, e.g. books, clocks, tomb-stones).



It was then easy to uze both hands and use ten as a base.
Tenis used as a base in nearly every part of the warld today
and we have

1. 2, 3, 4, 5, 6, 7, 8, 9, 10,
10+1, 10+2, 10+3, 10+4, 10+5,
TN N TN N .
10+6, 10+7, 10+8, 10+9, Twotens,
Threetens, Fourtens, Fivetens....

It can perhaps be seen that, from our stories of the efforts of
man in various parts of the world to record number, we are
waorking towards what is a convenient system of notation.
the need for this and place-value, also the idea of a number
base (see below).

Very little practical or mathematical work can be done as
vet in this topic other than of general interest and to help
the child’s perception of the background to our system of
counting numbers.

Make or invent a number system of your own to represent the
numeers Tto 10 [t must be easy and simple to use.
Now see if vou can go on 1o 20

Take some sticks and set out the numerals from 1 to 70 in Roman
Can you take 1 from 4 and leave 57
Can you make five from two?

Can you do the same sort of thing with the Crinese or Babyloman
numerals ?

5

Agamn, is it really true that half of § /s 3, ‘demonstrated’ by
cutting down the middle ?

‘
)
I
'

This sort of activity is not a waste of time, it brings out the
difference between the (abstract) numbers themselves and
the ‘numerals’, or actual marks which represent them.

, e 7 s 3
- 5 B

4 5 6

, L1 [

Summary
We have been concerned with:

1. The historical development of natural numbers for
a) interest and b) a visual perception of the abstract notion
of anumber.

2. The early ‘real life’ notions of sets, matching and
mapping.

3. An awareness of the need for a convenient structure:
notation, place-value, and base.

4. Comparisons between other ways of recording num-
bers and cur own Arabic numerals.



6

2 Thedevelopment of weights and measures

‘Measurement can only be as accurate as the tool used
allows and there are many occasions in everyday life when
extreme accuracy is unnecessary .’

‘Absolute accuracy in measurement, as distinct from count-
ing, is unattainable.’

‘Weights and Measures” will provide children with a variety
of practical experiences, and work with the system of num-
bers 1, 2, 3. .. . can be extracted from these. One of the
main differences between today’s approach in the junior
school and the previous more traditional methods is that
practical work is now used throughout the course and not
in concentrated doses of a few weeks. The previous work
on the historical deveiopment of number and the ideas In
this chapter can be used when the teacher feels it will be
most beneficial; scmetimes, perhaps, using assignment
cards tor group practical work and sometimes with the
whole class for story and discussion. Practical work, how-
ever, will not benefit either teacher or child unless it is pur-
poseful. The work has to be developed and directed by the
teacher in a progressive way according to the requirements
of the child and the facilities available in the schaol. Only
general guidance can be given here

There is nothing to recommend the dubious ability to do
computational ‘'sums’ in weights and measures; the fearn-
ing of tables of length and weight (rods. poles, bushels and
pecks): or ‘reductions up and down' Visual 'vardsticks’
need to be acquired by children first, in order that they may
be able to estimate and deal with real-life situations within
their experience. Later, wé can extend these experiences to
longer distances and larger units using contrived situations,
perhaps, butwe must first ensure that children have a work-
ing knowledge of the units with which they are dealing and
the instruments they are using for measuring; that they can
distinguish between a count (pure number) and a measure-
ment, and can choose the appropriate units for the different
ranges ot measure. It is alsa warth noting that, apart from
f.s. d, more than two successive units are very rarely used

in real situations (e.g. ft, in; st. Ib). This tends to make a
mockery of some of our text-book arithmetics with their
exercises dealing in sums with a heading of:

tons cwi qr st Ib 0z

Length

Farly experiences of length will best be carried out by
children using any sort of measure that suitably comes to
hand — lengths of paper, book-lengths, knitting needles,
match-boxes, strides, spans (hand-breadths) and finger
lengths; something which the child 1s familiar with and
which he understands. We shall, of course, be working to-
wards the need for, and the discovery of, stanaard units.

In the infant school children will have been encouraged to
develop their notions of length through vocabulary and
COMPparisons:

longer than
shorter than
higher ortalter than

near and far

Pieces ot string, ribbon and wood will clearly have been
made shorter if we cut some off and made longer it we join
lengths together. Such experiences have given the child an
understanding cf length: the quality or ‘longness” of lenqth
We are now in the position to be able to extend these ex-
periences towards the understanding of the units of
measurement, and standard tools invalved in this

It is interesting to note that, historically, the earliest
measurements were calculated from parts of the human
body: imb measurements. Many women measure yards of
cloth by stretching the material from the tip of their nose to
the end of the middle finger of the outstretched arm. A
man’s ‘pace’ is roughly ong yard in length, and of course
the word ‘foot” speaks for itself.

This use of the body as a common measure was an Import-
ant step forward in the histary of measurement and 1t has its
origin in visual perception. Therefore, when a child, too,



sees an object for measurement he will match it with some-
thing he knows' his hand or arm, creating a mode! imaqe

e fathom
(approx.6feet)

approx.
i ‘yvard )

|
[
1
I
!
!
i
I

e cubit__y

jA—
5
; span
e CUbIt ; (approx.
(approx. Y2 yard) | 9inches)

(V2 cubit)

4 digits 1 palm
3 palms 1 span

2 spans 1 cubit

4 cubits 1 fathom

These are relationships between the fimb measurements,
and children could be asked to discover such relationships
for themselves.
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Here we can begin to train children to estimate and make an
approximation of the lengths before actually measuring
with them. We can let them discover for themselves just
how approximate measuremeant is anyway, and decide that
we Can never measure anything exactiy.

An ability to make reasonable estimations can only come
from practical work and from first-hand experience of the
aasures being used. A child cannot measure successfully
with unfamiliar units and so we must ensure that measuring
work is a regular part of aur programme with gradual pro-
gression towards finer fimits of accuracy.

-1

I e
Measure your neck, wrist and waist. What will you use to do this?
Howe many wrist measuremerts will go round your neck?
{Estimate first)

surements’ will go round your waist?

How many neck me

(Esumate firat)

See if your measurements are different from your partoer's

These assignments can. of course, be read to the children
and directed by the teacher if reading ability is limited
Further questions can also be developed by the teachere g
‘How many wriist measurements are there in a neck
measurement 7’

Measure the length of the desk using
a Cubits
b Spans
¢. Palms

d Digits

First check with the chart that you know what these are.
Make a rough estimate before you measure.

Which did you find gave you the best measurement ?
Which tock the longestto da?

Vhich two imb measurements would you use 1o give you the best

urement

measurement 7 Write down this meas
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Use the length of your spar (handbreadth), your pace, arm | fraom
albow to firiger-tip), or the length of yvour foot 10 measure
the length and breadth of books
rooms
halls
playgrounds
boards
desks
papers
window panes
doors.

Think aboul the best units 1o use before you measure
Compare yvour results with those of vour partners.

Are they different? Why do vou think this is?

The last two ‘cards” would probably form the basis for
several others. It is not suggested that they be assigned all
atonce.

[ Em : =

Which humarn units would you use 1o measure

the height of a giraffe?

the height of a horse ?

a mouse from nose to tail ?
| the length of your garden?

Write down some more things which you could measure and say

which units yoil would use.

By using human measuring units with various exercises of
this kind a teacher can help children to see that, because
‘human units” vary in different people, there is a need for a
fixed standard unit. Even so, this is not the only value of
using hands, feet and arms: the child is using something
familiar to him (his body). It can be pointed out to children
when we are developing our ideas of measuring length that,
again, we are following the historical development of
measuring units.

In this preparatory work we are, as previously stated, lead-
ing children to recognise the need for standard units; that

we make a measurement by finding out how many times a
given unit 1s contained in this required measurement
According to the work of Professor Piaget, some children
take a long time to reach the operational stage of thought
required to deal with standard units and an increasingly
accurate assessment of measure

There are stages through which a child passes:

1. the use of arbitrary units (whatever is conveniently
chosen — matchboxes, etc.)

2. units that are approximately standard — limb measure-
ments
2

3. the statutory standard units (ft, in)

These stages conform with the historical development of
our system of measurement

Standard Measurements

In the vear A.D 1150 King David of Scotland declared that
the inch was to be the average measure of 'the thumbs of
three men; that is to say, a medium man, and a man of
measurable stature, and a little man. The thumbs are to be
measured at the root of the nail

King David was well aware that imb measurements de-
pended upon the size of the man, and in order to get some
definite length, he decided to take the average width of the
thumbs of three men of different sizes.

In Edward Il's reign a law was passed abolishing all limb
measurements and it was declared that an inch would be
the length of three barley-corns, or grains.

These measurements were, of course, still far from satis-
factory as ‘standards’ and not until the reign of Queen
Victoria was a standard bar of one yard in length decreed to
be kept at the Standards Office in London under the
Weights and Measures Act.
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1>
inch

of Edward 1T

3 barley-corns
placed end to end

— T

Width of thumb
atroot of nail is
King David’s‘inch’

Further details of the historical development of fength will
be given at a later stage in the Guide when we extend the
system tofarger units

These historical facts can provide enjoyable and stimulat-
ing work for junior children in history, English and mathe-
matics. Many children will want to read more of the details
of the History of Measurement and reference should be
made to the many inferesting books contained in the list
onp.67.

When children have been brought to realise how inade-
guate the human measurements usually are, they will then
be ready for work with standard units. It is strongly recom-
mended that lengths of wood or hardboard, or the com-
mercial attractively -produced rulers (without end-pieces or
sub-divisions) be purchased for use. The children can be
given these to use for measuring tasks to be carried out
within the environment of the classroom and school;
lengths to be recorded in whole vards and whole feet (after
estimation). Measurements of lengths drawn on the black-
board or on the floor, or paper pinned to the wall, and
previously measured to an approximate number of vards or
feet by the teacher, can be included in the assignments. A
collection of pieces of wood. string, ropes and a variety of
objects for this kind of measurement can be a very helpful
part of the classrocom equipment. It is also time to introduce
perhiaps the most fascinating measuring instrument to
young children — the trundle or click-wheel. This has a cir-
cumference of one vard and the wheel clicks each time this
measurement is made. For measuring playground and halls
the trundie-wheel is invaluable.
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After practical work using yards and feet children can be
asked to complete tables as suggested below:

| yd ﬁ’. Complete this 1able
Can you explain what you were

3 9 G au use this table to change
g ..... riis to feet ar fert 1o vards?
6 ..
7
8 | ..
9
10 4 .
_____ 33
... | 36
_____ 39
_____ 47

45

It is at this stage that we have passed from the real world
of measurement back to the set of counting numbers. Al-
though the above table is headed 'yd" and 'ft’, it is essenti-
ally one of ordered pairs of numbers (1, 3}, (2, 6), (3, 9)

. . the relation being that in each case the second
number is three times the first. The table can be built up by
successive ‘counting on’ in threes. (Cf. on the following

page).

This relationship is abstracted from the experiences of
measuring. It must be emphasised that when we are using
the natural numbers, even when we are tatking about ‘6 ft’,
we are using a mathematical model/ of the far more compli-
cated real world. (The ‘model” here refers to the use of a
simplified system; it is not, of course, a concrete model.)
We can ta/k of ‘6 ft’, but no-one can exact/y measure 6 ft
(think of using even a very powerful microscope).
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A simple graph can he made illustrating conversion of feet

and yards

A

ot X

8_

ft T

| :

4+

3t X

2_

1+
1 > 4 "

yd

A

I e

9_

8_

#t T

6_

5._

4._

3..

2_

1L
l i 1 1 %
1 2 3 4

yd

With luck the children will notice that the points plotted lie
on a straight line, and the temptation to jain up should not
he resisted. The discovery of zero ('07) can be made, (the
count-down '3, 2, 1. zeto’ 1s guite possibly part of their
vocabulary anyway), and it would be unreasonable f O ft
did not correspond to O yd.

But care is needed. It is dangerous to pretend that ¢hildren
at this stage can properly interpret the intervals in betweer
Oand 1.1 and 2, and sn on Itis far too early to consider sets
of numbers otherthan | 1,2, 3, .. |, (with zero sometimes
being adjoined to them). Joining up to form the straight
[ine can, however, be interpreted intuitively, e g.

a. Alength just less than 6 ft will also surely be just fess
than 2 yd.

bh. "About halfway between 2 yd and 3 yd corresponds to
about halfway between 7 ft and 8 ft'.

It would be quite wrong to try 1o squeeze more out of the
graph at this stage, for example, to dabble in decirnals. The
need for new sets of numbers will anse naturally later, as
will the method of introducing them.

A home-made ‘converter is also good experience leading
towards the table of 3's

YARDS
o) 1 2 3 4 S
1 2 3 4 5 6 7 8 9 101 12 13 14 15

FEET

Following the above expeariences childien will anyway be

come dissatisfied with rulers that will only give them
measurements in feet and vards. They will want to find the
length of the "bits and pieces’ which are left over at the = nd

This 1s the time to make the inch rulers available (without
other sub-divisions if possible). Some foot and vard rulers,
now with inch divisions, will also be helpful at this stage. It
ts good experience for children if they are now askedd 1o
record their error after estimation and also to rexord
measurements in more than one way, e g.

2vd Mftor 7t Tt 6inor 18



Write down alt the things in the room that yoo think are about 1 oot

inlength Record ke this

Error

Measured length
(to nearest inch)

Objects estimated
(to nearest inch)

as 1foot fong

window pane 9 inches 3 inches

How mony teel are there in one yvard 7
Write down how you found out.
Haowe long is one of your strides ? (1o the nearest inch).

Mark out one vard on the floor. How much shorter than a vard is one
1.

of your strides (1o the nearest ine

Measure the length of the classroom by striding. Now use a ruler

{which one?) and wark out your error

From the following table it will be observed that a good
deal of computation is necessary to convert from one unit
to another.

Object Estimate | Measurement | Error
(to nearest unit)
normally expressed
n two ways
Length of desk 5ft 5ft 9in or 69in | Qin
Lengthof teachers table | 4ft 3ft6inor42in | 6in
Width of table 3ft 2ft 3inor 27in | 9in
Length of corridor 30vyd 45 yd ®yd
Width of corridor 10 yd 10ft or 3yd 1ft | 20ft
Length of book-shelf 5ft 5ftor 1yd 2ft | —
Width of book-shelf 11t 11t 6in Sin
Height of book-shelf | 3ft 3ft 6inor lyd6in| 6in
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Further practical work with yards, feet and inches

Estimation

Can you say, roughly, without measuring, what are the lengths

and the heights of the following ?
a. the classroom door
b yourown height

the length of vour stride or pace

(¢}

your teacher’s haight

the length and trreadth of your exercise book

~ @ QO

the distance round a tennis ball

—

v to find
1. something that s approximately ane vard lang

something that s approximately one inch long

[OP I ]

the distance round a teriris ball

When yvou have estimatad. measure and check, to the nearast unit.
What did yvou use to check the measurement of the tennis hall ?

Show vour teacher how vou did this.

Feet and Inches
You will need a tape measure and some foot rulers {without end
pieceas)

Pin the tape measure out straight cn a table or on the wallboard

How many inches long 15 the tape measure ?
,

PR PP ENEETEY YT I YT Y

h
0
i

[ foot ruler 1 1Qinis 1ﬂ; 7in

W you choose 18 inches on the tape measure. how many feet and

' inches is this 7 Use your ruler to help you

l

Nowe fingd out how many feet and inches these are
20 inches, 30 inches. 24 inches, 36 inches. 48 inches, 42 nches,

32 nches, 21 inches. 33 inches. 45 inches.
| How much longer than two feet is: 25 inches, 27 inches, 30 inches?

Haow much sharter than two feet is: 18 inches, 23 inches. 15inches?
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When we measure length or height we are really matching
the object in question against a standard unit and this en
ablesus tosay ‘Aslongas . units (vards. feet or inches)
In fact when a child measures the length of an object with
his ruler and then draws & line to represent that length he is
really matching twice (ruler to object, length of line to
ruler.)

ruler

tin lid

When experiments by Piaget were carried out with young
children it was observed that even though they seemed to
appreciate the conservation of length when objects to be
measured were placed in a straight line, this did not neces-
sarily imply that they had a complete understanding of
measurement. When objects were rearranged in curved or
zig-zag lines, some children were not so certain. With
young juniors, therefore, we give many experiences of
curved, round, and zig-zag measurements. Here the child
will need an intermediate model of the object he is measur-
ing — in measuring round a tin lid he will take a plece of
string or a tape measure to acquire the appropriate length
and then match this in turn against his ruler.

Calipers can be introduced to children at this stage for
measuring diameters of tin ids, balls and cylinders; alterna-
tively they can be placed between two blocks.

Suggestions for Practical work

Get a large piece of paper and draw lines shaped like these,
much bigger of course, using a felt pen. When vou have
done this, measure them. Think how you are going to do
this, and don’t forget to estimate first.

¢
What s the length of vour foot ?
Draw round it on o peace of paper like this

| Oraw round some other children’s feet Try tocfing the lor

test in tha class

Now, if aman’s footis a foot lang. approximately. how much
shorter1s yours ?

|

|

I How much shorter than a man’s foots the Jength of the lungest foot

| intheclass?

‘ Haw much shorter is the length of the shartest foot in the ¢lass ?

| Vilhat 1s the distance all the way round your too1 ? Compare this vath

cour partner’s foot

Do three of yvour foot-lengths caome to about the same as one of
¥ o

ot stoges ?




1. Drawaline {without using o ruler) which you think is about an
inch fong. Now measure it and see how far out you were.

2. Nowe draw lines {again without using a ruler) which you think
are: 2 inlong. 3 inlong. 6 in long. Now check these with a ruler and
record how much too tong or too short you were. e.qg.

2mn

My dine s about } inch too long

3. Now draw curved, round or zig-zag lines which you think are

wately 6 in long

NNNVNVN

How are vou going 1o check these ?

4. Draw any lines which you think are ghout a foot in length,
What other way can you write ‘a oot long ?

Find as many round vbjects a5 you can and see it you can measure
the distance round them to the nearest inch. (tins and tin-lids, balls
and buckets — top and hottom.)

Make a list of these and record your measurements against each.
Don’t forget to have a good guess first,

Can you measure the longest distance across the circular shapes?
Haoww will vou do this ?

Get the calipers and see if you can find out how to use them and
find this measurement, which i1s called the drameter.
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By means of gradual experience of the standard units of
measurement required to measure, the children will no
doubt ultimately arrive at fractional parts, when they feel
they want to be even more precise with their measuring.
We can now introduce the foot rulers with sub-divisions of
half and quarter inches. Halves and quarters are cantained
in a child’s vocabulary almost as soon as he begins to use
other number names: a half of a piece of chocolate, a
quarter pound of sweets, half-past four, etc. These may be
merely waords to the child, so far, but, from his experiences
in measurement (and weight and capacity) he can begin to
appreciate the meaning of a fractional part. Children are apt
to become confused when introduced to fractions through
blackboard illustrations and diagrams. We shall therefore,
deal with fractions as natural parts of a whole unit and
certainly not labour them at this stage.

[t must be emphasised that just as no-one has ever exact/y
measured 6 ft (ct. p.Y), so no-one has ever measured
exactly 2% inches, orindeed % Ib sweets. We are using frac-
tions here (and certainly only at most £, & 2, £ should be
introduced in this way) as approximations, as in the rulfe.
‘The fair way to divide a cake into two is for Jack to cut it
and then Jill to choose which is the bigger half".

We probably cannot (and possibly don't want to!) avoid
this loose use of fractions in measurement, but we must
constantly point out that we are not being precise. For ex-
ample "1lb tea’ balances against a 3lb weight; it will appear
to balance just as well if a few extra leaves are added.

When dealing with numbers, 1% will mean precisely that
number but this is a much later stage. When dealing with
measurements, we shall as soon as possible use decimals,
so that we can show clearly the degree of accuracy to
which we are working. This will involve an extension of the
number system (cf. the sequel @ ).

At the present stage ‘%", ‘%", ‘%" are used colloquially. not as
numbers at all but in connection with a rough way of
describing measurements. There can, of course, be no
guestion of ‘adding’ them under these circumstances.
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Suggested Practical Work

Measure the cards marked L1 to L6. You will need a ruler with
halves and quarters. Find the length. breadth or width. and recaord
vour results in your book like this: (Estimate first to the nearest inch )

Card Length Width
Estimated |Measured | Difference |Estimated|Measured |Difference
1
2
3

Which card is the longest?
Which is the shortest?

P1 P2

P3

P4

( Get the cards marked P1 1o P6. You will notice that these

shapes are irregular.

Measure the distance all the way round the edges. This is called the
perimeter. Have a good guess first to the nearest inch. Fecord your
measurements, 10 the nearest half-inch, and then answer this
question:

Which has the longest perimeter?

Some of the ‘shapes’ in the above assignment might look
like these.

Measuring Heights
Measure your own height or e class heights ruler - Get someone

to help you to do this.
Now measure your partner’'s height.
Who is the tallest in the class ? Who is the shortest ?

Whatis the difference in heights between each pair of you ? (Make a

record of all this information.)
How much will vau have to grow before you are about 6 ft tall ?

If you and your partner stood on each athers heads how tall vwould
you both be then?

Goliath’s height was said to be 6 cubits and a'span. What is this in
our units of measurement?

Draw a line on the floor to represent Goliath's height. Then, next to
it draww a line to represent your height. Is there much difference ?

What is this difference? {Record the rneasurement in two ways,
perhaps three )

Have you ever seen anyone as tall as Goliath ? Can you think of
anything about as tall as Goliath?

Could he get through your classroom door without bending down ?
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Table of feet and inches

|
|
\
|

—
| | feet |inches
) ; 1224 Complete this table as vou did for
! 3 vards and feet. What are vou
, 2 doing each time?
5
1
‘ 6
I 7
S S R (e
8 | ...
N =T

The Egyptians used human measurements as yvou can read in the
Bible.

( When they made a building they measurad in cubits, fathoms, spans.

elc.
| Imagine that you are an ancient Egyptian.

If'a doorway into one of your Pyramids is 4 fathoms high, about how
many feetis this?

A statue is b cubits high. Approximately how many feetis this?

If one of your ships needs a depth of 30 feet to float and the depth of

the water in your harbour is © fathoms, can vou bring the ship into
the harbour?

(Find out fram the chart if you cannot remember what cubits, etc.

L are in our measurements. )

Summary

The approximate nature of measurement.

An indication of how computation can, nevertheless, be
derived from practical work.

The historical development of fength.

The need for standard units.

Viocabulary: length, breadth, width, depth. circumference.
diameter, perimeter, height, distance. names of units.
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Weight

Weight is the foice uue to gravity. This is not such an eas,
concept as might be supposed — though young children
will no doubt have heard of ‘weightlessness’ in space, it is
doubtful if they really understand what it is all about.

The young child’s first experiences of weight have been
outlined in Beginnings Y .

We must again point out to chitdren that the measurement
of weight is something which cannot be absolutely
accurate. We have to work to the most appropriate approxi-
mation. Regular insistence upon ‘estimate first” will help
this idea. It will also foster real familiarity with units of
weight: the ability to choose and work with a sensible unit
being an important aspect of measurement.

The following is an experience witnessed in a junior
school:

A group of small children were engaged in weighing
activities. This particular group were finding how many 1 oz
weights balanced a 2 Ib weight. The children found that 33
ounce-weights made the balance. They were then asked to
change the weights from one pan to another and see what
happened. This time 31 ounce-weights balanced the 2 Ib
weight. This could be embarrassing for the teacher who
had too much faith in the balance and the weights. The
‘ounce-weights’ themselves will not weigh exactly the
same (even if their markings suggest this), but grosser
errors are probably due to the point of balance not being
central. The most likely explanation of the paradox just
quotedis as follows.
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The ‘law of the see-saw’ is iliustrated below.

2 3
If the arms are 2 in, 3 in long and the weights in the pans
respectively those of 30 0z and 20 oz, they would "balance’,
since 30x2=20x3 (this is the principle of the 'equaliser’,

p.41 below; we are assuming here that the arms themselves
and scale-pans are of negligible weight).

Now with the same balances (faulty because the point of
balance is not at the centre) if the 30 oz weight were trans-
fered to the other side, it would now balance not with the
20 any longer butwith 45, since

2 3

A

45x2 = 30x%3

If a balance is faulty in this way, no amount of tinkering
about with plasticine etc. in one pan will make it more
reliable.

I/t is therefore necessary for the point of balance to be at the
centre. Of course if the scale pans were then not of the same
weight, a piece of plasticine could be put on one to rectfy
this

In early civilisations men no doubt picked up cbjects and
used their ‘'muscle-sense’ to estimate weight. It is probable
that simple balances and early types of steel-yard were

then devised Stones or pieces of metal of convenient size
would no doubt be used as weights. Children will readily
see the connection between these early ‘weights” and our
unit of weight called a 'stone’.

Early ‘weights” often had the same name as units of money
and capacity (pound, bushel and peck). Some earty English
records gave weights not only in |bs 0zs but in shillings.

There were also two systems of weight in most countries:
one for goods and one for precious metals. We know this
to be true of our own land: Avoirdupois and Troy. These
two systems were in use until, almost 100 years ago, it was
declared that Troy should be used for precious metals and
drugs only. By this time the pound (Avoirdupois) had been
fixed at 16 oz; the cwi which had been 100 ib (and stillisin
America) was fixed at 112 |b and the stone at 14 |b. Addi-
tions had been made to allow for discrepancies (an ex-
ample of the approximation of weight).

Children are often puzzled as to why a Aundredweight is
112 Ib and not 100 Ib. The ‘make-weight’ of 12 Ib should,
therefore, be explained. From this we can then point out
the ‘halving” process from which we derived our other
‘weights’: Otherwise, 28 Ib and 14 Ib seem impractical.

1 cwtwas fixedat1121b
561b (¥ 0of112)
1 quarter was then 28 1b (3 of b6)
141b (3 of 28)

L cwtwas then

1 stone was then

Young children acquire their early concepts of weight by
picking up objects and using their ‘'muscle-sense’ to feel
the gravitational pull. From these experiences they begin to
understand what is meant by ‘heavy” and “light’, "heavier’
and ‘lighter than".

From experiences through ‘'muscle-sense” we can then pro-
ceed to the use of simple balance-scales. Initially, the child
can weigh and find out the heavier or lighter, heaviest and
lightest, objects by balancing cne against the other.



[tis noticeable that, at fust, children are concerned with the
substance of an object, and its size. They tend to think that
the greater amount or the bigger the object, the heavier itis.
itis a good idea, therefore, 10 have a variety of heavy and
light materials with which children can experiment:

sand. shells. nails, beads, washers, nuts, conkers, flour, soil
—and water.

From experience with these materials and objects we shall
be giving children an cpportunity to learn that only a small
amount of orie substance is sometimes sufficient to balance
a far greater amount of another. A good example would be:
A farge packet of corn-flakes and a bag of sugar.

After this kind of experience we can build up the need for
standard units of weight as we did for length.

Suggestions for Practical Work
Example 1

You will reed the

Hance-scales and the boxes of weighing

materials Before weighing, estimare first

1. How many peas weigh about the same a3 § conbers?

2. How many nails weigh about the same as a cupful of sand?
3. How many peas weigh about the same as a cupful of sand?
4 Which is the heavier a cupful of peas or a cupful of sand?

vo materials. Record what you find out

5. Weigh and compare any
inyour Weight Book’

When you have weighed and compared all the materials. can you

(o))

say’
Which is the heaviest?
Which is the lightest ?
Howv did vou discover this ? Write it dawn.

7. Which material would be the best 1 use as a ‘standacd’ of

/

measurement? {Talk to your teacher about this)
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Much benefit can be derived from discussion with children
about the various materials and how they can find out the
best ‘unit’ to use for recording their measurement of
welght. e g.

We will use one material to use as a ‘'weight' so that we can
balance the others against it. Which do you think will be the
most convenient?

Why have vou chosen the . ?
Why not use soil 2

Why do vou need the cup?

Example 2

Five tins (or parcels) marked by colour, or A, B, C, D, £ are
made 10 weigh differently eg. 4, 8 6, 12 and 16 oz
respectively.

1. Take each parcel in turn and estzmate which you think is the

heaviest, next heaviest and so on

Record like this —

Parcel —————is the heaviest.

Parcel————————js the next heaviest
and soonuntil

Parcel s the lightest

2. Now use the balance scales and. without using weights, find
which is the heaviest, next heaviest .. lightest.
Write them down in order

Show your teacher how you found this out.

3. Check with your estimations.
Were you right?
Can vou find two parcels which weigh as much as the heaviest

parcel?
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It will be noticed that for nearly every assignment
suggested there Is an instruction to the children: "‘Show
your teacher how you found this out” or ‘Discuss this ques-
tion with your teacher’. This is a deliberate invitation to the
children to discuss things with the teacher: a most valuable
part of the assignment. It then provides an opportunity for
the teacher to assess progress and understanding, before
the children proceed any further.

Example 3 (For the craft lesson or at home)

Try ta make a weighing machine of your awn using a plece of wood
{about the size of a ruler), some string and twa tin lids. You will also
need a hook (a butcher’s hook) made from wire. To make a good

i balance, the ‘arms” must be equal

It should look something like this: —

Use plasticine to make 1t "halance’ If the scale pans are not af the

same welghl

When the need has been felt for standard weights it is a
good idea to begin with the 1 Ib weight since it is the basic
standard unit of our system of ‘weights’. Children can be
given assignments which will familiarise them with this unit:

Example 4.
| Usethe scales and a 1 I weight. Find as many things as you can
‘ which you think weigh approximately 1 1b

Make a list and say if yvou were about right ar not. You can record

this as follows
Exercise b_ook
Reading book
\ Tin of peas
|

|

\

more than 1Ib

Tin of nails

Tin of sand
| case —————= less than 1lb

Penm/
Ruler

approximately Tib

ar ke this

{
| Tin of nails Exercise booa
Tin of sand Pencil
in o Reading book encil case
] Ruler
Tin of peas
Block of wood
| \
| over ] \ e 7]

lapproximately 11b]

Here we have taken a set of objects, Exercise book, read-
ing book, tin of peas, tin of nails, tin of sand, pencil case,
ruler  and partitioned it into three sub-sets (cf. Begin-
nings @ ), those ‘over 1 |b’, those ‘approximately 1 Ib in
weight” and those ‘under 1 |b’".



A partition establishes an equivalence relation, in this case
Is in the same category as. It will be recalled (Beginnings
V ) that an equivalence relation has three properties:

i. Reflexive

The reading book is in the same category as itself (i.e.
‘approximately 1 Ib in weight').

il. Symmetric

/f we know that reading book is in the same category as tin

of peas, then we know that tin of peas is in the same cate-
gory as reading book.

iii. Transitive

/f we know that reading book is in the same category as tin

of peas and also that tin of peas is in the same category as
block of wood, then we know that reading book is in the
same category as block of wood.

But we must specify more carefully what is meant by
‘approximately 1 b in weight'. For example, the exercise
book is in the same category as the ruler: they are both
‘approximately 1 b in weight’, in the sense that they are
both within one ounce, say, of one pound; they are not
necessarily within one ounce of each other. The partition
hereis 15 0z orless” ‘between 15 and 17 0z’ 17 oz armore’.

Hence it is proper to infer from
1. the reading book is in the same weight category as the
tin of peas, and

2. the tin of peas is in the same weight category as the
block of wood, that

3. the reading book is in the same weight category as the
block of wood,

provided that we keep the same meaning and classification
for ‘is in the same weight category as’, i.e. ‘they are both
within one ounce of 1 1b’".

The phrase ‘weighs approximately the same as’ is usually
used differently: for instance, we could use it to mean that
two objects differ in weight by less than one ounce. Now
this does not establish a partition and hence is not an
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equivalence relation. We must not infer from
1. apenny (% 0z) weighs approximately the same as these
sweets (1 oz) and

2. these sweets weigh approximately the same as an ink
bottle (1% oz) that

3. a penny weighs approximately the same as an ink
bottle. .

for the difference in weight between the penny and the ink
bottle is more than one ounce. If we were silly enough to do
this, we might just as well go on and on, choosing objects
such that each was less than one ounce heavier than the
previous one, and eventually misuse the transitive property
to obtain ‘a penny weighs approximately the same as an
elephant.’

The children could also record their information like this:—

about 1lb | under 1b
N

e
{ over 1lb
I

Exercise book

—
—

;. Reading book
Tin of peas
Tin of nails v
Tin of sand v
| Pencil case v
Ruler gl

Now write down a bst of things which y

DU know are sold In

pounds. e.qg. apples.
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From their weighing experiences children need to see for
themselves that 16 of their ounces just about balance 1 Ib,
depending upon the accuracy of the apparatus. Then,
having discussed this, we can abstract the mathematical
correspondence

Ib oz
1 16
2 32

After their experiences with the 1 b weight the children
will fee! the need for a smaller unit. We can now introduce
the ounce weights. There should be a number of these
available for children to weigh in ounces Let them use a
variety of objects and materials as hefore. Recording in lbs
and ozs. and in ounces should be encouraged e.g. 1 1b 4 oz
or 200z

Example b

Make a list of things which you think weigh about 1 ounce. Check by

weighing and record. Usé mare than one way 1o record your

thacovenes, 6.9

.
about Toz | more than

less than
1: Fountain pen ( X
' Pencit X ‘
Conker | X

| e 1

¢ \ Y /
/ \ /
/ \ }

[Jess then \

. Y
| ebout 1oz |

When introducing children to the fractional parts of the
pound weight it is best that they should he allowed to dis-
cover the relationship, between these and ounces for them-
selves. These facts canberecordedintheir Book of Weight'.
Useful assignments using the 2 oz, & Ib and L Ib weights
can then follow:

Example 6

You will need a pair of balance scales. On one side you can use any

weights yvou please butl aon the other side you can anly choose from

this set

lToz, 20z Ltlh L1b and 1 |b

Farexample to weigh or balance 11b 12 oz inone pan you would

need o usathe 1 1b, 4 b, and & lb, from the given set. in the other
pan.
Now see if you can complete the following

balances

9oz ———> Y2 Ip and 1oz
50z ———> Yalpand 1oz
120z ————>
1830z ——>
To7z——>

1b 80z ———>

1b 1oz ———>

b 502 ———>

"o 70z —>

1lb 90z ——>

b 30z ———>




Example 7

A further useful experience for children is to use the spring-
balance. Elastic bands or springs can be calibrated by
hanging the spring or elastic band over a nail fixed in the
wall To the lower end can be attached various weights. If a
piece of white card is placed behind the spring, its position,
when stretched by a particular weight, can be marked

o Agraphcanbeplotted from
K the children’s discoveries,
using strips of gummed
paper to mark the length of
stretch. This paperlength
start can then be transferred
r‘ .
-_rjf*““—"_“ direct to the graph.
[}
1
S . . doz
| 20z
4oz

Practical experience which will link up with number bases
can be carried out with the set of weights previously given
for a weighing assignment. (See Example 6)

Example 8

' You wifl need the f)hr_mmg set of weights: — 11b, B oz, 4 07. 2 vz,
\ 1 o0z. Put these weights in order of size beginning with the heaviest

I ontheleftie

(I @

Make a drawing like thig in your ‘Weight Book'

Underneath each. write the number of ounces in each weight.
Answer these questions

1. How many 1 oz weights balance the 2 oz weight?

2. How many 2 0z weights balasnce the 4 02 weight?

3. How many 4 oz weights balance the 8 oz weight?

4. How many 8 oz weights balance the 1 1b welght ?

Do you think you could make some & 0z and %oz ‘'weights’ out of

" plasticine. using only the scales and 1 0z ‘weights’ 1o help vou?

Teachers will see that here is an example of the binary scale:
{Cf. Number Bases)

16 8 4 2 1
2% 28 22 2!

(It will be recalled that

2% means 2

22 means 2 x2
23 means 2x2x2

2% means 2x2x2x2)
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Some interesting recording using binary notation can he
carried out as follows:

Make up some parcels, each weighing a number of cunces
or 1 Ib and a number of ounces. Ask the children to weigh
the parcels and record the number of weights used e.g.

1 0

Parcel A(20z) (1usedone
20z weight)
Parcel B(4oz) 1 0 0 (lusedone
4oz weight)
Parcel C(80z2) 1 0 0 O andsoon
Parcel D(120z) 11 0 O
Parcel E(2002) 1 O 1 0O O
Example 9 Complete the following table.
—_— e e —
l‘ ] ] When the teacher has checked
\ Weight inib Welght Inoz this with you. make a graph to
| show the relationship
‘\ 1 16
2
3
. 64
. 80

Example 10
Can you estimate the following ?

1. Theweight of a brick.

2. Theweightof 3 peanies.

3 Theweightofanegg

4 Theweightof a pint of water
5 Your oo wainht

| ofron ? (Careful),

If wvou only had a pair of s¢ales but no w

could you weigh "about a pound” of so

Example 11

Weigh 6 pennies on a scale then complete the following:.

6 pennies weigh approximately oz
12 pennies weigh approximately  ozor b oz
24 pennies weigh approximately  ozor b az

Howe many pennies will weigh approximately 1 1b7?

Which is heavier. 10 pennies or a § Ibweight?

Summary

There seems to be little virtue in proceeding often beyond ib
and oz at such an early stage. However, an obvious activity
for young children is to weigh themselves, thus involving
stones and Ib. This can be done using bathroom-type
scales. The emphasis should still be on pounds and a con-
version table for converting stones to Ib could be made. It is
thought inadvisable to do much more than this.

In this section we have made reference to: —

the historical development of weight.

the child’s concept of weight.

the approximation of weight.

standard units of weight.

application of numbers to weight (number bases and
‘tables’)

®a0 0w
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f. differentways of recording.

g. vocabulary: gravity, heavier, heaviest, lighter, lightest,
ounce. pound, stone, balance, scales, names of materials
weight.

Capacity

There are strong links between liquid capacity, other
measures of volume, and weight, These connections are
usually bevond children of the early junior schoo! years but
reference should be made to wark concerned with cubic
measurement and 30D containers in Shape and Size §

Formal processes (four rules” of gal. gt. pt.) are out of
place. We must provide yvoung children with practical
experiences from which they can consolidate their acquisi-
tion of the principle of invariance e.g. under certain circum-
stances a quantity remains unchanged whether close to-
gether or spread apart. In the case of liguid measurement
(capacity). the amount ot liguid in a tall, narrow glass is the
same asifitis poured into a short, wide glass.

Unforiunately, a measure of liquid volume is difficult to
approximate. The eye is not a trustworthy guide to guantity.
Capacity is measured, as in length, by another kind of
matching operation: a visual comparison with a standard
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unit. but it is much more difficult to see. We can help
children here if we make use of transparent containers
wherever possible. We must provide vessels or containers
of alt kinds, 1o be filled with water or sand, and compared
inguantity.

We can again point out, though it is almost certain that they
will readily find out themselves, that this measurement also,
can only be an approximate cne. After trying to fill one or
twao containers to the brim, this should be quite obvious.

The need for standard units can then be built up after
practical work of the following nature.

Example 1

You vl need the liguid contaimers (Jugs. cans, bucket, etc ) and the
funnel Use the funnel to avoid spilling the water
Find out and record in youwr Capacity Book: —

Moy many cupfuls fill the jug.

How many spoonfuls il the cup

How many jugfuls fill the bucket

Howw many table-spoonfuls fill the medicine bottle

How many tea-spoonfuls fill the medicine bottle

Example 2

You will need the spoons and a jug of water, also the medicine-

botttes.

How many tea-spoonfuls of water are approximately the same as a

dessert-spoanful ?

How many desszert-spoonfuls of water are approxmately the same

as atable-spoonful ?

How many tea-spoonfuls of water are approximately the sarme as a

rable-spaanful?

small medicine-bottle lagt vou ?

|
L if the doctor ordered "3 easpoonstul a day’, how long would the
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Example 3

Example 4

Fill all the containers with sand or water and discover the capacity of
each. Then record their order (which holds the most, next,
least)

Now try to make a table for these:
2 cuptuls fill 1 jam-jar.
3jam-jarstill 1 jug —

andsoon

Why can’twe use ‘tables’ like this?

The children have been answering the question 'How
much?’ in cupfuls, jugfuls and spoonfuls. We can now
proceed to obtain real familiarity with vessels holding a
pint, 2 pint, quart, and gallon. Cans, bottles, buckets and
jugs can now be filled using the standard measures. The
only convincing way to show what a bucket holds is to let
the child fill it and record for himself. Though quarts are
seldom used these days it is valuable to let children discover
that a quartis a quarter of 1 gallon.

The word ga/lon was derived from the French ‘galon’ mean-
ing ‘a bowl!". It was used for liguid measure (oil) and dry
measure (grain).

The following illustrates the connection between weight
and capacity:

‘1 gal measure is that which halds 10 b of water at 62° F'.
"1 gal of corn weighs 81b'"

‘The Babylonian 7alent was the weight of 1 cu ft of water”.

You will need the set of liguid measures:

1 gallon. 5 gallon, quart, pint. 5 pint, gill

Arrange these measures in order of size. staring with the smallest
Write them down.

Estimate first, then record:
How many pints can | pour into 1 guart?

How many pints can | pour into 1 gallon?
How many quarts can | pourinto 1 gallon ?
How many % pintscan | pourinto 1 quart?
How many 7 pints can | pour into 1 galion ?
How many gills can | pour into 1 pint?
How do you think the guart got its name ?

If vou pour 3 pints into the gallon measure, how many more pints
would you need to fill it ?

Can you write out a table for these measures ?

NB. Inthe North of England a gill is often considered to be
L pint but the statutory measurement is % pint.

It must be emphasised that the number of pints in a quart
(etc.) is exact in a theoretical table; when actually measur-
ing. there will be inaccuracies, within the measuring instru-
ments themselves, let alone spilling and the impossibility of
precise definition of “full”.

Example 5

Write down, in your "Capacity Book” all those things which you
know are usually sold in pints or gallons e.g.

Pints Gallons

Milk Petrol

There are some "dry’ things as well, which are sold in pints.
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Young children should be encouraged to experiment and
find out something about the approximate capacities of
familiar vessels, eg. kettles, tea-pots, liquid-soap con-
tainers, watering-cans, lemonade bottles.

Doubling and halving are apparent in our tables of
measures.

When arranging the measures in order children can be
asked to record so that this progression becomes more
obvious:

gill 1 pint 1 pint 1 quart 1 galion 1 gallon

1 2 4 3

bl=
haj—

fn the section dealing with "Weight” an ilustration of the
binary scale was given:

1ib b +1b 2 07 10z
16 8 4 2 1
24 23 22 21
The doubling or halving process was also given for
112 1b 56 b 281b 141b

{1 cwt) (% cwt) (1 qr) (1 stone)

We can help children’s awareness of certain relationships
through these examples.

Example 6

You will need a bucket of water and the measuring cans.

1. How many quarts fill the gallon can 2

2. How many gitls Hill the pint can?

3. How marny 4 pints fill the guartcan?

4. How many quarts does the bucket hold?
l 5. How many pints is this ?

6. How many bucketstul of water would you need 1 fill a bath

holding approximately 20 gallons?
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From the last example the teacher can take advantage of
the situation to ‘build’ for tables by counting onin 2's, 4's,
and 8'se.qg.

gal: 1 2 3 4 5 6 .
gt: 4 8 12 16 20 24 .
gt 1 2 3 4 b 6 ...
pt: 2 4 6 g8 10 12 . .
gal: 1 2 3 4 5 6 .
pt: 8 16 24 32 40 48 . ..
Example 7

Take a pint bottle and fill it with water. Carefully pour the water
from the pint bottle into a school milk-baottle. Empty the school

borttle when full and repeat this until the pint bottle is empty
How many school mitk-bottles can you Hll from the pint bottle?

Can you give ancther word ysed for the school milk-bottle (partof a
pint) ? Discuss this with your teacher, ther werite it down inwords

and as a number.

How many school mifk-hottles could you fil if you had —
a apintof mik

b aquartof milk

c. agallon of mitk?

Record your information, then

complete this table: —

Number of
/3 pints

3

pints

How far can vou go?

12

OO NWD

21
24

veer

B ¥
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The school milk-bottle is an obvious ‘classroom measure’
but has little other practical value than has so far been
illustrated: as a fractional part with which the children are
so familiar and so it can help in the table of 3’s.

The following graph shows the relationship between
measures and pints. Once again although the points are
joined to show that they lie on aline, only an intuitive inter-
pretation can be placed on the ‘bits in between’ cf. p. 10.
e o

Number of pints
"

/
s
] . /
/
/
73 IO »
1 ///
/
/
T S
/
1/2'1—* ------ l
/4_._.
git| tot 1at Vogal o
fat Measures

It may be instructive to look at this second graph (cf. "Care
needed . . . Pictorial Representation B ).

Numberof pints
D

Yo
gll  %2pt pt 1t ‘Yegal 4gal
Measures
Here the measures ‘gill’, "% pint’, etc., are equally spaced

along the horizontal axis although successive measures
increase by a factor of 2. Joining the points plotted now
produces a curve and interpretation of the ‘bits in between’
becomes even more hazardous.
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Summary

Capacity as a liguid and dry measure.

Its connection with weight and other volume.
Familiarity with containers of different cross-section.
The need for standard units.

Practical experiences using gal, gt. pt, etc.
‘Doubling” and 'halving’ relationships.
Building up 'tables: 2's, 3's, 4's, 8's.
Vocabulary:

names of standard units

names of containers

capacity.
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3 Counting —towards addition

Much early mathematical experience is concerned with
counting: ones, shillings, conkers, people .. .., infactcount-
ing the number of elements in a certain set.

Qgg
>

The number of bricks in this set is b. (It would be quite
wrong to say ‘The set equals b, as the set is made up of
bricks as its elements and of course b is an abstract
concept).

We shall now be concerned with economy of effort in
counting various collections and this will lead on to con-
sidering operations such as addition and relationships be-
tween numbers.

The earliest mathematical experiences of young children
are nearly all based on matching and comparison and they
may well meet ‘subtraction” and ’division’, and certainly
inequalities, before the operation of addition traditionally
done first. They compare their belongings: "I've got more
than you'. They match objects to discover ‘more than” and
‘less than” and use the same matching operation when set-
ting the table or sharing things. However, at this stage, it is
unlikely that young children would record their early ex-
periences in the symbolism or short-hand of mathematics
and it is undesirable that they should. It will be done verb-
ally or in very simple written English.

We must also remember that the four operations are very
closely linked: subtraction is the inverse of addition; division
the inverse of multiplication. In the early stages children

‘subtract’ by adding on and before they can multiply they
employ successive addition; for division they keep on ‘tak-
ing away’. This is all part of their experiences and it is arti-
ficial to start with one operation and follow with the others
in a particular order. However, when we come to develop-
ing the structure of mathematics we shall start with the
usual "addition” operation.

The aim in this part of the guide is to give some ideas on
number work: pattern, relationships, operations and
properties. The children will, it is hoped be meeting the
majority of their number work through practical experi-
ences in real situations, using weights and measures, pic-
torial representations and shapes. The underlying structure
and patterns of the numbers themselves will gradually be
abstracted from this experience.

Counting on and back. Use of the Number-Strip

In order to practise computation in an efficient manner,
chitdren must be able to ‘count on’, not just in ones, but in
10's, 2's, b's, 9's, etc. Many children are made to do
‘'mechanical” arithmetic with large numbers long before
they can count efficiently and this is probably the cause of
much of the dislike for mathematics. From their very early
work with concrete objects, sorting and matching, recog-
nising the cardinal and ordinal aspects of numbers (cf.
Beginnings @ ). we can lead children to this next stage of
development by representing the set of natural numbers
(counting numbers) on a number-strip, very much like the
number ladder.

Many teachers fix a ‘'master-strip” on the class-room wall,
at a convenient height for children to-use it. usually from 1
to 100. This is made from thin card and given a suitable pro-
tective covering of plastic tape or varnish. Smaller strips,
representing numbers 110 10 are placed in a pocket orhung
close to the ‘'master-strip”.

Children can make their own from strips of one inch graph
paper stuck on to thin card. At first, a strip representing the
set of numbers 1 to 20 can be used, then 20 to 40, 40 to 60



etc. can be added as required. A smaller strip representing
say the numbers 1 to 10 is also needed, of course, for carry-
ing out counting operations; indeed separate strips repre-
senting each number from 1ta 10 will probably be used in
the initial stages.

Gt
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7]89]0]n|r 13T14E5 16]17[18]19]20]21{22]23[ 2425
100

1121314

Using the strip children can be asked to count in twos,
threes, etc. and, of course, tens. This can be wuseful
preparation not only for “addition facts” but multiplication
as well. Successive addition of the starting number will
encourage the memorisation of tables when we wish to do
this at a later stage, e.g.

2,4,6,810,12, . ..
3.6,9,12,15,18, . ..
4,8,12,16,20, 24, . ..

but other series should be built up also:

1,3.56.7.8, . ..

2,5.8.11.14, . ..

13.23.33,43,83, . . .

Counting backwards is also useful practice for subtraction
and division:

156,12,9.6. 3.

50, 40, 30, 20,10.

25,20,15,10, 5.

and this same apparatus can be used for multiplication and
division:

What number do you reach if you step off five, four times?

How many 8-strips are needed to reach 247
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(The formulation of such questions must be done carefully.
To the question 'How many 5'sin 257, a fair answer would
be ‘'one’ —the one after the 2).

Until now, children have not been introduced to equations
of the form

6+4=10

though they will have met the simpler ‘inequality” signs.

A B

On
00 § 00
@C(;@ a0

For example 9=4 (9 is greater than 4). The diagram shows
two sets, one with 9 elements and the other with 4. '

It is important to communicate as accurately as possible.
The sign "> should be used only in comparing numbers. It
would be correct to write

‘The number of elements in Set A is greater than the num-
ber of elements in Set B’

but nonsense to write

‘Set A>Set B’

for we have not defined the meaning (if any) of a set itself
being ‘greater’ than another one. This might mean for ex-
ample ‘'more important” or ‘takes up more space’ and it is
wrong to use such a private shorthand which could lead to
muddled thinking.
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The children should understand what they are really doing
with numbers rather than beginning to use the symbols too
hurriedly. At this stage, therefore, we can continue to re-
cord as suggested in Beginnings @ . e.g.

2—>4—>6—>8—>10

or
2,4,6810,12, . 0ceuee....

add
2.4—>6
3, 8——>11

’ 10

Suggestions for more work with the Number-Strip

A. Countintwos from: B. Countbackin twos from:
1. 21010 1. 91wl
2. 18t022 2 19t
3. 141072 3. 501030
4. 1010 20 4. 351027
5. 20t0 40 b, 70tc b0
6. 651081 6. 991038h
7. 71019 7. 26t012
8. 121030 8 20?2

9 42tob4
10. 80to 70

C. Using the set of numbers from 1 to 20, write down
a) the even numbers
b) the odd numbers

Whatis the number of your house ?
What are the numbers of the houses each side of you ?
Is the number of your house add or even ?

The same kind of practice can be carried out with different
‘counting on” or ‘counting back’ numbers

In many ways the number-strip serves the same purpose as
the ‘number-track’ of the Stern apparatus. It can give
children a visual representation of moves and their patterns
so that they achieve an awareness of relationships

It is not necessary, of course, for the children to record all

the moves an the number-strip. in fact they should have
times when they are left alone to make their own dis
coveries at will, It must be remembered that our aim is to
eliminate the need for ‘counting on’ in ones and to famili-
is for future

arise the child with numhber series as a hat
aperational experiences
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The following example provides a variety of number
sequence work:

D. What number is missing from the following:
1.35.7.9.[ ]

2.5.811.14. |

3.30.40.[ ].60.70

4 6. 1.16.21.26

b. 26,24, |. 20

E. What numbers are a) 6 more than

1.6 2.172 3. 15 4. 10
5 21 6. 79 7.18 8. 78
9. b6 10. 35

b} 6 less than

1.18 2,172 3. 24 4.15
5 36 6. 21 7. 69 8. 81
9. 42 10. 30

F. Time yourself with an egg-timer and see how many
numbers you can write down following a pattern, e.g. 6, 10,
14.18,22, .
Try the following:
1. Upintensfrom 2
2. Downintens from 75
3. Downinthrees from 78
4 Upinfoursfrom4

5. Upinninesfrom Y
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G. House Numbers

In a street the od_d numbers are on one side of the road and
the even numbers on the other side. Here are some of the
house numbers:

12.28.67,10,27.58.42.47,19,101.1, 99

Write down, in columns, the numbers of the houses on each
side of the road, in order, and if any are missing, put them in

So far. we have not referred to Place Value This will be
dealt with a little later on. Children, at this stage, are using
numbers as names but getting an insight into our economi-
cal system of notation through their many experiences in
number-work of all kinds. They recognise that 10 is &
bigger number than 9 and so 20 one more than 19. They
will have had experience of collecting together sets of 10 sc
that 20, 30, 40, 50, etc. does mean something to them even
though they may not, at this stage, understand the signi-
ficance of the position of each numeral.

Below are some ideas to help to provide children with a
mastery of numbers

How many whesls an the 8 'dinky’ cars?

Record the number of feet
corresponding to the number of yards

ft yd

3 1

6 2
3
4
5
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_ - 5's clocks (b minintervals); fingers and toes
e haw many pints of water will fill the large tin, using the quart

€
(2 pints) measure 6's money, length

If we take the problem of "How many wheels on the eight 7's calendar (weeks, days)
dinky cars?” we should probably find that the child would
count in ones, but, we must, in this situation, grasp the
opportunity to lead the child to count in fours:

8's capacity (pints and gallons)
length (furlongs. miles)
money (half-crowns)
welight (stones, cwis)

9’s square measure; pattern of nines, one less than 10

10's metric measures

12 and 20 as dozens and scores will also figure frequently
in tables of measures. Doubling and halving will also be
experienced by young children quite early. They should be
encouraged to make comparisons and in weights and
measures we can show the doubling and halving process at
work as:

1121b 561b 231b 141b

8pt 4pt 2pt 1pt

leading to
4, 8,16, 20, 24, 28, 32

These kinds of experience are beneficial long before we ask
the child to memorise (learn tables). By the time we arrive
at this stage, If adequate experiences have been encoun-
tered and number series have been metin all kinds of situa-
tions, most children will have built a good deal into their
memory-store which will improve the chances of learning

tables’ considerably.

Practical work related to 'table-facts’ can be obtained from
the following examples:

2's quartsand pints, pairs of objects

3's length; sides of triangles (kept apart)

4's Perimeters of squares increasing sides by one unit at a
time; capacity (gts and gals); chairs and legs; animals and
legs



The 100" Square

At all times we should try to provide a variety of experiences
in our number work so that patterns and relationships are
seen in many situations. We do not want children always to
be thinking of number in terms of length or on a horizontal
strip.

T'he 100" square can be a useful aid to children for observ-
ing the patterns which are made by numbers. They enjoy
colouring certain numbers and seeing a pattern emerge
This all helps their understanding and gives a visual image
of what could be most abstract to a young mind.

112314 |5|6|7|8|9

M (1211314 | 15|16 |17 | 18 EicN 20

21 1222324 |25 |26 |27 gy 29 | 30

3113233343536 38|39 |40

41 |42 143 |44 | 45 REIGR 47 |48 | 49 | B0

51 | 52|53 |54 56 |57 | 58|59 |60

61 |62 |63 M@ 65 |66 |67 | 68|69 70

71|72 7417576 |77 |78 79| 80

81 EP8 83 | 84| 85|86 |87 88 |89 |90

m92 93 94| 95|96 |97 [ 98 | 99 | 100

100 square

These sqguares can be duplicated and children asked to
cross off or colour numbers in a particular sequence. Pat-
terns and useful information can be obtained in this way.
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Children can be asked 'What 1s the interval between num-
bers in the vertical columns or diagonal columns ?’

100" sguares can be numbered in a different way and num-
bers omitted for children to fill in. There are many variations
of this on the same theme

100|190 80| 70 |60 | 50 | 40 (30 20 mle
89 | 79169 |59 |49 39 | 20 B O
o8 78| 68| 58| 48| 38 R 18 | 8
97 | 87 67 | 57 | 47 27|17 | 7
96 | 86| 76 o6 KR 36 | 26| 16! 6
951 85|75 65 4513512511651 5
94| 84 | 74 NI 54 34124114 | 4
93 | 83 63 | 53 | 43 23113 1] 3
92 RerM 72 |62 |52 |42 32 12| 2
I 81 | 71|61 |51 |41 31 | 21 1

Many teachers are already finding various structural apppa-
ratus also a useful way of building up patterns of number.
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Other useful practical work can be obtained from:
Numbers on tickets
Pages of a book

Numbering a plan of seats for a concert

Another useful device for displaying patterns of numbers on
the "100 square’ is to make the square on a larger sheet of
thin card, (10 inches square is a useful size) and cut win-
dows in other 10 inch squares of card so that for each card,
when placed on the "100 square’ a pattern of twos, or
threes, etc. shows through. Interesting here is that when
the cards for twos and threes are ptaced on the square, the
pattern of sixes shows through, illustrating that 6 is a
multiple of 2 and 3.

‘100 Square’ with ‘window-cards’

‘Window-card’ fortwo

1]2/3|4]5|6|7(8[9 |10

M l12{13114 | 15|16 |17 |18  19 20

21 |22]23 |24 | 25|26 |27 | 28|29 |30

3132333435 36|37 | 38|39 |40

4 | 42|43 |44 |45 |46 |47 |48 |49 | 50
51| 52|53 |54 |65|56 |57 585960

61 |62 |63 |64|65|66 |67 686970

717273 |74 |75 76|77 | 78|79 80
81 | 82|83 |84|85|86 (8788|8990

1929394 95|96 |97 |98 |99 (100

‘"Window -card’ for three

1le2|3|als|6|7|8|9 |10
1112|1314 15|16 |17 |18 |19 |20
21 | 22|23 |24 | 25|26 | 27 |28 | 29 | 30
31132 (33 |84|85|36 |7 | 88|39 40
4 | 42|43 |44 | 45 | a6 |47 | a8 | 29 | 50
51 | 52|63 |54 | 65|56 |57 |58 |59 | 60
61 |62 |63 |64 65| 66 67 | 68| 69 | 70
7 |72 |73 | 74| 75|16 | 77 | 78 79 80
8 | 82|83 |84|85|86 |67 |88 |89 | 00
91 {92903 |94| 95|96 |97 |98 |99 100




3

A8 90

11/

13

5.

21

2012

33

26250

27383960

5/

Lt

2 2|4

14 0|17 |8

52

530

AER]

w9 LY

56/57585 9580
a'-wsiéﬁﬁg?sw;@m

7/

5/

82

82188

7z

q_

73775176 77 (@79 50
BB 5637188159 198
15|55 815 7195 |79 bod

29

1/ R

' 7

g 1Le

Lo |G |t

L

27

29|30

[ 8
(%)

36,

LUVER ST B

D3 | 0o 1O | on

e

&

ol
~-0

ul

9150

S5/

Jb

57

58 57@

G

bb

67

L8b970

7/

7b

77\78173(%80

81

57

§38|89190

g/

92

T4

56

197

78199 veal

/3

14

L3

2 &

15

17
27

33

34

35k

37

43

ek

L7

SO

53

57

6o

bk

03

70

73

A

75

77

3%

83

Sk

85

37

90

92

Fh

g5

57

/G0

iy

N

a~

/ 0l

/!

/8

lo

2

YLy

b

30

3 i

34

3l

.26

]

5|4 b

s0)

Sl

LS

by

bl

74

76

3tH

b

30

76

100




Ka\'meen Horricon Age. q

This 5quore i5 - r“ﬁ/ mf'erechng Il' shows Huﬂ'

€very num e,r‘ W r‘mg r‘ouncl i
'\ every SUK umbe.r g\‘grl-m fr‘um Two mskeoci

nol’t\!ni SWJ as &' af Fhe numbers whic
E\ove purp r‘mgs POuﬂ i’kem are g€veny ourfl
huml)e.r‘ S\"Ori’ug 'g'ropr SIX A\SO each humbar HCH"
as a yellow ring rounc ir i Countng i Hrae
S\'orfmg Fom  hum0er Toul



| 2345678910
1012 13 141516 17 18 19 20
212223 %2626 137251930
373233 343536 37383940
Gl 4243444546 47484950
SI1S253545€563575859¢40
b1 62636445L06L7L8L9 70
217273747576 717§ 71980
81828384858687 838790
Q 929394959697 9899199

i4
21 2%

42 49
s%
b3 70

qn 98

14
2| 1%

42 49
56
63 70

7] 98



K
N

The

¥
cne, on

¥‘~€

ceverth

\
Hormaon

vt

¢
88 3
- h’l A---ﬁ”u
FUL

.h: Juwn L1
L LT

-

S e Gj r“‘{_ S
shows  how T o add.
o e fr reb line +
and  Fhiree o the cecard
ot Fle  Frued  seven bwo, and
‘;ou PH"\ e at \FL f P VE O

h»dq Sever:, " e, ori H‘xe

H-.rea onfl S0 on. 3ecora{\"j

Severn, SARNS

@C\J.Ij \/Jl\"j

=)0




35

‘Window-cards’ for both two and three Summary of what we have done so'far
‘ Use of the number-strip to present visual representation of
213 | 4 6 8|9 |10 numbers.
12 14| 15 16 18 20 Experience in counting on and back.
o ' E Preparation for addition, subtraction and multiplication.
At 22 24 26 | 27 | 28 30 , . . o
- ‘ : | Number series: building up addition and multiplication facts.
32133 |34 36 38|39 40 100 sguare and number patterns.
42 44 | 45 46 : 48 50 Supplementing practical work.
' - = Vocabulary: diagonal, sequences, odd, even, doubling,
62 | 63 | 64 | 65| 66 68|69 | 70
72 74| 75|76 78 80
8l | 82|83 84|85|86 |87 |88 90
92| 93 | 94 06 08 | 99 | 100

From the diagram can be seen the pattern of sixes emerging
when a card with windows for twos and a card with win-
dows for threes has been placed over the '100 Square’.

It is a useful aid for young children 1o keep a tabulated
reference in their record books with particular reference to

multiplication facts. An example of this is given below:

Table of Twos

6d |10s | pt
1s|£1|qt| 2| 4|6 |8 10|12 |14 | 16|18

-
™o
w
N
e)
o
~
®
©

Eights

2s6d|furiptist|1 |2 |3|4|5|6|7 |89
£1 |mlgal|cwt| 8 |16 |24 |32|40|48| 56|64 | 72
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4 The operation of addition Then the union, written A U B, consists of

In Beginnings @ we saw that children sort and classify and
partition sets of objects into sub-sets. They then also learn
to count the number of elements in a set.

A number tetls us how many elements aset has. Forinstance,
all sets of objects whose elements can be matched with

this set This is the set of elements which belongs to A or B or both.

The intersection of two sets consists of the set of elements

- ‘ which belong to both.

have the common property of threeness.

The union of two sets is the set of elements which belong
to at least one of them.

For example, let set A consist of a bird, the cat Copper and
the dog Bonzo:

In this example, the intersection of A and B (written A N B)
consists of the cat Copper who is the only ‘element’ be-
longing to both A and B.

and let set B consist of a biscuit, a ball and the cat Copper:

‘ 5




We now consider only sets which are disjoint, i.e. have no
elements in common, and we define addition in terms of
their union.

The sum of the numbers of elements in two disjoint sets is
the number of elements in their union.

We now come more formally to operations on numbers,

. . 1 .
and we shall be considering theset | 0,1, 2,3,... s lLe
zero as well as the natural numbers.

Perhaps we should begin by asking ‘What is an operation ¢’
In the case of addition, and this is the first operation which
we shall require our children to perform, we have an
operation on two numbers and it is therefore called a
binary operation. The binary operation of addition on two
of the numbers of the set results in another number also
belonging to the set.

In Begimnings @ we recorded in the form
6,4 ——>10

We say that 10 is 'the sum of the numbers 6 and 4.
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Other pairs of numbers also are mapped on 10 10: —

o
O

N WhHhOOo
atoooﬂosm.bwm—‘o

N oo ©

10

-

o

The teacher will recognise these very important number
pairs as ‘number bonds’ for 10.

Children should aiready have had practice in mapping pairs
of numbers on to their ‘image’ (in this case 10) in this way.

The set of ordered pairs whose image under this mapping
‘add’is a given number (here 10) form an equivalence class.

i. Reflexive Forexample 8, 2 is in the same class (‘has 10
asimage’) as itself.

ii. Symmetric If we know that 8, 2 is in the same class as
3, 7. then we know that 3, 7 is in the same class as 8, 2.

iii. Transitive If we know that 8, 2 is in the same class as
3, 7 (i.e. both have image 10) and that 3, 7 is in the
same classas 1, 9, then we know that 8, 2 is in the same
classas 1, 9.

The mapping therefore defines an equivalence relation be-
tween the ordered pairs and instead of writing

(9,1) is equivalentto (7, 3)’

or (2, 8) is equivalentto (10, 0)’
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we shall as shorthand write

9+1=7+3

2+8=10

6+4=10 is a shorthand form for ‘the image of the number

pair 6, 4 under the addition mapping (add) is the same as
that of the number pair 10, 0.

10+0 can be written as 10, since 0 is the 'neutral element’
for addition, that is it leaves any number unchanged when
added to it.

We shall for the present use the "="sign only to mean repre-
sents the same number as (1.e has the same image under
the addition mapping). The following are abuses of the
sign:

1 pink doll =2s6d

Parking all day=4s 6d (Seen at the entrance to a London
car-park)

Ans =25

22vd =1 cricket pitch

long =length (often used for English grammar

exercises)

When using the addition operation, especially in the very
early stages, it is advisable to concentrate on the operation
itself, and extra time spent with numbers which the child
can add easily will be repaid later on. Use of the number-
strip and other aids: bricks, cubes, structural apparatus, are
all helpful and basic to the child’s understanding of the
operation he is to perform.

Young children receive first-hand experience and useful
practice when they are engaged in activities of the class-

roomshop.

As witnessed in one school, the children were given a coin

" of particular value, namely a shilling, and told to go and see

how many different things they could buy at the shop. This
led of course to:

6d  6d (2sixpenny articles)
8d 4d

9d 3d

2d 3d 7d

3d 3d 3d 3d (4threepenny articles)

and so on.



This was valuable in exposing the children to 'the story of
12"

6+6=12

8+4=12

9+3=12

J+bh=12

When dealing with three amounts, it will be discovered for
example that

2+3=5

SO (2+3)+7=6+7=12

the brackets being used to show that we first find the image

of (2+3), namely b, and then in turn the image of b+7,
namely 12 but also

3+7=10

SO 2+ (3+7)=2+10=12

andso (2+3)+7=2+(3+7)

This illustrates the associative property of the numbers we
are considering:

(a+b)+c=a+(b+c).

Having made the discovery that (2+3)+7=2+(3+7), 1t is
permissible to drop the brackets and write 2+3+7, the

understanding being that it doesn’'t matter in which order
the operations are carried out.

A set of objects can be partitioned (cf. Beginnings @) in
different ways, and the children can be asked to record
their various re-arrangements in terms of the numbers of
elements of the sub-sets, e ¢.
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3 + 5 + 2 = 10
Partitioning in otherways, 8+2=10, etc.

EEEE ENEEEN
4 6

-+

Handling sets of objects in this way children can also see
that addition has the ‘commutative property’, i.e. the order
of the numbers doesn’'t matter. For example,

6+4=4+6
8+3=3+8
Using both the commutative and the associative properties

allows us to add in any convenient order we wish. For
example to add

6+7+2+3+4

we can write:
(6+4)+(7+3)+2
= 10 + 10 +2
= 22
The number strip can be used with great effect also and all

kinds of useful and important combinations can be dis-
coverede g

6+9=156
16+9=25
26+9=35
36+9=45
46+9=55
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Important still are the "addition facts’ or ‘bonds’ but these
should not be approached in a dreary or monotonous way
(similar to the learning of ‘tables’) but for exampie as
patterns:

6+0=6
b+1=6
4+2=6
3+3=0
2+4=6
1+b=6
0+6=6
Children can be led to ohserve symmetrical patterns, and
the role of zero can again be pointed out. though it should
not be laboured as it has been in the past. The symmetrical
patterns will also emphasise the commutative property
This can be shown by means of structural apparatus, but

also tables or squares such as the following can be most
useful for observing: —

+10 1 2|1 3|4
olol1]|2!3]4
11112845
2|2 |3]|)s 6
3|s|4]5 (® 7]
44567'J

i. The commutative property, e g 2+3=3+2.
ii. The 'doubled’ numbers which appear on the diagonal
from upper left to lower right

T+1(2)
2+2  (4)
3+3  (6)
4+4  (8)

Children can be asked to find a number which when added
to another number gives a sum in the body of the table
square. e.g.

What number must be added to 3to give /77?

This question can be asked in the form

3 +-D:7. What number must be put in the box to make this
a true statement?

From their ‘counting on” experiences, children have little
difficulty with examples such as 6+4=D. The real
problems are contained in the following situations:

6+ 1=10
[ 45 =8
[l43=A+2

Each of these is an ‘open sentence’. The problem is to find
numbers to put inthe[jor /\ in order to make the sentence
true. In the first example, the required number is 4; in the
last, we can find many pairs of numbers, forexample b m:}
and 6in /\ Infact atable could be made

N A
5 6
617
21 3
o1 1
718
etc.
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Before we become too pre-cccupied with equalities. it is,
perhaps. a good idea to allow children to discover and re-
cord those combinations of numbers which are not equal,
and introduce them to the sign of inequality #.

Children could then record
6+5#10
b+4#6+5

A useful piece of apparatus for children to discover equali-
ties and inequalities is the "Equaliser’.

L [@

s 9]

7654321 12 6 7
‘75'5 S 6 N 65 e & & ﬁ 4 6

Children hang washers on the numbered hooks and dis-
cover and record such facts as: A washer on the 6 and a
washer onthe 4 on one side, balance a washer on the 7 and
a washer on the 3, on the other side. They can see that this
corresponds to the fact that

6+4=7+3

and then use the equaliser for discovering similar retation-
ships.

They can also be guided to discover the important gen-
eralisation that if two numbers are equal, then adding the
same number to each results again in two eqgual numbers,
eqg.

if 3+4=7
then (3+4)y+5=7+5.

From their experiences in placing washers on each side of
the equeliser, children will probably discover that there are
more instances when the two sides do not "balance’ than
when they do. We can take advantage of this and encourage
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them to record these facts not only in the form 6+4#7+2
but, for example,
6+4 7+2
9 = 746
~-means is greater than'

“means ‘is less than’

The following types of discovery can be made: —
i/t 9T,
thenSQ+2=7+2

1. 1f one washer on the 9 on one side outbalances one on
the 7 on the other side, then '3 washers on the 9" will
still gutbalance '3 washerson the 7"

Some activities

Li(?

i

ofn B

One large card and twelve smaller cards can be made on
which the appropriate numbers are written. The children
can be asked to put the cards in their correct positions, after
adding up, down, across and back, also diagonally.



42

Some teachers may prefer to duplicate the central sguare
and leave the small ones blank for the children to complete.
An assignment could be:

Start with the large square in the middle

Add the numbeérs up. then down e.g.

3+1=4

Now add the numbers across and back
Add the numbers in the opposite corners, both ways

Record whatyou do

Magic Squares

A 'magic square’ consists of a square array of numbers, with
the rules

i. Nonumber may appear more than ance.

ii. The sums of the numbers in the various rows and
columns must be the same.

iii. So mustthe sum of the numbers along a diagonal.

Examples:
4+5+6=15
/

8 1 6 |>8+1+6=15

5| 7 |[53+5+7-15

3
4 | 9 2 |»>4+9+2=15

J 4 Ngr5+2-15
8+3+4-15 | 6+7+2-15
1+5+9-15

1613 2113

1724 1|8 |15

231 5|7 |14 |16

4[6 13 | 20| 22

10;12 191213

1,18 125, 2 | 9

Given these ‘basic’ squares, others can be made for example
by adding a given number to each entry. e g

8|11 1|6 1013 |8

357|245 )5 7

4 1 9| 2 6 | 11 |4

8 Can you complete the ‘'magic
square ?

5 Use only the numerals 1 to 9
Some have been putin for you
2 VWhatis the total of each row ar

column?
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[ Camplete this ‘'square’.
10 Laonk at the diaanal rowy first
9
8 6
— se= o
| 13 24
‘ 10 12 | 15
| 27 | 6
l [ he sum of the numbers in each Luuk dal the diagondl ros
reva of columins 30

Other useful activities are 'number games’, with which most
teachers are fully familiar, e g. dominoes, snap.

‘Dominoes’ can be made from pieces of card e g.

8 | 4+5

9 (4+4

and this well-known game played using ‘addition facts
instead of the usual dot patterns: —

8l4+5 9 | 3+2 5 | 6+3

Magic Squares and games all provide a variety of experi-
ences In the addition and recognition of numbers.
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5 Place value

From their experiences with number strips and other equip-
ment and the study of other notations children have been
receiving an informal introduction to our system of place
value. There is, however, still a danger of underestimating
the difficulties which this presents to children. Teachers
know what pitfalls are created by O: in the past even older
children have been confused over the values of each num-
eral contained in a given number {e.g. what does the 5’
represent in 2567) This is probably due to the fact that
many of them had never seen a practical representation of
the position and consequent value of a numeral in our
system of notation

From the beginning we need a realistic approach to the
problem of introducing children to place value. Suggestions
for an early introduction through the historical develcp-
ment of early systems of notation (e .g. Babylonian, Egyp-
tian and Roman) have already been given; this can be a
very rewarding approach if teachers will take the time and
give children the opportunity to construct these early
counting aids with sand, pebbles, twigs and plasticene.

Various structural apparatus Is helpful at this stage to estab
lish the notion of place-value. It must be emphasised that
the account which follows is not a sequerice which must
be followed blindly. Some children will take more readily to
one piece of apparatus than ancther (and so a variety should
be available) and some will guickly get the successive ideas
and not need so much of these experiences.

Use of different ‘'number bases’ focuses on place value in
its awn right without being tied to the customary ‘base ten’.
When we write 37 this means (by convention)

31tens and 7 units

which could be written

3(10)+/
but reference should be made to p. 22 where the weight of
Parcel A is recorded as 10 since it balanced with 1 2-0z

weight and 0.1-0z weights.
Instead of 10 meaning

1 ten and O units

in the ‘scale of two' {or ‘binary’ scale), 10 means

1 two and O units.
The baseis 2 instead of 10.
The Dienes multi-base arithmetic blocks give structural
experience with different bases (3. 4, 5, 6, 10). The material
is so designed that the children build according to the base
that they are using. At first, it is recommended that children
play with the material until they discover the relationships
between the pieces.
As an example, these are the standard pieces in base 3
7
6 7|

unit A

I

long flat

cube or block

Given a miscellaneous collection of these, children will
probably start just playing with them. making towers,
houses, aeroplanes . . . and this phase must not be hurried
— in one class the period concerned varied from one day to
three weeks. They will later discover that three "'units” match
against a‘'long’




and then start making exchanges (3 units foralong, 3 longs
foraflatand so on). They can actually see that on collecting
3 units they can be traded for 1 long. or given, for example,
7 units

units

L0
100
[]

6 can be tradedfor 2 longs

longs

units

L1171 [
LIT]

longs

and this is a first step towards realising that for example
seventeen units (in conventional base 10) can be replaced
by

1ten and 7 units

and that this is what we mean when we write "17". Children
should get used to working in different bases on different
occasions, and the teacher should provide the opportunity
for them to change over frequently. the "10-box’" (leading to
our ‘usual’ notation) happening to be one of them.
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Various forms of abacus are useful in the same connection,
though it is more sophisticated to exchange say 3 washers
on one peg for a similar one of the same size on the next.

M f o
Abacus consisting of
wooden pegs (or meat
skewers mounted on
plasticine) and plastic
washers.

A

L 4

Here, for example, having agreed to be using ‘base 3', a
washer on the right counts as a unit, one in the middle as 3
and aleft-handone as 32 (i.e. 9).

A game can be played by two children each having such an
abacus, using a ‘spinner” with the numbers O, 1, 2. The first
might score 2 {washers placed as above) and on the next
turn a further 2 — altogether 4 “units’ of which 3 would then
be traded for one on the middle peg. '

T

> >
U

L il 4

This represents a score of 4.

The game could end, for example, when the first child had a
sufficient score to place a washer on the left-hand peg.
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Another variation is the ‘counting board” here shown with
base 4 but the set of numbers at the top can be changed

accaording to the base used

64

16

This could be home-made trom strawboard using small
plastic tablets. buttons, shells, etc., as counters.

All sorts of other aids can be used. One of the simplest is
bundles of sticks. matchsticks, spills, straws or pen-handles.
These can be tied in bundles of ten.

g1

3 bundles of ten

and 5

total 35

Ancient man used to thinkin b’s because he had five fingers
on his hand (the Roman system is also based on fives).
Children could therefore be asked to count in base b using
their fingers and hands. 5 in this system would be written as

10 (i,e.1 (5)+0).6as11 (ie. 1 (5)+1)andsoon.

Base 5
ase Numberin | 5°| 5 | 1
base 10
—

11 2 1

4 0| 4

‘5 1 0

6 1 1

Using the hands for Base 5. (Each finger on the right hand
represents a unit and each finger of the left hand represents
five)

10 23
that is 2(5)+3.1e. 13 inbase 10



The "binary” system (base 2) is particularly useful because
the only symbols used are O and 1, and these can be repre-
sented by on and off in an electrical circuit.

-

These lamps represent the binary number 101101,

Two in our decimal notation (Denary Scale) would be

written 10 in the Binary Scale since 2=1 (2)+0 and six in

the Denary Scale would be written 110 in the Binary Scale.

since 6=1(22)+1 (2)+0.

Denary1lZ‘31 4|’ 5 gl 9
i

ol 7] 8

110 \111 ‘1000 ‘1001

|
|
|
|

Binary 1 ‘10\11 100 ‘101

The binary number 101101 is
1(2%)+0 (27)+1 (23)+1 (22)+0 (2) +1
i.e_45,m base 10.

An introduction to binary notation can be given through
the use of kitchen weights. (Seep. 21.)

Another scale which children enjoy using is the scale of 8,
sometimes called ‘Spider Arithmetic’.

64 8 1

8- 8! 1
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Children enjoy counting in different bases and could be
asked to construct a counting sequence using different
number scales, e.g.

Base10:— 1,2,3.4,5,6,7,8,9,10,11.12 ...

Base 8:'— 1.2,.3,4,5,6.7.10,11,12,13,14 . ..

Base b:— 1,2.3,4,10,11,12,13.14,20,21,22 . ..
Base 3:— 1.2,10.11,12,20.21,22,100,101,102 . ..

When children get used to the idea of their particular
abacus they can be asked to set up numbers and then re-
cord the numbers they have made. Teachers could then say
what numbers are to be set up on the abacus and the empty
column should be dealt with frequently. The following
specimen assignments use base 10, but of course others
should be used on the same footing.

Show these numbers on your counting board
1tenand 5 ones

1ten and 2 ones

2 tens and 7 ones

41ens

3tens and b ones

1 hundred

1 hundred 2 tens and 5 ones etc.

Record in numerals and then in words.

Show these numbers on your abacus:

11.10.19.24.50.23,27.29,19. 41 etc.

Add 2 more to the above numbers on your board and then record the

new number.

Write the numbers in words also.
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Make numbers on your board and then record like this
15 1s ten and ones

98 is tens and ones.

Now make numbers with ‘empty spaces” and record these, e.g.
20

105

Show these numbers on your board:
9.13,18.51,60, 90, 100,
106, 160. 350, 530. 503

Now add 10 to these numbers.

100is 10 tens. 140is 14 tens.
How many tens are there in the following ?

150, 170, 210. 350. 270, 700. 200. 80+60. 40+ 50

Whatis the ‘3" worth in these numbers ?

130.350. 13,283,301, 231,

Using your abacus and 3 counters only, what is

a. the biggest number you can make?
b. the smallest number you can make ?

What other numbers can you make?

Addition

Concrete materials are again useful when adding numbers
involving ‘carrying’.

For example, using Dienes’ apparatus (again with base 3
forillustration)

fongs units

T

the addition of 2 ‘units” and 1 ‘unit” gives three units which
can be traded for one ‘long’. Much progressive practice
(using different bases and eventually units, fong, flats and
blocks) leads to real understanding of ‘place value’ in
action.

Addition can also be practised with the various forms of
abacus, e.g. one which has three rows.

L

Setting up the same problem as before (still in base 3), the
addition of 2 and 1 would now be represented as follows




S

the three ‘unit’ washers being replaced by one ‘three’

washer.

At about this time the children will be ready to record e.g.

Base 4

longs units
1
3
3 0

and eventually discard the apparatus altogether. Problems

can be posed such as

2 8
1 7
4 3

base is being used?

This represents an addition. What

A quick reply might be ‘The biggest number | can see is 8,
S0 it's base 9, but of course a closer inspection will reveal

base 12.

Addition tables for various bases can be made, e.g.

Base 5
+ 21 34|10
1
2 4
3 10| 11|12
4 13
10 20
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Children by now will enjoy checking their work by using
different bases, e.g. building up a table such as

Base 10

Base 3

O W O N s, W N =

—_
—_

12

and working

10
11
12
20
21
22
100
101
102
110

etc.



Base 3
12 1 1(32)+2(3)+1(1)=16
1 2 1(3)+2(1)= b
2 1 0 21

2(3)+1(3)+0(1)=21

Before proceeding to deal with the operation of addition
with numbers up to 100 and then 1000 it is, perhaps. a
sound idea to let children see for themselves just what a
hundred or a thousand looks like. This can be done quite
effectively with dots on squared paper or other suitable
objects, e.g. coins. Itis time well spent to allow pupils to do
this and make the necessary comparisons. lllustrations of
100 and 1000 can be displayed on the classroom wall.
Children will most likely realise that ‘grouping’ in tens helps
them in their counting and confirms the need for a con-
venient system of place-value.

To further an awareness of place-values, children can be
encouraged to write down their calculations in expanded
notation form, e.g.

for 42+10+23, we have
4 tens and 2 units
1ten andOunits
2 tens and 3 units

Total 7tensandbunitsor75b.

An extension of earlier work with the Roman method of
representing numbers could also be given effectively here.
For large numbers, the Romans used the circle. 1000 was
represented by the full circleO, five hundred by half the
circle (a semi-circle) G or D one hundred by the curved
part of the semi-circle ( or )and fifty by a special symboal
(_ which was probably the lower halfof  ( (100).

Later, 1000, was represented by two semi-circles (twice
500) (J[D or or M. 500 by the letter D: 100 by
the letter C; and 50 by the fetter L.

Thus we have: —
L C D M LX CVI DCX

50 100 500 1000 60 106 610
(50+10) (100+5+1) (500+100+10)

XL
40
(10 less than 50)

Useful experience can be obtained from books with chap-
ters and pages numbered in Roman notation; and of course
there are monuments and tomb-stones . . .

Children can also delve into books and find how larger
numbers (100, 1000. etc.) are written in other systems,
such as the Chinese and Babylonian, cf. p. 3.

Further work with the number-strip can be done after place-
value has been established, to extend children’s number
knowledge. especially up to 100.

Counting on and back 1s still useful practice to lead to the
discovery of patterns, e.g.

9+7=16 6+9=15 18+9=27 (perhaps calculated

19+7=26 16+9=026 25+9=34 Dy adding 10 and
taking away 1)

29+7=36 26+9=35 16+9=25

39+7=46 36+9=45

58+3=

68+3=

78+3=

69+3=

etc.



Once children have acquired this facility with numbers,
they are ready to benefit from written practice in addition,
first with tens and units and then with larger numbers, as
they come to extend their number knowledge to numbers
greater than 100, now understanding and appreciating
place-value.

These points, however, should be kept in mind:

1. Written computation practice should supplement and
notreplace oral practice.

2. To give children more practice than they require to main-
tain efficiency is a waste of time. In brief, we must consider
carefully the time when we do 'sums’ and, also, the time
spentindoing them.

The need is to concentrate on the operation rather than the
numbers in this activity e.g.

75+125=200

125+ 75=_]

Practice in adding three numbers can also be given and
brackets used to associate the pairs e.g.

(75+25)+30=130

15+(27+33)=15+60=75

From counting and adding experiences teachers should
exploit the properties of associativity and commutativity
whenever possible, e.g.

27+53=53+27
=(53+7)+20
=60+20
=80

Qr
53+27=(53+20)+7
=73+7
=30
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We shail not introduce subtraction as an operation untii the
next volume, @ . At this stage, many problems classified as
‘subtraction’ can be treated instead in terms of addition.
For example, the traditional type of question Take 39 from
47 was tackled with mumbo-jumbo something like "9 from
7 1 can’t, borrow a 10, . . . But the very wording of the
question is jargon. "How many more is 47 than 39 7" makes
more sense, and this problem can be tackled by asking
"How much do | have to add to 39 to reach 477" By count-
ing on, the child uses ‘complementary addition” (cf. shop-
keeper's addition, p.65) From 39, 1 on to reach 40 and a
further 7 to reach 47: total 8".

‘How much greateris 160 than 57 ?°

We seek the number to put in the box to make
57+ ]=160

atrue statement.

The ‘'working” might go like this:

57+3=60
57+3+100=60+100
57+703=160.

Mathematics and English

It should be the main aim in the teaching of mathematics to make the pupil
translate into mathematics, readily and naturatly, the questions of the
common world. and ultimately to translate his answer back into common
usage J. Bronowski

It cannot be emphasised too strongly that discussion and
writing about their experiences is important to children if
we are to help them to think and to solve problems. We fre-
quently hear "He can do his mechanical sums but not his
problems.” Children learn from each other when talking
about a problem which confronts them. A teacher, too, can
pose a leading question and find out how the child’s mind
is working towards solving a particular problem. |t is hoped
that the material in this guide will suggest a number of such
problems requiring translation from English into mathe-
matics’. Others will be found in text-books, which must
however be used with discretion. It is not suggested that
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slabs of ‘problems” should solemnly be worked through.
But if some suitable realistic ones can be found. the
children could be asked to analyse what computation is
required without necessarily carrying it through to the
answer.

Perhaps a better source of problems is the children them-
selves. They would not dream of devising conundrums on
bath-filling or hole-digging: a class of 7 and 8-year-olds
for example made up questions on pop records, marbles,
ages, football matches, and cowboys and Indians.

As well as ‘translating from English to mathematics’ (words
to symbols), experience in the opposite process is also
valuable. For example, given a mathematical statement

such as
7+ b =12

or7+D:12,

children could be asked to make up a sensible story to illus-
trate the sentence, which would include ‘translating’ from
mathematical symbolism into words.

When asked to write a sentence about '60+40=100" a
nine-year-old boy wrote:

‘About the only thing | can write of here is what | read about
crashes in cars. If two cars hit each other head on and one
is going at 40 and the other at 60 there will be a total crash
of 100 m.p.h. because 60+40=100. | didn't know that you
could work out the crash speed so easy as that.’

Perhaps the reason why "Johnny can’t do his problems’ is
that we have taught him to use the short-hand of mathe-
matics too soon, without constant reference to the spoken
and written word. From the reference books listed below,
(p.67) teachers will find plenty of suggestions for topics of
interest or projects concerned with the history and develop-
ment of numbers, measurement and geometry. This kind of
work combines English with mathematics and encourages
reading, discovering and recording facts: graphical repre-
sentation as well as computation can be extracted from
experiences of this kind.

Closure and checks of accuracy

We have been concerned with the set of numbers{ 0, 1. 2,
3, .. .} ie. the natural numbers together with zero. This
setis called c/osed under addition, as the operation of addi-
tion performed on any two elements results in another ele-
ment of the same set (e.g. 2+4=6 and 6 is also a member of
the set concerned).

If we take the set of everr numbers{ 2,4,6,8 . . .} we find
that when we add any two evenn numbers we still obtain
another even numbere.g.

2+4=6
4+4=8
16+16=32
14+16=30 etc.
so the set of even numbers is also closed under addition
(the sum of two even numbers is another even number).
Butif we take the set of odd numbers:{ 1,3,5,7 . . .} the
closure property no longer holds e.g.
3+5=8
5+13=18

The sum of two odd numbers is an even number.

We can construct a table of even and odd numbers to show
this: —

+ | E
ElE
OlE
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This table is interpreted as follows.

v

+1E O
E
—>1 O E

E stands for ‘even’, O stands for ‘odd”.

When we add an odd number (indicated by the horizontal
arrow at Q) and another odd number (indicated by the
vertical arrow) then the result is even, and this is recorded
by inserting an E (for even) where the row of the first
arrow meets the column of the second.

v

+|E | O
E
2| 00O

This entry shows that the result of adding an odd number
and an even one is an odd number, and similarly for the
other entries.

These results can be useful to children when adding num-
bers. If they are adding even numbers e.g. 2+10+86, they
should then know that the sum of these will be even, and
this provides a check for their work.

An odd number of odd numbers in addition will result in an
odd number, e.g.

6+ @D+4+ O+ @ =31

(3 odd numbers)
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The children can elaborate on these patterns of behaviour
of ‘'odd” and ‘even’. and this again encourages them to keep
checks on their calculations.

Patterns of odd and even numbers are a good source of
investigation and discovery, e.g.

S S
_OJ ° e o o )
1+3=4 e o 2+4=6 ¢ o o
P S
_._lo ° e o ole
1+3+5=g |® o 2+4+6=12 |* ® oo )3
e @ e o & o
5
/——/H
_.]. o ® e & & o o
o a{oo e 0 0 oo 4
1+43+5+7=16 | = * °]° 2+4+6+8=20 |* * ¢ ¢]°
etc ® o o o e_tc. ® © & o o

Summary of this section: —
Number knowledge through counting on and back.

Using the union of disjoint sets to define the sum of two
numbers.

Addition: abinary operation.

Equalities and Inequalities.

Place Value: different number bases.

Extension of number notation to 100 and beyond.

Odd and even numbers.
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6 Time
Dictionary definitions of the word 'time’ read as follows: —
‘A limited stretch of continued existence’.

‘The interval between two events’.

From these two definitions we can appreciate why it is that
the concept of time is not an easy one to establish.

‘Telling the time" and “timing” (bouncing a ball, skipping.
etc.) are two quite different notions. They come at a fairly
early age but the one is just ‘dial-reading’ and the other
counting at regular short intervals. Both, however. eventu-
ally help towards understanding the passage and measure-
ment of time.

A short history of time-keeping will give a reasonable indi-
cation of the development of understanding in young
children.

Early men noticed sunsets and sunrises and so measured
time by the interval between these:— the day. They watched
the shadows lengthen and shorten, eventually recognising
that the sun was responsible for night and day.

At first, the day could be reckoned from sunset to sunset, or
sunrise to sunrise. Others would no doubt reckon from
noon to noon when the sun was highest in the sky.

From the shadows cast by the sun. man found a way of
using observations to reckon times during the day: he
noticed their lengthening and shortening.

Using the same observations we can ask children to dis-
cover time periods in the same way, using a shadow stick
and measuring the shadow at regular times during the day.
Cleopatra’s Needle, standing on the bank of the Thames,
was probably used for this same purpose hundreds of years
ago.

The moon is also a source for time discoveries. New moons
and full moons were found to recur every 28 days. These
‘'moon periods’ of 28 days give us the lunar month from
which we derive our calendar month. Realising that similar
things (growth of crops, harvest-time, lambing) happened
after every 12 or 13 ‘moon periods’, man became aware of
the vyearly cycle, so that he now had some fairly good
measures of time: the year, the month. and the day. Once
again, we observe a doubling and halving process: T month
of 28 days, if halved, gives us a fortnight, 14 days, and half
of thisis 7 days or 1 week.

In early days main events of a personal nature were used to
describe the time of day (meal-times, milking time. bed-
time) and the main events of the year would also mark
periods of time (e.g. from seed-time to harvest-time).

[t has been suggested that in very young children an
appreciation of time is acquired in a somewhat similar way:

1. Personal experiences related to child’s age: bed-time,
school-time, meal-time, morning and afternoon.
2. Telling the time in hours and half-hours.

3. Conventional time-words: calendar, days of the week,
months and, eventually. years.

4. Time since last birthday; time at other places in the
world; time since holidays.

We can help children’s appreciation of periods of time if we
provide them with experiences which have adefinite begin-
ning and ending e.g. watching and using egg-timers, using
a stop-watch, counting aloud. Guessing how long children
are reading, skipping, running. can also help.

Encouraging an awareness of the succession of events in
their lives can also be of great value:

Time between school and home-time

Time allowed for play-time, dinner-time

How long do we sleep?



Home-made timing devices:

pendulums

sand and water clocks (tins with holes)

candle-clocks

shadow sticks

From guessing the time and estimating intervals of time we
can proceed towards the necessity for instruments which
give us an accurate measurement of time, and standard
units of time.

Apparatus which can be of great benefit in the classroom:
Real clocks with clear faces and Arabic numerals.

Plastic or wooden clocks with hour and minute hands
which can be ‘set’ by children

Egg-timers

Photographic clocks (second-timers)

Pulsometers (small 'egg-timers’: 15, 30 and 60 seconds)
Metronomes

Stop-watches

Large clearly-printed calendars

Small calendars for individual use

Other valuable items are time-tables (school, rail, coach).
Regular recordings of nature observations (bulb and plant-

growth; seasonal changes etc.) can help the awareness of
periods of time.

Telling the time by reading a clock-face is still, perhaps, the
most important part of ‘Time’ to children and this should be
done first in hours. then half-hours, quarter-hours, and.
lastly. b minute periods, using real clocks as much as
possible.
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As well as telling the time. a child has to read and record it
in two or three different ways: from the verbal ‘quarter to
three” there follows the writing of these words which are
then converted to the conventional 2.45 and ultimately a.m.
or p.m_ Later, we shall use the relationship between the
continental 24 hour clock and our own 12 hour clock to
introduce children to ‘other clocks’ and rémainder or
modulo arithmetic.

— e

Use the clock. (o’clock means ‘of the clock’)

1. Write down the time 3 hours /ater than each of these times —

1 o'clock 6 o'clock 3 o'clock 8 o’clock

2. Write down the time 3 hours earfier than these times: —

6 o'clock 4 o’clock 12 o'clock 1 o'clock
You canrecord like this:

3 hours later
7 o'clock - 10 o'clock

Canvyou discover:

1. How many minutes there arein 1 hour?
2. How many minutes there are in % hour?
3. How many minutes there are in ; hour?

When yvou have found out, ask the teacher to check them for vou.
When the minute-hand passes from 2 to 3, how many minutes have
gone by?
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You can write down the ume in lwa ways
3u'clock is alsowritten as 3.00

Half-past one is also written as 1.30

A quarter past sever 15 also written as 7.15

15

A quarter to two is also written as 1.45

Now write down these imes in two ways: —

8 o'clock, half-past six. quarter to five

Setsome times on the clock (use anly hours, halvas and quarters)
and record them in two ways.

When does the minute hand point straight up ¢

When does the minute hand point straight down ?

When does the minute hand point to your left?

When does the minute hand point ta your right ?

The calendar provides many interesting activities for young
children and they usually find brief historical details
fascinating.

The child soon discovers that there are 12 months in a year
and gradually learns the names of these. Julius Caesar can
figure in their stories of the months. When he became
Emperor of Rome, his astronomer discovered that the
calendar was 80 days wrong. Previously each month con-
tained 30 or 29 days, alternately. 46 B.C. was known as the
‘'vear of confusion’. Caesar’s astronomer estimated that the
true average number of days in a vear was 3654 To
arrange this on the "Julian Calendar” the twelve months had
371 and 30 days alternately, except for February which be-
came the odd month and had 29 days for 3 years but 30
days every 4th year. This made up the 1 day.

The month of July was named after Julius Caesar because
this was his birthday month. When the next emperor ruled
he wanted a month after his name. As this was Augustus
we knoWw haow August got its name. However, because July

had 31 days, Augustus wanted his month to have 31 days
also. To do this he decreed that a day should be taken from
February and added to August. This is why July and
August are the only two months together having 31 days
and why February has 28 days except for a leap-year when
it has 29 days.

To remember the months of the year and the number of
days in each, the teacher and children will be familiar with
the rhyme: —

30 days hath bright September etc.

The following ‘ready-reckoner” may interest children even
more: Using the knuckles of the hands:

JAN MAR MAY JULY AUG OCT DEC
31 31 3 31 31 3 A

NN LS
TTIYTI T

FEB APR JUNE| SEPT NOV
k 28 30 30 30

-

/




For the children

1

[

Use the calendar and the mgnth of Feliruary to count:

in7'sfrom 11028
In 7's from 2 10 26

In7'sfrombto 27

Cn7'strom 710 28

How many days are there in Febiruary ?
Whatis the date 7 days after February 14th?
Whatis the date 14 days after Fehruary 14th?

What day wiil it be 3 weeks after the first Muonday in the month ?

These numbers on the outside shiow Us the number of minutes past

the hour. Continue with these.

TO PAST

These numbers on the outside show us the number of minutes to the

hour. Continue with these

On the continent thry use the 24 hour clock. The hours are
from 1 to 12 in the morning but, after midday, they continue
with 13 hours, 14 hours and so on, whereas we say 1 p.m.,
2p.m. etc.
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Here are the hours on the continental clock
1 2 3 4 5 6 7 8 g9 10 11 12
13 14 15 16 17 18 19 20 21 22 23 24
3 8
From 13 tc 24, write underneath the hours on our clock

Ifitis 4 p.m.in this country what would they give for the time in
France?

Loaok at these times given below. Use a clock and give the time for

2 hours later:
1. 2 o’clock 2. 5o'clock

3 8o'clock 4. 9o'clock

What will be the time 3 hours earfier than these:

1. 6o'clock 2. 8o'clock 3. 11 o'clock

If your clock is at 9p.m. write down what time it will be in:
1. 2 hourstime
2. 4 hours time
3. 6 hourstime
4 bhourstime

5. 3 hours time

We can see from using the 12-hour clock that we are only
concerned with numbers from T to 12. Unlike the con-
tinentals we stop at 12 and go back to 1, 2, 3, etc. If we can
persuade children to accept that "12" on the clock could be
re-christened zero (as a starting point) we can introduce
remainder or ‘'modulo” arithmetic and construct tables and
patterns from this.

mod 12 N
+/0 1 2 3 4 5 6 7 8 9 10 11
o|l0 1 2 3 4 5 6 7 8 9 10 11
t|1 2 3 4 5 6 7 8 9 1011 0
22 3 4 5 6 7 8 9 10 11 O 1
3/3 4 5 6 7 8 9 101 0o 1 2
414 5 6 7 8 91011 0 1 2 3
5|5 6 7 8 9 1011 01 2 3 4

5j6|6 7 8 9 1011 0o 1 (2 3 45
77 8 9 1011 01 2 3 4 5 6
g8/8 9 101 0 1 2 3 4 5 6 7
9|9 10 11 0 1 2 3 4 5 6 7 8
101 0 1 2 3 4 5 6 7 8 9
M1 0 1 2 3 4 5 6 7 8 9 10

We havereplaced 12" on the clock by “0", and we now have
the addition table ‘'modulo 12°. We start at O and when we
pass 11 we counton O, 1, 2,3, . . _instead of 12, 13, 14,
15, .. . .sothat13isreplaced by 1, 14 by 2, etc. just as on
the clock. As an example, the arrows indicate 6 and 8 and
where the ‘6" row and ‘8 column intersect shows 2. This
means that the result of ‘adding modulo 12" the numbers 6
and 8 is 2. A model for this is, of course, to set a clock at
6 o'clock and move it on by 8 hours. It will then read 2.
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A number strip could be made for arithmetic ‘'modulo 12", Patterns can be seen from such tables by colouring the
squares containing each given number in a distinctive way

11]2]8]4]5]6]7|8[0]0]r |.o{1T2l3[4}5\slr[s’gtetc. (e.0.Ored. 1 orange. 2 green, 3 blue).

12345612345678J ol1 |23

but the ‘clock’ (with zero instead of 12) perhaps affords a
betterillustration.

It instead, we had a ‘four-hour” clock (starting from O
again), we should have an arithmetic ‘'modulo 4" and be 2
concerned only with the numbers 0, 1, 2, 3.

How this ‘modulo” arithmetic can illuminate the process of
subtraction is described in the next volume, @ .

One of the developments in mathematics over the past cen-
tury has been the introduction of different “arithmetics’ —
we are not always concerned with the numbers 1, 2, 3,4, 5,
6,7,8 9 10, 11.12,13, 14,15, . . . but. perhaps with a
different set, as for example with the clock which only uses
twelve distinct numbers. A digital computer can only in
effect use two numerals O (‘off’) and 1 (‘'on’) and we end
here with an "arithmetic” associated with it, namely ‘'modulo
2'. Our ‘clock’ now is particularly simple.

Children could be asked to use this clock and, say, starting
at 2. give the time 2 hours later. They could construct a
table from their experiences with this clock and discover
that under addition the properties of closure, associativity
and commutativity all hold, as we found for the set of
natural numbers.

@lo|1]2]3
olo 1 ]|2]3
111]2]3}0
212301
3|3|o|1]e2
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Starting from O, one hour (say) is recorded as 1 and two
hours by returning to O again, so that counting would be
recorded by this crude ‘clock” as follows:

6o 1 2 3 4 5 6 7 8 9. .

‘mod2” 0 1 0 1T O 1 0O 1 o 1 ...

even odd even odd even odd even odd even odd

The ‘addition” table is particularly simple.

+

mod?) 011
010 |1
1 110

It is no coincidence that this pattern is like that for "even’
and ‘odd (p. 52). In fact those numbers represented by O
(modulo 2} are even and those represented by 1 (modulo
2) are odd.

The significance of such patterns will be explored in both

® and VY



7 Money

Today's children are more used to handling money than
their predecesszors and most infant schools have their
‘'shops’ as a main activity. There is a danger. therefore, of
wasling time doing too many money ‘sums’, especially if
there is emphasis on amounts of money which do not really
come within the child’'s sense of values It is doubtful if
amounts of more than £10 really mean anything to a child
up to the age of 8 or 9. Concentration on sums of money up
to £1 will probably be far mare rewarding.

There is no really satisfactory substitute for handling real
money. If, however, teachers feel that money in the class-
room is undesirable then cardboard coins are the next best
thing. These facsimiles of the real coins are much preferable
to some plastic types of ‘comn” which are not true repre-
sentations.

Itis through coins and bank-notes that money transactions
are made and we should continue to give familiarity with
the common coins used; copper and silver; the 10s and £1
note at a later stage. The +d can be used guite naturally and
it is perhaps a good thing to remember that, unlike the
‘halves’ of measurements (length and weight) there is
nothing approximate about the value of money: that of a
halfpenny is exactly half that of a penny. Counting coins. as
a bank-clerk or cashier does, is essential practice. Coins of
the same kind can be dealt with first. Heaps of pennies can
be stacked in piles of 12; threepenny bits in piles of 4; six-
pences in piles of 2, and so on. When there are insufficient
coms to form a complete pile. the child can include these
remainders in the final amount, e.g. 6 piles of 12 pennies
and 4 over

6s 4d

Here the child is working in 'base 12" arithmetic and this
stacking of pennies will help to eliminate the common error
of giving 17 pence as 1s 7d.

Stacking pennies

‘ Count these smounts of copper (pennies) like a cashier and
‘ +
record |
pEnc s (6]
[ 3
14
20
14d  20d 30d 174 25d 364 34d 284 33d¢ 37d

Now find the total value of these heaps of pennies. Fut them

togethear and count them {ike a cashier

Record like this
pence or like this: 9+4=13
9 Total 1s 1d
4
13 1s 1d
a. 6d.7d b 9d. 5d ¢ &d 4d d. 10d,10d

| e 11d.11d f.10d.11d. 3d

| g 9d.8d h. 5d.10d.3d

Make up some questions like this on your own

We can proceed from coins of the same value to heaps of
mixed coins. 20 pennies. 5 threepenny-bits, and 6 six-
pences will be stacked in piles of 12, 4 and 2:

12 pennies (1s) and 8d over..
4 threepences (1s) and 3d over.,

6 sixpences  (3s) and nothing over.
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The child counts up the number of shillings and finds that
he has five. Adding the remainders (spread out on the desk
as distinct from piles of shillings) he finds he has 11d which
is not another complete shilling. He knows, therefore, that
he has altogether bs 11d.

How many sixpences are worth one shilling ?
How many threepences are worth one shilling ?
How many threepences are worth sixpence ?

Make piles of the fallowing numbers of threepenny bits.
6 7 4 9 10 11 12 16

Find the value of each pile by sorting as far as possible into
shillingsworths. Record like this:

12 threepenny-bits are worth 3s Od.

Do the same replacing the threepenny-bits by sixpences.

N — ===

Change these amounts of money into pennies and record your

answers like this: —

S d pence
1 6 18
1 4
Ts 4d 2s 3d 25 6d 1s 11d 3s Od 2s bd

Do some of your own.

Setout the following coins and give the value of the total amount: —

a. 4sixpences, 4threepences. 6 pennies
b. Bthreepences, 6shillings. 9 pennies
c. 12sixpences. 13 pennies. 6 threepences.

Make up some of your own.

I — —

l ]

How many shillings are worth a florin ¢
1
How much more is a half-crown ?
How many shiflings do you think there were in a crown ?

How much are the following amounts worth ?

a. Aflorin, a half-crown and 3 sixpences ?
b. 2 half-crowns and 2 florins ?

¢. 4 half-crowns and 4 florins ?
| d. Bflorins and 4 half-crowns?

For values up to £1, a coin-tray can be very helpful. This
helps the child to discover how many of each coin, from
penny to half-crown, are needed to reach the value of £1.
Real coins have to be used and then, only the correct
amount, e.g. 20 shillings, will fit into each compartment.

rrEpss
.anl::::
FPFPPC e

The photograph shows a coin-tray which is particularly
useful for the activities suggested above. The tray holds £6
in real money made up of £1 in each of the following:
half-crowns in eights
florins in tens
shillingsin tens
sixpences in tens
threepenny-bits in fours
pennies in twelves
It can be obtained from
Clearex Products Ltd., Heather Park Drive,
Middx.,
atacostof 7s 6d.

Wembley,
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Practical work with money can take many imaginative
forms, mainly connected with the idea of shopping. e.g.

Current shop prices at different kinds of shops: greengrocer,
fishmonger etc. (A check could be kept on varying prices
and simple block graphs made).

Cafe, market, fair

Post office

Train and bus fares

Cost of clothes

Checking bills

Making up bills for partners to check

Costing with quantities, e.g.
4 at4deach
4ydat1s3davyard

Measuring amounts of money by weight
Using ready-reckoners.
Tabulating the numbers of pence and shillings, and later

shillings and pounds, can be included in children’s recard
books.

Number of | Number of | } Number of |
I, - 20 40 .80 100
pence shillings | shillings
12 1| ‘
| NumberofJ
2 [ d b 3
nds
% | | Pounds |
48 | 7 o -
i
60 .
6

Similar tabulations can be made for (half-crowns, pounds),
(sixpences, shillings) etc.
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Other useful experiences include
a. Choosing suitable coins with which to purchase an
article and {b) making up a sum of money in different ways.

Which coin or coms would vou offer the shopkeeper if vou wanted
10 pay far:

1 A quarter Ib of sweets at 10d per [b?

A book costing five shillings?

3. An orange cos

4. A toy costing 4

5 Tw

Hows many comics can you buy with 2s 7
How many ice-lollies can you buy with 2s?

Write down what you think vou could buy with various coins or

amounts of money.

What 3 coins are together equal in value to 10d ? T
What b coins are together equal in value to 11d7?

Can you think of more than one way of doing this?

r —

| Write dowen the weays you can make up a shillings worth of coins e.g

L 6d and 6d.
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See how many different things you can buy from the shop with one

shilling. You must spend all your shitling each time e.g

2 fireworks at 6d each.

Possible shop items displayed with prices:
follipops Tdeach

chocolate bars 5d each

oranges 3deach

fireworks 6d each

ruler 9d

notebook 7d

biscuits 2deach

comic 4ad

1s 6d Use 6 coins <«
2s 6d Use 5 coins <« Approp-
riate coins
5s Od Use 8 coins < Can be
placed
10s 0d Use 9 coins < here
£1 Use 9 coins -«

Such problems could be dealt with by class discussion as
to the most suitable way of calculating the totals, and if
kept within sensible limits there is benefit to be derived.
Perhaps a simple graph could be drawn, or aready reckoner
made.

Coins can be interesting to children and other discoveries
can be made apart from their values. For example: —

7
Whatis the date on the penny ?

Whatis the date on the halfpenny?

What is the date on the sixpence ?

What is the date on the threepenny-bit?
How many edges has the threepenny bit ?

Which coin measures about 1" across its diameter ?

Another interesting experiment for young children con-
cerns the weight of coins.

Use the scales to find the weight of:
£1 worth of half-crowns
florins

shillings

sixpences

| mixed silver coins.

Use the scales 1o find the weight of five shillingswarth of:

There seems little point in ‘reduction exercises” such as
converting £3 12s bd to pence, or 16s 8d to halfpence.
However real situations arise in school such as the costing
of

savings stamps 22 at6d
admission fees 100 at 3d

school magazines 30 at 6d

a. pennies
b. halfpennies
c. pennies and halfpennies

What have you discovered?

Is this information useful ?
Who could use it?

Canvyou use this information ?




A brief history of the development of coins and our mone-
tary system can be interesting. Starting with early ideas of
exchange and barter, children can be made aware of the
need for money and a convenient range of coinage. The
types of metal used can be discussed and why, for instance,
certain coins have a milled edge. Bank notes can also be
discussed, e.g. why elaborate etchings, water-marks and
signatures are found on these.

Giving change can be a very useful mathematical experi-
ence for young children. "Shopkeeper’s Addition” or com-
plementary addition should be encouraged. It will help the
child’'s understanding of this operation in ordinary number
work, e.g.

6+, =10

What must be added to 6 to reach 107 (c¢f. p. 57).

Shopkeeper’s Addition

Giving change

If you don't knowy, ask your teacher how the shopkeeper gives
change. Then pair off with your partner and practise giving change

like the shopkeeper. Use the real coins or the cardboard ones.

1. Spend 1s 8d and give shopkeeper 25 Od.

2. Spend 15 8d and give shopkeeper 2s 6d.

3 Spend 3s 6d and give shopkeeper 2 half-crinwns.

4. Spend 2s 4d and give shopkeeper 1 ten-shilling note.

Spend 8s 6d and give shopkeeper 4 half-crowns

ol

. 6. Spend 12s 6d and give shopkeeper 1 pound note
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It may be necessary. of course, to start with change from a
shilling before proceeding to examples such as the above,
especially with less able children. Recording is not neces-
sary at the above stage. This type of experience can, how-
ever, be followed by such examples as: —

What change shall | get from 2s 6df | spend: —

6d 9d 11d 4d

L1s 2d

f How much change?

1s 6d 10d 3d

Wark with your partner and Use real coins.
From 6d spend
4d Td 3d 5d Zd
14d 2%d 44d 51d 31d
From 1 shilling spend:
3d 6d 9d 1d 8d
9d 2d 7d 10d 5d
From 2s 6d spend:
1s 6d 2s 3d 1s Od 2s Od
3d 9d 1s10d 1s 3d

Do these the shopkeeper’'s way.

!
|
l

Recording can now be in the form

Money given Spent Change
2s 6d 1s 3d 1s 3d
2s 9d 1s 3d



£ s [ shillings
, 110 ] 30
1E] 6 £5
iZ. £2 10s 7. £1 53
3. f3 8. £10 Os
i4 £1 1b6s 9 f8
10. £6

5. £3 10s

| Neww change the above amounts into a. half-crowns
|
| b. florins

At this stage we are mainly concerned with recognising the
value of money and mental agility in handling sums of
money, giving change etc. No doubt some of the more able
children will be able to deal with more than two amounts
and check numerous items on bills etc. but until children
are very confident and can add two amounts of money
mentally, there does not seem much point in proceeding to
larger amounts and more than two items.

Learning ‘tables of pence’ (20d for 1s 8d. 24d for 2s Od.
etc.) hardly seems worth while either. If we keep to small
amounts and children receive plenty of experience in stack-
ing pennies in piles of 12, they should then have no diffi-
culty in converting from penniesto ‘s d”.

Through their experiences with money children can gain
useful vocabulary: —

names of coins

cost, fare, article, cash, bank. cashier.

treasurer, shopkeeper, amount, spent, bill, total, change

as well as the names of numerous items from the various
shopping activities

Summary

Coinrecognition

Counting in appropriate base (12 for shillings and pence,
etc.)

Giving change (shopkeeper's addition)
Counting money by weight

Brief historical development

Tabulation: ready reckoner and tables
Topics of interest: shops, prices and fares
Addition of small amounts of money

Value of bank-notes.



8 Book List

This listis by no means exhaustive. Itis simply a selection of
books which have been found helpful at the level of this

guide.
Romance in Arithmetic Bowman
Number Stories of Long

Age Smith D. E.
The Story of Measurement

(Series) Smith T.
The Story of Numbers Smith T.
Man must Measure Hogben
How Time is Measured Hood
The Golden Book of

Mathematics Adler
The Giant Colour Book of

Mathematics Adler
Stories of Mathematics Williams S
How Money has

Developed Groom

UL

Ginn

Blackwell
Blackwell
Rathbone

O.U.P.

Golden Library

Hamlyn

Evans

Routledge

Building up Mathematics

Think of a Number (1, 2
and Teacher’s Book)

Riddles in Mathematics
Magic House of Numbers
Number Patterns

Exploring Mathematics
on Your Own
{Series of Books)

Numberin the Primary
Schoot

Counting and Measuring
A Background to Primary
School Mathematics

First Steps in Practical
Number Work

Primary Mathematics

Dienes

Moss
Northrop
Adler
James

Johnson and
Glenn

Brearley

Churchill

Adanis

Maott

Flavell and
Wakelam
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Hutchinson

Blackwell
Penguin,
Dobson
Oxford

Murray

Froebel
Foundation

Routledge and
Kegan Paul

ONUR S

Evans

ethuen
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