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Mathematics

A short survey of the aims and methods of modern mathematics
teaching of five- to thirteen-year-old children, written particularly
for parents, in association with the Nuffield Mathematics Project.

John Wiley &'Sons’lnc., New York




Introduction

Have you a son, a daughter, a niece, a nephew, or a grandchild
at school and under the age of thirteen? Even if you have no
younger relations at school, do you have a general interest in the
education of younger children?

If you can say yes to either of these questions. then you have
probably also noticed that great changes in teaching methods
have been taking place in primary and junior or ‘middle’ schools*
in recent years. Classes have often been too large for comfort.
Physical circumstances have often imposed intolerably difficuit
problems. Nevertheless, a dedicated band of teachers, mainly
women, have fought to change our approach to the teaching of
younger children. Their aim, and the aim of those who have
supported them, has been to base the education of five- to
thirteen-year-olds on class activity in which the children can join,
learning from their own experience, understanding by doing. The
changes involved in this newer approach are revolutionary when
viewed in terms of the older one in which children were expected
to accept passively facts and processes imposed upon them, often
irrespective of whather their natural interest had been roused or a
measure of real understanding obtained.

You will certainly see some of the progress which has been made
if there is -a newly built or extended primary school in your

neighbourhood. In such a school you will not find orderly rows of -

desks, but rooms in which children can join together in con-
venient groups, rooms with walls on which individual and joint
work can be displayed, and alcoves in which various sectional
interests can be pursued. This is how architects and designers
have responded to the needs of the modern teacher and our
children. They have tried to create schools in’ which the teacher
will no longer expect children to memorise facts for their own
sake, or to learn by rote. Instead the teacher will find it natural to
join the children in an exploration of the world around them, an
exploration in which the children may be as much the leaders as
.the teacher.

- #There are many variations in the names of schools for five- to nine-year-old
chilgren ‘and for nine- to thirteen-year-olds. To avoid confusion the terms
‘primary’ to denote ‘schoois for five- to nine-year-olds and “middie’ (i.e.
between primary and secondary proper) for schools for nine- to thirteen-year-
olds will be used throughout.

In mathematics, the differences between the old and the new
methods are most marked. Trickery and technique alone cannot
be accepted. The subject must not be taught as a series of rules,
without reasons. Its aim is not a series of right answers to a long
series of sums, in which the methods have usually been memorised
without the necessary understanding having first been obtained.
Do you remember rules like turn it upside down and multiply ? If
you do, you may also remember having wanted at some time or
other to ask the very reasonable question ‘Why?, and being
dissatisfied with the possible answer ‘Because it works’. Without

" more discussion of this question you might well never understand

division by fractions, and sums involving this process could
deteriorate into a meaningless mumbo-jumbo. This lack of real
understanding made mathematics difficult and often unaccept-
able to many of us.

Worse still, many of us with an apparent competence in mech- -
anical arithmetic found ourselves unable to do problems. Signs:
and symbols introduced too early, tricks and techniques learned
by rote, lack of understanding of the need to build up an adequate
vocabulary and a comprehension of written and spoken English,
all added to the difficulties experienced by so many of us. We
were confined to equalities such as 4 + 5 = 8 or 10 - 5 =5,
with hardly a reference to unequal things, although in practice
inequalities are more usual than equalities; a child needs to
understand that 5 is greater than 4, and 7 is less than 8, etc., if he
is to grasp what equality really means, especially in such forms as
4 + 1 =3 + 2. We were rarely given the opportunity to explore
and make precise the physical ideas underlying the so-called
practical use of our early mathemetics : a child using 8 word such
as bigger may mean longer, wider, taller or fatter according to his
experience and his ability to express himself more or less pre-
cisely. To understand these and other mathematical ideas young
children need a variety of practical experience and an opportunity
for discussion — both with a teacher and among themselves —
about these experiences.

The classroom of today's primary and middle school child is thus
full of equipment and associated projects of all kinds. Children
work together, and with a teacher. using ‘rods’, ‘blocks’, number
strips, abaci, coloured sticky paper, sand, water, pots, jars and
containers of all kinds, nail-boards and rubber bands, to mention
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but a few of the prabtical everyday materials now considered part
of the equipment of almost every primary school classroom.
Learning by doing, instead of by memory alone, is the order of the
day.

The Nuffield Mathematics Project is based on the work of
pioneering teachers who for many years have been laying the
foundation for this modern approach. Its aim is to produce a
contemporary course in mathematics for children aged from five
to thirteen. It is drawing together the ‘best of the old’ and the
‘best of the new’ and is firmly linked with the practical experience
of present-day teachers in our schools. Preliminary Guides have
been distributed in chosen areas throughout the country. These
have been revised in the light of comment and criticism from
teachers who have used the material in their own classrooms.
Onlyafter this revision have the Teachers’ Guides gone to press
and become generally available. The cooperation of the Depart-
ment of Education and Science and of Local Education Authorities
has ensured that the influence of the work has.spread widely.
Centres, in which teachers can exchange views and ideas about
their work, have been set up by Local Education Authorities in
many parts of the country. These have become meeting points
for teachers at all levels and in all subjects. Work at primary and
middle level cannot stand alone ; it must match with work taking
place in developing new secondary school curricula. Work in
mathematics must also be linked in attitude with work in other
subjects at its own level if it is ultimately to be successful in
arousing and maintaining the interest and enthusiasm of all our
school children and teachers. The Nuffield Guides for teachers
have been written with all this in mind. It is hoped that they wiill
attract the interest of anyone concerned with children. They
contain a wealth of children’s work, impressive in its enthusiasm
and gaiety, and going even further than it was dared to hope in
demonstrating the skill, interest and understanding which our
children can achieve.

My aim in what follows is to describe some of the main lines of the
Nuffield work and to invite your cooperation and interest in the
Project. | hope that I can tell you enough about the primary and
middle school work to help you to understand modern methods
and appreciate the attitude adopted by the Nuffield Mathematics
Project. If your reaction is one of resignation, if you are saying

that you were never any good at mathematics at school, my
invitation to read on is a most warm one. Only a fool would claim
to turn geese into swans, or make light of what can be hard work.
But teachers in the Project do claim (and can produce ample
evidence to justify their claim) that lack of interest and a feeling
of complete hopelessness in the subject can be eradicated. A
statement such as ‘| never could do sums and hated mathe-
matics’, can be replaced by ‘] often made mistakes in mathematics,
but at least | saw the point of it all and quite liked the things we
did’. Whether we like it or not, our children will be concerned in
the future with more ‘abstract’ mathematics than were their
predecessors. The world of computers and computer programmes,
of automatic production-line processes, or of operational research
by managements, is a far cry from the world of the nineteenth-
century clerk, mill-hand or small industrialist. Qur most important
task must be to teach children to think mathematically for them-
selves. From a gradual awareness of the patterns of ideas lying
behind their practical experiences, there must be built up a
willingness to accept the underlying mathematical ways of
thinking which are proving so vital in the development of modern
technological society.

A page from a book on ‘Shapes and how we use them’ made by some
) six- and seven-year-old children in an infants’ school.




We mede Parr(: ds

}’\&l’ 1-}nr.;. 2vals

Fri o g les




Beginnings
Primary work : five to nine years old

Most of us have a picture in our mind’'s eye of a primary school
teacher as a person in front of a class of small children, sitting at
a high desk, or standing at a blackboard, with all the required
knowledge in her mind, ready to deal it out as necessary, in larger
or smaller portions, to the children under her authority. Thinking
of primary level teaching in this way, one may almost be tempted
to draw a parallel with the much quoted description by St. John:
‘In the beginning was the Word, and the Word was with God, and
the Word was God’ (John. i. 1). Any teacher must certainly have
the "Word’, but in pursuing this parallel with St. John's description
it is particularly relevant to remember that in the Greek version of
the New Testament this quotation implies that in the beginning
there was reason, or rationality, and these were‘ with God.

-In fact, of course, school teachers need both knowledge of what

they wish to teach and an understandtng of those who are to be
taught. Relative to her class, the primary school teacher in parti-
cular may well appear almost God-like in her knowledge and
understanding of things. But however knowledgeable she may
be about factual matters, she can only communicate successfully
with a class as a whole when she knows the children are all
capable of understanding what she has to offer.

In the beginning, with our youngest schook children, this raises
problems which must be overcome before serious teaching can

start. There can be no ‘streams’ of dull and bright children at the .

start of primary education. The teacher must communicate as
successfully as possible with all the children. First, therefore, the
teacher of beginners must get to know her children, and get to

know them well. She cannot assume they have all begun school

with the same experiences, and reactions to those experiences,
behind them: There are no previous school records the teacher
can consult. Before she can introduce her class to even simple
mathematical ideas she must find out something of what they
have each done at home, what has interested them, and what
they have understood about the world around them. The child
who has ridden a tricycle may intuitively know something about
wheels and turning, from practical experience, which a child who

has pot ridden a tricycle cannot know. Qne child playing in a

sandpit with a bucket and spade may have grasped more of the
idea of too much or too littie, or of amount of space to be filled,
than another child. One child may have picked up an above-
average range of vocabulary so that he already understands how
to use words such as wide, fat, high, tall or long, in. relation to
big; another may not.

Best of all, a child may have been lucky enough to have lived with

articulate and understanding adults, able and willing to join with

him in the enjoyment of seeing, hearing and learning to know the

world in which he lives. Heaven forbid, however, that contact of

children with parents or adults in general should therefore be

thought of as a deliberate teaching process. The simple genuine

interest of a parent or a friend in a child’s activity will widen the

value of that activity. It is on precisely this principle that our most

successful nursery ‘schools’ are organised. The games children

play, the toys they have, the many things they have had to do at

home before coming to school, are the basis on which a teacher

has to build in the beginning. The children who go to school with

the greatest advantage are those whose natural interest in the

world has been strengthened by contact with understanding

adults, and who have at the'same time gained an ease, fluency

and flexibility in their use of language. All the skitl and exberiénco,,
of a teacher of beginners is needed to widen the horizons and
deepen the experience of those children in her class who have’
not had these advantages. :

Once the primary teacher has overcome the difficulties involved in
this first stage with beginners, she can start to move towards the
study of mathematical ideas. There are now recognised to be
three main lines to be followed in the formation of basic mathe-
matical concepts by children in primary school before they enter
middle school at about.the age of nine. First, as one would
imagine, there is number work, ranging from simple counting to:
an understanding of the arithmetical operations of addition and
muitiplication. Secondly, in parallel with work on number, the
child must develop a sufficient understanding of the physical
properties of solids and liquids so as to make sense of such
‘three-dimensional’ mathematical ideas as those of weight and
volume. Similarly ‘in two dimensions’ children: must come to
understand what length and area mean. Finally, together with all
this":environmental' work, there must be a third line of develop-
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ment_in which more purely geometrical concepts must be
recognised and understood. Children are not born with an
understanding of straight lines, angles, verticality, horizontality,
or of perspective. Until they have grasped these concepts, they
cannot be expected to appreciate and understand the geometrical
frame which the adult imposes on the world.

Of course, these three lines of development cannot be mathe-
matically separated. Numbers occur throughout work on
measurement; straight lines occur in practice both before and
after they occur in an ‘imaginary’ fashion from one pointin ‘space’
to another; corners are recognised before angular measurement
is understood, but afterwards they can be ‘measured’. Experience
leads to abstraction, but once abstraction has taken piace, it
influences our reactions to our experiences and imposes a pattern
on them.

The three lines are also inseparable since in each of them hand,
eye and thought all have a part to play. Beyond them, moving on
from the understanding of concrete operations as they occur in
practice, one must work towards an understanding of the more
abstract and theoretical operations of middle school mathe-
matics. This is not to say that at the earlier levels abstract
theoretical work i$ useless or impossible ; nor, at the later levels,
that one does not gain a better understanding by working in
concrete, practical terms. Those in the Nuffield Project believe,
on the one hand, that at all levels there must be a.recognition of
the theoretical, abstract, mathematical patterns of thought behind
apparently dissimilar situations. On the other hand, they also
believe that a far greater understanding of theoretical and abstract
processes in mathematics is obtained by working experimentally
in concrete situations.

Consider the idea of ‘number’ from this point of view. Long before

they come to school for the first time, children will show an

ability to sort things — putting them into categories. It may be
cars as opposed to bicycles, or Minis as opposed to Jaguars, or
red cars and blue cars, my toys and your toys, things which are
- upstairs and things which are downstairs, and so on: whatever

the particular situation, to be able to sort things in this way

implies some understanding of relationships between things —
~how they can be 'sorted according to relationships, and how
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things dissimilar in one respect can be matched in another. The
teacher must guide the child so that this ability is refined : it is one
thing to be able to recognise redness so as to be able to under-
stand the similarity of red cars and red pencils in this respect, but
another thing to be able to recognise fiveness in five cars as
opposed to four bicycles. This is the first stage of mathematical
abstraction ; untii it is passed there is no point in attempting to
proceed further with a child in his number work. The necessary
refinement of a child’s ability can only be done by guidance
through ‘experiments’ in which collections of things are studied
in various practical situations, until when appropriate the child
recognises the ‘fiveness’ of a collection of five things.

By exploring the child’s understanding of his experience with
collections of things, a teacher can give the right guidance to
help the child make the appropriate interpretations and abstrac-
tions. If necessary at any stage the teacher must be willing to let
the child move back half a step so-as to move forward a full step
at a later stage. Once the child can on request give the teacher
five pencils or five marbles, say, and cleatly cannot understand
that there could ever have been any doubt about the matter, the
game has been won.

Having abstracted the first idea of number from varied experiences
with collections of things, the child can move on to understand
how numbers are related to one another. Here the first aim is the
study of the numbers 1, 2, 3, . . ., in sequence. Once again
experience, observation and theoretical interpretation are all
needed. Checks of the understanding attained will again be
possible and will be part of the guidance provided by the teacher.
Awareness of the idea that one number may be greater than
another and that numbers can be ordered by this relationship
is abstracted from many experiences. Houses which are next to
one another in a row, boxes which nest within one another,
buttons or coins of graduated size, the various rungs of a ladder.
collections of things and the smaller collections of things which
they contain, are all examples of such experiences. They all lead
to an acceptance of a number strip — a piece of wood or thick
card marked off, in the first instance, from one to ten.’
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Next the child can consider how numbers are related by the
operation of addition. Once again we use suitable experience with
collections of things. Addition is an abstraction of ail the situa-
tions in which we put together distinct collections. The gap to be-
bridged is typified by the two extreme statements:

(i). | had 3 conkers. Jane gave me 2 more, 30 now | have b.
(ii))3+2=56. :

Easily constructed experiments leed 1o pictorisl representations 4

illustrating additive relationehips in a variety of ways:

Children will readily draw such pictures to illustrate their practical
observations. The Nuffield Guides recommend that advantage
should be taken of this whenever possible. Such child-produced
illustrations provide a link -between the practical and the
theoretical, whose value has not been fully recognised in the past.
When they are classifying collections of things at the earliest
stage, children should be introduced to illustrations of the

. follewing kind :

From such ilustrations they can be easily led to approve of
records of the form:

scent noscent smooth stem hairy stem
primrose X x
violet { - x x '
bluebell x x
wood. anemone. . X : X
lords and ladies ' x x

Given the opportunity, children will soon go even further and
produce ‘graphs’ of the form overieaf: of class absences. of
team points, of tickets soid each day before the school concert,
of the number of children from each dietrict around the school,
and so on. '
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" Thus from the earliest age children can be led to understand that

the pictorial representation of mathematical information enhances
the value of that information. Quite apart from its purely educa-
tional value this is a lesson well worth learning if one is to see the
point of modern methods of presenting statistical information in
the press and on television.

Pictorial representation of this kind should rightly be regarded at
first as child-made apparatus leading to a better understanding of
the processes of elementary mathematics. While producing such
representations, children can also work with the various kinds of
manufactured ‘rods’ and ‘blocks’ now commonly used in schools.
Such apparatus lends to arithmetic a reality missing from the
older, purely ‘bookwork’, approach and many parents will have
observed how its use in the classroom has affected their children’s
early arithmetic. First steps in addition and multiplication are
certainly made more understandable for many children when such
apparatus is used. The concrete relationships between the differ-
ent shapes involved give another example of how mathematical
ideas can be illustrated. and more readily grasped and under-
stood, by physical experience and ‘seeing for oneself".

In the past we have tended to teach the elementary ideas of
arithmetic ‘abstractly’ too early in the child’s development, before
true understanding can be expected. Now, for example, we see
addition as a process to be developed quite slowly and thoroughly

out of operations with collections of things. Pictorial representa-
tion and practical work using rods or blocks of suitably related
lengths and colours, as necessary, is then a second stage.
Excessive paper and pencil work on lots and lots of ‘addition
sums’, say, done for their own sake is no longer considered
necessary after reasonable familiarity with number relationships
has been gained. Doing such work most often only confirmed
one in the belief that one could usually expect to get most sums
right or most wrong. Further practice can be obtained by paper
and pencil work done in connection with practical work in other
developments in the subject.

In a similar fashion multiplication can start more thoroughly..in
terms of practical processes, typified by a situation in which
there are two sweets for each of three children, i.e. six sweets in .
all. After sufficient experience at this level children can begin to
work with suitable manufactured apparatus. Once again a large
amount of paper work for its own sake is not recommended.

We no longer move too quickly from addition and multiplication
to subtraction and division. In the past, these processes have been
introduced too early, and techniques and tricks have all too often
been thought to offer the right approach. One may teach a child
to subtract 39 from 47 : ‘

47
9

-8

by learning a drill which has as its aim an automatic response:
‘9 from 7, | can't; borrow one ; 9 from 17 equals 8, pay back one; -
4 from 4, nothing’. But how does such a drill help one to under-
stand the process of subtraction ? Why not, for example. let the
child carefully learn to understand the basic facts involved in
subtraction by moving and counting from one number to another
on the number strip ?

30 41 |

40 sof




At a later stage, when operations with negative numbers are
dealt with in middle school, children may have to evaluate
+ 17 — (— 9). This is also subtraction. The numbers used here,
however, are directed : they are either positive or negative and the
number strip has been extended :

0 5 10 15 20—>]

2 -9 H7 ]
[l 1
1 o 1 1 1 1 ] L) U
(<20 45 40 -5 0 5 10 15 20—>]
But subtraction is still a process involving moving and counting
from one number to another. One has to learn where to find the

number —9, sO as to recognise that ‘—9 from +17’ involves a
‘count’ of 9 + 17 = 26, from —9to +17.

Thus a ‘moving and counting’ process can equally well be used
at primary and middle schoot level in subtraction. A child who
has played with a number strip will accept and understand the
idea of moving backwards orforwardsonit. Giventimeandenough
practical experience, children can really understand subtraction
in these terms. They can then be allowed freedom in their choice
of technical method. Moreover, if they start correctly at primary
level they will not have to learn a different technique when they
‘later extend their number strip using positive and negative
numbers. The process of moving and counting on their number
lines will extend naturally through a recognition that the direction
of the counting is now to be taken into account. Time spent at
the ‘earliest stage in developing real understanding is time well
spent when the insight gained helps one' to accept other ideas
later.

In the second line of work at primary level the need for a mixture
of experiment and theory is perhaps more obvious. Here, children
must develop an understanding of such physical ideas as those of
weight and volume. We link these ideas with those of length,
area, ‘shape and size’, and group all the work together in the
beginning, calling it ‘environmental mathematics’.

9

We start with creative activity with sand, water, jars, scissors,
paper, etc. This can develop into simple constructional work or
the sewing and knitting of simple patterns. Music and movement
can also play their part in illustrating patterns of rhythm in sound
and geometrical patterns of movement in simple games and
dances for young children. Imitative activity, adding an air of
reality to environmental work, is easily evolved by play in ‘shops’
and in simple ‘cookery’. A point to note is that in such practical
activity there are not only skills to be learned for use in later life,
but also purely mathematical lessons to be learned. Shopping
involves learning in practice to understand the ideas underlying
the use of words such as léss than, greater than, lighter than,
heavier than, longer than, and shorter than. Cooking buns can
involve the cost of materials and the implied cost of each of
twelve buns made ; ‘quantities’ are certainly needed, as may be a
measurement of time, which is another basic and measurable
part of the child’s environment.

The home and the garden themselves, quite apart from the
activities which take place in them, abound in examples of use to
children in learning quite difficult mathematical ideas. The ‘map’
of the furniture in the living room can lead to maps of countries.
The shapes of leaves can lead to discussions on what it means to
say that one leaf is larger than another — heavier, of greater peri-
meter, of greater area, thicker, and so on.

Again, at first, one must proceed siowly. Children will certainly
come to school with experience of everyday activities in which
they have explored their world with their senses. They will, for
example, have seen too much water in their baths or sometimes
too little food on their plates. They will have called some kitchen
stools big, others small. They may have heard what they would
consider big being called small by an adult. The first aim must be
to help children realise that such words describe relative size,
quantity or proportion. From this realisation they must move on
to understand that widely varying shaées can hold the same
quantity. By pouring a given amount of sand first into one con-
tainer and then”into another of a different shape, a child can
discover that the two containers hold the same amount of sand.
Yet he may not understand what is meant when he is told that the
two containers have the same volume: at one stage of his
development the child may appear unwilling to accept the fact

P
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that a very tall thin container and a very short fat one can have the
same volume. Only after sufficient experience with containers and
liquids will the child come to recognise all that is meant by the
phrase ‘the volume of a container’.

Model making in Plasticine or wood will lead to further under-
standing of the properties of continyous ‘solid’ materials. The
many idess to be explored can be seen by considering the words
one has to use and come 10 understand. The vocsbulary needed

. includes words such as up, down, acroes, on top of, in front of,

behind, left, right, as well as hard, soft, amooth, rough, and 50 on.
In needlework and pattern-making we siso have sn obvious
opportunity to include such words as diagenal, alternate, persilel.
In constructional work, the ways in which shapes fit together
must siso be explored, and words such ss length, sres, surface,
fist, straight, round, curved, corner, will arise naturally and be aii
the more scceptable later. '

Mthoﬁimmdvoabduymdhoﬂscntﬁwmdimimmﬁ

experience, children can move on to learn about simple measuring
processes. They may come to school using the familiar aduit
words such as pints, galions, peunds, ounces, feet or inches. But
these adult units sre only namaes to children until they have hed
sufficient experience with their own units, such es a school milk
bottie-full, a set of pebbles as weights, or a length of ribbon as @
unit of length. As adults we have had continual practical experi-

- ence of a pint measure, 3 one pound weight, or a foot rule. The

child has not had this experience and must be given the oppor-
mnuynmanundomndingofmnmmmmndﬂdmd
units of messurement before he works with them.

wo‘;konwddnmwmmwukmbowmymu«of
roughly the same size balsnce s piece of Plasticine. Work on
length-invoives experiments 1o find out how meny given lengths
of string are' needed to measure the length of » classroom wall.
Work on sres must start with an examination of such questions
a8 how many match-boxes cover e suitable table top. Later.
children will want 1o use stenderdiesd units es a reault of their
work with their own units, but thees: adult ynits are unnecessary
in children’s preliminary investigetions:.of their environment. Real
rrmhomqmal uMmemhMumhmm

of the children. The very roughness of such instruments can be
turned to good advantage.

Children must learn the approximate nature of ail measurements.
An accurate arithmetical calculation, 6 x 4 = 24, is a part of

. estimating the length of a table which is four lengths of a ‘six-inch

ribbon’ long. The tsble is still only approximately twenty-four
inches long. however acourate the muitiplication sum. With

. home-made instruments children are not misled into believing in

false accuracy. They can learn to estimate a measurement as
more than six of their units but less then seven units, and in
consequence come to a better undmndmg of the hature of
practical measurement. -

Tho experience geined in-their work in snvironmental .mathe-
matics leads children into the beginnings of more purely geo-
maetical work .in. the third phase of development. We must
recognise that children do not come to achool with a ready-made
geometrical frame of reference in which to set the world. Up,
down, horizontal, vertical, are words whose pure geometrical
meaning is not obvious to them. Work with plumb-lines or spirit-
levels is taken for granted by adults who are used to seeing the
weorld in 8 vertical-horizontal frame. Children do not ses the world
in this frame until. they have developed the concepts involved
from their own experience. Look for yourself. at their drawings :
walls need not be vertical to stay up, objects placed on table tops
which are not horizontal do not necesearily tend to slide off the
tables. Only slowly do children come to. recognise the property
required ofawal?l if it is not to tend to fall down, or of a tabie if
the toys on it are; not to tend to slide off. When such recognition
has come, they ‘can be led to grasp the fact that plumb-lines
always fall trus and that the surface of water in s bottie siways
stays horizontal whatever the position of the bottle. Recognition
and understanding of these facts can only come after experience
of many situations involving the relevant idess. When they do
come, one begins to see that the men standing on hillsides in the
children’s drawings are ali standing roughly ‘vertically’, and not
haphazardiy. -in relstion to the frame of the picture. Qut of their
sxperience of rough practical spproximations to horizontsl and
verticsl lines.. the children have abstracted pure. geometrical
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In a similar way, from practical work with roughly symmetrical
shapes and patterns, children come to understand the elementary
geometry of symmetrical figures. They see around them patterns
made by bricks laid in the various practical ways used by brick-
layers. They see how a floor can be covered in various ways by
tiles of symmetrical shape. They can try to imitate these patterns
in practice or by drawing pictures. From such experience they
can come to recognise how the symmetry of a shape enables it
to fit more readily with similar shapes. The study of the ways in
which triangular shapes fit together in jigsaw fashion leads to an
understanding of how triangles with equal sides are more sym-
metrical, and fit better together, than do triangles with unequal
sides. As a result of fitting appropriate corners together, the idea
of angular measurement arises naturally, not as a formal process
with a manufactured protractor, but as an observation that one
can subdivide a ‘whole circle’ into near enough equal parts by
folding a paper circle for oneself. Further folding refines the
process to make a more accurate measuring device.

. Out of such practical work comes an understanding of what is
meant by the angles of a triangle or the amount turned by a line
moving about a point.

-

e —

As you will see, this approach brings ideas previously treated in
geometry lessons at the age of eleven or twelve to a much lower
age group. Of course, to do this, the treatment of the work must
change. The changes involved are made so that the basic ideas
concerned are more strongly emphasised and seenin practical
terms. The simple practical ideas are no longer hidden in a mass
of theoretical detail imposed from outside the child’s experience.
One does not expect primary school children to be proving
‘theorems’. One does expect them to be developing, from practical
experience, an understanding of basic theoretical geometrical
concepts.

Understanding how one can measure the amount a line has
turned about a point is of course finked with being able to read
dials : in particular, with being able to tell the time. But again we
cannot immediately present children with a clock and expect
them to understand time-keeping. They must have experience on
which to build. Early man noticed sunsets, sunrises and variations
in shadows cast by the sun and moon, long before he had clocks as
such. Similarly, children are at first encouraged to be aware of the
succession of events in their daily lives. Bedtime, schooltime,
morning, afternoon, the successive days of the week, months of
the year and birthdays are all within their experience. They can
learn to refine ‘“amounts of time’ by learning to use egg-timers,
stop-watches, home-made candle ‘clocks’, and so on. The clock
face can then be introduced gradually, first in hours, then in half
hours, quarter hours, and in five-minute periods. Later, the ideas
of past and to the hour can be introduced and related to the
numerical way in which time is written. By slow steady progress
of this kind, the concept of time, and its measurement, can be
made clearer. Without an understdnding of the ideas involved, the
measurement is meaningless. In this respect, time is no different
from any other mathematical idea involving measurement.

Throughout all this primary work, and particularly as the children
come up to the age of eight or nine and are preparing to move to
middle school, emphasis is placed on the interlinking ‘of each
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part of the subject with the rest. The Nuffield Project does not
intend to replace the compartments Arithmetic, Geometry and
Mensuration by compartments labelled Computation, Pictorial
Representation, Shape and Size. All these are woven together:
none can stand separately. The aim is to teach children to see
mathematics as a unified way of thinking about the world in
which they live, not as a separate collection of technical subjects.

Consider a few of the inter-relationships one can find. Links
between any one measurement and the appropriate arithmetical
calculations are obvious. Less obvious perhaps are the links

-between all such arithmetical calculations. In adding yards and

feet, one must remember the number 3 (3 feet, 1 yard) : in adding
shillings and pence — until a few years hence, at any rate — the
number 12 is vital (12 pence, 1 shilling) ; in ordinary arithmetic
the number 10 is basic ; ‘on the clock’ one may need 80, or 12, or
24. One can continue almost indefinitely. There is a pattern to be
recognised here. The scale of ten in ordinary arithmetic can-be
replaced by any other scale one wishes. Numbers are then given
different names, though, of course, they remain the same
numbers. One can ‘count’ just as easily and effectively with the
different names:

one | two [three |four [five | six |seven
scaledft0| 1 |2 | 3|4 |56 |7
scaleof5 | 1 2134 (10|11 |12
scaleof3 | 1 | 2 |10 |11 |12 |20 | 21
scaleof 2 | 1 10 | 11 {100 |101 | 110 | 111

The variety of notation used here arises just as naturally as the
variety in sums connected with measurement. Thus in.the scale of
5, six = 1 ‘five’ + 1 ‘unit’, so we write six as 11 in the scale of 5.
Similarly, in the scale of 2, six = 1 ‘four’ + 1 ‘two’ + 0 ‘units’, so
in the scale of 2, six is written 110 and read ‘one, one, zero’. The
‘powers’ of 2, i.e. 2, 4, 8, 16, etc., take the place of the powers of
10, i.e. 10, 100, 1000, etc., in the more familiar scale of 10.

13
i
Again, one recognises the need for numbers to describe how
many sides a geometrical figure has. But one can go much further
and see many numerical patterns in geometrically symmetrical
figures :

points 1 3 6 10 15
paths 1 3 6 10 15

" Does the pattern continue ? If so, why?

In three dimensions we can ask of our solid shapes how many
‘sides’ of ‘faces’ they have and how many ‘edges’ and ‘corners’.

i

1 sides 6

| | corners 8

: edges 12

L IS
sides 5
corners 5
. edges 8




14

In both cases, ‘sides’+ ‘corners’ excbeds ‘edges’ by 2. Is this

dwm_mn ?

These links are not haphezard ; there is a pattern to be discovered
in each case. There sre many other similer patterns which can be
diseovmd'bychﬂdnn,MMMtommomna
whole rather than in separste perts. Of course, in one child there
may be a natural inclinstion towards the geometrical pattern
rather than the numerical one; and the opposite in another.
However, both can recognise the existence of each pattern and
find arithmetic and gsometry interlinked as they shouid be.

lnwuctfcduwoﬁummmoﬂWunmunMng
patterns. Thus, in measuring, length requires a measuring rod and
@ suitable unit of length. Simierly, sres requires a suitable
measuring device, say a squate subdivided into suitable units
measurement of ared is donie-then, nét by Way of ngth times
breadth’, but by applicstion of the mwesuring squere ahd by
counting unit squares and parts of ‘unit squares. Weighing
requires.a balance, and suitsbly sulidivided units: of weight. Time
requires a clock with an associsted unit of time. All measurements
are approximate ; their sccuracy- mmm -on the refinements
obtainable from the chosen besic units, -

This chapter started with a brief fook at children in relation to
their parents and adult friends in the pre-school age. Your interest
in their small world st thet stage was asked for. Again you are
asked to recognise how your child’s mathematical idess must
continue to come from experience after school work has started.
No teacher wants you to take over her job. But this is not to say
that home and school can be separated in the child's experience.
The plumb-line which falls true on the wall when father is wall-
papering, the shopping basket full of pounds of this, half pounds
of that, and quarter pounds of the other thing, are all as much a
part of a child’s experience as is work at school. If, for example,
you yourself see the common pattern in wmghmg flour, or
measuring ‘cloth, or meassuring time, both from the practical
‘measuring’ point of view and the purely arithmetical point of
view, you can help. If you recognise the geometrical symmetry of
a leaf or a building or a carpet pattern, your sympathy and interest
in your child’s experiences will help you to try to see the world as
your child is beginning to see it. Guidance and stimulus are

needed, not automatic and unthinking correction of errors in
which one too often tends to assume that the child shouid ‘see’
the rightriess of a ‘sum’ presented in adult terms, without experi-
ence of his own to back up the appropriate abstraction.

We do not ask you to tedch, We stk you to-try to recognise how a
chikd develops shd to use your own understanding, which has
come from your own development, to help the child to take a
right and proper interest, from all points of view, including a
mathematical one, in-his interpretation of what he sees. Abovs all
eiss your interest should aim to increase your child’s enjoyment
of his worki. Thete is sn sdventure to be found in his discoveries

NWMNMNMWMW“MM :

and ‘sesing how things work’. One should add to the sense of
wonderment which exists in every primary school child, and not
detract from it. The teacher who avoids giving children dull
repetitive. tasks has to work far harder with them. She needs
your support and interest to help your child mest her haif-way in
mmmwfdlnusho hatooffcr

An sarly drawing of a houss and gerden. Notioce the lack of a precise
. vertical-horizontal frame, but on the other hand
o mmmmdm

0

o ot o e et




T T N e -

= PV e i, =

= S mang e amsL e T
S, (s

e e A e LS
e A - T e g




The Middle Years

ma-mo:m nine to thirteen years old

No clear-cut line can be drawn between the end of primary school
for children from five to nine years, and the start of middle school
work for children from nine to thirteen. Individual children
develop at different speeds and in different ways. One child
starting middle school will, for example, see many links between
different parts of mathematical work and will already be develop-
ing an understanding of the general pattern of ideas in the subject
before he leaves primary school. Another child will not have
gained such an understanding by this time, and will need further
opportunities to develop it in the first years of middle school work,
if he is to appreciate the work to be done later.

At the start of middle school work, the teacher must therefore
assess what stages of development the children have reached at
primary level. This can be achieved by reconsidering some of the
ideas introduced at that level. Such a reconsideration provndes the
bridge from one level to the next.

Thereis a Chinese proverb :
| hear, and | forget

| see, and | remember

| do, and | understand.

The concluding phrase of this proverb is as applicable to middle
school work as to work at primary level. There must be a con-
tinuity of approach to the subject. Children will still understand
best through their own experience.

The basic difference between primary and middle school work
carried out in this same style will, in practice, lie in the quality
of the children’s experience. As they grow, their imagination
develops, their total experience.increases, and they gain a greater
fluency in their language. In consequence, their work and dis-

-cussions become deeper and more wide-ranging. Ideas explored

in an elementary fashion at primary levet can be reconsidered in a
more advanced theoretical way and in more complicated practical

situations.

Technical work on volume, weight, length, costs of materials, and

so on, can thus be considered by middle school children in con-

nection with quite ambitious constructional projects. in one
school, for example, children between the ages of nine and ten-

plus decided to build a duck pond for a pair of ducks acquired by .

the school. They had to find out how much water the ducks would
need and hence what would be a suitable size for the pond. They
had to decide what materials to use, and hence what proportions
of cement, sand and shingle would be needed to make concrete.
Should the walls be constructed of concrete or brick? If of
concrete, how much shuttering would be needed to hold up the
walls while the concrete was setting? Would brick walls be
simpler to build ? Would they be watertight? How many bricks
are needed to build walls three courses high around a rectangular
base measuring approximately 6 feet by 4 feet? How much
concrete is needed if the base is to be between 3 inches and
4 inches thick ? If 1 cwt of cement, 2 cwt of sand and 3 cwt of
shingle are used to make concrete, what volume of concrete is
obtained ? How many hundredweight bags of cement, sand and
shingle would be needed to construct the required base for the
pond ? What would the materials cost ?

The ideas involved in a project such as this are many. Some
mathematical technique is necessary if such practical situations
are not to give rise to unsystematic hit-and-miss mathematics.
But with experience and interest, technique is easier. The reality of
the situation will help to carry the children through the necessary
detailed arithmetic. If they are capable of work such as this, does
it matter if they are not very good at calculating
123 x 3tons 2 qr3st4ib, or %+ & + 442

In preferring the real situation, with all its practical complications,
and rejecting -artificially complicated and unreal calculations,
surely the children are showing good judgment.

Scientific uses of mathematics can also be considered. A piece of
work on area, done by ten-year-old children, is a good example
of this. The children had been discussing with a teacheg the
consequences of avery cold winter. They had read. in newspapers,
medical advice about the need to protect smqﬂ babies from low

_temperatures. They had come to understand’ mw food can be
thought of asa fuel for the body and howtho étmw produced by
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this fuel is iost. From these discussions it was natural to consider
heat losses from the surface of the body. The children then thought
it reasonable to compare the surface area of adults with that of

. small babies, and to relate this to food intake. At this stage they

decided for themselves to measure the surface area of a girl in
their class by laying her on paper which had a square-inch grid
printed on it. An outline of the girl was drawn on the paper. The
square inches wholly inside the outline were numbered and
counted. The squares lying across the outline, not wholly inside
or outside, were then considered. For each such square, the
proportion inside the outline was estimated and all these parts
of square inches added up. By this means the children obtained

" an estimate of the surface area of the girl in question.

". Would you have thought of this technique ? If someone asks you
- to think about measuring area, do you see yourself with a rectangle

in front of you and a ruler in your hands, ready to measure two

o adjacent sides of the rectangle in preparation for doing a multi-

plication sum? If you do, then ask yourself whether this means

" you understand the idea of area. Would your ‘length times

breadth’ sum help you to think of the technique used by these
children in their measurement of area ? Drill in multiplication sums
associated with the lengths of the sides of a rectangle certainly
never led any beginner to understand the idea of area. The
children whose work we have just described did not even need
to have been told about such sums. In earlier work they had learnt
that given, for instance, a six-inch by seven-inch rectangle, they
could count 42 square inches in a square-inch grid placed over it.

For such children, the rule ‘area of rectangle = length times
breadth’ is not imposed upon them from outside. It is an obvious
arithmetical aid and is not to be confused with the measuring
process itself. It simply derives from their ‘seven-times table’: the
rectangle is composed of 6 rows, each of 7 square inches; it
therefore has an area of 6 x 7 = 42 square inches.

17

15 (16 |17 |18 |19 {20 |21

22 123 |24 |25 |26 | 27 |28

20 | 30|31 | 3233|3435

36 (37 |38 | 39 | 40 | 41 | 42

The two projects just described obviously helped children to learn
and practise their mathematics. They also reflected the ways in
which mathematics is continually being used in real life. In the
duck pond project, the children gained experience of the practical
technical uses of the subject. In the surface area of the body
project, they used the subject in a theoretical, scientific way.
Projects applying mathematics in both these ways will add reality
and incentive td children’s work, especially as they grow to
understand more of the aduit world around them.

Care is of course needed if projects are to attract ali types of child.
In the projects described above, building real brick walls will
attract the practical-minded child; calculating the cost of the
bricks and cement used will hold the interest of the less practical
child. The child who is always asking ‘Why?" can learn some-
thing about scientific enquiry from the project on the surface area
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of the body: the arithmetical work involved in estimating the
total area will attract the child with a numerical turn of mind. Like
any other group of individuals, children in a middle school class
will at one time or another vary from those who prefer to ‘do’ to
those who prefer to ‘think’. If each type of child is to gain from
membership of a project-group, the arrangement of the groups
will require professional judgment. Very few projects can or
should be designed for one type of child only. Some projects will
be best tackled by groups of mixed ability and interests, some by
those of common ability, and some by groups of close com-
panions. The teacher organising project work must consider a
child’s working speed relative to that of his fellows, the ways in
which one child’s type of work fits with another’s, and the ways
in which a child will learn from his friends. The Nuffield Intro-
ductory Guide ! do, and | understand is designed to help teachers
organising such work, and a film (with the same title) shows the
kind of results which can be achieved.

An outline of mathematical work at primary leve! can only be
given in terms of basic concepts, number, length, area, weight,
and so on. At middle school level it is perhaps easier for the
layman to distinguish arithmetic, geometry or algebra. it is there-
fore wise to realise that it is still mathematics which is being
taught. In practice, there are no strict dividing lines between the
various branches of the subject. There are times when an arith-
metical approach is appropriate, rather than an algebraic one, or
a geometrical one, but there is no rule or law which forbids one
approach to a problem to be used in preference to another. Thus,
although for conveniencl:e one may describe middle school work
under the three broad headings of arithmetic, geometry and
algebra, the common patterns and features of the various types of
work must be emphasised. Artificial barriers should not be raised
between the different branches of the subject.

Arithmetic at primary level begins with work designed to help
children grasp the idea of the ‘whole’ numbers, 1, 2,3....0nly

when this idea is well understood do we expect real success in -

work with the fundamental arithmetical operations of addition and
multiplicatioq. In a similar fashion, early in the middle school
programme there must be arithmetical work designed to help the
children begin to understand the need for numbers other than
thewhole numbers. The arithmetical operations of subtraction and

.

division are not going to be thoroughly understood until children
have grasped the ideas of negative numbers and fractions,
respectively.

The method of introducing only one of these, namely fractions,
will be mentioned here. The work must of course form an
extension of earlier work. Thus if the teaching of division at middle
school level is to be linked with ‘sharing-out sums’ and fractions
(just as the teaching of subtraction is linked with ‘taking-away
sums’ and negative numbers), work at primary level connected
with ‘sharing-out sums’ must be designed so that it can be
extended in a natural fashion at the later stage. There should
therefore not be an over-emphasis on statements such as ‘4 into 2
won't go’ at primary level. Rather, when appropriate, children
should be encouraged to see ‘whole’ things divided into halves,
quarters, and so on, for just as they can share out sweets, so they
can cut up cakes. If 2 children share 4 sweets equally between
them, they get 2 sweets each. So also, if 4 children share 2 cakes
equally between them, they get % a cake each. 4 into 2 does go!

Middle school division can then start in a quite practical way,
with scissors and paper strip if necessary, demonstrating the

. simplest possible case, that of ‘halving’. The child will certainly

be able to ‘double’ and will be aware of the sequence one, two,

four, eight, . . . . In simple arithmetical work this sequence will

have been used as a ‘base’ for number work, so that the statement
= 1four + 1 two + 1 unit

will have led to 7 being represented as 111 ‘in the scale of two'.

By halving, to obtain 4. 4. 3. ... ., the pattern appropriate to the

scale of two:

eights | fours | twos | units

can thus be extended to the right:

eights| fours | twos | units

halves iquarters; eighths




in such a scale, for example, the number 53 is expressed as
10111, since

63 = 1 four + Otwos + 1 unit + 1 half + 1 quarter.
Other scales are just as practicable. In particular the decimal or
denary scale takes its place as the one most commonly met with
in ordinary life: :
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- This denary scale is thus not a unique system, but one preferred
method of representing numbers. Confidence in the technique of
manipulating decimals is gained from the understanding of this
general method of number representation.

" After work on decimals or in any other scale, one can begin to
" tearn how the rules of arithmetic are used in work with fractions.
Here again there is much to be done which can make these rules
appear natural, and not artificial. In the addition of fractions, for
example, experience must be given which will make -children
regard the process of bringing to a common denominator as an
obvious one. Work on different scales of notation will have given
children an understanding that a number can have many different
‘names’. They can prepare lists, almost ad infinitum, of the
different ways in which any number can be represented, but
basically they have grasped the point when they recognise that
1% is written 16 in the scale of ten, i.e. as a decimal, and 1:1 in
the scale of two. Thus when they see also written 44 4 and
so on, they will not be meeting a fundamentally different idea.
in this way, adding —}-to% can be linked with the idea that one
should only add ‘like to like'. Hence the calculation

1 3 2 3 5.

2v373t 4T
In doing this the children have only to observe that they should
be adding quarters to quarters. They may well be helped by

having seen such sums done in the foliowing way in the scale
oftwo:

21

units halves quarters
1 =%
1 1 = 34
1 0 1 =1

‘Bringing to a common denominator’, in this case 4, was quite
simple here. In more complicated cases, as. say, in ++ 4 the
children will be able to call upon the experience they have had
in producing factors and in isolating prime numbers:
product factors (primes)

(1.1)
(1.2)
(1.3)
(1.2.4)
(1.8)
(1.2, 3,6)
(1.7)
Children who have produced tables of this kind will know the
required factorisation 12 = 3 x 4, so that they can write

1 4 3 7.

3taTR TR
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In this way. the children’s mathematical experience first makes
rules (in this case, of addition) appear reasonable and natural ;
secondly, it gives them confidence to use the appropriate tech-
nique in their application of the rules. Building up mathematical
ability in this way is good practice at any level, not just in primary
or middle school.

When subtraction is preceded by work on negative numbers, and
division by work on fractions, one can draw out a common
pattern and then compare it with other arithmetical situations. As
work through middle school proceeds, this pattern can be made
more evident. One may first for example observe that 0 is related
to addition as 1 is related to multiplication, for O added to any
number leaves that number unaltered, just as 1 multiplied by any
number leaves that number the same: '
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0+3=3=3+-.0
1x3=3=3x1.

One can then observe that the negative of a number is related to
0 by'way of addition in the same way as the inverse of a number is
related to 1 by way of multiplication : -

(=3)+3=0= 3+(—3)
(B x3=1=3x (}.

Subtraction is seen as ‘addition of the negative’; division as
‘multiplication by the inverse’.

Recognition of such patterns, linkgd with a use of symbols rather
than numbers, gives the lead into algebra, where structure,-
pattern and rules of behaviour of mathematical systems are the
subject of study. It is not the object of the Nuffield Project
to give highly abstract symbolic algebraic work to middle school
children, but it is the intention of the Project to see that they leave
middle school aware of many of the algebraic patterns present in
all their work.

Thus, in their arithmetic, one can lead children to see that without
the negative numbers they could not solve the algebraic equation ;

3+x=0

Equally without fractions, théy could not solve the equation:
, 3x.=1.

With positive, negative and fractional numbers can they solve all

the equations they can write down ? Can they solve the equation: -

X® == 2,

i.e. do they know a positive, negative or fractlonal number whlch
multiplied by itself gives 2? If they cannot find such a number,
what about the Iongth of the diagonal of a square whose side is
1 inch ? What will Pythagoras theorem in their geometrical work
tell them about the length of his diagonal ? Can they approximate
by fractxons, or decimals, the number whoso squareis 2? -

There are deep and hard mathematical ideas- here but the
‘questions can be made to arise in a reasonable and natural

fashion. The fact that the answers to children’s questions are hard |

\

is surely no reason for denying them the opportunity of asking
them nor avoiding discussing the problems involved if we feel we
can help them by so doing.

In a different direction, the experience gained by children in
primary school in doing arithmetic on a clock can be turned to
good account in seeing structure in their work. They will readily
accept the idea of constructing a clock on which the usual twelve

hours are replaced by 5, and ‘midnight’ or ‘noon’ is regarded as O,

-

They will follow then the usual procedure in clock arithmetic : in
all addition sums ‘fongcf multnpies of 5, unless one is interested
in the number of “days’ involved in the sum, which we are not.
Thus they can conﬂruct their addition table for the arithmetic of
the S—ctock

+|lo 1 2 3 4
olo 1 2 3 a
111 2 3 4 O
2|2 3 4 o0 4
3|3 401 2
4|4 01 2 3

The.calculations invoived here are easy and give good practice in
simple arithmetic. Thus. for example, 'forqcmng 5s.4 +3 =2
since4 + 3 =2 4 5, 0oragaind + 4 = 3 slnce4+4-8 -
3+6. :

Gary (aged 6) hes sorted out the things he nesded to make his rocket.
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Work in clock arithmetic can be seen as a natural extension of
ordinary arithmetic. It is most important however to notice that on
the clock ‘+’ and ' x" are not the ordinary arithmetical ‘4" and * x".
Might one therefore expect to find other mathematical situations
in which the symbols "+’ and * x could be used algebraically ? If
so, how would you recognise that it was reasonable to use them ?

At this stagé, the basic rules of addition and multiplication,
expressed in algebraic form, must be recognised :

a+b=b+a

axb=bxa

a+(b+c)=(a+b)+c

ax(bxc)=(axb)xc

O+a=a

1xa=a
and so on. If these rules are to be recognised in this form, children
must gain experience of other concrete mathematical situations
where the rules apply. The algebra of the modern syilabus at late
middle school and at secondary level is the study of mathematical
systems, and their rules, expressed in symbolic form. The arith-
metic of the number line and of the clock are but a part of the
work, and at middle school level the children must gain experience
of other situations in which algebraic methods are appropriate.
Number work done symbolically is not sufficient, either for
appreciating modern attitudes towards the theoretical operations

of mathematics, or for understanding modern practical uses of the
subject.

Thus geometrical work at middle school level must be linked with
this algebraic attitude, and primary work on patterns and sym-
metry must be designed so that development in this direction is
possible. In fact the instructions one uses at primary level — fold
this, move that, turn over that piece, rotate through that angle —
are all capable of symbolic representation. The extension of
primary work on practical symmetry into a more theoretical study
of the geometry of the world in which we live, can easily carry
with it the appropriate algebraic work.

Consider for example the rotations of a triangle ABC, with equal
sides, about a centre O:

A

@

N
Let us restrict our attention to rotations in which we change
positions as follows :

o RS ®
> > E
> o B ®)

do
> > E

'e) > @

To obtain these illustrations we gave the instruction ‘rotate the
triangle through 120, in each case. If one writes this instruction
‘R’, we would be asking the illustrator to draw the change:




: A c
‘ e
KT TF

If we wrote ‘RR’, he would draw:

A C B
R LN
LI L —

If one then gives the instruction ‘RRR’, one gets:

A A
RRR . |
K_—_r e

We finish where we started I In fact the instruction RRR pro-
duces the same effect as multiplication by 1 in ordinary arithmetic.
We can associate with this geometrical situation a simple table,
like an arithmetical table:

I R RR

I I R RR
R R RR 1
R|] RR I R

Here the entry in a given row and column is obtained by giving
the instruction for the row and then the instruction for the column
and entering in the table the appropriate symbol |, R, or RR, where
| means ‘make no change’. Thus
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R RR
R | RR - R ‘ I
or
since RRR produces the same effect as I.

Now compare this table with the 3-clock addition table:

+ o 1 2
o o 1 2
1 1 2 O
2 2 0 1

If we write O for I, 1 for R, 2 for RR, the one table becomes the
other. The ‘algebra’ of rotations of an equilateral triangle through
120° is the same as the algebra of addition on the 3-clock.

All such situations of an ‘instructional’ type are capable of a
similar analysis, and offer work in abundance for middle school
children. Here they can gain familiarity with a more theoretical
aspect of the geometrical work they have done at primary level.
Of course this must be linked with non-symbolic work on the
geometry of figures. But this presents no problems, for the tradi-
tional geometry of triangles, circles, and so on, can be readily given
in terms of the ‘movements’ one associates with practical
geometrical work. In such work one turns figures, i.e. rotates
them ; one sees figures in a mirror, i.e. reflects them ; one moves
figures without turning them, i.e. translates them. Thus, a simple
fact of geometry, that the angles at the base of an isosceles
triangle are equal (see over)







BA_L _Ac¢

can easily be seen to be true by folding the triangle along the
dotted line so that the angles B and C coinéide. Such a folding
process can be made to yield a proof when theoretical ‘motion’
geometry is taught later. This geometry is then the study of the
theory of rotations, reflections and translations. It fits more easily
than does traditional geometry with one’s natural inclination to
verify that geometrical figures are ‘equal’ by bringing them into
coincidence.

Another example which may bé more familiar is a proof- of
Pythagoras’ theorem, that the square on the hypotenuse of a right-
angled triangle is equal to the sum of the squares on the two other
sides:

B

A _ C
BC2 = ABZ + AC?

Here one draws squares, cuts along appropriate lines and finds
that the geometrical squares do fit together in an appropriate
fashion. One has to translate and rotate and cut up, but none of
those operations will affect the areas involved :

Charles (aged 6) eventually partitioned his set of objects into four
sub-sets : ‘plastic’, ‘metal’, ‘cardboard’, ‘wooden’. Note that every
element in Charles’ set was clearly distinguishable by him.
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Again, operations which can actually be carried out can be used
as a basis for eventual theoretical proof.

This marriage of practical geometrical work with theoretical work
through the theoretical interpretation of turning, moving, reflect-
ing, and so on, can prove to be one of the most attractive parts of
middle school work. The practical work can continue from primary
school, but the theoretical aspect is always in view on the
horizon, When treated symbolically it extends the range of the
mathematical work in a way which few other topics can. Project-
work for the practical-minded, and for the more theoretical-
minded, can be found throughout the work. The fact that the .
practical-minded child is at first more convinced of the truth of
Pythagoras® theorem, say, by a physical verification which he
makes himself, than by a highly theoretical logical proof, is no -
reflection of the child’s lack of mathematical understanding. If he
wishes to proceed to higher mathematics there will be ample
opportunity to introduce him to formal logical arguments. At
middle school the child must get some guidance towards the
mathematical questions to be asked later in" his school life.
Questions raised by the exploration of mathematics in relation to
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the world around him will arise naturally if they come from his own
experience. If he convinces himself of correct answers, without
necessarily at first being able to prove the correctness of these
answers, middle school teaching in the subject will have
succeeded, not failed.

We emphasised the need to recognise, in primary work, the
usefulness of geometrical representations of mathematical in-
formation, particularlyin graphical form. To emphasise once again
that middle school mathematics as we have described it is not
conceived of as a purely theoretical classroom study, we may
finally note that much graphical work can be linked at this level
with the collection and simple interpretation of statistics. Consider
statements such as:

More men than women wear glasses.
All the people in the village want an hourly bus service;
Chloro washes whiter.

Children ‘at this stage will certainly meet such statements in their
everyday lives. Are they verifiable? Can we obtain numerical
information to verify them ? How would school work -of this kind
differ from work carried out by commercial groups doing statistical
work for advertisement purposes ?

Such questions can lead to the teacher-class discussion which is
a basic ingredient of the modern teaching programme. Graphs
from newspapers can be brought to school. Children’s opinions
on topics of interest to them can be canvassed. Class absences
can be displayed graphically. Even gambling fallacies can be
explored — coins tossed, dice thrown, cards picked from packs of
cards. This is how the mathematical theory of probability grew in
the first place, and the experiences which led mathematicians to
develop their theories in the subject can easily be made available
in the classroom. We live in an age of numerical data and only by
early experience of it in organised form will children come to
recognise the need for statistical analysis of such data, and the
strengths and weaknesses of statistical claims.

We come, as it were, full circle in all our work. From our experience
we enter mathematics, from our mathematical thinking we re-
enter the practical world around®us. In this respect, the adult

stands within a wider circle than does the child. The modern
programme to which your child will be exposed will certainly
ensure that his circle is not wholly within your own.

We leave you in the hands of your children. They may well lead
you to seée and hear new ideas — the scope of their work at
primary and middle school level can be described only briefly in
a short guide such as this. Your interest and stimulus will be best
appreciated if they come from a desire to know more for yourself.
Any teacher will tell you how much can be learned about a-
subject through trying to teach it. When your child tries to tell
you about his work at school, he is learning for himself. Your
desire to know and understand can thus be a stimulus to your
child in his learning. Experiences at home and school are comple-
mentary. Your interest, at home, in your child’s education can

only be an influence for good in his work at school.




The first publications of the Nuffield Mathematics Project
include

Introductory Guide

I do, and | understand @IV

This guide explains the intentions of the Project, gives detailed
descriptions of the ways in which a changeover from
conventional teaching can be made and faces many of the
problems that will be met.

Teachers’ Guides

Pictorial Representation [l

Designed to help teachers of children between the ages of

5 and 10, this guide deals with graphical representation in its
many aspects.

Beginnings V

This guide deals with the early awareness of both the meaning
of number and the relationships which can emerge from
everyday experiences of measuring length, capacity, area,
time, etc.

Mathematics Begins o :

A parallet guide to Beginnings VI . but more concerned with
‘counting numbers’ than with measurement. It contains a
considerable amount of background information for the teacher.

Shape and Size ¥

The first Guide concerned principally with geometrical ideas. It
shows how geometrical concepts can be developed from the
play stage in Beginnings W to a clearer idea of what volume.
area, horizontal and symmetrical really mean.

Computation and Structure o

Here the concept of number is further developed. A section on
the history of natural numbers and weights and measures leads
on ta the operation of addition, place value, different number
pases, odd and even numbers, the application of number strips
and number squares.

Shape and Size ¥

Continues the geometrical work of ¥ . Examination of
two-dimensional shapes leads on to angles, symmetry and
patterns, and links up with the more arithmetical work of 0.

Computation and Structure ©@

Suggests an abundance of ways of introducing children to
multiplication so that they will understand what they are doing
rather than simply follow rules.

Woeaving Guides

Desk Calculators

Points out a number of ways in which calculators can be used
constructively in teaching children number patterns, place value
and multiplication and division in terms of repeated addition

and subtraction.

How to Build a Pond
A facsimile reproduction of a class project.







