TEACHER'S COMMENTARY unr NO.@

MATHEMATICS FOR
THE ELEMENTARY SCHO

GRADE 4
PART Il

SCHOOL MATHEMATICS STUDY GROUP




Mathematics for the Elementary School




thool Mathematics Study Group

/lathematics for the Elementary School, Grade 4

Jnit 28




i

P i i

i
[}
i
1




Mathematics for the Elementary School, Grade 4

Yeacher’s Commentary, Part I

LEVISED EDITION

epared under the supervision of the
el on Elementary School Mathematics
the School Mathematics Study Group:

eslie Beatty Chula Vista City School District,

: Chula Vista, California
. Glenadine Gibb Iowa State Teachers College,
Cedar Falls, Iowa
“W. T. Guy University of Texas
°S. B. Jackson University of Maryland
“ Irene Sauble Detroit Public Schools
EM T Seone o LIRirar R af Thienmo o vy uome y-conommaossgger-— —
J- E. Weaver ; Boston University
“R.L. Wilder University of Michigan

52
i




Financial support for School Mathematics
Study Group has been provided by the
National Science Foundation

- Permission to make verbatim use of material in this
* book must be secured fromtlelrectorofSMSG
Such permission will be granted exgept in unusual
circumstances. Publications incorpogating SMSG
materials must include both an acknowledgment of
the SMSG copyright (Yale quvemty or Scanford
University, as the case may be) ‘and s discliimer of
SMSG endotsement. Exc]uswe license will not be
granted save in exceptiogal circumstances, and thea
only by specific action of the Advmm'y Boa.ng
of SMSG.

© 1965 by The Board of Trustm

of the Leland Stanford Junjor Umvemty
All rights reserved.

Printed in the United States of America.




& 1 | CONTENTS

Teacherst! Pupils

.- Chapter , Commentary Page

6. PROPERTIES AND TECHNIQUES OF ADDITION
AND SUBTRACTION II o o« o v o « = « = « o 493

Purpose of Unlt . « « « « + « » » « » 493
Mathematical Background . » » « «» « o 40U
Teaching the Unit . + « « « « « . » . 1498
~Different Names for the Same

O NUMDEr & « o o o o o o o = « « » o 498,500 303
Review of Addition . . + + « « . «» . 502,506 305
More Addition .« + « .+ « « o « + » o 507,510 306
Another Method for Adding . . . . . 512,513 308
Review of Subtraction C e e oo 518,521 313
More Subtraction . « « « « & + « o . 522,525 314
Another Method for Subtracting . . . 527,530 316
Subtraction With Zeros . « « « « « o 533 319
. Relation of the Technigues of
4 Addition and Subtraction . . . . . 535,538 321
b . The Language of Subtraction |
b Probleéms « « o o« o o s o o o o « « 5U42,5U5 325
If-Then Thinking . « « « « « o« « » « 547,548 327
REVIEGW . « ¢ « o o s o o« « o o « « o 551,552 330
Enrichment « « « « o o+ « o+ « « « . 558,560 336
$
3 7. TECHNIQUES OF MULTIPLICATION AND
DIVISION ¢ o « o o« o o o o« o « o « o o « 565
: Purpose of Unit . . « « o ¢« o« o o « » 565
3 Mathematical Background . . . . « . . 566
?’ Teaching the Unit . . « « « « « « « « 575
4 Reviewing Multiplication and :
e _Division--Operations . . . . . . . 575,577 341
Multiplying by Multiples of Ten . . 582,584 346

Multiplying by Multiples of One
Hundred . . ° * » [ [ ] [ ] s @ . . . 587,589 3“’9

More About Multiplying . . . . . . . 592,59 352
Multiplying Larger Numbers . . . . . 599,601 355
A Shorter Method of Multiplying 605,606 359




Teachers' Puplls!
Chapter : , Commentary  Page

Multiplying Numbers Less Than 100 o
by Multiples Of 10 e & & & & ¢ ® @ 609’611‘\ 362
1

" Finding Products of Any Two Numbers :
Greater Than 10 (and Less

Than 100) . + ¢ « « « « « « «» » » 614,618 365
Using Multiplication in Problem

Solving .« . . ¢ v 4 4 s e 4 e e o 624,625 371
Finding Unknown Factors . . . . . . 628,632 374
A Way of Dividing Two Numbers . . . 638,640 380
More About Dividing Two Numbers . . 642,644 382
Using Division in Problem Solving . 646,648 384
Becoming More Skillful in Dividing

Numbers . . . ¢ + o o o « & « o« « 652,656 388
Finding Quotients and Remainders ., . 660,664 392
Reviewing and Extending . . . . . . 667,671 395
Practice Exercises . « « « « o« « » o O74 398

Revj-ew [ ] L [ ] [ L] L L) . L L L] L * * L] 678 402

8. RECOGNITION OF COMMON GEOMETRIC FIGURES 693
Purpose of Unit . « ¢ ¢ ¢« « o o « « » 693
Mathematical Background . . . . . . . 694
Teaching the Unit . . . . + 4 & o o » 703

Review of Triangle and Quadrilateral 703,704 41T
Comparing Line Segments , . . . . . 708,709 421
Isosceles and Equilateral Triangles 713,715 425
Right Angles . « + + 4+ o &« o « & « » 718,719 428

724,725 433

728,745 437
729,747 439
732,751 443
733,755 hh7

Rectangles and Squares

Surfaces « . « o .
Rectangular Prism
Triangular Prism
Pyramid . . . .

L ] ' * & e 9 » o e
L] L] L ] - L] L 2 L ] L ] L ]
L] [ ] [ ] - L] L] 2 L] [ ]
* & & e ¢ @ e o *
B . L] L ] [ 3 . L] L ] L]
L] » ® * L] L] L ] - L )
¢ & & & & & 5 s
* - [ ] * - L] L J L ] L )

Cylinder » ] . ) [ 736) 757 1"49
Cone Y . [ . . L) [ ) 739!761 ,'"53
Sphere - [ ] . . L] L ] 741,763 455 )
Cube . . « « « o . T42 :
v ‘Tetrahedron . . . T43
Edges and FAceS .+ o« « o o o « o o « T65 457



Teachers' Pupills
Chapter Commentary Page

9. LINEAR MEASUREMENT . « o o o o o o o . o 767
A U .‘H' '- U U . » ﬂ:‘g e ¢ s e @ n . U . .
Wiwﬁgﬁgmi7MTifﬁf??%iff%TJyﬁggzmﬂyyibxkuﬁ"“i“i“1m1m1?6g1”'1tﬂrm““mmm
. . o T79 o o )

. Comparing Sizes . . « « « « « « «» « T80,782 459
Comparing Sizes Without Counting . . 784 461
Using a Compass to Compare Segments 790 467
Measuring a Segment . . . + « .« . . 792,793 469

Using a Compass to Measure Llne
Segments . « « « ¢ « ¢ s o o o o T95 471
Using Standard Units of Length . . . 800,802 476
Scales of Measure . . + . « « » . . 808,809 482

Using Linear Scales of Measure . ., . 813
The Inch Scale and the Centimeter

SCALE 4 4 o o s o 0 e o e o s .. 814 486
Other Standard Units . . . . . . . . 818,819 490
Combining lengths .« . « « « . . . 824 4gs5
Perimeter . . o+ o o « « o « « « » + 831,832 502
Perimeters of Polygons . + » « « . . 837 507
Finding Perimeters . . . « « « « o o 841 511

10, CONCEPT OF RATIONAL NUMBERS .+ « & o o & 845
Purpose of Unit . . o o « « « « « « » 845
A Note to Teachers . . + « « o o + » » 846
Mathematical Background . . . . . . . 847
MaterialSs . o o« o+ o« s o o o o + o o o 861
Teaching the Unit . . « ¢+ o & + « + « 867

? Idea of Rational Numbers . . . . . . 867,871 515
; A New Kind of Number . « » . . . . . 875,876 519
Rational Numbers Greater Than One . 884,886 527
Different Names for the Same
Rational Number . . . . . . . . . 892,894 533
Ordering the Rational Numbers . . . 904,905 543
ANewKind of Name . « « o « » » » o 911,912 549
Using Rational Numbers . . . . . . . 918,919 555
Practice Exerclses . « o « « o« « » » 925 561
REVIEW 4 o « o o o o ¢ o o o o o o » 929 565







_ Chapter 6
PROPERTIES AND TECHNIQUES OF ADDITION AND SUBTRACTION I1I

 PURPOSE OF THE UNIT

. To help children understand the techniques of adding and
subtracting numbers whose numerals have many digits and their
dependence on the properties of our system of numneration, the
commutative property, and the associative property of
addition '

2., To help children understand that if they know the addition
facts and the properties of additlon and subtraction, they
may add and subtract numbers whose numerals have many
digits

3. To help children develop skill in addition and subtraction’
and in checking these operations

4, To help children further their problem solving ability
through the use of mathematical sentences 1in situatlons
requiring addition and subtraction of numbers whose numerals
have many digits with particular emphasis on learnins when
subtraction is applicable

Children who have learned previously the technique of
addition and subtraction thoroughly may move through the first
half of this unit very quickly. Others should move more slowly.
However, the development of the meaning basic to the techniques

" is important and should not be slighted with any group. Indeed,
it should be given emphasis. It and the development of an
ability to solve problems are the major purposes of this unit.

CEMREL - CSMP |IBRAR
\ 103 S. V ASHINGTON ST. Y
CARBONDALE, ILL. 62901
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MATHEMATICAL BACKGROUND

The answer to the question, "What 1s the sum of 5 and 29"
1s 5 + 2, Ordinarily the question is interpreted to mean, .
"What 1s the decimal numeral for the sum of 5 and 29" Fop
this question the answer s 7. Similarly, the answer to, ! What
1s added to 4 80 the sum will be 79", iz 7-4, As a deoinnl
numeral, 7 - 4 4is 3,

The answer, 892 + 367 1n response to "What is the sum of
892 and 367%" 1is correct but 1is ordinarily not the most ,
convenlent one. The decimal numeral 1,259 1is the expected
response. In learning the process of addition then, a primﬁry
objective 1s to write a sum such as 892 + 367 1in the rorm or
& decimal numeral.

If 42 and 37 are the numbers added, the result 1s- 7
tens and 9, This sum can be written directly as 79. However,
if 67 and 58 are the numbers and the operation is addition
the result is 11 tens and 15. This sum cannot be written
directly as a decimal numeral but must be thought of as l&,
hundred, 2 tens, and 5. Then it is written as 125,

Similarly, when the operation of subtraction is used with
numbers whose numerals.have more than one digit, the naming of
the number, which is the sum, as a decimal numeral often requires
zareful thinking.' If 49 and 23 are the numbers operated on,
the unknown addend 1s 2 tens and 6. This result may be
ritten directly as 26, If, however, 32 and 17 are the ,
wmbers operated on, the 32 must be thought of as 2 tens'_
ind 12. This makes 1t convenient to subtract 1 ten and 7.
he result, 1 ten and 5, 18 now written as 15,

Thinking of 32 as 3 tens and 2 ones or as 2 tens
nd 12 ones has often been referred to as "renaming 32",
Renaming a number" has been used widely in some of the previous
nits. It is clear on a moment's reflection that a number can
e renamed in an infinite number of ways. For example, the
umber 8, can be renamed as m - n where n may represent any
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f; number we please and m =n + 8. 1In this particular unit we
’:'are almost entirely concerned with‘a type of renaming whilich is
'particuiarly useful in addition and subtraction involving larger
numbers.
This type of renaming 1is not ldentified by any word or
. phrase in this unit and the word rename will not be used here.
Instead, terminology such as the following 1s used:

© "503 may be thought of as 500 + 20 + 3", or
‘"Another name for 523 1s 500 + 20 + 3", or
v "523 may be expressed-~as 500 + 20 + 3", At the same time
- the idea of different names for the same number 1s basic for
learning the processes of addition and subtraction. It must be
comprehended if pupils are to compute sums and unknown addends
with understanding. ‘ | v

Consider the following example which should make clear the
need to learn how to express numbers in different forms and
should indicate its useful application in addition and subtrac-
tion. E |

Example. Find the number that must be added to 376 so
that * 523 will be the sum, If written as a mathematical sen-
tence it may take the form 376 + n = 523. If the pupil immedi-
ately recognizes that 147 1is the addend that with the given
addend, 376, ylelds the sum, 523, there is 1little need of
proceeding further. A response to such a simple request as,
"Find the number that must be added to 6 so that 10 will be
the sum," would doubtless be immediate from the simple recall of
the proper addltlon fact. But in the example under consideratio
the numbers are so large that recognitlion will not be immediate.
Hence the process wlll go something 1like this:

First, write the exercilse. 523

- 316

Now the need to express 523 and 376 in forms other fhan as
decimal numerals ls apparent. The objectlive 1s to put a greater
number of ones in the ones! place in the sum than in the ones!
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>iace in the addend, to put more tens in the tens' place in the
jum than in the tens! place in the addend, etec.
So we may write 523 = 500 + 20 + 3

376 = 300 + 70 + 6

\8 an initial step in accomplishing our purpose;
Next 523 = 500 + 10 + 13

376 = 300 + 70 + 6
nd 523 = 400 + 110 + 13
376 = 300 + 70 + 6

o that 523 - 376 = 100 + 40 + 7 = 147

There 1s no need for a special term to describe this ,
rocedure to ourselves or the pupils. We avoid the need&fcrfepT S
erm by saying, "We write 523 as 500 + 20 + 3" and write as_m;.‘“7
ndicated. The primary issue is recognizing the need for more i?-
nes in ones' place of the sum than in the ones' place of the e
ddend, more tens in the tens! place of the sum than in the '
ens' place of the addend, etec. _

In addition there is less difficulty. We simply name the
ldends to exhibit the number of ones, the number of tens and
> on. Then the ones, tens, hundreds and so on are added,
or example: 249 = 200 + 40 + 9

676 = 600 + TO + 6

Sum = 800 + 110 + 15 |
= (800 + 100) + ( 10 + 10) + 5
= 900 + 20 + 5
= 925.

Here the numeral, 800 + 110 + 15 is expressed as the
:cimal numeral by applying properties of our system of numera-

.on and both the commutative and assoclative properties for
dition.
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It is recognized, of course, that this explanation 1s long
and wordy in written exposition, It can, however, be made
fairly brief in presentation to the pupil, and in his subse-

L quent execution of it be made briefer. Details are supplied in
attempt to explain the basis for "borrowing" and "carrying"
nd an ultimate discard of these terms which are frequently
executed properly but almost universally misunderstood.

‘ An important property of subtraction in the symbolism of
he mathematiclan is:

For a palr of whole numbers named in the form (a + b) and
c + d)

(a +b) - (c +d) =(a -c) + (b -d).

-In this unit it 1s assumed that a + b 1is greater than c¢ + d,

o Here 18 an illustration of this property for 68 - 42, It

"' shows that in writing a subtraction in the vertical form the
property is applied automatically

68 - 42 = (60 + 8) ~ (40 + 2) 68

= (60 - 40) + (8 - 2) -2
26

=20 + 6

= 26.

The relation between the illustration and the statement of
the property is seen if you think of a replaced by 60, b
~ replaced by 8, ¢ replaced by 40 and d replaced by 2.

The property 1s applicable to other subtractions such as
68 - 49 or 352 - 187. More steps are required however.
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TEACHING THE UNIT

DIFFERENT NAMES FOR THE SAME NUMEER
¢ Objective: (a) To help pupils review the idea of many different
g names for the same ‘number '
(b) To help pupils illustrate different names fop &
number on an abacus - ' ‘

Materials Needed: An abacus with 20 beads on each of four rods

The figure at the right shows one form
of an abacus. It has rods inserted

in the base with beads that may be
removed when not in use. Other forms |
of the abacus are equally useful. ' § ' ; '

The rods of the abacus correspond to
Places in a numeral. Moving from
right to left, the first rod
corresponds to ones? Blace, the
second to tens! place, etec. The number of beads on the first
rod is the number of ones, the number of beads on the second'_
rod is the number of tens, etc. The numeral represented on
the abacus here is 6 thousands, 4 hundreds, &4 tens,

7 ones or 6447,

Exploration:

Parts of the following material are written
as 1f the teacher were talking to his class. The
answers he wishes to elicit from pupils in
response to questions are included in parentheses,
Other parts of the exploratory material for this
unit are in the form of suggestlons to the teacher.
These are also descriptions of procedures that are
to be used as a basis for discovery and explora-
tlon of concepts and properties. These remarks
are writtep between double vertical lines,

A




Some of the exploratory material is contained
“in the Pupils! Book. This is the case with the
Tirst section, Different Names for the Same Number,
Children should soon reoosnize that the phrues

~|| "DArTerent Nam

88 YOor the Siié Numpér~ and “RenaMing
. a Number™ have the same meaning.
" The teacher may have pupils open their books
to page 303 and answer and discuss the questions.
After this development, Exercise Set 1 may be
completed by each pupil individually.
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1,

2,

3.

.5.
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Chapter 6
PROPERTIES AND TECHNIQUES OF ADDITION AND SUBTRACTION II

‘A DIFFERENT NAMES FOR THE SAME NUMBER

There are many ways of naming a number. - The decimal

 @numera1 for 40 + 2 is 42. It may also be named in other ways.

Nan says that all the names below are for the same number,

Do you agree? 27 - 3; 24 + 0; 10 + 14; 25 - 1;

2 tens and 4; 1 ten and 14, (?‘V)

(s%)
What is the decimal numeral for 40 + 15? State five

other names for 40 + 15. (M il "“‘;)

(a) Is 23u = 200 + 30 + 1&?("“;(0) Is 234 = 200 + 20 -}-?.}4?

(b) Is 234 = 200 + 10 + 24?‘“"@) Is 234 = 100 + 130(+ u)?
U“

You may think of 67 as 6 tens and 7 ones or as 5 tens
and 17 ones, What are other names for 677
May we think of 726
as TO00 + 20 + 62
as 700 + 10 + 167 (400)
as 600 + 120 + 67

Different names for a number

are often shown on an abacus. 34 as 3 tens
| and 4 ones
How 18 34 named on each

abacus at the right?

Tell two different names for
each of these numbers, Show

each on the #bacun.[ﬁ::zfﬁg;;> — —%}——
(a) #6 (b) 97 (e) 263 '

1 28 2 tens
and 13 ones
500




P304

Exercise Set 1

Copy the numerals 1 - 10 on your paper. | Next to aa.ql_x',.._._f

write the correct answers to complete this chart.

Decimal Numeral 7 Another Name for the Numbér:

1 (137) | 120 + 17

e (310) 1200 + 160 + 18

3 523 | (soo + 110 7!3)

4 (7‘7) 6 tens + 18

5 96 | (fo+1¢)

6 (555’) | 4 hundreds + 15 tens + 8

7 238 (zm;.-w +/8)
| 8 49 | (ot +19)

9 - _(1749) | .15 hundreds + 23 ‘tens + 19
10 1,526 ' (/?W-ﬁ- /aii.«w-f-‘)

For each of exercises 1l - 13 write > or < 8o each
mathematical sentence will be true. In exercise 11, 1is 1000 +
300 + 60 + 16 another name for 1376% ( ”“’)

11. 1,378 (=) 1000 + 300 + 60 + 16
12. 2,874 (>) 1‘ thousand + 17 hundreds + 16 tens + 4 ones

13, 4,926 §>) 3 thousands + 18 hundreds + 11 tens + 6 ones
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REVIEW OF ADDITION

ObJjective: To help pupils review the technlques of addition
where naming the sum as a decimal numeral is a
 simple procedure

“i.Exploration:

| Here are four addition exerciées on the chalkboard.
() 3+4% (e) 300 + 400
(b) 30+ %0 - (a) 3000 + 4000

What 1s one numeral for the sum in each of these? (In (a)
1t 1s 7. In (b) it 18 70, which means 7 tens. 1In (¢) it
is 700, which means 7 hundreds. In (d) it is 7000, which
means 7 thousands,) o

Exercises like (b), (c), and (d) are often written in
column form because it 1s an easy way to group the ones, tens,
hundreds, etc.

(b) 30 (¢) 300 (a) 3000
+ 4o + boo + 4000

How do you add 23 and 45?2 (The sum of 20 and 40 is
60, The sumof 3 and 5 1s 8. The sumof 60 and 8 1is
- 68,) This is an easy exercise but we need to study it because
_ you have used some important properties. Let us find then.

You thought of 23 and 45 1in another way. What was 1it?
(We found other names for them. 23 = 20 + 3. 45 = 40 + 5.)

You thought of . 23 + 45 as (20 + 3) + (40 + 5)? (Yes,
but we used the commutative property and associative property
: to get (20 + 40) + (3 + 5). Why did you want this order? (So
we may get 60 + 8 or 68.) '

May we write our work like this?

23 + 45 = (20 + 3) + (40 +5) = (20 + 40) + (3 +5) =60 + 8 = 68
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We may write our work for the pupils ag o fpiieE

in the preceding statement. But the best

 pupils, possibly all the pupils, should be o l‘ B

aware that the rollcming etepe, or nimilar R | 225
-ones, are used. :

(20+3) + (40+5) = (20+ 3) +(5+ ho)
Commutative Property‘
= 20+ [3+(5+80))
Associative Property ||
=20+ [(3+5)+%0] B
Assoclative Property
= 20+ [8+40]
Adding 3 and 5
= 20+ [H0+8] - -
~ Commytative Property
= [20+ 40] +8
Assoclative Property

= 60 + 8
Adding 20 and 40

= 68

LL Adding 60 and 8.

The column form of writing the addends is helpful in any

exercise like this. We can writerall we have said in another
form,

23 =20 + 3
h5=40+§
60+8==68

Let us do another exercise with more a.ddends and show “the
addition on an abacus and study the. properties we use.
Show the three addends for this addition:

523
. 212
36
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- What 1s a convenient form 523 = 500 + 20 + 3
i for writing the addends? (The - |
Lform shown on the right should
%e written on the board.) 364 = 300 + 60 + B
E To show addition on the abacus, we may combine the beads
lumn by column. Where shall we begin? (Pirst we combine the
ounters on the ones! rod: 3 and 2 are 5, and 5 and 4
9.)

212 = 200 + 10 + 2

Next combine'ﬁhe counters on the tens' rod
and then the coupters on the hundreds' rod. Ask
suitable questions so pupils understand the

technique. The written record should be com-
pleted: : - :

C A~ - ~ . -

“ozol'm U + 20 + 377

, I BE |
212 = 200 + 10 + 2 '
364 = 300 + 60 + &

1000 + 90 + 9 = 1099.

The teacher and children should discuss as
many exerclses as are needed to help children
understand that the column form of writing an
exercise helps them think about the ones to-
gether, the tens together, etc.

The children should be encouraged to line
up the digits neatly as they write them in
columns, Care in writing contributes to in-
creased skill and accuracy.

» The convenlence of the vertical arrange-
ment should be emphasized as means of obtaining
answWers efflclently. At the same time, the most
important objJective of this unit is to help
puplls understand what they are doing.

3 Studying the operation of addition carefully and showing it |
!Q on an abacus helps us understand the method of addition, _

We need to find a method of adding quickly. We need also
to be sure the sums we get are correct. '

o
Vil LR

The teacher should provide exercises for the
.children to add in which the sum in any column is
not more than 9. The pupil will add each column
in order from right to left and record the sum of
each column as it i1s added,




Addition with addends whose numerals'have many digits is
often needed in problem solving. Find Exercise Set 2 in ybur
book on page 305. ' '

(1) A salesman traveled 453 miles in January and 523
miles in February. What distance did he travel in
the two months?

In this example we will follow the method which we have
used before to find the answer to the questions asked in a
problem. _

Read -example (1) carefully. What question is asked? What
bits of information are given? Write the mathematical sentence
which describes the problem. (U453 + 523 = n) What operation
should you use? (addition) Answer the question asked in the
problem. (The salesman drove 976 miles in the two months.)

Children should be encouraged to arrange
their work like this:

453 + 523 = n

453

+ 223
976

The salesman traveled 976 miles in January
and February.

Exercise Set 2 may be completed now by
‘each pupil individually.
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Exercise Set 2

A salesman traveled 453 miles in January and 523 miles
in February. what distance dld he travel in the two

4534 528=n, aﬂ_qum
months‘? Z Mtb_,ém ) 7

The salesman traveled 230 miles in March, 310 miles in.

April, and 345 miles in May. How many miles did he travel

in the three months? (3 B0 ot oo :& Fprow=g)

3. From January through June the salesman traveled 2,010 mi,lea':.
From July through December he traveled 1,854 miles, How
far did he travel during the year? (30/0*18’5'4‘-"’” Mo

Mw .?8"‘1‘ MJ«AA«?&?"'V)

y, You found how far the salesman traveled in one Year in
exercise 3. During mother year he traveled 4,013 miles.

What was his mileage during the two years? o '
(B#cst + 013 = w. Ju sclsomnms Tearbd 7817 2elbat W 3 goarss)

“ B On an automobile trip, Fred and Carol played a game by

g T T

counting station wagons and trucks they saw on the highway.
Fred counted 234 station wagons and Carol counted 205

trucks, How many station wagon nd trucks did they count

in al19 (284 +a05=n. F/u.-l. ‘f-”%w-?’-.u
ne LR

~Jack and Tim have been gathering rocks for the new walk their

father 1s making. Jack has gathered 172 rocks and T™m has
gathered 213, How many rocks have the two boys gathered

altogether? (/72+2/3=7. Hhe 3:“ ﬁ-zua,m..z”,-
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MORE ADDITION

Objective: To help children understand the technigue for
adding numbers whose numerals have many dlgits and .
thelr dependence on the properties-of our numeration
system, and the commutative property, and the asso-
clative property for addition

Materials Needed: Abacus (Place value charts may also be used.)
Exploration:

Let us find n 1if n = 517 + 238 + 124,

Represent the addends of this
exercise on the abacus,

Write on the chalkboard:

517 = 500 + 10 + 7
238 = 200 + 30 + 8

124 = 100 + 20 + &

H—H—i-
H—i—

Tell how each numeral we wrote on the chalkboard 1s
represented on the abacus.

Now show the addition of ones, tens, and hundreds on the
abacus and on the chalkboard.
500 + 10 + T

200 + 30 + 8
100 + 20 + 4

800 + 60 + 19
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L
3
L
3

Is each sum 800 + 60 + 19? How can you write this as a
decimal numeral?

Here 1s a written record or our thinking.
800 + 60 + 19 = See A
8OO + 60 + (10 + 9) =  Dbelow
800 + (60 + 10) + 9 = See B
800 + 70 + 9 = 879, below

On the abacus show how to find the sum as a decimal

numeral.

C

9 as in A.

A B

(Rearrange the 19 beads in the ones! place into 10 and
Then replace the 10 beads in the ones' place

by ‘1 bead in the tens' place, as shown in B.)
It 1s now easy to name the sum as a decimal numeral, 879.

The teacher should use other similar exer-
cises as needed to develop the meaning basic to
the technique of addition. Analysis by showing
the process in writing, on an abacus, and in
discussion is helpful to the children.

Sometimes naming a sum as a decimal numeral
requires more steps. One such example is
375 + 278. The teacher may wish to use the
abacus to show this addition. Whether or not
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the abacus 1is used, the procedure should be
examined carefully:

500 + 14%0 + 13

500 + 140 + (10 + 3)

500 + (1%0 + 10) + 3
500 + (100 + 50) + 3

(500 + 100) + 50 + 3 = 653,

We_do‘not always add using this long method, Some of us
can "think the answer" without any writing. ILet us study this

example
' 375

together.
What 1s the sum of the ones? (13) Notice

+ 278 that we write it under the 78 in 278. In what

13
140

place is the 3 in 13? (Onéﬁ' place) In what
place is the 1? (Tens' place) Does 13 mean 1

500 ten and 3 ones? (Yes.)

653

What 1s the sum of the tens? (1) Wheve

shall I write it? (We write O in the oneés' plate, 4 1in the
tens' place, and 1 in the hundreds' place.) '

How
and 500

can we find the sum? (Add the numbers 13, 140,
.) What 1s the sum? (653)

The above exploratlion is summarized on gages
e

306 and 307 of the Pupils! Book. It should
studied by pupils and teacher. Then, pupils may
do Exerclse Set 3 1ndividually.
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What number 18 n if U423 4 345 + 214 = n?

First, place beads on the abacus to show

400 + 20 + 3
the addends so that each addend is 300 + 40 + 5
separated from the others. 200 + 10 + 4
Next, show the result of adding the ones. 400 + 20 + 3

Show the result of adding the tens. 300 + 40 + 5

Show the result of adding the 200 + 10 + 4

900 + TO + 12
hundreds.

Now U423 4+ 345 4+ 214 = 900 + 70 + 12.
900 + TO + 12 1s thought of as 900 + 70 + (10 + 2).

900 % 70 + (10 + 2) = 900 + (70 + 10) + 2.
What is the decimal numeral for 900 + 80 + 27 C?SQJ

Now try to add 342, 124

and U418 without the abacus.
342 = 300 + 40 + 2

See Box A. ' 124 = 100 + 20 + 4

5 a. What numbers were added | 418 = 400 + 10 + 8

{f\ ' first? (iib.Omapa : 800 + 70 + 14 = 884
b. What declmal numeral 1s A

| 800 + 70 + 142 (§54)
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3. Find n 1if 375 + 278 = n. You might try the method on '

page 306.In Box B, the decimal

’ 375 = 300 + 7O + 5

278 = 200 + 70 + 3 ,
500 + 1404 13 = 653

" numeral 653 was obtalned

from adding 500, 1%0, and i3.

: B
4, Scmetimes 375 and 278 are 375
added as in box C. 273
13
What numbers were added 140
gsa«is ' :
to get 13? How do you 500
add 10 aud 70) 653

get the 140? How do you 53

‘Mma.a‘-a-")
get 5007 How is the ,\ C

pdd 500, 140, awsl 1Y)
653 obtained? The method of Box C may be more convenient

for you.

Exercise Set 3

1. Use the method of Box B to find each sum.

43 167 346 558 1287

29 25k 186 645 3648

(12) C421) (532) (1203) (#935)
2. Use the method of Box C to find each sum.

429 697 1278 8296 6278

385 134 4193 1376 1032

(3 14) (831) (gf%) (9672) (1310)
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~ANOTHER METHOD FOR ADDING

- Most people use a‘shorter method for adding. Many of you
~are using it already. Let us add these numbers:

366 What is the sum of the ones? (23) What is
152 the hundreds? (15) 4
6h1 We have been writing these 23
numbers like this: , 240
1500
1763

*Then we add them to find the sum of the addends.
' You can use this same method and write only part of the
sum at a time and remember part of it.

This procedure is summarized on page 308. It
should be studied by the teacher and class. The
children should have exercilses as needed to
develop the skill required in this type of addi-
tion exercise. Stress the importance of knowing
the meaning basic to the technique of addition.
Exercise Sets 4, 5 and 6 may be assigned for
independent work at this time., Solutions to
problems in Exercise Set 5 should be recorded
'in the form described on page 505 of this
Teachers! Commentary. -







MNOTHER METHOD FOR ADDING

Addition 1s an operation on two numbers. When we operate on
5 and 3 and get 18, we have added. (15 + 3 = 18) Eighteen

8 called the sum., Fifteen and 3 are called addends.

An addition exercise
8 written in columns to
e 1t easy'to add,
olumns help to keep the
E es together, the tens
: gether, the hundreds
gether, and so on.
In column addition
‘the ones are added first,
the tens next, the hundreds
%ext, and 80 on. ,
Part of the sum of
the ones! column is
sometimes remembered. Tt
is then added in with the .
I I
Part of the sum of
the tens! column is

‘_sometimas-remembered. It

329
146

948

To add I think: 9 and 6
are 15 and 15 and 8 are
23, Think of 23 as 2 tens
and 3 ones. Record 3 and
remember 2 tens.

Two tens and 2 tens are
y tens; 4 tens and 4 tens
are 8 tens; and 8 tens and
4 tens are 12 tens. Think
of 12 tens as 1 hundred and
2 tens, Record 2 tens and

remember 1 hundred.

One hundred and 3 hundreds
are 4 hundreds; 4 hundreds
and 1 hundred are 5

hundreds; and 5 hundreds and

7 hundreds are 14 hundreds.

Record 14 hundreds.
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1.

2.

Exercise Set 4

Find the sums for exercises 1 through 5,

(a)
43
29
(72)
126
246
(372)
563
128
(691)
174
138
(312)
347
897

304
0,598)

Find n for each of exercises

(a) n
(b) n

(b)

57
38
(3%)
348
629
(777)
635
406
(to41)
88
543
(63
256
1297
540

698
@790

(e)

19
46
(¢5)
167
726
(%93)
Bu7
129
(57¢)
489

272

(7¢1)

1591
8643
9275
873
(as322)

= 697 + 38% (n=/og1)

(a)

76
15
(1)
239
_43
(282)
563
129
(¢12)
179
658
(#37)
1876
7235
854
6718

0"1573)

672 + 1278 ¢n=/9s50)

514

(e)
- 68
28
(9¢)
468
S0k
(972)
38
257
(215)
266
6
Gtn
8976
1235
T142

6473
@3, g20)

(r) .

53
17

(m

282

&0

647
_39
@56)
593
218
(2941)
1762
4391
3065

8572
(?%710)

(a) through (4).

(c) n - 559 = 2476 Gr:303s)
(d) 362 =n - 875 Cm=1237)
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Exercise Set 5

1. List the number of days 1n each of the first six months
 of this year. How many days are there in the first six
months of this year? (3/4294 31+304 3430 =y, Lo ane
]llb,a—m%fadm—,&m% afa&ﬁ..?m .)
2. Iist thé number of days in each of the last slx months

of this year. How many days are there in the last six
months of this year? (3/+ 31430 +3/+304 3/= . ALse are

129 dova nirn Hho Aaet oy menhe of s g, )

3. John went to a book store. He found 5 magazines which
he wanted. Their prices were 7T5¢, 20¢, 25¢, 55¢, and

95¢. He bought the three which were cheapest. How much
d1d they cost? (20t2s fﬁ—M"f“" 100 ¢ o
*loo /.,.. ke hrse chrapuet

4, ‘There were 135 books borrowed from the library on
Monday, 140- books on Tuesday, 168 books on Wednesday,

'17?t books on 'Ihursday, and 147 books on Friday. Dﬁring

these five days > how ma.ny books were borrowed?
(1354190 +1u+ 179 147 = ,wwu 74¥M

5.  The Jackson family»took a trip by car from New York City
tO-Bosédn, The trip took five hours., This is how far
they tra.veléd eé.ch hour: 36 miles, 34 miles, 47 milles,
41 miles, and 38 miles. How many miles did th'ey travel
in-the five hours? (36 +34 + 47 +4) + 38z, e

206 aniles M%A“M )

et e ez



9.

10,

11.

John's mother bought hm-'b, _new. coat, cap, ahoes, and boots,
The cost of the coat was $18 ~ the cap $3, the shoes

‘$8, and the boots $6. How much ‘did she pay for them all?
(/84 3+846 =v, MMM ﬁmdma!/)

There are 65,761 Indlans in Arizona, 53,769 '.'Jizdians in
Oklahoma, and 41,901 Indians in New Mexico. How ma.ny'
Indians 1ive in these three states? (6% 7613 65,26 T4YL ol
,Z(m ars I":Qilm,&ru-am%lép% >
There are 629 boys and 587 girls 1nI.ong,t&J,.$a ow -School,
How many children attend Longfellow School? (629+5¥ 7=,
ﬂuauzmc.&m,...% Lonafollirr SeKoel)
In 1940 there were 172, 172 people in Miami, Florida.

In 1950 thore were 87,063 more peoplo living there- thnn

in 1940. How many people 1ived in Miami ln_‘ 1950?
(172,177 +#7, 0632, Sro 1150, 259, 2:;M4 ,«...M )

e

o b ok

During a candy sale Mary uold 232 boxes or nu.nts. Sue |
‘sold AT2 boxes, and .Tane 501d 153 boxes. Hnd the

total number of boxes sold by the three girls. |
(2324472 +/43 =m0, ﬂc»ﬁﬁo?«& A-ollli'?m Ja.é) _

The pupils of Oak School collected gitts for poor children |

. ot Ohristmas. They collected 433 "b'ook"a‘,, 3‘1-6 Mtoys,

252 games, and 16F puzzles. How many gifts were
collected in ally ( ¥33+3/¢ + asa+ /ey S, Cew_coene

[ILS'M
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Exercise Set 6

Copy the numerals 1 through 8 on your paper. Next to

ch numeral write the words and numerals to complete this

hart.
~ Numbers Result Operation Mathematical
Operated On Used Sentence

1. 15, 289  (304)  addition (s5+28f=m)

2. 139, 76 ’ 215 addition (3947L=m)

3. (67% #71) n addition 674 + 879 = n

8. 71, 56 127 (addition)  (2+s6=rv)

5. 641, (379+81) (o)  adaition (4¥1H4C37945/)=m)
6. 162, 69 | (2}_!_)_ adaition (/62 #6F=m)
| 7. 345, 187 532 Gddition) (3ys+187=1)
8. 647, 387 (o34)  addition (b974327220)

Write = or A 50 each of exercises 9 through 15 will
TN

be true mathematical sentences.

9. 372 + 499 (F) 773 |

10, 312 + 184 j_ﬂ 128

1. w6+ n (@) 179, 1f n =177

12, n 4156 __(f_?_ gk, if n = 328

13. n -3 (=) 159, 1f n =500

1k, If n =379, thep n + 172 éf_l_ 308 + 233
15. If n =473, then 896 +n () 674 + 595
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REVIEW OF SUBTRACTION

bjective: To help pupils review the technique of subtraction
in cases where obtaining the unknown addend 1is a
. simple procedure

Exploration:

Subtraction is an operation on numbers. When we studied
its properties, we operated on numbers like 8 and 5. We
shall now learn a way to subtract numbers whose numerals have
many digilts,

Here are four mathematical sentences.

(a) 6 -2 =n (¢) 600 - 200 = n
(b)) 60 - 20 = n (4) 6000 - 2000 = n

What 1s the sum in each? (In (a) 1t 1s 6. In (b) it

B i1s 60. In (c) 1t 1s 600. In (d) it i1s 6000.) What is the
& 1nown addend in each? What is the unknown addend in each?

(In () 1t 1s 4, In (b) it 1s 40. In (c) 1t i1s 400. 1In
(d) it is %000.)

Subtraction exercises like (b), (c), and (d) are often
.wiwritten in column form Jjust like addition exercises. We know
f?this is a good way to keep the ones, téns, hundreds, etc.

f in the same column.

1 (b) 60 (e ) 600 (d) 6000
s - - 20 | - 200 . = 2000

How do you subtract 32 from T4?

TS (2 subtracted from 4 is 2)
- 32 (30 subtracted from 70 1s }0) _
4o (32 1s one addend; the other is 42)




g;REVIEW OF SUBTRACTION

PﬁVIEW “vne vecmriitgue o ‘Suvvradviuvito &,ﬁb Jeﬂ;—fve s e ' pupirs
b in cases where obtaining the unknown addend 1s a
‘simple procedure

Exploration:

Subtraction is an operation on numbers. When we studled
ﬁits properties, we operated on numbers like 8 and 5. We
shall now learn a way to subtract numbers whose numerals have
¢ many digits.

4 Here are four mathematical sentences.

3
=
iy
o
Sf\
S‘t
)

E

(a) 6 -2 a=an (¢) 600 - 200 = n
(b) 60 - 20 = n (d) 6000 - 2000 = n

: What is the sum in each? (In (a) it is 6. In (b) it

. 48 60. In (e} 1t is 600. In (d) it is 6000.) What is the

. known addend in each? What is the unknown addend in each?

(In (a) 1t 4s 4. In (b) it is 40. 1In (ec) it is #00. 1In
(d) it is 3000.)

Subtraction exercises like (b), (c), and (d) are often
written in column form Just like addition exercises. We know
this is a good way to keep the ones, téns, hundreds, etc.
in the same column.

(b) 60 (e} 600 (d) 6000
- 20 , - 200 . = 2000

How do you subtract 32 from T4?

Th (2 subtracted from 4 18 2)
- 32 (30 subtracted from 70 1is ko) ‘
42 (32 1s one addend; the other is 12)




~ How can we shdw this on an
abacus? (We will start with T&,
because it 1s the sum. (See I).)

The known addend 1s 32. We
separate "3 tens" and "2 ones
from the "7 tens" and "4 ones".
How many tens and ones are there 1n E
the unknown addend? (See II) (4 -
tens and 2 ones) What is the
unknown addend? (42) | | ;

II

We can show this subtraction on the chalkboard. We write
the subtraction exercise in column form like this:

T4 = 70 + 4
-32 =30 +2
40 + 2 = 42
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. Column subtraction, like column addition, helps us to think
the ones together, the tens together, etc. Here are some
rcises: ‘

(a) T34 () 9400 (c¢) 2640
- 213 - 3300 - 1420

~ Tell how you would subtract in each of these exercises by
ninking about ones, tens, hundreds, etc.

Exercise Set 7, may be assigned now, Pupils
should solve as many exercises of this type as
are needed in which no regrouping of the sum is
necessary.
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l'Column subtraction, like column addition, helps us to think
the ones together, the tens together, etc. Here are some
rcises: '

(a) 738 (b) 9400 (¢) 2680
- 213 - 3300 - 1420

Tell how you would subtract in each of these exerclses by

ing about ones, tens, hundreds, etc.
Exercise Set 7, may be assigned now., Pupills
should solve as many exerclises of this type as

are needed in which no regrouping of the sum is
necessary.
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TGRS TS

3 Column subtraction; like column addition, helps us to think
i%f the ones together, the tens together, etc. Here are some
pxercises:

(a) 734 (b) 9400 (¢) 2640
- 213 - 3300 - 1420

Tell how you would subtract in each of these exerclses by
inking about ones, tens, hundreds, etc.

Exercise Set 7, may be assigned now. Pupills
should solve as many exercises of thils type as
are needed in which no regrouping of the sum is
necessary.

4
%7
{1
i

B

&

i’

1

&
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REVIEW OF SUBTRACTION

Exerclse Set ]_

George had 524 for the answer to an exercise. It should

have been 639. How much too small was his answer?

Gﬂ‘i-.ﬂv =y, ov $24tm 2639, e Grewtvavoa 115 Soo srall)

The zoo keeper told Jim that the big gorilla welghed 572
pounds, and the small one welghed 361 pounds, How nuch

more does the large gorilla welgh? ($72- 3é/=av,ov 36/tw=672,
MM}}MW :ZIIWM.)

In 1950, the population of a city was 6,473. By 1960,
it had increased to 9,699. What was the increase in

%opulation duri}i%i the ten-year period?c7‘77 =64 =V, O
F 4 = A 3,22 ’
Y724 = 96 79, “ WM ’ /M?/“I

The Boy Scouts had a paper drive. Troop 51 collected
8,200 pounds of pdper. They wanted to collect 9,600

pounds; How many more pounds of paper do they need to

_collect? (Fboo~F200=1v, o~ £200fm = 7600, M A

Lo Collt 1400 o /-o-u-oé ,/fw,‘m)

Subtract
665 841 937 269
(513) (ae) - Gr1a) e

Flnd n so each mathematlical sentence will be true.
(a) 'n + 395 = 697(n=302) (c) 863 +n = 1175 Gv=3/2)
(b) n = 1158 - 737 (m=¥2l) (d) 2378 - 2163 = n nzais)
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MORE SUBTRACTION

Objective: To help children understand the technique for
subtracting numbers whose numerals have many digits
and its dependence on the properties of our numera-
tion system o

Materials Needed: Abacus
Exploratioh:

- I have this problem which we should study together:
"Janet read 536 pages from library books in one month and
Emlly read 218 pages, How many more pages must Emily'read
to have read as many pages as Janet?" ‘ ‘

Study the problem carefully. What is the question to be
answered? What are the bits of information in the problem?
Write a mathematical sentence for
the problem situation. (218 + p = 536
or p = 536 - 218) what operation
is needed to answer the question?
(Subtraction) wWrite the sub-

traction in column form. Show ' : * _

this subtraction on an abacus.

(See 1) 536 L
Show how to 218 I

express the sum and
known addend on the chalkboard.

536. = 500 + 30 + 6
218 = 200 + 10 + 8
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k' Can we separate the lknown addend from the sum on the

' (No, beeause the sum has too few markers in the ones!

fplace.) Show on the abacus how we

{%can regroup the sum to get more

t ones. (Change it to -5 hundreds,
tens, and 16 ones.)

T
. .
e
&
&
'’
;'z .
g |

Eabacua?

Show thls on ‘the chalkboard. II

536 = 500 4+ 30 +.6 = 500 + 20 + 16
218 = 200 + 10 + 8 = 200 + 10 + 8

Can the known addend now be separated from the sum on the

abacus? (Yes) Show this.

(See III)
What 1s the other addend?

(318) | _ = &

Ii1

Can we show on the chalkboard how the subtraction is done?

(Yes) Describe the subtraction. (16 - 8 =8. 20 - 10 = 10.
500 - 200 = 300. The 8 is written in the ones place, 1 1s
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written in the tens place, and 3 1s written in the hundreds
place. The other addend is 318.) :

536 = 500 + 30 + 6 = 500 + 20 + 16
218 = 200 + 10 + 8 = 200 + 10 + 8

300 + 10 + 8 = 318

- The teacher should provide as many exerclses
as are needed to develop the meanling basic to the
technique of subtraction. The steps should be.
shown 1n writing and on an abacus as needed.

- A summary of the above exploration is found
in exercises 1 and 2 of Puplils! Book, pages
314 and 315, It should be studied by the teacher
and class together.

Sometimes naming the unknown addend as a
decimal numeral 1s more difficult. An example
and a method for completing the subtraction are
described in exercise 3, page 315. It should be -
carefully studied and dlscussed by the teacher
and class. No further description is included
here. Speed in completing such a procedure 1is
not important and extensive drill is not recom-~
mended. At the same time, the use of this method
for selected exercises now and at later times
during the year 1s recommended.
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j MORE SUBTRACTION

Subtraction 18 an operation for finding the unimown

i addend if the sum and one addend are | , g3 sum

}Z;,lmown. To £ind 536 - 218, you have 218 addend
? unknown addend

learned to write as shown in Dbox A.

1. Could you subtract using the B 536 = 500 + 30 + 6

;fE form of box B? Why? 018 = 200 + 10 + 8

Now, let us use the abacus | |

o 500 + 30 + 6
to help us think about 200 + 10 + 8

this process. First we

show the sum 536 on

the abacus
| L

Then, we think of the | 500 + 20 4 16
sun 536 as : | 200 + 10 + 8
500 + 20 + 16 . *

1 i

1 s

Now, we separate the , # # 500 + 20 + 16
markers to show the _ 200 + 10 + 8
inown addend, 218, # L
and the other addend. | ] y

what i1s the other addend?
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<
2. The written record of the above subtraction is
536 = 500 +30+6 = 500 + 20 + 16
218 = 200 +10+8 = 200+ 10 + 8
300+10+ 8 = 318 Xl

3. Sometimes, finding the unknown addehd_is more difficult.
For example, what 1s n, 1if 268 4+ n = 9327

We may write:

932 = 900 + 30 + 2 = 900 + 20 + 12 = 800 + 120 + 12
268 = 200 + 60 + 8 =200 + 60 + 8 =200+ 60 + 8
600 + 60 + U = €64

Explain how we may think when subtracting in this way.
what 1s the other addend? |

Now let us look for a shorter way of writing the steps in a
subtraction problem. Notice how this form corresponds to the one

ahove., We begin with 932 9 hundreds, 3 tens, 2 ones
- 268 2 hundreds, 6 tens, 8 ones.

We cannot subtract in the ones' column so vwe regroup »

@@

% 9 hundreds, 2 tens, 12 ones
6

9 2
2 8 2 hundreds, 6 tens, 8 ones.
t 1

We cannot subtract

®®
%%
-2 6
6 6 &

n the tens! column so we regroup again

2 8 hundreds, 12 tens, 12 ones
-2 6 8 2 hundreds, 6 tens, 8 ones
5 _

12 - 8=4, 4 ones
12 - 6 =6, 6 tens
8 -2 =6, 6 hundreds
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ANOTHER METHOD FOR SUBTRACTING

There 1s a shorter method of subtraction which most people °
use.. You can use it too. It is very much like the short

¢ method of addition. It requires you to think of the convenlent
I name for the sum instead of writing it. Think of these exer-

}. cises,

@ 75 () m  (e) 58

- 23 - 23 -2

fﬁ.Can 23 in exercise (a) be subtracted directly as the sum 1s
¥ named? (Yes) In (b)? (No) In (c)? (Yes) |
Let us study exercise (b). Without doing any writing, can
you think of 4 tens and 1 ome so that 2 tens and 3 ones
may be subtracted? (Yes, I think 3 tens + 11.)
Remember’this and subtract. Describe what you think.
(11 «3=8, 3 tens -~ 2 tens 18 1 ten,‘or 10. The result is 18.)
Try these Just by thinking about the convenient name for
the sum, | |

(@ 3  _ (e) T5 (£) 42y (g) 4ok

Answer this question for each: How can we think of the
~sum to subtract the known addend?

(d) 43 = 30 + 13.
(e) 75 = 60 + 15.
(£) 424 = 300 + 120 + kL.

(g) 424 = 300 + 110 + 14,

Pupils are not expected to be able to supply
an immediate correct answer to exercises such as
(g) above. To help pupils understand what they
are doing is the objective of this development.
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names for:

If they can write and tell reasons for the
thinking below, the teacher should believe that
they understand the technique,

424 = 400 + 20 + 4 = 400 + 10 + 14 = 300 + 110 + 14

248 =200 + 40 + 8 =200 + 40 + B8 =200 + 40+ 8

The teacher and class should read and study
page 316, Exercise Sets 8 and 9 may be assigned
for puplls to complete independently. The pupils'
work for solving the problems in Exercise Set 9
should be arranged as described on page 505 of '
this commentary. .

Speclal attention is given in Exercise Set 10
to subtractions such as 800 ~ 342 in which one

or more O's are in the name of the sum., :

Using only tens, hundreds, thousands, etc. tell me different

400 (4 hundred, or 40 tens)

1000 (1 thowsand, or 10 hundreds or 100 -tens)

Here are some subtractions. How should we think of the

sum so we can find the unknown addend easily?

(a) (v) (c) (d)
6000 6000 6000 . 6000
- 2000 - 2300 - 230 - 234

(a) 6000 = 6 thousands
(b) 6000 = 5 thousands + 10 hundreds
(¢) 6000 = 59 hundreds + 10 tens

(d) 6000 = 599 tens + 10 ones
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Make a written record of subtractions (b), (c) and (d):

| (v) - | ~ (e)
6000 = 5000 + 1000 6000 = 5900 + 100
2300 = 2000 + _300 2340 = 2300 + 40

3000 + 700 = 3,700 3600 + 60 = 3,660

| ()

6000 = 5990 + 10

2345 = 2340 + 5
3650 + 5 = 3655

In order to obtain correct answers to (a),
(b), (c), and (a) above, pupils may need to ex-
periment with different names for the sum. There
are other ways of renaming 6000 in (d); for
example 5 thousands + 9 hundreds + 9 tens +
10 ones, The name 599 tens + 10 ones is
simpler form.

: This exploration is summarized on pupils?
page 319. It should be studied and discussed by
the teacher and class. Exercise Sets 10 and 11
may be assigned as independent work.

- .An algorism for subtraction is given on
page 319. In the regrouping the pupils will soon
learn to do all regrouping at one step. For
example,

0%

]
oo
Oy Jof
& p¥
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ANOTHER METHOD FOR SUBTRACTING

Subtraction is an operation on numbers. When we operate on

15 and 3 and get 12,,_we_have subtracted. 15 - 3 = 12, And,

12 1s called the unknown addend.

A subtraction exerclse
is written in columns to make
subtraction easy. Columns
help to keep the ones
together, the tens together,
ete. .

In column subtraction thé
ones are subtracted first, the

_tena next, etc.

Renaming the sum in a

5576
= 1328

~ To subtract I think:

‘Thereiare npt”qnouéh,ohes in

| the ones' place in 5,576,

I will think of - 5,576 as
5 thousands, 5 hundreds,

6 tens, and 16 ones.

530

‘uubtraetion‘exercise may help 16 - 8 =8, 6-2=4, |
us to subtract. 5-3 =2, ' 5-1la= #. Thé
' uhknown addend 1s 4,248,
Exercise Set 8
Find the unknown addend in each of 1 and 2.
1. (a) (v) (c) (d) (e)
93 187 817 852 596
38 99 748 575 378
(33) 1777, D) (277 @19)
2. 5634 2876 8421 3124 5672
1226' 259 5167 2674 1489
(432%) @617) (32s4) (ys0) (4153)
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Exercise Set 2

1. One week a factory assembled 2,640 trucks and 1,582
automobiles., How many more trucks than automobiles were

assembled? (2,640 -/,562 =) O’V /,522*»« ,690. .

] 05F r/mo’™A

2. In 1950 there were 3,500 people in Woodside. In 1960
there were 9,400 people in Woodside. How many more people
were there in 1960 than in 19507 (7¥00-3600 =1V, oV
350044 = 9400, Ahtr wurk s?oowuf-lq“&m—-’“a )

3. We pla.nned a 455 mile trip. The first day we traveled
266 miles. How many miles were left to travel AySs- 26z m,
oo 266t = 4SS, ,ﬁfcu,wwu 189 il ,MI: Aiauel )

4, The Mississippi River 18 2,348 miles long and the ohio

 River is 981 miles long. How many miles longer is the

Mississippi River? (2343 -781= v, o qa‘lgw =23v8

MM I.s‘-,

5. what 1a the total length of the m.uiuippi and the Ohio

Rivers? (2345 + 981 = %, Tolol Monn i 3320 mill,)

6. In New York City, the Empire State Bullding is 1,572 feet
high. The Chrysler Building is 1,046 feet high. How
‘much higher 18 the Empire State Building? (M¥72-/J0496=2v, 0

1046tz 1472, ;a, %»«424—/«2
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There were i35 ohil&r'on at Whittier School and 379
children at Edison School. How many children attend both

gghgolg?-cl135+37 ?:M. /%Ll m &Y MAMM)

A 8ign on a foot bridge -:;eads, *Not safe for qirer' 200
pounds.” .‘l’erry weighs 62 pounds, Dick weighs 57 poundd;

~ Tom weim 68 pounda Can the three boys ufely walk

10.

L2t 594 68z T Low

2:;: the bril.%e togethe:;z ( /f7,«.,6.. Y
200 , A WMWMM% )

Another bridge holds two tons safely. A cement truck thut |
weighs 2,165 pounds 1s on the bridge. How many more
could safely be on the bridge at the une tm?

2165t ) ov ‘/a 0~ 2,/6S=m, [P sren
Mﬁg . alt il MM.)

Susan's gmndnothor was born in 1908. How old will ahe

be on her birthday this year? (/96 2~1908=m , orv

- 1962 MW oo M.,a,h
Maif’:’(”,&%,u/v 2) |

54 onm
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SUBTRACTION WITH ZEROS

1. Which of these are other names for 8,000? Caﬂque..)
. (a) 8,000 ones (d) 7,000 + 1,000 (g) 8 thousands
-(b) 8021 - 21 (e) 800 hundreds (h) 8,000 - O
(¢) 800 tens ~ (f) 10,000 - 2,060

2.  Suppose you are to find n when

8,000 - 1,732 = n, You can write the A
_example as in Box A, Finding the | 8000

unknown addend is easy if you rename | 2_113@

8,000 a8 799 tens and 10 ones

or .‘7990 + 10.

3. (a) Look at the example given in

‘Box B. ‘ | B
(b) Tell how to get the unknown ~ 8000 = 7990 + 10
addend, 6260 + 8. - if3g = 1730 + 2
_ , , 6260 + 8
(c) what decimal numeral names .
the unknown addend?
Exercise Set 10
Find the unknown addend for each of these. ‘
1. (a) | (b) (e) (a)
8ok 602 102 3001
26 536 8 146
| (.F)Z) o Ge) | umn Gs3v)
2. 6000 3007 4803 2067
1234 1562 1297 1982
(424¢) (1445) (3506) - (#s)
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3.

Te

Exercise Set 1_];

John 18 52 1inches tall; his father is 70 inches tall,

How many inches must John zrOW to be as tall as his father?

($24m=170, v 7p-525m0. mu«fg/ww Ve hae o Mt aq
Aats e .)

At Glenn School there are 500 boys and 375 girls, How

many more boys are there than gir B?CS(Jo 37$—m,m.,
37Stm =2 §00. Toe are 125 Anona )

L]

Don has 1,500 stamps. He pasted 323 1in his album.

How many are left to put in the album? (/500 -323 2v, OV

32344v= /§500. Bo ”77“”&"1""(‘;]’60‘“”"""“

D :
Sue has $25. She 1s saving to buy a bicycle which costs

$42, How much more money must she save? C.‘25'1‘M 42,0~
H2- 28z, —&MMM /7/»46"-' /‘v‘?,‘.,‘)

A high school stadium has 5,200 seats. 3,482 tickets - -

have been sold for a game, How many tickets are left?
CS?Jo-B‘{iZ‘:‘-MJW 3YFA Fav =$2Q0.m ore () f e

An elephant in a zoo weighs 5,000 pounds. A bear welghs

746 pounds, How much less does the bear weigh than the
elephant? ( §,040-296=Av o 796 tav= 6, 000. 26

J
/w_u‘,gj. q,aqu/&eo/aaw/%W)
West Virginia became a state in 1863. Hawall became a
state in 1960. How many more years has. West. Virgin:l.a

been a state than Hawaii? (/P63 fau= /960, on [960-/P635a,
Woead Voo Moo Leen o olat 47@%@ ..,
Ny
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RELATION OF THE TECHNIQUES OF ADDITION AND SUBTRACTION

'ObJective: To help children extend their understanding that
: addition of a number and subtraction of that same
‘number undo each other,

Material Needed: Abacus
Exploration:

We legrnqd that addition of a number and subtraction of
that same mimber undo each other, Let us see if we can show
this on an abacus with this example.

Add: Subtract:
37  (Addend

82 (Sum)

45 (Addend) 145 (Addend)
82 (Sum) 37 (Addend)

The children will find it helpful to use an
- abacus to sense cle;r1¥ that the thinking asso-
clated with "combining” and "separating" markers
1llustrates the idea of doing and undoing.. On
page 536 Column I pictures 37 + 45 = 82 on the
abacus. Column II pictures 82 - 45 = 37 on
the abacus. Similarly we could picture on the
abacus- 45 + 37 = 82 and 82 - 37 = 45,

Now let us think about the addition and the subtraction
without an abacus,

aad | |  Subtract
371 82
) | 45
82 | 37
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column I ' Column II

37 and U5 o "B tens and ones

7 tens and 12 ones 7 tens and 12 ones

L ' I

8 tens and 2 ones 8 tens and 2 ones
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_Now have children explain how subtraction
of a number undoes addition of that same num-
ber. They find the sum of two addends. Sub-
traction of elther addend from the sum gilves
the other addend.

Exercise Set 12 may now be assigned.

Exercise Set 13 is a set of mixed practice.
These should be assigned to pupils who need such
practice,

- 537




- p321

RELATION OF THE TECHNIQUES OF ADDITION AND SUBTRACTION
Exercise Set 12

Copy the chart below. Add or subtract each exercise and

then undo each.

Do Undo
67
1. Add 725 1($q4,rmf_ 967 -’3,3)
342 925 342
yoe7) '
g7
2. Subtract 1359 26444 7:1) 5
L2
G2 1629
3. Subtract 5232 3.(Add !7‘6‘{ )
68 §232
| q4eq) | cae
— 14675 4
4, Add sigg u(&.brmd sas '7)
354 ‘
(jgzsf) | ; 287 9,388
5. Add 26534 5./sablrect 39,52 89,820
. 24,534
12986 13,986 OV _2£.834
(39,52¢) ; 26,534 12,986

6. Show that each of these mathema.tiéal sentences about doing
and undoing 1s true. The first one 1s done for you as an
example. , \
(a) (573 + 128) - 128 = 573, . =368

Answer: 573 701

128 128
701 573

(b) (841 + 368) - 368 = 841
- (e) (632 - 257) + 257 = 632
(d) (905 - 496) + 496 = 905
(e) (38% + 769) - 769 = 384

538




P322

T. Co;umn addition may be checked by using the commutative
| and assoclative properties of addition. 1In this example,

first "add from the top down." Then "add from the bottom

up." Are the sums the same?qrxgd:
43
32
Y
Add and check the sums in each of the following exerclses:
8. 9. 10. 11,
72 ) 324 3286 17208
49 964 9246 15363
36 322 3078 42630
42 508 5000 (5201 )
88 (2119) Q0,610)
@57)
12. - 13, 14, 15,
1492 | 687 15618 61429
3876 941 29832 78503
- 9547 600 75490 59268
3841 817 | 61078 | 68107
2056 932 70201 91030
Qgr) (3977) @s:,sz) (358337)

16, BRAINTWISTER: Try to find the sum for exercise 8 by

adding down the column once.
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| _Ebcercise Set 13

Copy the numerals 1 through 7 on your paper. Write the

correct words or numerals to g.Omplete this chart,

Numbers Result Operation Mathematical

Operated On | A Sentence
1.] 394, 869 /243) addition @yt #67= )
2. (7_6_._2_, l{?_) (575') " (sab‘lﬁc"lo'n) 76é -(__/f]_)_ = 575
3.. w98, (329) 1277  addition @7“'/’" = /277)

4.1 (297 + 356), 495 (ss) subtraction 697_7*35‘)“"7‘“"_’")

5.1 2000, (156 + 354) (l‘/?ﬂ) subtraction (20@0-055*3‘”)=Au)

6.| (392 + 867), 201 Qan) subtraction '63?27'6‘7)-261%)

7.1#4, 979) (363)  (gddition) 384 + 979 = Quv)

N

In exercises 8 to 16, what is n 8o each mathematical

sentence will 7 be true?

8. n = 67 + 48 9. n =204 - 157 10. . n = 4000 - 1963
bvzns) n=47) - (ov=2037)
11. n + 42 = 89 12, 102 -n =3 13. n - 128 = 568
v=42) = 99) . rao96)
14, n + 392 = 691 15, 601 - n = 399 16, 893 - n = 256
or=299) b= 202) : Gu= 637)
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7.

BRAINTWISTER.

In each exerclse below, the letters A, B,

C, D and E are to be replaced by one of the digits O,

1, 2, 3, 4,5, 6, 7, 8 or 9,
different digits in different exercises.

a8 AB represents a 2-place numeral.

47
+ 4

Al
‘D))
ABRc (95)
- 42
153

63

- A5

T ®
s8)
ey ()
+3¢ @)
87

b7
+ D@

CcC
(s5)

BB (60
- BR ¢

4

541

pp (37)

+ E QO
80

7a GO

- AB ¢2)

14

They may be replaced by
A symbol such

cc ()
* C&)
€0

cD @)

+ D3 ¢3)
9



THE LANGUAGE OF SUBTRACTION PROBLEMS

Objectlve: To help children identify the language of problems
whose mathematical solution may be obtained by
subtraction

Exploration:

Children should be aware of the different
problem situatlons in which subtraction may be
used to find the solution. The operation of
subtraction 1s used to find the missing addend
in situations such as ‘those in which we are to:
(1) compare two amounts; (2) find how much
more 1s needed; (3) find how much is left, etc.

How can you tell when you should subtract to solve a
problem? Before you answer we should study some problems on
page 325 of your book.

(1) Pamily A traveled 323 miles and family B
traveled 289 miles on a week-end trip. How many
more miles did family A travel than family B?

(2) Pamily A traveled 323 miles and family B
traveled 289 miles on a week-end trip. How far
did they travel together?

(3) Pamily A traveled 323 miles and family B
traveled 289 miles on a week~end trip. How much
farther would family B have to travel 1n order to
travel as far as family A%

(4) Families A and B are together on a trip of 323
miles, They have traveled 289 miles. How many
miles do they have left to travel?

Look for the question asked in each problem. Then find the
information that is given in the problem and write a mathematical
sentence using the information.
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’31) n=73235~-289 or 289 +n = 323 (2) m =323 + 289

323 _ 323
- 289 + 289
34 612
| The two familles traveled
612 miles.
O e e e I gy 289 + PR 323 (#) 8 = 323 =
or or ' '
p = 323 - 289 289 + s = 323
323 - 323
- 289 - 289
34 3h
Family B would have Families A and B . have 34
to travel 34 miles miles left to travel.

'to,havé'traVeled as
far as Family A.

- How are the problems similar? (The numbers in the
problems are the same.) Are the problems the Same? (No, they
are very different.) How do they differ? (Different questions
are asked.)

Let us examine the work you did to answer the questions.
Was there a difference in the operation used? (Yes. In (2)
we added; -in the others we subtracted.) How did you know which
operation to use? (We could tell from the relationship in the
problem,)

We can describe an addition problem as one which gives two
or more addends and asks us to find their sum. Did problem (2)

do these things? (Yes, it gave the addends, 323 and 289, It

‘asked how far the two families traveled altogether.) -
How did you know to subtract in the other problems? (We
could tell from the relationship in the problem.) How may we
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describe a subtraction problem? (We know two numbers,'one is
the sum and the other is an addend. We are to find the unkndwn
addend.) In problems (1), (3) and (4), which number is the
sum and which 1s the known addend? (In problems (1), (3), and
(4) the sum is 323 and 289 1s a known addend. )
We have described a subtraction problem as giving a sum
and known addend. We have said that problems (1), (3), and
(#) have the same sum and addend given, In thisway the problems
are all alike even though they ask different quesfions.
The children should make up a few problems
requiring subtraction. Some problems should ask
that amounts be compared. Other problems should

be based on situations whepre one set 1s to be
separated into two subsets.

Exercise Set 14 may be agsigned now,
Pupils should use the form shown on page 505 of
thls commentary to record theirn solutions.
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THE SLAGUKET OF SUSIMRACTTOV PROBLEMS

1.

Pamily A traveled 325 miles and family B traveled

~ 289 miles on a weekend trip. How many more miles did

2.

family A travel than family B?

Pamily A traveled 323 miles and fmly B traveled 289

" miles on & weekend trip. How far did the two families travel?

3.

b,

1.,

2.

Family A traveled 323 miles and family B traveled
289 miles on a weekend trip. How much farther would
family B have to travel in order to travel as far as
family A?

Families A and B are together on a trip of 323 miles.
They have traveled 289 miles. How many miles do they have
left to travel?

Exercise Set _}__ll

A notebook costs 15¢, a pencil 27¢, and an eraser 5€ .

How much will it cost to buy a set of one of each?
(/5427 48 2, Sbunits Con? 4 74 Zo Loy 0 aut of Ot of tack,)

rFour children put their savings together to help buy a
riding horse. Mary had $35, Jerry had $48, Diane had

$123, and Frank had $07. How much money did the four
children have? (35148 + 128 +97 Zav, ,‘8674\-—%

- Aad7203.) . .
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5.

A football playing field is 300 feet “long md 160 -feet

wide. How far will you have walked if you walk along the :
four edges of the f:l.eld'? (300 /0 + 300+ leo 2, o7

Avalh QQOMA/ ab.?,% ¢%.= j‘“
John has 268 postage stamps. He received some for’ -

receive for Christmasy ( 26F#m =323 o 323 2P

MM sswﬁm“)

At Fairview, the temperature was 58° ~at noon and 23

at midnight How much had the temperature changed? | o
(5¢-23 = .-/ru,m. 23t40 = s:f. -7 A _ W!( )
Tom wanted to buy a radio which was 'priced at §72. He

had §56 aaved How much did he still have to save?
(§6ta=272, 00 12-6¢ 2, 5).9 ”M,ém /6

1‘-—4‘42 /t'dM-J R

On a page in a catalog the following prices ue,re_siverp:
Soft ball, $1; bat, $3; flelder's mitt, $3; catcher's
mitt, $12; first baseman's mitt, 39; cat.cheris ma;slc,
$%; and baseball uniform, $6. wWhat will it cost

Mr. Thompson to buy a ball, a bat, and three uniforms
for his sons? ( /+ 3+ 446+ =, It v co
0”4- M’fﬂz,)

In one year the Acme Motor Company made 969,732 .

amitomobiles, 95,060 trucks, and 17,7117 motor acootbfs.

Find the number of vehicles made by the Acme Motor Company
in that year. ( 969,732 + 95,060 + 17,7477 = v, /&

Aerme ppdon @)JMM /,0F2, 537/%&4

m,bﬂa‘y.e«,




IP-THEN THINKING

ObJjective: To introduce to pupils one of the procedures for
| " drawing valid conclusions--"If-then" thinking

Vocabulary: If-then:fhinking"
‘Bxploration:

. " The exploration for this topic is in the
Pupils! Book, page 327. The teacher should
‘emphasize for pupils the importance of "if-

. then" thinking. The mathematician assumes

- certain relationships; he states these 1n the
"if part" of the statement. He then draws

- valid conclusions which he includes in the
"then part" of the statement. More examples
of correct and incorrect "if~then" reasoning
should be providéed by the teacher and following
that, pupils may offer thelr own. Both soclal
and mathematical statements should be used.

- If a pupil says "If n + 9 = 15, then
9 4+nw=15,"or "If n + 9 = 15, then

15 = n = 9," the teacher should ask, "Give
me a reason for your statement."

L Assign Exercise Set 15 for independent
work, After Exercise Set 15 1s completed,
Set 16 may be assigned. Magic squareg of the
latter set provide a means of interesting
practice. oy S
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IP-THEN THINKING o i o T AT

e SRR O
EXAN 3 35S E

1. _¥We often use "11' then" réaaomns For example, yqn,ﬂm;r L
think:- O RIS
"If I run home,. m I will get: there quicker.™ op oV
"If 1t rains, then we cannot play baseball.” : .- ‘=x?
Tell some "11‘ then" statements abmt m:- &ctivities. .
3 ‘WE !

2. In ‘our 1r-t~hen sfatemanta we wanti tha aecuxd part to be
true because or the first pg:"b. . ,‘ REE

"If T4n=15, then n¥7AISY or |

"L T+ n- 15, then 'n -&" s
We would not think . B T U
"3 ¥ 6w, then 3 ¥ ‘6 = 10 pince the “tnan"
part 1s noe & TRt of the "1r® i:art. o ,‘:j T

We could t'hink’ "If 3 + 6 = 9, then 3 + 7 - 10 n

Complete this statement in other ways, If 3 + 6 = 9
then . . , (6#3=9 , 3+7=/0 ,.L,)

b, (a) 1Is it true that "If n + 6 = 15, then n = 15 ~ 6" 6.
(b) Is 1t true that "If n - 6 = 10, then n =10 + 6"20M,




1.

B
I
¢

i
;\.
E,‘
5
Ead

3.

Exercise Set 1_5_

Complete these statements. Use some different ways to
complete each as you can. (Mwﬂmﬂha )

(a)

(b).
(c)

Use

(a)f .

(b)
()

(a)

(e)
(f’)
(g)

~(n)

BRAINTWISTER. Remember: x, ¥, and 2z represent whole

numbers. Suppose X + ¥y = Z,.

(a)
(b)
(c)

(@)
(e).

E KR EBEEBEHEEERETE

If 15-9=n, then ... (d) If 1ll1+n=25, then ...
If 13+n=21, then ... (e) If 12+n=19, then ...
If 33=17+n, then ... (f) If n-15=14, then ...

> or ¢ 8o each of these state;nents will be true.
n+6=17, then n () 17.
21 - n =19, then n () 21.
i}l&sn+27, then n_gs_)_“.
n-16 = 31, then n (>) 16,
n+ns=140, then n __C_(_?_ 40.
"n +0=178, then n (=) 178.
0-n=0, then n (=) 0.
(6 +8) +n =19, then n_@)lg.

i
-

o

Are you sure that x ¢z and y < z? ?v’:é,?zq,a_.uzso'
Give an example for x-z.' =2 ,da..?;o) '
Give an example for x < z. @:&f’- ,t'd.,g(z Bussssra.
Oive one example for x < 2 a.nd m. (a-..-m.‘-vm-;)
Could x > 2? @o)
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Iracy

The arrangement of numbers in the A B ¢
square at the right 1s called a magic IR KD 8
square. ' E1915]1

| 21716

1.

3.

5

7.

Exercise Set _.'!._Q_

F N

What 18 the sum of the numbers in column A?(' ) in column B?(s)
in column ce 4€)

as) us) .
What 1s the sum of the numbers in row D? row E? row P?(s)
The 4, 5, and 6 are said to be on a diagonal, what 1g
their sum?(l What three other mmerala are on a diugoml?(&&?)
What 18 their sum? (/$ )

Are all eight sums the nme'?g The square is said to be "magic
because the sums of all rows, columns, and diagonals are

equal,

Make a new square by adding 19 . to each mumber in the abbve
square. What :I.s the sum of tt;e numbers in: each row?G2)

Q2 : :
each column“7 each diagonal? “Is the new square a magie

b 23 122 |y
square? @“)( 2% (29 | 7

2] 12¢ | 27 | _

Is the square on the right a T 57 |58 | 68

magic square ‘%“ lz'mt is the sum 60 | 66 | 65 | 63

of the numbers on each row, | 64 | 62 [ 61 | 67 | |
column, and diagonal? (254) " 15969 [70] 56

Make a new square by subtracting 49 from each 5mgnber= in- fhe
square in exercise 6. Is it a magic square?( 4% 7 1.3

/€] 20l 2/ 71
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REVIEW

Objective: To help pupils review the meanings, skills and

procedures for problem solving developed in this
unit

Téaching‘Procedures:

Three Exercise Sets are included In this
section. Set 17 1s a review of skills with
Braintwisters to provide a challenge for fast
learners. Set 18 consists of word problems
and braintwisters. Methods of solving problems
which have been discussed earlier should be :
used. .
Exercise Set 19 ‘has as its speciflic pur- .
pose helping pupils choose the essential informa-
tion from a paragraph and use it to answer a
question. Further, in certain exerclses the
mathematical sentence is given and the pupil 1s
to state the question which is answered by that

" gentence. This is the reverse of his previous

experience "in which he is asked a question and
told to write the mathematical sentence describ-
ing it. To further this obJjective, puplls may
be asked to make up problems requiring addition
or subtraction. '

All pupils need not solve every exercise or
problem. The large number of exercises and
problems permits the teacher to make assignments
suitable to the ability of each pupll. At the
same time, these sets are not completely a
review. There are many variations of the con-
tent studied previously. The teacher should
have some class discussion of the difficult
exercises and methods for attacking them,

Notes on Braintwisters:

1. Ex. 7, page 331 Pupils should try replacing
n by various numbers in n + n = 200 and

2, Ex, 10, page 331 You can find n in the
mathematical sentence n - 376 = 89 because
376 and 89 are addends; addition is always
possible within the set of whole numbers. How-
ever, for n + 376 = 89, there 1s no whole
number for n, because n = 89 - 376, Subtrac-
tion 1s not always possible within the set of
whole numbers. '
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'REVIEW

- Exerclse Set ll
1, Subtract
84 126 536 1427 1674‘
57 6t 239 1148 _555
@) D) &) @79) ar9)
2., Add ) : '
67 134 257 3782 2811
84_ 2 489 6356 7159
(s7) ey, Gve) Qop3z) (9000
3. Find n 80 each mathematical sentence will be true.

5.

(a) 81 - 3’6 =h (c) ng;126 = 253 (e) 359 iy 284 |

b 76 + 4 d) n-87 =123 (f) 283 +n = 481
(2) n=76 49 (a) no BT =123 (1) 2834

Which of these mathematical sentences are not true?

(a) 81 + 69 = 160 (F) (d) 1276 - 493 = 783 _(7?) -
(b) 124 + 238 = 362(7) (e) 263 = 612 - 350 (F)

(c) 289 + 463 = 752(7) (£) %12 = 913 - 571(F)

Write =, > or « so each mathematical sentence will

be true,

(a) 825 C=2 568 + 257 (c) 7!;2 - 367 [>2 3Th
(b) 289 + 482 () 761 (a) 538 - 289 (&) 259
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6. ERAINTWISTER. What whole number, if any, can be used for
" n so each mathematical sentence will be true?
. {a) -192 + n = 168 (fhona ) (e) n-12=26 @a SP)
() 192 + n = 268 @—76) (£) 12 -n=26 @mv)
() 312 - n=314 @) (8) 26 - 21 = n @-6‘)_
(@) 312°- n'=310m=2)  (h) 21 -26=n @.M) a

7.~ ERAINTWISTER.

*'?f'(a):’ . Whe'‘two numbers you operate on are n and n. The
. % Efoperaitmn you se is addition. The result is 200.
Hhat mmber 18 n? mef" ?00 /ru-/ﬂo)
- (b‘j g Follow the directions of exercue (a) but ”Ph“ 200
o twath s, (mtm=sF2 vz 291 |

8. E!AIN'NISTER Hhat 1is wrong with thia problemo The two
mmbara you operate on are n and n. 'Ihe operation you ‘

use is subtraction. The result is 10. Hhat number is n?

-M M‘H - - -
"lm,‘a =M“,ém,m-w-o o :;'/04)10 wor Ko 2

9. = BRAINIWE fwo-riumbers -opereted on are n and 376.
“oame pesilt 1s 5937° Write two-true mathematical sentences

soising - n; 376, - and 593, .- In each mathematical sentence

C,,,,,mee §93 , 2z 27
. wil:L be a different number, 237 =593 , /w: 969

'1
-

10, HRAMEISTER Two numbers operated on are n and 376.
our e result 1q 89. can you wrlte one or two true

L SR A

mathematical aentences uaing n, 376, and 89" Why?

(w _17%!‘? ‘A : 4GS
“ypemt *W e &ET
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1.

2.

- Exercise Set 18

A model plane costs $2.15. Joehadtcm money ‘and thén
he carned $1.58. fThen he had exactly enough to buy thc

plane, “How much did he hnve bercre ng" §1.
(nt/sy= 206, o 215-158 . o
/

-CMMA.aa .e'i)

The fourth grade class collected 287 more pounds of old
newspapers than the fifth grade class. The f‘ourth srtdo _

class collected 512 pounds. How mch d14 the, ﬁ.rth
2l

grade collect? C 5/2 - 2’7-.40, o f 2’7- ‘/9
'g/uul» Loee collclil 22:‘ fo«—cﬁ o/ WW )
721 1s the largest 3 d:lgit mmber that can be. written .
using each of the digits Ts 2, and 1, WSmt is the

a2 :
snallest number that can be so written?a What mt bo

added to the nmaller number to get the larger? 0‘"*“”’”’)
o T2l=127=rv ; _

" Mary went to the store to buy one loaf of br,g\a.d:rmd one

dozen eggs. Bread is 29¢ a loaf and eggs 654 a dosen.
Uaing only the above information wh:l.eh of these quutiom
can you answer? & W"_}

(a) What is the cost of Hary's purchasea?

(v) How muich in all d:ld Mary pay for bread? C"")

(c) How much change did she bring home? m w.‘ﬁ )

(d) I1r she gave the clerk a $5 bill, how much change

did she receive? (aqu > §00, 0 500 -¥Zrv. ““
Wlloéuoﬂ.’yaéﬁww.) :
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5.

9.

The East School had a newspaper and magazine drive. Room

A collected 1,546 pounds, Room B collected 2,875

pounds, and Room ¢ collected 5,324 pounds. How many
pounds of paper did these three rooms collect in all?
(1546 + 2275 + 53 94/ = A, MM»W MZ?;«:M.)
BRAINTWISTER. Use__\ the numbers 2, 3, 4, 5,6, 7, 8 9
and 10 to make a magic square. Hint: the sum of each

_ S , s
row, column, and diagonal 1s 18,;,2%_,, 3 5;
' ) ' o \l3] #}7 sls|3]

IIIBTBAIN'NISTEB._ (a) wWhat number is n if
| (6 -n)+ 4= (6+mn) -1 (ws *l)
(v) How many counting numbers are there
between 19% and 275? (_io_)

BRAINTWISTER Each mathematical sentence below 1is true. ..
In which ia n not a whole number? (45)

(a) n-n=n QZ"-'OJ -~ (e) (3+2)+2=n@~ '7)
(®) 10-n=n Hu=s) (4) (3 +2) +n=2(nefd
N ' ’M)

BRAIN’WISTER Jnd n so each mathematical sentence 1is

~true.

(a) n is less than 2. (m=0 a“’"‘"’)

(b) n is less than 8 and n is more than 6. (= '7)
(¢) n added to 3 1is less than 5. (w=0 ov m=!)
() n<12 and n>10 (v =//)

(e) nfll{ﬁ CM:OO’VM):IJ
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1.

_%@%0

Exercise Set 19

At Jordon sehool, the cafeteria served lunch to .
195 c¢hildren on Monday
218 children on Tuesday
198 childreh on Wednesday
203 children on Thursday.
194 children on Priday |
Use the above information to solve problems 1-8,

W many children were served lunch during the week?
(l'l 12184196 + 203 +/194=0, Taia e /00§ Ch s lndd
Al pnceh)

How many more than 1,000 lunchea were served during the

week? (/ 00§ =000 =, o~ /000 142 /008, Avers £
Mo Lha 1900 M al.wua P 2A ) :

Find the two days on which the most lunches were served.

The total number of lunches for these two days was how
many less than 500? (500 —(ﬂlﬁzas) = v, 2(.,614
{wﬁ(a..m Aaye svaa 7 9bbaa

The total rmmber of lunches served the first three days

of the week is how many more than the number served the '

last two days of the week? ({95 +219 ¢ 198) = (2034 M9) T A0,

Hen pusnt 219 11n0n0_binchan atnncl £ LS bl g
D AT 7 AT A 7, ,ﬁc:’)

The mathematical sentences in exercises 5 through 8 answer
questions ebout the number of lunches served?

g. +n=218 6. -1984-194

Abnsd (740-- MM '
mmwa 4’1@»‘4)) "ﬁ‘;ﬁm
(198 + 203) + 194 = n 8. 218-203=n |

<m~mm Ports v iy vl
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'mg prices of some card games are:

19¢, Play Your Hunch 17, ~and Rummy

Which of the mathematical
sentences in the box can be
used to answer exercises 9

_through _ 112

g. What is the total cost of

Runlny, Hearts, and 014 Ma.id?(—c)

10. How much change do you receive from

0ld Maid 26¢, Hearts
24¢,

[ (a)

()

[ (o)
(a)

(e)
(£)

100 = (17 + 19) = n
(24+19.)-n=26 :

100 + n = 17 + 19
(19 + 24) = 26 = n
(2% + 19) + 26 = n
n - (19 + 24) = 26

Play Your Hunch and Hearts? (e)

$1.00 1if you buy

11, How much more will it cost to buy the 2 games Hearts and
Rummy than 1 game of Old Maid? (b) w(Th)

~ The mathematical sentences in exercises 12 through 17
uigicer ¥hat questions about the cost of the card games? |

12, %2’&-:1! “"'4“3

N %—MMMM

14, ll -n =1

%hﬁﬁz&. ﬂ[a_‘l)_)
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17.

15. 26 =1 '
‘5 Ch ? M«m

aant)

n-17+26

““‘W%)

17+n-2h
(R ek mners 1o ko Cond

’*“"""‘?“““"";1!'“



" Objective: To help pupils review and extend their understanding
- of union and intersection of sets., To help them
comprehend the meaning of an operation on numbers

Vocabulary: The words circ, bow, wob, star, beta, pigk and
alpha were invented for use in Exercise Set 20.
It is not inténded that they become part of the
pupils'-vocabulary.

Exploration:

The teacher should study Exercise Sets 20
and 21 carefully and declde which of his pupils
can profit from the study of this enrichment
material.

The teacher may reférto Teachers! Commen~
tary, Chapter 3 for backgrouhd and suggestions on
tenching union of seths, Exercise St 21,

Because puplils are famlliar with addition .
and subtraction they often do not sense the
significance of the statement that they are
operations, Makeé-belleve operations are intro- - -
duced in Exercise Set 20 to help them comprehend
what is meant by operation, - SR

, This set of exercises is written so that
pupils have the opportunity to discover the
rule for the make-believe operatlions. Try to
make a game out.of this lesson, The pupils may .
be called discoverers or inventors. The Pupils!
Book may be used as a basis for the study of
this topic dr the teacher may wish to use the
ggllowing as an introduction before turning to

e book,

Today we are going to do some inventing. We will invent
some make-believe operations and some symbols to indicate those
operations.% First, name the operations of mathematics that you
lmow, (Addition, subtraction, mltiplication, - and diviaion)
writo ‘the ‘symbol .for each of these on the board. '

The new make-believe operation I have 1nvented'is tndicated.
by the symbol, ] . Help me invent a name for it, (Pupilé may
think of "box" or -"rectangle." Choose a strange name such as
"rect.")
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"Rect" is an operation on two numbers., The result of the -
operation, rect is found by this rule, "add 2 to the sum of
the numbers." So 413 =9 and 115 =8, Tell me the
result of 6[] 3; of 2[]3; of 6[:] 7, ete. (11, 7, 15)

This is another symbol to indicate an operation, -. (Write .
~ on the board.) Its name is "Nac. It 18 an operation on
“two numbers. Here are some mathematical sentences using ”',

3.1=3 5T =1 u~9

Urge pupils to make up a symbol and a rule
represented -by the symbol. , :

How many of you can find 2 ~ Y

. Write more statements such as 1 ~ 1 =
62 = on the board, Let pupils who have -
discoveﬁea"%he rule supply answers. (The symbol
~ means, aubtract 1 from the sum of the two
numbers.")  After a number of pupils have dis-
'covered the rule let one state it in words, .

There are other examples, like those de-

seribed -above, in the pupils' book, = :

- If the teacher décides that only a few
pupils should study Exercise Set 2Q_nthey may
do 80 1ndependent1y. a o
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iﬁr

Y

’éétg-; o

orr
ol -

eoe o
A i,"-fi

'z .

=y T
e Oe, :

n-mng of Openmon

¥ou havc been stud;rms additiun and aubtmction, two of
tm.foymtim of mathematics,  They are’ mﬁm "on two |
mmbera. m symbols ﬁhat ;n&icate theae operations are +
a.nd- Now we are ga:.ns;o *":‘ra.ke up" some operatlona. The'y .

'nako-belicve" operationn énd are not found in mathematics

book’j. Thay lmte been monted to see 1..’. you can diacover
thcilir m

1. 50m mﬂm-‘bcﬁeu qpcmtion 18 named “cim. 'I‘hc symbol -
i,toindioatecmua 2@413rea,d."moc1m'
. four," c:l.mnogqu&dd ’;i, tothgﬁmtmmMrandthen
 subtrest tHié second numbér from that sum, Thus
‘2 ©®© V=1, Pind n. for each of these.

(a) 3 '@_%.;)n (e) 5 @W,)n | (e) 7&(?_“

(b) 8 ® 1=n (4} 3 @ 4 =n (t) 9 2 =n
i) @ 20).
2. Another make-believe operation is named, "bow. The ,
symbol to indicate dow 18 T . 3 T 4 1s read, "Three bow
‘fdu;'." Bow means choose the smaller number. -nlua a

8 T 5=5, Pind n for each of these, ‘

(a) 2 T Q21‘;’)!1 7 (c) Yy T é;;)n : (e) 8 QI:!?)" n
(b) 12 T-B-n (d) 9 T 10=n () 7 T 6=
@=7) m=9) =¢)
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Another operation 18 named, "wob." The symbol to indicate
wobis 1 , 3 1 4 1s read "Three wob four." Here are

some results of the operation, wob, on twb 'numbers. Try

" to find the meaning of wob.‘C” vbrmeana MKWM) :,

(@) 4+ 16=6 () 8L1=8 () 549=9

(b) 8 L0=8 (@) 21 6=6 (£) TLT7=T7

Pind n for each of the following:

16 = Ll 10= ) 21 0=n
(g) 5 @“5: (1) 7 6«1210)11 (x) 2@3;) n
(h) 1 L1 9=n (3) 61 8 = n (1) 91 2=n
1) n=#) £1=29)

The symbol * 18 to be a sign o'f'oﬁeration. 3 * 4 tells
you to operate on 3 and 4 in a cgrtain way. It is

read, "Three star four." Here are some results of the

,operation,} star, on two mmbers, Try to find the meanﬂ.ng

of star, ( levmeana aded 1 Xe Ll acire,)

(a) 3%4=8 (c) 2#6=9  (e) 1*1=3

- (b) 5% 6 =12 (d) 3+ 7 =11 (f) 5+ 4 =10

Find n for each of the following:

(&) 2% ban (4) 3%#6=n (k) 1*0=n
- @=7) - =/0) C r=2)

(h) 8*7=n (J) 5*9=n. (1) 1*6=n
@:I‘é) @:I&'D 6": P)
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5. Another operation is called, "pick.“ The symbol for pick

s J. to find the meaning of from these examples,
C Poih rmtane o dirid Xl Gens by2.) |

(a) 3 15=14 (¢c) 2 J4¥=3 (e} 7 15=6

() o J2=1 (@) 8 J6=7 (£) 9 17=28

Another operation is called, "alpha." The symbol for
alpha i1s £ . It is an operation on one number. Try to

find the meaning of &£ from these examples.( a Srottne Ko
donble tlopriinatas,)

()L 3=6 (b) L 0=0 (¢)L 5=10 (d)L 8=1216
what is n in each of the following?

(e) 4#=n (f) &£ 9=n (g)L 1=n (h)L T=0n

m=9) naif) =2) n=tY)

SUPER BRAINTWISTER. Another operation is called, "beta."

The symbol to indicate beta 1s B . Try to find the meaning
of beta from these examples: (Bela Lo Wm%
dp Lo osrirnfina 2,) o

(a) 38 4=5 (c) 28 8=2 (e) 6B 1=5
(b) 18 2=9 (d) 7B85=0 (f) 3B 3=6

Find n for each of the following:

B = 8 6 = ' B 0=
() 2@2_’_)11 (1) 5@“:.1) n (k)_ 1@“3-}).11.
(h) 8B 4=n (J) + 8 2=n (1) 58 5=n_

n=0) n=¢) Gr=2)

SUPER BRAINTWISTER. For which of the operations in exerclses
1-7 does the commtative property seem to hold? Cj"“" ,IWO‘} f
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Pretend you have

Exercise Set gl

UNION OF SETS

Set A and Set B.

Call Set C the intersection of Set A and set B.

Call Set D the union of Set A and Set B.

cpp§ and fill in

this table. (You may need to draw some

plctures.)
mbmer  gmuer  mmwe e
sev & set B (Intersection)  (Union)
(1) (f 8 o 15
(2) 7 8 2 13
)" 7. 9 b - 02
(1)  3- 3 0 [
(5) 8 3 n )
6) 8 m 0 (g4m)
M e . 2 (@-2)
) »p r 5 (p)-s )
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Chapter 7
TECHNIQUES OF MULTIPLICATION AND DIVISION

PURPOSE OF THE UNIT

1. To’ help children understand the techniquea of multiplication

.. and division (Throughout the unit .the process of diviaion "

* includes both division without 2 remainder and division with
- a remainder)

2. To help children understand that they can multiply and
.- divide large numbers if they know the multiplication facts.
_and the properties of multiplication and division =

3. To help children develop 8kill in multipllcation and
'7i”division and in checking the results of these procesaea
(A higﬁ Tevel of 8k111 will not bé expected until after R
the study of Chapter 3 1n Grade 5) R

a0

"4, To help children improve their problem solving ability
through the use of mathematical sentences in situations
suggesting multiplication and division
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MATHEMATICAL BACKGROUND

In this unlit we learn how to use the properties of multi-
lication and division (as studled in Chapter %) to develop
techniques of multiplying and dividing whole numbers.

To do this we make use of the commutative and associative
“properties of multiplication, the distributive property, special
properties of both 0 and l, the ‘decimal system of numeration,
“and the multipltcation facts for purposes of determining the
product of numbers larger than 9 and for expressing one number
as a multiple of another number,

The process of multiplication. We have assoclated the
numbér a x b with an array of a rows'and b colums. With
an array of 3 rows and 4 columns, we associate the number,
3 x 4. Since 3 x 4 1is not a standard form for expressing a
counting number, we can set up a correspondence between the
7 elements of the set and the elements of standard sets, matching
this particular set with one which has the number property 12,
We can then name the number of the set, elther as 3 X 4 or
12. In 3 x 4 =12, we call 12 the product of 3 and y,

We call 3 and 4 factors of 12.

To find the product of 7 .and 24, we can first express
24 as. 20 + 4. We then think of the decimal numeral for
7 X 24, by using the decimal numeral for T X 20 or
(7 x 2) x 10, and the decimal numeral which expresses the same
number as does (7 x 4%). The following suggest different . -
thought patterns for finding the number n represents in the
- sentence,

T X 24 =
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We may first associlate this number with an array as in
Figure 1. (7 x 20) =140 and 7 x 4 = 28,

7 D DA
W 2}
Figure 1
ok . .20 + U
X 7  may be written - x 7
‘ | | 130 + 28 = 168
or or
24 - - | 24
140 (7 x 20) or (7 x2) x 10 28 (7 x W)
28 (7 x ¥) ' - 1ho (7 x 20)

168 o ' 168

or, if one can remember the "2 tens" and add it to the "14 tens",
then we can write

24

X7

168 - 7x 4% =20+ 8

| 7 x 20 = 140 140 + 20 + 8 = 168

The form used 1s determined by the level of skill achieved. It
would be expected that a chlld learning to multiply would progress
from lower levels to higher levels of skill.
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These procedures may be used for finding products of pairs
of larger numbers. The thought process and the record of |
thoughts, however, become more complex.

Suppose 20 X 3% = n. This number, expressed as a product
expression, can be assoclated with an array of 20 rows and 34
colums or with a collection of 20 sets of obJects where the
number of objects in each set 18 34, We can express 20 as
(2 x10) and 3% as (30 + 4). | |

Then, 20 X 34 = 20 x (30 + 4). 20 x (30 + 4) = (20 x 30) +
(20 x 4). To find the decimal numeral for (20 X 30) we express
20 as (2 x10) and 30 as 3 X 10. Then 20 X 30 =
(2 x 10) x (3 x 10). By the commtative and associative pro-
perties, we know that 2 X 10 X3 X 10 =2 X3 X 10 X 10. We
can think of 2 x 3 x 10 x 10 a8 (2 x 3) x (10 x 10). We know
the products assoclated with the pair of "single-digit" numbers,
2 and 3. Our system of numeration makes multiplying by 100
most convenient. These ideas are used in developing a scheme
for finding the decimal numeral whlch names the same number as
does 20 X 34. | .

Or suppose glven the product expression (12 x 14), we wish
to determine the decimal numeral that names the same number. Let
us again represent an array with which this number might be
associated. (See Figure 2 below.) 10 x 10 = 100 10 x 4 = I

.\

*
-
-
*
.
-*
*
L
o, s 0

10

.
s’ s & @ .0 o » 4+
« ® 8 ® ® ¢ o+ &
.
.
.

s & s & 9 e o

« & 4 e & & s &
.
.
.
sle & o & &+ s o

/ Iioi C :\:u:

Figure 2 Figure 3
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We can separate 1t into several smaller arrays, and for each
array we can readily use a decimal numeral to express the number
of elements in that set. (See Figure 3) That is,

12 x 14 = (10 +.2) x (10 + 4)
’ = (10 x 10) + (10 x %) + (2 x 10) + (2 x ¥).

When symbols alone are used to express our thoughts, the record
may be expected'to’move from a procedure closely resembling this

to the brief algorism that many of us lmow.
the number n represents in the mathematical sentence

12 X% 14‘= n, we may write the following:

14
x12
8 (2 x#4)

20 (2 x 10)
30 (10 x 4)
100 (10 x 10)

168

Later, 14 or

x 12
28
_140
168

1h

This resembles Figure 3. 14
Too, order can vary as x 12
displayed at the right., = 100
At this stage 1t 1s not 4o
important to establish <0
a particular order for _8
ail pup;ls, 168
and still 14 . and still
" later x 12  later, and
| - 28 for some
28 - LN

- 168 _ 168
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14
X 12
20

8
100
4o
168

14
x 12
168

For example, to find
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- The process of divisiun,, In developing a technique for
dividing one number by another, we make use of what we might cal.
a "one-sided" distributive property for division. For example,
to divide 165 by 15, we express 165 as a sum of multibles
of 15, 1.e., 165 = 60 + 60 + 45. Then '

(60 + 60 + 45) + 15 = (60 + 15) + (60 + 15) + (45 «+ 15)

Or,

(4 + % +3) =11,

Hence, 165 +15 = 11.

For pairs of numbers, where one 1s hot a factor of the othe:
we find the largest multiple of one number which 1s less than the
other. In order to divide 137 by .14, 1t is possible to ‘
express 137 as the sum of multiples of 14 and a final addend
- less than 14, The use of the distributive property is not
appropriate since all addends are not multiples of 1%, So, we
use the following:

137 = 70 + 56 + 11

Then, 137 = ETO + 14) + (56 + 1uﬂ'x‘1u + 11, or more simply

written, 137 = (5 + 4) x 14 + 11

Thus, when we dilvide 137 by 14, the quotient is 9 and the
remainder is 1l. The largest multiple of 14 1esa than - 137
is (137 - 11) or 126,

For pairs of numbers such as these, where one 1s not a
factor of the other, the mathematical sentence in the form of
c+b=a or ¢c=axb does not apply. ,Instead, we use the

sentence of the form ¢ = (a X b) + r. Of course, we see 1f 1 -

18 zero, then the second takes a form of the first. Observe
that r < b. .

- This is the basis for developing a computational scheme,
whereby we subtract multiples of one number. from the other in
order to determine the largest multiple of one number that is
less than the other.
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There are differenplways in which the thought processes may
be recorded. Here are some ways that will be used throughout
this unit. T | -

p =84 34 .
» = (80 + 4) + 4
i | = (80 + 8) + (4 + %)
=20 +1
21 -

or, using smaller multiples of 4, elther of the forms, A or B,
shown below may be used. o

A. uysy | - 4 Y8 ]

-4 | 10 (20 x ¥) . -8 | 20 (20 x %)

Ly ~ or b

-4 | 10 (1ox4). . =% 1 (1 xb)

L 1 (1 x &)
-0 21 : C

- 40 (10 x &)

21
1l
| Lo . 20
4B or  A4YBET
80
. Ty
bo - (10 x 4) b

0

I
A (1 x &)
° o
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: In developing a technique for dividing. @ number ¢ by a
number .. a,  we can consider:the separation of a aet ot e .
elements (dots, for example) into a rows with the same number
of dots in each row. For example,. in dividing 132 by 12 we
can make an array of 12 rows, beginhing'as indicated.

r’

124

: - : "’ ; ,
Then we form other columms of dots until the total count is 132.
The total number of columns is 11, We know ‘then that
12 X 11 =:132 and consequently 132 + 12 = 11, Likewise, we
could have made an array of 12 columns instead,of' 12 rows,
But it may be desirable to confine the pupils! attention to just
one array 1n which the number of rows is the number given as the
known factor, in this case 12, The finding of the unknown
factor, 11, accomplishes the dividing of 132 by 12.

If we were required td divide 135 by 12, we know there
18 no whole number for n 8o that 12 X n = 135. (In an array
this would be shown by 12 ‘rows of 11 dots each and 3 dots
remaining for a partial twelfth column.) In this case, we cannot
divide two whole numbers and get a third whole number. Since
it 1s not always possible to find a whole number for an unknown
factor if the pfoduet and the known factor are whole numbers,
division is not always possible within the set of whole numbers.
We cannot wrlte 135 = 12 x n where n represents a whole
number. But expressions such as "135 divided by 12" may be
interpreted in relation to the partitioning of a set of 135
objects into the largest possible number of equivalent subsets
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with 12 objects in each subset with a remalning subset of
fewer than 12 objects. This is described by a mathematleal
sentence of the form ’ . .

135 = (n x 12) + r

in which n and T are whole numbers and 'nv is as large as’
possible and. r < 12. In this example n =11 and r =3:

135 = (11 x 12) + 3.

Since the operation of dlvision 1s an operation with two
numbers (dividend and divisor).to yield one number (guotient)
the process of finding the two numbers n and r ‘1s ' not the
operation of divisilon. The algorism for'recording one'!s thoughts
in determining 11 and 3 in the above example may be the same
as the algorism for dividing 132 by 12 but there is an
essential difference in recording the final results,

12)7135 | 12) 132 |
120 | 10 - 120 | 10
15 2
12 1 S 12 1
5| 11 - 11

Some distinction needs to be made in the language used in
"dividing 132 by 12" and "dividing 135 by 12."

In "dividing 13? by 12" we shall use the following
terminclogy: 132 1s the product of the known factor 12 and
an unknown factor represented by n. But in "dividing 135 by
12" we shall use the terminology: Finding quotient and remain-
der. It is true, of course, that prior to determining 1f there
is a whole number for the unknown factor, the puplils cannot be
aware of which of the two situations exlsts, 1.e., whether they
are finding an unknown factor or finding a quotient and remailnder.
-The larger portion of the material in division presents the
"product and unknown factor” situations first and the "quotients
wlth remainders" are introduced in the last few sectlons.
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Whenever we try to think about g given product and a known
factor of zero, we have difficulty finding the other factor.
Suppose 24 + 0 =n. Then, 24 = Q0 x n, Clearly there is no
whole number n we can use since the product'of 0 and any :
whole number 1s again zero. What can be said about 0 ¢ 0? If |
O+0=n, then 0xn =0, Here we have a somewhat different %
situation since any whole number can serve as the other factor.
In brief, when one factor is 0, elther we cannot determine the
other factor or any whole number will do. Consequently, we
usually agree to avoid division by 0. This is no real hardship
8ince we do not meet physical situations which require such
sentences for their descriptidn.
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TEACHING THE UNIT
REVIEWING MULTIPLICATION AND DIVISION

ObJjective: To helpﬂchildren learn technlques of multiplication
and how these techniques depend upon the basic
properties of miltiplication

No lengthy discussion of multiplication.
is required. Arrays are used to help develop
multiplication algorisms., - Because of 1ts

continual use and great importance, the dis;
tributive property should.be reviewed,

Materials: Arrays ,
Vocabulary: Partial products, vertical

Exploration: .
Multiplication 1is a mathematical operation on two numbers

to obtain a third number.. Glve some products of pairs of numbers
you know. Do you know how to find the product of any two numbers
you can think of? Can you give some examples of numbgrs'you
dontt know how to multiply? (These might'be such as 325 x 78,
o4 x 96, etc.) ’

. We kmow the products of pairs of numbérs less than ten. We
now want to learn more about finding products of pairs of numbers
greater than ten, Let us begin by remembering some simple
products. Suppose we think of n=14x10 ‘as the number of
elements in an array of 4 rows and 10 columns.

10
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If we do not know the number n -represents, we can find it by

thinking of ways of separating the array. How may we separate
this array into two arrays? - - - |

———

. »‘Have:children suggest Several possibili-~ 1'
- .tles, making certain that they include two 4
by 5 “arrays. )

Bring out the 1dea that 1t is very easy
to-find ‘the Product of two numbers when one .
taetorpis;~10<,and~thefother i8 less than 10.
We can think-of 4 x 10 as k4o (4  tens),

'X.10 as 50 (5 tens), etc. Also, 10 x 4 =
0 or 4 tens, etec, ‘

Do you think you know a way to find the product of two num-
bers when one 18 10 and the other 1s greater than 107 (Try
Some examples.) What is the product of . 10 and 10? of 11
and 10?7 etc. | o ' ’

Use such examples as:
10 x 15 = 10 x (10 + 52. : |
<~ =1(10 x10) + (10 x 5)
= 100 + 50 o
= 150 ' ,
11 x 10 = {10 +1) x 10 -
= (10 x 10) + (1 x.10)
= 100 + 10 .
= 110 -
10 x 64 = 10 x (60 + 48
S = (10 x 60) + (10 x 4)
= 600 + 40
= 640
Lead children to use 10 as a factor as
of'ten as possible,  Work other problems as a-
class activity before Exercise Set 2. Exer-
clses 19 and 20 are given as a Mead-in" to
new material. - ,
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= Chapter 7
E TECHNIQUES OF MULTIPLICATION AND DIVISION

[ OPERATIONS

We think of addiﬁion; subtraction,
multiplication, and division as the four
basic operations of arithmetic.

We have learned that an operation on
ﬁumberajié.a”way of thinking about two'numbers:
aﬁd>géft¥ﬁg'one'ﬁﬁﬁﬁé§ ;sw;»result. | |

" When we think about 12 and 3 and get
15, we are aﬁdiggi_:ﬁhg?.we think about 12 h

and 3 and get 9, we are subtracting. When .
we think about 12 and 3 and get 36, we
are multiplying. When we think about 12 and

3 and get 4, we are dividing.
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i MULTIPLICATION
We express multiplication like this-'
9 x4 = 36,
We read the sentence like this:
9 times 4 1s equal to 36.
9 times 4 equals 36..
We know that:
9 1is a factor of 36,
4 1s a factor of 36,
36 1s the product of 9 and 4,

DIVISION
We express division like this:
36 + 9 =
36 = n x 9
or

36 = 9 x n,

' We read the sentence like this:

36 divided by 9 is equal to n.
36 is equal to what times 997
36 18 equal to 9 times what number?

- We know that:

36 18 the product of 9 and n.
9 1s a known factor of 36,

n 1is an unknown factor of 36,
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' THE DISTRIBUTIVE PROPERTY OF MULTIPLICATION OVER ADDITION
Methods of multiplication depend on expressing one
féctor as a sum and then using the distributive property
of»multiplicéﬁion over addition.
To multiply 484x 6, you can think of 48 as
(40 + 8). Then we multiply each number by the factor 6.
We use the distributive property.

6 x 48 = 6 x (4o + 8) Rename 48 as (%0 + 8).
= (6'2.40) + (6 x 8) Distribute the 6 over
(40 + 8). | ’
- 280 + 48 The product of 6 and 40

is 240, The product of
6 and 8 1s A48,
288 | The sum of 240 and 48

is 288,

7

THE DISTRIBUTIVE PROPERT¥ OF DIVISION OVER ADDITION
To divide T5 by 5, we express 75 as (50 + 25).
Then we dividejboth numbers by 5.

75 + 5 = (50 + 25) + 5 Rename 75 as (50 + 25).
= (50 + 5) + (25 + 5) Distribute the 5 over
| (50 +25).
= 10 + 5 Divide 50 by 5. Divide
25 by 5.
= 15 ' The sum of 10 and 5
is 15,
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.Exercise Set 1

Write the numerals from 1 to 20 on your paper. If a
statement is true, write true. If a statement is false, write

false,

1. Using the set of whole numbers, you can multiply any pair of

numbers and always get a whole number for thelr product.[]ﬁ;‘)

2. Using the set of wholéfnumbers, you can divide any pair of

numbers and always get a whole number for the unknown

factor. (ﬁw

3. 273 x 846 = 846 x 273 [Zrew) 7. 6x0=6 (fakoe)
b, 341 =1 (fube) 8. 1x9=9 (Tue)

5, 69+3=3+69 (fadar) 9. 04+6=0 (Tou)
6. 17 =17 + 1 (fier) | 10. 6x9<7x9 (Tae)

11. 58 x 69 > 69Lx»58.(§%aILL)

12. 48+ 4 = (40 + 4) + (8 4 4) (Hou)

13, (20 + 4) x T = (20 x 7) + (4 x 7) (Zoer)
1., 2 x (3 x17) = (3 x 17) x 2 (35“~‘)

15. 2 x 34 = (2 x 30) + (2 x %0) (,LJL;)

16, (21 x7)+T7=(21 + 7) x7 Liﬁwt)

17. (48 +6) +2 =148 + (6 +2) (fakos)
18. (5x30) + (5x6) =5x36 (L)

19. '(47 x 18) + (47 x 12) = 47 x 30 (J:L*)
20. (12 +3) + (12 +3) = 24 + 3 ([Mrus)
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Exerclse Set 2

Find a decimal numeral for n in each sentence.

1.

2.

3.

4,

5.

6.

Te

8.

9.

10.

10 x18 = n
(n=120)

1T X10 =n
(nai70)

27T X110 = n
[ns 270)

10 X35 =n
(n=350)

10 X 10T = n
(n=s070)

12 X 10 = n
(n=120)

120 x 10 = n
(na 1200)

10 X 19 = n
. 9 (ﬂ:[’o)

30 X 100 = n
(n=3000)

300 X 10 = n
: hs 3000)

1l1. 10 x 47 =2 n

n=470)
12. 89 x 10 = n
(”s,ﬁ,ﬂ)
13, 54 x10 = n
-~ (n=540)
(n= 9!0)
(n=s250)
16, 31% x 10 = n
(ns 3/40)
17. 412 X 10 =.n
18. 842 x10=n
(h’-_- ?420)
BRAINTWISTERS:

1 [ 1 =n
? Tx 97110: 72 (/0470)
C2(1x10) + (117 10)
1 = 1704170
20, 12 X 30 = n* J«e

/12230= /2 I{S IIO) 12130= /2:(4‘41.411)
=(as3) 210 o4 =laxn) sz 10)¢fanm)]
s 3bx10 - = /20 +130 4120
= 3ée z Jéo
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MULTIPLYING BY MULTIPLES OF TEN

obJecfive: ' To learn how to multiply two numbers when one o
| number 1s a multiple of 10, that 1s, 20, 30, n
%0, ete. S ﬁ

Vbcabulary: Multiples
Exploration:

We can use what-we know about 10 as a factor to learn how
to use 20 as a factor. How may we think of the factor 20 in
order to use what we already know? (20 = 10 +10 or 2 x 10)
Suppose we try some examples: | -

7T x20 =7 x (10 + 10) - Rename 20 as (10 + 10).

=nx1m+(7xmy'munmm 7 over (10 + 10).
=70 + 70 | Miltiply T énd 10. '
= 140 e  hdd 7O and 70

_Or . . : .

Tx20="T%x (2 x 10) Rename 20 as (2 x 10).

= (7 x 2) x 10 Use the associative property.
=14 x 10 Multiply 7 and 2.
= 140 , Multiply 14 and 10.

If we use the second way, we will not have to add large numbers.

9 x 20

9 x (2 x 10)
(9 x 2) x 10
18 x 10

180

]



To use 20 as a factor, what do we need to know? (We need to
~ know how to use 2 and 10 as fantors ) Can you use these
. same :I.dcaa ir 30, no, ees S0 are ractora? (Yes, 1f you kmow
‘facts for "3, ks, ... “g1g, ) Létin try one of these.

8 xT70 =8 x (7 x 10) Rename 70 -&as8 7 X l0.
 - (87x 7) X 10 Use the assoclative property. -
‘=56 x10 " - Miltiply 8 and 7.
-560 Wiltiply 56 and 10.

g
WA

It will be very helpfu1 f6r'arpup11 to
be able to write 8 x 70 = 560 without

~having to use all of the steps shown in the
Exploration, h pupil should knhow how to
- I use the basic properties to find such
_ _prodncta.

It may be neceasary to think about
solving problems using multiplication before
working the problems in Exerciae-ﬁet 14.
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MULTIPLYING BY MULTIPLES OF TEN
We have learned how to multiply two numbers when oné of the
numbers 1s 10. |
Now we want to learn to multiply two numbers when one of the
numbers 1s a multiple of 10. Multiples of 10 are 16, 20, 30,
4, 50, and so on. Can yoﬁ name some other multiples of 107
Suppose we find the product of 7 and 20. To multiply
7 and 20, we can think of 20 as (10 + 10). Then,

Tx2 =7 x (10 + 10) Rename 20 as (10 + 10).

(7 x10) + (7 x 10) ©Distribute 7 over (10 + 10).
7O + TO o Multiply 7 .and 10.
1% Add 70 and TO.

Too, we can think of 20 as (2 x 10). Then,

Tx20=7x (2 x 10) Rename 20 as (2 x 10).
= (7 x 2) x 10 Use the assoclative property.
-1 x10 Miltiply 7 and 2.
= 140 Multiply 14 and 1o0.

Is 1t easier to find the product of 7 and 20 by the
first way or the second way? Let us find thé produéf 6f'another
palr of numbers using the second way. One of the factors is a
miltiple of lO. Give reasons for each step in the following

e 8 x 40 = 8 x (& x 10)

= (8 x 4) x 10
= 32 x 10
= 320

The product of 8 and 40 1s 320.

R S, L T e -
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i : Exerclse Set 3

Find the decimal numeral for each product in exercises 1
through 12. In exercises 1 ﬁhrough 4, write each step as
in the example. o

Example: 7 X 30 =7 x (3 x 10)
= (7T x3) x 10
2l x 10
210.

n

= MON IO
= OO

2. TO X 7(: (7»10)%7

= Sx(fxio)
lo 5 x 80(: ("gx'(J‘l’:)

= (7x7) e
= 4 InIF
= & §o0

3. 50 X 8(:(5”,) g

‘l". - 6 X 30(: ‘x(J;;a))
'  { cErDas

#8910
" 190

In exercises 5 through 12, find the decimal numeral for
each product without writing all the steps. In exercise 5, can
you think that 7 multiplied by % is 28 and that 28
multisiiéd by 10 1is 280%? 4

5. 7x4 (29) 9. 60x9 (s¢0)
6. 5x60 (300) 10. 3 x 600 {/900)
7. 6 x 70 (420) 11. 30 x 8 (2#0)
8. 7x 8 (s5¢0) | 12, 9 x 90 [?lé)
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Exercise Set 4

Use mathematical sentences to help solve each of the

;following problems. Express each answer in a complete sentence.

The beads on an abacus may be arranged so that there are 20

beads on each of 4 wires., How many beads are on this

40 x4 = n ot aoa IJM uﬂ“tﬂ"’{

abacus? (/0x2)x¢ an

10 x (3;4):-}\
Ox@ = N

Some land will® E’e divided into 7 blocks. 40 houses will

be buillt on eac,‘n block., How many houses will there be on the
Nz 7x40 Zhie v tl Lo 200 Moears o B Lo
land? = 7’.(4 ,,p) . ] .

2@Gx¢)x 2
= AfFis0 =2 AP0
In one section of a plane there were 20 rows of seats with

5 seats in ea.ch'row. How many seats were there in thils

N220%8  Jhot vt so0 anite ; . .
section of the plane? = /oo ./,2‘4 ! “’.A s 2l ansllom

At an assembly the chairs were arranged in 30 rows. ‘There

were 10 chairs in each row, How many chairs were set up

N2 30x10 e vt Joo Jawujaf/i-

for the assembly? - 400 v, lE

Bob bought 3 season tickets to the basketball games. Each
ticket costs . $3.20. How much did Bob spend for the tickets?

Nz 3 %320

-9i0 BA apad ¥9.60 for ZIATL .
On the family room floor there were 660 tiles. 304 tilles
were used on the kitchen floor. How many more tiles were

used on the floor of the famlly room than on the floor of

the kitchen? N = éc0 — 304 Thora rrase, 36‘6
' = 35 o # Aowsa o
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MULTIPLYING BY MULTIPLES OF ONE HUNDRED

Objective: To learn how to multiply two whole numbers when .one
is 100 or a multiple of 100

Exploration:

We have learned how to multiply two numbers when one number

18 10. We used this to find how to multiply whole numbers not

greater than 10 by 20, 30, «.., 90. Now we want to learn mor:
about multiplying by 100 and multiples of 1oo.

. Review wlth pupils such examples as
2 X100, %4 x100, 8 x 100, 100 x 6, etc,
Then ask if they can suggest how to find
the product of 4 and 200.

L % 200 x (2 x 100)
gu X 2) X 100
x 100

8 x 100 = 8 x (10 x 10)
(8'x10) x 10 3
X 10

"800

Can you see a way of multiplying by 300, 400, «.., 9009
Perhaps we should use one more example,

ll 1} ll ]

6 X 700 = 6 x (7 x 100) Rename 700 as (7 x 100).
= (6 x 7) x 100 Use the assoclative property.
= 42 x 100 ‘Multiply 6 and T.

= 4200 _ Multiply 42 ‘and 100.
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. One example of the type TO X 60 may
be worthwhile. The multiplication of two
numbers, each less than 100, may lead to
multiplication where one of the factors 1is.
a number less than 10.

70'x60 {7x10)x(6x10) '
o 7 x 10) x 6] x 10 v;_,ASsocia.tive operty i
{10 1g X {g _ é:soct:&ve perg
X X 10 ' Commtative Proper
(7 x 6) x 10] x 10 Associative Property
2 x 10] x 10 Using 42/= 7 x 6
2 x (10.x 10) Associstive Property
ﬁg X 100 | ' S
00

: This rather 1ong development ahould not
be carried out with the pupils. They will
recognize (and without beirig in error) that
TO X 60 becomes . 42 x 100 ~and full details
of why it 1s correct i1& not a ‘major issue at
this stage. P

Children may suggest this way:

70 X 60 = %7x10)x(6x10)
) 10 x 10
(Yx x(lelo)

42 x 1Q0 .
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23 | C o~ - . i ‘n- .
MULTIPLYING B!“j__‘MUI‘anjIPLES OF '_ONE HUNDRED
' We have learned ‘how tO‘multiply twn whole numbers when one

qt the numbers is 10. We have 1earned how to multiply two
whole numbqrs when.one is ' a multiple of 10.. What are some
mul tiples of ’.LO" | |

, *Look at’ this example for finding the product of 6 and a
multiple of 10 (30)

6 x 30 = 6 x (3 x 10)
C O E(6X3)x10
18 x 10 o

o

~ We now want to learn to multiply'tWO whole numbérs when one
of the numbers 15 100. We also want to learn how to find the
product of two numbers when one factor is a multiple of 100.
Hhat are multiples of - 100? Is 200 a multiple of 1009 is

}00??’15 hooéﬂrban u harme ‘some other multiples of 100%:
(}:"" ‘*“'7""’ ol Soo, ¢eo, Vo, 000, Y00, 1040, /0 .t)

-
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See 1f you can understand these

Example
Ekample
Exampie
Example

Example

-

1:

6 x 100

18 x 100

6 x 300

50 x 30

16 x 200

4 x 2000

‘to be multiplied? Try these.

How many could you do?

16 x (2 x 100)
(16 x 2) x 100
32 X 100

3200

4 x (20 x 100)
ggxao x 100
X1

Can you name the product just by looking at the two numbers

87 x 10 (270)
5x 60 (300) \
40 X 30 (naoe) |
4 x 100 (##0)
200 x 3 (4o0)
12 x 400 (¢go0)

AN

Now you can use what you have learned about multiplying

by 10 and 100 and their multlples.
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Exercise Set 5

Copy and complete each of the following.

1. 7x10=(70) 11A.(3_ﬂ=5oqx6
2. 5 x 500 = (2500) ""”’ 12, (5¢o0) = 7 x 800
3. (1200) = 3 x 600 13. 400 x 3 = {200)
4. 100 x 8 = (920) 4. 7 x 500 = (3520)
5. (90) =9 x 10 15. 800 x 5 = [¢000)
6. 10x 7 = (70) 16, 50x60=_30_¢:é)
7. 500 X 5 =(25%) 17. 60 x 90 = (5¥o0)
8. 600 x 3 = (/#00) 18. 1400 x 20 = (2002)
9. 8 x 60 = (¥#) 19. 3 x 2000 = (4o0s)
10. 50 x 6 = (300) | 20. 6 x 3000 = (/8000)
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MORE ABOUT MULTIPLYING

- Objective: To learn how to multiply two numbers when one 1s"

less than 10 and the other is greater than 10,
but less than 100 '

‘Materials: 4 by 32 array for demonstration purposes

' Yocabulary: Vertical form, partial products

'Exploration:

It 18 the purpose of this exploration to I

suggest ways of developing a computational
scheme for multiplying. Flrst have chlildren
assoclate a product expression wlith an appro-
priate array. This should provide the back-
ground helpful in learning a computational
procedure.

We know how to find decimal numerals which name the same
number, for example as 4 x 20 and 8 x 60. Now we want to
learn how to find products of numbers like 4 and 32, 8 and
56, etec, One number will be less than 10. The other will be

“greater than 10 but less than 100.

Suppose we find the product of % and 32. We can think
of 4 x 32 as the number of elements in an array of how many

rqwa?mof how many colunms'.b’)

Separate a U4 by 32 array into two arrays-~
4 x 30 and 4 x 2. Ask children to describe
each, Your dlscussion about the arrays might
develop as follows:

Now let us see if we can write what welve Just done. We

 want to find a way of finding products wilthout using an array
~ each Time.

To find n in n = 4 x 32, we first renamed 32 as 30 + 2.

~ Why rename 32 as 30 + 2 instead of, say 16 + 162 (It is

" easler to find 4 x 30 and 4 x 2 than % x 16.) We can write
?_the'mathematical sentence as n = 4 x (30 + 2). Next, we used

" the distributive property of multiplication. (p = (4 x 30) +

(% x 2)) Then, we found the products (4 x 30) and (4 x 2).
(n = 120 + 8) We added 120 + 8 to find that n = 128.
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What we have done may be summarized in this way:

4 x32 =14 x (30 + 2) (Rename 32.)
= (4 x30) + (4 x2) (use the distributive property‘)’
= 120 + 8 - (matiply (% x 30) + (4 x 2). )
= 128 (Aad 120 + 8.)

We have been finding products using the multiplication facts
and the distributive property. For each step we have been writin
a new mathematical sentence. This way helps us to see why our.
answer 1s correct., Writing everything we think leaves us little
to remember. It will be much quicker for us to find short cuts,
but they will make us remember more. One way 1s to write our
work like this, We will call this a vertical form.

32
x4
120 (% x 30)
_8 (4x2)
128
What do we think in writing this exercise?
Why do we write 120 and 87 (We think of 4 x 32 =
b x (30 +2)=(4x30)+ (¥ x2), Why 1s this form a shorter |
way to write multiplication? (There are fewer symbols to write.
It makes the additlon easler.) How 18 it harder? (We have to
think 32 = 30 + 2 ‘and remember 1t., We have to know '
¥ x 3 X 30 = 120 without writing any steps.)
We can write it in this way.

. 32 30 + 2
x4 oF x 4

120 + 8 = 128

Sometimes some children find this easler to understand. _
‘The numbers 120 and 8 are called partial products in the
multiplication. They must be added to get the final product, 128
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Let us try-anqther example." 5 x 61 = n,
We can write :

61
X2

This

5x 61 =5x (60 + 1) = (
61 as 60 + 1.

or 60 + 1 or 61
—_—2 X2

300 + 5 = 305 300

-2

305

(5 x 60)
(5 x 1)

shows that 5 x 61 = 300 + 5. Why is this true?

These are some of the observations
children should make. We rename a factor
like 34 and 61 and use the distributive

property. We regroup the factor Into tens

and ones, etc.; e.g., 32 was renamed
30 + 2 and 61 was renamed 60 + 1.

" Tt may be helpful to add an example in
which a different renaming 1s shown, e.g.

28 or 25 + 3
x 2 _x b
100 + 12 = 112

The class might be asked what mathe-

" matical sentences this abbreviates and why

someone might write it (presumably because
he happens to remember that 4 x 25 = 100).

" The main point should be the advantage of

renaming 28 as 20 + 8 rather than

25 + 3, (Our numeral system shows the
grouping into tens and ones, and 1t is easy
to learn the few simple products 4 x 20,

LI'X}O, aneyg E‘bc.)
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Here is still another problem. 5 x 61. (Try several ways
of finding the product.) |

61 = 60+1 = or 61 or 61 (Note chang
x5 X 5 X 5 x 5 in order.)-
300 + 5 = 305 300 (5 x 60) 5 (5x1)
_5 (5x1) ~ 300 (5x60)
305 o - 205

For what mathematical sentences does this stand?
5x6l =5x(60+1)
= (5x60) + (5 x 1)
=300 4+5 D
= 305
This shqws that'we‘can use elther way and be correct.
Can anyone think of even a shorter way? Do we have to writ

the partial products before we write the product? _Whatfmust we
think if we leave them out? Look at 61 . First of all, I can

XD
think 5 x 1 =5 and write the "5" because the other partial
product 5 x 60 will end in . "0%. = 61 Instead of thinking,

X2
5% 60 =300, Ican think 5x 60 =30 tens. 30 tens plus
5 ones is written 305, 80 I write .

61

X2
305

- Several additional illustrations of this
thought process and its Justification may be
deslrable here. However, dontt push children
to use this form at thls level.

~

In Exercise Set 6 there are some exercises for practice
in this short method.
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MORE ABOUT MULTIPLYING

AT M

e
i

T

We now learn to multiply two numbers like these:

_'4 and 32

This array helps us to ﬁhink about U4 x 32.

. L] L4 L] L d - . ] . * +* * L L] L * L] . * . L d L] L L d - . * - L] -

We can make smaller arrays.
,A -* L 4 ] [ ] [ ] ] * L L L L * * L] L] L] L L - * L] L] L] L] L L] L] .
’ ‘*‘) 4
How gxa.ny rows does each have?' How many columns does each

: : 301
> have We write_

4 x (30 + 2)

(4 x 30) + (% x 2)
7 120 + 8 '

2‘ | | N 128

S b x 32

We can use one of these ways too,

32 or 30 + 2 or 32 . ‘ 32
x 4 x 4 4

g 120 + 8 = 128 120 «— (4 x 30) 8
; _ Ba—(l x 2)><';.?.Q

v - 128 128

R

e e S (e

‘Can you think of another way?
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Exercise Set 6

Find the decimal numeral for eaéh product in the followin_g __

exercises. Use two forms as in the example,

Example: 3%x12=3x (10 +2) 12
= (3 x10) + (3 x 2) 5%
=30+6 30
= 36 36
le 3 X32 = 3x(se+2) 32
=(3u30)+[3x3)
= Jo+4¢ . X_’% ,
= 9¢ 2
7e
2., 4 x 235 = 4x(210+3) | - 23
= (#x20)4 (x3) x 4
= po+12 =7
= 922
| fz
3. 6 X34 = (x(r0+9) 34
) = (6 x30) 1(624) x 6
T /90424 “2¢
= 204 R L=
20¥F
b, 4 x 65 = #x(in+s) 65
= (#xb0) 4 @wrs) x U
= 240420 “q0
= 240 .g_:_;e-
5. 4 x 82 = 4 x(g042) 82
= (¥ x90) 4l¢ x2) x 4
= 320 48 ;'oi

597




- P35k

Exercise Set 6 (Cont'd)

6. 5 %X 87T = Sx(g047) . 87
: 25 220) 4(5x7) x5
= 400 + 35 Js5

= 435 ‘5’;—%‘

Te T x34 = 7;[sa+4) 1
=(7x30) #(724) xT

= Ai10+2P a;u

= 23¢ 357

8. 8xX3T = 9 «(32+7) 37

=(91230) +(rn? x 8

= avo+ &6 a4

= 296 f‘;’f’

9. 4 x36 > #x(s04¢) 36

= (4 x30) 4 (v 2) % U

® Ia;*z# : =2y

= /4

13

3 10. 8 x.89 = pxlpa+te) 8§
= @x0) + (129) x 8

= édo 4+ 72 72

¥

= 712 _;_’,:2

598



MULTIPLYING LARGER NUMBERS

Objective: To extend the ideas used to multiply a number wifh,
a "two~-digit" numeral by a number with a "one-digit"
numeral to ways which may be used to multiply numbepr:
with "three-digit" and "four-digit" numerals by a
"one-~digit" numeral

First, you may wish to review how chlldren
have learned to multiply two numbers such as
3 and T4, that is, “

3XxTh=3x (70 +4
(3><70)+23x4)

210 + 12

200

or ' l

T4
15

3 x 70)
12 X 4 '
2oL X !

Then let them see how they could use

the same procedures for numbers like 3 and

312. Have them suggest how they might :
rename 312, Then ask how they might use
the distributive property.

Note that a good way is 300 + 10 + 2 “-

because we know products like 3 X 100

and 3 x 10.
3 X312 =3 x (300 + 10 + 2) ﬁ

(3 X 300) + (3 x 10) + (3 x 2)

900 + 30 + 6

936

Then explore possible ways usling the
vertical form,
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Vertical Forms:

or 312
5%
30

6

U356

%00 + 10 + 2 .
X
+ ¥ 6 = 936
or 312
or zL%.
30
900

Some children may find the short form

312

*56

easy for them. At this time, it is probably
not the best form for all children.

Use other palrs of numbers, including
among them pairs like 301 and 2, 6 and

1211, ete,
2 X 301

Vertical Forms:

6 x 1211

= 2 X (300 + ll

= (2 x 300) + (2 x 1)

= 600 + 2

= 602

or 30;

52 X 300) -2
2 x 1) 600
(2 x 301) B02

6 x 1)

7266

Vertlcal Forms:

1211

X 6
5000
1200

600

6 x . (1000 + 200 +
£6 X 1000) + (6 x

10 + 1)
200) + (6 x 10) +

000 + 1200 + 60 + 6

1211

60
1200
6000
7266
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MULTIPLYING LARGER NUMBERS

46,

We know how to find the products of numbers like 3 and

7 and 39,

6 and 45. what number must n represent

in each of these sentences if the.sentence is a true statement?

3 x 46

7 X 39

6 x U5

The products are 273, 138, and 270. Now match the products

and the product expressions.

312,

We now want to find the product qf numbers like 3 and

We write

3 X 312

601

3 x (300 + 10 + 2)
(3 x300) + (3 x 10) + (3 x 2)
900 + 30 + 6

936
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There are several ways that we might use the vertical form.

for multiplication. Here are some of them.

E o 300 + 10 + 2
X 3
900 + 30 + 6 = 936

or 312 - er 312
X3 | X3

900 «— (3 x 300) ) 6

. 30 «— (3 x 10) 30

6 e—(3 x 2) | 900

936 «— (3 x 312) - 936

In the last example, how did we get 900, 30, and 69

\ You do not need to use all of these ways. Use the one

that you like best., You may even like a short form like this.

312
x3
936

Can you discover a way to find the product of 4 and

- 21027
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Find the decimal numeral for each product in the following

Exercise Set 7

exercises. Show the partial products.

1. 2 x 311
(622)
2. 2 x 434
(£¢3)
3. 4 x 322
(1222)
b, 3 x 412
(1a3¢)
5. 3 x 210
(¢30)
6. 2 x 303
' (Loé)

7. % x 300
(1200)

8. 5 x 601
(Foas)

9. 8 x 711

' C (Sire)

10. 3 x 3020
(90és)

11. & x 3002
(1a,008)

12. 7 x 5101
(35, 707)
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SR R T s T

Exercise Set 8

Work these exercises as in the example. Use the vertical

. 203

X3
(o9

12,008

10. 502

X2
150

311

X2
1,555

604

13. 723
218

14, 632
x5

129 ¢

15. 734

/4]?5-

16, 1010

9070

17. 1023

3009

18. 2332

X3
(77%¢

19. 8212
x 4

32049

20. 9111
x 8
2282 ¢




A SHORTER METHOD OF MULTIPLYING

ObJective: To help children (who are'ready for it) develop a
shorter way of multiplying

You may wish to delay this lesson. Yet, 1t
Seems desirable to make a consclous ef'fort to
express the product of two numbers such as 4

as the sum of two products 120 and 16, and
then expressing this sum as 136, However,

there 1s nothing wrong with doing the latter if
children are not ready té try the shorter method.

Again, let us look at a problem like: 4 x 34 = p.
How can we find the number n represents?

If children do not suggest the shorter form,
then suggest this as another possibility. You
might find these 1deas helpful in the develop-
ment. We can write the steps in multiplying
34 by 5 1n this way: '

34
X U
15 I}
120 4
36

Suppose we see 1f we can find a shorter method.
34 b x4 = 16. Think of this a8 1 ten and 6 ones.

)
0

X
X
X

x4 Instead of writing 16, write 6 1in the onefls place.
We will remember the 1 ten or we can write 1 above
| the 3 (indicate this), _ -
3%  You also said U4 x 30 = 120. fThis 18 how many tens?
X%  (12) But what haven't we ineluded yet? (The ore ten

ol

from the 16). So 12 tens and 1 ten 18 13 tens

or 130. How do you write the numeral for 13 tens

and 6 ones? (136) what 1s the product of % ang
. 3% (136) -

Try several other eéxamples such as 5 x 37,
3 x26, 6 x 45, ete. When children are not ready,
do not insist upon this short cut., It may be that
they will not be ready to use it until later,
Even 1f they do seem ready for some examples, use
both the long and short forms side by side to show
clearly what is being remembered.
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SHORTER METHOD OF MULTIPLYING

In our last lesson you saw how to shorten the form at the

Jeft so that you could miltiply 312 by 3 1in the way shown

312 312

X 2 X 2
6 o 936

900
936

fwere you able to tell what you had to think to use this way?

i@é want to think some more about these shorter ways.

Suppose we need to find the product of 4 and 23. Ve

23

x b
2

23
X

92

lready kndw how to find the product in thils way:

23
x4
12
80

92

3wa 1et us see if we can find a shorter form for doing this.

We can think 4 X 3 = 12. Think of 12 as 1
ten and 2 ones. ILet us write the 2 1in the

onet!s place. We will remember the’ 1 ten.

L x20 = 8., 8 1s 8 tens. 8 tens and 1 ten

are 9 tens. How can we write the numeral for 9

tens and 2 ones?

what 1s the product of 4 and 23? We can write

4 x 23 = 92.
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Here are some problems. Can you fill in the blanks?

45 82
X3 x5
135 492

37 T4
X2 x2d

195 664

28 ﬁ
X2
gL

You may wish to use this short method to do the problems

in Exercise Set 9. You may wish to try several methods.
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Exercise Set 9

n 1in each of these. -

4 x17 =n
(n= ‘9)

TxXx23=n
) (na 761)

3. 9>{62==n
(h:fb’f)

4, 6x8 =n
(h = 4")

5. 7 x'87 =n
' . (ns ‘09)

Copy and complete. (Note:

Use the way you like best to find the number represented

6. 9x56=n
(h= .5'04)

7. 5x52=n
(n= 260)

8. 3x8=n
 (n= ae7)

9. 6 x56=n
(n= 3.36)

10. 8x78=n
(n=¢24)

Each blank must be replaced by one

digit.,)
11. 45 12. 3.8 13. &9
x5 x6 xT
225 228 413
14, 79 15. /8 16. 45 17. 1l-—
x5 x4 x8 X8
395 72 360 6 _
Nors M,MJ-U (/oo,m,m‘ are, b,
d.zn-dtr'jm-—w-’. "’P"‘L‘Jmn—
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- MULTIPLYING NUMBERS LESS THAN 100 BY MULTIPLES OF 10

ObJective: To develop an understanding of how to find the ‘
product of numbers like 23 and 30, 50 and 46, :
etc.; that 1s, where one number is a multiple of lqé
and the other is greater than 10 but less than 10%

Recall with the children how they found
the product of 23 and 3, that is,

23 “

x .
'B%’ (3 x3) + (3 x 20)
Some pupils still may be working at this level.

23

23
55% (3 x 20) = x_sa'
< B P

Some still may prefer to use this method.

3x25=73x (20 + 3?
= (3 x20) + (3 x 3)
=060+ 9
= 69

Ask children to suggest possible pro-
cedures for finding 30 X 23 from what they
already know. For example, some may suggest
the 1dea of renaming one of the factors.

30 x 23 = 30 X (20 + 3?
(30 x 20) + (30 x 3)
We know how to find these products.

30 X 20 = 600: and 30 x 3 = 90.

You may need to provide extra practice in
finding products of two multiples of 10 1like
20 and 30, 40 and 30, etec. Or, some may
suggest the use of the vertical form. The
discussion might go something like this.

30X 25 =n
Slnce we can express 23 as 20 + 3,
30 x 23 = 30 x (20 + 32 23
= (30 X 20) + (30 x 3) XEO _
= 600 + 90 30 X 3)
= 690 600 (30 x 20
890 T30 % .
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Still another approach is to recall how we
can multiply any number by 10. For example,
23 x 10 means 23 tens for which we write the

numeral 230. So, 23 x 10 = 230.

We can think of 30 X 23 as (10 x 3) x 23.
We can first find the product of 3 and 23.
Then we can multiply that product by 10.

30X 23 = (10 x 3) x 23
= 10 X 23 X 23)
= 10 X 69
= 690

All children may not be ready to use a
shorter form 23

56%%

In the backgroﬁnd of their learning experiences
an exploration such a8 this will help them to
develop a shorter procedure at a later date.

- Think through examples such as the follow=-
ing with your class, using those procedures
from above which seem most appropriate for your
pupils.

34 - 32 18 . 63
X 20 x 40 X 50 X 70

Ve suggest, for example:
Expressing 34 as (30 + 4). Then

30 + 4 . or 34
X 20 "‘ X 20 . u)'
PRy — 80 0 X .
600 + 8o = 680 600 120 x 30
. TB80 X

Encourage children whd are ready to find
the product using this form.

34
X 20
=5

600

Some children may want to use even the shorter
form. 3l

X 20
580

This might be fostered by thinking first
2 X 34 and then multiplying that product by
100 . . .

610




P362

MULTIPLYING NUMBERS LESS THAN 100 BY MULTIPLES OF 10

We now want to learn how to multiply numbérs like .20 and

%0 and 46,

50 and 23,

34,

60 and 31.

Name the

Is one number of each pair & multiple of 102

multiples of 10 1in these pairs.

Is the other number in each palr less than 100°

Let us learn a way to find the product of 20 and 34,

How can

20 x 34 name the number of dots in this array?

Does

you tell?

34

R N N N R ]
Scses st s s BB REs bany
essr s s et BEEERTOTS

TS 2SSOSR ENIOL RN ON
LA L AL B B L B S O L B B BN B BN BE BN BN W
LALEL BL R BE B B BN N B RO B N N A
sSSP Pe RS sROENSELIROEBROIETESE
S8 85 SH PPN POEGIPOIROEBDBELS
.-........,.........-
® 88 BBOESEEResR BTN
LB BN NI NN R NN NN NN
S8 B8O EESLIETROSIPEBNRTTSTES
T8 00 PR SREELSSEEReee
6 OB T O EBRSEEBESSEES

T e S0 C0 SR SLCARBEE SN

LI A L S R A N B I I W I A WY
®R 420 0020050 B CCCBOOEDNSES
.......l..l\....'.lil
&S Oass P00 sBOEBSGDN

S0 40 B 0OS0oeseORSEBSBOEBSTES

S0 80300008800
S0 80 0GP BAEOOEPOEPBDPOEOITEBSNOSOEES
LI N A N R W S T APy
58 0880880880 SerPROTSE
SessEPERREIILIIEIIERRTL
2P0 0B 00RO ELEEREGRS

00 ACISSBEBEEESPESEON

P2 e0 808000t REEEEN
S 0cesssBRRBECATRNOEPREES
S S¢0000 00000 0EDERe
90 essevsdeasansaenn
LI NI NN I O Y RN A A
S8 00280000 vesssssanse
P28 00RO TR ERGOSENS

O
Y]

Here is‘another array Just like the one above.

Let us

separate 1t into smaller arrays.

H

30

e rsseTESIELIERIESELIOIRNGTSE
LT EBI PRSI IO EE RED RS

S5+ e s e ReBERRBE
8080880090 d00900 00N S
6% 8008030402090 00880
20600888 PBas0nne LI N

®ePeENIRATIBIEEROIEBEEREEOGESE
9S00 vet s BOGLEe
P H OSSO INIOETERGIBILEGELESE
LR RN RN I N I A WY
LA BT BB N N R N O S
LECRL RN B N O A A S
Se0 e tavseeneresnsena
L RN N N N T T L)
SessBsssEBRNIERRIREBOEERRDS
Seossn0sR NIt Enas
08 ssesssEsBaR eSS
St essesBRELERIEREERIOEOERGS
Seesc s ssesesaREsRE e
de0 OB ROELILBLERsEes
$92 880008880000 ssRERLS
deces s es st
SR GPONCIOGESLIIEIOOERLERITLTSE
SsPevessRBIERBIELTEROIOGLTS
Sss 00000000000
S S PSS L0 LIOIRSIBSRIERTTDS
LA IR R AN I AN SN N W Y
S 8ssQ PN IGEROERIOIORERL S
SessBavIveeseseenng e

e &

.
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Does (20 x 34) describe the first array?(1743

Does (20 x 30) + (20 x 4) describe the second array? (i)
| ()

Do the two arrays show that 20 x 34 = (20 x 30) + (20 x 4)?

| Does this help you to find the number of dots in the big
Reray 0

We can‘write:'

20 X 34 = 20 x (36+,4)
= (20 x 30) + (20 x &)

30 + y | 34
X 20 - % 20
600 + 80 = 680 _ 80 (20 x &)
' | _600 120- X 30)

680 (20 x 34)

Can you think of other ways of finding the product of

these two numbers?
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"Find the
1. 30
2. 20
3. 10
L, 30

| 5. 20
6. 60
T. TO
8. 8o
9. 30

10. 50

11. 20

12. 70

Exercise Set 10

number n represents for each of these.

X 30 = n ' 13. 20 x 43 =n
(n= %900) . (n= #é0)
X 40 =n | 14, 30%x33 =n
(n=200) ’ (n=992)
x 80 =n 15, 10x 87 =n
(nago0) (n=g70)
X %0 =n 16. 50 x32 =n
(n=1200) | (h= /400)
X 50 = n - 17. 50 x 62 = n :
(na r020) : (n= 31 00)
X 90 = n 18, T70x 8 =n
(n=s400) (h= 5810)
X 70 = n 19. 90x65=n _
(h= 4900) - (n= §250)
x 40 = n | 20. 80 x 87 =n
(n= 3200) (h=4¢9¢0)
X 90 = n 21. 90 x 38 = n
(n= 27¢02) | (h= 3% 20)
X 70 =n 22. TO0 X 57 =n
(h=3500) | (n=3990)
x 60 = n 23. 40x93 =n
(n= 1200) . (n=37222)
x 80 = n | 2k, 60 x%x 85 =n
(h=sé0c) ‘ (n=4920)
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FINDING PRODUCTS OF ANY TWO NUMBERS GREATER THAN 10
(AND LESS THAN 100)

4 .
%Objective: To learn ways of findlng products of palrs of
: - numbers like 23 and 3%, 46 and 27, etec.,
where both numbers are less than 100, more ‘
‘than 10, but nelther a multiple of 10

Materials: A 1% by 27 array made of sturdy material which
' can be folded

Other arrays in which both the number of rows and
c¢olumns are represented by two-digit numerals .

You may use arrays to good advantage to aid |
pupils in understanding the necessary steps in
multiplying, for example, 14 by 27. You

‘might use either, or both, of the following
methods. Observe that each method depends upon
the distributive property. In the first
method, (both forms A and B) the distribu-
tive property 1s used once; in the second
method, it 1s used three times.

We want to multiply 1% by 27.

FIRST METHOD
27

P,

yreceeevsrvsvvevacssccfersssee

* 0 & & & 4080 850 5SS ajle s s s s e 14 by 27
.."......7.....‘....'....... arraY:

.l...l.‘..'l".l........‘..V 'lu.x 20 = 280

A B I B R A R N N B R NN N RN R Y A R R

B R R EY T 14 x 7= 98
lu<-.-oo--aoo--ocnnluo}icooul- 2801+_98 '_378

LI B B I B BN BN DY BN E A B RN B ] LB RN B B BN

[ BN B B R B B B BN I B B B B R BN ) LN B B BN T}‘Iere are 378
® 8 & 0 8 5 5 0 64 S8 T S0 keSS e do ts 1n the
& 0 0 0 5 6 5 08 28 08 0 0 0 4 Ofr e b e total array L]

@ 8 9 0 0 8 0 0 0 90 @ b S B S P eSS se s

L.QOOOOOOOOOOI..Il...‘ll..ll

20 7 |
, Observe with the pupils that the number of
dots in the array is obtalned by multiplying
14 by 27. (There are 14 rows and 27
colums.) Hence 14t x 27 = numbe' of dots.

R T T TR e T

B R
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Then separate the array as indlcated. The
number of dots in one part is 14 x 20. The
number in the other part is 14 x 7. Hence,

(A)
14 x 27

14 x (20 + 7)

= (14 x20) + (L4 x 7
= 280 + 98

= 378

We would hope that many of the pupils can
multiply 14 by 20 and 14 by T from
what they have learned in preceding parts of
this chapter., It 1s important that in finding
the partial products, the pupils recognize
they are using many of the multiplication
techniques they have learned.

After the array has been folded, the
work should be recorded on the chalkboard.
The pupils should be introduced to both of the
following methods of writing the partial
products.

Form (A):
14 x 27 = 14 x (20 + T)

= (14 x 20) + (14 x 7)

= 280 + 98

= 378
27

ox 14

280 (14 x 20)

08 (1% x 7)

378 (14 x 27)
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Consider this array for the same example.

101

27

® & 0 ¢ 0 5 505 0 9 020808 CSsSe TSSO
* 0 % 0O PSS S S S 00 008 0B S EE SN eSs
® & 9 ¢ 8 58 0850 O8O0 5O S E S e TS STETES
® 4 &5 0 060 0080 : e o 0 80 0008 e
6 8 & 80 00 006 SO . 0 98 00 %St e
' EEENEENEN N I I I I I B R BE RN R A
* S &9 90 090 OO S S C SRS S oS . LG B B B
S 9 & 8 &9 5080 000 ¢ OO0 o0 SR e .7.’. *
* 0 5 6 5 5 68 8 00 FO B F T O OE PR O PSS

® 0 65 80 008 68 88 8¢S OONEee P

2 0 86 8 & 52 88 00 PSP SO TS9N ES eSS

5 09 5 80080 00RO SO OO S OSSN S

® 9 &8 8 5 9 02 8 0 90O e RSSO e RS

b1

10 X 27 = 270
4 x 27 = 108

P

14 x 27 = (10 + 4) x 27

270 +'198
378

(10 x 27) + (4 x 27)

Again after the array has been folded,
work should be recorded on the chalkboard.

14 x 27 = (10 + 4) x 27

= (10 x 27) + (4 x 27)
= 270 + 108
.= 378
27 Or changing order o7
x 1% x 14
270° (10 x 27) 108 (4 x 27)
108 (4 x 27) 270 (10 x 27)
378 (14 x 27) 378 (1% x 27)

There 1s an advantage to be gained by
conslderation of a second method even if all
the pupils should be able to understand
readlly the first method.
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SECOND METHOD

14 x 27‘

20

'1uﬁx (20 + 7)
(1% x 20) + (14 x 7)

T

LEE BN BN S B BN O B I I I R R R

LR B B AN B 2 BN BN BN B BN BB BN BN R )

4+ o 8 2 8 0050800 08 * & 8 s 6 0 0 o

L IR B R B B B R I Y R R I R Y
------- 58 686808588 0¢0008
LI BN B R R A A S A Y
LI L BN I I B N R N I R Y YN
® 2 0 804 T OIS IEEEIEEDLDTS

Se s e s e se 00 s et es

* o 0 0
L B B N 2
* e s 00 0 0
* e s 00
LR B BN N BN BN ]
LN R RN
* 98 0 8 8
. e 5 8 8 0

* 2 e 0" 2o

LA R B BN BN BN BN NN BN I NN B RN N RN )

1; .I....-.-‘........'.....I..I

C".QI.l»..‘....‘......l..‘.l

> & & 9 9 9 0 0020 > 8 6% 00 09 00

The pupils should be helped (if necessary)
to understand that

14 x 20
b x 7
Then write
14 x 27 =

4 & 8

(10 + ) x 20
(10 + 4) x 7.

and

14 x (20 + 7) |
(14 x 20) + (14 x 7)
[0+ %) x20] + [0+ 4)x7]
[(10 x 20) + (¥ x 20)] +
[ (1ox7)+ (4 x7]
[200 + 80] + [70 + 28]
= 280 + 98 |
= 378
The partial products 200, 80, 70, and

28 should now be related to the number of dots
in the 4 partitions of the array.

27
X 14

80

Several similar examples with which
appropriate arrays and both methods are used
may be necessary. : o
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¥INDING PRODUCTS OF NUMBERS GREATER THAN 10
(AND LESS THAN 100)

We have learned to find the product of pairs of numbers.

£

?we made some choices in the numbers we selected.

¥
(

We learned to find produéts of palirs of numbers like these:
3 and 45 | 8 and 16
3 x 45 =3 x (40 + 5) ~ 8x16 =8 x (10 + 6)
= (3 x %0) + (3 x 5) = (8 x 10) + (8 x 6)
= 120 + 15 'pJ = 80 + 48
= 135 - = 128
45 ' . . 16
120 (3 x %0) 128 (8 x 6) + (8 x 10)
_15 (3 x5) |
135
5 and 24
5 x 24 =5x (20 + 4) 24
= (5 x20) + (5 x 4) x 5
= 100 + 20 120 (5 x 4) + (5 x 20)
= 120

We can use the same way for all of these examples. We can

use different ways to find the product of numbers like these.
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We learned to find products of numbers when one of the

numbers was a multiple of 10. What numbers less than 100

are multiples of 10%

Can you find the product for each of these pairs?

20 and 45

hs
X 20

20

10 and 17
a7
X 10
37 and 20
17
or
X 20

Why can we'change order?

The products are 900, 170, and T740. Did you get

them'right?‘.

e R R S e e e i L e e sl

Now we will learn how to find,the products of any two

numbers greater than 10.

We will still make a choice. They

wlll be numbers less than 100.

619




é?ﬁbw many pleces of'cake did she have?

?313 this mathématical sentence a correct one for this problem?
4 12 x 15 = n . Why?
%*Does this picture give us an idea of the cake? Explain.

IS

B B G i

12

R AT B

prsernny

Let us separate thils array into smaller arrays.

T o T S
TSR

T T

. What product expression does each array suggest to you?

TR

Find the array each of -these descrilbes.

s
A

10 X 15 = 150

Lo10Q - 4+ 2 x 15 = 30

N
‘ i

3,8 TR LI T Sy T
LR ;.ﬂ% SRR R
bl
x

e e

el
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There are other ways we can separate the array. Look at this

1O : 5
one, A A
[ 4 . )

12 x 15 = 12 x (10 + 5)

= (12 x 10) + (12 x 5)

= 12 60 m

o+ 12

= 180

This vertical form helps us to find the product. ,(
15 o
X 12

120 (12 x 10)
60 (12 x 5)
180 (12 x 15)

Let us see still another waydof separating the array. Now

we can write the product in vertical form in this way.

15 |
w1 | | 10 5

10 (2 x 5)
20 (2 x 10)
50 (10 x 5)
100 (10 x 10)
180 (12 x 15)

N e naanEuans

Use the way that you like best to find the products in the

exerclses in Exercise Set 11. (The more we can learn to remember,

the less we need to write.)
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12 X 23 = n
(n=22¢)

11 x 42 = n
(n:‘lbl)

14 x 52 = n
n= '7:::)

15 x‘32_ =n
_.’(”:4’0)

32 X 41 =n
(h=4372)

23 xr 63 =n

(ﬂ: 1’4‘1‘1)

622

Exercise Set 11

Find the decimal numeral representing n.

10.

11.

12,

21 X 78 = n
(n=/i32)

31 x 66 = n
- (n-= 2044)

32 x 59 = n
(n= [#22)

45 x 45 = n
= 2025)

37 x 48 = n
(n=192¢)

29' X 54 = n
(n=y5¢¢)
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(Optional)

Sometimes properties of multiplication can be_used to'make

short cuts in multiplication.

short cuts.

13.

14,

150

16.

33
X 29

101

480

X 270

See if you can explain these

short cut: rewrlite or rethink as

short cut: write or think as
(30%x 23) -33 = 957

78
X 20
1560

990

957.

7800

short cut: use short cut or think as + 78
(loox‘nj + 79 = 78298 -

7878

short cut: find 37 x 48, then multiply by 100.
(37:49) X /oo = 776 X 100 -

do them in the usual way.

17.

18,

50
x 49

30

X
Qo
)

49 o
x50 oRt 2'_‘-;,

%50 avse

gl
x 30
36290

Try to find a short cut in these exercises.

623

1727, 609

- 19. 203
X 32

20. 500

x 680

If you cantt,

(200 %32) ¢ (3x32)

= (¥oo ¢ 9§
= 64926

¥ {-]
x$eo

2¥0p00




USING MULTIPLICATION IN PROBLEM SOLVING

ObJjective:

To help children further their abllity to solve
problems through the use of mathematical sentences
requiring the multiplication of numbers named by

more than one digit

The method of problem solving
" emphasized in Chapter 3 should be ex-
panded and reinforced by the development
here,
To summarize, emphasis 1s on the
relationship in a problem. To solve
problems, first identify the question

' that 18 to be answered. Then use the in-

. formation glven in the problem to aid in
writing a mathematical sentence which
expresses the relation between the infor-

- mation and the question to be answered.
‘When the result is determined, use it to
write an answer sentence.
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USING MULTIPLICATION IN PROBLEM SOLVING

You have solved problems before.
Do you remember how you solved problems?

Let us use this problem to help us remember.

‘Problem: At the circus, the children of Madison School
sat in a section of 15 rows. Eighteen children were
seated in each row. How many children from Madison School

were seated in this section?

Bits of Information: There are 15 rows and there are

18 children in each row.
Mathematical Sentence: 15 X 18 = n

Work: 18
X 1§
4o

50
80

100
270

Answer Sentence: 270 chlldren were seated in this

section.

In solving problems you need to:

Understand the question that is to be answered. _

Fiﬁd the information given in the problem that will help you.
Write a mathematical sentence that relates this information to
| the question; | |

Find the number that is not known.

Write an answer to the problem question.
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Exercise Set‘lg

The children of Madison School went to the circus in 6

buses. PForty-five children rode in each bus. How many
S2 Lx 4S8

children rode in the 6 buses? = a7e0
- 270 sdbdac. roule o ¢ Moerar

There were U424 boys and girls enrolled in Madison School.
If 270 chlldren went to the circus and the other children

went to the zoo, how many chlldren went to the Z00?

NN 390 o el ot R U 3on.

One day at the zoo there were 154 children from Madison
School and 168 children from Adams School. How many

childfényisited the zoo that day from the two schools?
A crosgabrd puzzle had 15 squares across and 12 squares

dowﬂﬁ- How many ‘squares were there in the puzzle?
nd )sxia 2L peic e tontoiii] 150

= /80
There were 360 dots in one part of an array and 24 dots

in the other part. How many dots were there in the whole

arvay? S=360#3¢ s v 304 LTl H, arreny

s 384
The score of a football game is 35 to 17. How many points

does one team need to tie the score? f'= 357 =17

- Mrs. Smith buys 14 gallons of milk each month. How many

=/ 2
gallons does she buy in a year? -,:::,

Fifteen gallons of ice cream were bought for the Halloween
party. If one galldn served 26 children, how many

children did the 15 ganons serve? M= ;"‘ :-”-

U')‘j‘*' /@MMAMJ?O eA‘-L‘-\-
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10.

1.

12,

130

14,

15.

There were 12 tables in the cafeteria. If 16 chi;dr-f%

sat at each table, how many children could be served at ondl

time? re ;‘;;I‘ 192 cdiddon.. ol b aarcd S ovs Zoa .

36 boxes of crayons were ordered for a class. Each box

contained 24 crayons. How many crayons were there

= 36 ' ' :
altogether? g ﬂ.?" e s 8eH g M,

In the parking lot at the ball park there were 24 rows
with spaces for 35 cars in each row. How many cars may

be parked in this loty 5243 #o cortoay L‘)-«U |

It took 191 seconds for the children in Lowell School to .
leave the building during a fire drill in Marech. In April :
the time was 186 seconds. How much longer did- it take
the children to leave the building in March? - |

AN T S arodes Loy Fe s 2 ALy

Mrs. Wood made 27 Jars of jam. If each jar held 16

ounces, how many ounces did she make?

S=27x74 .
= 472 mwtﬁ’dﬁ-‘&’/.’l m_.t/k.___

There are 53 boys and girls in the morning kindergarten
. . Pl
class and 48 in the afternoon class. How many children

are in the two classes?

n=&3+42 JA.“..‘/M-‘-,--J;«L.«#L«-L‘-.

= Joy

- Each of the 32 children in Miss Park!s class made 18

name tags for open house. How many name tags did they

make? r=J3ayy/¢ .ZLMM-S’?-G.«-‘..‘I’Q.

= 6'74
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'INDING UNKNOWN FACTORS
@Jectivé: To help children understand the technique of division
) of large numbers when the unknown number 1s a factor

"quotients and remainders" and "exact
division are often taught together. The children
"divide"™ 17 by 5 and obtain a quotient 3
and a remainder 2. In symbols,

= (5 x3) + 2.

iﬁ there is no remainder, the division is "exact".
equlvalent statement, used later in this unit,
‘18 to say that exact division is the speclilal case
of division with remainder when the remainder is

. Zero:

I 15 = (5 x 3) + O.

In more complicated cases, it is not .known
- Whether or not a division 1ls exact until the
‘division 1is performed. ‘

Quotients and remalnders 18 of the greatest
practical lmportance, but in this unit it 1s
. taught after, and not along with, exact division.
“The reasons for thls separation are as follows:

H

‘The treatment of arithmetic in Chapters 3, &4,

and 6 1is based on the concept of a mathematical
operation. The child operates on the whole
numbers 15 and 5 by multiplication to obtain
75 and by division to obtaln 3. In both cases
a single whole number results from the operation.
Division with remainder is not an operation on
whole numbers in thils sense. The result of
dividing 17 by 5 1is two whole numbers 3 and
2, not one. (The point made here is elaborated |
in the mathematical background for division with
remainder.)

The concept of a mathematical operation and
,Ir its properties is an essentlal mathematlical ldea
that the child should retalin. It is one that
will occur repeatedly as he learns more mathe-

matics. It 1s also the concept which unifies
the teaching of the baslc algorisms of addition,
I subtraction, multiplication, and division.
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Exploration:

Multiplication is an operation on twd numbers to get a thiri
number,

Write some examples of mathematical sentences
on the chalkboard which indicate multiplication--
sentences such as 12 x 6 =n, 13 x 16 = p,

145 x 26 = q, or others that children suggest,
Now write on the board such sentences as these:
12 =3xn, mx15 =165, 25 xs = 450.

Here are some mathematical sentences. Do these sentences
also indicate multiplication? (Yes) What are the factors in
each of these sentences? (3 and n, m and 15, 25 and s)
What 15 the product? (12, 165, 450)

How do these differ from those sentences we filrst wrote?
(Wé know only one factor and the product in the latter, In the
first sentences, we lmow both factors but do not know the product

What operation is used to find the unknown factor? (Divisio
Let us rewrite the last three sentences, using the divis%pn
Symbol. ‘ ’

Write the sentences: :
12 + 3 =n, 165 + 15 =m, 450 + 25 = s.

‘Explore possible ways of finding the unknown factor

in these sentences. Suggest the multiplication

fact 4 x 3 = 12 for the first. Note we cannot use

the facts in this way to find the others.

We want to find a way which we may use to find m vhen
m=165 + 15 and s when s = 50 + 25. Ve might try to- find
m when m = 165 + 15 by making some guesses and testing our
guesses. Make a guess. Test the sentence to find if m is 10.
(15 x 10 = 150) Is 10 greater than or less than m? (10 > m)
Test the sentence to find 1f m is 20. (20 x 10 = 200) Is 20
greater than or less than m? (20 < m) What could be your next.
guess? (m 1s smaller than 20 and larger than 10.) We could
test to find if m is 15,

The children should continue this discussion
until m and s are determined. Should they

start with different guesses, follow the discussion
in a similar wvay.
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It took us some time to guess the numbers that m and 8
represent. It would be better if we had a way which could be
‘used with these numbers and with larger numbers that didntt take
so much guessing. :

To learn to divide numbers like these, let us begin with
some easy division exercises. Learning to do them will help us
with more difficult division exercises.

, “ You may take a divislon sentence as

'H 24 + 4 = n., Observe that 1t indlcates we might

have an array with 24 elements. We know that

I it ?as 4. colums (or 4 elements in each
TOW). _

We sometimes associate this kind of
sentence, 24 + 4 = n, with missing informa-
_tion about the number of rows. We sometimes
‘agssoclate a sentence like™ 2F + n = 4 with
missing information about the number of columns.

You may wish to delay this idea until la¥er and
proceed only with sentences of the form
‘24 4 4 =n or nx 4 =24, In elther situa-
tion, we find the missing factor by dividing the
product by the other factor.

‘Using square-shaped cards, counters,
markérs, or other similar movable materials, ,
note first the arrangement of 24 as 2 tens
and 4 ones.. Then rearrange to form &n array
of 4 colums, with the number of rows to be
determined. Children should have similar
materials for the same purpose,

sunnsussun}
EESEEEREEE 6
\ []:I:E] | ‘
y : _- o o | |
2k = 6 x b

For 24 + 4 =n, we can say that 6 x 4 = 2%
or 24 4+ 4 = 6. We can also write

| 6
I .
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You may wish to have children make other
arrangements suggested by each of these
sentences.

24 + 8 =n 24 + n=8
24 4 6 =n ‘ 2 + n=6
2k + 3 =n eh 4+ n =3

Ask how we can write about thils. Note the
array of 24 elements. / I

[ . L J . [ ] -*
L] [ ] * - [ ] L]
s eoejJeo oo o
* L ] L] L ] L] L]
[ ] L[] [ ) . . [ ]
* L] L [ ) L [ ]
L ] [ ) . . [ ) [ )
e o ale o @
* ofe o o »
* o L] - . L]
al ¥ * @& e o
el e o o o o
el e o s o
o ¢ @ ¢ o o

A B C D
We can think of the first array (Ag as
2 + 4 = (8B +4)+ (84+4)+(8+1)
= 2 + 2 + 2
=6
In B,
24 + 4 = (12 + 4) + (12 + 4)
= 3 + 3 _
=6 N
In C,
2h + 4 = (16 + 4) + (B + 1)
= y + 2
=6
In D,
2h + 4 = (20 + 4) + (4 + 4)
=6 5 +- 1

Recall simllar work that was done in Chapter

Note that we can think of separating 24
dots into smaller groups. Each group should be
arranged so that there are 4 elements in each
row. We can think of expressing the product
using multiples of the known factor as addends.
For example, 8, 12, 16, 20 are multiples of 4,

Try other examples using the multiplication
facts and our knowledge of 10's, 100's, and
multiples of 10's and 100!'s as factors.
Some examples: :

75 +5 = (50 + 5) + (25 + 5)
= 10 + 5
= 15 |

636 + 6 = (600 + 6) + (30 + 6) + (6 + 6)
= 61oo + 5 + 1
= 106

(It may take several days to develop these i1deas.
: 631
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FINDING UNKNOWN FACTORS

: 'Try to find the unknown factors in these sentences. Use
miltiplication facts to help you.

A B
hxn=36 (#x9=30) b xn =360 (#2r90:=360)
nx8=6: (Prg:=0%) nx 8 =640 (g0%x0a640)
nxT=142 ((x7:42) nxT7T= 420 (6o » 7=420)
2xn= 12 (226 =13) S 2Xn= 1200 (2 2 coo=i20)
5 X n =30 (Jx£=30) 5 X n = 3000 (& a(-oa-:un)

What multiplication fact did you use for each?

In what way did finding the unknown factors in A help
you to find the factors in B?

(2 s o) 2 A Lld e s o ih L
o 10 or 10 K oan u ) |

How can each of the senten:es in A ar;d B be rewrltten

36 -¥=n Fto2¥=2n

using the division symbol? /.., ivo sPenm
¥2:72:=n #2060 +7:=n

12=232=2n /2s8v22h

20 2&s ” Jooo &N
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Meny problems are solved by dividing one humber'by another,

Here 18 an exampie.

Paul has 52 stamps, He can put U4 stamps in one row in
his book. How many rows will he need if he puts all 52 stamps
in his book?

We want to find the number of rows of stamps.
There are 4 stamps in each row.
There are 52 stamps inh all.

Is the mathematical sentence for this problem n x U = 52,

where n represents the number of rows? (ﬁ?*)

Think of an array.

The stamps in his book might 5

be arranged as in the picture at

the right. The way the array 1s

separated shows that

52 = 20 + 20 + 12. ' 3

We write:
52 + 4 = (20 + 20 + 12) + & |
= (20 + 4) + (20 + 4) + (12 + ¥) ‘
=54+5+3 |
= 13,

There are 13 rows of stamps.
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The stamps in his book might

alsc be arranged as in this

pilcture at the right.

t0
e~ way™— vhk~aeragv.ia_sgnarated
§ ~ Ht11 =,
shows that 52 = 40 + 12.
) | 4
We write:
52 + 4 = (40 + 12) + &4

= (40 + ¥) + (12 + h)

10 + 3

15.

The number 52 can be renamed so that each addend is a

~ multiple of 4, These numbers are multiples of b,

. 4, 8, 16, 20, ...

 Can you name some others?

Try some other ways of renaming 52.

634
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~ Exercise Set lg

Find the unknown number in each of these exercises.

10

1.
n

nx11l0 = 4o
n = [4')

3. 1200 + 3 = n

(h:h‘dﬂ)
5. P xT7 =235
7. q =640 + 8

10

LI B I B N
|

80 squares

810 + 9 = t
(t= 90)

420 + 6 = r
(r=.70)

Yy =770 + 7
(y=170)

T L ST e ! MR A8 it 3 A0S . ot amnii il

3
3
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Exercise Set l&.

Rename each product using multiples of the known factor as

 addends.

- Example 1: Ekamgle g;
n=2%+2 B r=39 +3
= (20 + ) + 2 - = (300 + 90 + 3) +3
= (20 +2) + (4 +2) = (300 +3) + (90 +3) + (3 +3)
=10 + 2 =100 + 30 + 1
=12 = = 131
1. 48 eb=t (¢=s2) 1. 9%6+6=1 (r=/6
2, 68+2=8 (s=34) 12, 91 +7=s8 (5=/3
3. 9% +3=n (n= 33) 13, 112+ 8=t (t= 14)
b, Ghsep=s (s=32) 1, 217+ T=w (w= 3/)
5. 48 + 2 =m (m=24) 15, 333 + 9 =m ,(w=37)
6. s s2=x (k=21 16. %0 +5=n (n=#0)
7. n=88+1 (A=22) 17. 9:3-x% (k=213
8. n=55+5'("=”) 18. 203 4=m (M=/”5)
9. 75 +5=m (m=15) 19. 770+ T =7p (,-=I/0)
"10. 6 +3=t (t=21) 20. 630:6=t (= 105) _
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Exercise Set 15

Write mathematlical sentences to help you solve the following

problems. Solve them. Write an answer sentence for each problem.,

1. At the alr show 40 planes flew in formation. There were
$O = Joxn

10 rows. How many planes were in each row? . Nna o

jl.u-u-ﬂ. «f fL-l‘f-ﬁ;—'-‘JM.
2. A class of 36 children was divided equally into 3

comnittees to plan a party. How many children were on

each committee? th’f/i“ T Lhrs vmct 12 dlloan o and o Tl

3. The grocer put 60 carrots in bunches of 5. How many

bunches did he make? ¢2~°*Y¥ JL’,.-...- el 12 L-L{M

C=ld

h, How many days are there in 7 weeks?
S=P2x7Y -
sosp Hetan 49 oy L 7 ashe.

5. Bob received an allowance of 50¢. Jim's allowance was

75¢. How much more money does Jim recelve than Bob?

7:-6—’05" ’- . 2\‘-¢ " ."#‘ uc

=25
6. 50¢ is how many times as much money as 5¢9 -

o= h xS J‘o¢4;/a@.q.h0.lm?§-.£‘¢.

hs /0 i
7. The 80 men in the marching band were divided into 8 ;

rows. How many men were in each TOW?

f)(.é'f.'—';:/) Tore v o Fena 4_'-'4..1_;-.......-_

8. A jet plane carried 42 passengers in one section and 102

passengers in another section. How many passengers were
N= $1F/0L

h= 144 # ;‘-.-j' 4

aboard the jet?




A wAY OF DIVIDING TWO NUMEERS

bjective: To develop a division algorism using as background
1 the i1dea that the product may be expressed as multlples
of the known factor |

%ﬁ:terials: Arrays appropriate for foilowing discussion

In this lesson review with the children
what they already know about division. Help
them think of a way in which they can express
the product as a sum of multiples of the known
factor as they work. :

You may wish to use arrays as you discuss
such sentences as 24 + 4 =.n, for example.
Discussion might develop lilke this:

_ Suppose we record what happens as we are
making an array with 4 cards (or whatever
materials are being used) in one row. Here 1is
another way of recording our thoughts.

Suppbse we arrange 4 rows of L. Form 1
We have a 4 by 4 array with 6
. 16 cards. z
We record that we have made 4 rows. I
We also write that we have used , 4 Y28
16 of the 24 cards. -16
(At each step note how we record -8
this,) - -8
We see that we have 8 cards left. 0
We make 2 more rows of 4.
We write this. Also, we write the rm IT
number of cards needed to make
2 rows of &, : Y3
We have used all the cards. We see :l%}u
ﬁrom our record that we have 812
rows and 2 Irows. -5
h 4+ 2=6 5

Either form may be used.

In dividing 24 by 4 the puplils should
recognize that this 1s equivalent to finding
_ the unknown factor in 4 x n = 24; and they
will know that the unknown factor is 6 from
their knowledge of the multiplication facts.
Hence, the rewrliting of 24 as the sum of
muiltiples of 4 18 not necessary to finding
the factor 6. But we are preparing the way
for the algorism for divislon 1n which the
unknown factor is not immedlately evident from
knowledge of the multiplication facts.
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Try other examples, relating the record of
the arrangement of an array where only the
number of rows or the number of columns is
glven, ' :

For example, for .
72 +n =7
we have 72 elements to be Placed in 4 rows.

We want to find the number of elements in each
row, or the number of columns.

For T2 + 4 = n, there may be several ways of
thinking. Here are a few, using both forms,

I.

4172 4y T2
=40 |10 -Ez 8 =40 ] 10
20| 5 40| 10 =32 8
12 | O I8 Ol 18
-12 “I%
— 0
II. . —1';9
1
E g
10 10
] %
0 ‘ '12;
1
—0

nge how 72 has been expressed as a sum.

72 + 4

We are not interested yet in a short-
cut form. ,
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?WAY OF DIVIDING TWO NUMBERS

We have learned that we can rename the product and divide

o find the unknown factor.

n=2254+29

(180 + 45) + 9

(180 + 9) + (45 + 9)

= 20 + 5

T T R AR T

25

Here 18 énother way to show division,

Mathematical Sentence:

n =225 4+9
Form I: Form II:
25
5
20 |
9 25 - 9 J225 7]
-180 e (20 x 9) - =180 | 20
45 45
e e (5% 9) > =451 5
o ol 25

You may use elther form shown above.

Now we know 7
25 x 9 =225 or 225 + 9 = 25,
640 |
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Exercise Set 16

Use Form T or Form II to find the unknown number in each
sentence,

l,. 45 +£3 =n 8. 60:12=n
7(":/5) (H:J’)
2, 764+ 4 =n 9. 96 & 3 =n
(n=z19) (n=3a)
3. 84 4+3=n 10. 132 +6 =n 4
(n= 22) - (n=22)
4k, 96 + 8 = n | 11, 44 & 6 = n,
(n-'- IZ) - (n: 7%)
5. T2 +3 =n 12. m=207 + 9
(n=24) (m=23)
6. 69+ 3 =n : 13. 325.+5=p :
(n=23) (p= ¢5)
T. 8% +7=n o 4, 376 + 8 = g ;
(h=12) (2= #7) |
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ORE ABOUT DIVIDING TWO NUMBERS

?bjectives: To learn how to divide when products are larger,
using multiples of the known factor involving tens

and hundreds

To learn to become more skillful in renaming the

product -

‘Exploration:

(a)

(a)

You may wish to develop this lesson by noting
different ways one of the examples has been worked.
" Follow the form your chlldren are using.

Here are some different ways we found n 1in Yhh &+ 6 = n,

o
N

20
50

6 YTIT -
300
144
_120
24

24

(b)

6 ] -
300
14}
120

2l
2 )y

o | 74

(b)
50

20

Is the missing factor the

T4

70
6 YHET
420

24
24

420
2l
ol 3

same in each?

642

(c)

6 yruT

60

10

i

(Yes, 1t is

T4

Th.)



How was 444 renamed in (a)? Point out the addends as you
rename 444, (First we used 444 = 300 + 144. Then we used
444 = 300 + 120 + 24.) Then what did you do? (We divided 300
'byr,6,' 120 by 6, and 24 by 6.) What were the results?
(The results were 50, 20, and U, These were added to get the
_unknown factor, Th4.)
How was 444 renamed in (b)? (444 = 420 + 24.) Then what

did you do? (We dlvided U420 by 6 and 24 by 6.) What were
the results? (The results were 70 and 4. These were added to

get the unknown factor, T4.)

How was U444 renamed in (c¢)? (First, U444 = 360 + 84, then
U4l = 360 + 60 + 24.) Then what did you do? (we divided 360
by 6, 60 by 6, and 24 by 6.) What were the results?

(The results were 60, 10, and 4. These were added to get the
factor, T4.) -

Note that these ways of finding 74 are
all good., However, we will find our work -
easler i1f we can think in the largest multiples
of the known factor in 10's or 100ts, ete.

Work some problems together, such as

528 + 8 = n ,
8);28 100 x 8 = 800 and this 1s greater
‘ 80 | 60 than 528,
73871 Find the products of 8 and some
48] 6 multiples of 10:
0 | 66 10 x 8= 8o
20 x 8 = 160
50 x 8 = 400
60 x 8 = 480
70 X 8 = 560 |
66 Which product is best to use if
© we select the largest one that is
60 no more than 5282 (480)
8)528
4180
I8
48
—0

You may wish to try other examples before
children do those in Exercise Set 17 inde-
pendently.,

643
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EMORE ABOUT DIVIDING TWO NUMBERS

You have found that there are several ways to rename a product

f%hén you divide. Here are some ways that you may have used to find

i&hat number times 6 1s 444k, n x 6 = M4k, Using division we

gwrite: L4} 4+ 6 = n. You may use elther of these forms.

%Fbrm‘L.

74 14
g 20 10
50 60
= (a) 6 T (b) 6 JEIE
é 144 8l
120 _60
24 ok
_2k 24
- 0. 0

 Form II.
(a) 6 7] (b) 6 JEEE
300 | 50 360
144 84
120 | 20 60|
21 o
T 'S

0

60

10

S

Th 0

4

;ih which one has U444 been renamed as
%in which one has U444 been renamed as

%In which one has U444 been renamed as

64l

(¢) 6 J3FE

(¢) 6 JFOT)

420 |

420
ol
o)

24
24

T0°

I-F‘

T4

(300 + 120 + 24)2 (a) |
(360 + 60 + 28)2 (4)

(420 + 24)2

e
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Divide.
(23)
1. 3 Y259
(71)
2, L4 JBET
(92)
3. 8.J13%6
73)
4, 5
(¢5)
5. 6 J390
(74)
6. T J5I8
(6¢)
7. 7 392
(¢3)
8. 6 J378
- (#¢)
9., 4 JIB¥

10.

3 387

Exercise Set 17

645

11,

12,

13.

1k,

15.

16,

17.

18,

19.

20.

(39)
9 3%2

(23)

(70)
5 J&50

(97)
3 J2oI

. (4;)'
7T 353

 {79)
SVWIT

Gb

.6 Y5O

(9
7 JOT9
(22)

(49)
9 JB01
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lUSING DIVISION IN PROBLEM SOLVING
é%mploration:

. Before puplls beglin work on Exercise .
Set 18, work with them in a class discus-
slon so that they have opportunities to -
read and understand problems which are
solved by dividing two numbers,

AT A AT

s

You might begin by having the pupils
recall what they know about solving "word
problems", -Important ideas to be discussed
" are: ‘1. Read the problem carefully. -

2. Note the question that is asked. 3.
Look for information related to the question. |
(It may be necessary to reread the problem,)
%, Write a mathematical sentence which uses .
v thils information to answer the question.

: 5. Study the mathematical sentence to de-
& termine what operation to use. 6. Then

—

i compute. T. Write an answer sentence which
i answers the question asked in the problem,
]

- | After puplls have recalled the preceding
3 || 1deas about problem solving, write this
r problem on the board:

. A fourth grade class, which haa 24 children, visited a
museum. Six cars were used to take the children there. If the
5ame number of children rode in each car, how many children

_:‘re in each car? :

£ what question 1s asked? (wa many children were in each car. )
¢ What information 1s given? (There are 2% children in the
Elass. Six cars were used to take the children to the museum, )

'1 What mathematical sentence can you write which uses this
iﬁ-formation to answer the question? (6 xn=24 or 24 + 6 = n)
§¥nd the answer to the question. What is your answer sentence?
?ﬂhere were 4 children in each car.) L

?ﬂ} You found the number of children in each car. We can divide
§7en we want to know how many are in each of several equal sets.

" Can you solve this problem?

. " Write it on the board. -"
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At the museum the 24 childran were put into groups of 8

¢

How many groups of children were there? n

What question is asked? (How many groups of childrenqwere
there?)

What‘information did you find to help answer thls question?
(There are 24 children. The children are put into groups of 8.

What mathematical sentence can*ydu write which uses this
information to answer the question? (8 xn =24% or 2% + 8 = n)
Find the answer to the question. What is your answer sentence?
(There were 3 groups of children.)

You found that there were 3 groups of children. Each of
the groups had the same number of children in it. We can divide
when we want to know how many groups of the same slze there are.

What are the two kinds of problems in which we can divide?'
(1. We can divide if we know the number of sets with an equal
" number in each group and we want to know how many are in each
set., 2. We can dilvide 1f we know ‘how many are 1in each set and
we want to know how many sets there are.)

In the preceding problems, the chlildren could
use multiplication facts to get the answer. Now -
use the followling examples in which children can
use division algorisms.

Now lett!s try an example in which we work with larger
numbers.,

|| Write this problem on the board. 'f "

Rangers in a park counted 420 deer. They need to feed
the deer during the winter. The rangers decided to put the
deer into 3 groups with an equal number in each group. How
many deer were in each group? '

Follow the same procedure as was done with
the other examples.
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USING DIVISION IN PROBLEM SOLVING

There are 108 fruit trees in an orchard: Theré are .9
TOWS of trees with the same number of tree& in® each row. How
can you find the number of trees in each row?

The information in the problem is:

There are 108 trees,
There ére 9  rows,.
Each ppﬁ“has the same number of trees.

The question wé want to answer 1is;:

How many trees are there in each row?

Let us form a mathematical sentence to show how the bits of
information in the problem are related. Let n represent the
number of trees in each row. | |

In the mathematical sentence, 108 1s the product, 9 1is
the known factor, and n 1s the unknown factor. We can find
by dividing 108 by 9. Your answer should be 12 8o that

9 x 12 = 108,

We now write an answer sentence:

There are 12 trees in each row.

In this problem about the trees, there are .108 trees in
the set. The set of 108 trees'is divided into 9 sets with
the same number in each group. You found the numberkof trees

vip each of the 9 sets. This number was 12. You used

division to find the number of trees in each set.
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Now let us think of another problem., Suppose there are_:
dogs in a large dog show. An official tells us that there are
cocker -spaniels, poodles, collies, Irish setters, boxers, and

German shepherds, Also, ﬁe tells us that in eachabreed bhereuis%

SR, TRV

same number of dogs. How many dogs of each breed are in the sho%

The information in the problem 1s- :

There are 822 dogs in the show.
- There are 6 breeds of dogs in the show. ;
Each breed has the same number of dogs. !
. . . |
%

The questlion we want to answer is:

b " wd sl i, ST £ TR

How many dogs aré there of each breed? - - o

Let us form a mathematical sentence. Let n represent the

e s T

number of each breed of dog. 6 X n 822, or n = 822 + 6' |
In the mathematical sentence, 822 18 the product, 6 18 tn

known. factor, and n 1s the unknown factor. Ve can find n by

dividing 822 by 6. We show the division in either one of thes:

ways. ' 137
A - T
- 30
100 -
6 1857 6 J827
6o - 600l 100 -
222 | 222 |
180 o 180 30
42 k2
k2 - | kel T
o ol 137

The answer sentence 1s: There are 137 dogs of each breed
in the show. | |

In this problem about dogs, there are 822 dogs 1n*the'éet.
There are 6 sets with the same number in each'group,_'We found

the number of dogs in each set by dividing 822 by 6.
| 649
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Exercise Set 18

Write mathematical sentences to help you solve the
following;prdblems. Solve them. Write an answer sentence for

each problenm.

1. The‘Jackson family 1s planniﬁg a 510 mile trip. If they
have 5 days to travel, about how many mlles must they
_Frévél‘eaip wwr?‘;:;:iixf :ugqzzt:zzzi:ifij:z;sz‘“’(
o h=sloFS . '
2. Seven Jets left the airport one day. Each had 128
passengers aboard. How many bedple left the alrport by
n= 7x1282

\ 7 ﬂ. ’ .
Jet that day? ", ?wdiﬁ 7 “'7-'4,&)

3., In Cub Scouts, John made a collection of 144 small shells.

He put the same number in each of 6 boxes. How many did
- L Nnxé&=14¥ 9..&. f.:f2¢4.&lt.,..;
h t in each b ' . ‘

. ¢ ox? h=24 2altd Lot .

or j44 T h

4

b, Fran collected 126 leaves for a project in school. She

mounted them on 9 large posters. wa‘many leaves did

nx?:llc ;J"\ «“..u/‘!‘lw

she mount on each poster? P ;
ns= 14
5. There are 189 Boy Scouts in 9 troops. If each troop

has -the same number of members, how many boys are ln each
nx9=/29 ' . :
troop? o 2hore are. 7""‘7“‘“‘““(-1;'7‘-
. gr9=n ]
s n=2ail |
. 6. Peggy's mother'baked 186 cookies for a picnic. She packed

: the same number in each of three boxes. How many did she
nag= /86 pIA 62 cowthinn in

‘pack in each box jget3=n .
P n e ,?ﬁ- ASde
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10.

1l1.

12.

Dick and Tom offered to make tickets for the puppet show. .

They made 139 tickets on Tuesday, 125 on Wednesday, a.m:i3

127 on Thursday. How many tickets did the boys make 5
1349+ 128 + 127 : @

together? := 39/ -Z('j*y" wasle 39, AL .

The restaurant had 2 dining rooms. _Orie held 220 people,
the other had room for 175 people. How many more people
could eat in one dining room tha.n in the other? |

NN g e ey el
If 27 visitors are taken thi'ough a sﬁate capitol building

in one group, how many visitors are taken through in 13

groupsy "= 2x27 JJ’MWMM‘%‘TI’L%

If one case of canned soup weighs 24 pounds,‘ how much

will 48 cases weigh?
n=a¢x4s ¥re 7 7 - ”w-,l /;zf,.._.,k

h= /52
A committee of 7 pupils collected U455 rocks while
working on a class project. If each pupil collected

the same number of rocks, how many rocks did each pupil

find? 71.:_:4“-‘— Mﬁj%-——/‘é_ﬂa‘-‘/.

WY < 4
g= 65

‘I‘here are 9 boys in our Cub Scout den. The boys
collected w77 toys during thelr yearly toy drive,
If each boy collected the same number of toys, how

many toys did each boy collect?

= 477 -
X pd My M 53 Lo
t= #477+7 ,

t= 53
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BECOMING MORE SKTLLFUL IN DIVIDING NUMBERS

DbJective: To provide more practice in division and at the
~ same time learn how to divide when products are
"+ larger and the unknown factor is larger than 100

Exploration:

-~ You may choose to break the exploration
of techniques of multiplication and division
|| at some convenient point and review or develop
- II' some geometric ideas. This will give the
" e¢hildren time to absorb the properties and.
- techniques which have been developed.

‘ The aim of this unit is to help the child
learn the division technique which requires a

- renaming of the product as a sum and dividing

" each addend of the sum to find the missing
factor,

The children should improve thelr effi-
ciency in renaming a product as a sum for
.dividing; but at this stage they should not
all be expected to achieve the same level of
skill. Here are examples of what can be
expected, perhaps in order of preference.

89 :
8 ’ ' 8
o % 1 %
‘ 8 10 ' 60
Y 80 )y 0 " 60 Y 20
:320 2%0 2l gg
36 76 15 Z76
36 _%%_ - Lo 240
, ‘ZE 3%
Ak 0 26
, —3b
36

- The followlng is suggested as a gulde to
the discussion in learning how to divide when
the products are larger than 100 times the

. unknown factor. Show work on the chalkboard.
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4

What 1s the first step in dividing 472 by 42 (We rename
472 as a sum so we can divide each addend by the known factor. )
(We know 4 x 100 = 400. The first addend of the name for 472
i1s %400.) why did we choose 400 instead of a smaller addend?
(We chose 400 because 1t 1s the smallest multiple of 100 that
18 no more than 472.) The two addends used in renaming 472 ar
%00 and T2, -

100

4 JrTZ DL
400 400l 100
T2 ' '72’

Is the divislon complete? (No, we have divided only 400 by
k. We have 72 to be divided by 4.) How can the 72 be
renamed as a sum? (It can be renamed as 4o + 32,l 36 + 36,
28 + U4, etec.) All of these could be used. Which of these names
1s best to use? (%0 + 32) Must I rename 72 at all?’ (No, not
1f T know 72 + 4 = 18.) Divide each by &, (40 + 4 = 10.
32 + % = 8) Show this division on the chalkboard, and show the

missing addend. : 3
118
8\
L 10
100 - N
L YTe or 4 YITE
400 | 100 | 100
72 , T2
o ol 10
32 32
32 2] 8
0 0] 118

How was 472 named? (400 + %0 + 32) (Point out these addends
in the work on the chalkboard. Point out where 400 + 4 is
written. Point out where 40 + 4  and 32 + % are written.

Point out where 472 + 4 1s written.) ‘
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.Let us solve another example together,

3 J867

Will the missing factor be at least 100? (Yes, 3 X 100 = 300.)
111 the missing factor be at least 200? (Yes. 3 x 200 = 600.)
111 it be at least 300? (No. 3 x 300 = 900. 300 1s too
arge.) We shall use 600 as one addend in renaming 867 as a
um. What is the other addend? (267, since 867 = 600 + 267.)

200
3 JBoT 3
-_600 -_600 | 200
267 267

hich addend is still to be divided by 3? (267) Can we rename
67 as a sum of addends so that one addend is a multiple of 10
nd also a multiple of 3? What are some numbers that are multiples
f 37 {(Some of these are 30, 60, 90, ...) What is the largest
ne of these that 1s less than 2672 (240) We can use 240 as
ne of these that is less than 2677 (240) We can use 240 as
ne of the addends in renaming 267. Is the other addend 277
Yes) Can we divide 27 by 3? (Yes) Have we renamed 867 as
00 + 240 + 277 (Yes) :

Now we can show the steps in the division process in either
f these two ways.

om il o289
. ,9‘
80
200 S
3 Y8e7 ' 3 )BT
600 , ~ 600 | 200
267 \ 267
240 | ; 240 | 8o
27 27
27 27| 9
0 o| 289

867 +3 = 289

hoes this mean that 289 x 3 = 8677 (Yes) Multiply 289 by 3
and see if the product is 867. We can always check our work by
multiplying.
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'Let us solve another example together.

3 Y887

w111 the missing factor be at least 100? (Yes, 3 x 100 = 300.)
411 the. missing factor be at least 2007 (Yes. 3 x 200 = 600.)
111 it be at least 3007 (Wo. 3 X 300 = 900. 300 1is ‘oo
jarge.) ' We shall use 600 as one 2ddend in renaming B67 as a
sum. What is the other addend? (267, since 867 = 600 + 267.)

200
3 1867 3
-_600 ~_600 | 200
267 267

Which addend 1s still to be divided by 3? (267) Can we rename
267 ’as a sum of addends so that one addend is a multiple of 10
and.olpa.s BIMADYR AF mdl Hhetane, anng ymharg that are mltinles .
of 37 (Some of these are 30, 60, 90, ...) What is the largest
one of these.that 1s less than 2677 (240) We can use 240 as
one of these that is less than 2677 (240) We can use 240 as
‘one of the addends in renaming 267. Is the other addend 277
(Yes) Can we divide 27 by 3°? (YEB) Have we renamed 867 as
600 + 240 + 27?7 (Yes)

Now we can show the steps in the division process in either
of these two ways.
Form I 289

. 9 -
80
200 .
3 J8oT | ' 3 867
600 | ~ - 600 | 200
267 . 267
2k | : -~ 240 | 8o
27 27
2T 211 23
0 - , o} 289

867 + 3 = 289

‘boes this mean that 289 x 3 = 8677 (Yes) Multiply 289 by 3
""i‘:‘”' U Nt ey s IR Jla WO oyttt “ana see rr=Yy B proau
L‘m.zlt.iply.*..ng.

ot
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Let us study these examples to decide on a way to begin a
division example.

(a) 5 JI620 (b) 8 o286 (¢) &

Can you tell by studying these examples how many digits arefé
in the numeral which names the unknown factor? How many digits
will there be in the result of exercise (a)e? (Three, because 3
5 X 100 < 1620, but 5 x 1000 > 1620; so the unknown factor wilf
be greater than 100 and less than 1000.) How many diglts wilz
there be 1n the result of exercise (b)? -(Four, because
8 x 1000 < 9820, but 8 x 10,000 > 9280; so the unknown factor
will be greater than 1000 and less than ' 10,000. ) How many
digits will there be in the result of exercise (e)? (Three,
because 4 x 100 < 312% and 4 x 1000 > 3124 8o the unknown -
factor will be greater than 100 and less than 1000. ) .

- Knowing how many digits there are in the numeral which names ;
the unknown factor can help us in beginning a division exercise.JE
In (a) you know the unknown factor must be between® 100 and 1oef
What multiples of 100 can you multiply by 5 and get a number |
no more than 1620? (100, 200, 300) We can use this to begin.

300

5 JI820 or 5
1500 1500 | 300
120 120 |

Now have the pupils tell how to complete
dividing 1620 by 5.

i
1
]
:

Then lead them by similar questions to
determine the largest multiple of 1000
they can multiply by 8 and get a number
no more than 92 in (b) and, the largest
multiple of 100 they can multiplX by
and get a number no more than 312% in (c).
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| BECOMING MORE SKILLFUL IN DIVIDING NUMBERS

The fourth grade class had 1720 inches of string. They

twanted to cut it into pieces, each 8 1inches long. How mahy

tMathematical sentence: 1720 +8 =n or n x 8 = 1720

L BT G VR L e S A gt
I 'ﬂ R s s oy e G i i e

R

-We can work this problem in several ways. Here are three ways.

o

s
8
3
N

(a) 25 (b) 215 (c)

60 . - 10 5
100 * 100 10

SRR W LT S RO TG T T
} v

50 ‘ 100 200

il Teit

e s A Fr

400 - 800 1600

% 1320 920 120
5 520 S 120 ko
‘ 480 _bo

0

Is (e) the shortest one of the 3 ways?

There are 215 pleces of string.
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Form 11:
(a) 8 JIT20)
400 | 50
1320
_800 | 100
520 |
480 60
4o
ol 5
0|25

Is (c¢)

the shortest of the three ways?

(v)
(¢) 8 JITEO
1600 200
120
8o] 10
40
40 5
O- 215

657

8 JITEE

920

- 100

100

10
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3.

the missing factor.

340 + 4 =n
(n;,ﬂs)

567 + 9 =n
(n= ¢3)

1435 + 5 =n
‘(h= 227)

1056 + 8 = n-
(h=132)

372 +n=05b .
(n= 42

50k +T=t
(t= 72)

rh 4 m=6 -
(m=79)

(fr=zosj

369 + 3 = n
(n= 123)

2240 + 4 = m
(m=5é0)

Exercise Set lg

11.

12.

13.

14,

15.

16,

17'

18.

19.

20

5250 + m = 7
(m = ‘76'0)

8280 +9 =t
' ('f-.-. 720)

3616 + 8 = n
' (n-= 452)

3560 + 2 = n
(h:l?fo)

4362 + 3 = k
A= /45’4)

8960 + 8=s
(S= 1120)

5761 + 7 = m
(m= £23)

3768 + 4 = ¢
(t= 9#2)

9384 + 6 = p
(p=isés)

9639 + 9 = 8
(5: [0_71')
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Exerclise Set gg

Write mathematical sentences to help you solve the following‘

problems. Solve them. Write an answer sentence for each problem;

1. If a plane travels 1675 miles in 5 hours, about how far

does 1t travel in one hour?

n:uv.s'-.'-.s';u‘ . Tt 336 il o K

n: 33s
2, How many doughnuts are there in 17 dozen?

;-—-1}7;:2 2ot art 204 oyl o L. /’7415‘«

3. For the school carnival the mothers put 600 pieces of

h homemade candy 1lnto bags. They put 5 pleces of candy ;n
each bag. How many bags did they pack?

Nz ¢oo3 & ) A".Z"MJ /.‘20)4"'7' #M

h= 120
4, 720 1ce cream bars were bought by the Dadt!s Club to treat

the children of Baker School. There were 669 children

present that day. How many extra bars were there?
n:?ﬁ;—“, 2! 5/ ’(z . pa ¢
n= 1

5. A motorcycle traveled 234 miles on 6 gallons of gas.

How far did it travel on one gallon? ;
n= 234<+4 I;....U!ra-‘—ﬂn-mm,-l‘- g :
AR =) 7r
6. A market put 1744 onions into bunches of 8 onions ;
- i

each. wa many bunches were there? ;

$2 TP L ik il 218 B Lo '/M

S=ar¢
T. A grocer ordered 726 bottles of soft drinks. They were

delivered in cartons that held six bottles each.« How

many cartons were delivered?

terute "7 12/ 1:,/‘,’&4,,_1,

t=/al
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PINDING QUOTTENTS AND REMAINDERS

Ehjective: fTo help children understand the technique of division
4 with remainders and the mathematical sentence which
deseribes thls division process a = (b x q) + r
or a = (¢ x b) + r where a 1s the given product,
b 113 the kmown factor, q 1s the unknown factor, r
' 18 'the remainder, and r 18 less than b

s
A
R

. The operation of division is deflned as

R finding an unknown factor n in a multiplica-

k- tion:. (5 xn =40, n =40 + 5). A division
like 39.4+ 5 1s impossible within the set of
whole numbers. Nevertheless, in many situa-

E . tions. 1t 1s useful to find: a) the largest

- number smaller than 39 with 5 as a factor

A (35), b) the corresponding unknown factor (73

: and ¢) the difference between 39 and a) ( 5.

- A1l of this information can be shown 1in the

sentence 39 = (7 x 5) + 4.

‘ As soon as the ldea of rational numbers
is develoPed, there 1s no need to distinguish
"division" from "finding quotients and re-

mainders.! For 39 + 5 = %?, and the content
of 39 = (7T x 5) + 4 can be shown by the
fraction 75, which 1s another name for %?.-

- At present, we are using Just the whole
numbers. Consequently, a difficulty arises
in the development of division with remainder.
f, The children know that a mathematlical opera-
3 tion on whole numbers starts with a palr of

whole numbers and results in a third whole
number, (10 + 5 =15, 10 - 5 = 5,
10X 5 =50, 10 + 5 = 2). Therefore, 1t
‘will not do to say that the mathematlcal
sentence, 39 = (T x5) + 4% or

39 = (5 X q) + r, represents an operation

on the pair of numbers 39 and E,- for it
results in two numbers, 7 and 4, and not
in one, Consequently, 1t will be advisable
to encourage the expression, "Finding ‘
Quotients and Remalnders" for situations in
which division 1s not possible in the set of
‘whole numbers., In this mamner, the child
will still associate "finding an unknown
factor" with the division operation. "Finding
quotients and remainders" willl be assoclated
with situations as "135 divided by 12" in

£ b e g s
L IR
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which we must find numbers for q and
in the mathematical sentence _

135 = (q x 12) + r.

In summary, glven any two whole numbers,
for example 96 and 6, if there 18 a whole
number n such that 6 x n = 96 we call 96
the product, 6 the known factor, and n
the unknown factor. The unknown factor n
is found by dividing 96 by 6, and we write
n =964+ 6. This is the operation of
division,

Now 1f, for example, we consider the
number 96 and 6, there 18 no whole number :
n such that 6 x n = 96, but there 1s always /
a whole number q and a whole number r, 4
(r <6), so that -

98 = (¢qgx6)+r |
where r < 6. Finding the numbers q' and
r 1is "finding quotient q and remainder
r." Clearly, q 1s 16 and r is 2 and

98 = (16 x 6) + 2.

A

Exploration:

We have thought about many division problems, and we know
many situations which require division. Here is one for you to
solve: "Seventeen boys want to have a relay race with five boys
on a team. They llne up in rows, five boys in each row. How
many teams will there be?"

L] [
. .
L d *

L ] L J L] .
* » L N ]

Figure 16

Explain your drawing. (There are 3 teams of’ 5 ©boys each i
with 2 boys left out of the race.) How many boys will race? t
(15) How many teams will race? (3)

Is your drawing an array? (No) Why not? (An array must
have the same number of elements in each row. There are'only 2
dots in the last row.) '
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Can you see two arrays in your drawing? (I see one 3 by
5 arfay, We could describe the other part as a 1 by 2 array.)
What does each of these arrays represent in the problem? (The
3 by 5 array represents the 15 boys who will race. The 1
by 2 array represents the 2 boys who will not race.)
. Write a mathematical sentence which shows what we have found.
[27=0Gx5)+ (1 x 2)]  Each number in this sentence 1s
important. - Tell what each number means in the problem. (17 1is
the number of boys. The boys can form 3 teams of 5 each with
2 boys not in the race. )

What numbers were given in the problem? (17 and 5) What
numbers were missing in the problem? (3 and 2) '
| We may solve problems'like this by drawing a picture,
separating it into arrays. The result may be deseribed by a
mathematical sentence. The result may be used to answer the
question in the problem.

* If another detalled example is needed,
~ the following may be used.

Let us solve this problem together. "22 boys want to play
regulation baseball. How many teams can be organized, and how
many boys will be substitutes?" :

Figure 17

Is this an array? (No, it is two arrays.) Explain the
drawing. (There are 2 teams of 9 players and 4 substitutes.)
How many boys make up the 2 teams? (18) |

Explain the use of each array. (The 2 by 9 array
repreéenﬁs the 18 boys who will play. The 1 by 4 array
represents the "4 boys who will be substitutes.) '

Write a mathematical sentence which shows how the 22 boys
are organized. [22 = (2 X 9) + u-] The smaller array will
always have either 1 row or 1 column. We do not need to
write 1 x 4,
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Answer the questions in the problem. (There can be 2.
teams with 4 substitutes.) :
What numbers were given in the problem? (22 and 9) What |
numbers were missing 1n the problem? (2 and 4) ?
Consider this problem: If the school custodian put 50
chairs into rows of 4 chairs each, how many rows could he make?
Without drawing a picture, can you write a mathematical .
sentence which shows how the custodian could arrange the So ,
chairs into rows of 4 chalrs each? [bo = (12 x 4) + 23 How
would the chairs be arranged? (The chairs wouldlbe arranged in
12 rows of U4 chairs each with 2 chairs unused.) Write
sentences showing several ways to arrange the 50 chairs.

by

Some possible suggestions:

(a) 50=(10x5)+0 (d) 50=(7Tx7)+1 |
(b) 50=(9x5)+5 - (e) 50=(11 x4) + 6.
(¢) 50=(8x6)+2 (f) 50 =(25x2)+ 0

Each of these sentences shows three things. What are they? |
(Each sentence shows the number of rows that could be made, the
number of chairs in a row, and the number of chairs unused.

Develop a procedure for finding q and r
using the same process as for finding the missing
or unknown factor: :

Form I. 12 Form II.
Y == o1 Ll
10 :
4 150 4 Y501 '
Lo hbo | 10
10 10
8 8 2
) 21 12

Identify q and r and write the mathematical
sentence _ o

50 = (12 x 4) + 2.

Similar illustrations may be given for 3 chairs
in a row, etc. Note that r 1s always less than
the divisor. (Unless we know that two numbers
are a factor of a third, it is improper to write -
such sentences as 12 + 5 = n unless we want to
note that there is no solution if n 1is to
represent a whole number, )

Use other illustrations in this exploration.
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'INDING QUOTIENTS AND REMAINDERS

We can use the division process to solve problems like this

me:

‘Théfe are 306 people at the exhibit. There are to be U
sours. How many people should go in each tour to have about the

same number'of people in each group?
Mathematical sentence: 306 = (¥ x n) + r.

~ You may use elther form.

Form'I,‘ 76 Form II.
p |
. 70 |

4 Y306 ' 4 Y3006 |
280 280 70

26 26
24 o] 6
2 21 76

306 = (76 X 4) + 2

Each group should have 76 people. There are 2 people
to join one or two of the groups.

In a mathematical sentence llke

306 = (76 x 4) + 2,

we say that:
306 1s the dividend.

76 1s the quotient.
4} 1is the divisor.

2 1is the remainder.
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Exercise Set 21

Find the numbers q and r must represent to make each sentéricé

tru

e.

632 = (g x9) +r

632 = (70 x 9) + 2_

lL5'6=(qx3)+r
456 = (152 X 3) + 0

1576 = (@ X 5) + r
1576 = (315 x 5) + _/__

1242 = (q x 8) + r

1242= (165 %x8) + 2 |

943 = (qx7)+r
F4#3= (13427) +5

6. 1210 = (@ x6) + r

J1210= (201x¢4) 4 4

T. 421 = (gx3)+r
42a)= (140x3) 41

8. (ax4) + r =3320
(¢30x4) 40 = 3320

9. 299 =(gxT7)+r
299 = (4.2_:(7)4-5"

10. 151=(qx4)+r
Js1=(3724)+3

525 = (q x 8) + r

11.
¢rg5-:((ﬁrfoffdr

12, 373 ={(ax5) +r
373 =(74%25) +3

665



P39k

Exercise Set gg

Write maﬁhematical sentences to help you solve the following

problems. Solve them. Write an answer sentence for each problem.

Ed

29 boys want to organlze teams of 5 boys for a relay race.

wa'many teams can be organized? How many boys will not race?

29= (px6)+C  u ean o & Toaee

\21:.(6"‘,'!3‘)7‘4' l}J..r o e

If. the school custodian put 80 chairs into rows of 10

chaifS‘each, how many rows could he make? Would there be any

: = o) + sentha £ rosse
chairs not used? :: = (yg,:m)-l- or Ji.”a.ﬂu [ u—-ﬂ-[e / L. g[._ '

Longfellow School bought 25 new bounce balls. Each of 6
classfooms are to share the balls equally. Any that are left

will be kept for next year.' How many balls will each room
gett a6z (Ré) 4] / M,.-J/L Mﬁ 'h.qd'-rd'.

"polka for Three" is a dance done in groups of 3. How many

groups can be made in a clags of 32 children? How many

children will not dance? el
32.‘:(’3"3)‘47‘ /0 ’.n-1-4 wo‘li—"'b L, Ca 44‘731 -
3a2-= (IOILJ)-I-Z .ﬂ..-....-..ﬂhz. MJ“"»«#‘A—“-

Mary is asking 30 girls to her party. How many tables
must she have if she serves I at a table? How many girls

g}ll(havs to sit on the sofa to eat?
o=(gx4)+ 7 ’p!..,..a,, + dawe 7 .
30--{7*"')1'2 zr,.LundA.:dedA%i e

271 reservations were made for a luncheon. How many tables
would have to be set 1f 4 people were to be seated at each

table?

271 =(gx4) +r 9 Ll oith o a. e Wiy LV

271 = (6 72¥) +3 2l oA ) bt o J-
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REVIEWING AND EXTENDING

Objective: To help children further thelr ability to solve
problems through the use of mathematical sentences

PR A

The method of problem 80lving emphasized
in Chapter 3 and reemphasized in this unit
should be expanded and reinforced by the ex-
ploration which follows. »

The children should be encouraged to use
good judgment as they use the results obtained
from the use of the division process to answer
the question in the problem.

Exploration:

You have already solved some problems which required the
division process. We shall study others with large numbers and
consider how we can become better at problem solving.

There are some problems in your book which we shall study.
They are in Exercise Set 23. | |

1. A baker is to pack 1250 cupcakes for'a schobl
plecnic. He will put 8 1n each box. How many
boxes shall he order® :

2. Each of 15 @irl Scouts sold 24 boxes of
cookles. How many boxes were sold? '

3. 8lx sheets of colored paper are needed for .

a booklet. How many booklets can be made from
500 sheets of colored paper?
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4. The Parent Teacher Assoclation of a school had

324 members last year and 296 members this
year. How many more memberships are needed to
reach last yeart!s record?

Read Problem (1). What information is given in the problem?
(There are 1250 cupcakes to be packed 8 to a box.) Wurite
' this as a mathematical sentence. (1250 = q x 8.) Wwill there be
a remainder? .(We cannot tell.) How do you show this in the
sentence? -[1250 = (gx8)+r Does the sentence tell you
what operation to use to find q? (Yes, we should divide 1250
by 8.) i '

Write the matrematical sentence on your paper. Then, divide
to find q. Answer the question asked in the problem. (He will
need 156 boxes to pack all of the cupcakes except 2 and one
box for the 2 cupcakes. He will need 157 Dboxes.)

The work of the children may follow
elther form.

| 1250 = (q x 8) + r

1%
8 JIZ50 - or 8 JI250
800 800| 100
150 150 |
rr 400 400 50
8 B3] s
e -2 51 156

1250 = (156 x 8) + 2

The baker should order 157 _boxes.

The chlildren should also solve problems
(2), (3), and (%) as a group or individually.
the following exploration should be made
after the chlildren have completed the first
four exerclses of Exercise 23.
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Let us write on the chalkboard the four mathematical
sentences you used in the problems so we may study them.

(1) 1250 = (q x 8) +r (2) m=15 x 24- |
(3) 500 = (q x 6) + r . (%) 296 + n = 324

Each of the sentences you have written. 18 of a different
kind. How did you lmow what sentences to write9 (Answers will
vary. )

Why did you write 1250 = (q X 8) + r for the relationship
in problem (1)? (The baker had packed 1250 "cupcakes in ¢
boxes with 8 to a box. The r was added to take care of any
extra cupcakes.) :

Why did you write m = 15 x 24 for the relationship in
problem (2)? (There were 15 girls who sold 24 boxes each.
We thought of a 15 by 24 array.)

Why did you write 500 = (q x 6) + r in problem (3)9
(The 500 sheets of paper were made into q booklets of 6
sheets. The r was added to take care of any extra sheets of

paper. )

Why did you write 296 + n = 324 for problem (4)? (The
words in the problem told us that 296 members and some new
members are the same as 324,)

You have solved four problems by finding the answers to the
question asked in the problem. What operation did you use to
solve these problems? (We used addition in one, multlplication
in one, and division in two.) How did you know what operatidn
to use? (The mathematical sentence told us.)

Look at your work for the two problems in which you used
division.
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” problem guide your work. . o

(1) 1250 = (4 x 8) + r (3) 500 =(gx6)+r
156
6 | &
| 50 3
100 80
-8 JIZH0 or 8 JIZE0) 6 5060 or 6 )500)
80 _800 | 100 480 480 | 8o
50 450 | - 20 | 20
_400 oo s0 18 28| 3
- 50 501 - 2 2| 83
_18 _8] 6
2 : 2| 156
1250 = (8 x 156) + 2 ‘ 500 = (83 x 6) + 2
The baker should order 157 ' They can make 83 book~-
boxes. o : B - lets with 2 extra sheets.

The 157 which you used as an answer in problem (1) does
not appear in your work. Why not? (The missing factor is
156 with a remainder of 2. We found that there would be 2
cupcakes left over unless we used another box.) You need to
use good Judgment in answering questions in problems like this.

The 83 which you used as an answer in problem (3) is in
the division work you did. why did you ignore the remainder?

(Since it takes 6 sheets for each booklet, only

85 booklets could be made. -The 2 sheets of

paper left,ever were not enough for another booklet. )

You were told bY the problem how to use the remainder. In
solving problems it is a good plan to let the words of the

E
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Exercise Set 23

A baker 1s to pack 1250 cupcakes for a school pienic. He

will put 8 1n each box. How many boxes will he order?

Iad‘a-(:xr)-l-r‘ KL“""‘,O""P{J?M

1250 = (156 2 8)+ 2, ?
Each of 15 @irl Scouts sold 24 ~boxes of cookies. How

many boxes were sold9

ne st 280 dedot) 500 j,«.. o ek,

Six sheets of colored paper are needed for a booklet, How

many booklets can be made from 500 sheets of colored paper?.

Soo=(pxé)+r 1“9“"’"““ fJ“&MZQ‘t““L‘b

se0=(23206)+2

The Parent Teacher Association of a school had 32&.,members
last year and 296 members this year. How many more

memberships are needed to reach last year's record°

2 926 *n')—- i—;‘f 29 ¢ 2 bt < /. /

In a school library there were 23 sets of.readebé. There

were 35 books 1n each set. How many books were there in

= 3s
the 23 sets? :g:pii-‘ Zhea e fofj--ﬂu

Bill planted 12 rows of tomatoes. There were 15 plants
in each row. How many plants did Bill set out? '
s2ige Btbastedt 160 plos.

The children of Miller School are raising money to buy a
Television set which costs $350. They have collected

$179. How much more money do they need?

3602 VTV e edbdni mnnd %)2) o ea .

m= /7
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8. Nancy is making some decorations for a party. She needs
360 white beads, 720 red beads, 180 green beads, and

_ 45 yellow beads. How many beads does she need altogether?
S N= 3o+ a0 4 190+ 4S5
o n““}m.u-tc— /30..5'“.

h= /305
9. If a jet travels U408 miles an hour, how far will it travel

in 5% hours?

n= S x Ho08 I A ?jz , 2, bqonjl—' .4-» J’AA—-—ND.

h= Ao40O
10. 'There were 385 tickets to be put in bundles of 8. How
many bundles will there be? Will any tickets be left?

: .‘3:5'.-:(}:;) tr e vl Lo wo Lo . f/w Bl
3gs5 = (#en) ! ! Zh? 4f7- |
11. On a reading test, Mary read 284 words in 3 minutes.

About how many words did she read in one minute?

A9¥s (px3)+r } .
2!4»:—..(’;413)4-2 7"*‘}#‘/4"7‘7“—' 24 avsd 95 arersle o Mewnldt,

12, A farmer packed 360 boxes of apples for shipping. Each
box welghed 45 pounds. What was the weight of all the

boxes? :: i;a;;:" -Z&,Zo;&#""“?z“/ /4,'1aa7a.,....4j.

13. 573 scouts who attended the Jamboree slept in tents which

had % beds. How many tents would 573 scouts need?

573 =(gx ¥+ 2oy wntf s 194t X

£73= (143 2%) 4/

[14. 630 dancers attended the Folk Dance Festlval. Into how

many groups of '8 could they be divided for square

dancing? . . | .
(30=(gxg)+0 Zhore cantts! ho 797,,,.7...“[....,.;_
‘.-30.:(7’_"9)5"" 6 4,4...,‘1{ M'AJA.‘L.

CEMREL - CSMP L!BRAR¢ !
103 S. \VASHINGTON ST
672 CARBONDALE, ILL. 62901
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Find the numbers q and r must represent to make each sentence

Exercise Set 24

true.

10.

994 = (q x 8) + r
994 =(124r9) + 2

889 = (g x7) +r
89 =(127x7)+ 0

290 = (g x 9) + r
290 = (32x9)+2

493 = (g x 5) + r
He3 =(9exs) +3

389 =(gx#)+r
329=(97x4) 41

534 = (@ x5) +r
SI¥ =(olxs) + 4

9k = (g x4)+r
g5¢ =(232x4) +2

(¢ x6) +r
(92x¢) 40

nou

588
&8

6769 = (@ X 9) + r
629 =752 »9)+/

3626 = (q X 4) + r

302 =(90ér4)+ 2

673

12,

19,

11. 290 =(qx9) +r
290 = (3ax9) 4+ 2

53508 = (q x 7) 4+ r
S308 =(765927)4+2

13, THI9 = (g x 8) + r
Tuvg =(931%8) +1

14, 3636 = (qx 8) +r
2430 = (s #28) +4

15. 2390 = (q X 6) +.r
2390 =878xL) +2

16. 1235 = (@ X 5) + r
1236 = (24728) 40

17. 2770 = (a x 3) + 7
2770= (723 x3)+ 1

477= (6329) 40

6792 = (g X T) + r
§792=(970x7)+2

20, 493 =(gx3)tr :

493 =(16¥ A3+ /
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. mathematical sentences.

II..

.Practice Exercises

- Example:
a) 6x9+ 4 =58
b) 27+ 13 + 4 = 10 -

Aﬂc) 9 x 6+ 4 = 90
d) 7T x é + 8 = 112
e) T+ 63+ 9 =14
f) 5 x40 + 8 = 208
g) Tx9-4=235
h) 35 -T+ 4=17
1) 43+ T7+5=10
3) 54 4-9 + 6 =12

24 + 6 -5 =25 ,

. Place the parentheses correctly to make these true

(24{'6)—5:25

[(6x9)+# 58]
[(27+13):4 = 10]
[7x@+4)= 9]
[77x(g +8) = //Z]
[7+#63 +=14]
Kﬁ'x #OW § = 208]

[7xG -4 = 35]

(65-7)%= 7]
[ (3 +7)-5 =/0f

[(6#:9re =szf

Write the number that n represents

a)

n+ 4= 276
693 - n = 445
224 = n x T
859 = 384 + n

'n=28 x(317

392 + n = 1748
798 - n = 344
511 + T=n
786 + n = 974

(e = /04 )
(4m'=g?¢4P)
(~=32)
(o = #75)
(:av'=,aﬁfié)
(aqtl=aﬁi525)
(= #5%)
(~=73)
(4uf/99)

457 + 1066 + 5461 = n (»v—" é,?é’f‘)
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IXI. Add:
25 496 589 32
38 hy7 ‘9 200
46 582 899 8934
29 785 8938 32
(/68) _697 _215 3709
(Goo7)  (ra70)  (/z907)
Subtract:
7010 8300 610 9001
6258 ) 1219 352 3729
752 78/ 258 72
(m1t1ply: ( ) ( ) (53 )
358 868 69 98
_I _8 38 89
(2506) (694) (z6z22) (9722)
Divide '

9%&?) 7

20/al )

8%’”5—) 6%{575)

IV. In the chart below write a mathematical sentence then
solve 1it,
Number Pair Operation Sentence | Result
25, 40 addition 25+ 40 =-a | a=65
a) 34, 26 multiplication 3y X .26. PN P 794
b) 917, 49 subtraction Q7449 = s | 7 68
¢c) 972, 6 division Q72 +b s - 762
d) 845, 766 addition Q45+ 766 s ,,,,_;—/lz//
e) 896, u7 multiplication | ¢G5y 4/7 - w212
£) 3442, 2461 subtraction L =296/ Lonz 981 |
g) 828, 9 division §28+Pzmw |»=-92.
h) 9, 8289 multiplication |6, 9299 2 s Lo - 7e/cor
1) 23334, 6666 ‘addition 233344 p806m |, - 30,000
J) 768, 8 division 768 +f s v |z 96
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VI.

VII.

VIII.

By regrouping, find the unknown addend.

Example: 462 = 400 + 60 + 2 =

-15:[-100+50+7-100+50+ T
o 300+ 0+ 5 =

a) 386 Do+ForGcIotTotl )
-219 200+ 0+ F =R00+ /0% 7

400 + 50 + 12

305

393 300+ 90+3 =300+ PO+/3
216 A # /O0+6 zaloot fo* é

OA<GoA, 7 2 /5T

b) 633 '400-530#3:.@#/.30#3 d)
| 563 S0 e40+3 500460+ 3
7o+ 70

Solve the following:

a) 85 x 27: =n ('m«:&Z%’) f)
b) n+ 5= 45 (n:2025)g)
c) 9 x 847 =n (m«: Zéz‘B)h)
d) 352 + n = 900 (m.-_gzy)i)_
e) 27 +5+ 8- n(m: #0) 3)
Solve: | .
a) n+9=97 (o = g7) £)
b) 89 + 95+ 96 = n(w:29)e)
¢) 10x85=n (s-gs) h)
d) 671+ 9 =1 (s asN)
e) 6040 - n = 2159@.—4579/).1)_
Solve the following

a) 393 +8=n (»«-ﬁml)f)
b) 67 x 36 = n (»u-.?w.e) g)
¢) 64+ U8y 9By -y )
d) 29+ n =286 (sv:s57). 1)
e) 8 X132l = n (-0 528)d)

676

600 - n =

n+5

So0 + Fo 7z )77

761 HwsGo+/ = 700 +50 +/(
257 Ao+ 50+7 =200 +*S0+7
| 5004 O+ - 50

126 + 3 = n (o = #2)
568 (,n):: 3.2.)
876 + 889 = n (e [745)

726 + 8 = n (oo = F012) |
9000 - 3402 = n (= 55°97)
6 x 7008 =n (w:= #7047)
108 + 5 = '(/n/': ;é/m 3’)

65 + 54+ 51 + 70 + 33 = n,

=273

96  (wz672)
422 + 6= n (aw:z PAZ)

ne+T7-=

680 + 807 + 739 = n (w=g222)
n+ 279 = 871 (»v= 592)
542 - 498 = n~ (Av:. s#44t)
ST +9 =0 (eezgpnrz)
= 5030 (~=z£‘/;a)



IX. Solve:
DExon )
b) 0+23+16=n (== 79)
c) n+ h=149 (—wz/?é)
d) 97 + n = 2005 (v = 407)
e) 57+30+91=n (= ,/79)
£f) 278+ 7 =n (~ = 39 25)
g) 19x69=n (o= 13./)
h) 357+ 249 + 610+ 8 =n (= s254)
1) 338 +5=n (= c743)
J) 201 + 4=n (~ : s247)
Braintwisters
1. Here is an imaginary operation called "cut". The éymbol for

2.

cut 18 A . Try to find the meaning of A from these examples.i
a)BAll:l c) 10AS5=1 e) 2A2-=
b) 9A3 = d) 20 A 4 =4 f)3A1

ﬁa&/ cconber/ A prcertdtrt) awm .f
( t 182 n “in each of the élowing% w

g) 35AT=n (ns4)1) 63AT-= n(m«-?)k) 36 A ( 5;,
h) 32A8=n (nz3) J) 56 A8 =n (w:4) 1) 49 AT

-z

Another imaginary operation 18 called "ler". The symbol for

‘
z

ler 16 ] . Try to find the meaning of J from these examp'les.
a) 6f2=3 e) W/f2=17 e) 5/1=3

b) 12f3=28 d!817=0 £) 7J1=>5
(ﬁhat is nb;.: each of the following? wm '
g) 25 f22 = n(w=2) 1) 152 [ 151 = n(w:0)k) 13 I(,E'.—Z)é?
h) 17 f5=n(mwsy) 3) 121 1-n(a:p) 1) 27 L7 on
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Review
SET I
Part A
1. Use :éﬁ; > , or { to make theée true statements.
_ Example: If n+ 2 = 7 , then n&)?
a) If 27=n = , then n C_) 3
B) If n+ 12 = 17, then n(<) 17
¢) If nx15= 45, then -n{>)1
d) If 50 -n=5, then n{=)o
e) If 128+ n=32, then n{=)4
£) If nx 33 =132 ,' then n @33
g) If n-‘7=4 then nf_z)u |
h) If 1407 + n = 2989 , then n(&)l‘ﬂ)?
1) If 143 = (2 x 71) + n, then n,( )
J) If n - 6357~ 653, then n (>) 6357

]

2, Write a mathematical sentence to ®undo® the following.
'-Example; T+2=n, (T+2)-2=n -
a) 31+ h=n (Gred)-glzm)t) 64+8=n ((;,z.,axy )
b) 12 x 6 = n((246)+&-m)g) 125 - 25 - n(( ,z._f-.af)b&fzoy)
¢) 15+ 3 = n((ts+8)x«3-m)h) 3 x3=n ((fxs)_; )
a) 423 + 172 - n((¢23+/7z)—ﬂn).) 427 + 7= n(/xz - 7):7-»«)

e) 72 - 13 = n((22-/3)e/8:m)j) 3592 - 1782 = n
((72-12)e135009) 2592 /77241772 2)

3. Por each multiplication fact write two division ract:a.

Example: 2 x 6 = 12-6=2,12—-2=6 B

. a) ExTs ué(éz-g_g ‘t) Bx6=u8 (Z525:8) -

= soeP) /g) Aps7z¥) .

B TXBR6(ezel) (g} Txhi28 (HrTI0)
¢) 8x9=172 gfg:;} wh*) Qx5 =45 (44"\—?;47“ |
'd) 3x8-=24 (.w,:.a 7) b x 8 =32 (.3.:.4 .r)

e) 6x9=54(,,":3$ _J)'9x7 63 (432227
- 678
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| 4, Write the correct words or nwnei'als to complete this chart.

Number Pair | Result Operation - Result Operation

la) 4o, 25 65 | Addition 15 | subtraction
b) 72, 8 9 | asecono 576 Nudlopdegal
c) 96, 8 P2 | swtraction | 12 | Adecens
a) 84, 23 | 1932 W -z Addition
e) 369, 9 318 | Ll . f/ | Division
f) 80, 12 | 22 | Addition 68 Subtraction
g) U5,5 | 2% Gplocalico | 5 | Mliciaion
h) 90, 9 8l |ofdtactow | L2 multiplication
5. BUE = {red, blue, white,ﬁgi-een, purple}

BNE=( ]
E = {green, purple)

What operation could you use ‘to find the number of

members

AUG
ANaG
o

in Set B?*'Name the members of Set B.(“wd, l&w)

(2
5,

,4,5,.6,3,':7}
6.7_}

R

Could you use subtraction to find the number of members

in Set A? "vl?tame the members qi' Set A.

C =
0 =

(2,4,6,8)
(1.3.5.7.9}

(23 455, 7).

Name the members of the Set c UO. (/},’ 34‘5 ¢, 7 8, ?)

What operation could you use to find the number of

wembers in C {JO ? (W)
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8. ‘Draw a polygon that is the union of

line segments .seo M |

line segments A

2
3

c) 4 1line segments
6

line ségments O
e) 10 line segments @

9, How many vertices has each polygon in Problem 8 ?
(a.meme 4 Zhee o 4 oiv e ~

10. Find the number that n represents 1ln each of these.
Example a is done for you. |

a) 53+ 22+ n=289, 53+22=75 89-75=14 n=14

b) 244+ 304n=T79  (m:25)
c) 43 +n+25= 8r (,,V - /?)
d) n+ 9+ 30+ 27 = 152 (~ = #6)
) 798+ 9+ n = 1504 (= 497)
f) 59 + 497 + n + 7 = 1069 (/’V: 506)
g) 34+ n+ 11 =68 (m:,&?)
n) 275 + 596 + n = 1716 (- = P#5)
1) 16+ n+ 66 = 96 (e /¥)
J) n ¥ 669 + 352 = 1021 (= ©O)
k) 88+ 7+ n=174 (v = 79)
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11, Match each of the Idéas?ihlﬁbihmn I with a Model from

Column I1

Column I ) w_r .1‘.Column II

Idea Model " |

1) Point () " a) My path when I walk all the
2) " Line segment ﬂfJ g way around ‘the block and

, i w return to my atarting point.
3) Line () L

- b) A stnetchcd piece of string

%) Ray (£)

| ¢) The rim of a .drinking glass
5) Plane (%)

6) Simple Closed Curve (a.)
7) Polygon (f)

8) Circle (c)

9) Plane regionlﬁi)

d) A football field
é)‘ The. tip of a compass

f) The edges of a piece of
floorxr tile

g) The surface of a calm lake
whose shores cannot be seen

h) The light from a distant sta)

1) a atraight narrow road with
no endp in sight

Part B

Write a mathematical sentence {or two senterices if necessary)

for each problem and solve. Write an aﬁéﬁef sentence.

1. The Polk Street bus makes three round trips every hour. How
(40 I

many minutes should one round trip take?
3;\'”& &0

Orner howerd Gisp sinll Aake 20 rinudic)

2. The school cafeteria charges 25 cents for lunch. How mush

Auuuzo\

money will a student need for lunches all week? (ZZEVXér—Aﬁ

073 AWMM /zf%va, WM)—/ZJ
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3. Eddie bought 6 tennis balls for $3.18. How much did one

ball cost'? fj/f 6 =m v GXr 2 F /P s .53
’;ﬂahzd?4§f3';ﬁgtz’dthf L)

%, A dairy cow requires three acres of grazing land. How much

land is needed for - 175 dairy cows? f/7.5’x3 =t L:525
.5:?¢F'4zczbaaz'¢y’.Aﬁ;.,adﬁ Qe

5. Mary's baby sister drinks 8 ounces of milk six times a
day. How much milk w111 the baby drink in one week?

E Z a—v g=p Tyx 5o /n/:JJé i&yh/

6. e class in Room 15 invited theilr parents to a puppet show,
" There were only forty-five chairs in the room and - 72

parents came. How many parents had to stand? (GZZ 5 = rs
“psto 272 i RT 27 pnsentl Al 2o

7. One scout troup delivers 364 hand bills, another troop has

37 1less to deliver. How many hand bills do both troops

(344‘—37:,& =327 F27rFs44:0 (4,1_3
deliver? ‘7 y o (3 7)
£ 364 = .2 L= 59, m A&wy

DT Arreos £9/

Group Activities
Multiplication Quiz

Child (leader or quiz master) stands in front of the class
and says, "I am thinking of two factors whose product is 42."
Theﬁ he calls on class members.

Child in class group called on asks, "Are you thinking of
6 and 7 2"
| The 1eader replies yes or no as the case may be. A record
is kept on the board‘pf'all'cdmbinations of numbers correctly
given for review later.

If the leader passes a wrong combination he must sit down

and a new leader is chosen.
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Review
. SET 11
Part A-
1.

Using the symbols » , { , or = complete these to make

true aenfences

a) 747 (¢) 319 x 3 o) w+7(L) w9x6
b) 83x7(g273x8 } g) 3148 (< 12‘32)(14_

¢) 576+ 9 (=) 3s2xe2 h) (7x8)x2(= )(12x'9)‘+'4

d) 914 -326 (>) 22x25 1) 25 x25 (>) 30 x 20

e) 34 x19 (=) 799 - 153 3) (vo+4)x4 (= qu:m

Tell whether each of the following is true or false

a) 6+3=3+6 (T) £) (16+2)x2-16+(2x2)f
b) 12-842+2 (F) @) 7Tx6<156-12 (T)
¢) 36+ 7¢< 35+ 8(F) h) 29-844x7 (T

d) 16+12+9=5-15 (1) 1) lH<6’>?-’><11><1(‘I")

e) 3 x a is always ) _3¢x_'2_(F") i) 6 x5 x 2 £ 30 + 30(F)

Tell what operation is used and rihd r.
Example: 7 X r = 42 , division -, r= 6 .
8) 23 = 14+ r(oubliactis pig)e) T - 28 = 46 (addelion)

b) r=5X9(muMMzOV 4450 ) 24xr-120(W)
c) 27+14-r(addaﬁowzb /) g) 56—r=8(

Q) 16+ ¢ - Waulbaolion n:/g)n) r=42-16(_‘«4&22t‘“j
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4, Write each division sentence as a multiplication sentence.
" Pind the number n represents.

Example: 64 +2=n,2xn =64, n=32

‘a) 82+ 4=-n (Hxm =832 n=208)
- b) 273+3=n (j’xm, 273 »=9/)
c) 568 + 8 = (S’XW;JZS’ /rv:7/)
a) %01+ 7=n (7xn =Hzo7 »- éor)
e) 355 +5=n (5xm =355 =z 7/)
£f) 602 +7=n. (71@:60,8 w:?é) '
g) 6648=n (Qxp TEEH vz §3)
h) M +3=n (3ys =/s// 2o:37) !

=

=

5. Complete these to make them true sentences using words from
- this set of words: division, operation, multiplication,

addends, subtraction, factor, addition, productQ

a) We operate on two factors and get alfw)
b) The operation _ofwﬁn_a) undoes subtraction.

¢) We operate on two{ZZfends)8nd get a sum.
d) The operation of subtraction undoes(gm,)
e) To find an unknown addend we useWou)

" f£) We use division to find an unknown 94@‘)_
g) The operation ot(mzz) produces a sum.

h) m;)on numbers is a way of thinking about

two numbers and getting one and only one number.

1) A product is the result of the operation of(a‘w,')
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Complete these to make them true sentences. Find the produci

Examfile a is done for you.

5x 14 =(5x10) + (5x 4) =
6x18= (6 x(1Q)+ (6x8) (=/09)

9x32= (9 x3) + ((9)x 2) (- 288)

7T x25 = (7 x(ﬁ)+ (7 x 20) (:/735')

5 x 82 = ((5)x 80) + (5 x(2) (= 4/0)

25 x 6 = (Z0)x 6) + (5 x(g) (:/5"0_)'

100 x 21 = (oo x éo) + (oo)x 1) (z 2, /00)

32 x 4= (16 x 4) + (&)x 4) (=r28)
1000 x 13 = (2000 X(72)) + {ao)x 3) (= /3000)

Write each of the following using symbols.

Example: The number 8 increasedby y , 8+ y

a)
b)

c)
d)

The sum of y and 6 (yv"é)

Thie number y added to 6 (7 é*f) |

The number y increased by six (7:‘6 )
Six more than the number y (f +6)

Find the number represented by each of the above if y = 7.

//3)

Write each addit:l.on sentence as a subtraction sentence,

Find what number n represents.

40 + n = 68 (59 4@-/)&/»2@) ‘n + 69 = 534 (ﬁ‘/éf'ni
36+ n = 39 (79-3£ 0o n:3)f) 452 +n= 931(93/-«4'2.

o 2 TP

n+ 54 = 90 (-54 - 236)8) 384 + n = 731(73%?_;;;,7
= - - ‘l‘ = 4 53 —ya- ,.

102 + n 256(25‘6 /%:/}';() h) 65 + n = 53 ( “e 1
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). Match each word in Column I with a picture or a meaning in

- Column II
Column I Column II
1) vertex (. f) a) the union of a simple closed
2) triangle (4) curve and its interior
3) intersection () b)

4) radius - //) c) . |
5) quadrilateral ((¢)
d) the study of space and location

6) plane region (g o) |
- - e) the set of points that is the
7) -circle  (y)

__ triangle and its interior
8) triangular region () £)
'9) ray (4) . _ -
: g) the short way to name a line |
h) the polygon that is the".un:l.on
of three line segments

VA
J) the common endpoint of two rays
-that are not on the same line

irt B

'1te a mathematical sentence (or two sentences if necessary) for

Lch problem and solve V{rite gr; answer sentence,

Coach Lang paid 85 cents each for school goftballs. How

/
mich does he pay for two dozen softballs? (2% ﬁ’ '\:? 5.6' GC' or

- 204 M}%W > ’.’?ow)&y W

“‘How'many lce créam Cups’din-be bought for 90 cents if each
“‘éup costs 6 Cents? (?a,—é v v X =F0 vz )5

5’-442’Aﬂbkﬁntffc%,‘h*/cazov’442/ 44;u2;yékf)z§¢z 9%7cz-nzi?)
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3. There were 28 sixth grade girls, 32 fifth grade,gir;sr
and 30 fourth grade girls at Lincoln School. . How many
girls were in the three grades" ('ZP*.?.Z +F0 =z = L

%&m?o;u&/w W)

ll._ For his model plane collection, Mark pays $1.29 for one
model, $2 25 for another and $1 46 fTor another. What

is the total cost of the mode]ls? (2?",2,35'4—/4/4—@
C- S0 )770/)430 };’aa%y MJ :

5. In the problem above, Mark had saved $3.29 and borrowed

the remainder from his father. aow much did he borrow?
S00-3.2F s 2=/ 7/ /-7/

6. Barbara can swim 120 yarda in 5§ m:lnutes. How far can

O = v SO
she swim in 20 minutes? (/ 20+ 5, ) X ol
P e o1 (20 25)X /202 e S ROFSTL ,d'x/.u.nu oo = 5450

Citeer Recrsrm’ 550 Mw 20 ; .
7. A sign in the bakery reads; ~ cookies - 30 cents a dogen,

donuts -'60' cents a dozen, chocolate cakes - 80 cents
Ve&éh How much does it cost for two dozen cookles and a

(7)(3&)4-?0 v s 2XFO=C C=go GO+§0=z- v
cake ?,”

Mo st Yo 2l Lee ad Crerbns)

8. 1In the problem above, find the cost of two dozen cookies,
two dozen donu}p and a cake. (,,z:(j’a),‘@xéa)s&fa ~C C’:—?&

Individual Projects

1. Make up some operations and their symbols. Work at least
8 problems with each of yoﬂf make-believe 6perations; The
put some examples on the board to see 1f»y6ur class can

~

discover their meanings.

2. Arithmetic is only one kind ‘gfIMtﬁematlcs. There are at
-least 79 other kinds. Name five or more other kinds of
mathematics. Make a chart for your classroom of thé kinds

you can find.

687



Review

SET III
. part A

1. In the chart below, tell which property is illustrated by
: the number sentence at the left. Write the first letter of
each word that names the property instead of writing the
~ words. For example write A P A for Associative Property
‘of Addition.

' Nurr@ber'Sentence ~ Property

a) 320 x 7 = (300 x 7) + (20 x 7T) (ppm.)

b) 643 x 29 =29 x 643 - _(cem)

c) 287+ 7=1(280+7)+(7+7) (pAM)

d) 381 + (546 + 9) = (381 + 546)+ 9 (APA)

e) 250+ 5= (200 + 5) + (50 + 5) (pep)

£) 37 + 504 = 37 + 504 ( wone)

g) 46 x 6= (40 x 6) + (6 x 6) (Do)

h) (23 x 7) x 18 = 23 x (7 x 18) (APM)

2. Fill in the symbol = or # which makes each of the

following a true sentence,

Example: 324 + 415 _£ 748

a) 46+ 18 (=) 64 ~f) s34 -213()en

b) 303 + 235 (=) 538 g) 56 + 19 + 53 () 148
c) 456 - 121 (&) 337 h) 941 - 327 (#) 624

a) 87 + 34k (=) 431 1) 897 + 638 (=) 1535
e) 538 - 382 (=) 156 J) 1962 - 1549 (#) 313
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Place parentheses in these sentences to make them true.

J)

234+ 2 x5 =125 [(.234-2):(.5' = /25 ]

14+ 2x3=21 [(/44&2):(3 2/ ]

30-7+3720 [(Bo-7+3 2207

6x2-5=7 [(éxZ)—5 = 7]
5+3x5420  [(5+3x5 £.207
6+ 2x3#12 ['(é+.a)x3 #/Z]
6+2xbfe  [Jo:2ke# 2]
135 +5+ 3 = 30 [( /35‘-.-.5j)+3 =30]
232 x 6 - 5= 232 [232x(6-5)=232]
13x3-3=0 [72343-3)=0]

Write each of these sentences using numérala and the symbols

. for "less than" and “greater than".

Three is less than five ( 3(,5') |
Pifty-eight 1s greater than thirty (58> 30)
Eighteen is less than nineteen ( /8< /7)
Four hundred five is greater than five ( 4045 > 5 )
Three tens are greater than twenty (30 D Za)
One thousand twelve is less than two thousand ( V744 260%
Seventy is greater than sixty-two ( 70 > 6,3)
Nine hundred ten is less than ten hundred ( g/0< /ooa) |
Three hundred thousand 1s greater than three thousand,

~ (3ogoco > 3000)

PForty-six is greater than twenty-six. ( YE >
| 26)
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In the following exercises, use what you know about

multiplying by 10 and 100 to get the answers.

‘Example: 4 x 364 = 1,456 , s0 40 x 364 = 14,560

80 x 117 = 9,360 , so ‘800x117=_(2§‘_é_0d_
5 x 766 = 3,830 , so 50x766=_Ci&12Q)_

9 x 36 = 324 , so 900 x 36 = (32, #00)

30 x 592 = 17,760 , 8o 300 x 592 =(/ZZ&00)
8 x 125 = 1,000 , so 800 x 125 = (00, 000)
3 x 987 = 2,961 , so 30 x 987 —-(éz 5402

12 x 91 = 1,092 , so 120 x 91 (0. q20)

':‘_-_--;f.k_-h‘.:,'

11 12 13 14 25 16 17 18 19 20 21 22 23 24 25 26 27

Using the number line above find how many whole numbers are

between these numbers.

a)
b)

e

d)

13 and 17 (3 ) e) 27 and 23 (3)
12 and 13 (0O) £) 21 and 20 (O)
19 and 11 (7) &) 15 and 17 (/)
19 end 25 (5) h) 12 and 26 (/3)

Copy and complete these sentences.

A ray has (MZ ehdpbint(s)

A triangle 1s the union of ({aze)  1ine segment(s).
A line has {ra‘;} endpoint(s). ‘

VSpace 1s the set of ,{gﬂ)_ ~ point(s).

A line segment has %@:}__ endpoint(s).

A radius: 13 a line segment with CM)__ endpoint(s)
on the circle. " ]

A quadrilateral 18 the union of %ZQJ__ line segment (s)
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8.

Match each word or symbol in Column I with a picture in
Column II. |

Column I , Column II

1) ] (C) | » o)s b)
2) [DE (o) D" | F
: H

3) triangle (a)

v @ (a) c o
——— >A
5) feac (C) &) / .
6) trianguiar region ( a{ ) B _ ¢
7) ¥ (#) o
8) ecircle (,ﬂ) | L " E
B .

9) quadrilateral (¢)

Part B

Write a mathematical sentence (or two sentences if necessary)

for each problem and solve. Write an answer sentence.

1.

2.

The Clark family traveled 387 miles in 9 | hours. How many
miles did they average each hour? ( 3879 =m =43

hﬂﬁaomﬂ%?m«,é—dw %wv)

During Public Schools Week, 1,162 people visited Pine Grove
School, 1,219 visited Sleepy Hollow School, and 1,094

visited Inland Valley School. How many people visited the

three schools? (//62-/- /219 + /0G4 2 vz FETS
%u/ Lt \3,6‘75}(2%&,40/0,0«428(,#& 3 AM)

Dean and Gail have stamp collections. Dean has 364 stamps.
He needs 37 more to have as many stamps as Gail. How many
ﬂs does Gail have? (3é¢ #3700 vz 40/

{@/W)
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The thirty-four children in Room 7 were making bird pictures.
The bulletin board would hold 4 dozen pictures. How many

\ childr 1d need to make twg pict /2 -4 d-3#m
AP PR P B Y vures? (#1124 &

;75, A jet liner averages 449" miles an'gour between Los Angeles

and St. Louis. The trip takes four hours. How many air

niles is 1t between the two citiest (¥#7¥¥ =4 d=/7%6
Y ) 1,796 Qv el folliesry Fhe Lovo @ llia’)

6. How much more do I pay for two shirts that cost $2.15 each

than for one shirt that °?§t° ‘$3:§9?(g3éfx4?:ufifdf=533k9
H30-329= o= SO/ o (2X2./5)- P29 = ,aa‘;g
‘Po W)

7. f%e/irice of potatoes is 5 pounds for 29 cents. What 1s
, he cost ozt{-ent pounds of potatoes? (20 :5=p # =¥
Y29 =C o5 )x29:-C C=//6

AT tien 8 o LTINS hemt S, I 4 BN e st e a2 fima i e e e e s

Group Activity -

. Tic, Tac, Toe -
The objects of the game are speed and accuracy in addition.
This is a racing game. Each child draws intersecting line

. segmentsfésiahbih; The sum is announced by the teacher.
The children put single digit addends in squares so that

each row gives the sum. &

Example: Sum is 13.

Flonjw (W,
mlElon®

4
3
T

£ Individual Project

Use only polygons to make an interesting drawlng. See how

many polygons your classmates can identify.
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Chapter 8 | : i

RECOGNITION OF COMMON GEOMETRIC FIGURES

PURPOSE OF UNIT

After a short review of triangles and quadrilaterals,
the pupil is introduced to several ways of comparing line
segments and the idea of congruensce. Now he has an _
opportunity to develop an understanding of isosceles and i
equilateral triangles and to develop a notion of a right ’
angle. Angles are ccmpared with a constructed model of a
right angle to determine if they are "larger than,"

"smaller than," or "the same as" the model of the right
angle. The unit includes a discussion of rectantles and
squares. '

The work is planned to develop the ochild's ability
to recognize certain common geometric figures and to
observe thelr distinguishing characteristies. The 1dea
- of a partiocular set of points called a simple closed
surface is developed. This 1s done in a way similar to
' that in which simple closed curve was developed in the
unit, Sets of Points.

The simple elosed surfaces studied are the prism,
cube, pyramid, eylinder, cone, and sphere. Parts of these
surfaces are identified with points, lines, and plane
figures previously studied.
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MATHEMATICAL BACKGROUND

@-ngruent Line Segments =
3 When we write 4 =2 + 2, we mean that 4 and 2 + 2 are

f%wo names for the same number. When we write AB = CD, we mean

ithat AB and 0D .are two names for the same line segment; that

[is, the two segments are the same set of points. If KB and TD

have the same length, but are not the same set of points, we |
annot say they are equal and we use the word ongruent to

escribe the relationship.
‘ The work on congruent line segments is needed for a descrip-

*ion of isosceles and equilateral triangles in this chapter. A

triangle with at least two sides congruent to each other is called
;i isosceles triangle. A triangle which has three sides ¢ onggg
-%- each other is called an gg;lateral triangle.

?%‘; t Ang;e ,
;?‘ A right angle 1s an angle which has a measure, in degrees,

£ 90. Since the pupils have not had this concept, they will be
ught to recognize a right angle through using models. = Many
jmodels are avallable such as the "aorner" of a plece of tablet
aaper, the "corner“ of a book, ete. Puplls may construct their
}wn right angle models by folding a sheet of paper twice as 1s
-?hown in the text.
‘; An angle which 1s not a right angle may be compared with a
j?ight angle. The right angle model can be placed over any model
lyhich suggests an angle so that a situation similar to one of the
o in Figure I occurs. -

3

- . ™

CaseIL

Flgure 1
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Suppose that the angle to be compared is ZBAC and /BAD
1s the right angle. In Case I, AC 1s between &D and KE and
we say [ﬁAc is smaller than a right angle. 1In Case II, AD 1is
between AB and AC and we say /BAC 1s° larger than a right
angle.

Although the words rectang;e and rectangular were used
earller, it is in this unit that the meanings are given precisely.
A quadrllateral, the angles of which represent right angles, is
called a rectangle. [bne sees at once why we speak of a rec-
tangular prism (see Flgure 7 and the paragraph on prisms). Any
palr of edges of the rectangular prism with a common endpoint
suggests a right angle and each face is a rectangle and its
interiorZ] A reectangle in which all sides are'congruéht to one
another is called & square. Some of the surfaces of which paper
models will be constructed have faces with edges forming squares.
To determine whether or not objects represent rectangles and
squares, we use a right angle model and methods for comparing
segments, |

Simple Closed Surface

The points A, B, and C (which are not on the same line)
in Figure 2 determine a plane.

Flgure 2

In fact, any three points not on the same line determine a
plane, and there 1s only one plane that passes thrqugh these
three points. “
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E Now draw line segments connecting points A, B, and C as
k. is shown in Figure 3. The union of &B, BG, and AC 1s a set
3 B

A c

: S Figure 3 , :
@; of points in a plane. This set of polnts i1s called a trilangle.
f.TTiangles were discussed in the chapter on Sets of Points. The
,; union of triangle ABC and 1ts interior is called a plane region
and in this case specifically a triangular reglon.
Now let us add to our figure the point D which is not in
' the plane formed by points A, B, and C. Suppose BD, 7D,
f and DG are drawn as:- shown in Figure 4, to form new triangles

Figure 4

L ABD, ADC, and BDC. Triangle ABD and 1ts interlor form a

fj triangular reglon (shaded in Figure 4), triangle ADC and 1ts

% interior also form a triangular region, as does triangle BDC
:Q'and its interior. Together with the triangular region ABC, we
} now have four triangular regions, no two of which lie in the

; same plane. The union of these triangular regions is an example
?,of a simple closed surface. In this case, the simple closed

i surface 18 called a pyramid. There are many different kinds of"
;,Pyramids. See page 699 for the background regarding pyramids.

2 A simple closed surface divides space into three sets of
;‘points: the set of points interior to the simple closed surface,
-E the set of points of the simpie closed surface, and the set of
f'points exterior‘to the simple closed surface. One must pass

f through the simﬁle closed surface to get from an interlor point
? to an exterior point.
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In & plane, we called the union of & simple closed curve and

| polnts in its interior a plane region. In a similar manner, we
willl call the union of a simple closed surface and points in its
interior a solid region,

This unit 1is concerned with the recognition of several
simple closed surfaces. Also, some additional simple closed
curves such as the square and the rectangle are introduced.
These are recognized as the union of some of the edges of a
simple closed aurfaee. - -

pa

Prism

The first simple closed surface to be discussed is a prism,
which we will define as follows., COnsider a polygon. lLet a llne
m not in the Plane of the polygon 1ntersect the polygon. Think

/f
D N\

Flgure 5

m

of all lines such as line P (see Figure 5) which are parallel

to 1ine m and intersect the polygon. The union of these lines
1s the surface shown in in Figure 6a. The surface extends indefi-
nitely up and down. Now let the surface be cut by two parallel
planes. The two "cuts" are polygons. The portion between the two
parallel planes together with the portion of the planes (you might
call them the top and the bottom, or better, the bases) which are
interior to the "ecuts" form a simple closed surface. It is called
a Eris Observe that a prism, as we are using the term, is
hollow.
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One

]
i
i
Cutting b
Plane Base |
i
1
. -1
Lateral 77T
Face—" 1~ ~d
Base
= W
[ Surface Right Prism Prism not a
Right Prism
Figure 6a = Figure 6b Figure 6c

Each of the plane reglons is called a face of the prism.

The two faces formed by the pérallel planes are called the bases
"and the other faces are called lateral faces. (The word "lateral®
18 not used in the pupll text.) The intersection of two adjacent
‘ 4facesiof a prism is a lline segment, called an edge. The inter-
section of lateral faces are called lateral edges. Here the use
of the word gggg 18 suggested by ‘the meaning of the word as 1t 1s
commonly used., Each endpoint of an edge is called a vertex. The
plural of vertex 1s vertices.

If the polygon outlining the base 18 a triangle,_thefprism
is called a triangular prism. A prism is called a quadrangular
‘prism if the polygon 1is a quadrilateral, and a pentagonal prism
if the polygon 1s a pentagon. The special quadrangular prism in
which the quadrilateral is a rectangle 1s called a rectangular
prism. A special rectangular prism in which all edges are con-
gruent to each other 1s called a cube. The only prisms the pupils
are expected to identify in this chapter are the rectangular prism
(including the cube) and the triangular prism. See Figure 7

| e e ohis -
/)\\ ' V
Pad .
Triangular Rectangular
" Prism Quadrangular Prism Cube

Prism  p4 gure 7
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ALl of the prisms in Figure 7 are examples of a special type '

of prism called a right prism in which the lateral edges are

perpendicular to the base. All prisms in the pupll text are right

prisms and the terminology "right prism" is not introduced. A
prism which is not a right prism is shown in Figure 6¢c.

Pyramid

In defining a pyramid, we will proceed somewhat as we did
for the prism. This time think of a point P not in the plane
of the polygon and all lines that intersect the polygon and pass
through the point P. The point P 18 called the vertex. The
union of these lines is a surface such as is shown in Figure 8a.

/ P_Vertex
P Cutting «

i

L — e e L - Pyromid
Pyramidal Surface With
Pyramidal Surface Cutting Plane
Figure 8a Flgure 8b Figure 8c

This surface consists of two parts separated by the verteic.

Each of these parts is called a nappe {Figure 8a). Cut one nappe

by a plane in such a way that the intersection 1s a polygon -
(Flgure 8b). This polygon and its interior is called the base.
The union of the base, the vertex, and the portion of the nappe
"between" the vertex and the base is a simple closed surface
called a pyramld (Figure 8c). Observe that a pyramid, as we are
using the term, is hollow. The tria.ngular regions are called

lateral faces. 1In the pupil!s book, the lateral faces are just . |

called faces. ‘ :

As with the prism, a pyramid is classified as triangular,
quadrangular, pentagonal, etc., acm rding to whether the polygon
outlining the base 1s a triangle, quadrilateral, pentagon, etc.
See Flgure 9 on the following page.

699

§

B A

s e




. Cylinder

Triangular Square
Pyramid. ~ Pyramid

(Also called a tetrahedron)

Plgure 9

A cylinder is defined in a manner simllar to the way we
defined a prism. In fact, in a very general sense, a prism is
just a special case of a cylinder. Does this surprise you? This
time, rather than starting with a polygon, let us start with any

| “simple closed curve (it could be a polygon, of course).

We will proceed exgc%ly as we did in defining the prism.

Let a 1ine m not in the plane of the simple closed curve inter-
sect the curve. Think of all lines which are parallel to line m
and intersect the curve. The union of these llnes 1s a surface.
Now let the surface be cut by two parallel planes. The inter-
section of the surface with either of these two parallel planes
is a simple closed curve. Each of these curves, together wilth
its interior, 1s called a base. The union of the two bases and

N the portion of the surface between the two bases is a simple

closed surface called a cylinder. Figure 10 shows some examples
of cylinders, o
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\ d ' - I Right - Circular Cylinder
o ' - Circular -which 18 not a
Cylinder right cylinder
Figure 10a Flgure 10b Flgure 10¢. ‘Figure 104

Flgure 10c 1is a specilal type of gylinder in which the simple E
closed curve 1s a circle and is called a circular oylinder. 3
As with the prism, we will consider only right c¢ylinders where.
line m 1s perpendicular to the base,

Cone

If, in the definition of a pyramid, wé‘replace the word
polygon by "simple closged curve" we obtain a cone. Thus, in a
very general sense, a pyramid is a special type of cone.

If the simple closed curve is a circle, we get a clrcular

T
cone. A cone has a base, 3 1atera1 surrace, and a vertex. The

Right 01rcu1ér - Circular cone

4
- Cone not a right cone
Fligure 1la Figure 11b Figure 1lc

lateral surface 1s not called a face, since it is not a plane
region. See Figure 1lb.
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%Sghere

. We have defined a circle as a set of points in a plane such
that every point of the set is the same distance from a point in
a plane called the center., The definition of a sphere is the
same as the definition of a circle except that the phrase "in a

- plane"™ 1is omitted. For example, a sphere of radius % inches
consists of all points in gpace 4 inches from a fixed point.
The fixed point 1s called the center of the sphere. The center
is not a point of the sphere. Any point in space whose distance
from the center 1s 1ess than U4 1inches is in the interior of
this sphere. Any poinq in space whose distance from the center
i1s more than 4 inches 1s in the exterior of this sphere.

The surface of a globe 1s an example of a sphere. The
equator and the 1ines of longitude represent some of the circles
that compose the sphere. Observe that a sphere, as we are using

 the term, 1s hollow. | ”
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REVIEW OF TRIANGLE AND QUADRILATERAL

ObJective: To review understandings of the properties of the
triangle and the quadrilateral developed in a previous
unit.

Materials needed: Chalkboard, chalk, paper, pencil, stralghtedge,
pegboard, pegs, crayon, string

Vocabulary: Sides, vertex, vertices, triangle,.quadrilatefal
Suggested Teaching Procedure:

The teacher may want to use pegs and a peg-
board in this review section. Pegs can be placed
at selected points of a pegboard., -These points
may represent the vertices of either triangles or
quadrilaterals. Vertices may be joilned by string
or rubber bands. The idea of sides and vertices
can be easily developed. PupiIE"%Iéht then open
thelr books and quickly work through, with the
teacher, the Thinking Together exercises. They
will do the On Your Own exercises independently.

In connection with the last three Paragraphs
on page 418 of the pupil text, the following dis-
cussion might be helpful. Draw on the board a
figure similar to the one below and say, ‘

Let us examine one of these angles, say /DAB. The sides XD
and AE are segments and not the entire rays of the angle. /DAB
is shown in héavy lines below. This shows that the angles of the
bolygon ABCD are not a part of the quadrilateral.

i

A

It may be necessary to 8how, in a similar
way, that /ABC, /BCD, and /CDA are not a
part of the guadrilateral. ~

A discussion to demonstrate this same 1dea
was done with a triangle in Sets of Points, so
children might not have any difficulty with
this idea.
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Chapter 8

RECOGNITION OF COMMON GEOMETRIC FIGURES

5

REVIEW OF TRIANGLE AND QUADRILATERAL

1)

2)

Thinking Together

a) What name is given to a polygon which is the
union of three line segments? - ( M)

The three line segments are ealled the sides

of the triangle.

b) What is the common endpoint of any two sides of
"a triangle called? [l— ,....Z,L)

¢) What are the endpoints of the line segments of
a triangle called? (aesZicae)

d) How many sides and vertices does a triangle

What 1s a polygon which is the union of four line

segments called? (f"""("‘&'t‘é)
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We call the four line segments of the quadrilateral the
sides of the quadrilateral Below 18 a drawing of a quadrilatera
with sides X5, %, 0D, and DI.

Let us recall that.gggg suggests four. In &he(figure
‘shown above four angles are formed. They are /DAB, /ABC,
/BCD, and"épDn; There are some points of these angles
that are not points of the quadrilateral because angles are
-made up of rays.

The vertex of one of the angles is called a vertex of the

quadrilateral.

The vertices of'thgsé four angles are called the vertices

of the quadrilateral.. .
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~b) Name the sides of th:ls quadrilateral ;g "ﬁ

" ¢) Name a vertex of the quadrilateral {m

‘Exercise Set 1

a) Four points are marked below. Trace._ﬁh_‘t‘_aeef points on a

sheet of paper and label them as shown.. ‘
oF
Ee |

Mo
b) D;'aw EF, m; Gﬁ, m- .

On the sheet of paper on which yOu drew thg' i‘igure for

exercise 1 write answers to the following questions-
a) Do these segments form a quadrilateraJ\? ( 11*)

ﬂ.fn Y -MI_G_,)
ER o~ HE

ace E, a;=~' cyael )
d) Name the vertices of this quadrilateral (5 E G, /I)

e) (czic:r iezzlnterior of the quadrilateral. S
el Lo o gt s Bt B B F o et e
Go back to exercise 1. Trace the b pomts ‘again on a

sheet of paper and label them as shown. - .

a) Draw TG, FH,V E!, and ¥G,

b) Do these segnents form a quadrilateralg”‘v)nW? (15 S o

& pobyyo.)
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b,

‘'e) What is a name for your figure? (17"—,2-)

a) Four points are marked below. Trace these points on a:'f
| sheet of paper and label them as shown.

Je L
b) Draw YJ, JL, IK, and KT.

On the sheet of paper on which you drew the figure for

exercise 4, wr‘ite answers to the following questions_.

a) 1Is your figure a union of four line segments? ("2“')

b) Do IK and KT 1ie on the same 11ne?('3~9;~d U,zﬁ'l"‘

¢) Is your figure a quadrilateralsﬁ)lﬂhy or why not?
(Buaian T o los i of Ulhres s asgee X T JL ._JLI}
d) Is your figure a polygon? ( '3“‘")

Mark three points (V'not all on the same line) of: your
paper. -‘I.p.bél them P;vA’"Q,_ and R. Draw PQ, OR, and
. : :

a) Is your figure a polyéon? (‘3‘-«)

b) Is your figure the union of three line segments? (‘;n-) -

¢) What is a name for your figure? (7;—-75)

d) What is a triangle? (a,.l,,“,.-u,.. aM'/uu..
Aﬂynﬁ;z )
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COMPARING LINE SEGMENTS

Objective:
Materials:

Vocabulary:

To develop methods of comparing line segments and to
develop the notion of congruence.

String, compass, stralghtedge, pegboard, pegs, paper,
pencll, chalkboard, chalk

Congruent

Suggested Teaching Procedure'

are

Reéview the 1nstructions for using a compass as
taught in the lesson on circles in Chapter 5, Sets
of Points.

Tn making comparisons of line segments, a com-
pass, where it can be used, is probably the best
device. In other cases;‘a pilece of string may be
the only feasible Instrument of comparison. Super-
imposed tracing is a third method.

. These three methods all Involve the use of
models. As you read the pupilts book you will find
that the use: of models in comparing line segments
is carefully described. A tracing and a piece of
string obviously are models. It is not so apprarent
that we are using a model when we use a compass,
because only the- endpoints are indicated.

If two models of line segments can be matched
endpoint for endpoint with each other, we say they

congﬁgent or we say that one segment is
congruen the other.

To begin the discussion, ask the children to
compare by eye alone two segments represented by
objects in the room. They should check this
comparison by making a comparison using a plece
of string. Ask the children if the comparison
made by using theilr eyes 1s as accurate as.the
comparison made by using a plece of string. Next
show the ehildren two different pieces of chalk
%nd ask them how they can accurately compare the

WO .
a string or place the two pleces of chalk next
to each other to make a comparison. It is pos-
8ible that a chlld might suggest the use of a
compass to compare the two segments represented
by drawings. At thls time allow the child time
to experiment and to demonstrate his ideas to
others. The teacher should guide him by sug-
gestions, directions, or demonstration so that he
achieves success in his endeavor.

The Pupll Book 1s 1n sufficient detall to be
followed.

A child might answer that he can elither use

708



P421 S - :

COMPARING LINE SEGMENTS

Thinking Together
1) Henry says he thinks the line segment represented by the edge @
of his desk is longer than the line segment represented by the :
bottom edge of the door. Billl thinks differently. They have

only a long piece of string. How can they find out which

segment is longer?

2) Bill says, "I can take this long pilece of string and hold
it at one corner of your desk. Then we can e;tend the string
along the edge to the other corner. Let us hold this string
8o that 1t represents the edge of the desk."‘ '

"Henry, you hold your end of the string at ‘one corner of

‘the bottom edge of the door. I place the strihg along the edge

leading to the other corner. Suppose the string:dpes not reach

the other corner. Then the segment_repreeented byithe bottom

edge of the door is longer than that represented by the edge

of your desk. If the string goes beyond the other corner, then

the edge of the door is shorter than the edge'of the desk. If

the string matches exactly the bottom edge of the*aoor from

corner to corner, thelline segments repreeen%ed afe;congruent.
'Bill says the line segment represented by the é&ge which

runs from the top to the bottom of the door 1is longer than

the line segment connecting the corner of his desk to the

teacherts desk. How can Bill decide which is longer?

You can always compare line segments which are represehted '

by objects 1f you have a plece of string that is long enough.

Another way to compare line segments 1s to use a compass.
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If you had only a compass and you wished to decide which
of the represented line segments below 1s thehlonger, how would

you do ite

3) Follow thé.girections and you will learn how a compass may
be used tb'éompafe the line segments represented above. On

a separaﬁe sheet of paper trace the above figure.

a) ©D 1is part of T8, Extend T
to theredge‘of the sheet of
paper. |

b) Set the metal tip of the

comp&ass on A' and the pencii

tip &f'the compass on B.

¢) Without changing the settirg
of your compass, place the metal tip at ¢ as if ybu
were going to draw.the circle with center at ¢.

d) Draw just enough of the circle to-intersect op.

e) 1Label the intersection T. If T 1s between C and
D, then AB 4s shorter than OD. If D 1s between

'C and T, then AB 1s longer than OD. If the point

of 1ntersection‘is' D, then KB 1is congruent to TP
(or AB and TD are congruent segments),
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4) a) Compare the segments with a piece of string.'
b) - Which way of comparing do you think is better he
- (Copase) §
5) Trace the three line segments. Compare their lengths. :
Use a compass.
&) Name the shortest line segment. (&)
b) Name the next shortest. (98)

¢) Name the longest.(£F)

6) ILook at AB and CD below. Which a‘pﬁears to be

longer? Use your compass to compare AB and TD.

Which is longer? ( ?aZb-, Jbﬂ,m “""7"“‘#)

c< ﬁ >0 
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7) . Compare AB and CD. D

| Which 1is longep? !
(Hele, ey avi tomgresT”)
l—b———.
A o4 B

Ecercises -6 and 7 shows us that sometimes we must
use an instrument to compare segments., We cannot trust our

eyes alone, .

8) - 'J.;'he line segments represented below are congruent.
a) ‘. Show that they are congruent by using your
| compass. |
b)- Place a sheet of thin paper over AB and
" trace 1t.
c). Move the tracing so that the dot marked A
- covers point C. Can you make the dot.marked
~ B cover D? The tracing of 1B matches the
drawing of TD exactly, endpoint for endpoint.

Of course, we have not actually moved AB.

We have moved a drawing of it.

9) If someone askéd you to compare segments, which

method would you use? ( }Lu ,..../M .....,..,.. .;
e e amallosle . &J,...z{./_“ A% t
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ISOSCELES AND EQUILATERAL TRIANGLES .

o

Objective: ‘To develop an undergtandiqg"of_properties of 1soscel:

and equilateral triangles,

'a) An equilateral triangle has three sides
- .congruent to one another,

b)  An'isosceles triangle has at least two
~ sides congruent to each other.

. Materlals: Compass, straightedge, string, paper, pencil, chalk

: and chalkboard, wire or stick representations of |

1sosceles and equilateral triangles, models (paper)
of prisms and pyramids for display.

" Vocabulary: Isosceles, eqﬁilatefal
Suggested Teaching Procedure:

Prior to the lesson, the teacher should con=-
struct an equilateral triangle and an isosceles
triqp%%e“out of wire or sticks. . ] -

“~ The procedure for constructing 1sosceles and
equilateral triangles on paper with compass and
stralghtedge 1s given below. - - o

1) Construction of an. isosceles triangle.

8) Draw a circle with center at A.

b) Draw two radii of the ecircle
(not on the same 1ine),
. —-¢) Label the endpoints of these radii,
o .which are also points, of the _ :
eircle, B and C.
d Draw’ ﬁﬁ.’
-e) A ACB- is -an isosceles triangle.
£f)  AC and AB are congruent.
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2) Construction of an equilateral triangle
wlth a chosen line segment AB as one
side.

a) Draw a c¢ircle with center at A
and radius ZAB.

C

b) Without changing the opening of the

' compass, draw a clrcle with center
point at B.

¢) Label one of the points where the
two circles intersect, (.

d) Draw AC and BC.

e ﬁABC is an equilateral triangle.

£ , BC, and are congruent.

The children will find it interesting to make
a bulletin board display of geometric forms found
in nature. They may bring to class leaves,
shells, arrow heads; and pictures of insects,
animals, snowflakes, crystals, volcanoces. The
children should classify and label these repre-
sentations of geometric forms.

Prior to Exercise Set 2 you will need to
show the children how to comstruct an isosceles
triangle and an equilateral triangle, using only
a compass and a straightedge.
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ISOSCELES AND EQUILATERAL TRIANGLES
Thinking-Tbgether

A triangle which has at léast‘twe sides congruent to each
other is called an isosceles triangle. .

A triangle which has three sides congruent to each other
is called an equilateral triangle.

1. Which of‘the)triangies below is an isosceles

triangle?  Which isieQuilateral? (Sh,;;-l)

Figure 1 S .Eigure 2 -

2. Are there any isosceles triangles suggested by :

the edges of the models in your classroom9:°‘ : ' :
{ Jj”bhl’abrﬁv(Aqu.Jz.‘Hwblnh) P é
3. Are there any equilateral triangles suggested |

by the edges of the same models? ( Jt.....lhﬁp--lw;--""‘"u)

\.

4. Name some things on which you see isosceles

triangles represented. Y

5. Name some things on which you see equilateral

triangles represented.
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Exercise Set 2

1. &) Draw an isosceles triangle using only
a compass, pencil, and a st_z-aightedge.
This picture may help you follow the

directions of your teacher.

b) Is AT congruent to XAB? (7*..)
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2. a)  Draw an equilateral triangle using only a
. compass, pencil, and a straightedge. This -
 picture may héip you follow the directions

“of your teacher.

c

b')‘ Is RS congruent to B¢ and to AG? (13,-‘_)

Why? (M:é&h.&f Mﬂ

3. Draw an isosceles ,t’riangle which is not élso
an equilateral triangle. Make one of 1ts
sides congruent to IE. '

L, _Dravi"an equilateral triangle. Make each of its
| sid_a§ congi'uent to TE of exércise 3.
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'RIGHT ANGLES

Objective: To develop the concept of a right angle, and then
to compare angles with a constructed model of a
right angle. |

Materials: Paper, pencll, chalk, chalkboard, models (paper)
: of prisms and pyramids for display ‘

Vocabulary: Right angles

Suggested Tegching Procedure:

oy
~~

* The presentétion in the Pupll Text is
in sufficient detail to be followed.
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RIGHT ANGLES

Thinking Together

.
We have learned thaf an angle is the union of two rays
which are not on the same line. The two rays ﬁuat have a common
endpoint. By folding paper we are going to represent an angle
which is called a right angle. | : .

Fold a sheet of paper. It is not neceséary to ha#e the
edges even. The crease représents a line segment. Now fold
the paper again éo that the edges of the first crease line up
exactly. The intersection of the two creases i1s the vertex of
an angle. The creases represent part of the rays of éﬁgaﬁg1e.
Show these rays. The angle that 18 represented is calléd a
right angle. '

8 | B
””/”’,,a,f’ cJ‘oge
A A

Step | Step 2 Step 3

/boes this page itself suggest a model of a right angle?
/ (%. a. Cotvar

Name some other models of right angles in your classroom.

('ﬁunu.n.télbuqsz
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We shall use the right angle model to draw a right angle
having a chosen ray as one of its rays. Let the ray represented

below be the chosen ray. Draw a ray like thls on a sheet of

paper.

1. a) Label the endpoint of the ray as A.
b) . Place the folded paper model of the right
" angle so that the vertex is at A and
one of the creases lles along the ray.

¢) Trace along the other crease from the vertex.

2. ghgre are two possible right angles which can be
represented on the paper if the instructions above

rére followed. Draw both of these,

‘We shall use our model to compafe angles with a right angle.
Suppose we wish to compare ZBAC, represented in Flgure 1, with
a rigﬁt angle. On another sheet of paper copy /BAC. Then draw
the right angle /BAD with A8 as one of its rays., Draw 1t so
that D 18 on the same side of ';E; as C. Notice that ;E;

. — —tp
falls between AB and AD. We shall say, therefore, that

LBAC is smaller than /BAD. So /BAC 1is smaller than a right
anglé. | |

Qo

P g-—— >

Figure 1
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Suppose instead of the plcture of the previous
figure, we have the picture below. Here 35 is

-l -
between AC and AB. So ve say that

{BAC is greater than a right angle.

O
e ————.
o>

A FPigure 2

* - -
Of course, 1f C is on AD, then /BAC is

a fight angle.
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Thinking Together
B
FIGURE 1 FIGURE 3
FIGURE 2
- )
FIGURE 6
FIGURE 4 ¢FIGURE S

FIGURE 7

In this plcture seven angles are represented. Look at

each angle carefully. Without using a right angle model,

_ name those angles which you think are right angles.

(ltmmes iy . Fgos 3 ia poZoe of o gl gl

Without using a right angle model, name those angles which

-seem to be greater than a right angle. { Qe -/]43...-. 1, 7)

Without using a right ahgle model, name those angles which
seem to be smaller than a right angle. (fw. -/JA,M- 4, 5,4)

Now check the figures with a folded paper model of a right

angle to see if your answers are correct.

Are yoﬁr answers in Exercise ! the same as yowr answers

in Exercises 1 - 3? (ttannes wd'l»-r))
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6. You see how an angle may be compared with a right angle if
the angle has been represented by a drawing. Suppose an
obJect suggests an angle: How would you campare this angle
with a right angle? Find some object in your classroom

which sﬁggests an angle and compai'e 1t with your model of
a right angle. ’ |

7.  Are the angles represented by the edges of your desk right

angles? (M-M})

8. a) Do the hands of a clock ever suggest right angles? ( 'au--)

b) Name a time when they suggest an éngle less than a - !

r angle, (-ﬂ-u.m lannmie anchon Lo
ight angl ’*:jf—-‘.u)

c) Name a time when they suggest an angle greater than a

right angle. (%Mﬁwmdw

9. Sue wants to know 1f the angle the hands of the elock

P L2k o e 8 i e ol Rt S it e

suggest when the time is 12:10 is larger o: ‘smaller §

than a right angle. She has a tracing of a right angle 3
on thin paper. How might she use this tracing to decide

whether or not the angle 1is larger or smaller than a

ri ght angle?

10. Name some other objects which suggest right angles,
& pat f accrnets anay LT““(I“WJ ,N,,&‘..,A a Lo
oy A opacad oo 3 2 Pamimy aggaTe o rgdF eyl )
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RECTANGLES AND SQUARES

Objective: To develop an understanding of prdperties of

' rectangles and squares. A quadrilateral whic¢h has
four right angles 1is called a rectangle; a rectangle
which has all its sides congruent to one another 1is
called a square. | |

Materials: Paper, pencil, chalk, chalkboard, compass, string,
straightedge, models (paper) of pyramids and prisms
for diSplay.

Vocabulary: rectangle, square
Suggested-Teaching Procedure:

. The presentation in the Pupll Book is in
sufficient detall to be followed. .

Answer to Braintwlster on Page 435 of Pupil Text.
aw a square using only the folded paper
model of & right angle, a compass, and a pencil.
“With a right angle model we can represent a
square.
A c >

. B} vD

a; Choose a point and label it A. _

With the right angle model made of folded
paper, draw a right angle with vertex A.
¢) Draw a circle with center at point A and

radius any convenient length.

d) Label as B and C the two points of
intersection of the circle and rays of the
right angle.

e) Drawa riﬁpt angle with vertex at B,
having as a ray, as in the picture.

f) - Draw a right angle with vertex at ¢,
having A as a ray, as in the plcture.

g) The right angles with vertices C and B
have rays which interseect in point A and
another point. Label this point D.

h) Compare the angle /BDC with your right
angle model. It 1s a right angle.

The rectangle with vertices A, B, C, D,
1s a square. Testing with a compass wlll show
that the sldes are congruent.
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RECTANGLES AND SQUARES

Thinking Together

- If each of the four angles of a quadrilaterel is a right
angle, we say that the quadrilateral is a rectangle.

1. Can you find edges of your book which represent
a rectangle$uﬂbheck with your right angle model.

2. Do the edges of this sheet of paper represent a
rectanglequbheck with your right angle model.

~

3. Can you find any models in your classroom which
represent a rectangleJxr’heck with your right

angle model,

<

4. Name some objects at your home which suggest

5. How could you draw a rectangle using your right
angle model? /l-‘..-n MM--})

725



P43y

Exercise Set U

1. a) 1Is the quadrilateral represented below with vertices
A, B, C, and D a rectangle‘?\?;lse your model of
a right angle. |

B , ' , c

A D
b) Is 1B c‘:zongru'ént to B (%)
c) Is IS5 congruent to 552 ( 'f‘-)
d) - Is BT congruent to D7 (7=
e} Is BC congruent to ?,'15" (7")

'

12. . Which of fhese statements is .true?
a) - A-’i-ectangle has two pairs of congruent sides. ( ﬁa)
b) All four sicie_s of every rectangle are co_ngmenf. ( ;‘L)
‘e) A re.ctanglef h@'s four right angles. (z;-&)

-

‘3. Make a copy of KD of exercise 1. Using AD as one
| side, see 1f you can draw another recﬁangle which looks

different from rectangle ABCD of exercise 1,

v
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Thinki_ng ‘Together

A rectangle with all its sldes congruent to one another
1s called a square. - o .
1. Below 18 a representation of a square. Check
the angles with your right angle model and

the sides wlth your compass.

a) Are all the sides congruent to each other. (° 13»)
b) Are all the angles right angles? ( Yas) ©

2. Name some objects in your c¢lassroom which suggest

squares., (f«-»fj'uz/‘“‘f“fl"a‘u‘)\

3. Name some objects in your home whiech suggest s\quares.
1,4y,w§ﬁ¥)

4, Is every square a rectangle? ( '-y-)
5. a) 1Is every rectangle a square? (71)

b) Are some rectangles also squares? ("3»")

BRAINTWISTER

-Draw a square using only the folded paper model of a right

angle, a compass, and a pencil. [L 7C page 729 }44.1.2'&)
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‘SURFACES

ObJjective:

Materlals:

Vﬁcabulary:

Recognitlion of some common surfaces

Paper, pencil, compass, chalk, chalkboard. Geometric
models of a rectangular, square, and triangular prism;
¢circular ¢ zlinder, non-circular ¢ ;ylinder, sphere; cone;
square, rectangular, and triangular Eyramid square.
Objects that have these geometric shapes, such as
cereal boxes, cylindrical ice cream cartons, non-c¢ircu-
lar cylindrical tooth brush containers, drum, drinking
glass, funnel, blocks of wood or plastic boxes in the
form of a rectangular prism, and plastic, wood, or
paper models. |

Interior, square prism, rectangular prism, triangular
prism, cylinder, circular cylinder, cone, face, edge,
rectangular pyramid, square pyramid, aphere.

Suggested Teaching Procedure-

Oone way to establish the background for the
. ideas that will be -developed in this lesson: Prior
to the lesson (this could mean just before the
"children go home the preceding day or at the end of
the previous dayfs lesson) take about fifteen
minutes to show geometrilc models and the photographs
of a rectangular and triangular prism, cylinder,
cone, square pyramid, triangular pyramid, and rec-
tangular pyramid. The children will be able to name
some of these geometric forms. '
Direct the discusasion and supply the correct
names ‘which will appear below the photographs in the
text.
following day obJects that resemble these models
shown.
gection should be suggested to the children. (The
eacher should have a supply of these models.)
As the lesson is presented, each child
should have an object which has the geometrlc
- shape being discussed so that he can follow the
discussion and indicate the various parts of these
objects as they are explained. The terms employed
here will be used in a descriptive sense and not in
a'precise way.
Throughout this section, 1t must be understood
that the models we are using are Just representa-
tions of sets of points in space.

Then ask the children.to bring to school the

The geometric forms listed in the materials
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Prism

A discussion of the prism 1s given in
the mathematical background section of this
unit, = ' L '
" - Perhaps the most difficult thing for
{ the children to understand is that 3 prism
18- just the surface of the figure. That is,
- & prism is "HolTow". - It 18 composed of a
finite number of portions of Rlanes. - We will
consider the points that are "inside" of the
prism in the unit on Volume in grade six,
A prism can have any polygonal region -
for a base but i1ts other faces must be
‘rectangular regions. The two bases must, of
course, be parallel and co ruent. The
" baBes are also faces. If the polygon out-
lining the base is a rectangle, -the prism is
& rectangular prism. If the polygon is a
triangle, the prism is & triangular prism;
if 1t 1s a hexagon, it 18 8 hexagonal .
prism, ete., ' o a : -
' - Direetions for making.paper models of a
square, rectangular, and triangular prism
are given on the following pages. Every
child should have some sort of a set of ‘
models for reference. Ip1ls may want to
bring models from homeé rather than making
paper models. Paper models are not very
‘8turdy. It is realized that the construction
or'paper_modblajiagtiﬂg{donggming;"It”may_‘
. well be that the teacher will want the chil-
~ dren to do most of this work outside of class
. time. TIf the patterns for the models are
‘duplicated and then pasted on heavier paper,
Buch as construction paper, a stronger model
can be made, . T .
. " The development for the prism as con-
tained in the Pupil Book 18 in sufficient
detall to follow. The use of large models by
the teacher will help develop the under-
standings of this section. -
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EPRISM - Construction of a square prism:

3

3
b,
5

6.

.

Draw a rectangle ABCD as shown.

Draw, as shown, three other rectangles congruent to
rectangle ABCD with tabs, as shown.

Draw the two squares along AB and DC with tabs, as shown.
Cut around the boundary of the figure and fold along the
dashed line segments.

- Use scotch tape or paste to hold the model together. The

tabs wlll help glve rigidity to the model. You may want to
trim them some if you use scotch tape.

The bases of this rectangular prism are squares, hence the
name - square prism,

This pieture has been reduced photographically. “The original
had the length of AB as lg-and that of BC as 4", This made a
1%_" % lé'll ' ull /i
square prism. '

qo1

Tab

qoL
Tab

[
\
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PRISM - Construction of a rectangular prism;
l. Draw a rectangle ABCD as shown. o L
2. Drawhrectangles BEFC, AGHD, EJKF, ABML, and DCPN, with tabs s
as shown, o . ' - :
2. Be sure that ABCD ¥ EJKF; AGHD = BEFC; ABML % DCPN.
4, cut around the boundary of the figare and fold along the
dashed line segments, - o .
5. Use scotch tape orpaste to hold the model together., The
tabs will help strengthen the model. You may want to trim
them some if you use scotch tape. S = -
6. The bases of this rectangular prism are rectangular regions.
7. This pleture has been reduced lﬁ_hoto yhically. e oriﬁi'nal
model had the lengths of W5, Bf, W?rﬁ, TP, and as 17,
a", 1", 2", 1", and 4%, respectively. o

L M

qoy
[

qoy
\

G A B E| 3
I i I
|
!
!
|
! k
| ;l'
' 2
l |
I I
I
| |
' |
i L
| |
| |

H IQ 2] F! _ ___K/
] I -

: I Tab
a { a'
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- Use scotch tape or

"PRISM - Construction of a triangular prism:

aw a rectangle ABCD as shown,

Draw two other rectangles congruent to rectangle ABCD with
tab, as shown. ' ' » ‘
Draw two equilateral triangles with tabs, as shown.

cut around the boundary of the figure and fold along the
dashed line segments. This plcture has been re-
duced photographlically.

« The original model had
' the length of AD

paste to hold the
model together,

The bases of this K \ and D¢ as 5"
‘prism are trian- / \ and 2" respec-
gular regions. / N tively.
The faces are ! \ -
rec '
recfansular / \\

‘A B

Tab

\




‘
Pyramld o _, |
A discussion of the pyramid 18 51ven in

the mathematical background section of this
unit. : o

Many children will already have a
general 1dea of pyramid. The mathematical

notion of pyramid will need to be develel-

oped.

The pyramid is "hollow" - we think
only of the faces and not the points which
are on 1ts "inside." A pyramid can have any
polygonal region for its base. Its other _ -
faces are always triangular regions. The
pyramid is named by the shape of its base.
Thus, we have square pyramids, rectangular
byramids, triangular pyramids, hexagonal
Pyramids, and so on. '

Patterns forrmakins_a square pyramid

.and a rectangular pyramid are given on the

following pages. A pattern for a special
kind of pyramid, a tetrahedron, is also
given,
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. PYRAMID - Construction of a square pyramid.

. -
L M IR R IR I GEED G EED AN e

1, Draw a square ABDE as shown.

2, Draw the arcs with centers at A and B and radius

- RB. Label the intersection shown as C.

3. Draw dashed line segments AC and BC to form "dashed" equi~
lateral triangle ABC. Draw tabs as shown.

4, Repeat step 3 to obtain "dashed" equilateral triangle EDF

5

6

with tabs, as shown. .
. Draw the equilateral triangle shown on BD and AE.
. Cut around the boundary and fold along the dashed line

_ segments, : ‘ _

7. Fasten with scotch tape or paste. The tabs will help in
putting the model together. You may want to trim some of
them if you use scotch tape. a

8. This picture has been reduced photographically. The origi-
nal model had the lengths of AB as 2",

t
1
LR
k

E .
3
[
i
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PYRAMID -~ Construetion of a rectangular pyramid:
T.  Draw "dashed" rectangle ABDE as shown.

2.

3.
4,

Draw the arcs with centers at A and B and radius IC.

Label the intersection shown: as (.

Draw AC and dashed 1line segment BC to form isosceles _

triangle ABC. Draw tab, as shown.

Repeat the process of
step 3 to form triangular
regions and tabs on B
DE, and EX, as shown.
Cut around the
boundary and fold _
along the dashed line
segments.

Fasten with scotch
tape or paste. The
tabs will help in
putting the model
together,

C

7. This pleture has |

been reduced E
photographically. |
The original £
model had the k-
length of AB, HD, }
and BF as 2%, 3" 4
approximately 3
2;", and approxi-j
mately 24", re-
spectively.

N
;




CYLINDER

A discussion of the cylinder is given
in the mathematical background of this unlt.

Some children may already have some
concept of a c¢ylinder. Probably thelr ldea -
is of a special kind of cylinder, the circu~-
lar cylinder. Cylinders can have bases that.
are not circular regions. For example, some
oil tanks for ,homes, gasoline tanks for cars,
and toothbrush contalners are models of
cylinders but are not models of circular
cylinders,

¢

- m————

3

Children can find many models of cilrcu-
lar cylinders such as frozen Jjulce cans,
baby focd cans, fruit and vegetable cans,
and oatmeal boxes. It must be remembered,
however, that a cylinder has "both ends
covered." A cylinder has two bases which
are congruent and parallel, and a
cylindrical surface.

Patterns for making a cylinder and a
circular c¢ylinder are given on the follow-
ing pages.

The demonstration in Exercise 1 of
Thinking Together will help children get a
clearer idea of a cylinder. An oatmeal
box would be a good model to use., To get
Just the idea that the curved surface of a
eylinder 18 a rectangular region when it is
straightened out and placed in one plane,
cut the wrapper off any cylindrical can.
Be sure to make your cut perpendicular to
the top and bottom edge of the wrapper to
obtain the rectangular region. If the cut
18 not perpendicular, the outline of the
- resulting figure will be a parallelogram,
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%ngNDER - Construction of a circular cylinder , b,
P W rectangle ABCD. 2. Draw two congruent cirgles with "

radius ap shown. In order to make the model easier to construct, }

these circles can be tangent{ %. FPold into the.form of
to rectangle ABCD. a circular cylinder, E
2+ Cut around the boundary Use scotch tape or pastel
of the figure. Do not to fasten the model to- |
separate the gcircles gether. Place EC on '}
from the rectangle., KD first. Fasten |
This wlll make .- the bases last
1t easier to Do not fold |
construct the - the tab at BC.J
model . Iap 1t over

-and paste
or fasten
with tape.

?Lf

Cc 3
5. This picture has }
been reduced
photographi-
original model j
had bases of
radius 1" with j
- the lengths of'
~ AD and as |
4" and approxis4
mately 6%",
respectively.

Gt gt



CYLINDER - Construction of a cylinder.

1. Draw rectangle ABCD and tab, as
shown. . -

2. Draw the bases with tabs, as shown.

3. Cut around the boundary of the
figure. Do not separate the bases

from the rectanﬁég.
4, Fold BC over 'AD. and fasten the

tab with scoteh tape or paste. Do
not fold this tab. :

5. Fasten the bases by folding at the
dashed line segments and securing
with tape or paste.

6. Our model is a cylinder which 1is

_ not a circular cylinder. : E H

7. This picture has been reduced

photographically. The original
model had each half circle with

& radius of one-half inch and
with the lengths of 1D, EF, T,
and AB as 4", 2", 1", and

approximately T%", respectively.

Tab

B L R e -
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CONE
A'd;scussign,of the cone 1is given in the.
mathematical background section of this unit. -

Construct a model of a cone as as shown on
the following page. It is not necessary to use
only a semlcircular region for the curved .
surface of the .coné. -Arny part of a circle and
1ts interior could:be used. ' The larger the -
part used, the shorter will be the resulting .-
- cone. The semicircular region is a handy part

to use and makes a "“good" model, so that is the .

pattern given here.

After Exercise jriﬁ;ﬁhinkihg%ﬁbgéther'(1n
the section-on the cone) hws been ‘completed,

then disassemble the come. :Remove theé circular

part first, leaving an exposed circular edge.
The model now resembles an ice cream cone with-
out the ice cream. Next vut the remaining
surface along & line segment from-the circular
edge ‘to the vertex. Lay this part flat against
the chalkboard. It should loock:.like a piece of
ple which suggests part of the union of a
circle and i1ts interior. Ask the children what
this looks 1like. Then reconstruct the cone.,

A cone may be thought of in another way.
Start with a eircle and its interior., Choose a
point directly over the center of the circle
not in the plane containing the circle. This
point will be the vertex of the cone. Think of
all line segments with one endpoint, the vertex
and the other endpoint on the circle. The union
of all these segments and the circle with its
interior 1s the cone. The ribbons from a May-
pole suggest the segments from the vertex to the
circular edge.

In Exercise 4, to emphasize the fact that
the intersection described is a triargle, the
teacher should hold the model of a cone at the
tip and at the center of the cirele so that
the line segment joining the tip and the center
of the circle is horizontal. ILook at the :
shadow produced when a light is held directly
over the figure. The outline of the shadow
will represent a triangle. If the model is
held so that the line segment 1s vertical, the
shadow will represent a circle and its in-
terior. Name obJects which sugpest cones or
parts of cones.
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ONE - Construction of a cone
. Use a compass to draw a circle with a radius as shown in the

. 2\-.

3.

dlagram. Draw tabs as shown,

Cut around the boundary of this figure. The circular region
will be the base of the cone.

Use a compass to draw a semicircle with a radius as shown in
in the diagram. C 1is the éenter of the circle., AB 18 a
dlameter. Draw the tab as shown.

Cut around this figure. :

Fasten AC_to BC with scotch tape or paste so that XU
falls on BY. , '

Fasten the base to this model by folding the tabs and using
scoteh tape or paste.




SPHERE

A discussion of the sphere 18 given in the
mathematical background section of this unit.

- The mathematical 1ldea of a sphere will be
rather difficult for some children to grasp.
Certainly if we should begin our study of sphere
by saying, "A sphere 1s the set of all the points
in space that are the same distance from a -
chosSen point called the center" some children -
would be quite confused. VYet this is the idea we
want children to have at the end of this brief
section on the sphere. o

This lesson might be started by identifying’
a hollow rubber ball as a model of a sphere,. .
EmphasIze that the model of the sphere is Just
the "covering" of the ball and does not include
its interior,

Exercise 1 in Thinking Together could be
performed with this rubber ball and a flashlight -
or some other source of light. For Exercises 2 ‘
and 3, actually cut the hollow ball into two _
congruent sectlions to show that the edges repre-
sent a circle. (Some teachers have used a globe
that can be separated into two sections to show
this.) Children might indicate where they think
the center of the sphere would be. A stick or
plece of wire could be used to help develop the
idea of sphere. This stick could be held so
that one end is at the center of the sphere and
the other end moved about one of the half-
spheres to show that the end moved about is
always touching the "covering" of the ball.

The sketch indlcates how this might be done.
Exercise 6 should help
develop this idea, too.
It might prove helpful
to use an orange for a
model of a sphere.

The inside of the
orange 18 not part

of the sphere. By
cutting the orange, : .

as we suggested for the rubber ball, and then
removing the fruit, the same concepts could be
developed.

A small plece of clay or styrofoam could be
used to represent a center of a sphere. Many
toothpicks could be stuck in 1t at random. The
other ends of the toothplcks would then represent
polnts of a sphere. Children could see that the
ends of the toothpicks do descrlibe a sphere.

Exercises 7, 8, and 9 ask the pupil to
verbalize his idea of a sphere. Some chlldren
may have difficulty doing this.
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CUBE

Patterns for the construction of models of
a cube and tetrahedron are given to develop the
ideas given in the exercises. Have several of
these paper models or other geometric models
avallable for exploratory use,

COnstruction of a cube,

e L

ot

| ,
la
|o
|l—
|

e |
| ' |
| l.
| i
I I
| |
| i
| . -
B i
Ql |'g
| |
| 1

1. Draw six squares (at least 4" X 4") on
‘ heavy paper or tagboard as shown in the
figure above. ,

2. out around the boundary or=the figure
‘ and. foldralong therdotted &1nes.'w~*

3. Use scotch tape or paste to fasten the
- model together. The tabs will help give
strength to the model CON :

4, - fThe model of a cube has six races, eight
- 'vertices, and twelveAedgaa

:t?'i’};"
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TETRAHEDRON

Draw four equilateral triangles Swith the
given segment at least 4" 1long) as
shown in the figure. Refer to Page 714
for construction of an equilateral tri-

angle,

Cut around the'boundary of the figire
and fold along the dotted lines.

Use scotch tape or paste to fasten the
model together. The tabs will help make
the model more rigid,

The model of a tetrahedron has four faces,
four vertices, and six edges.

T43
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P437
SURFACES

Thinking Together
We are going to look at some objects. The surfacesﬂof
these objects represent sets of points in space. These sets
- have names which you will find below the pictures of the

ohjects.

The objects are called models because they repreéépt sets .
of points, Parts of the surface of some of these objécts remind

us of parts of planes begause they are flat.

A closer look at these flat parts shows that one suggests
a triangular region (a triangle and its interior). Another
flat part of a model suggests the union df a quadrilateral and )
its interlor. Still others remind us of circular regions

(circles and their interiors).

Not all parts of the surfaces are flat. For example, the
sphere, tﬁe cylinder, and the cone have parts of surfaces which

are not flat.

. . " e . i e gt ety 0 e e el T g s s e T e e e S e R e e
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Rectangular Prism
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P439
Rectangular Prism
Thinking Together

Let us look closely at this model of a rectangular prism. 1
Any one of the flat parts of the surface suggests a quédrilateral%
and 1ts interior. The set of points on the flat part 1s,ca11ed
Aalfggg. The union of all the faces 1s called a rectangular

prism. A rectangular prism consists of the entire surface of

the model but not the inside of the model.

1. Look at a face.

a) Trace with your finger the edge of a

face. The edges represent the sides . 1

of what figure? (a,....LJ.Z'J Wad*-t-ﬁ)

b) Show with your finger the vertices of
the rectangle.

e e i

¢) Mark with your pencil three points in

the interior of the rectangle.

e s e B

2, How many faces does the rectangular prism haveJL)
The edges of the model represent line segments,
These line segménts are the intersection of two
different faces and are called edges of the

rectangular prism.

TAT




3. a) Trace an edge with your finger.

b) Show two faces whose intersection is

this edge.

¢) Count the number of edges of the
rectangular prism. How many are there? (12)

The corners of the model represent points. Each such
point is called a vertex of the prisni,‘ it is also a vertex of
each of the three quadrilaterals which come together at the
corner. The plural of the word "vertex" is "vertices", so we

can speak of one vertex and several vertices.

h, a) Mark a vertex of the rectangular prism

" on your model\'with a pencil.

b) What three quadrilaterals have this

point as a vertex?

¢) How many vertices does the rectangular

" prism haves (8)

5. Name some other objects which represent a

rectangular prism. ( Al 1-1, Crtmen y o3 M)

6. If a wooden block were hollow, would it still

represent a rectangular prism?( Yo, o Aj by « Ll
Lok petly rprasnZ o ,,..t_,._l..ﬁ::‘a; prriann 45 o
'4;‘..'4’{# LLk.) : FJ*
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P441

Exercise Set'g

v 1. Complete the followlng sentences, using a

separate sheet of paper.

a) A rectangular prism has Ol faces.

Each face represents a rectangulér

region.

b) The rectangular prism has _leelo

edges and _ﬁ& vertices,

2. Is a rectangular prism holiow? (?314;)
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Triangular Prism
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Triangular Prism

The model we will study next represents a triangular prism.j;
As 1n the rectangular prism, the flat parts of the model will i
represent plane regions which are called faces. The triangular
prism is the union of the faces. (Notice that a tr;angular;

prism, as we have defined it, 1s "hollow",)

1.

l".
5.

The triangular prism also has line segments which are the

intersections of two faces and are called edges. The endpoihts

Thinking Together

Are all the faces of the triangular prism the
union of rectangular regions? ( 7o)

Indicate a face which does not represent a

rectangular region, (+ loed Z « z""‘f‘"’l‘"‘"‘)
What does this face represent? (2 Zia—gl -—-Jat*-t-«)
We call a face which represents a triangle and
its Interior a triangular face or a triangular

region.

.«'_r.'-.‘-,‘n"_ S - P SR =‘,',.#., 5- ;

How many triangular faces are there? (:Z:"‘)
How many rectangular faces are there? (7t4‘*‘)

i e e

of the edges are called vertices of the prism. They are

represented by the corners of the model.

6.

7.

8.

How many edges does a triangular priSm haves Cnu;ﬂ)

How many vertices does a triangular prism have?(;méc)'

Name some objects which represent a triangular prism.

(’M?hwta/ ,44“L/fufu:)
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1.

Exerclise Set ;_’»_

Look at your model and write on a separate pilece
of paper the words that complete the following

sentences.

a) A triangular prism has £ triangular

faces.

b) A triangular prism has 5 faces.

¢) A triangular prism has 9 edges.

d) ‘A triangular prism has A vertices,

752
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Pyramid
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Pyramid

Thinking Together

Look at the model of the pyramid plctured on page yj6.

It 18 made up of flat parts only, like those of a ppism. These

suggest parts of planes, and as in the case of the prism, they

wlll be called faces., The pyramid 18 the union of these faces.

(Notice that a pyramid, as we have defined it, isﬁ"hollow";)

Faces next to each other intersect in a line segment which has

endpoints called vertices.

l. a)

b)

How many triangular faces does this

pyramid have? (49

Are there any faces on this pyramid: which
are not triangulaégwu&race this face with
your finger. _

How many faces are there on this pyramid?(ﬁj
How many vertices are there on this pyramid?(ﬁj
Put your finger on a vertex which is the
intersection of three faces.

Show a vertex which 1s the intersection

of four faces.

How many edges does this pyramld have? (2)
Trace with your finger four edges which

intersect at a vertex,.

2. Name some objects which suggest a pyramid.

%ﬁ-—-’- wm/'/*‘-“)

755

ft ‘!i'.”:!ﬁ" o




PL4L4S

756



P49
Cylinder
Thinking Together

Let us look at the model of the cylinder which you have
brought to class,

1. a) Are all parts of the surface of the
model flat? (710)

b) What do the flat parts represent? )
[y *JJM,“@-’W;“#M

¢c) Are the circular regions the same 81ze? (yee)

Remove the top and bottom of a

box which 18 the model of a N

cylinder. Make one straight

cut as shown in the picture.

Spread out the part just cut

=i

‘80 that it lies flat on the
desk.

‘2, a) What geometric figure is represented?(ﬁniﬁtfﬁ)

b) boes this suggest how you might construct

a model of a cylinder?

¢) Put the parts of the box together again
80 that it 1s a model of a cylinder.

3. Name some obJjects which represent cylinders or

parts of cylinders. /44«..,@“’, sor ertan taidon

Lt 20ws “"“- L7 ’4““’/ dors ’-oéoy%, Sy -
él*\u «.Z’;:.J.lq,c..a,,o.‘..i.,'.z;;,,.,,,.:',,;a-.,,)




P450

Not all cylinders are like the oatmeal boxes or the
cans that you brought. Your models are examples of a
special kind of cylinder called a circular cylinder.

Circular cylinders have circular regions for bases.

Many cylinders do not have clrcular regions for bases.
Look at this picture of
a c¢ylinder. Its bases

are not circular _ []

o ——--,

reglons.

Take a can which is a

model of a circular

cylihder. Take out

both bases. Press

1t down like this: \ /
Think of bases that N\ _ N
are oval regions

being put on the can.,

Now we have a model of a cylinder which is not a

circular cylinder.

;Try to find a model of a cylinder which is not

a circular cyiinder. Sometimes toothbrushes

~come in this kind of contalner. Would part of

the front or the back fork of a bicycle be an
example of a cylinder?
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Cone
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P453
Cone

Thinking Together

We can see from the pPhotographs that the model of a cone

is different from that of a cylinder.

1. Describe ways in which the model of the cone
differs from that of the cylinder,

2. a) What geometric figure does the flat part
suggest? ( £ cereedar gl )
b) Place the model of the cone so that the
~ flat part is on a sheet of paper and'tréce _
around the edge. Wwhat is represented"}xﬁ(é “"4)
3. What 1s reppé§ented by the tip of a model of
a

a cone? The point represented by the tip is

called the vertex of the cone,

b, Suppose the model of a cone is
cut in half so that the cut

passes through the vertex and

divides the cireular region

into parts of equal size. ; 5)

a
What will the cut edge representg The cut edge is

- 8hown as the heavy line segments in this drawing.

5. Name other objects which suggest cones or parts of cones.f

(e %w‘.wd‘-;l%l sovra fd’-rdlﬂv\‘(,’ Crpaa,
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PlisK
Sphere
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Thinking Together

The surface of a ball or a globe 18 a model of a Bhere.

1.

Look at the shadow of a ball on the s8ldewalk when
the sun is directly overhead, or look at the shadow
made by a ball with a light directly over it.

What does the edge of the shadow look 1ike? (o cerd,)

Cut. a model of a sphere into two pleces of equal

size.

What geometrical figure do the edges of eaeh,half
of the sphere represent‘> ( a "‘-"1')

Place one of the halves of the sphere on a flat

surface so that the eut edge 1s against the flat

 surface. Traoce around this edge.

What does the drawing represent? (a “"‘6)

Do you think that all the points of the half
sphere are the same distance from the center of

the cirecle that 1s represented by the edge?(ﬂﬁ‘)

Does this suggest that there 1is g point inside
the sphere that we might call the center?(zﬁr‘ﬂ
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6. Think of a tetherball. When the rope is tightly
stretched, the ball is always the same distance

from the point where the rope is attached.

As‘the ball moves around

into different positions, tightly
tretched
do you think the point rope

where the rope 1s

attached to the ball

goes through points ball

on a sphere? [‘r‘)

T How would you describe a sphere?

8.° Would the description of the sphere as "the set
~of all points in space that are the same distance
from a chosen point called the center" be a good

description? ((Yse )

9. How does this description differ from that of a circle?

10. Is a sphere hollow? (apg)
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EDGES AND FACES

Thinkihg;Together

1. Do any edges of a triangular prism form a

rectangleéﬂréheck witﬁ your right .angle model,

2, Do any edges of a pyram:ld form a rectangle‘?( z ,-,a-J

Check with ‘your right angle model,

3. How many faces of the rectangular prism have

edges which fcrm a rectangle? (4)

L, How many faces of the triangular prism have

edges which form g rectangle? 53)" I

5. How many faces of the pyramid have edges which

form &

reotangle‘? ( 4"’“—)

6. Look at the models of a rectangular prism, a

triangular prism, and a pyramid COpy the
following table on a sheet of’ paper and fill
in the blank Spaces,

5
i
]

Number | Number Number Number of facesq

of of 7 of plus number of f
Faces Vertices Edges vertices minus !
number of edges

Rectangular prism

4 ¢ /2 2
Triangular prism 5 A 9 2
Pyramid & & 4 2
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b)

d)

Add the number of faces and the number of
vertices of the rectangular prism. Subtract
the number of edges from this sum. What is

your answer? ( 2)

Do the same for the triangular prism and the

pyramid. What is your answer in eacﬁ case? (2)

Look at other geometric figures made up of
portions of planes. Is the number of faces
plus 'the number of vertices minus the

number of edges the same for these geometric

figures ? ('f")

Do you think you will always get the same
answer if you add the number of faces and
the number of vertices, then subtract the

number of edges of any geometric figure

~ which 18 the union of parts of planes? [Yse)

Write a mathematical sentence for your

answer of 6d. /WMUAM} Jf.LJ/.L

'F'fVE z’JL‘.F V‘-JEMMA

Bl f o, T el s el )
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Chapter 9

LINEAR MEASUREMENT

PURPOSE OF UNIT

The purpose of the unit is to introduce the

pupil to the concept of length and to the technique
of linear measurement.

Our study of linear measurement may be divided

into four major stages which parallel the historical
development:

1.

Intuitive awareness of difference in
size

Cholce of an arbitrary unit, understanding
that the unit must be of the same nature
as the thing to be measured - a line
segment to measure a line Segment

Selection of standard units for purposes
of communication

Devising a suitable scale for convenlence
in measuring

767
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MATHEMATTICAL, BACKGROUND

‘ Long before the child comes to school he has experience with
the notion of measure. His father 1s taller than he is; his
sister 1s younger than he i1s; he gained three pounds since his
last medical check-up; the new house is bigger than the old
house. By the time the child has come to this unit, towards
the end of the fourth grade, he understands and makes such
statements as, "My Dad 1s 6 feet two," "The milkman leaves
three quarts of milk for us every day," "It takes me 15
minutes to go to school." He knows that there are many different
kinds of measures: time, welght, liquid, linear; and he applies
the appropriate units. It 1s the purpose of the present Unit
not only to expand the child's knowledge of linear measure, but
also to deepen his intultive understanding.

It 1s of 1nterest to note that in the development of the
idea of measurement for the pupil, we are actually following
the historical development of this concept. The counting of
discrete,>separat§ objects (like the number of sheep in a herd)
was not a teéhnique_applicable to measuring a continuous curve
(1ike a:side of a wheat field). At first the notion of size
_ was,reaiized intuitively. One boundary was longer than another;
one plece of land was larger than another. Later when fields
bordered more closely on each other, more refined measures were
necessary. When a unit of measure (e. 8. that part of a rope
between two knots) was agreed upon, it was possible to designate
a plece of property as having a length of "50 units of rope"
and having a width of "30 wunits of rope." With the increase
in travel and communication, it became obvious that "50 units
of rope" did not represent the same length to people not
familiar with the unit. The need for a standard unit was
realized. Once a standard unit was accepted, a scale, for
greater convenlence in measuring, was devised.
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Comparison,and Length

A basic concept in measurement is the difference between
comparisons of the slzes of collections of discrete objects
that can be counted, and comparisons of the sizes of objects,
like line segments, that are "continuous" so that ecounting is g
not directly applicable. It 18 meaningful to count the number i
of objects when comparing the sizes of collections of marbles, -
or of eggs, or of chairs in a room, or of pages in books. ;
There is a clarity of intent in a statement of comparisbn%suchllﬁf
as, "You have a larger collection of recordings than I have. 3
I counted 148 records in your albums, while I have only 110 Y
in mine."

But 1f the slzes of two line segments are to be compared,
what could we count? Surely not the number of points in the
sets which constitute the line segments, for there are more
points on any line segment than we can count in our number
system. Clearly, then, counting points 1s not a feasible pro-
cedure for comparing the sizes of two line segments.

: waever, we can always concelve of comparing two .line
segments, for example, AB and GCD,

Ae JB_

Co— - 0

as to size by laying off ZB along GO 1in such a way that the
points A and C colncide:

éf J 3D

In the example illustrated above, it turns out that B then fallal
between C and D. When this happens, we say that AB 1s
shorter than TD or that AE 4s of smaller length than 0D.
For some line segments, AB and 0D, 1t might happen that B
colncides with D, in which case we would say that AB 18 of
the same length as TD. (Recall that in this case we also say
that AB and CD are congruent.) Or it might happen that D

769




\.

\
‘falls between A and B, in which case we would say that 1B

18 1 longer than CD or that BE 1is of greater length than CD.

‘ When, as in the illustrations on page 769, the line segments,
IB and TD, can be convenlently drawn on a sheet of paper, this
comparison can be carried out, approximately, by making a tracing
of AB and placing it on top of the drawing of ©D. But even

if the line segments, AE and €D, were much too long or much
too microscopically short to be drawn satisfactorlily on a sheet
of paper at all, we would still concelve of AB and 0D as
being such that exactly one of the following three statements is
true:

(1) 7B 1s shorter than Eﬁ.
(2) 7AB 1s of the same length as CD.
(3) 3B 1is longer than €D.

Recall (from Chapter five) that in mathematics we think of
the endpolnts A and B of any glven line segment AB as being
exact locations in space, although these endpoints can be repre-
sented only approximately, by chalked or penciled dots, ete. 1In

the same way we think of the line segment, #B, as having a
-certaln exact length, although this length can be determined only

approximately, by measuring a chalk or pencil drawing representing

iB.

Units and Measurements

Let us describe this process of measurement more closely.
The first step is to choose a line segment, RS, to serve as
unitw» This means that we select RS and agree to consider its
length to be described or measured exactly by the number 1.
length 1 unit

R— ~$

Now we can conceive of a line segment, €D, such that the unit RS

can be laid off exactly twlce along Eﬁ as suggested in the

picture below, - Unit

Unit ~ Unit

"<
>
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 We say that CTD has length exactly 2 units, although €D caqf
be represented only approximately by a drawing. In the same way |
we can conceive of line segments of length exactly 3 units,'oré
exactly 4 units, or exactly any larger number of units, alth-w%
such line segments can be drawn only approximately. In ract,,igi
a line segment is very long -- say a million inches long -- we
wouldn!'t want to try to draw it even approximately; but we can
still think about such a line segment. |

We can also cohceive of a line segnment, AB, such that t
unit KRS will not "fit into" ZXB a whole number of times at s
In the plcture below we have shown a line segment, 1B,

Unit Unit Unit Unit _

A . —e | | B P
such that starting at A the unit can be lald off 3 times -3
along AB without quite reaching B, though if we were to lay@
off the unit 4 times we would arrive at a point P which 1s.:§
well beyond B. What can we say about the length of EB? Welltﬁ
we can surely say that AB has length greater than 3 units ang
less than 4 units. In this particular case, we can also ‘f
estimate visually that the length of AB 4is nearer to 3 unita}
than to 4 units, so we can say that to the nearest unit XB ;i
has length 3 units. This is the best we can do without consid
ering fractiohal parts of units, or else shifting to a smaller )

unit,

Let us-emphasize one thing about terminology. In a phrase |
like "length 3 units" we refer to the number 3. as the |
"measure 3." The point here is simply to have a way of referr z
to the numbers involved so that we can add them, etec. ~RememberA§
that we have learned how to apply arithmetic operations like ’
addition only to numbers. We don't add yards any more than we
add apples. If we have 3 apples and 2 apples, we have 5 4
apples altogether, because 3
| " 34+2s=5, ]
Likewise if we have 3 yards of ribbon and 2 more yards of
ribbon, we have 5 yards of ribbon altogether, again because

3+ 2=5,

A
Y
2
o
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Standard Unilts and §ystems,g£_measures

The acceptance of a standard unit for purposes of communica-
tion is soon followed by an appreciation of the convenience of
hav1ng a varlety of standard units. An inch is a suitable
standard unit for measuring the edge of a sheet of paper, but
hardly satisfactory for finding the length of the school corridor.
While a yard is a satisfactory standard for measuring the school
corridor, it would not be a sensible unit for finding the distance
between Chicage and Philadelphia.

The standard units of linear measure: 1ineh, foot, yard, and
mile, which we treat in this chapter, are units in the British-
American System of Measures. 1In the éighteenth century in France,
a group of sclentists developed the system of measures which is
known as the Metric System. _

There are two things to be noted in advance about the brief
discussion of the metric system which follows. First, only metric
units of_length are discussed here. To be sure, there are also
metric units of volume, weight, etc., but there 18 no need to
introduce them at this point. Second, the discussion below is
intended as background information for the teacher only. It is
neither expected nor desired that'this material will be taught in
this form to pupils. The only material on the metric system in-
tended for pupils 1s that which specifically appears in the
pupilts edition of the unit.

. In the metric system the basic unit of length is the meter,
which ia,approximately 39.3 inches or a little more than 1
yard. Thus in the Olympic Games, where the metric system is used,
we have the 100 meter dash, which 18 Just a little longer than
the 100 yard dash.

The principal advantage of the metric system over the _
British-American system lies in the fact that the metric systém_
has been designed for ease of conversion between the various
metric units using the decimal system of numeration. The metric
unit which is jJust one tenth of a meter 1s called the decimeter.
Thus

1 decimeter = .1 meters,
10 decimgters = 1 meter.
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The metric unit which is Just one hundredth of a meter (and
hence one tenth of a decimeter) 1s called the centimeter. Thus

1 centimeter = ,01 meﬁers,
100 centimeters = 1 meter.

The metric unit which 1s just one thousandth of a meter (and 3
hence one tenth of a centimeter) is called the millimeter. Thusé

1l millimeter .001 meters, 1
1000 millimeters = 1 meter. | | oy

To see how easily conversions are made between thesé units,%f
consider a length of 3.729 meters. To convert this to ]
decimeters we need only multiply by 10, because 10 decimeters §
1 meter. Therefore, since 3.729 x 10 = 37.29, we see that e

5.729 meters = 37,29 decimeters.

To convert 3.729 meters to centlmeters, we need only multiply 1
by 100, because 100 centimeters = 1 meter. Therefore, since 3
3.729 X 100 = 372.9, we see that

3.729 meters = 372.9 centimeters.

'Finally,'to convert 3.729 meters to millimeters, we.need only
multiply by 1000, because 1000 millimeters = 1 meter.
Therefore, since 3.729 X 1000 = 3729, we see that

3.729 meters = 3729 millimeters.
Also since ‘
3.729 =3 + .7 + .02 + .009,

we can think of 3.729 meters as being the sum of 3 meters,
7 decimeters, 2 centimeters, and 9 millimeters. This bring
out the connection between the metric units and the Place values
of the decimal system of numeration. f
We have already noted that in the metric system ‘the meter 18
the unlt which corresponds approximately to the yard in the ‘
British-American system. The metric unit which most closely
corresponds to the inch is the centimeter. Since 1 meter is
approximately 39.3 1inches, and since 1 centimeter = .01 meter
we see that 1 centimeter is approximately 39.3 x .0l inches ]
or .3953 inches. This is8 nearly .4 inches or a 1little less
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than half an inech. Below is illustrated for comparison a scale
of inches and a scale of centimeters, ' '

Inches
0 | 2 3 e 6
p——p= r—— T —t T r—t r— T =t —
0o | 2 3 4 S5 6 7 8 9-10 1l 23 14 B -
dentimetera |

So far we have said nothing about metric units larger than
the meter. The most useful of these is the kilometer; which is .-
defined to be 1000 meters, The kilometer. is the metric unit - -
which most closely corresponds to the British-American mile. It
turns out that one kilometer is a little -more than six tenths of
a mlle: : X
1 kilometer = .6 miles (approximately).

Since the metric system 1s the officlal system of measures
for many countries, and i1s used by sclentists all .over themworld,
pupils should become acquainted with this system of measures., At
the fourth grade level, the pupil is introduced to the centimeter
only.

We have treated the inch, foot, yard, and mile as "standard"
units for linear measure, in contrast to units of" arbitrary size
which may be used when communication 1is not important. Actually,
the one standard unit for linear measure is the meter, and the
correct sizes of such other units as the centimeter, inch, foot;
“and yard are specified with reference to the meter. Various
methods for maintaining a model of the standard meter ‘have been
used by‘the Bureau of Standards. For many years the model was a
platinum bar, kept under carefully controlled - atmospheric condi-
tions. The meter 1s now defined as having length which is o
1,650,763.73 times the wave length of orange. 1ight from krypton

86. This standard for the meter is preferred because it can be
reproduced 1in any good scientific laboratory and provides a more. '
precise model than the platinum bar.
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~ Scales and Precision

Once a unit 1s agreed upon; the creation of a scale greatly 3
simplifies measurement, A Scale can be made with a non-standard ;
unit or with a standard unit. When we use a standard unit segmené
to mark off a scale on a stralghtedge, we are making a ruler. If |
we use the inch as the unit in making a ruler, we have a measuri‘fé
device which 1s designed to give us readings to the nearest inch. f

Because a line segment 1s continuous, any measurement of 1ts‘;
length, made with a ruler, is, at best, approximate. When a seg- i
ment 18 to be measured, a scale based on the unit appropriate to E
the purpose of the measurément is selected. The unit is the seg-
ment with endpoints at two consecutive scale divisions of thHe @
ruler. The scale 1s placed on the segment with the zero-point
of the scale on one endpoint of the segment. The number which -
corresponds to the division point of the scale nearest the other
endpoint of the segment 1s the measure of the segment. Thus,
evggz,méasurement is made to the nearest unit., If the dneh is
the ﬁhit of measure for our ruler, then we have a situation.in
which two line segments, clearly not the same length, do have
the same measure, to the nearest inch. '

The measure, in inches, of AB to the nearest inch is 2. Ve
write this, m AB = 2, The measure, in inches, of TD to the
nearest inch is also 2; m CD = 2,

Ve may make a more precise measurement i1f we use a smaller
unit segment. It should be clear that if the unit is changed,
the scale changes., Thus, if we declde to use the centimeter as
our unit, the scale appears thus:

0 1 2 3 b 5 6 7 8 9 10 11 12

(1
=

m B (in centimeters)
mCO (in centimeters) =6
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Now the measures indicate that there is a difference in the
lengths of the two segments. R , s
Sometimes it i1s more convenient to record a length of 31
inches as 2 feet T 1nches., Whenever a length is recorded
ueing more than one unlt, it is understood that the precision of
the measure is indicated by the smallest unit named. A length
of the measure is indlcated by the smallest unit. named., A length
of 4 yd. 2 ft. 3 1in. 1s preclise to the nearest inch. It
is closer to % yd. 2 ft. 3 4n, than it is to either &4 yd.
2 ft. 2 1in, or 4 yd. 2 ft. 4 1in. A length of U4 yd.
2 ft. is Interpreted to mean a length closer to h yd. 2 ft.
than to % yd. 1 ft. or 4 yd. 3 ft. However, if this
segment were measured to the nearest inch we would have to indi-.
cate this by 4 yd 2 ft. O in, or 4 yd. 2 ft. (to the
nearest inch). The difference in the precision of these measure-
ments is marked. When the measurement is made to the nearest -
~ foot, the interval within which the length may vary is one ggggj
ﬁwhen the measurement is made to the nearest inech, the 1nterval
‘within which the length may vary is one inch.
| An application of linear measure is the calculation of the
perimeter of a polygon. As an introduction to perimeter, the .
pupil should be made aware of the fact thatjlength is a property
of a curve, which 1is unchanged 1f a representation of the curve
18 moved or i1f it bent and changed in shape. Thus a wire
- representation of any curve may be straightened out to represent
_ a line Begment and its length may then be measured with a ruler,
The presentation in thils unlt stresses the concept of perimeter
of a polygon as the length of the polygon. If the 1engths of
the sides of a polygon are known, we may find the perimeter
readlly by adding the measures of the segments, provided the
same unit 1s used. The plausibility of this procedure arises’
from the definition of perimeter as a length, and the natﬁre'of
length as unchanging when the curve is reshaped.
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CONCEPT

e i T e A A 3 it

The unit for: measuring must be:of' the same nature as . the thing
to;ﬁg?mahsured; la?iine segment as a unit for measuring line L
sesmsnhs,tan'angle:sS‘avunit_for measuring angles, etc. For '
convenience in communication, standard units (foot, meter,

degree, square foot, square meter, etc.) are used.

ntrvrp—— i
e — e ——————————

w—/

The measure of a geometric object (1ine segment, angle, plane

- reglén, solid reglon) in terms of a unit i1s the number (not
necessarily a whole number) of times the unit will fit into the.
obJect

— = s = =——=3
—— sh— A — ——

Measurements yield underestimates and overestimates of measures
in Yerms of whole numbers of units. In the case of line segments
and: angles they also yield approximationa to the nearest whole
number of units. _

‘ P L g ) ) : :

Segménts and regions can be thought of as mathematical models of
physieal-objects. .. Physical terms are used to describe the -
physical objects armd the physical terms are also used in discus-
sing mathematical models, -This is acceptable provided the
correct mathematical interpretation of the physical terms is
understood.

A curve in space‘'may have length,

. . . - H -

i

Ea

Some: measures. of a'figure may be calculated from other measures
of that flgure. .

Disjoint segments (several separate pieces) may also have the
property of 1ength

——  —  —  ———— e r—
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LENGTH
m

A line segment 1s a set of points consisting of two different
points A and B and all polints between A and B on the
line containing A and B. Sometimes we say "segment" when it
is clear that we mean "line segment",

We use a line segment as'a unit for measuring line segments.

We use the word "meter" to name the segment which is accepted as
the standard unit for linear measurement. We use "inech," "foot,"
and "yard" to name certain other units which are defined with
relation to the standard unit.

e ——————— . |

The measure of a line segment in terms of a unit is the number
(not necessarily a whole number) of times the unit will fit into
the line segment. The unit segments may have common endpoints
but must not overlap. :

-/ 4

In measuring a line segment, as the unit becomes smaller, the
interval within which the approximate length may vary, decreases
in size. The precision of a measurement depends upon the sige of
this interval. The smaller. the unit, the smaller the interval
and the more preclse the measurement.

— —_—

The length of a line segment in termms of a unit consists of (1)
the measure of this segment in terms of this unit together with
(2) the unit used. Example: The length of this segment iz 5
inches; 1ts measure (in inches) is the number 5,

' Many-of the familiar curves in a plane or in space also have
length., We can bend a wire to the shape of the curve and then
stralghten the wire to represent a segment.

We can calculate the perimeter of a triangle or other polygon.
If the measures of the sldes of a triangle (where the unit of
measurement is the inch) are 4, 5, and 6, then the perimeter
of the triangle 18 measured by the number h o+ 5+6 or 15,

We say that the perimeter of the triangle is 15 inches.

A figure consisting of several segments that do not touch may
have length. The measure of the flgure in terms of a given unit
is the sum of the measures of the separate segments in terms of
that unit.
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TEACHING- THE UNIT

Each section of this unit is divided
into activities of an exploratory nature and
- Exercises, In most sections, a generaliza-
- tion will be reached with the completion of
the activities., However, in some cases,
demonstrations or additional teacher-di-
rected activities may be necessary in order
to reach the desired generalization.

The pupils should work independently on
the Exercises. Since the Exercises serve
not merely for maintenance and drill, but
also are sometimes developmental in character,
1t 1s suggested that class discussion of the
Exercises follow thelr completion by the
pupils.

You may want to have the puplls study
something on the history of measure. There
are several good reference dbooks and com~
mercial charts sultable for such work.
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COMPARING SIZES

Objective: To develop the following understandings
and skills:

1. The Blze of a collection of separate
(discrete) objJects can be found by
counting the objects.

2. The size of a continuous object, such
as a line segment, can not be found
by counting only.

3. The sizes of two collections of discrete
objects may be compared without counting,
by a ?matching" process.

Ih.' The sizes of two line segments may be
compared by laying a copy of one on
the other,

5. A model of a curve may be "straightened"
without changing 1ts length.

6. A compass 1s a useful device for
- comparing sizes of segments.

Materials Needed:

Teacher: Collections of small objects such as
Jacks, marbles, penclls, erasers, bobks,
string, chalkboard compass, straightedge

Pupils: String, compass, crayons

: Vbcabulary:' Line segment, curve
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Questions About Size

- This exploration serves as an introduction
to the comparison of sizes. -

Comparing Sizes Without Counting

After the pupils complete the first fowr
exploratory exercises on page 461-2 in the pupils
book, ac¢ctivities similar to the one below should
help give them more insight on comparing sizes
without counting. Pupils should draw representa-
tions on their papers and match obJjects by
drawlng a line to match one member of a set with
one member of the other set. They should be led
to the generalization that one set is larger
than the other set if, after matehing, it then
has unmatched members.

, Below 18 an egg box and a set of eggs. The .
line matches one egg with one place in the box. -

Represent the box and the eggs on your paper.

. Match each egg with a place in the box, if

possible,

Are there any spaces without eggs?
Are there any eggs without spaces?
Which set 1s larger?

Using a Compass to Compare Segments

The use of the compass to compére segments
i1s reviewed in the Exploration of the section _
on Using a Compass to Measure lLine Segments. l ‘
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Chapter O

LINEAR MEASUREMENT

COMPARING SIZES

Questions About Size

Exploration

How many of the questions you ask and other people ask

begin, "How much?" "How many?" "“How far?"

We say: "How many pupils are there in your class?"
"How long is the hall outside your classroom?"

"How far is it to New York?"

To answer these questions, we use numbers.
There are 32 pupils in the class.,
~ The hall 1s 320 feet long.
If 1s 750 miles to New York.

Answers to some of these questlions can be found by counting.

Other answers can not be found Just ﬁy counting. Why? (2$¢.u~4
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Which of these can be found just by counting? (/, 3,4, #)
1. The size gf;your class |
2. The height of the tallest boy in your class
5. The sige of your family
4. The size of your classroom
5. The'lengtﬁ of a book shelf
6. The size of a rock collection
T. The size of the smallest rock in the colledtién
8. The population of your town
9. How hafd the wind 1s blowing

10. The size of a bilcycle wheel |

Think of ‘a rock collection. What can you tell about the
rock collection by counting? TIs there something you cannot

tell abéut_the 81ze of the rock colléction by counting?

Ybu can tell the size of a rock collection by counting,
'because eacH rock 1is a separate thing. A rock may be large

or small, but 1t is one rock.

You cannot tell the size of any single rock by Just countingé

It 1s onemck, but it may be large or small.
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PL461
 COMPARING SIZES WITHOUT COUNTING

Exploration

OO0 o .
OOO qAAAA
0 © AAAA

®
olNe)

Without counting, how can you

tell which set has more members?

(4 mitly)

1.‘ -A scout brings a bag of candy bars to a den meeting.
. What is an easy way to tell, without counting, whether
there are more scouts or more candy bars? (. ,6--...-.4( e
oe ﬂo—ol-} L"-)
2. In a _achool storeroom there 18 a supply of desks and

é. supply of chairs. How can you tell which supply
18 larger? (/2 ome b witl aasd Luh.)
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3. How can you tell how the attendance at a movie compares

with the seating capacity? (Ao A 4.44.«41 ..Aou-f-w/

y, How can you tell whether there are more hot dogs or

more buns? (-yf"‘"”;f-jlz‘-—d} m‘&*ﬁ o ad 4. )

You can compare the sizes of single obJjects whose size

can not be found by Just counting. |

5. Here are pictures of twd pPleces of rope.

A T\

Which rope do you think is longer, A or B?

If you had the ropes instead of the pietures,
how could you tell which is longer?

To compare curves like those in the pictures, lay a
string along each curve. Then straighten out the strings;

What geometric figures do the stretched-out strings represent?

785




_ P463

Suppose you wish to compare “AB and TD.

Oy
o
> 4
mt

To prove to someone that TD 1is 1§nger than 1AB, stretch
a string on ZAB. With your fingers, hold the points of
the string that fall on A and B, Move the string and
place i1t on TD with one endpoint on C. 1Is the other
endpoint on D? -Since 1t'is between ¢ and D, TD 1s
longer than 1B, wa is comparing segments, to see which
1s the longer, something like matching groups of separate

‘objects to compare the sizes of the groups without

~ counting? (L. Maw.{-.—-.. Corpmarn, A«Iﬂ).«..i-l /........7
(e o .

i aiain, B g inelond. )

There are many things which are enough like our idea of

a line segment so that we can think of them as line

segments; for example,

a stretched string,
some. pencil marks on paper,
the edge of a table,

a pencll.

Name Several other things which we might think of as

line gegments.
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Remember that between anyrtwo'pbintd'iﬂ space there is
Just one line segment. If we have any two objects which
we EE&EE;EE as points, we can also think of them as
endpoinfs of a line segment. This is whaﬁ_we mean when

we say:

the distance between the two tips of a compass,
the distance between the earth and a star,
the distance from home plate to second base,

the height at which an airplane flies,

Name several other ways we think of line segments by
thinking of objects as ‘their endpoints,

The way you go to school is probably not much like a
line segment. A picture of it might look like this:

We can still talk about the distance you travel in going
to school. Your path can be thought of as a curve, but

not as a line segment. What does distance or length

mean for curves? We think of the curve as represented
by a plece of wire or string. Then we imagine
straightening out the wire or string to represent a line

segment.
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Exercise Set l

Use strings to compare the line segments and other curves.
Copy each sentence below the figures and write "longer" or

"shorter" in the space.

IVFE' is Ldznii) than Y.

Curve. A is L‘I,ZI) than curve B.
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N

c D

Curve C is %ﬁl than curve D,

> O

Curve M 1is %:ithan curve K.

N

Curve Z 1is (J.-t) than curve N.
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USING A COMPASS TO COMPARE SEGMENTS

Exploration
Is AB longer than TD?

-

A - B C D

Recall how you have used a compass to compare segments.

Place the polints of your compass on C and D.

C - D

" Without changing your compass, place the sharp point on A.

_ A ' B
Draw a small part of a circle which intersects AE.
Label the intersectlion E. ‘

-

A 3 —B

E is between A and B, so AB is longer than IAE.
7E has the same length as CD, so AB 1s longer than | @b,
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Exercise Set 2

Trace the following figures on your paper.
Use your compass or string to help you compare segments,
Copy and answer the question for each exercise.

Color the unmatched part of the longer segment.,

1.
A\’
B c D
Which is longer, AE or ©D? (ﬂ—é)
2.
— B
A\
C
Which 1s longer, AB or T(G? (ﬁ)
. 3.
E F
D G

Which is longer, DE or EF? (E£F)
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Measuring a Segment

vou may wish to use some measuring
instrument other than the pencil or hand-
spans. Toothpicks, chalkboard erasers, or
any other set of objects all of the same
length would do., In addition to the activi~
ties suggested in the Exploration, glve the
pupils other experiences in measurling obJjects
in the classroom using non-standard unit
segments. Use as measuring instruments such
things as these: a plece of string with two
knots about ten inches apart; a pupilts foot;
a walking step; the edge of a sheet of paper.
You may wish to engage in more activities
similar to the one given in the Exploration
on Measuring to the Nearest Unit of the
pupIl Text Eefare asslgning Ixercise Set 5.
Discuss the results obtained to emphasize:

(a) The unit of measure for a line segment
is a line segment.

(b) The measure 18 a number (e.g., the
measure o CD may pe 7).

(¢) The length of a segment includes both
} the measure and the unit of measure.
(e.g., 3 dinches, 7 feet, etc.)

(d) If a segment is measured with different
units, the larger unit of measure 1is
associated with the smaller measure.
For example, the measure of the desk
edge in pencil units will be larger
than 1ts measure in hand-span units,
if the hand-span 1s longer than the
pencil.

(e) The measuring instrument must be used
: with care, so that successive unit
segments intersect in their endpoints,
and only in their endpoints (i.e.,
they have one and only one point in
common., .
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MEASURING SEGMENTS
Measuring a Segment

Exploration

p .{,-

You know that you cannot tell the size of & segment by~Just
looking at 1t and counting, You can tell how long 1t is by

comparing it with some other Segmert ,

How can you tell how long'

our desk 1s8? ( a-,-.n.,
f};e o/ A '15

Aoy
What geometric figure does

the edge of your desk e/ 7 ||| 3

represent? (4;4-44‘7—'—’) | - l ”

l. Take your pencil B _ '; / 'nﬁ

Lay 1t along the edge of your desk, with one end on the-co’ff
Put your finger on the desk at the other end of the pencil
Lay the pencil down again from that point. ' 4
How many pencils long 1s the edge of your desk" (Mu.l
Give your answer to the nearest whole number, i
2. People often use their hands to tell how long a segment iB.I%

Spread your right hand so the fingers are aa far apart as

\'

possible. Place your right hand with your thumb on the left

corner of your desk, See how many hand-spans 1ong your -
desk 1is. (‘-—....-.... u«llana-})
The segment represented by your pencil or your handqspan,

is called your unit of measure.

The number of pencil-lengths or hand-spans it took to cover f?
the edge of your desk is the measure of your desk. A measure ofﬁ%
your desk may be 7. | | “

To name a length, we use both the measure and the HEEE.SE

measure. A length of your desk may be 5 hand-spans. %
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Exerclse Set 3

Copy and complete each of the sentences.

1. Our family drinks 3 quarts of milk each day.

a. The unit of measure is ( -, ) .

b. The measure 1is (3) .

¢. The amount of milk 1s (3J—-1-) .
2, My dog weighs 18 pounds,

a. The unit of measure is (f'“""l) .

b. The measure is (/2) .

c. Its weight is ( /:',-,.._.L, ) .

S | My desk 1s 9 chalk-pieces long.
a., Its length is 6 edotk - ,..........,)

b, Its measure is (1) .
¢. The unlt of measure is ( Adh-psan )

. In Exercises U4-9 use the words length, measure, or

unit of measure, so that each sentence will make sense.

4, It takes 6 chalk-pleces to cover the edge of my desk.

1t8  (amsdame) 18 6.

5. My desk is 4 pencils long.

Its . (M ) , is U4 pencils,

6. My desk is 4 hand-spans long.
The (.u...:/ -/--n-w'-) is the hand-span.

7. The (omsstanme ) in hand-spans is 5.

8. The (1.«-.2‘ .{,......._.,4_) I used 18 a segment represented

by one pencil,
9. The edge of my desk has a {z&—:ﬂ) of 4 pencils.
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USING A COMPASS TO MEASURE LINE S EGMENTS
Exploration |

We want to find the measure of 2.
' We use our compass to help us

measure a line segment

CF

Our unit of measure is 3B,
Here is IB.

A —B

We lay off the unit ABE on UV

We lay off AB on TP three times.
We label the intersections E and F.
See the picture below.

c e IF

We 8ay the measure of TP is 3,
We write: m B0 = 3,

What is the measure of TE? (n-é? =/)'

wWhat 18 the meaéure of TF? (M CF =£)
What is the measure of ¥D? ( mED "2)
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Exercise Set 4

Copy each of the segments in exercise 1 and 2.

Find the measure of each segment.

T R N TR Y S
A R T S e e R e T

1. :
R—Gmi 1S
M P
niF - (2)
2.
Kr Unit —T
H- 1S

n e - (4)

3, .Tell the measures of the segments in the figure.

B S R R S S e
m EE = (3) mCTF = (3)
mBF = (4) m AF = _(5)

4, wWrite the name of any segment which has the measure glven.
Use the unit and figure for Exercise 3.

m ﬁz = 2 m ﬁg = 1
— : 56 =/
mBD =2 - A
ME=2 , (:ﬁ-l
MDF"E ] mERs
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MEASURING TO THE NEAREST UNIT

Exploration

We want to find the measure of TW.

We use AB as the unit of measure.

This plcture shows how we can find the measure of W,

using AB as unit.

How many times can you lay off the unit on ZW?

(yze) o £ _
m¥E =4, Is mIZW larger than 4¢? why?( “31‘1"‘)
m2zZF =5. Is mZW smaller than 5% )Whyo u“':j «.u-l.t....

The measure of ZW is;between 4 and 5 units.

Since W 18 nearer ta E than F, we say

m ZW = 4, to the nearest unit.

797



PiTY

Exercise Set 5

Trace the figures in each of the following exercises,

Find the measures of the segments to the nearest unit.

'. A B ' Unit
The length of AB 1s greater than (2) units but
less than U) units.
mE8 = (2) (to the nearest unit)

2.
t = et
c D Unit
The length of €D 1is greater than (3) units but
less than (#) units. -
m CD = ‘4) (to the nearest unit)

3.

R | ) 3 ' Unit

The length of RS 18 greater than (2) units but

less than (3) units.
m RS = (3) (to the nearest unit)
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BRAINTWISTER:

on draw a segment whose length is the length of
the curve ABCD.

Now find the measure of curve ABCD. Use WY as unit.

The length of curve ABCD 1s greater than (4) units
but less than ($) units.

m ABCD = (#) (o the nearest unit)
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USING STANDARD UNITS OF LENGTH

Objective: To develop the following understandings
‘and skills:

l. Units of measure of standard size came
into use for purposes of communication.
Their size i1s fixed by law.

2. Many units of measure which are now of
standard size developed from non~
standard units.

3. Two unit segments of standard silze
are the inch in the British-American
System, and the centimeter in the
Metric System.

Materials Needed:

Teacher: Chalkboard compass, stralghtedge

Pupils: Compass, sSclissors, stralightedge

bbcabulary: inch, centimeter
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Children may be interested in the ways
In which the local government controls the
measuring instruments used by merchants.
For interesting reading on the development
“of measurement, see

Hogben, Lancelot Thomas, Wonderful
world of Mathematics, 1955 (Qarden
CIty) Doubleday.

Newman, James R., ed., World of
Mathematics, 1956 Simon and Schuster.

Interesting reports on topics relating
to measurement may be made by pupils, using
encyclopedias and other reference sources.

- Following the section on Using Standard
Units of Length in the pupilts book, an oral
exercise In which the pupils supply the name
of a standard unlt which would mske
sentences sensible would be in order. The

following sentences are samples of such an
exerclse, ,

The school nurse says.I welgh
65 g&iﬁ | —
My mother buys 3 (f‘d;‘aiﬁaujljf‘}J;t;)

of milk a day.

This was a warm day. The thermometer
read 60 |sgue) .

My father stopped at a filling station
and bought 10 41;.‘Lm.) of gas.

We drove to a town 80 Cndlh) away
to see my aunt. It took us "2 [Lwm) to
get there,

In the pupllts books, the compass
marks do not show on the segments repre-
sented in Exercises 1-8 in Exercise Set 6.

In this sectlon the pupils make and use
an inch and a centimeter scale.

801




\ pite

USING STANDARD UNITS OF LENGTH
Exploration

Suppose a team of boys from your school were going to
play a game of baseball with a team from ahother-school.' If
the other team brought a baseball so iargerand heavy you |
could hardly 1ift it, what would.ydu say? You would probably
say, "We will not play with that baseball. It is not the
standard size and weight." What does that mean? Can‘ybu
find out the standard size of a baseball?

You have been using units of measure which were not
of "standard" size. Now we shall use standard units, which
are used by a great many people and which always mean the
| éame amount. The s81ze of a standard unit is set by law.
‘ VYbur encyclopedla contains information about the National

Bureau of Standards in Washington, D. C.

. In which of the following sentences are standard units

used? (3)
'l; He 18 as strong as an ox.
2. Put in a pinch of salt.
3. We get %- pint of milk for lunech.
4., The corn is knee high.
5. I used to live a day's journey from here.

You are familiar with many standard units. Name some

of these units. (/-«J, P, ‘3‘4/11)
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Primitive people had‘little need for standard uq;ts.
If the caveman liked the size of his neighbor's spear, he
could borrow the spear and copy its length. Or, he could
think, "When the spear 1s held with one end on the ground,
the other end‘reabhes my shoulder.“ Then,’he could make a
spear with that same lﬁngth. '

Many of the standard units which we use came from units
which were not standard. Thése were used b& péopleilong égo.
Many of them came frdm;using barts of the body.

An inch ocame from the use of a part of 4
a ringer'as a unit of length. ~Can you
. find a part_ofryour finger whichfiﬁm'

about an inch long?

A foot came from the length of a
personts foot. 1Is your foot shorter

or longer than a foot ruler? -

A yard was at one time thought of as ;
the distance from the tip of a person's 1
‘nose to the tip of his middle finger,
when ﬁis arm was heid straight out
from ﬁhg‘shouldgr. Is the distance

from your nose to the tip of your

ringer»as long as a yardstick?
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Here 18 a model of a standard unit.

You have often used this unit.

Inch

It 1s the inch.

Name some objects you measure in inches.

Here is a model of another standard unit.

This unit may be new to you.

It is the centimeter.

If you lived in France, or in many other countries,
you would use this unit segment instead of thé'inch.
Scientists in all countries use this unit.
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Exercise Set 6

Trace each figure :I.n'exercises 1-_-8 on your paper. Use

your compass or string to find the measures of the segments.
Copy and complete the statement for each exercise.

For exercises 1-4, use AB as the A B

[
T

3

unit éegment. Give your answer to the

nearest inch.

1.

mCh = (2) ,» in inches mEF = (3) » In 1nches

" .

mil = (3) , in inches

805
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,. For exercises 5-8, use RS as the

unit segment. Re—em— S8

- Give your answer to the nearest centimeter.

, | | <N
5- 6. '
! —
lo
mIM= (L"), ' m.ﬁﬁa ‘é),
" in centimeters. in centimeters.
T 8. )
-
w
. ,Q
m Fg = (‘), ' _,mm-,(.? ’
in centimeters. o o in centimetei's._
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9.

- 10.

Make two copies of NK.
Find the measure of TK

]

in inches. inch
Then find its measure in

centimeters. cenfimeter

N K

m N (In inches) = (3)
m FK (in centimeters) = (§)

| P
Draw DE.
D = ‘ — E
( De- L4 - ¥ bn_ )

ol -~
on DE draw a segment whose measure, in inches, is 3.

Label it TH.

-
Draw PS. .
Pe et |
R ———— , -

Oon ﬁ, draw a segment whose measure in centimeters:

is 3. Label it ZW.

m FE (in inches) = 3

m ZW (in centimeters) = _3
Is FH congruent to ZWr (74)
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SCALES OF MEASURE

ObJective: To develop the following understandings
and skills:

1. A linear scale 18 a device for convenience
in measuring segments.

2. A linear scale 18 constructed by
laying off unit segments consecutively
on a ray. Endpoints of consecutive
segments (called scale division points)
are assigned consecutive whole numbers,

“ wilth 0 assligned to the endpolnt of-
| A the ray.

3. A compass and linear scale may be used
to measure a given segment,

4, When a linear scale is used to measure
a segment, the measure is determined
by the number assigned to the scale
division point nearest the endpoint of
the segment.

Materials Needed:

. Teacher: Straightedge, chalkboard compass
Pupils: Compass

‘ Vocabulary: Scale, linear scale, T (ray . r),
inch scale, scale division.
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SCALES OF MEASURE
Making Inch and Centimeter Scales

Exploration |
When you are measuring segments, it is convenient to have -

a scale.

Follow these directions to make an inch scale on ray r.
(Sometimes we name a ray by a single letter as r.)

[-—

Inch

1. Write zero below the endpoint; of T. - Then use your oompass
to copy the inch unit segment, beginning at 0. Label the
other endpoint 1. |

s A /'rj &

0 1 -

2. Copy the inch unit segment again, beginning at 1. Label
the other endpoint 2 ’

b o L »

0o 1l 2 :

3. Continue copying the unit segment until you have copied it
five times. - Label the endpoints of the unit segments. |
write "Ineh" below O.

Does your drawing now look like this one?

— - -+ ‘ + — ——Ts

(o} 1 2 3 b 5

inch

Save your scale.

809



P483

4. Trace ray s. On ray s make a centimeter scale.

Centimeter

5. What 18 the largest number on your centimeter scale? (IJ--N)'
What 1s the largest number on your inch scale? (&)

Does yoﬁr centimeter scale look like this one?

B
-+ ~4o

| ‘ . 4 —— S — + P —
o 1 2 3 % 5 6 T 8 9 10 11 12 13 14
‘centimeter.

Save your centimeter scale, too.

:'5'. You can use your scales to find the measure of a segment
in inches and in dgéntimeters.
Copy and find the measure of XW, in inches.

K. : —t W

Place your coﬁnpass with the points on 'K and W.

without changing your compass, place the sharp point on the
éero-point of the inch scale and the pencil point on the
ray. Wwhat point on the scale is nearést the pencil point?(-g)
what 18 its mamber‘i‘:’)mﬁ_is the measure of KW 1in 1nches(‘g)

"~ Find the measure of KW 1in centimeters .@)Use your compass

and scale. ‘ ’ _’
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 Exercise Set T

,Ua:lng your inch scale and your sentimeter scale, find the
measures of these S8egments,

~Find the measures in inches and in centimeters.

1.'
A - —t B
m KB (in inches) = (‘9‘2
m A5 (in centimeters) = (1)
2.
mTO (in inches) = ! 32
m Uﬁ (in centimeters) = _(2)
3. |
' <+ E
1P

m EF (in inches) = !I)'
m EF (in centimeters) (32
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In these figures, the endpoints of one segment are named.

Find the measure of the segment, in centimeters.

m 3 (in centimeters) = (5)

-

m ¥ (in oenéimeteu) - (8)
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USING LINEAR SCALES OF MEASURE

Objectiveé

1.

2.

8

To develop the following understandings and

skills: .

A straightedge marked with a linearvpcale based'é
on a unit segment of standard size is a ruler.

To measure a segment with a ruler, place the 3
ruler along the segment with one secale division f
point of the ruler on one endpoint of the 3
segment.

If the O-point of the scale 18 on one endpoiﬁﬁj
of the segment, the measure of the segment 1is ;
the number of the scale division point nearest
the other endpoint. If the O-point 1s not
used, the measure is the difference between

the numbers at the endpoints of the segment.
Note that sometimes we place a ruler in 7
different ways because the end of the ruler

is worn away. 3

Materials Needed:

Teacher:
Pupils:

Stralghtedge, compass
Straightedge, compass, cardboard ruler

Vocabulary: Ruler

You may wish to suggest that, for ‘
careful measurement, it is helpful to use
a campass and ruler, in the same way as
the compass and linear scale were used in
the previous section.

The Inch Scale and the Centimeter Scale

In the previous exploration a scale
and a compass were used, This explora-
tlon introduces the use of the scale alone.
‘Many children wlll be familiar with the
inch scale but they probably have had
little opportunity to work with the centi-
meter scales.
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THE INCH SCALE AND THE CENTIMETER SCALE

Exploration

You have made an inch scale and a centimeter scale.:

You have used these scales to find measures of line segments.

You have found measures of line segments in other ways, too.

Now we will use only the scales of measure.

We find the length of 17B.

A B

-

1. We can place our scale along AB 1like this:
A B
0 ‘ 1 2l 3l nl 5
-inch :
2. -' Here 1s another way of placing our scale.
Why wo plage the er in this way? (4 st L wsom
}%3..3'1’ ..21‘714.,‘} i .-u.....uﬁ./z
;u-.--r&.a- o X, ae ‘uu‘.._.aw,..‘...)
A | | B -
| ol i g 3l 8 B

3.

Are there other ways to place the rulei- to find the

length of IE?(I}H- “1 fL-‘—)ﬂd a H‘J‘wa ‘“4,4__“_,__1)
The length of KB is 3 inches.__

We write m IB = 3,

Ve read: The measure of AB 1s 3.
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When you used the scale to find the measure of - B you used it
as a ruler. A ruler is a straigh»tedge wlth a scale on it,

L, Which of these drawings shows the correct w to place a
, ng ) Mg ay P

ruler to measure a segment?A Why?(J&.z....Z Z Ao compuardd }
2 Ao pod ails .&-}M-)
A ; A AN
ol 1] P
inch

5. Find the leﬁgth of €D, to the nearest inch.

c * D
d : o 3 » )
iﬁch | i

Place the scale along UD as in the picture.

'What point on the scale is below C? ( 9) (

Point D 1lies between what two points on the scale? (34-J4)
Is D closer to 3 or 4 on the scale? (#)

What 1s the length of €D, to the nearest inch? [4""““)

Glve two other ways to use the scale to measure CD.

(Ploe | blos C oo 2 dibos )
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6. Here are plctures of some line segments.

Fiﬁd the length of each segment to the nearest inch.

Then, find the length of each segment to the nearest

centimeter.

The abbreviation for "ecentimeter" is "cm."

Write your answers for each as has been done 1n the first

one.

a)

b)

e)

TQ

Length of TD 1s _3 1in., to the nearest in.
Length of CD 1s _7 eom., to the nearest cm.

E¢

>
T

&

+ F

FAAM.JZ#MMJ%-.

>d
T

i

g
T

N>

i T

7. Draw a segment 8 ecm. in length.

PR b, % T raend id

8. Draw a segment 2 in. in length.
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Exercise Set §_

1. Find the length, to the nearest inch, of one of your pencils.'

2. Find the length of the same penc:ll in centimeters.

3. What is the length of 15, 1n'inche§457ﬁ%at 1s its length
_ in centimeters?(/2e~)

[-

.l

A . B

. U . 108,
4, ©TD 1s 4 14inches long. What is its length in centimetgrs‘?t)

0 ' P

5. vDraw a segment that has a length of 5 inches.

[ —

6. Draw a segment whose measure, in 1ncheé, is &4,

- k3 . Y

. Nen

T. Draw a segment whose measure, in centimeters, is 10.

[ — ~

8. Draw a segment that has a length of 14 centime,t;ers.,

S. Copy the sentence and write the words inches or

centimeters in the blanks so as to make the sentence

true.

A segment which is 5§ (4.-..1..) in length is longer

than a segment which is 5 (@swZ..Z.) 1in length.
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OTHER STANDARD UNITS

ObjJective: To develop the followlng understandings
and skills:

1. In the British-American System for linear
measurement, 1 foot 18 equivalent to 12
inches, 1 yard 1s equivalent to 3 feet,’
and 1 mile is equivalent to 5280 feet.

’ 2. TFor convenlence, lengths may be expressed
~in more than one unlt, e.g. 2 feet
3 1inches. '

3. The scale used for measuring a segment 1is
shown by the smallest unit named in the
length.

4. To find the combined length of two segments,
or to find how much longer one segment is
than another, measures which relate to the
same unit of measure may be added or
subtracted.

Materials Needed:
Teacher: Foot ruler, yardstick

Pupils: Cardboard ruler, foot ruler

You wlll need to plan the activlities
of thls section carefully. Individual
or group work at the chalkboard may bve
effective. You may prefler to let groups
work together on large pieces of wrapping
paper, Each child should participate and
actually perform the measurement.
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OTHER STANDARD UNITS

used

Exploration

The inch unit and the centimeter unit are too small to be -

S B e b F S ey el

for measuring long distances. As you know, larger units

are used for this purpose. Three which you know are named the

foot

Recall what you know about these unit segments.

Draw a segment 1 foot long. Draw a segment 1 yard long.

Draw other segments 2 ft., 5 ft., and 4 ft. long.

Sl b o bttt <L

Measure each of the segments in inches. IList your results
like this: '

Length in feet Length in inches

1 ft. /2) _ inches
2 ft., (24) 1inches
3 ft. {3¢) 1inches :
b £, {#8) 1inches - :E

Which of these segments was one yard in length? (?//.r 3¢ ...)

Draw a line segment 18 inches long, Name it X%,
Mark a point C on AB so that AT 1s 1 ft. long.
How long is ©OB? (la——.‘.) |

The lengthof BB 1s 1 f£t. (4) 1p,
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4

Draw a line segment 29 in., long. Name it 1AB.
Find a polnt ¢ on AB 8o that AC 1is 1 ft. long.

‘Then find a point D on CB so that €D is 1 ft. long.

How long 1s Iﬁ?(:z#-" 1"‘;')
How long is DB? (5+--)
I is 2 ft. &  1in. long.

Draw segmert s with these lengths in inches.

Then tell the length in feet and inches.

7 Seggen{: Length i.‘l inches Length in feet and inches
EF 15 1n, (g 3.0 )
[e::4 20 1n. (l# £ )
bt 27 1n. (U 3 ~.)
XT 30 in, (2 g4 =)
w 36 1in. (347 04.)

on m mark off 1_ whose 1ength is 1 foot. Then mark
off BC. whose 1ength is 3 1inches so that C 1s not on

(1413 4.)
EB. what 1s the le\éth of AT 1in feet and inches? What

is the length of AT in 1nc£1es? (Mors : C 4 o= A8 dod 2et o

As .)

on Y mark off RS whose length is 2 feet. Then mark
off ST whose length 18 7 4inches, so that T 1s not

on RS. what is the length of -RF 4n feet and 1nchef{sz?#'u")
what is the length of HI' in 1nches?(3’ “‘"')
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g. Draw segments of the lengths given. Then tell the length
- 1In another way.
Segment - Length 1n feet and inches Length in inches
xB 2 ft. 1 in. (25.4..)
o (1 {4 9..) - 21 1n.
EF 1 ft. 7 1in. ()19..)
o (2 47 2 <.) 32 1n,
BRAINTWISTERS
l. A mile is a distance of 5,280 feet/{ About how many
steps would you take to walk a mile? [ﬂ'm""”""“})
2. If a car is traveling 60 miles an hour, how far will
it travel in one minute? (1 “"J') _
How long does it take you to walk a mile?(-u‘--f*““”""f}')
3. Suppose someone ran a mile in 238 second's‘. How many
-/ minutes and seconds did he take? ( 3.mnde and 52 ""“"“4')
4, Suppose the four men in a mile relay event ran their

"quarter" mile in the times of U6 seconds, Uu47 seconds,

47 seconds, and 45 seconds. What'was the time for the
relay team to run the mile? (I“’—“--vL,rr k PESIw 4 ._J.r...,.,L)
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Exercise Set 9

1. If segments have these lengths, which is longer?

-a) 10 inches or 1. foot
b) 4 feet or 1 yard
e) 1 inch or 1 centimeter
d) 1 -foot or 10 centimeters |
e) 1 ft. T in. or 2 £t..
f) 28 inchés or 2 feet |

2 - R
" ~ "‘. N

2. Look at each segment and 1ts measure, then write the unit.

- Segment Length
A — | | 3 B 3 (e)
. | o 3(em)
E ' s ‘P T 5 _Lg._.._l_

€Y«
L~

o ()

3. ~Complete:

Length in feet and inches  Length in inches
b4 .3 ft. 1 in, (372.)
W Gt es) 30 1
E 1 ft. 10 in. (22 xS
o)

4 9.) 4% 1n.
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Write the name of the unit which makes the sentence

reasonable. Use centimeters, inches, feet, Yyards, or milés.

a) The seat of the teacher!s chair 1s 16 (c.d.) above

the floor.
b) Helen is in the fourth grade. Her height is
130 (cendedd) .
¢) The lake is &4 (,....L) long.
d) The height of a tall man 18 2 (gaml) |
e) A crayon is about 10 (¢oZook.) 1long.

") Itis 2 (ML..) from Bob's house to the park.

If segments have these iengths, which 1s longer?

How nmuch longer? -
Which is  How much
Longer? = Longer?

a) 23 inches or 1 foot (234.) (//4.'..)

b) 18 inches or 2 feet 7%2 éZ) { ) ;

-
)

e) 4 feet or 1 yard A iﬁl ’ w
d) 1 ft. 8 in.or 16 in. (/fp.) (44
e) 1 yd. 4 1in. or 42 in. Q’J_—‘l_:) {2_.:-._)
£) 1 yd, 2 fe. oor 7 £8,  (O4) (2 H)
g) 1 mile or 3,495 reet )  (,2954%)

)

You know that 1 mile is 5,280 feet. . How many yards

15 thaty (/740 e )

N

A Boy Scout can walk a mile in 12 minutes if he uses

the Boy Scout pace. How many miles can he go in one

hour? (Smiben)
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COMBINING LENGTHS
Learning to Combine Lengths

Exploration

1. The teacher made a record of the

heights of children in his

fourth grade class.

The children knew that he meant Billt!s height was

pPupil | Height
Bi1l | 4 ft. 8
Betty hy £, 2
Jim 5 f¢t.
Helen b £ft. 6
4 feet

and 8 inchesc Betty!s height was 4 feet and 2 1inches.

/ ’ N\ .
Jim's*heightqus 5 feet and 0 1nches. How many feet and
inches 1s Helen's height? (4 {j ¢)

We often use more than one unit to tell sizes.

\wa wbuld you'use more than one unit to measure the

‘ d,oor vih your classroom? (u..._ M ad ,-..-.-L,)

2. Now we will learn how to combine lengths.

" Sue, Patty, and Janet are decorating a room for a party.

They plan to put crepe paper around the windows.

The girls had strips of paper with these lengths:

Sue 6 ft. 3 in.
Patty 4 ££. 5 in.
Janet 3 ft. 2 in,

If they put their strips of paper
would look like this:

Sue's Patty's

end to end 1t

Janet's

6 £t. 3 in. 4 ££, 5 in.

824
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'ro find the length of the combined strips, we chan ge all
meaaures 80 that we use only one unit, the inch.

\ How many 1nches of paper did Sue have? (lé_ )
How many inches of paper did Patty have? (g3an.)
How many Inches of paper did Janet have? (324.)
- Now we can add the measures: = 75 4 53 + 38 = 166.
The length of the paper was 166 inches.

Express this length in feet and inches. (/ 3# / """')

b) We can show the combined strips by another sketeh lilce‘ﬁhis:

o

Sin 3f 2in

6ft. 3in, 4f

Now let us think about the combined strips in a different
order. We can show our thinking by this sketchz

iy

6 ft. ' 4 ft. 3ft. 352

: ’ inin.in,
The answer could be found by adding the measures which go
with the same unit.

6 ft. » 3 in.
6+4‘+3=13 | 4 rt. 3+5+2=10" 5 1n,
13 £, - ‘ 10 in,
Usually we write: |
6 £t. 3 in.
b £t. 5 in, The girls have 13 f¢,
2. It, 2 in, 10 in. of crepe paper.

13 ft. 10 in,
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3. which strip of paper is longer?

e

Patty!s Janetts
4 £t. 5 1n. 3 £t. 2 in.
The length of Patty!s paper, in inches 53 in.
The length of Janet!s paper, in inches 38 in.
' ,.§Tﬁe lengths are in the same unit.
5 o ]
We subtract the measures: 53 - 38 =n 53
| - 38
15

pattyts strip 1s 15 1nches longer than Janet's.
How many feet and inches is this? (/ﬂ 3“';')

We can work the problem another way.

- We subtract the measures which go with the same unit,

b =3 =1 4 £t. 5 in, 5=-2=3

3 ft. 2 in,

1 rt. 3 in.

The work is usually written 1like thls:

4 £¢. 5 in.
3 ft. 2 in.

l1ft. 3 in.

The length of Patty's paper is 1 ft. 3 in. more
than the length of Janet's paper.
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4, Martin, Charles, and John had a

| Martin |18 yd. 2 rt.
contest to see who could throw ‘

Charles | 16 yd. 1 ft.
a football the farthest. See

John 17 yd. 2 ft,

the record of their dis_tances.

a) How much farther did Martin throw than Charles? (2 '3“ ’1”)
b) How much farther did Martin throw than John? ( / 'ao( 0#)
¢) How many feet did Charles throw the ball? (4?#)
d) How far was the football thrown in three tries ?(5" ‘Jj_ H.
EajJ.yﬁb
Can we add the three measures?

We can add only the measures which have the Same uynit.

18 2
16 1
17 2
51 5 ,
The football was thrown 531 }aﬁl 5 é by
the boys.
5 ft. = |/ yd. 2 ft,

51 yd. .' " )
1 yd. 2 f¢,
52 yd. 2 frt.

51 yd. 5 ft. 1is the Ssame measure as 52 yd,
2 ft.
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Exerclse Set 10

Diek has two pencils. One pencil is 7 inches long and
one is 6 1inches long. When put end to end his two

pencils show a segment which measures ! [—! fe. ( [2 in.

Jane has a piece of ribbon 2 ft. 8 in. 1in length;
Sara's ribbon is 3 ft. 9 in. long.

;,@) How much shorter i1s Janet!s ribbon than Sara's? (/ # /A;-)

b) The two ribbons,A when put end to end, make a piece
A ft. S~ in. long.

" Add these measures, (Write the lengths in the answers in

two ways, as shown in exercise a).

a) 6 yd. 2 ft. d) 11 yd. 2 ft,
7 yd. 1 ft. 37 yd. 1 ft.
9 yd. 2 ft. | 9 yd. 2 ft

22 ya. 5 ft. = 23 ya. 2 t5.  ($79- SH= é’fr' aft)

b) 23 ft. 8 in. e) 24 ft. 2 in,

35 £t. 2 in, 75 £t. 6 in.

46 ft. 10 in. 67 ft. 6 in.
(104 41 a0 =/os’/ff‘-- (16e¢ fi- 14 =/47ﬁ.‘zi~)

¢) 38 yd. 2 ft. £) 8 1in.
23 yd. 2 ft. 5 4n.
66 yd. 2 ft, 4 1n,

(/:1'77‘ L/f.ﬂ”r‘"’#) o (17 4= /#J~)
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y, Subtract these measures.

a)

b)

5yd. 2 rt, ) 33yd. 2rt,
2 yd. 1 ft, 8 yd. 2 rt.
(39d. 1 ) (25 9. O 47 )
37 £t. 11 in. L d) 26 ft. 9 in.
18 £t. 8 in. 9 ft. 4 in,
(15 #3250 | (174 &)

5. Here are the hames and heights (in 1nches) of 30 pupils

of’ one classroom,

ROWS

COLUMNS
John Mary | Jeannie | Royce | Tom
56 54 53 .63 52 [a78)
Denise Paul Jack Phyllis{ Helen
53 61 63 52 | 52 far)
Fran Fred | Martha | wWalter Viola L
55 59 54 61 - 60 #9)
| Bill Glen Lenore Gary Boyd )
52 52 61 56 | - 65 7¢)
- Sarah Greg Valaree: Jake Gerry |
52 - 52 63 56 65  [asg)
Edna Will James Hill Jo o
52 54 52 65 64 Pp';)
(320 (332) (3%¢) (3573) (3579)

Which row of puplils has the greatest total _hezl.ght(:3 "’("*:)
HowA much 1s this greatest total height? ar9a o as ft 'i‘-'v)
Which colﬁmn of pupils has the greatest total heig(}f;?&#"}
How much 1s this greatest total height? ( 358«n o 21/ 70.)

Is there one pupil who is sitting both in the row and

in the column of greatest total height'?(wzlho‘? ( 7/-‘-4-)
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Use

a.

b.

the table of exercise 5 to answer the following.

which column of pupils has the least total

heghte (1 Fete)

How much is the least total height? (J.‘w a— & 25” "*-)

Which row of pupils has the least total
nesgnty (! “TAe=)

' How much 18 this total height? (2994 £ 2 3#2“’")

Is there one pupil who 1s sitting both in the

row and in the column of least total height?__( '?‘)

Who? (9‘1-)
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PERIMETER

ObJjective:

1.

To develop the following understandings and
skills:

. A simple closed curve may be measured by

"straightening" a wire model of the curve
and finding the length of the model.

A simple,closed curve which is the union of

- line segments is a polygon.

The perimeter of a polygon is the leﬁgth of
the polygon.

The perimeter of a polygon may be computed by
adding the measures of the sides, if the '
measures are expressed in terms of the same
linear units.

Materials Needed:

Teacher:
Pupils:

- Voeabulary:

. In this section, pupils will measure
a simple closed wire by benhding a wire to Y
the shape of a curve, straightening the :
wire, then measuring the wire to find the '
length of the curve. Perimeter is defined
as the length of a polygon. The Explora~
tions and Exercises which follow should
lead to generalizations about computing
perimeter,.

Wire, straightedge, scissors

‘Plece of wire 15 inches long, ruler,

another piece of wire about 20 inches
long, scissors

Perimeter
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PERIMETER
Lengths of Simple Closed Curves
Exploration

1. Take a plece of wire, 15 inches long.
Bend 1t to make a simple closed curve, like this:

bl

What 1s the length of the wire when 1t is bent 1n the

shape of this curve? (/5"‘"")

2. Stralghten out the wire, and bend it to form a dlfferent

closed curve.
What is the length of the new curve? (/5 <.)

What happens to the length of the wire when you change

the shape of the simple closed curve? (JLL.,‘L( -/14 u««)
: o _ L\ A B ata.

CEMREL - CSMP LB '
103 S. WASHINGTON ’gﬁR
832 CARBONDALE, ILL, 62901
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3. Straighten out your wire.
Can you use 1t to find the length of the curve drawn below?

('};“l /5 4. )

y, Is the length of the curve below, greater or less than

15 inches? (,4.«—%- 15 )

2D

How much less than 15 inches? ( adot 34-4-)
Did you use your ruler to measure the length of the

wire that remained after you bent the plece of wire
to fit the curve above? (71'-0—) |
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Take another piece of wire whose length you do not know.

Bend it to fit the curve below.

If there is wire left over, bend it back and out of the

way.

Can you think of some way of using the wire outline to

find the length of the curve? (M od 2 i o Tlhie,
-éaj ﬂﬂL.muau~4f24,~u44¢d£-nhw4r.)
If you stralghten the wire out, will the length of the

part of the wire that outlined the curve change? ( ﬂo)
Straighten out the wire,

Measure 1t wlth a ruler.

what 1s the length of the curve? (‘u /ZA./-««)
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Exercise Set 11
Use pleces of wire and a ruler to rind the lengths of the curves.

1.

(bt 10inks)

Remember that this simple closed curve is called a
polygon because it is the union of line segments.
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3. Take a plece of wire, Bend it, using the whole plece of
wire, so that you make an equilateral triangle.

What 1s the length of the triangle? ( M7e, Z£ atans Mgl e

4, Bend a plece of wire so that, using the whole plece of wire,
you have a polygon with four sides of the same length.

Find the length of the polygon. ( ZL M { %/"lﬂ'"

5. Use the same pilece of wire as in exercise 4 and make a
different polygon with four sides of the same length.
W1thout stralghtening the wire, do you know the length
of this polygon? (.Up Ao dare ao T ore s laariin "‘-)

6. Find a model of a circle in your home.

Use a plece of wire or a Plece of string to help you

find the length of the circle.

Did you need a ruler? (?—-)

T. Cut a model of a triangle with its interior from a piece

of cardboard.
Can you find the length of the triangle? [ yﬁ")
Did you use a plece of wire? (ypgm)

Could you have found the length of the triangle using
the ruler only? ( ‘ru)

-~
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PERIMETERS OF POLYGONS

" Exploration

40 in.

Joan wished to buy some lace edging to trim a scarf.
The scarf was 40 inches long and 14 inches wide. -

How much edging does Joan need?

 The number sentence which tells us the measure of the length of

the edging Joan needs to trim all four edges of the scarf is:

% + 14 + %0 + 14 = 108

r

The length of the edging that Joan must buy is 108 inches,
How many yards of edging does she need? (3 '2""'(")

The perimeter of the rectangle in this example is 108

inches.

You have found the length of many simple closed cﬁrﬁes.

t

When the curve 18 a polygon whose sides are line segments,

we call the length of the polygon 1ts perimeter.

The perimeter glves a number and a unlt of measure.
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‘The Jones family deolded to.degorate the front of their

home for the Christmas season.

Johnny wanted to put a string of colored lights on the house

ﬁ,colored lights around the doorway.

along the triangle ABC Mary wa.nted to put a string of

.-\)

Mr., Jones said he would buy 1ights for the door or the roof.
He would not buy lights for both. | Also, he would decorate

- the one which required the shorter string of lights. -

3 fi.

7 . |7

o o 3ft ]
Johnny measured the 3 sides of the triangle.

Mary measured the 4 sides of the rectangle around the_door.
Each reported that the sum of the measures of the sides
of the figure hé measured was 20,

< . T
~ v ez p 1

Johnny sald: - © "6 4+ 6+ 8 = 20"
Mary satd: -~ "3 4 7 +3,+ 7 = 20"

What other fact did Mr. Jones neéd to know before he could make
a decision about which part of the house to decorate? (u‘d -/

M)

Did the Jones family decorate the door or the roof'> ‘2% 2{.{.1-)

SIS Soonoel 3

- -\1.,
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edges of the bottom of the box
\ with scotch tape. How much

Exercise Set 12

Joe made a cardboard model of a
chalkbox. He wished to tape the

scotch tape did he need? (r0..)
(There is no overl_ap at

the corners.)

Do the edges of the bottom make a rectangle? (‘3#-)
Did you find the sum of the measures ‘of the sides of the
rectangle, or did you find the perimeter of the rectangle?

(J&S’uwuuZ})

The police department of a town i1s painting a thin blra;ck
border around the edge 'oij' the STOP signs. How many
inches of border must be painted on each sign? ( Io,‘i..)

10in
10in 10in.
10in 10in. o
10in. 10in.
10in.

The edge of the STOP sign represents a polygon.
what is the perimeter of this polygon? (g0.)
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3. Use your ruler to find, to the nearest inch, the measure you
need to find the perimeter of each poiygon.

a)

~ The perimeter
 of figure ABCD

is (9,;.2 .

P E
Thg‘perimeter >
D ¢ Of figure ABCDEF
o 18 (r0..) .
A B
c)

The perimeter

of the star
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JFINDING PERIMETERS - .. . . =

N .

oo . Bxploration

Here 1s a plan for the floor of a rectangular room.

B VP W SR B AL ge ML=t Mo SRR AY

What is the perimeter of the edge of the floor? % :
12t 3in.
121t 3in.
If we place a plece of wire around the edge of this floor plan,
then stré.ighten out the wire, we can piéture the wire like this:
| [ 1 ] |
- 1288 3in. T 2in. 12 ft. 3in. ALY 2In¥ '
Imagine that we cut the wlire into elght pleces.
We pﬁ%hfheﬁ.£6§éfher again, as shown in this plcture.
ST 3 ¢ A - V'Ht. _ 12 ft. | 7 ft. 3%3&
. ' - ¢ inininin
Has the length changed? ( 2) ”
We add the measures.which have the same unit.
12 + T+ 12 4+ 7 = 38
3+2+ 3+42=10

The length, L__o;':-__ the perimeter, of the rectangle 1s 38 rt. , 10 1n
Remember we. .add the measures. We do not add the units. We add

L PRaemma. L e

only those measures that were made using the same unit.
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Ebcerci_se Set lZ

1. Find the perimeter ofl a corner plece of land in the shape of
. a triangle 1f the ler;gths of 1ts sides are 50 .feet &4
inches, 80 feet 7 inches, and 50 feet 4 inches.
(121 3. o0 gouyd ) J,q.-.)
"~ 2. A yardstick is 1 inch wide. Find the perimeter of the
face of the yardstick that shows the scale. Glve your

, (2yd- 2.4.)
answer 1n yards and inches. @Glve your answer again in

feet and inches. (tﬁ .?-h)

»3.‘ - Find the perimeter of the polygon pictured below:

-2 ft. Oin.

20

. ‘;fn feet only.(/ﬂ/i.‘)

-a) Can your answer be written usiné only one unit? /y-c-)
/

- Write your answer in inches o

b) Can your answer be written using yards only and what

we have learned so far? (%)

-
2
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4.  In France, a baseball diamond 18 a square, each of whose

sides 1s 27 meters 70 cm. long. Pier%e hits a home run.

What 1s the length of the shortest path he can take, 1f he
(/10°medes 20 ea..)
touches each base on his way back to home place? You will

need to know that 100 centimeters equals 1 meter,

Carve L)
5. Which curve 1is 1ong£r'> How much longer? /144 z# l--

6 ydi -
2 ft.
2in.

8yd 2ft

BRAINTWISTERS

6. A man wants to put a fence all around his land. He knows

that the boundary of his land can be thought of as a séuare.

. He measures one side and finds that it i1s between 125 and

126 feet long. How much feneing should v?
rzcxllb-‘s‘o# .&.-j')

7. In Jim's house a piece of glass in a window was broken} "His
father measured the frame where the glass went. He found
that it was a rectangie with 14 inch and 24 inch sides, ﬁ;?
the nearest inch. He bought a new piece of glass 14 1nchés
wlde and 24 inches long. When he weﬁt to put it in the
frame he found thatlit was too long to fit. Can you give a

possible reason? (2L %._‘ WM‘I’-— 24;....4.. %M
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Chapter 10
CONCEPT OF RATIONAL NUMBERS

PURPOSE OF UNIT

Children can be expected to have some concept of rational
numbers., Undoubtedly, they and many teachers have called
numbers, such as E’ %- Ey %, %, gﬁ and 80 on, fractions
or fractional numbers. In this chapter and 1n the work that
follows, we will call this set of numbers 1nd1cated by pairs
of whole numbers (where the second of each pair is not zero)
the rational numbers. Really, we will be concerned with only
a subset of the rational numbers--a set which sometimes is
referred to as the rational numbers of arithmetic. This kind -

of number is suggested by measurement.

More specifically, the purpose of this chapter 1s to .
contlnue with the development of the concept of rational
numbers in such a way as:

1. to emphasize the common aspects of situations
" Involving measurement, noting that partitioning
unit segments and reglons into congruent parts
and sets of objects into equivalent sSubsets
provide appropriate models for rational numbers. -

2. to develop a way of naming rational numbers
» using symbols called fractions and mixed forms.
(The later consists of a whole number numeral
and a fraction. For example, e and 2% are -
mixed forms. We have, in the past, called these
"mixed numbers". Another numeral, decimal, will -
be used in the next grade.)

3. to help children learn that different numerals
’ may indicate the same rational number.

%, to help children learn that the set of whole
numbers 1s a subset of the rational numbers.
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A Note to Teachers

Terminology used in this chapter and in the chapters on
| rational numbers tret follow in the SMSG Mathematlcs For the
- Elementary School will assoclate the following ideas with
these words:

1.

2.

ratibnal nﬁmber'- an infinite set of ordered palrs
of whole numbers vhere the second.member of the
palir 1s not zero. '

Any member of a speéific set of ordered palrs may
be used to indicate that specific rational number,

:fraction - a symbol which names a rational number.

L o) 'gl d e O, are fractions. The set of
fractims { 2‘, 1;1.’ g, %’ oo names tm Same

rational number. We can write %-= §?= gﬁ ete.

Eadh'fraction is determined by an ordered pair

of mumbers. The first rumber of the palr is
called the numerator and is the number of con-
gruent parts with which one is concerned. The
second number of the palr, called the denominator,
is the number of congruent parts into which a
unit {region, segment) is partitioned.

‘dec = symbol which can name a rational number
.when the second member of the pair is 10 -or a

power of 10, ‘that is 100 or 102, 1000,

or 103 etc. The second member, or the denomi-
nator, can be denoted by place value. ’

mixed form - a symbol which 18 a “combination" of
a numeral for a whole number and a fraction. (You
no doubt kmow it as a "mixed number", but, of

course, numbers cannot be mixed,
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MATHEMATICAL BACKGROUND

Introduction

In the study of mathematics in the elementary school, a
child learns to use several sets of numbers. The first of theae
1s the set of counting numbers, 1, 2, 3, 4, ... . The second
1s the set of whole numbers, 0, 1, 2, 3, 4, ... . The child
also may have learned certain properties of whole numbers, )

During the primary and middle grades the idea of "mmber"
is enlarged, so that by the end of the sixth grade the child
recognizes each of the following as a name for a number: 

g" ‘%9 3.6, 2%':' 8, o, g:' g's .01
‘In traditional language, we might say that when the child has
completed the first six years of school mathematics he knows
about "the whole numbers, fractions, decimals, and mixed numbera
This language is primarily numeral language. It obscures the
fact that a single number can have names of many kinds. "Fraq
tione, decimals; and mixed numbers" are kinds of number names’
rather than different kinds of numbers. = Whether we make a piece
of ribbon.'lé- in. long, or 1.5 in. long, or %‘ in. ' long make
no difference--our ribbon is the same whatever our choice of
numeral. That is, I%b 1.5, g- are all names for the same
number. This number is a member of a set of numbers sometimes
called the non-negative mumbers or the rational numbers of - -
arithmetic. For our purposes here, we shall call them the -
rational numbers, realizing that they are only a subaset of the
set of all rational numbers. It also should be realized that
within the set of rational numbers is a set which corresponds to
the set of whole numbers. For axample, 0, 3, 7 are all .-
rational numbers that are also whole numbers. 15 %5 and .2
are rational numbers that are not whole numbers.
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First Ideas About Rational Numbers

Children develop early ideas about rational numbers by
working with regions--rectangular regions, circular regions,
triangular regions, etc. In Figures A, B, and C, rectangular
regions have been used. For any type of region we must first
| identify the unit region. In Figures A, B, and C, the unit
. region is a square region.

“ In Figures A and B we see that:

(1) The unit region has been separated into a number

of congruent regions.

(2) Some of the regions have been shaded.

(a) Using regions. Let us see how children use regions to
develop their first ideas of rational numbers. The child learns
1nh simple cases to associate a number like %- or %- with a
shaded portion of the figure. (Rational numbers can also be
associated with the unshaded porticns.)

' Using two or more congruent regions (Fig. C), he can sepa-
rate each into the same number of congruent parts and shade some
" of- the parts. Again, he can associate a number with the resulting
‘shaded region. :

:?ﬁiif__1gﬁf? ) Fgg.fggggggg

- The unit square The unit square Each unit square
is ‘separated into is separated into is separated into
2> congruent re- 3 congruent re- 2 congruent re-
glons. 1 is gions. 2 are gions, 3 are
shaded, shaded. ghaded. We have

5 of a unit square.

~ At this point, the child 1s only at the beginning of his
concept of rational numbers. However, let us note what we are
doing when we introduce, for example %n We separate the (unit)
region into 3 congruent parts. Then we shade 2 of these
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parts. Similarly, in g-, we separate each (unit) region into 2
congruent regions, and shade 3 parts. In using regions to
represent a number like é-, we must emphasize the fact that we
are thinking of E' of a unit region, as in PFig. C.

(b) Using the number line. The steps used with regions can
be carrlied out on the number line. It is easy to see that this
is a very practical thing to do. If we have a ruler marked only
in inches, we cannot make certain types of useful measurements..
We need to have points between the unit intervals, and we would
like to have numbers assoclated with these points. \

The way we locate new points on the ruler parallels thé

bt et 0T i o e i il

et i

procedure we followed with regions. We mark off each unit seg- ,

ment into congruent parts. We count off these parts. Thus, in
order to locate the point corresponding to %, we must mark off
the unit segment in 3 congruent parts. We then count off 2 |
of them. (Fig. D) If we have separated each unit interval- /1n ,
2 congruent parts and counted off 3 of them, we have located
the point which we would associate with 5 (Pig. E)

)
¢

£
} 2‘P£rn ? I 2 0 | 2
r—e *~— * . > o —o— *——>
— { ‘i
3 Ports
Fig. D ’ Fig. E

Once we have this constmctiﬁn in mind, we see that all
11

3 2 1
such numbers as T g-, T T T ¥ can be. associated with o

particular points on the number line. To locate 'B" for
example, we mark the unit, segments into 8 congruent segments.
(Pig. F)

A

" |1 Segments ' 1

Q 9 A { 8 2
r , )
*H—0—0-—0—0—0—-—0—0—- 00— —Q—O—@—p——D
L A J

g Y

8 Parts 8 Parts

Fig. F
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 we would have said the pair 8 and 11, and the symbol would
“ have been f% For the numbers 3 and 4, the symbol would be

(¢) Numerals for pairs of numbers. Suppose that we con-
sider a pair of counting numbers such as 11 and 8 where 11
is the first mumber and 8 1is the second number. We can make a
symbol, writing the name of the first number of the pair above
the line and that of the second below. Thus for the pair of

" mmbers, 11 and 8, our symbol would be 4. If we had thought
B

of 8 as the first number of the pair and 11 as the second,

3

¥ For the numbers 4 and 3, the symbol would be g-

| ' With the symbol-described in the preceding paragraph, we
écsn associate a point on the number lilne. The second number
teils into how many congruent segments to separate each unit
segment The rirst number tells how many segments to count off,
e We also can associate each of our symbols with a shaded
Qregion as in Fig. A, B, and C. The second number tells us into
how many congruent parts we must separate each unit region. The
first number tells us how many of these parts to shade. '
Fbr young children, regions are easier to see and to work
(with than segments. waever, the number line has one strong
aﬂgentage. For example, we associate a number as ﬂb with
actly one point on the number line. The number line also glve
'iﬁ -unambiguous picture for numbers like E' and %- A negion ‘
"corresponding to %- is less precisely defined in that regions

o with the same measure need not be identical or even congruent

In Fig. G, we can see that each shaded region is %- of a

3

‘_unit square. Recognizing that both shaded regions have T 8a.

gnits 1s indeed one part of the area concept

sq~

Figure G

 Unit sqdmm
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When we match mmbers with points.on -the numbex. y,,_:ae, ;
rork with segments that begin at. 0. For this peason, ‘though the.
rumber line is less. intuitive at early stages, it is well to use

.t as soon as possible. .

O ST, st
U 4 b ST et e i

e

.
B m!-.‘i. ot

ggg—of'ggﬁio .- Numbe

‘The ‘diagrams’ Fig H, (a), (b), (e¢), show a number line on \(
mich we have 1ocated points corresponding to 53 25 g- ete.
md a nuﬁber 1ine* on which we have located points corrésponding
o % 2, 3, etc. Also shown, is a number line with % &
te. As we look at these 11nes, we see that it seems very ; .
atural “to think of 5" as being associated with the 0 point,
le are really, so to speak, counting off o ‘segments, Simi-

arly, it ‘seems natural to locate ~% and 8' as 1nd1cated

-~
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Figure H

. Now let us put our diagrama (2), (b), (c) together. In
ther words, let us carry out on a single 1line (d) the process
or locating all the points. ’

When we do this, we Bsee’ that 55 %5 and g- gre all 6
saociated with the same point. In the same way, T and B

re associated with the same point.

o
-
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Now we are ready to explain more precisely what we mean by
fraction and by rational number. Let us agree to call the
symbols we have been using fractions. A fraction, then, 1is a
sympbol assoclated with a pair of numbers, The first number of |
the pair is called the numerator and the second number is called
the denominator. So far, we have used only those fractions in
which the numerator of the number pair is a whole number
(0, 1, 2, ... ), and the denominator is a counting number
(1, 2, 3, ... ).

Each fraction can be used to locate a point on the number
~.14ne. To each point located by a fraction there corresponds a
- rational number. Thus, a fraction names the rational number.
For example, 1f we are told the fraction IU* we can locate a
point that corresponds to it on the number line. IG' is the
name of the rational number associated with this point. This
-point, however, can also be located by means of other fractions,
such as 26-5 and 396' 'I'hus, 25 and 3% also are names for the
rational number named by Iﬁ' since they are assoclated with the
same point. Rational numbers, then, are named by fractions of
fthe-type we have been discussing. To each point on the number
fline that can be located by a fraction, there corresponds a non-
negative rational number.

, A very unusual child might wonder whether every point on
the number line can be located by a fraction of the kind we have
described. We must arswer "No". There are numbers--w being
one of them and /2 being another--that have no fraction names
of the sort we have described. Introducing such irrational
numbers is deferred until the seventh and eighth grades.

The. Whole Numbers As Rational Numbers
3

Our pattern for matching fractions with points on the number
1ine can be used with these fractions: %ﬁ %5 %u %3 ete.

we uio -0
-

e e ==t
T

e we -jng

e r

we up-lﬁr

v

Fig. I
£ gso



On the number line we see (Fig. I) that we matched %,'~§,
3- with the same point. We note that this point is also matched
with the counting number 1. Thus, to the same point corresponds
(1) the counting number 2 ’
(2) the rational number named by 'T
It seems that it would be a convenience to use the symbol 1 as
8£111 another name for the rational number named by Ty §3 ete,
This would allow us to write 1 = 53 for example. 1In the same
way, we would think of 5 as another name for the number named
by gu %éh etec. '

We need at this point to be a 1ittle careful in our thinking.
There 1s nothing illogical about using any symbol we like as a
numeral. A problem does arise, however, when a single symbol
has two meanings, because then we are in obvious danger that
inconsistencies may result. For example, when we think of 2,

3, and 6 as coun unting numbers we are accustomed to writing

2 x3 =6. We will eventually define the product of two rational
. humbers, and we would be in serious trouble if the product of the
rational numbers named by 2 and 3 were anything but the |
rational number named by 6. L

However, using 0, 1, 2, 3, etc., as names for rational '
numbers never leads us into any lnconsistency. For all the
purposes of arithmetic--that is, for finding sums, products,
ete,, and for comparing sizes, we get names for whole numbers or-
names for rational numbers. In more sophisticated mathematical -
terms, we can say that the set of rational numbers contains a
subset-~those named by Iy 15 Iy ete.~-1somorphic to the set

| Of whale wmbers, Wb A &, L, wve. benave Just 1ike wnole
numbers, 0, 1, ete. /
It would be overambitious to attempt to formulate the idea
of isomorphism precisely in our teaching. It 1s sufficient for
©QOR DUIDORES £Q tepRrd 9, 1, 2, tte., a® names for rations)
numbers. It is appropriate to note, however, in connection with
operations on rationals, that where the operations are applied
to numbers like Iy %- they lead to results already known from
experience with whole numbers.
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Idehtigxggg Fractions That Name The Same Rational Number

when we write %s %, we are saying “% -and % are names

fof the same mmber."

(a) Using physical models. The truth of the sentence
%--- % can be discovered by concrete experience. In Fig. J, for
exanmple, we have First separated our unit region into two con-
gruent regions. We have then separated each of these parts
further into 3 congruent regions as shown in the second drawing.
The second unit square is thus separated into 2 x 3, or 6
parts. Shading 1 part in the first drawing is equivalent to
shading 1 x 3, or 3 parts in the second. We thus recognize
that 3 = 335
) , Shading %- and % of a reglon,

)
r

‘} Fig. J
e Again, our analysis of reglons follows a pattern that can

_‘ﬁbe applied on the number line. Let us consider % and g-

e

2 -
, 1
e
1 : Fig. K : '
In locating 3 on the number line, (Fig. K) we separate the

- unit interval into 2 congruent segments. In locating g ve
separate 1t into 8 congruent segments. We can do this by
first separating into 2 parts and then separating each of
these 2 segments into 4 segments, This process yields
(2 x 4) congruent segments, Taking 1 of 2 congruent parts
thus leads to the same point as taking 4 of 8 congruent
parts:

L -

P-4

& & &
g N g @

‘)

1 1x4
-2~ B ¥
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In other words, when we multiply the numerator and denomi-
nator of 5 by the same counting number, we can visualize the :
result using the number line. We have subdivided our %— mter- i
vals into a number of congruent parts.

After many such experiences, children should be able to _
make a picture to explain this type of relationship. For example,

region and number line pictures for 3 %Lg- are shown in
Fig. L.

0_ ! 2

9008 ..'L“_.J
o
;

o
b—
1
N

----- !
33 oo-: 4 / ’
Hp " Fig. L
Each ':lll' part (region or :I.nterval) is subdivided into 2 con-‘_ ‘
gruent parts; hence % %—%—g- | ~

(b) Using numerators and denominators. In a discussion v?[
about two fractions naming the same number, it may appear
startling to emphasize multiglx;gg numerator and denominator
by the same counting number. We usually think about finding
~the simplest fraction name if we can. We think, then, g- %
But, of course "=" means "names the same number." Seeing
%-= g We can think, B' §5 and this will be particularly easy
if the "names the same number" idea has been emphasized
adequately.

Another familiar 1dea also 1s contained in what has been
said. We often think about dividing mumerator and denominator
by the same counting number. For example, we think

6 6+ 3

8""m='¢ _
This 1s easy to(translate into a multiplicative statement, since
multiplication and division are inverse operations: 6 <2 = 3
means 3 xX 2 = 6,

A3
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(c) - Using factoring. The idea that multiplying the numer
tor and denominator of a fraction by a counting number gives a
new fraction that names the same number as the original fractic
is an idea very well suited to the discuasion in the unit on:

factoring. To find a simpler name for 1-5-, we write:

12 2 x2x3 2x2
"=~ Fx3 -~ 5 © 5
Suppose we are thinking about two fractions. How will we
decide whether or not they name the same nwnber'? There are twc
possibilities. o '
Rule (1). It may be that for such fractions as % and "4
one fmction 1: obtained by multiplying the numerator and ‘denon

* nator of the other by a counting mmber. In other words, it LY
) be that we can picture the fractions as was Juat ‘done. smce
2.2x1 2 ana  belong to the same set--thus name the
same number.
. ‘l Rule (2). 5 It mayabe that we cannot use Rule 1 directly
%, . For examle, ¥ and f cannot be compared directly by Ru;e 1
& However, we cgn use Rule 1 to see that -4- E’ and '6' 5’ a.m
¢ in this way, we see that -4- and -‘2— name the same number.
. Notice that in’comparing ¥ and 2, we mignt have used
. Rule 1 and 2 in a different way. We m:l.ght have recognized
 sthat: SO
R oz 08 and -5

' or we might.have aaid: N |
. 2_2x6_12
-~ FTEFXETEH and zr'x.%:ﬁ'
In the latter example, we have renamed -4- and - '6’ using frac—
tions with denominator % x 6. Of course, we recognize that -
4 x 6 = 6 x 4. (Commutative Property)
In our exuple, we see that 2% 1is a M denominator
for -4- ‘and -5-, though it is not the least common denominator.
- Nevertheless, one common damminator for two rmctions is. a:nn
the product of the two denominators. : L e
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Vo (d) A gg' ial test. Let us_now eenaidep a speeial test .
for. tuo rrnetiona that name the same rational numher.. In our
last example we used 6 x 4 as the common denominator for %

and 5» Thus we had

2 % x 6 3 3 x4
T™ ,x and' 5= 5-—-4-)( .

We could say: It is true that %;, %; because the two resulting
numerators--2 x 6 and 3 x 4--are equal, and the denominators
are equal. : , |

In other words, to test whether 1% %ﬁ it is only
hecessary--once you have understood the reasonigg--to test
whether 2 x 6 = 3 x 4, And this last number sentence is true! -

In the same way, we can test whether f%- 'EU by testing .
whether 9 x 40 = 2} x 15. They do! When we do this, we are
thinking: | |

| g x 40 gy zurx'lg
%E and 5 = X
This is an example of what is sometimes called "cross

 product rule.” It is very useful in soIving proportions, (Some- ,
times 1t is stated: The product of the meanﬂ equals the product

D

of the extremes,) ;g,

~The rule states: To test whether two fractions %~ and § .
name the same number, we need only test whether a xd =Db x c. S
That is,

SSES

This rule i1s important for later applications in mathematics
such as similar triangles. In advanced texts on algebfa,_it is
sometimes'uEed as a way of defining rational numbers. That is,
an advanced text might say- "A rational number is a set of
symbols like (3, T o 3, .+ -}, Two symbols, 2 and %,
belong to the same set if a xd =b x c."

What we have done amounts to the same thing, but is
developed more intuitively, For teaching'purpOBES, the "multiply
numerator and denominator by the same connting number" idea
conveyed by Rule 1 can be visualized more easlly than can the
"eross product” rule.
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It would certainly not be our intention to insist that
children leaxn Rules 1 and 2 formally. However, these rules
sumarize an experience that 1s appropriate for children. We
can form a chain of fractions that name the same number,

1 2 4 8
Z=T=B=16"- " """

Each fraction is formed by multiplying the numerator and
denominator of the preceding one by 2. We can visualize this
as subdividing repeatedly a segment or a region. (Rule 1).

We can form a second chain beginning with E’ 5--f% o« e .

We can then understand that it 1s possible to pick out any
numeral from one chain and equate it with any numeral from the
other, which is Just what Rule 2 says.

Meaning of Rational Number - Summary

Let us summarize how far we have progressed in our devel-
opment of the rational numbers.
, (1) We regard a symbol like one of the following as
' naming a rational nhmpfr:

%’ g’ %’ 6 2 'g-’ 16r, 1 b g

(2) We know how to assoclate each such symbol with a
point on the, number line. ' ,

(3) ve know that the same rational number may have many
~ names that are fractions. Thus, E’ and %- are fraction names

for the same number. 7

(4) We know that when we have a rational number named by
a fraction, we can multiply the numerator and denominator of |
the fraction by the same counting number to obtain a new frac-
tion name for the same rational number.

(5) We know that in comparing two rational numbers it 1is
useful to use fraction names that have the same denominators.
We know, too, that for any two rational numbers, we can always
find fraction names of this sort,

Thus far we have not stressed what is often called, in
traditional language, "reducing fractions." To "reduce" g,

A
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for example, 1s simply to name it with the name using the
smallest possible numbers for the numerator and the denominator.

Since 2 1is a factor both of 6 and 8, we see that d
6 3 x2 3
BT x2~7%

We have applied our general idea that "multiplying numerator and
denominator by .the same counting number" glves a new name for
the same number. We can call % the simplest name for the
rational number it names, :

We would say that we have found, in ~%, the simplest name
for the ratlional number named by B This 1s more precise than
saying we have "reduced" g, since we have not made the rational
number named by g any smaller., We have used another pair of_iﬁ
numbers to rename it. )

(6) We know, also, that 2 and %- name the same number,
We thus regard the set of whole numbers as a subset of the set .
of rational numbers. Any number in this subset has a fraction
name with denominator 1. (I’ I” i? etc. belong to this
subset.) 2 18 a name for a rational number which is a whole
number. 2 1is not a fraction name for this number, but the ,
number has fraction names %ﬁ gu etc. ‘ ‘

At this point, 1t seems reasonable to use "number" for
rational numbers where the meaning is clear, We may ask for i
the number of inches or measure of a stick, or the number of -
hours in a school day. -

(7) We can agree to speak of the number 35 to avoid the
wordiness of "number named by 3-" Thus, we might say that the
number 3- 1s greater than the number % (as we can verify
easily on the number 11ne) This would be. preferable to saying
that "the fraction -3 is greater than the fraction 55" because
we do not mean that one name is greater than another.

(8) We should not say that 3 1s the denominator of the
number 33 because the same number has other names (1like 5)
with different denominators. 3 1s rather the denominator of
the fraction %;
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. (9) We have seen that the idea of rational number is
relevant both to regions and line segments. We will see soon
how 1t relates to certain problems involving sets. '

Now we might introduce some decimals. The numeral, .1,
for example, is another name for 1];6 . However, we can explain
a numeral like 1.7 more easily when we have developed the
idea of adding rational numbers.
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MATERIALS

It 1s important that extensive use be made of materials in
developing understanding of the rational numbers. Some
materials which have been found useful are suggested on thé
next few pages. These may be supplemented by other avallable
materials. ' '

Teachers will find coples of these cards made on foot
square cardboard for teacher models and smaller cards for each
child useful throughout the chapter. Colored acetate may be
used to indlcate shaded areas on teacher models. Colored paper
parts might be used by children to designate a specific number
of parts of a reglon. |

i -
) T | -
| S [ S ——
| ! I ]
| AR | B -
! !
[ L L B
| ! ; |
| S |
I —— e —— ;
__..__|._._._ e Ty Sy T
| A
. AN | N - |
i l L ] =
| 1
R s | A S
. S I :
T | I
{1
| | -
1T 1 l : i
HHHT
__|__}_.|...... ....._.._|._._.=___
I 11
| I T ] I
| 1 | | 1

861



Models of circular reglons can be copled on ca_,rdboard,
. construction paper, or undecorated paper plates.

O
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Set C

These arrays may be used to develop the concept of
1

1

1

Colored acetate may be

%, ﬁ-, g, etc., of a set of objects,

etc., of a set of objects.

used with them to indicate

3‘: ;2

-2
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A sheet of number lines simlilar to this can be dittoed for
children to use throughout unit.

i . 2 —
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Teaching the Unit

IDEA OF RATIONAL NUMBERS

ObJjective: To provide experlences that suggest rational

numbers without using any fraction symbols
for the numbers, by

a) partitioning regions and line segments into
congruent parts and sets of obJects into
equivalent subsets; and

b) naming the number‘of congruent parts into
which a unit region or segment has been
partitioned and the number of parts to be
used.

'

Materlals: See suggestions for'materials to be used

in this unit.

In these first experlences, which may be review,
work will be limited to those situations in .,
which the number of parts identified does not
exceed the number of congruent parts into which
the unit has been partitioned; 1i.e., ni 1.

/

Teaching Suggestions:

Although the 1dea of rational numbers
(children have probably called them fractions)
is not new to children in fouth grade, we would
like to first concern ourselves with ideas
rather than symbols. In these first experiences
an effort has been made to develop the idea that
we (1) specify a unit (region, segment, set)

.-(2) partition or separate the unit into con-

gruent or equivalent parts, (3) name the number
of parts wlith which we are concerned. We have
deliberately refrained from using the notation

%, é, E; etec., One can use the words one=-
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| 80 that children .may. have several
‘models of rectangular regions, &nd civcular -
‘regions. An example of such a Sheet that
‘might be prépared and dupa.icat.ad, %8 shown _
below. You may select your own models, Each -
‘child can-cutout his- ommla ‘and place- tm ;
in an envelope until ‘ready gor uge. (Maybe a :
homework assignment) Or, you may have such
materials" alreachr available ¥for-each child

getting re for this lesson, . . Prepare. a set .
ol mate

‘These do r ot repmsent actual sige. Make ea.ch .i
" a ‘oonvenient size that can. be used easily by
children. . e

l Felt pieces on flannel board may be used by
teacher in working with class,
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‘At be glass have each child put the
-PafEEE%SEE%Eér on Tis desk (see illustration
‘below),. Alsé givg him & colored card or sheet
Jof paper.; Thig 18 only for contrast so that

‘he can place the region to be discussed upon
jthe mat for identification. f

®o@®

X

Colored Sheet

First identify the regions and note into how
many parts each has been partitioned, Then
ask each child to place on the mat a region
which has been separated into three con-
gruent parts. Ask him to identify 1 of
these parts, 2 of them, 3 of them, etc.
Do similar activities for other regions.

‘Then use line segments and sets of objects,
.as

Ae _7 r'_ > —e —38
and -

ee | oo

@2 | OO

(NOTE: These do not represent actual size
to be used.) ‘ :

~ Then, use paper discs where part of the con=-
gruent regions of each unit are one color and
the others another color, or materials on the
flannel hoard. If nothing else, make

drawings on the chalkboard and shade some of
the regions, as shown on the following page.
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Then, -make a chart as the following to record
the information. Note that you use a pair of
numbers’ in each instance.

" Flgure | Number of Congruent Number of
Parts in uni Parts Shaded
A k 3 )
B 2 - 1
c 8 3
D ) 5 5
E R 1
F 4 3

For the last experience, have c¢hildren find
regions (rectangular and circular) separated
into 4 congruent parts. Ask if anyone can
suggest other ways of separating them into 4
congruent regions. ‘You might have some models
available for those who wish to try this on
their own and report their findings to the
class. Some of their findings might be

Now use the material in pupil text, and
Exerclise Set 1, -
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P515 Chapter 10

‘ CONCEPT OF RATIONAL NUMBERS
- IDEA OF RATIONAL NUMBERS

Exploration

Look at each of the figures on this page.
For each figure,‘choose a pair of_numbers at the right which éan
be used to talk about the number of parts that are shaded and the
number of congruent parts into which each unit region, unit

segment, or set has been separated.

N\\\\V

Palrs of Numbers

v -
Zé' ,/// b. 3 and 4
//////%//// c. 3 and 5
ryv il
@
@

o -
<]
0] 1
—— OO
Were you able to find a pair of numbers for each? Did you find
these -- A-d; B-e; (C-a; D-d; E-f; P-g; G-c¢; H<h; and'
I-b? |
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Exercise Set 1

Copy the table and complete 1t, using the figurés A,

- 1.

B, C,VD: E, and F.

Y
£ g
e.lt
J
mmm oa_/eﬁmf
g D
O
O ,
. | ,_
B
5 14u*.6 o~
@ 2
a7
£
g alo|a|m|m~
ol
By

AR

A\

N\
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2. Write on your paper the letters from A to g.
After each, write Yes 1if the figure has been
partitioned into congruent reglons. Write No 1f

the figure has not been partitioned into congruent

regions./

D ()
N
F (yre) 6
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3-

What palr of numbers can be used to talk about the shaded

regionlin each figure? Remember we will let the first

' number of the pair tell how many parts are shaded. We

~will let the second number of the palr tell into now many

- congruent parts the unit region has been partitiored.

0 . 1
B (3ads)

o

B

%%%%%Z%%%%%%%Zﬁgg%%”‘

#

Did you find any figﬁres that had not been partitioned into

3
~ congruent regionsg“rﬁhich ones were they? (F,J)
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A NEW KIND OF NUMBER

Objective: To learn to use a fraction as a symbol for

naming the rational number; and

To help chlldren see that the numerals uéed
in a fraction symbol are assoclated with the

numbers that

(1)  1identify the number of congruent parts

into which a unit region has been

partitioned, and

(2) the number of parts with which one 1s

concerned.

Teachlng Suggestions:

|

R Recallrwhole number regresentations, One
“can recall the experlences in whlch we had .

collectlons of discrete objects and how these.
sets of obJects suggested to us the whole
number, ~

Review ideas in the last lesson. Then
recall the experiences In the preceding lesson
by asking what number 1s suggested by models
in the Exploration. You may also use some of
the models in exercises.

Then ask 1f these are different ideas
than models which suggest whole numbers. '

Rational numbers. Note that these are a
new kInd ol number and that we call them
rational numbers. : ' ,

, Names for ratlonal numbers are fractions.
Tell how we Use the palrs of numbers Trom the
brevious lesson to write the name of a
rational number. Note that we call these

. names, fractions.

Then you may wish to use the materials in
the pupil text as well as previous activities
in which you go one step farther to name the
number suggested by the shaded region, the

region not shaded, etec.

Now use materials in pupll text for
A New Kind of Number.
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A NEW KIND OF NUMBER

Exploration
When a region 1s partitioned into congruent parts and some
" of these parts are shaded, we use a new kind of number to
rdescribe what we see. These new numbers are called rational
numbers. %p_ %, and %- are rational numbers. They are read,

"one-half," "one-fourth," and "three-elghths.”

Each of these figures

at the right suggests the

same rational number. The

rational number 1s one-

fourth. The symbol, %3

~which names the rational
number oneffourth is called a fraction. Fractlons are written
" using two numerals. The two numerals are separated by a

horizontal bar. , 3

For example: The numerals are 1 and 4.

The numeral above the bar tells

the number of congruent parts
of equlvalent subsets described.
The number is called the
numerator. |

The numeral below the bar tells
‘r”’,,z”’//'the number of congruent parts

into which the set of obJjects,

unit region, or unit segment has

been partitioned. The number
is called the denominator.
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What rational number is suggested by each of these figures below‘?

c
(2

Flgure A suggests the rational number, %-, read three~fourths.
Flgure B suggests the rational number, 32-, read two=-thirds,
Figure C suggests the rational number, g-, read two halves.

Flgure D also suggests the rational number, %—
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.Exercise Set 2

1. For each figure, write a fraction which names the rational

4 number suggested'by the shaded reglon.

2. Write as fractions:

' , l

'a) one~half J‘g , d) one-eighth ra
L : L

b) one-third ] , e) one-sixth Z
¢) one-tenth _j5 f) one-fourth i
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3. Copy the unit square in Figure H at least six times.
| (Make more coples 1f you want them.) In how many ways

can you sepérate the unit sduare to show:

?

> L

%—? g ?

Copy and shade the part which is described by the fraction
below each figure.

.OQ\
00
i
| 000
T
| 000
B cl: D E
1 1 1 1
2 8 G 3
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5. Copy and complete this chart.

Fractlon " Number of Congruent Number of Congruent
Parts in Unit Parts Counted

b 4 3

1

5 4 ]
=

10 /0 !

1

5 6 /

1

T 3 /

1

B ¥% /

6. On your paper, make 6 coples of the unit region shown
below. Make the unit reglons the same size. Then show
a pleture that suggests each of the rational numbers named

in exercise. 5. (W ""J,"’"’"\r)
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1.

Exercise Set ‘2

Use these figures to complete the chart below.

A has been done for you.

Number of

Flgure | Number of Congruent Rational
rts in Flgure Shaded Parts | Number
re g & ' Suggested by
Shaded Part
3
A h 3 T

2

B 2
3 2 3

/

C bo, J 2

| | &

D =
d < ;

E 2
é 3 7
| ' 7
F SO 7 7o
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2. 1Using figures A, B, C, D, E, and F of exercise 1,
write the name of the rational number suggested by the

unshaded part of each filgure.

A - £- 3
F- %

AL
L d
B- 3
c-%
N
¥ 4

3 Use these figures to complete the sentences below.

Set C={l.2,4,6.8,l0,l2,l4}
-8 , Fig.C

Fig.A

a) TFigure A has been separated into 2
congruent regions. / reglon has been
shaded. The shaded region 1s best described

by the rational number named by the fraction

L
—®

b) Points M, N, and 0 separate XY into
ff . congruent segments. m XM = "L_:t .

¢) Set C has 4 members, /  member
names an odd number. This member 1s "Lz
of all the members of Set C.
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Study your answers to exercises 1, 2, and 3.

'Copy and then write "above" or "below" in each blank.

a)

The numeral M—-" ‘the bar names the number of
congruent parts into which the unit has been

separated.

The numeral abert the bar names the number of

congruent parts which are described.

Ann watched 3 television programs. Each was %— of an

hour long.

a)

b)

How long did Ann wateh television? ( '3’ -A—-r)

How much longer would she need to watch TV to make
her total time 1 hour? ( '.,I:Lu)

A figure 1ike the one pictured below was made by laying

toothpleks, each the same size, end-to-end. What

fractlonal part of the perimeter is the "roof" ?

(3)
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RATTONAL NUMBERS

Objective:

Materials:

GREATER THAN ONE

To assoclate rational numbers with points on
the number line and to extend these numbers
beyond those suggested by the unit segments
and congruent parts of the unlt segment; and

To learn to ldentify the ratlonal numbers
suggested by diagrams when more than one unilt
region is used.

Prepare for each chlld a dittoed sheet of
number lines. One should be marked in unit
segments. One line each then for %- units,

1 inits, & units, » units, =¥ units,
T 8 5 b

L units, {5 units, and £ units. (This is

for the purpose of helplng children name the
number associated with the points which will
partition the unit segment into the given
congruent parts as indicated. ) '

Teaching Suggestlons:

Recall with the children that we have
learned to recognize what rational numbers
are suggested by unit parts of regions, line
segments and unlt sets of objects.

_ Recall that we have known how to as-
sociate points on the number line with the
whole numbers. Then draw a line on the
chalkboard and perhaps locate a point with
which 3 can be assoclated. Let the class
suggest the numbers for the other points.

3

- ® - -9 o omd

884



Then with sets of number lines suggested in
Materials, first have them associate rational
numbers with the points in the line marked in
unit segments, then with the line in half-unit
segments, etc., as :

B I &
B N T R T
RN EREEE

Count by %Js beginning from =9 by 2-

fourths begilnning with one~fourth, ete. Count
not only forward but backward.

Then ask them to find one and one~half
unit on the number line (expect them to select |
the one-half unit line to be used.) Ask what
fraetion names the number. Do many other simi-
lar activities, that is, find the rational numbex

named by the fraction T using the one-eighth
unit number line, ete.

Then using elther materials on the flannel
board or drawing on the chalkboard, ask them to
name the rational number associated with each,
as '

unlt region

(Note. If 1t would seem convenient and also
helpTul to name a rational number using the
mixed form at this time, do so. Note with. your

pupils that we can name a number as %- in two

ways-~elther using the fraction or naming the
number of unit segments and the parts of unit

segments, as 1 and %u Also, you may wish to
Sshow how we can write 1 and ) in a shorter
way, that 1is, l%u We are not interested in

changing from fractions to mixed forms or vice
versa, uslng only symbols. All of this should
be done using the number line, or other models
as rectangular and eircular regions. vou may
want to use some of materials that come later
in this chapter here. They are included in the
section, "A New Kind of Name."

(N]E
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hATIONAL NUMBERS GREATER THAN ONE
Exploration

In the picture below, the 1ine segment AB is 1 unit

long.

o
@

¢

¢
1
¢
¢

S

!

—?

Ae

.,,
:
\ o
———— — ———¢

G

¥e)
L
o —|— — — |

: .

m
[ ]

&
®

| o—

Ke

1. (a) On the number line the unit segment 1s separable
~into 8 congruent segments. |

(b) Use a fractlon: Each small segment is ‘L‘ of
the unit segment.

(¢) The measure of AB 1s 1. The measure of AE 1s

also -'19 . (Use a fraction.)

() 1Is g _the measure of line segment AB? (Yoo
(e) '.‘Is % the measure of line segment CD? (yre) |
(f) 1Is g the méasure of 1line segment EF? (Yre)
(g) 1Is % ‘the measure of line segﬁent GH‘? { 1,-4-)
(h) 'IQH -g the meaéure of line segment IJ?: (’r)
(1) 1Is }81' -the measure of liher segment KL? (9'0)

886



P528

Each unit segment of the number line below has been
separated into 3 congruent segments. AR 18 the same
length as the unit segment.

A R B C D
>~ - -0~ o -
o I 2 3

= et e e e

Use this number line to answer the questions.
(2) What fraction names the measure of AR? (%)

(b) What fraction names the measure of AN? Iiz? iD?
() ¥ &)

Bill has a photograph album. Each page is separated into 4

éongruent parts. On each page he can place 4 pictures.

If Bill pastes 5 plctures in his album, he will cover
-f{- of one page and %r of another page. What rational
number describes the number of pages covered? (ome ad "“'N)

Fractions like &, & % % §, + 3 1,;7 tell us .
that the measure of a Segment or a region is less than 1.

Fractions like g, g-, %, {‘r, 12-, -g- tell us that the

measure of a segment or region 1is exactly 1.
Fractions like §, ., 3, =+ 2, 3, # tell us that

the measure of a segment or region 1s greater than 1.
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Exercise Set E

1. Copy the unlt segments below. The dots separate each unit

segment into smaller, congruent segments. Label each dot

correctly.

(o) |
9 i 2 3 a
4 4 ry (Z) '?4')
(o) ' |
® & ® — @ -9
0 ! 2) (2) (1) )
5 5 5 5 5 5
0

® O 60 6 60 6

Each of the figures below represents a unit region or unit

" segment.

2.‘ study these dlagrams. Then answer the questions on the

ADA

next page.

0 | 2 3

- > -

A B C
H
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a) wa many thirds are there in a? (3)
- How many thirds are there in B? (7)
How many thirds are shown in A and B tqgéther?(l)‘

What rational fraction is suggested by the shaded
) , (4
region of A and B together? Ci)

What rational number is suggested by the unshaded
region of A and B together? (3)

b) What rational number 1s suggested by the shaded region

% )

in ¢ 1nD?1nE

What rational number is suggested by the unshaded

(1) [*)

region in ¢C? in DJ‘) in

What rational number best describes the shidded regions
in C, D, and E altogether? ( )

What rational number best describes the unshaded
regions in C, D, and E altogether? (5) 7

¢) What rational number is suggested‘by the shaded region
. ' o . 14
of F and @ together?(?j)

What rational number 15 suggested by the unshaded
region of F and @G together? (9)

12

d) In ?;fure H, what rational number is the measure of
A w0 (4 | |

- 889
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3. For each figure, write the fraction that names the rational
number suggested by the shaded part.

| unit | unit I unit

y

FIG. A (3-‘—) |
| unit ' | unit
| unit R
FiG c(-sﬂ) /FIG D =-J-

y, Using these numberz 11nes, complete the ‘sentences below,

A 0 | 2 . 3 . 4
e L o e . — G cud
-9 L 2 3 4 ] -] £ 8
2 2 2 2 2 2 2 2 2
0 , | 2 : 3 g 4
B = >~ - > - > — >— o
g 3 | 5 2 2f 3 3L 4
A
a) 1 one and 1 half = -é— or 12

b) U= —%—
7 A
c) 3 ones and 1 half = —5— oOr 33
2 ones and 1 half = -2£ ‘or 2%
e) %“1 ona é.nd 1 ._l:L
2
2
z

4
=z
1

=
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5.

Copy the 1line segment

-4 @ 8

shown below on your paper.,

©® "@

B i1s a _unit sggmént.

'a) Mark a point D.

b) 'mnc a point E

¢) Mark a point F

so that ZD 1is %— unit long.
so that AE is g- units long.

so that AF 1is g units long.

-Oopy the line segment below. Notice each unit segment has

been separated 1nto 3 congruent aegments.

X (v) Ww vy W
0 | 2 3
#, - . am— e e U -- - e .

Using a certain unit, the measure of X¥ 1is ;—

‘Mark new points U, V, and W 8o that

a) X0 1s 1 unit long.

b) XV 1s §- unit long.

¢) IV 1is g- units long.

Te

Mark is 4 feet tall.

what number gives his height in

yards? (M"J"‘"w)

Y

Ellen watched 5 television programs. How many hours

dld she watech TV 1if each program was:

a) %-ofanhour 1ong9{m~1-*4.../m,....-l'»j..r)
b) %-ofanhourlong?(l.aL-«.a-Ji‘l‘L-r)
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DIFFERENT NAMES FOR THE SAME RATIONAL NUMBER

Objective:

Materials:

To help children see that the same rational
number has many names; and

To help children learn a way to recognize the
simplest name.

A fraction chart, and/or circular reglons

showlng the unit, -]2'-'8, %;-'s, %-'s; %’-'s,

%"S, %‘!s, .l%ls’ .I]"E.Is

Several number lines,
one for the "family of %-'s,--,lr's, %'s, Ilz-'s;"

one for the "family of %Js, %Js, %Q!s;" and

1

one for the "family of w18, %Js,' and %3'8'"

Teaching Suggestions:

region.
Explore o

Note with
We expres

the same
include o

line, wri
them be a
line, tha

&

. Using the fraction chart, have children
find those parts of regions which show the s%?e

part of the unit. For example, %-, e, g, Ll
% and g all show the same part of the unit

We can give a set of fractions which would do

set, although you do not have models for them.

Now use the number lines. However, in-
Stead of writing the fractions below for each

thers, as E’ %5 éy ete.
them that these show the same part.
8 this idea by saying %- = %- = g etc.

thing, Write the fractions and then
thers which might be members of the

te each set of fractions, letting
ssoclated with the points of the same
t is, as indicated above.

o~ — — > - i

nIO -K)t

ete, (-}r's,‘%'s,.
.ﬁ.-s)

OIN =

Nl—-
NI
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Observe that the same point has
several fractions below it. We may write
these a8 sets of fractions as

2 B ow o oew.

Again, you may wish to ask if anyone could
give another fraction that would be a
member of the set. If there is hesitation,
you might suggest that one number of the
pair is 20 and write 20 below the bar,
Ask them what would go above. Or you could
give a first number of the pair and ask
that they give the other,

You also might ask if anyone has an
idea of how they could keep on finding
other fractions.

Continue with the others where you
note that there are several names for the
same number,

_ Make a speclal observation of those
which are names for the whole numbers.

Ralse the question: If we have
several names, how do we choose the one
that we should use? Note that the one
where palr of numbers is least is often
called the baslc fraction. That 1is,

%- would be our choice from the set

P

Now use materials in the pupil text.
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DIFFERENT NAMES FOR THE SAME NUMBER

Fxploratio’n

1, The pictures of unit régions, below éuggest some ways of

thinking of one-half.

%

%

A, what fraction names

B, what fraction names

what frac tidn names

D, what fraction names

)

5§ ¥
Lo

L2, 2

. rational number e

what fraction names

F, what fraction names

6 4

the
the
the
the
the
the

measure of the

measure of the
méasure rof the
measure of the
measure of the

measure of the

™ B and 1% are all ways of

X

We can write: é-= % = % = 1%

‘What are some other fractions that riame this same number?

shaded region? (f)
shaded region? (%)
shéded reglon? (-})
sha-tded' reglon? { 7‘5
shaded region? (#—)
shaded region? -ﬁ-

naming the

(%,4% 2 &4,

22 )14/

We say that %- is the simplest name, or simplest form, for
this rational number. Can you tell why?( I aved 2 are #f“’ wnd
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Nlo oo (nK)fE)

atotottio‘:i—b
1 2 3

3 3 3

1 2 3 4 - (-]
6 6 6 6 6 6

1 2 3 4 5 6 7 8 9 lo 1l 2
12 12 12 12 12 12 12 12 12 12 12 12

Make true statements by writing a fraction in each blank.

Use the number line above to help you.

a2
a. '% = 7z
10 5
b. 1= = 3
4y
C. %-= Aj? = 72
d. -lé=-_j' = yr s
3 [A /2
e. l1l=_3 = ___& = __ 12
o |
-t & et - G -d- ® > = -
Q 1 2
2 2 2
0 i 2 3 4 S
5 S 5 5 5 S
0O L 2 3 4 58 6 7 8 9 [0
0 10 10 10 10 1 10 10 10 1 10

Use the number line above to help you wrlte the missing

numerator or denominator.

1 Il = 4 = =
2 1 - 10 8 = /0
b. 5=f (n=s) d. l=F=-73 (éﬂ;
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4, Using one number line, we can show many different names

for a rational number.

0 I
D A 4 ® e e S e 2 =
0 l
[ |
0 1 . 2 3
2 2 2 2
0 1 2 3 4 3 )
4 4 4 4 4 4 3
0 1L 2 3 4 5 6 7 8 9 100 12
8 8 3 8 8 8 8 8 8 8 8 &8 ®

We see that some fractions are names for the same rational number.
What other fréctions are names for the rational number % ? (‘3:, ;)
What other fraction is a name for the rational number %,,? ( 3.’-‘-
What other fraction 13 a name for the rational number %- ? (-})

Can you find other fractions that name the same rational number

on tnts 1ne2 (3,4, 4, £.)

One rational number may be named by many fractions.

may be named by: [11;-, %, ﬁ-, 26-4-, ceel

may be named by: [§-, g, -g-, 1-82-, ceol

may be named by: [E, 1%, 165-,, 2%, ces)

The rational number
The rational number

The rational number

5],_, U W0 e

2 4
The rational numbe‘r,A may be named by: [%5-, 55? ;5, TS - ) ,
Can you think of other fractions which would name each of these
: ' ' _1 _/_'g_ (] &
numbers abqve? -(;p’ /s, 3%, 50, -‘t-)
Many fractions can be used to name the same whole numbers,

For example, 1 may be lndlcated by

| %’ %’ '?l" E, -g, and so on.

Can you name three otler fractions that belong to this set?

g t ,
(%I %; -’1; ‘n')
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Copy each of these figures.

Exercise Set 5

|
+
)

Color

Color

is

oo

2 of this figure,

another name for é‘.'

g of this figure.

’ 3
another name for 3 .

%- of this figure.

another name for # .

g- of this figure.

another name for / .

g of this figure,

another name for é‘.
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Using this chart, write as many names as you can for

7

/////Z%”//
///ﬁ?’//// |

///////

i?/’
|
SEENER W R, 9 (3
) 2 (%, 4) e) é;- (3, %)
c) %; ('3‘,7’;.) £) g )
7. Write at least three other fractl ons which name each of

the following rational numbers. If you can write more than

three, do so.

a) % (%% féj) c) g- (jf '%f -%?)
RGN % ) S48
T (%, L, 8)
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8. The dlagrams below suggest three other names for %n What

2 32 4
are they? \¢ , 7,7

(]
S.. Draw 5 boxes like the ones below. Separate each'box

to show the mathematical sentence written below. The

first one 1s done for you.

——-T —— S ey

]
i
old

oln

"
nNl—
B~

il

Nl

(%)
n
Sl
RN
]
o
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The unit square shown on the preceding page has been

separated into 100 congruent square reglons.

a) Each small square region 1s what part of the unit
L ‘
square reglion? (ﬂw

b) Each small square fegion is what part of 1 row or

/
1 column of square regions?(73)

¢) Each row or each column of square regions is what

part of the unlt square region? (72)

y _ o¥

) 15 =106
70

°) 15° 1%
) RB-Z

8 %=1

h. How many smail square regions should you color if you
are tb color fg% of the unit square region? (42)
(99)

o°)
Zr 10T & FeMea J0
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Puzzle. In how many different ways can you cover the unit
square using the fractional pleces shown? Each
plece may be used more than once. Ypu may wish
to trace, cut out, and make several copies of each

- model reglon before you work your puzzle.
‘Unit
Square
1 | |
2 4 8
!
4

902
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How many

Here are a few solutions to the puzzle on page 541.

more did you discover?

—il® —_ o —_ bl aﬂr —je0 | —|®© \m&
= T T N g
-— — e — — el Sl S G S G S— — S— = /
-] 0 —100 -~ 0 l;d./J*\ -] 00
. T R -l PN
- -[ 0D
—| 00 R —jo ! ~I® /{
-| 00
e - I S— )
e e e ————— — — Vi — s e e— —— P G S S Sl ey G S SR S S !—2 \\
- -I -l S
lllllllll — — —— e s i S— S G Gl SR S SIS Sl ey ’lllll‘.
—I - SN e
—] N e e e e e e e e e _— e ——— e o ] /7 _ \
/7 N
e b —| \\ -0 | =10 /./
vl I N
—1® —i® )
=10 —|® |y 7
-8 ) ———— — S - y
I B = o /7
|||||||||| -— o e e e e e et e e e ] e e e et e e e e e e e \A -] <t
- N\
7
/7 —i¢ \
-{ F\\ //UF
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ORDERING THE RATIONAL NUMBERS

Objective: To help children learn that if they know one
' rational number they cannot name the next one;

To order a given set of rational numbers from
least to greatest and from greatest to least;
and

To express a '"less than" and "greater than"
relationship between two rational numbers.

Materials: Those which have been used in previous
lessons.

Teaching Suggestions:

Background for this lesson should have
grown out of the preceding lessons. Chil-
dren already are probably aware that

_%->{%, ete. Using the number line or con-

gruent parts of a given reglion, ask some
questions which would lead them to order a
given set of rational numbers from least to

greatest.
L B %, the

For example, glven the set )
ordered set would be %, 1 %u - Ask them

to give the next whole number after 5;
after 123, ete.

Follow this by asking them to give the
next rational number after %u Should they
give g, then ask them if, say %, is
between %- and gu The serles of questions

you ask here should focus on the idea that
given one rational number, the next
rational number cannot be gilven.
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ORDERING THE RATIONAL NUMBERS - o

o,

‘Exploration :
0 | 2
-ft—o --- . e ——
0 ! 2 3 4
2 2 2 2 2
o ! 2 3 4 s & T 8
q 4 4 4 4 q 4 4 q ¥
Q1 2 3456 78 9 oI 23KI518 .
8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 :

Look at the number line. \ _ ' | -
to the right of 111- 2% 18 % S Ilr oy |

to the right of & g >3 Pl

to the right of g- g ] >_}.“, 5 (20

Is
Is
Is
Is to the left of & s o <% oly?

g
Is to the left of 3 M1 2 ¢ g o)

AUl HO O H MU e

1s to the left of -g» ?QY) Is g < g?\"')_

It 18 easy to see that %3 %, g; and g- are Qrdered from
least to greatest. : |

Are %b a, %, and ;- ordered fromrthe least to great;st?QP‘) i
It would be easier to decide if we used other fractions for

these numbers.

Using other names for these same numbers, we can write them as

L 10 16
% % B ad W

Now we see the numbers are named in order from least to greatest.
As you move to the right along a number 1line, the rational numbers

become greater. As you move to the left, they become less.
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B
B
§
#

Exercise Set &

1. Use this chart and the symbols > and < to complete the

sentences below,

1 L
| 2 2
| |
3 i : i
Il [l L ] ! 1 ]
8 8 8 8 8 8 8 8
tlelolafefotafaolojajoefefefalL
i6jle|6|16]jl6|I6]IB]|I6 iclielicjle|ie e |16 |16
a) 3_2 ¥ ¢) § 2 71 e) #_> 3
b) . < ¥ Q) _2 % r) §. < 2

2. Write the correct answer. The fraction chart above may be
used, if needed.
' 17 /‘
a) Which number is less: -g- or TT
| ¢
Which 1s farther to the left on the number 11ne?{%j)
: ' 10
b) Which number is less: l'g- or }82' ? (’;3')
(Vf) _
Which is farther to the left on the number line? |7,
* .1 1 _I_-_*_)
¢) Which number is less: 1; or 1?-?- (,
Which is farther to the left on the number 1ine?(%%)

d) Whieh number is less: qr or E'? (

: [
which is farther to the left on the number line? @;)
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3. Arrange members of each set in order from least to greatest,
Make diagrams if you need themn. '
1 /(A £ 2 4 3)
= {h 3 8% R s} Giiis)
4
B=_{'£‘: %‘: 2, 'g': 'll;l} it!} '4.1,1"}1‘/'
b,

Associate a rational number with points ia, b, ¢, d, e, T,
and g 1n the diagram below.

0

l -l ;*4 el J - e - o
l o b ¢
8 4 8 2 d o t 9
' £
a4 = ;—- cC = "1 e = -¥£ g = P73
‘
b= fy da=} =4
5. List in order the numbers used in cbunting by two-thirds
2 2 ¥ ¢ o 11
from x to 4. (.3,3,3,3!,’.%‘,";
6. 1List in order the numbers used in counting by three-halves
é 9% 2
from g- to 9. ('}J-g, ,,-;-.-’;‘-',-’i!)
7.

Write two other names for each of the following numbers,
12 "3 FX-J
a) % 2) -:!‘49- (";E :'?—)

T \%.3
lo. 1€ A (£,3)
b) 8 (& ¢ a) 3 (3.3
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Copy and complete by writing the symbol } or < in

each box,

a) 7 < 3 ay 1.7 3
B) 5_>_ &) T 2 %
¢) 5L 1 1) g X3

10.

11.

Ce &

Rearrange these mumbers in order from least to greatest.

) B e b e (7,%.048.%
SR R T C N X
9 b2 b3 (4429
9 L LBE (%428

Arrange in order the numbers in each set below. Beglin

with the greatest.

a=42 2 3 {4,345
B=1{h & &) {34,433
c= {5 % 3} f4,4

Arrange these numbers from least to greatest.

1

1L L L L 4 9
Bo

70 , 2, 6, *‘,JJ&

1 1 1l 1 1
'2': '1'5: 'ﬂ." ‘8’: 3‘:
508
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Exercise Set 7

Supplementary Exercises

(2 X

©olN

0N

<IN

L [V

NIN

oI

~

©Oie¢

ol

<ieT

i

Ni<

ot |- 4

Ol

Sl

foo
Sl
i
Sl
Pl
®|w
oo

Ol

]P0
Yo
mjo
Njo

j={ [
-] [ o)
@[
Moo
©ico
0o
<l
M|co
Nj©O
et [ o}
Ol

in each biank to

> or =

<

Copy and write >

1.

The humber line above will help

make a true sentence.

you.

$ 2 8

£)

~
~

N g

g)

o] =3

o0
~

h)

2 > 3

d)

909



P548

2. which fraction of each palr below will be farther to the
right on the number 1ine?
11 ‘ 14
- a) -152 or 3‘57- ('5‘) e) }Bl-‘-“ or 161- (‘?
" y
b) :-L5l- or %- (-;) f£) 3'4;- or (‘ff)
. - J' '
) g or 3 (£ g) 72 or 3 &)
10 /0 1 1
a) 3 or 3 (& n) g or ¢ (%)
3. Rearrange each set. Put members in order from least to
greatest. | |
: 4 i
- b2 w3 (asiw)
' -
e fb b b3} (144448)
4. Copy and £ill in each blank with the symbol >, <, or
a) g— 7 %- e) 1 < 2
\ ) _
b) 2 > £) g- =
) =1 g) 2_>
a9 g 2% n) 3 < 1
5. Look at exercise 4., Which fraction in each pair labels a
poin's_ farther to the right on the number line?
: (4. 3 C. sowu 2 y- 4

910



A NEW KIND OF NAME

Objective: To show that the mixed form is convenient to use
when the rational number is greater than 1.

Materials: The number line and congruent regions.

Teaching Suggestions:

' Go back to review the lesson in which we
considered rational numbers greater than one,
noting how we used a fraction to name a '
rational number greater than 1.

Then make some statements like these:
Tom rode his bicycle % miles.
Mary's mother used %g- ples for her guests at dinner.

I would like someone to get a plece of string for me
which 1s 3- yards long.

Get children's reactions to such state-
ments. Ask what might be a more convenient
way to make these statements. That 1is, if

3, 10, and A could be expressed as a
2 B b3

number of whole units and parts of units.
Here children suggest:
Tom rode his bicycle 41%- miles.
Mary's mother used 16' ples for her
dinner guests.

I would like someone to gft a plece of
string for me which is yards long.

Then ask: If we know the fraction for a
rational number, how can we express it using
whole units and parts of units?

1§, IEP etc., are what we call mixed forms.
Then ask, "If Tom rode his bieycle %T.miles,

did he ride as far as one mile? More than one
mile? As far as two miles?" etc. "Is a plece

of string ;- yards long as long as one yard?

Longer than one yard? As long as two yards?"
ete. This will help children recognize the
relationship between rational numbers named by
I fractions and whole numbers.

g1l
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A NEW KIND OF NAME

- These pilctures help us think about the numbers, g- and % .

Unit .

Unit - - 22%222%2%222%2;2%%%; |

Unit

Unit

%=.§. and%- v l.ﬂ.];=',¢' and-?rand%-
%:1 one and 1 half ;%-'=l one and 1 one

or, ' and 3 fourths

5 _ .1 11 _
% = 1.2 5 = 2 ones and
3 fourths

or,

-4

Another way of naming % is 1%
 Another way of naming }4]; is 2%-

We call 1%— and 2%- mixed forms.

912
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Rational numbers named by fractions like %-, %-, g-, and

g tell us that the measure of a region, segment, or set is less -

than 1.

Rational m.unbers named by fractions like g-, -g, nu-, and

% tell us that the measure of a region, segment, or set 1s

equal to 1.

Rational numbers named by fractions like %-, %, and g- 7
tell us that the measure of a region, segment, or set is greater
than 1. | | |

Other names for 1 are -ﬁ-, g-, and g-

Since this 1is true, -E-, g-, and g- may be renamed 1%-,
13, and 1%. "

1%-, 1%-, and 1§- are read, "one and three-fourths,"
"one and one-half," and "one and two-thirds", Fractions

written in this way are sald to be in-mixed form,

913
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Exercise Set 8

Copy and finish the number line below. Then use 1t to

complete the mathematical sentences so that each will be

a true sentence.

- ! o 3. $ .
2 4 % 3 2 23PBHIGWE
a) §=-'33— and 3 a) 25 =2 and &
2 _ 6 2
$-_13 =3 and 3
- 2
p) & 15 2 d 23“—”%_
$ 18 3 e g |
6. 2 e) =3
3-=
, £) 3% =2 and -4
c) =3 ones and -%— T3 3

1 _ /2
33=-3—

o e
+

Arrange the numbers in each of the following sets 1in order

from least to greatest. Use diagrams if you need them.
| . 2, 2 1)
A= {%, 0, %.’ 2, %’ ]_} [ﬁ {0J"J IJ 6‘;210}
B = {g‘, 1, lg': ll, ;‘: 2: %‘; 3}
(8-1%1,§,2,23,843)
1

Peter has 13 blocks to walk to school. Each block is S14)

mile long. How many miles does he have to walk to school?
243 3 “
(70 /7% _)

s

ol4
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“. A pound of butter is usually divided into four bars of the
same size. Vicky found 7 bars of butter in her |

refr'igerator'. How many pounds of ‘butter were in the

{1 - _
refrigerator? A ~ 13 f“"——l“)

5. Can you do these without any help? Try some of them.

Write the mixed form for each of thése numbers,

a) g= /% L4 3. 44
b) g-= 3 e) -!'5%= 2%
c) §-= 1F £) %= a3

6. Which 1s greater? Write the name of the greater number in

each pair. You may use a number line to help you decide.

a) $or 2} H) o 8oy @
b) 22 or 12 (23) r) 3% or 3 (st
) R oo 5§ (4 s 2 or B (43
a) 6 or F (2 n) 13 or & (&)

7. Copy and complete. Use diagrams if you need them.

a) 184 Q) p=o
b) =y | ) 1g=7%

) =g £) 2g=3F

8. Between what two whole numbers on the number line wouldr the

following fractions be?

a) 5% ) c) Ty d)
(&Z‘) b(lzi‘-’*) (7'-(59) B {;%7)

915
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Exercise Set 2

0 1l 2
3 1 2 3 "
-] 2 -] 2 2
0 1 2

* 0 1 2 3 } 6
3 3 3 3 - 2 3
. 0 l i
o 1 2 3 } 6 7 8
S ¥ & ¥ T % T % 7
. 0] 1 . 2
“° 1 2 3 & 6 17 8 10 11 12
T ® ® ® ©® -E % ® B % = & ©
.. 0 | 1 -
"0 1 2 3 & 6 8 10 11 12 13 14 15 16
E 8 B B B 3’ B % z;v'g T BT 8 ¥ 7 1? LB

i. Use the number lines above. Copy the following mathematical
sentences. Write the symbol > or < 1in each blank to

make the sentence true.

) B L% e g X3
0 o> 2 n g <3
SR 8) ¥ 2%
9 32>.% n) 3 > {
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2. Starti;qg at zero, 1list in order the numbers used in
a) counting by one-half to g- (3"‘ al' 2 %)

b) counfing by two-—t-hirdsl to g- ( -,3‘ E 3 34-)

3. Write 2 other names for each of the following.

2 4
a) %=i, 4

3

b) 1=_3 , ;i;_ (2huj 4“”?_,J“Lu‘)

C) l%,'= ; 3 -Lo-

a) =%, £

4, Match each rational number in Column 1 with a fraction

that names the same number from Column 2.

Golumn 1 column 2
a) 5 (n) ST
b) 7 (4) g) 1-6;'
c) 2 (f) n) 2
d) 15 (4 1) 5
) 1 (&) g 2

917



USING RATIONAL NUMBERS

Objectives: To recall that sets of obJects and their
equlvalent subsets have been used to suggest
rational numbers; and

To learn how we can use a rational number to
express a relationshlp between the number of
members in a set and the number of members
in a subset.

Materials: " Collections of objects that can be arranged
into sets and subsets. o

Teaching Suggestions:

Use some sets of objects. Designate a
particular subset within a set. Ask what
rational number this suggests. -

For example,

o 0 0 0
o 00O
O 0 00
= or 3

Then tell how we can use the rational number
to speak about the number of members of the
set and the number of members in a subset
Again illustrate:

We can say:
% objects are % of 9 objects.

4 ‘objects are u(or EJ of 8 objects.
4 objects are .y (or ) of 12 objects, ete.

Use the materials in the pupil text.
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USING RATIONAL NUMBERS

Below are plctures of sets of 12 objects.

Exploration

Dotted lines separate the pilcture

of Set A into 2 subsets.

Set A

. 2
Is -]

subset? (‘)

How many objects are there in 1

How many obJects are there in 2

subsets? (Il)- ,

Is % of 12 objects equal to

6 objects? (1?‘ )

of 12 objects equal to
12 objects? ('Y")

Set B has been separated into 4

subsets

Set B

19

12

12

12

12

of

12

3
b

1
/2

L 2
T

How many obJjects are in each

subset? (3)

of _12?(5”0



S8et C

..____.fm____.+__;_;_

Set D

Dotted lines separate Set C into

3 subsets.,
What is %- of 127 (4)
what 1s % of 122 (9)

What 1s g- of 122 ( 12)

Set D has been separated into
6 ) subsets.

2 =g of 12.
b =& of 12,
6 =2 of 12.
10 = £ of 12.
-12=g of 12.

Each subset in E shows

__25;_ of 12.

£ of 12 = _3

I’%of12= 4
& of 12 = ¢

& oof 12 = %

% of 12 = __9

~
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Exercise Set 10

A B c - D

A, B, C, and D are unit square regions. Copy them on

~ your paper. Separate each one into four equal régions.

a) Color -‘} of A red.

"~ b) Color %- of B blue,
¢) Color 3- of C grgaén.
d) Color ;{- of D green.

e) g-is another name for (1) .

f) Write the fraction that best describes the uncolored
A 4 C. 41
reglons of each unit square region above.((,_ ;1:. A2

A j B C
0 - 1

Points B and C separate the unit line segment AD
into 3 congruent segments.

a) mIZB =(,‘3L) c) mI]S=(’§'),
b) o =(3) Q) §= (1)
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1.

Exercise Set }l_

Look at the pilcture of a set of objects below.

ojOjOo| O
Qlo]Oo o
OO0 |0 ]|O]
ojoc|j]C | O

It has been partitioned into U4 subsets.

The same number of objects 1s in each subset.

what 1s -,1I of 162 (#) What is %- of 162 (12)
What is 5 of 162 (#)  wnat 1s p of 162 (1)

Here is another picture of a set of objects. It has been

partitioned into five subsets. The same number of objects

is 1in each subset, " , : :
¢« Ot O1 O 1¢'v O
' 1 | )
o!o'o,o0, 0
t I
0,010,010
( 1 i :
O:r01 03 0, O
i ] { "
what 1s %- of 207 (¥
What 1is -25- of 207 (%)
what 1is % of 207 (12)
What is g- of 202 (#)
‘What 1s % of 207 (20)
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3. Complete the following. Use sets of objects if you need the

a) %— of 6 is (2) - e) -32- of 6 is ‘4—)

b) 5 of 4 1s [2) £) 2 or 8 1s _(4)

c) %F of 8 1s (2) g) §- of 9 18 (L)

d) 5 of 1o s (5) h) 15' of 10 1s (4
4, Jane bought six doughnuts. She ate % of them. How many

doughnuts did Jane eat? How many doughnuts did Jane have

tortr (Yot o 2 gl ad Al 4 oot gt )

5-.‘ Bill had twenty marbles., He lost %— of them. How many

marbles did Bill lose? How How pany did he eft?
2.4 Py M i Bt 5 73]

6. Alice had 36 Jacks. she traded 3 of them to Mary.

How many Jjacks did Alice trade? How many Jacks did Alice

have left? Afevs M?f—Li'}""‘a c———/u-’l?%)

T. On the way from the store, Bob dropped a dozen eggs. He
looked inside the carton. He found % of the eggs broken.
12)
How many eggs are there 1n a dozeg How many eggs were

broken? How many eggs were not broken? ( J‘(“" et 7 A3y

BRAINTWISTER

John gave Bill sixteen Jjelly beans. This was of the

e fog

number John had. How many did John have at the beginning?

(},LL’JJML.-JJ A.,.‘._._,)
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‘all but j of them. How many problems did John finish?

Exerclse 'Set 12

There were 20 problems on an arithmetlic test. John worked
1 ' (15)

1 of a string of 12 Christmas tree lights had burned out.

3
How many lights had to be replaced? (4)

At a sale, books that had been 50¢ were selling for 5
of the regular price. What was the sale price? (-?5"9

A box which had contalned 24 candy bars was two-thirds

full. How many candy bars were in the box? (/ ‘)

A football game is played in 4 quarters. It takes 1 hour
of actual playing time to play a game. How many minutes of

actual playing time are gone at the end of the third gquarter?

There were 6 boys and 3 girls on a softball team. What
a

part of the team was boys? (7“ o3 )
The year 1s separated into four seasons of egual length,

What part of the year 1s each season? (‘i‘)

Mary has a collection of 15 dolls. %— of them represent
children from other countries. How many of the dolls

represent children from other countries? (/2

Jim was making a model of a plane. He needed a single plece
of wood %- of a foot long. He had a plece of wood 8
inches long. Could he use this piece‘; )Why‘> ( YRR ¥

a#w?a—.‘«.)

924
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Practice Exercises

1. Place parentheses correctly to make each of the following

a true statement. Example a is shown.

a) (6+ 4) x3 =230 k) (5x8)-2)30
b) (8 x3)+5¢< 64 1) (25+5) + 8 = 13
c) (6+ 3)x6)>24 m) 19 + (8 +2) > 14
d) 2x(5+ 4) =18 n) 4+ (5+ 4) < 13
e) 4 x (16 + 4) >68 o) (27T +3)+ 6=5
£) 94+ (6 +3) =11 p) 28 - (7 x 3) < 63
g) 8x (5+3) 443 q) (46 +8)+9=6
h) (6 +3)x4=28 r) 28+ (21 +NFT
1) (18+6)+3 42 8) 17 - (4 x 3)< 39

J) (4=+=T7)+7>1 t) (49 +7) + 6 = 13

2. Mixed Addition and Subtraction

a) 327 + 54 = 381 - k) 1478 + 2388 = 3866
" b) 457 + 218 = 675 1) 400 + 583 + 324 = 1307

c) 38% + 291 = 675 m) 1637 - 537 = 1100

d) 384 - 156 = 228 n) 709 - 368 = 341

e) 995 - 768 = 227 0) 37 + 31 + 36 = 104

£) 870 - 418 = 452 p) 801 - 513 = 288

g) 2384 . 1963 = 421 q) T45 - 508 = 237

h) 1066 - 883 = 183 r) 678 + 254 = 932

1) 984 + 168 = 1152 8) 2900 - 1256 = 1644

J) T00 - 362 = 338 t) 598 + 303 + 81 = 982

925
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3. wi'ite the number n

29i+ 56+ 37 = n
700 - 347 = n
43 x 6 = n

587 - n = 369
77+ 94 +n= 237
nx 6= 3708
48+ n+ 79 = 234
n =127 x5
746 - n = 413
624 + n = 1141

represents.

n = 122 k)
n =353 1)
n =258 m)
n =218 n)
n=66 o)
n=618 p)
n = 107 gq)
n= 635 r)
n =333 s)
n= 517 t)

4, Addition, Subtraction,

1414 - 671 = T43

2157 + 879 = 3036

148 = 4 = 37
367 X 6 = 2202
459 +~ 9 = 51

ns= 737 X 8 ' n =

n+ 304 + 488= 1640 n
4767 = n x 7 'n
719 - n = 285 n
8789 + n = 12497 n

707 X 6 = n n s
8789 - n=5081 n s
489+ 403 +950=n n =

nx9-= 7857‘ n
n-658=758 n

Multiplication, and Division

309 + 487 + 648 = 1444

475 - 367 = 108
280 - 7 = 40
396 X T = 2272

1209 - 688 = 521

926

1278 + 32 + 49 = 359
‘378 + 6 = 63

439 x 5 = 2195
679 - 327 = 352

136 - 4 = 34 |
810 + 652 + 934 = 2396

333 x 7 = 2331

’ 652 - 584 = 68

4yl %‘6 = 74'
876 X 4= 3504

5896

848
681
434
3708
4242
3708
1842

873

1416
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5. Write the number n represents.

a) %- of
b) of
of
of

£) of

e
N+ U= Ol & Wi

'Example:

of

12 = n

15 = n

B-n'

9 =n
20 m n

18 = n

n=6 g)
n=5 h)
ne=2 1)
ne1 J)
n=4 k)

=3 1)

n

ow e o= i Ho Wi

of

of

‘of

of

of

of

Find the unknown addend by regrouping.

462 = 400 + 60 + 2 = 400 + 50 + 12
=157 = 100 + 50 + 7 = 100 + 50 + 7
3004+ 00+ 5

a) 609
«362
247

b) 633

=563
()

c) 386

-219
167

d) 890
=437
453

~e) 638

-394
244

r) 853
-628
225

g) 493

-316
177

h) 761

=221
504

927

9= n n=~6
8=n na=2©6
16-:!1 n-ﬂu
16-!1 n=2
15=n n= 12
167-1'1 ne=©56
= 305

1) 780

=333

447

J) 956

-241

709
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Y. Multiplication and Division

8. Write the numeral for each blank that mékes a true sentence,

72+-8=9

789 x 5 = 3945
725 + 5 = 145
864 x 6 = 5184
408 + 4 » 102

9Ok x T = 6328

824 + 4 = 206
496 x 6 = 2976
654 +~ 3 = 218
730 x 9 = 6570

Example a is shown.

(4_:2)x9=18

(7x2)-29-34
(8 x 8) - 14 = 50
(12 x6) -65=71

(§x8)-39-9

(4 x6) + 6= 30

(6 x 6) - 22 = 14
(54 - 47 x T = 49
(11 - 5) x 9 = 54
(8 + 20) - 14 = 14

k)

928

378 + 3 = 126
257 X 4 = 1028
2488 + 8 = 311
319 x 8 = 2552
580 +- 5 = 116
509 x 7 = 5663
789 + 3 = 263
156 x 9 = 14Ok
217 + 7 = 31
697 x 3 = 2091

(9 x 4) + 8 = U4k
(6 x6) ~15=21
(7 %x8)+16=712
(8 x5) - 12 = 28
(7T %9+ 12 =75
(5x7)-14=21
(6x9) -6=148
(7x6) +13 =55
(6x6)-T7=29
(7x9)+3=1T2
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Part A

1. Using the symbol >, =,

a true sentence.

a)
b)
c)

1l pint

or

£ foot _¢_ 12 inches f)

24 inches _ > %- yard g)
1 :

= _ & quart h)

= 730'm1nutes 1)

=__ 2 feet )

2
3
1
z
3
[5)
1
2
4
5
1

45 min., Ehro, &mino’ Th!‘

’

?

L]

’

L]

Ui Hw wlw W= w||-:

WiH o e~ W0y

-

L

-

-

-

-

-

Review
SET I

‘.

. -

-

-

u1|n> He ow Ui wls
, o e i~ wo

ft., 61n., 'lfft-"lfft

1 ton, 1 1b., %11:., 1 oz.

lpt., 1 qt., 1 cﬁp, 1l gal.,

%-m.,_ -g-in'., gin., %-in.

929

make each of the following

12 inches _) _ § yard
% quart _ < 2 pints
15 minutes - %- hour

L reet _ < 1%- yards

9 inches __¢ %-yard

Arrange in order of size from smallest to largest.

( 4 6 8)
3 3' 3°3°73
G, L, 1 1 1y
g:'r: '5':3':2'
3 3 3 3 ,
(IE:B‘:B‘:'I],':%)
1 2 1 3 4
(B’J'B'az':n':]r)_
1 2 3 4

('5:'5':'5:'5‘:%)

(F £t, 6 in., 3 ft., 1 £t)
(-¢ hr, -2- hr., gg min,

min.)

(l‘oz., # 1b., 1 1b., 1 tan)
(1 cup, 1 pt., 1 qt., 1 gal)

(£ in., #1n., £ 1n., 2 1n)
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N = {The named points A, B}

What is the greatest number of llne segments that can have

‘endpoints in Set N ? (One)

Name the segment(s). (AB)

M = {The named points C, D, E}

What 1s the greatest number of line segments that can have
endpoints in Set M ? (Three) '

Name the segment(s). (CD, DE, EC)

R = [The named points G, F, H, I}

What 1s the greatest number of line segments that can have

endpoints in Set R ? (Six)

Name the segment(s). (GF, GH, GI, HI, HF, FI)
| Y

Draw two line segments to make

three quadrilaterals and five new

triangles out of A XYZ _
(A TVY, A\ TSY, AVSY, AXYW, A Z¥W, [ XTVZ, JXTSW, LIWsvz)
Draw two line segments to make B '

two new triangles and three

quadrilaterals out of A ABC.
(ADBF, A BGH, 1 DFCA, [ AGHC, L':'.IDGHF)
4 {(5¢8 means 4 1s less than 5 and 5 1s less than 8.

Write these sentences the éhorter way.

a) 32< 34 and 34 < %0 (32 < 34 < 40) (Answer§ will
vary

) $< % ana 5<% (F<F<D

¢) 112 ¢ 115 and 115 < 117 (112 < 115 < 117)

a) £<3 ana 3<§ E<3<H

930
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9.

10.

11.

What 1s 1t?

Find the number that n represents in the following.
a) 14<n¢16 (n=15) d) §<{n<g (nzg-pr%)

b) $<n<3 (n=% e) 9<n< R (n=32or 9}

¢) 786< n < 788 (n = 767) f) £#<{n< 13 (n=For1)
(Answers will vary)

a) A model that has 3 rectangular regions and 2
triéngular regions for faces. (triangular prism)
b) A model that has four triangular regions for faces.
(pyramid)
¢) A model that has six rectangular regions for faces.
(rectangular prism)
d) A model that has one rectangular region and two circular
regions for faces. (eylinder)
e) A model whose edges form right angles only.
(rectangular prism)
f) A model that has a circular region and a half circular

region for faces. (cone)

These statements are comparing the length of line segments. -

Complete these to make them true statements.

Examples a and b are done for you.
a) 4 ft. 18 2 times as long as 2 ft.

b) 2 ft. is _éi_ as long as 4 ft,

¢) 9in. is _3 times as long as 3 in..

d) 3 in. is _%'_as long as 9 in..

e) 12 yd is 2 times as long as 6 yd..

f. 6 yd. is _%L_as long as 12 yd.

g. 15 min, is _i;_as long as 45 min..

h. 45 min. 1s _3 times as long as 15 min,.

931
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12. Match the Standard Unit of Measure from Column I with the

Item you would use it to measure from Column II.

Column I Column II
a) cup _J  Length of your penecil
b) feet £ Bottle of milk
¢) seconds '{  Distance between cities
d) hours _&  Length of a football field
e) days c Timing a running race
f) quart h Time at recess
g) yards. e Time until a birthday
h) minutes d Time for sleeping
1) miles b Height of a tree
J) inches _a _ Sugar for a recipe

Write 4 different fraction names for each of the points

labeled on thia,number line.

"o A B C D 1
n b2 L 8. 512 3 4. 1234
TewE BRE Y OIEICBTEE

D %, -‘5"-,* -8, 1%- ) (Answers will vary)
14. Find the perimeter of the following:

a) A polygon with sides whose measures are 16, 28, and
32 in inches{Perimeter 76 1n.) o

b) An equilateral triangle with the measure of one of its
sides 14 in feet.(Perimeter 42 ft.)

¢) A polygon with 6 congruent sides, the measure of one
side is 35 in centimeters. (perimeter 210 centimeters)

d) A square, one side of which has the measure of 7 in meten
. (Perimeter 28 meters)
e) A polygon with 2 sides whose measures have the sum
of 8 yards and 3 sides whose measures have the sum

of 15 in yards.(Perimeter 23 yards)

932
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Part B

Write a mathematical sentence (or two sentences if necessary)

L4

for each problem and solve. Write an answer sentence.

1. The Davis family uses 8 eggs for breakfast. What part of

a dozen eggs is left? (12 -8=t, t =4, 4+ 12 = n,
n= f%- or %-. They have {%-of a dozen eggs left.)

2. Eddie earns 75 cents on Monday, 50 cents on Wednesday,
and 75 cents on Friday mowing lawns. How much will he earn

in six weéks? (7T5+ 50+ 75) x6=n or 7T5+50 + 75 =-c¢
¢ =200, 200 X 6 =n n = 1200 Eddie will earn $12.00)

3. The school bus runs 7 miles on a gallon of gasoline. Each
week the bus goes an average of 882 miles. How much gasoline
will the bus use in four weeks? (882 + 7) x 4 = n, or

882 +7 =g, g =126 x 4 =n, n = 504 The bus will use 504
gallons of gasoline.)

4. Wendy called the feed store to order feed for a month for
her horse. She bought 5 bales of hay at $1.75 a bale and
100 1b. of oats at $5.30. How much will this month's feed

bill be? (5 X 175) +530 =nor 5x 175 =h, h+ 530 = n
n = 1405. This month's feed bill will be $14.05

5. Tom hit a softball 135 ft. Randy hit the ball 25 ft.

farther than Tom. How far did Randy hit the ball? (135+25 =n
n = 160 Randy hit the ball .60 feet. '

6. It is 347 air miles from San Francisco to Los Angeles, 1240
alr miles on to Dallas, 443 air miles from Dallas to New
Orleans; then 669 air miles on to Miami. How many air miles
is it, by this route, from San Francilsco to Miami?

(347 + 1240 + 443 + 669 = n, n = 2699 It is 2699 air miles
from San Prancisco to Miami.

933




7. The nurse found Janice to be 4 £t. 4 in tall, Linda
4 £t. 11 4n. tall, and Maria 4 £t. 9 in tall. How much

taller than Janice is Linda? (4 ft. 11 4n - 4 £¢. 4 in 'n
na=71n. Linda is 7 1nehes taller thnn Janioe.) AR

a ‘ufbeat Jump was 5 IT. 3 In. 8, " In the standing board-Jump‘P
while Roy's best Jump was 6 ft 2 in. Roy‘s Jump uas hon '

" much better than Pat's? (6 ft.21n. - 5ft,3dnmn ..
n =11 in. Roy's jump was 11 1neh;a better than Pht‘l.) R

For his birthday Tom received a new baaeball bat that 1:

24 inches long., The bat'!s length is what part of a gaxd?
& =-n n .|3; e bat is £ vard long.)

 Joe deliveru 56 papers each day. How many papers does he

deliver in 28 days? (56 x 28 = t, t,a 1,56§ Jbe
delivers 1,568 papers in 28 days. .

Susan buys 2 dozen cookiea for 30 cents a dozen and a
cake for 80 cents. How much does she pay the c;eﬁk?

I (30x2=a or 30+ 30 = a a=60 60+8 =¢c c= 140
o Susan pays. the clerk $1.40 | o

' Braintwisters

1. You have a 30 inch board that you have to cut in 5
pleces, each 6 1nches long. It takes r1Verm1nute§ to
~ make each cut.. How many minutes will 1t take you to cut['
the five pieces? (4 X 5= ~20) | -

- 2. An inchworm was climbing a tree 5 ftvh;gh. He climbed
o thfee 1nches every day and slipped‘back twoAinbhes evéry

- night. How many days will it take him to reach tho top?
(5x12) «2sn na 58 58 days)
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