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FOREWORD

The increasing contribution of mathematics to the culture of
the modern world, as well as 1ts importance as a vital part of
gceientific and humanistic education, has made 1t essentlal that
the mathematics in our schools be both well selected and well
taught.

With this in mind, the various mathematical organizations in
the Unilted States cooperated in the formation of the School
Mathematics Study Group (SMSG). SMSG includes college and univer-
sity mathematicians, teachers of mathematics at all levels, experts
in education, and representatives of science and technology. The
general objective of SMSG is the improvement of the teaching of
mathematics in the schools of this country. The National Scilence
Foundation has provided substantial funds for the support of this
endeavor,

One of the prerequisites for the improvement of the teaching
of mathematics in our schools is an improved curriculum--one which
takes account of the increasing use of mathematics in science and
technology and in other areas of knowledge and at the same time
one which reflects recent advances in mathematics 1tself. One of
the first projects undertaken by SMSG was to enlist a group of
outstanding mathematicians and mathematics teachers to prepare a
series of textbooks which would illustrate such an improved
curriculum,

The professional mathematiclans in SMSG believe that the
mathematics presented in this text is valuable for all well-
educated citizens in our society to know and that 1t is lmportant
for the precollege student to learn in preparation for advanced
work in the field. At the same time, teachers in SMSG belleve
that 1t 1s presented in such a form that 1t can be readily grasped
by students.

In most instances the material will have a familiar note, but
the presentation and the point of view will be different. Some
material will be entirely new to the traditional curriculum. This
is as it should be, for mathematics 1s a l1living and an ever-growlng
subject, and not a dead and frozen product of antiquity. This
healthy fusion of the old and the new should lead students to a
better understanding of the basic concepts and structure of
mathematics and provide a firmer foundation for understanding and
use of mathematics in a scientific society.

It is not intended that this book be regarded as the only
definitive way of presenting good mathematics to students at this
level., Instead, it should be thought of as a sample of the kind
of improved curriculum that we need and as a source of suggestions
for the authors of commercial textbooks. It is sincerely hoped
that these texts wlll lead the way toward inspiring a more meaning-
ful teaching of Mathematics, the Queen and Servant of the Sclences.
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PREFACE

A8 one of its contributions to the improvement of mathematics in
the schools of @his country, the School Mathematlcs Study Group
has prepared a series of sample text materials for grades 4
through 6. These are designed to illustrate a kind of mathe-
matics curriculum that we believe appropriate for elementary

schools.

This volume is a portion of these materials which were prepared
by a group of 30 individuals, divided almost equally between
distinguished college and university mathematicians and master
elementary teachers and consultants. A strong effort has been
made on the part of all to make the content of this text material
mathematically sound, appropriate and teachable. Preliminary
versions were used in numerous classrooms both to strengthen

and to modify these Jjudgments.

The content is designed to give the pupil a much broader concept,
than has been traditionally given at this level, of what mathe-
matics really is. There is less emphasis on rote learning and
more emphasis on the construction of models and symbolic repre-
sentation of ideas and relationships from which pupils can draw

important mathematical generalizations.

The basic content 1s aimed at the development of some of the
fundamental concepts of mathematics. These include ideas about:
number; numeration; the operations of arithmetic; and intuitive
geometry. The simplest treatment of these ideas is introduced

early. They are frequently re-examined at each succeeding level



and opportunities are provided throughout the texts to explore
them more fully and apply them effectively in solving problems.
These basic mathematical understandings and skills are con-
tinually developed and extended throughout the entire mathematics

curriculum, from grades K through 12 and beyond.

We firmly believe mathematics can and should be studied with
success and enjoyment. It is our hope that these texts may
greatly assist all pupils and teachers who use them to achieve
this goal, and that they may experlence something of the Joy of
discovery and accomplishment that can be realized through the

study of mathematics.



Chapter 1

EXPONENTS

PURPOSE OF UNIT

To extend the pupilst! understanding of factoring and of
the unique factorizatlon theorem for whole numbers.

To provide experiences in the use of exponents to write
new names for numbers.

To strengthen pupils!? understanding of place value “n
the decimal system of numeration for whole numbers.

To illustrate the advantages of the exponent form in
naming very large numbers.

To introduce the techniques for multiplication and
division of numbers expressed as powers of a common base.



MATHEMATICAL BACKGROUND

Numbers and Numerals

Confusion frequently exists regarding the terms number and
humeral. These are not Synonymous. A number is a concept, an
abstraction. A numeral is a symbol, a name for a number. A
humeration system is a numeral system (not a number system);
it is a system for naming numbers.

Admittedly, there are times when making the distinction
between "number" and "numeral" becomes somewhat cumbersome.

In contexts where only one numeral system is being used or where
the emphasis 1s on number rather than humeral, 1t is convenient
to make the customary identification of a number with its name.
When, however, numerals are themselves the objects of study it
1s essential to distinguish a number from 1ts names and its
names from one another. Since this chapter is concerned with a
new type of numeral, an attempt has been made to preserve such
distinctions.

The Meaning of Equality

It is important to understand clearly the correct way in
which the equals sign ( = ) is to be used.
For example, when we write

b x 3 =242+

we are asserting that the symbols "4 x 3" and "24 + 2" gpe
each names for the same thing--the number 12. In general, when
we write

A = B
we do not mean that the letters or symbols "A" and "B" are

the same. They very evldently are not! What we do mean 1is
that the letters "A" and "B" ape being used as synonyms.



That 1s, the equallty
A = B

asserts precisely that the thing named by the symbol "A" 1is
identical with' the thing named by the symbol "B". The equals
sign always should be used only 1in this sense.

Exponents, Bases, and Powers

There are many instances in mathematics in which we use a
certain number more than once as a factor. Examples are found
in the computation of area of a square, A = s X s; 1In the volume
of a cube, V =e X e X e; and in the volume of a sphere,
V = % XmT XrXrXr.

Another illustration of the use of a number several times
as a factor 1s found in the designation of place value in our
numeration system. The numeral 1,486, for example, can be
thought of as an abbreviation for

(1 X 10 x 10 x 10) + (4 x 10 x 10) + (8 x 10) + 6

A numeral which names a number as a product is called a
product expression. Thus 5 X 2 X 3 1s a product expression

for the number with decimal numeral 30. If a product expression
shows the same factor repeated there 1is a simple way to
abbreviate it. For example the expresslon

3 x3 x3x3 1s abbreviated 34,
2 x2x2 1s abbreviated 23,
and t X t is abbreviated t°.

In such abbreviations the numeral naming the repeated factor 1s
called the base, and the raised numeral designating the number
of repetitions is called the exponent. (Note: this use of the
term "base" is related to but different from its use in place
value numeral systems. The numeral 53 contains the decimal
numeral 5 as base, but i1t is not a "base five" numeral.
However, the form 53 can be directly translated into the base
five numeral for this number, namely 1000 five.)



When used as a numeral, the symbol 34 1s read "three to
the fourth power". Since it names 81, we call the number 81
the fourth power of three. Similarly 23 is read "two to the
third power" or "two cubed", and t2 1s read "t to the second
power" or "t squared". We will call numerals like 3 , 23, and
t2 exponential forms of the product expressions which they
abbreviate. We will also say that they express numbers as powers.
They are simple abbreviated forms of product expressions. Any
expression contalning product expressions which are abbreviated
to exponential forms will also be called an exponential form.
Thus

82, e3, % X T X r‘3, and

(1 x 103) + (4 x 10%) + (8 x 10) + 6

are exponential forms.

Positional Notation in the Decimal System of Numeration

Our numeration system 1s called the decimal system because
1t uses groups of ten. The word decimal comes from the Latin
word "decem" which means "ten." The decimal system is widely
used throughout the world today.

It is probable that the reason a decimal numeral system
evolved 1s that people have ten fingers. The ten symbols we
use are called digits.

The decimal system uses the idea of place value to represent
the size of a group. The size of the group represented by a
digit depends upon the place or the position of the digit in a
numeral. The digit indicates how many of that group there are.
This clever idea of place value makes it possible to express a
number of any size by the use of only ten symbols: 0, 1, 2, 3,
4, 5, 6, 7, 8, and 9.

Since grouping is by tens and powers of ten in the decimal
system, 1ts base is ten. Each successive place to the left
indicates a place value ten times as large as that of the
preceding place. Readlng from the right, the first place
indicates ones, the second place indicates tens, or ten times one



(10 x 1). The third place indicates ten times ten (10 x 10), or
one hundred; the next, ten times ten times ten (10 x 10 x 10) or
one thousand, and so on. 4

A decimal numeral, such as 2345, may be interpreted as an
abbreviation of a sum expression.

2345 means (2 x 1000) + (3 % 100) + (% x 10) + (5 x 1), or
2345 means 2000 + 300 + 40 + 5.

When we write the numeral, 2345, we are using number symbols,
the idea of place value, and base ten.

The decimal system has an advantage over the Roman numeral
system in that it has a symbol for zero. The numeral O 1s
used to fill places which would otherwise by empty. Without the
use of some such numeral as O the situation would be more
confusing. For example, the numeral for one thousand seven is
1007. Without a symbol for zero to mark the empty places, this
might be confused with 17.

Expanded Notation

When the meaning of a number is expressed in the form shown
below for 333, it is said to be wrltten in expanded notation

333 = (3 x 100) + (3 x 10) + (3 x 1)

Such an expression can be put in exponent form 1n the sense
that 10, 100, 1000, etc. can be expressed as powers of 10.

333 = (3 x 10%) + (3 x 10%) + (3 x 1); or

333

(3 x 102) + (3 x10) + (3 x1).

Since 51 means 5 and 1O1 means 10, the exponent 1 is written
only for uniformity or for emphasis.

Products and Quotients of Numbers Written in Exponent Form

When numbers to be multiplied or divided can be expressed
as powers of the same number, the operations may be performed by
short and convenient procedures using only exponential forms.



The rules for these procedures may be discovered by pupils from
the study of several examples. The general rule for
multiplication is 1illustrated and stated below.

Give an exponential form for n if n = 23 X 24
n =23 x 2"
n=(2x2x2)x(2x2x2x 2)
n = 27

It seems that

If n = 23 x 24, then n = 2(3 + 4) or n = 27

The above example illustrates the rule that
b c b +

y® x y® =y )

for counting numbers Y, b and ¢

Let n = yb X yc, then

n=(yxXxyxyx... xy)x (y x YyXy X ... xy)
e ’ N — 4
b times ¢ times

In the above expression, y 1is a factor (b + ¢c) times. So

b c b +
v° x y¢ = ¢)

The general rule for division is 11llustrated and stated
below.

Find an exponential form for n if n = 105 + 102
n = 105 + 102 so
n x 10° = 10°.  But
103 X 102 = 105. Therefore
n = 103




This rule is a consequence of
(1) the relation between multiplication and division, and
(2) the rule for multiplying in exponential forms.

To say that yb = y° = y(b - ¢) is to say that

v© x y(b -c) _ yb.

We know however that

(b -c)_ yo * (b -¢) _ y° (multiplication

¢ _ y(b - c)- rule).

c
y Xy

Thus we know that yb + Yy

The value of these rules is this: 1if each of two numbers is
given by an exponential form with the same base, there is a very
simple way, involving only addition, to name thelr product in
exponential form. Thus, to find the decimal numeral for 27 X 81
involves another complex procedure while an exponential form for
33 X 34 requires only the computation 3 + 4 = 7. Of course the
two approaches give two different numerals, namely 2,187 and
37. However, there are many instances in which 37 is to be
preferred.



TEACHING THE UNIT

THE MEANING OF EXPONENT

Objective: To help pupils learn to write and interpret

exponent forms.

Vocabulary: Factor, product, product expression, repeated

factor, exponent, base, power, exponent form

Teaching Procedures:

In general, the exploration for each section
of this unit is included in the pupils! book.
Only a few further suggestions are included in
this Teachers'! Commentary.

While there is more than one way to teach
this unit effectively, the following procedure is
suggested as one possibility.

Much of the content, except the pages contain-
ing Exercise Sets, will be studied using questions
which pupils can answer orally, but would have
difficulty in answering in writing. At the same
time there are many exercises included in these
sections some of which can be completed by the
pupils individually.

The Exercise Sets have been designed to be
used as independent activities. Examples are in
many cases supplied at the beginning of each set
So the pupil can complete the exercises in acceptable
form. A discussion of different methods used by
puplls in solving these exercises is an excellent
procedure.

The teacher will find that there 1s consider-
able reading expected of pupils. It 1is important
that they learn to read text material with many
numerals. Hence they should be asked to read
certain sentences silently and afterwards discuss
the contents of those pages.




Pupils in general learn to use exponents to
express numerals quite readily. One difficulty
they do encounter 1s the vocabulary. There are
many new words in this section. All pupils should
have many opportunities to use and illustrate the
meaning of 'these words. For example on page 2 of
the pupils'! book, many more examples like exercise
1 should be used. For some pupils, even the word,
factor, may be new.

Exerclse Set 1 need not be completed as
one assignment. Parts of it may be used after
the prerequisite concepts have been emphasized.




Chapter 1

EXPONENTS

THE MEANING OF EXPONENT

Suppose you were asked to read a very large
number such as one that told you the distance to
a star or one that gave the weight of the earth
in pounds. These numbers and many others like
them are so very large that you would have
difficulty reading them. For example, the earth's
welght 1s about 13:000,000,000,000,000,000,000,000
pounds.

This is a very large number. Can you read 1t?
Can you think of some way in which you might tell
a friend what the weight of the earth is in
pounds?

In this chapter you will learn new ways of
reading and writing these large numbers. These
new ildeas will be used often in mathematics and

sclence courses which you will study later.

10



P2

Product Expressions and Repeated Factors

1. The sentence 7 X 9 = 63 shows that 63 1s the product

of 7 and 9. It also shows that 7 and 9 are ;#ggggA;_

of 63. Because it names a number as a product, an

expression llke 7 X 9 1s called a product expression.

Glve other product expressions for 63 if there are any.

(21x3) (1xe3)

2. Write the decimal numeral for each of the following

product expressions.

(a) 3 x 15 (4%5) (g) 3 x4 x4 (48

(b) 3 x 16 (4% (h) 2 x3 x3 (18)

(¢) 4 x 20 (80) (1) 3 x2x2 x2 x 2 (48
(d) 4% x 12 (48 (J) 2x2x3 x5 (60)
(e) 2 x 24 (48) (k) 5% 5x5 (125)

(f) 3 x 18 (59 (1) 3 x7x7 (14#7)

3. How many times is the factor 2 used in the product

expression in (J) above?(2) In (1)? (4)

4, What factor is used more than once 1n example (h)?‘(3)

5. What number is shown as a repeated factor in example (1)?(7)

11



P3

6.

Write one or more product expressions for each of the

following. Show at least one repeated factor in each

product expression. The number of blanks will help

you with some of them.

(a)
(b)
(c)

(a)

(e)
()
()
(h)
(1)
(3)

(k)
(1)
(m)
(n)

Example: 16 = 4 x 4

16

2Xx 2x2x%x 2

27 = (3) x (3) x (3)

25 = (57) x _(5)

6= (g)x (&), or

36 =(2)x(2) x(3) x(3)

32 = (2a) X _(#4)%X (#, Or

32 = _[2)X _(aX (4] X (A *x_(3)
20 = [2) X () X (57

50 = ()X (5) %X (1)

8 = (g% _(2)x (7)

90 = (3] x (3 x (o)
5= (33X (5% (57
100 = (/on 76}, O

100 = _[.2)x _(2) x (o) x (5D

72 = (2)x (@) X(R)X(3) x(3) (o an othare’)
W (12)x (12) (o ans othons)

1000 (s0) X (19) X (10) (thoe ane othine)
125 (&) x (57 x(5)

12



Using Exponents to Write Numerals

There 1s a short way to write product expressions which
show repeated factors. This short way uses a numeral to tell

the number of times a factor 1s repeated. Here are some- examples.

(a) 5 x5 x 5 1is shovtened to 53.
(b) 6 x 6 18 shortened to 62,

(¢c) 2x2x2x2 x2 1is shortened to 22,

What we have 18 a new way to name numbers. The new symbols
1ike 53, 62, and 25 are made up of two numerals. The upper
numeral 1s called the exponent and the lower one is called the’
base.

(a) 53 is read "five to the third power".
(b) 62 1s read "six to the second power".
(c) 22 is read "two to the fifth power".

The new names are called exponent forms.

(a) 53 1s the exponent form of the expression
5%x 5 x 5.

125 =5x5x%x5=5

(decimal) (product (exponent form)
expression)

3

(b) 62 18 the exponent form of the expression 6 x 6.

36 = 6x6 = 6°

(decimal) (product (exponent form)
expression)

13



P5

(c) 25 1s the exponent form of the expression
2 X2x2x2x2.

I2=2x2x2x2x2 =00

(decimal) (product (exponent form)
expression)

A number which can be expressed in exponent form is called a
power of the number named by the base. The number 125 is called

the third power of 5. The number 36 is called the second power

of 6, and, the number 64 is called the sixth power of 2. The
third power of 4 is also 64. This is why a symbol 1like 53 is
read
"five to the third power".
Notice that more than one base can be used in expressing
sSome numbers as powers.

64 1s the third power of four and also the

sixth power of 2.

20 3,

1. Express each of the following in words. For 73, say

"seven to the third power."

(b) 42 [/@Wﬁ,db,uWM (1) 5% (fin 2 ole Dhiscpsr)

(c) 93(%4,;&;@//%(@) 1% (fateline &l pacaret priciony
(a) 72/MbﬂeWM (h) 153 77@5 C&Wﬂdwu/

14



P6

Sometimes numbers may be written in several exponent forms:
In what different exponent forms is 16 written in Example

(a) 1in the box below? (4% and 2*)

In what different exponent forms is 100 written in

Example (e)? (/0%) and (2% x 5%)

Tell the exponent forms to be used in the blanks in the box.

(wla.h&v/)
() 16 =4 x 4 = 42
=2x2x2x 2= 2"
(b) 36 =6x6=6°
=2x2x3x3=22x (J")
(¢) 8B =7x2x 2 =7 x (g”2
(d) 81 =9x 9 =9°
=3x3x3x3=_[3%)
(e) 100 = 10 x 10 = 10°
=2x2xX 5% 5= 2% x 52
(£) 144 = 12 x 12 = 12°
=2x2x2x2x3x3=(a2"2x§3"2

15
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5. Complete the followlng sentences:

(a)
(b)

(¢)
(d)
(e)

(f)

(g)
(h)

(1)

The numeral 63 has exponent (32 and base féz.

The numeral 63 1s the exponent form of the product

expression ((oX 6 Xé)

The numeral 6° 1is read MM&M
The number 216 1is the (12@h4£2___power of 6.

In the expression 3 x 10" agbgm &%M

has been written in exponent form.

If n 1s a counting number then the number 4% has

ﬁﬁfz as a factor.

3
The numeral has exponent 3 and base 4.

The number 81 can be written in exponent form

with base 3 and exponent (‘#2 .

The third power of four has decimal numeral {6 2 .



Exercise Set 1

Copy and write the product expression for each of the
following exponent forms:
Example: 75 = 7 x 7 X T.
(a) 3° (c) 6° (e) 42 (g) 19*

(b) 5° (a) 2° (r) 25°

Write the exponent form for each of the following product

expressions:

Example: 21 x 21 x 21 = 21°

(a) 8x8x8x38 (e) 2x2x2x2x2x2
(b) 11 x 11 x 11 (f) 30 x 30 x 30

(¢) 3 x3x3x3x3x3 (g) 10 x 10 x 10 x 10
(d) 17 x 17 (h) 12 x 12 x 12 x 12 x 12

Express each number below as the product of a repeated factor.
Then express it in exponent form. (Hint! If you have
trouble finding a repeated factor, express the number as a

product of primes.)

Example: 125 =5 X5 %X 5 = 53

(a) & (e) 144 (1) 5 to the third power
(v) 62 x 62 (f) 64 (j) 8 to the second power
(¢) 32 (g) 625 (k) 10 to the fourth power
(a) 343 (h) 216 (1) 2 to the fifth power

17
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Write each of the following product expressions 1n
exponent form as a power of four.

Example: 4 x 4 x 4 = y3

(a) U4 x4 (d) 16 x 64
(b) 4 x 4 x 4 x 4 (e) 42 x 43
(e) 4 x 4 x & x 4 x4 x4 x4y (f) ¥ x23 x2

Write the decimal numeral for each of the following:
Example: 63 = 6 X6 x6=236x6=216

(a) 5" (c) 43 (e) 10" (g) 52 x 23

(b) 17° (d) 9% (£) 26° (h) 3° x 82

18



Answers for Exercise Set 1

/ a) 37= BA3X3X3 (¢) &= dxere (o) 42%= yarvog s
(IA S¥= sxs C(d) T2 2XAXIXIA S ([)/o?b"':,zrxa ®” (3//?:—‘/9/”’/7,”
o 87 (&) =2¢
(4) /", (# 03
(e) 3 'y & /9%
(@) /7 (/7} /3 ke

(a) 949 = 9%

X3x3 =
b) éxexexe = 2% e '
(4) é (F) sxg=5§ (V) srye 5%
(6)4»\’&/‘2)/3)(3:07" ot 4x4xqe =4 ot 2

. 2.
(§) A5 =I5
jﬂa""lfl{:.{’
(h) éxeve=¢3

(k] /owroxrso xro =70 v

_ _ 23
() I3 = 7474 7= 7 () gxaxarxaxa-a™

(a) //V () ,5/"'
) 4* (e) #
e, #7 F #°
(a) 625 (b) &4 (& /g voo (3) K00
() 259 (@) ¥ (£) &7 (5) 576

19



POWERS OF TEN

Objective: To help pupils learn how to write decimal
numerals in exponent form.

Teaching Procedures:

Writing the expanded notation for decimal
numerals in exponent form 1s especially important.
Sentences 1like:

4,563 = (4 x 103) + (5 x 102) + (6 x10) + (3 x1)
should help to reinforce the place-value idea.

The development of this section 1s on P10 and
P1ll. The generalization discussed in Exercises 4-7,
page P10 1s especially important. The teacher should
help every pupll understand this concept.

Exercise Set 2 1s practice for this section.
Exerclse Set 3 is a review of the first two
sections and applications of the ideas introduced.

20
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POWERS CF TEN

Table I
A B f c ] D

, Product Expression with Exponent Powers
Decimal Numeral Repeated Factors Form of Ten
(2) 10 None 10% First
(b) 100 10 x 10 10° oy
(c) 1,000 10 x 10 x 10 (o) Third
(a) 10,000 (706 ¥ 70 ¥ 10 Xrs ) 101‘L 94:.«4]
(€) ()00, 000)| 10x 10 x 10 x 10 x 10 (r6%) Fifth
(f) 1,000,000 (/o X 70 X 16 ¥ 70 x/0 X/O) 1o6 © Ngiud® )
(8) (/0,000,000) 10x10x10x 10x10x 10x 10 | (/07/ (centeoc7dl) |
(h) 100,000,000 (10 X o xs0x70 X 16 X t0x%a8)| (10%) Eighth
1. Read the numerals in Column & above and supply those %that

are missing.

In Column A each number is how many times as large as the
one named above 1t? ﬁO.zﬁ%a¢2)

Tell what is missing in Columns 4, B, and D.

Compare the number of zeros in each numeral in Column & with
the exponent of 1C in Column C in the same row. What 1is
true in each comparison? (JZZQ?.aaz,;dQQAA”nuu)

Do you see that 1 followed by six zeros can be expressed
as 10 to the sixth power?wIt is written 10°

To write the decimal numeral for 107, we write 1 followed
by how many zeros? (Lse.n)

Express each of the following as a power of ten.
(a) 100,000 (10°)  (b) 100,000,000 (108) (c) 1,000,000,000

(109

21
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Table II
A B c
Decimal Product Expressions Exponent Form of B
Numeral
500 | % x 100 = ¥ x (10 x 10) 4 x 102
6,000 | 6 x 1,000= 6 x (10 x 10 x 10) 6 x 10°
500 | & x /00 =[o"x sexso) 5 x 10°
90,000 | 9 X 10,000 =(9x/0xs0 xs0xs0) (¢ ¥ 107)
(7 000) | 7 x 1,000 = 7 x (10 x 10 x 10) (7 vso3)
300,000 | 3 X 100,0001(3 X /0¥ 76 X270 X/ox/o) (3 X/0°7
80 | 8 x 10 8 x 10t
(2000 00e)lld ¥ jsum000- 8 xiayioraro v o) 2 x 10°
(29)] (3 ¥ r0, 3 x 10%
27,000 | 27 x 1,000 =/27 xs0x s0xs5) 27 x 10°
15,000,000 | 15 X 1,000,000 ={/s7x/0x/0¥/0wotmr r3= x 6

1. In the table above, what product expressions are given for
boo? (4xmo and 4x /0y 10)
How 1s 400 expressed in exponent form? (4 X 10%)

2. How is 6,000 expressed in exponent form? (6 * /Oi)
3. Supply the numerals which are missing in the above table.

4, on Page 1, the weight of the earth was given as about
13,000,000 ,000,000,000,000,000,000 pounds. Express the
4
weight in the form used in Column C in the table.(/3 X 10*%)

5. Did you ever hear the name "googol" wused for a number?
Googol is the name given to a number written as 1"
followed by one hundred zeros. Express this number as a
power of ten, ( /O'°°)

22




Exercise Set 2

1. Write each of the following in exponent form as a power of ten.

Example: 1,000 = 10° ,

(a) 10,000 (70%) (@) 10 (7o)
(b) 100 (10%) (e) 10,000,000,000 (V¢”)
(¢) 100,000 (,0%) (f) 1,000,000 (76%)

2. Write each of the following as a power of 10.
Example: 10 x 10 = 10°
(a) 10 x 10 x 10 x 10 [ 70*)

(b) 10 x 10 x 10 X 10 x 10 x 10 (20%)

() 10 x 10 x 10 (10%)
(d) 100 x 100 x 100 (1%
(e) 10 x 1,000 [ 70%)
(f) 1,000 x 1,000 x 1,000 (/07

3. Find the decimal numeral for each of the following.

Example: 6 x 103

(a) 7 x 104(7a/aoo) (¢) 9 x 106/Zoao,aooj(e) (3 x 2) x 10°(%o0)
(v) 103 x 2@«»06) (a) 10° x 8 (g09000) (£f) (2 x 5) x 102,“,“0)

= 6,000

4, Write each of the following in the kind of exponent form

shown 1n exercise 3.

Example: 5,000 = 5 x 10°
(2) 60,000 (¢ x 7o) (a) 8,000,000 (& x r0¢)
(b) 200 (22 X s0%) (e) 90 & xr07

(c) 700,000 (xr0%) (f) 300,000,000 (F xsa%)

23
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Exerclise Set 3

4
Which of the following is the largest number?(3 )Which

1s the smallest number?(3x4)Explain your answer.(3x3x3x3=8/)
(3 X4 = IJ-)

(a)
(d)
6

3 x4
43

2

The number 28

43
34

(b)
(e)

y

(c) 3

Is a number how much larger than 62? (28)

1s how many times as large as the

number 827 (4 oo aA—XLu%pL)

working days to complete.

the first day.

The

Suppose you are offered a job which would take you 5

employer offers you 7¢

Fach day after, for four days, your

daily wages will be multiplied by 7.

(a)

you would earn each day.

Make a table like the one below to show the amount

Show also your daily

earnings written as a power of 7.

Day on job

Earnings
each day

Farnings written as
a power of 7

First

¢

71

Second

497

Third

£ 34 3

Fourth

4

oo o/

Fifth

E

522707

(b) What will be your total earnings for the WGEK%?4?6.dzj

5.

(a) 152

(b)

15
3 X 41

24

Find the decim2l numeral for each of the followirig:

GJ&Sj
&,

2 x 10

23 X 52

(c)
(d)

(e20)
(a?oo)
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6. |

Make the necessary computations.

following mathematical sentences true or false.

(a)
(b)
(c)
(a)
(e)
()
(g)
(h)
(1)
(3)
(k)

102 £ 2 x 10
30° ¢ 3 x 10°

152 5 10 + 5°

34 - 24 = 50 + 15

2

112 #13° - 2

62 x 2° = 122

102 - 92 = 100 - 90
53 4 3% ¢ g3

150 - 12° < 10

93 - 700 = 29
83 -8 =3

(7)
(F)
(7)
(7)

(7)

(70
(7
(7)
(7)
(7)
(F)

25

Then mark each of the



EXPANDED NCTATION

Objective: To help pupils extend thelir understanding of the
decimal system of numeration by writing numerals
in expanded notation using exponents.

Vocabulary: Decimal system, digit, place value, expanded
notation

Teaching Procedures:

Most pupils have studied principles of
numeration. Here they review them using exponents.
An understanding of these properties is one of the
very lmportant objectives of the mathematics
program.

26
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EXPANDED NOTATION

The system we use for naming numbers is the decimal system.
In our system we group by tens. The word decimal comes from
the Latin word "decem" which means "ten."

Just as our written language uses an alphabet of 26 symbols,
the decimal system uses an "alphabet" of ten symbols: 0, 1,

2, 3, 4, 5, 6, 7, 8, 9. These are used as numerals for
digits. Digits are whole numbers less than ten.

In our written language the alphabet symbols are used to
form words which are used as names. In the decimal system the
ten symbols for digits are used to form "words" which name larger
whole numbers. These "words" are numerals made up of two, three,
four, or more digit numerals.

To understand the decimal numeral system we learn how to
find the meaning of "words" 1like 23, 8.6, .04. Let us review
the way we think of decimals for whole numbers.

1. In the numeral 5555, each numeral 5 represents a different
value. The place in which a 5 is written tells whether it
represents 5 ones, 5 tens, 5 hundreds or 5 thousands.
The meaning of each numeral 1s shown by the diagram in box A.
Read the names of the places shown in box A.

A
5 5 5 5
L—J:S ones or (5 x 1)
5 tens or (5 x 10) or (5 x 10%)
5 hundreds or (5 x 10 x 10) or (5 x 102)
5 thousands or (5 x 10 X 10x10) or (5 x 10°)

2. As we go from right to left in the numeral 5555, the value
represented by each 5 1is how many times the value of the
5 before 1t?(10) As we go from left to right the value
represented by each 5 1s one-tenth the value of the 5
before it.

27
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3. The diagram in box A shows that place values are powers of
ten. In the decimal system, we group not just by tens,
but by powers of ten. WwWhat powers of ten are shown in box A%

(P atiornct arct Zhindt pociere )

5555

Il

(5% 10 x 10 x 10) + (5 x 10 x 10) + (5 x 10) + (5 x 1)
(5 x 10%) + (5 x 10°) + (5x 10%) + (5 x 1)

Box B shows the numeral 5555

written in expanded

form or 1n expanded notation. The last line shows the exponent

form of this expanded notation.

The numeral 2,648,315 1is
read "two million, six hundred
forty eight thousand, three
hundred fifteen."

Each group of three-place
numerals 1is separated by a comma
to make reading easier. We do
not use the word "and" Dbetween
each group because "and" is

reserved for use 1n reading the

decimal point in numerals such as

4., Study the diagram in box C

by each digit in 2,648,315, (e Loy )

28

C
2, b8, 15
L
10
300
8,000
4o, 000
600, 000
2,000,000
123.85.
and tell the value represented




LAy

5.

Now study the diagram in box D and tell the value
represented by each diglt numeral in 2,648,315, Give the

value in repeated factor form and in exponent form.

2,648,315 = (2><106)+(6x105)+(4x104)+(8;<103)+(3><102)+(1x101)+(5x1)

2 6 4 8 3 1 5

[ 5 ones or (5x 1)

1 ten or (1x10) or (1 x 10%)

3 hundreds or (3x10x10) or (3 x 102)
%)

8 thousands or (8x10x10x10) or (8 x 10

L— 14 ten thousands or (4x10x10x10x10) or (4 x 104)

6 hundred thousands or (6x10x10x10x10x10) or (6 x 10°)

2 millions or (2x10x10x10x10Ox10x10) or (2 x 106)

6.

Read each of the following numerals:
(a) 317 (¢) 1,306 (e) 10,010 (g) 606,606
(b) 98 (d) 26,840 (f) 545,845 (h) 32,976,418

Write a decimal numeral for each of these:

(a) nine hundred three (923)
(b) thirty thousand three hundred thirty (39339
(c) eight thousand eight (geo0%)

(d) four hundred forty five thousand four hundred forty five
5 rs)

29



8. Express each of the following numerals in expanded notation.
Give both the repeated factor form and also the exponent form.

(a ) 783(rvsoxi0) + (8 x/0) +(3x1) on (d) 200, 456 (2x/0x10x/0x10410) +
(7x/0%) + (8x10) +(3x3) (oxionioxtoxt0) + (Ox10x102/0) + (4x10% 10)+

(sxr0) +(ext) ov (axsw0®)+(oxr0*) + (0 x103)+
( 4x/0*) +(5Xx10) +(eu1)

(b) 3,075 (3x/0xs0vs0)+ (0xr009+ (e) 73,800 (7xroxioxions0)+

(7x10)4 (sx1) ov (3x/07)+ (0% 10%) + (3x10x10x70) + (8x 10x10) + (610} + (Ox/)
(7¢10) + (sx1) or (7x10%) + ( 2x/03) +{ a10%) +O110) +{Ox1)
(c) 81,080 (2x/0%)+(1x0¥)+@x0)+ (f) 5,247,600 (5x0°)+ (2x10°)+
@x9)+x)) ox (#x10%) + (7%10°) + (C x10°) + (0x10)+(0%1) oe
(¥ % 10x10x10%10) +(1 X 10X 10X10) + (SX 10510 %70 210%/0x10) + ( 9x /Ox 10 x/O 2/0 x/0) +
(ox 10x10) +(4 x10) + (0x1) (4%10%/0 x10 xI0) + ( 7x 10¥/0xI0) +(( x [OxIO)+
Summary : (ox10)+ (oxi)

1. Grouping in the decimal system is by tens and powers

of ten.
2. The decimal system has ten special symbols for the ten
digits of the system.
3. In the decimal system the place values are powers of
ten arranged in increasing order from right to left.
4. The place names from right to left are units (ones),
tens, hundreds, thousands, ten thousands, hundred

thousands, millions, and so on.

30



Answers for Exercise Set 4

/ a)(éxr00) r&né) +(5x7)

(G xroxr0) +(oxso) #(sx1)

(€x10™)H 7xr0 ) +(5°x 1)

(&) (Fxr000) Woxivo)dyxo)tax )
(§xssvrenso ) Hovraxsa| #(wxso ) Hon1)
(83083 ) (o y1a™) t(wxso) Hox)

() (J‘xnooj +(1x100) Wexro)r(§xs)
(Txroxronra) (8 xioxi0) +(6 ¥ 70) *(8x1)
@xrod)r(axiot) rprso’) r(Fas)

2. (a) Ios5 (6, ygp
(&) 7352 (f) Go o5

@ ax 10,000 e xr000) it x 108 o xr0) (5 x1)
@xraxsororss) 7{‘ yooxioxso)mly yroxes) woxre) HEx1)
(-‘! wa r((x/a’) +[44x/o v rloxre) w5 x7)

)
(/Y/oo/pop)fQ x /a,oodJ "(7!/000] -r(‘)(/ocs/f(érky*ﬁ” (I

(/anonona 17 0)1'(3 x loxmxlono)ﬁwa wo}rzo),@ xre%s0)

Hoxi0) +i0%7)
Vxro¥)Haxre V)fé//oyr{‘xn"/f(o xs8)H(ox i)

(-p/éx /,accloog)-/-(7;(/oo,oooj L (44 rg,000)r(2rr068)
& rroo) r(a‘:uoj*(vr/j

(,2 X/0X/0X10F10X16 r/o}.(?x/o r/ononaxm)f(b\'n'unaxld
100 t10xs0)7(6 XroK18)+lzx 10} (4 11 )

xrat]1@xso S+ (5 % 10+ CrioYrlxrey
-r(o-x/ojx Goxrf

(¢) Joé 7 () 23, 3o

(g) 73. 000

lotlimmes Fttimmee L) bl
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Exercise Set 4

The numeral, 234, has been
234

(2x100) + (3x10) + (4x1)
(2x10x10) + (3x10) + (Ux1)
(2x102) + (3x10%) + (4x1)

written in expanded notation

I

in three ways in the box at

the right.

1. For each of the following numerals, write the expanded

notation in the three ways shown in the example above.

(a) 675 (a) 26,405
(b) 8ok2 (e) 137,600
(¢) 5,168 (f) 2,987,654

2. Write the decimal numeral which is expressed in expanded
notation below.
Examples: (6 x 10°) + (4 x 10%) + (2 x 10%) + (1 x 1) = 6421
(7 x 10 x 10) + (0 x 10) + (8 x 1) = 708

(a) (3 x 10°%) + (6 x 10) + (5 x 1)

(b) (% x 10°) + (7 x 10) + (8 x 1)

(¢) (3% 10%) + (0 x 10%) + (6 x 10) + (7 x 1)

(d) (2 x 104) + (3 x 103) + (5 x 102) + (4 x 10) + (0 x 1)

(e) (9x10x10 x10) + (3x 10 x10) + (5% 10) + (2x1)

(f) (6x10x10x10x10)+(Ox103)+(4x10x10)+(0x10)+(8xl)
(8) (7 x 20%) + (3x 10%) + (0 x 102) + (0 x 10%) + (0 x 1)

3. - Find the names for as many groups beyond the million

group as you can,

32
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5.

Exercise Set 5

Name the largest and the smallest numbers which have exactly

four decimal numerals, not using any zero. (797?) (////)

Use the numerals 4, 5, 6, 7, and 8 to name eight
different numbers with five-place numerals. Write the
numerals in a column in order of the size of the numbers

from smallest to largest.

Show that 25 and 52 do not name the same numbef.
(‘,?"—-:o?Y—'LX.Q Xexacdd, S¥=sq5=a5)
Do 24 and 42 name the same number? gybky

Make the necessary computations, then mark each of the

following mathematical sentences true or false.

(a) 43 =8°(7) (e) 7Tx2x2x2>7X 22(T)
(b) % x 10 = 400( F) (£) 2x 62 =32 x 2" (F)

(¢) 10 x 12 < 122(7 (g) 62 #2° (7

(@) 102> 5 x 100( 7/ m) 92 =3" (7

Copy the following and make each one into a Symbols
true mathematical sentence. Do this by >
writing one of the symbols in the box in <

each blank., =

(a) 3 x lou_éji&_ 6 x 5x 10° (@) (6 x 10°) + 52 (=) ¢
() 7 x 10° (<) 2% x 100 (e) 10° x 72 (£) 3 x 12
(¢) 23x 32 (>) x4 (£) 3 x 50° (£ J 9% x 10

33



PRODUCTS EXPRESSED IN EXPONENT FORM

Objective: To help pupils understand and use the rule for

computing products using exponent forms.

Teaching Procedures:

Pupils can discover the rule for multiplying
numbers expressed in exponent form. Below is a
suggested introduction. It is written as though
the teacher were speaking to the class. Possible
pupil answers are enclosed in parentheses. Pupils
should have their books closed.

You know how to name the product of two numbers using
decimal numerals. Guess what this product is. Could you guess
the answer to this question, "Find an exponent form for n
if 3b X 310 = n?" (Urge pupils to guess. Possible answers
might be 360, 960, 916 or even the correct answer 316)
Give me some reasons why you think your answer is correct.

Let us put this exercise aside and try some easler ones.
Maybe we can discover how to name the product.

The teacher may now find products such

as 23 x 2}, 3% x 3%, 10! x 102 using

the procedures 1llustrated in the box on

page P21. Then pages P21 and P22 should be

studled carefully. Then examples like
28 x 210 _ 218

can readily be done.
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FINDING PRODUCTS USING EXPONENT FORMS

1. Can you think of a way to find ar exponent form for these
product expressions?
(a) 10° x 10° = 2 (10%) (¢) 102 x 10° = 2 (10%)
(b) 23 x2°2 =2 (27 (@) P x7t=-2 (1

We could solve the problems above by changing the exponent
forms to decimal numerals, then multiplying in the usual way and

then changing back to exponent form.

23 x 22 -8 x4
32.
8 x 4

(2 x2 x2) x (2 x2)
52

Then since 32

[}

23 x 22 = 2
It will be much quicker if we can learn to name the product in
exponent form without changing to decimal numerals and back.
Finding a way to do this and learning to use 1t is our purpose

in this section.

2. In the box below are examples of the multiplication of
numbers expressed in exponent forms with the same Dbase.
Study these examples. Can you discover how the exponent
of the numeral for the product is obtained? The questlons
below the box may help.

(a) 23x 2"

(b) 3°x 3

(2x2x2) x (2x2x2x2) =2
(3x 3) x (3x 3x 3) =23
(¢) 10° x 10" = (10 x 10) x (10 x 10 x 10 x 10) = 10

3

6
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3

Example (a) shows exponent forms for two numbers, 2 and

24, and for theilr product, 27. What 1s true about the base
of all three forms? How can the exponent for the product be

found from the exponents for the factors?

In example (b) the base in each exponent form is 3. The
three exponents shown are 2, 3, and 5. What is the
exponent in the product?aUWhat addition fact connects these

exponents? (2+3=5)

In example (c) the exponent 6 was found by counting.
What operation can be used instead of counting 2 and

then 49

For the following examples, change each exponent form to

repeated factor form. Are a{%ﬁthe products correct?(mﬂ)

(4 ia mit cotne
(a) 5 x 5! = 5% (d) 10° x 10° x 102 = 10°
(v) 72 x 7° = 74 (e) 83 x 82 . g°
(c) 61 x 61 x 61 = 63 (f) 42 5 43 - yd

For the following examples, write the number as a power
without changing to repeated factor form.

Example: 2% x 23 = 2(% +3) _ o7

(a) 6% x 61 (™ =¢7) (@) 103 x 102 x 102(10**% 10)
3 « 31 < 32((unn=3c) (e) 25 » 25 (250¢0= 2‘9)
s"*_s¢) (£) 1002 x 1002 (1007 = so0®)

(b) 3
(c¢) 5° x 52 x 52(
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8. Copy and complete each of the following. Use only exponent

forms.

(a) 21x23=ﬂ (g) 3x_(__{2_=33
(b) 18" x 18" = (/87 (n) adxa= [(a*)
(c) _(iﬂx91=96 (1) 5“x_@’2—56
(a) al xa (5) 27° x 27° _(él_'}
(e) 6><63=M (k) 195xw=198
(f) 24x2=m

-~
il
&
N
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FINDING A COMMON BASE

1. Write each of the following as a power of 2.
Example: 16 = 4 x 4 = (2 x 2) x (2 x 2) = 24, or
16 =2x8=2x2x4=2x2x2x2= 24

(a) 64 (39 (b) 32 (2°) (c) 128 (2)

2. Write each of the following as a power of 5.
(a) 25(¢?) (b) 625 (s (¢) 125(s?)

3. Write each of the following as a power of 10,
(a) 100 (109 (b) 10,000(10%) (¢) 1,000 (16°)

One way to find an exponent form for 125 x 25 1is first to change
the decimal numerals 125 and 25 to exponent forms with the

same base. Here are two examples of this method.

(a) 125 x 25 = 53 x 52
= 52
(b) 49 x 343 = 7° x 73

This method can be used only if the factors in the product

expression are powers of the same number.

4, Express as powers of the same number and multiply using

exponent forms.

(a) 16 x 42 = (4°xa'=4%) (a) 81 x 33 = (3% 3= 5
(0) 73 x 49 = @ 722 79) (e) 64 x 32 = (2% 2 =2")
(c) 53 x25=(s%st =s")  (£f) 3 x92= (3x3%=3%
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Exercise Set 6

Write each of these numbers as a power.

(a) 52 x 8% =(¢%) (e) T2 x7=(7%)
(b) 3% x 3% = (3°) (£) 62 x 6% = (¢")
(c) 9x92=(9%) (g) 8 x8*-(8)

(d) 10° x 102 = (10")

Change the numerals to exponent forms with the same base

and multiply.

Example: 81 x 27 = 34 x 33 = 37,

(a) 9 x3 =(3’x3’=3’) (e) 32 x 4 =(2%2%=2")

(b) 8 x 2= (22" =2%) (£) 64 x 16 =4 x4%=4")ee(3%:" 2")

(¢) 25 x 25 =(;.s‘z)n_((’x.s"=5’) (g) 100 x 10,000 =(/0%0°=/0°)

(d) 81 x 9=(9%9-9%) o (h) 10,000 x 10,000 =(/0%0%=s0*
(34)‘ 3= 34)

Think of letters of our alphabet as names of counting

numbers. Express each of the following as a power.

Example: a2 X a3 = a(2 +3) = a5

(a) b2 x b3 =(4° = £ (d) n3 x n* = (9= 57)

(b) y3 x y? =(4°7- 4%) (e) 3% x 37 - (3(4*7)=3'9

(c) ¥ x 3 (49 44-) (f) m° X m° =(’m(ﬂn):7r7)

Use exponent forms to shorten the multiplication process
as shown 1n the example.

(3 x 102) x (4 x 103)

(3 x 4) x 102 x 10°

(J‘X/o‘ X(Z: x/t;-@'v ©)x (Bxr0)=

Example: 300 x 4,000

%5‘!/0; x (7x70 Y

X T)x (sox 10%) = 1,200,000 36x/0°< 36,00
=35 /0= 35 000 (4 yo ¥yt xro ’ /e )l/o)x@‘x/o)
(a) bo X 700 -((,’L X(/blx/)o) (C) 500 X bo = = X_f“x (/D‘X/O‘_)

b) 400 x 4oo = M6XP* U (d) 1,600 x 500 =L0X%"=§os000
/66,0
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QUCTIENTS EXPRESSED IN EXPONENT FORM

ObJective: To help pupils understand and use the rule for
finding the quotient when the dividend and
divisor are expressed in exponent form.

Teaching Procedure:

Suggestions for the previous section are
also appropriate for thils section. Pupils shoupld
be able to make more intelligent uesses for

quotients to exercises such as 22 because

of their experience with multiplication.

As with other concepts developed in this
unit, the ideas are especially important. Skill
in using the rule is not expected from most
puplls. However, you should try to help all
pupils formulate answers to such questions as:

1. why 1s 3% = 32 = 3%

2. 1Is 26 + 22 equal to 26 -2 or

26 * 2,

3. Why is 54 + 54 =

4. Which is larger 46 + 42 op u6 + 43?
Why ?

5. Is 12+ 1% equal to 18+ 172 wnyo
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QUOTIENTS EXPRESSED IN EXPONENT FORM

Since 216 + 36 names the number © as a quotient we

will call it a quotlient expression.

You have learned how to find the decimal numeral for
216 + 30 by the division process. Suppose 216 were written

63 and 36 were written as 62. Is

in exponent form as
there a way to divide as well as multiply using exponent forms?
Can we fill in the blank below with an exponent form?

63 + 6° -

"Here are examples showing two ways we might answer such a

question.
First Way

(@) 42+ 4% = (B x b xbxb4x4) & (4xh)
= (64 x 4 x 4) = 16 = (256 x 4) + 16
= 1024 + 16
e
\ =43

(b) 2/ + 2 =((2x2)><(2x2)><(2><2)><2)-:-(2x2x2)
= (4 x4 xl4x2)+38
= (64 x2) + 8
=128 + 8
= 16

n
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Second Way
(a) 42 + 42 o (B x 4 x 4 x 4 x 4) + 42
(3 x & x &) x (4 x 4)) + 4% = (43 x 42) + 42

We notice that we must multiply by 42 and then divide
the result by 42. But these operations undo one
another, so we do not need to do either.

(2 x 4%) = 42 2 43,

y2 = 2 o g3,

(b) To express ol =+ 23 as a power of 2 we use

2" x23 =27, Since n+3=7, n=24 and

2" x 23 = 27, 50 27 s 23 - (2% x 23) + 23 - 2%

Since the second way is so much shorter than the first it
1s the way we should use if we can understand 1t. Perhaps we can
see better how it works if we first write division sentences as
multiplication sentences:
(a) To find 4 42 we think 2 x 4° = 45. Now we think
the ? can be 4 and write 47 x 4° = 42,
Since n+ 2 =5, n =3 and 43 X 42 = 4 g0
¥+ 42 o (43 x 4%y £ 42 23

We now write 45 * hz = h3

(b) If n=2"+ 23 then

rut 2' x 25 = 27, so
ot _ o7 -3)

b2
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1. Use the ideas in the above examples in explaining how to

fill in each blank with an exponent form.

53 x 5 = (J’"Z

(a)
(v)
(c)
(d)
(e)

(53x5)+5=(8)

5%+ 5 = [5%)
(33 x 32) + 32 = _(3%)

32

- 32 - [332

43

(f)
()
(h)
(1)
(J)

0% x 102 = (/0"2
10% = 102 = (p3)
10% x (/o) = 10°

10° + 10" = (Zo“)

10+ M. (n*) - 102
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Second Way
(@) 42 + 42 o (B x 4 x 4 x b4 x 4) + 42
(3 x b x 3) x (8 x8)) + 4% = (43 x 42) + 42

We notice that we must multiply by y2 and then divide
the result by 42. But these operations undo one
another, so we do not need to do either.

(43 x 42) + 42 = 43,

w2 & 2 o 3

(b) To express 2T + 23 4 a power of 2 we use

2N« 23 = 27. Since n+ 3 =7, n=4 and

24X23=27. So 27+23=(24x23)+23=24.

Since the second way is so much shorter than the first it
1s the way we should use if we can understand it. Perhaps we can
see better how it works if we first write division sentences as
multiplication sentences:
(a) To find 4° + 42 we think 2 x 4% = 45, Now we think
the ? can be 47 and write 4% x 4° = 42,
Sfince n+ 2 =5, n =3 and y3 x 42 4~ So
42 = 42 (43 w42y 2 42 3

We now write MS + 42 = u3
(b) 1t n=2"+23 then
n x 23 = 27.

But 2“ X 23 = 27, so
- ot o p(7 - 3),

42
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Use the ideas in the above examples in explaining how to

f111 in each blank with an exponent form.

53 x 5 = (542

(a)
(v)
(c)
(a)
(e)

(53 x5) +5=(8)

5+ 5= [5%)
(33 X 32) 32 = (332

35 .

+ 3% - (3%

43

(r)
(g)

(h)

(1)
(3)

104 X 102 =

104+ 102 =

(¥

10* x _(1p*) = 10°

106 + 10)4 =

10(2 + 4)+

(¥
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Exercise Set 7

Write each quotient expression in exponent form.

(a) 2°+ 23 = (Jj)
(v) 44 + 41 = (’7‘9
(c) (3‘9
(d) + 102 (/0)

(e) 9°+ 9= (7)

(£) 73+ 7° = (7)

(g) -1o3 (10°)
03

(n) - (13

Change the numerals to exponent forms with the same base

and dlvide.

Example: 216 + 36 =

(a) 16 + &4 (‘/d"*’=‘0
(b) 64 + 2 —(a? + 2= X)
(c) 243 + 9 =(3%9% )

63 + 6

2.6(3-2) 6l 2o

’
(/01‘ ’.'/03.:'/0)

(d) 10,000 * 1,000 =
el o3 /
(e) 81 + 27 =373 - 3)

(f) 1,000,000 + 100 =
(1083 10* = 10%)

Answer the following in exponent form.

(a) 106 x 10° = //0)

(b) 15% + 152 = (/5
(c) 28 + 24 = ﬁ?f)
(d) 10 x 10 = (/0¥

(e) 16 + 8 = (x)

(£) 92 x 33 /31)
(g) 4% x 6= 4
(h) 16+16=(/’m/j
(1) 52+ 5= (53

(0 1*+12- (Y
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Exercise Set 8

Using Exponent Forms

The area of a équare reglon 1is 56 square feet.

How long 1s a silde? (Erjvéf)

A rectangular region has sides which are 24 inches and

54 inches.,

(a) Name the measure of the area of the region in any
convenient way, (0?‘6(5901/ [/Oﬂ

(b) Write the decimal numeral for the area measure.(ﬁ;oog>

The area of the United States is about 3,600,000 square
miles. If our country were a rectangular region with one

side 1,000 miles long, how long would the other side be?
(3, 600 miles)

Some very small animals which can be seen only through a

microscope increase in number by splitting into two of the

same kind. After a certain time each of these divides into

two animals and so on. Suppose one kind of such animals

divides exactly every 10 minutes.

(a) How many animals will be produced from a single animal
in one hour? (,Z‘W 6‘9

(b) About how long is required to produce 1,000 animals

from 1 animal? (/WMJ% M)
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5. To go into orbit around the earth a satellite must be
travelling about 18 x 103 miles an hour. In circling
the earth once the satellite goes about 27 X 103 miles.

How many times around the earth does the satellite go in

3 hours? (i&i&b)

6. The nearest star is about 3,441 X 1010 miles away. The

sun 1s about 93 X 10b miles away.

(a) Write the decimal numeral for 93 x 106.(?3,ooqooq)

(b) About how many times as far away as the sun is the
nearest star? (57x/oﬁ o (.370,000)

(¢) 1If the distance to the sun were used as a unit,

about what would be the measure of the distance to
¢ .
the nearest star? (37)(/0 )’V (570/ 0"0“"""-&)

7. Light travels about 186,000 miles a second.
(a) About how many seconds does it take light to travel

Joo
from the sun to the earth? How many minutes, to

the nearest minute? (9310“4‘11$)

(b) Use the answers to 7 (a) and 6 (b) to find about
how many minutes 1t takes 1light to travel from the

o )
the nearest star to the earth.(37X/0 X§ ov R, 960,000 M)

(¢) Pind out whether this is longer or shorter than one

year. (Luge. ST gvon - year o are: appuapncetily

JA@;&MW@,@M
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Supplementary Exercise Set

1. For each whole number from 50 through 70, write the numter

"prime" after the number

as a product of primes, or write
if it is prime. If a prime factor occurs more than once,

rewrite the product expression using exponential forms.

i

Here is an example: 50 2 X 5x5

2x52.

2. Express each of the followlng numbers as a product of powers

of primes as in the example.

3 5

Example: (25 x 32) x (2 x 3% x 5) = 2% x 32 x 5.

R
() 2% x (2 x 3= (2% (£) 102 x 6 x 7=@x3x5%x7)
(6) 5% x (3 x 5 x TIxXT) (g) 102 x 22 5:{.7*)/5‘9

x
3, 4
(c¢) 3° x 48= (s Xo?) (h) 144 x 12=(3 ’x.?‘)
(d) 36 x (2 x 52)=éJX 34X Jy (1) The number of minutes
3
(e) 36 x 48=(«26X 5) in a day:(o? rX.’a&de

3. Write "yes" 1if the second number is a factor of the first,

Write '"no" if it is not. Do not make any long computations.

o2 (1 @) ex?, 15 (3
(b) 2 , 3x53(y:9(f) 60 x 60 , 25 (W

2 3
2 3

(c) 2°2x3 x5, 14 (ms) (g) 2x3°x5x%x7%, '35

(a) 22><3x53, 6 (7&1) (W)

; ; 65 27°%17
S0= 2x&5* 1= 707 é‘;’f?‘f:? ] 3
Il=3xIT  IT1=3X/19  43=xy 69= 3x2
$R=a%x 13 ST=2xa9  u= 46 To= AXSXT

53 M »5'9.?%4'/0‘&— 65=5X13
SH=2X3 bo=3x4x& 66z=XxXIX/
SE5=3x71/ 67

(a) 2
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4. Write T for the following sentences which are true and

F for those which are false.

(‘D(a) 9 x 103 < 10* (F)(e) 3% 32 33

(F)(®) (3+ 1% =32+ 4%  /pP(r) 10% =23 x 53

(F)(e) 17° > 17° (F)(&) (mxn)®=nxnd
(F)t@) 4 x 10 > 2,500 (T)(n) (%)% = 42 x 42 x 42

(F)y ()3 -

48

e



Chapter 2
MULTIPLICATION OF RATIONAL NUMBERS

PURPOSE OF UNIT

The purpose of this unit 1is to extend the concept of
rational number and operations on rational numbers. Although the
primary purpose of the unit is to develop properties and tech-
nigues of the multiplication of rational numbers, opportunity 1is
also provided to review the idea of rational number assoclating
it with regions, segments, and sets of objects. Some practice
is given in addition and subtraction of ratlonal numbers. Fol-
lowing this review, the speciflc purposes are:

(1) To develop meaning for the multiplication of rational
numbers. This is done by assoclating the product of
two rational numbers (a) with a rectangular region,
(b) with segments on the number line, and (c) with
reference to a collectlion of objects.

(2) To develop methods for computing the product of
rational numbers named by fractions, decimals, and
mixed forms (for example such numerals as %, 1.5,
27).

(3) To develop abillity to solve problems relating to
situations involving multiplication of rational
numbers.
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MATHEMATICAL BACKGROUND

Introduction

In the study of mathematics in the elementary school, a
child learns to use several sets of numbers. The first of these
1s the set of counting numbers, 1, 2, 3, 4, ... . The second
is the set of whole numbers, O, 1, 2, 3, 4, ... . The child
also may have learned certain propertles of whole numbers.

During the primary and middle grades the idea of "number"
is enlarged, so that by the end of the S81xth grade the child
recognizes each of the following as a name for a number:

3 % 36 24 8 o 2 § .o

In traditional language, we might say that when the child has
completed the first six years of school mathematics he knows
about "the whole numbers, fractions, decimals, and mixed numbers."
This language is primarily numeral language. It obscures the
fact that a single number can have names of many kinds. "Frac-
tions, decimals, and mixed numbers" are kinds of number names
rather than different kinds of numbers. Whether we make a plece
of ribbon 1% in. long, or 1.5 in. long, or % in. long makes
no difference--our ribbon 1s the same whatever our choice of
numeral. That is, 1%, 1.5, % are all names for the same
number. This number is a member of a set of numbers sometimes
called the non-negative numbers or the rational numbers of
arithmetic. For our purposes here, we shall call them the
rational numbers, realizing that they are only a subset of the
set of all rational numbers. It also should be realized that
within the set of rational numbers is a set which corresponds to
the set of whole numbers. For example, 0, 3, 7 are all

rational numbers that are also whole numbers. %, %, and .2
are rational numbers that are not whole numbers.
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First Ideas About Rational Numbers

Children develop early ideas about rational numbers by
working with regions--rectangular regions, circular regions,
triangular regions, etc. In Figures A, B, and C, rectangular
regions have been used. For any type of region we must first
{dentify the unit region. 1In Figures A, B, and C, the unit
region 1s a square region.

In Figures A and B we see that:

(1) The unit region has been separated into a number
of congruent regions.
(2) Some of the regions have been shaded.

(a) Using regions. Let us see how children use regions to
develop their first ideas of rational numbers. The child learns
in simple cases to assoclate a number like % or % with a
shaded portion of the figure. (Ratlonal numbers can also be
associated with the unshaded portions.)

Using two or more congruent regions (Fig. C), he can sepa-
rate each into the same number of congruent parts and shade some
of the parts. Again, he can assoclate a number with the resulting

shaded region.

Fig. Fig.

A 8

The unit square The unit square Each unit square
1s separated into 1s separated into 1s separated into
2 congruent re- 3 congruent re- 2 congruent re-
gions. 1 1is gions. 2 are glons. 3 are
shaded. shaded. shaded. We have

% of a unit square.

At this point, the child is only at the beginning of his
concept of rational numbers. However, let us note what we are
doing when we introduce, for example %. We separate the (unit)
region into 3 congruent parts. Then we shade 2 of these
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parts., Similarly, in %, we separate each (gggg) region into 2
congruent regions, and shade 3 parts. 1In using regions to
represent a number like g, we must emphasize the fact that we
are thinking of § of a unit region, as in Fig. C.

(b) Using the number line. The steps used with regions can
be carried out on the number line. It is easy to see that this
1s a very practical thing to do. If we have a ruler marked only
in inches, we cannot make certain types of useful measurements.
We need to have polnts between the unit intervals, and we would
like to have numbers associated with these points.

The way we locate new points on the ruler parallels the
procedure we followed with regions. We mark off each unit seg-
ment into congruent parts. We count off these parts. Thus, in
order to locate the point corfesponding to %, we must mark off
the unit segment in 3 congruent parts. We then count off 2
of them. (Fig. D) If we have separated each unit interval in
2 congruent parts and counted off 3 of them, we have located

the point which we would associlate with %. (Fig. E)

2 Parts 2
Q__A.r__? I 2 o0 | 2
—e * g - *—> o———» - * *—>
v J .E 3
¥ 2
3 Parts
Fig. D Fig. E

Once we have this construction in mind, we see that all
such numbers as %3 g, %, %, gy %% can be associated with
particular points on the number line. To locate %%, for
example, we mark the unit segments into 8 congruent segments.

(Fig. F)

1l Segments ]
Q. gL 8 2
r )]
H——‘——H—‘—Q—H—O—Q—.——.——H—.——.———)
[« - A ~ J
8 Parts 8 Parts
FPig. F
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(¢) Numerals for pairs of numbers. Suppose that we con-
sider a pair of counting numbers such as 11 and 8 where 11
is the first number and 8 is the second number. We can make a
symbol, wrlting the name of the first number of the pair above
the line and that of the second below. Thus for the pair of
numbers, 11 and- 8, qur symbol would be - If we had thought
of 8 as the first number of the pair and 11 as the second,
we would have said the pair 8 and 11, and the symbol would
have been f%. For the numbers 3 and 4, the symbol would be
%. For the numbers 4 and 3, the symbol would be -

With the symbol described in the preceding paragraph, we
can assoclate a point on the number line. The second number
tells into how many congruent segments to separate each unit
segment. The first number tells how many segments to count off.

We also can assoclate each of our symbols with a shaded

region as in Fig. A, B; and C. The second number tells us into
how many congruent parts we must separate each unit region. The
first number tells us how many of these parts to shade.

For young children, reglons are easier to see and to work
with than segments. However, the number line has one strong
advantage, For example, we assoclate a number as %, with
exactly one point on the number line. The number line also gives
an unambiguous picture for numbers like % and %. A region
correspondling to % is less precisely defined in that regions
with the same measure need not be identical or even congruent.

In Fig. G, we can see that each shaded region 1is % of a
unlt square. Recognizing that both shaded regions have % 5q.
units 1is indeed one part of the area concept.

Unit square
Figure G
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When we match numbers with points on the number line, we
work with segments that begin at 0. For this reason, though the
number line 1s less intultive at early stages, it is well to use
1t as soon as possible.

Meaning of Rational Number

The diagrams Fig. H, (a), (b), (c¢), show a number line on
which we have located points corresponding to %, %, %, ete.
and a number line on which we have located points corresponding
to %, %, %3 etc. Also shown, 1s a number line with é, %,
etec. As we look at these lines, we see that 1t seems very
natural to think of g as being assoclated with the O point.
We are really, so to speak, counting off O segments. Simi-

larly, it seems natural to locate % and 8 as indicated.

(a)

v

$ ) 2 T a 5
2 2z 3 ? 7 2
A SR S S e S T > (®)
'y 4 £} r ¥ 4 ry g T
. > {¢)
0 I & 3 4 5 6 7 8 9 101l 2 B 4B M
8 8 s ¢ 38 8 % 0 ¢ 4 8 s % s o8 e

o 5 d
SRS SAERERES T > @
2 2 2 2z
o ' 2 3 P 5 6
'y - 0 r Y 3 5
0 L 2 3 a4 3 & 7 8 9 0 U 12
e 8 38 F 9 8 B oS PR ST F O

Now let us put our diagrams (a), (b), (¢) together. 1In
other words, let us carry out on a single 1ine (d) the process
for locating all the points, _

When we do this, we see that %, %, and §' are all
assocliated with the same point. In the same way, % and g
are assoclated wilth the same point.
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Now we are ready to explaln more precilsely what we mean by
fraction and by ratlonal number. Let us agree to call the
symbols we have been uslng fractions. A fraction, then, 1is a
symbol assoclated with a pair of numbers. The first number of
the pailr is called the numerator and the second number 1s called
the denominator. . So far, we have used only those fractions in
which the numerator of the number pair 1s a whole number
(0, 1, 2, ... ), and the denominator is a counting number
(1, 2, 3, ... ).

Each fractlon can be used to locate a point on the number
line. To each point located by a fractlion there corresponds a
rational number. Thus, a fraction names the rational number.
For example, if we are told the fractlon f%, we can locate a
point that corresponds to it on the number line. f% is the
name of the rational number associated with this point. This
point, however, can also be located by means of other fractions,
such as 55 and é%. Thus, é% and g% also are names for the
rational number named by 6 since they are assoclated with the
same point. Ratlonal numbers, then, are named by fractions of
the type we have been discussing. To each point on the number
line that can be located by a fraction, there corresponds a non-
negative rational number,

A very unusual child might wonder whether every point on
the number line can be located by a fraction of the kind we have
described. We must answer "No". There are numbers--m being
one of them and /2 being another--that have no fraction names
of the sort we have described. Introducing such lrrational
numbers 1is deferred until the seventh and eighth grades.

The Whole Numbers As Rational Numbers

Our pattern for matching fractions with polnts on the number

line can be used with these fractions: %, %, %, %, etc.
SRS SN S S
: T t :
t r & ¥ & % %
- 3 s 2
3 3 3 3
Fig. I
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On the number line we see (Fig. I) that we matched %, %,

5 wlth the same point. We note that this point is also matched
with the counting number 1. Thus, to the same point corresponds
(1) the counting number 1
(2) the rational number named by %.
It seems that 1t would be a convenience to use the symbol 1 as
8t111l another name for the rational number named by i, 5 etc,
This would allow us to write 1 = 5’ for example. In the same
way, we would think of 5 as another name for the number named
by %, %?, ete.

We need at this point to be a little careful in our thinking.
There 1s nothing illogical about using any symbol we like as a
numeral. A problem does arise, however, when a single symbol
has two meanings, because then we are in obvious danger that
inconsistencies may result. For example, when we think of 2,

3, and 6 as counting numbers we are accustomed to writing

2 x 3 =6. We will eventually define the product of two rational
numbers, and we would be in serious trouble if the product of the
rational numbers named by 2 and 3 were anything but the
rational number named by 6.

However, using O, 1, 2, 3, etc., as names for rational
numbers never leads us Into any inconsistency. For all the
purposes of arithmetic--that is, for finding sums, products,
etc., and for comparing sizes, we get names for whole numbers or
names for rational numbers. In more sophisticated mathematical
terms, we can say that the set of rational numbers contains a

subset--those named by %, %, %, etc.--1somorphic to the set

Hlo
e [

of whole numbers, that is , etc. behave just like whole

2
numbers, 0, 1, etec.

It would be overambitious to attempt to formulate the idea
of isomorphism precisely in our teaching. It is sufficient for
our purposes to regard O, 1, 2, etc., as names for rational
numbers. It is approprlate to note, however, in connection with
operations on rationals, that where the operatioﬁs are applied
to numbers 1l1like %, % they lead to results already known from

experience wilth whole numbers.
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Identifying Fractions That Name The Same Rational Number

1 3 nl 3
When we write 5= we are saying 5 and % are names

for the same number."

(a) Using physical models. The truth of the sentence
5 = %- can be discovered by concrete experience. In Fig. J, for
example, we have first separated our unit region into two con-

—

gruent regions. We have then separated each of these parts
further into 3 congruent regions as shown in the second drawing.
The second unit square is thus separated into 2 x 3, or 6

parts. Shading 1 part in the first drawing is equivalent fo

shading 1 x 3, or 3 parts in the second. We thus recognize
1 1 x3
that 7 =753

Shading % and % of a region.

Fig. J
Again, our analysis of regions follows a pattern that can

be applied on the number line. Let us consider % and g

*—
v

ol—-¢

®|de

Fig. K
In locating % on the number line, (Fig. K) we separate the

unit interval into 2 congruent segments. 1In locating g, we
separate it into 8 congruent segments. We can do this by
first separating into 2 parts and then separating each of
these 2 segments into 4 segments. This process yields

(2 x 4) congruent segments. Taking 1 of 2 congruent parts
thus leads to the same point as taking 4 of 8 congruent

parts:
1_1x1b
2 -2 x &
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In other words, when we multiply the numerator and denomi-

nator of % by the same counting number, we can visualize the

result using the number line. We have subdivided our % inter-
vals into a number of congruent parts.
After many such experiences, children should be able to

make a picture to explain this type of relationship. For example,

region and number line pictures for 3 %_E_g are shown in
Fig. L.
0 | 2
. g L g 1 A
4
o . . ol 2
: -—>
]
Fig. L

Each E part (region or interval) is subdivided into 2 con-
3 3 x 2
T=1Tx2

(p) Using numerators and denominators. In a discussion
about two fractions naming the same number, it may appear
startling to emphasize multiplying numerator and denominator
by the same counting number. We usually think about finding
the simplest fraction name if we can. We think, then, 8 1
But, of course "="
% = g, We can think, §-= %, and this will be particularly easy
if the "names the same number" idea has been emphasized
adequately.

Another familiar i1dea also is contained in what has been
said. We often think about dividing numerator and denominator
by the same counting number. For example, we think:

6 6+ 2 3

858 27T
This 1s easy to translate into a multiplicative statement, since
multiplication and division are inverse operations: 6 —2 = 3
means 3 x 2 = 6,

gruent parts; hence

means "names the same numter." Seeing
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(¢) Using factoring. The ldea that multiplying the numera-
tor and denominator of a fraction by a counting number gives a
new fraction that names the same number as the original fraction
is an idea very well sulted to the discussion in the unit on
factoring. To find a simpler name for %%, we write:

12 2 X 2% 3 2 X 2 4

I5 " 5x3 ~ 75 75

Suppose we are thinking about two fractions. How will we
decide whether or not they name the same number? There are two
possibilities.

Rule (1). It may be that for such fractions as % and %,
one fractlion is obtained by multiplying the numerator and denomi-
nator of the other by a counting number. In other words, it may
be that we can picture the fractions as was just done. Since
% = %—é—%, % and % belong to the same set--thus name the
Ssame number.

Rule (2) It may be that, we cannot use Rule 1 directly.
For example, E and % cannot be compared directly by Rule 1.
However, we can use Rule 1 to see that % = % nd 6 ;, and
in this way, we see that E and 6 name the same number,.

Notice that in comparing % and 6’ we might have used
Rule 1 and 2 in a different way. We might have recognized

that:

2 _2x3_ 6 and 3 _3x2_ 6
T=Tx3°% 12 5T oxz I

or we might have said:

2 _2x6_12 3 3 x4 12

T=T%x6~2% and - 6xT " on
In the latter example, we have renamed % and %, using frac-
tions with denominator 4 x 6. Of course, we recognize that
b x 6 =6 x4, (Commutative Property)

In our example, we see that 24 1s a common denominator
for % and %, though 1t 1s not the least common denominator.
Nevertheless, one common denominator for two fractions is always
the product of the two denominators.
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(a) A special test. Let us now consider a special test
for two fractions that name the same rational number. In our
last example we used 6 x 4 as the common denominator for %

and 2. Thus we had

2 _2x6 3 3 x4

T=TX%6 and 5= 5x T
We could say: It is true that %-: %, because the two resulting
numerators--2 x 6 and 3 x 4--are equal, and the denominators
are equal.

In other words, to test whether % = %5 it is only
necessary--once you have understood the reasoning--to test
whether 2 x 6 = 3 x 4. And this last number sentence is true!

In the same way, we can test whether %% = é% by testing
whether 9 x 40 = 8 x 15. They do! When we do this, we are
thinking:

x 40 8 8 x 15
i% = 155 < T0 and T6 = 70 x 15

This 1s an example of what is sometimes called "cross
product rule.” It is very useful in solving proportions. (Some-
times 1t is stated: The product of the means equals the product
of the extremes.)

The rule states: To test whether two fractions % and %
name the same number, we need only test whether a x d = b X c.
That is, o
ae_ _>C
pe=<3q

This rule is important for later applications in mathematics
such as similar triangles. In advanced texts on algebra, it is
sometimes used as a way of defining rational numbers. That is,

an advanced text might say: "A rational number is a set of
symbols like {%, %, %, g, . .}. Two symbols, % and %,

belong to the same set if a xd = b x c."

What we have done amounts to the same thing, but is
developed more intuitively. For teaching purposes, the "multiply
numerator and denominator by the same counting number" idea
conveyed by Rule 1 can be visualized more easily than can the
"eross product" rule.

60



Tt would certainly not be our intention to insist that
children learn Rules 1 and 2 formally. However, these rules
summarize an experience that is appropriate for children. We
can form a chain of fractions that name the same number,

1 2 4 8
5=T=8~16" -

Each fraction is formed by multiplying the numerator and
denominator of the preceding one by 2. We can visualize this
as subdividing repeatedly a segment or a region. (Rule 1).

We can form a second chain beginning with %-: g =18 .
We can then understand that it 1s possible to pick out any
numeral from one chain and equate it with any numeral from the

other, which is just what Rule 2 says.

Meaning of Rational Number - Summary

Let us summarize how far we have progressed in our devel-
opment of the rational numbers.

(1) We regard a symbol like one of the following as
naming a rational number:

3 0 L 6
8; '5": %: 6 » §’ I 1, %
(2) We know how to associate each such symbol with a

point on the number line.

(3) We know that the same rational number may have many
names that are fractions. Thus, % and % are fraction names
for the same number,.

(%) We know that when we have a rational number named by
a fraction, we can multiply the numerator and denominator of
the fraction by the same counting number to obtain a new frac-
tion name for the same rational number.

(5) We know that in comparing two rational numbers it 1s
useful to use fraction names that have the same denominators.
We know, too, that for any two rational numbers, we can always
find fraction names of thls sort.

Thus far we have not stressed what is often called, in

traditional language, "reducing fractions." to "reduce" g
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for example, is simply to name it with the name using the
smallest possible numbers for the numerator and the denominator.
Since 2 1s a factor both of 6 and 8, we see that

6 _3x2 3

B=Tx2~7
We have applied our general idea that "multiplying numerator and
denominator by the same counting number" gives a new name for
the same number. We can call E’ the simplest name for the
rational number it names.

We would say that we have fougd, in %3 the simplest name
for the rational number named by g- This is more precise than
saying we have "rgduced" g, Slnce we have not made the rational
number named by g any smaller. We have used another pair of
numbers to rename it.

(6) We know, also, that 2 and % name the same number.
We thus regard the set of whole numbers as a subget of the set
of rational numbers. Any number in this subset has a fraction
name with denominator 1. (%, %, %, etec. belong to this
subset.) 2 1is a name for a rational number which is a whole
number. 2 1is not a fraction name for this number, but the
number has fraction names %, 5> ete,

At this point, it seems reasonable to use "number" for
rational numbers where the meaning is clear. We may ask for
the number of inches or measure of a stick, or the number of
hours in a school day.

(7) We can agree to speak of the number g, to avoid the
wordiness of "number named by g " Thus, we might say that the
number § is greater than the number % (as we can verify
easlly on the number 1ine) This would be preferable to saying
that "the fraction 3- is greater than the fraction , " because
we do not mean that one name is greater than another.

(8) We should not say that 3 1s the denominator of the
number 3, because the same number has other names (1ike E)
wilth different denominators 3 1s rather the denomlnator of

v B

the fraction 3.
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(9) We have seen that the idea of rational number 1s
relevant both to regions and line segments. We willl see soon
how it relates to certain problems involving sets.

Now we might introduce some decimals. The numeral, .1,
for example, 1s gnother name for %3. However, we can explailn
a numeral like 1.7 more easily when we have developed the
idea of adding rational numbers.

Operations on Rational Numbers

Now let us consider the operatlions of arithmetic for
rational numbers. For each, our treatment will be based on
three conslderations:

(1) The idea of rational number grows out of 1deas about
regions and the number line. Similarly, each operatlon on
rational numbers can be "visualized" in terms of regions or the
number line. Indeed, this is how people originally formed the
ideas of sum, product, etc. of rational numbers. Each operation
was introduced to fit a useful physical situation and not as a
way of supplying problems for arithmetic textbooks.

(2) We recall that some rational numbers are whole numbers.
So, we want our rules of operation to be consistent with what we
already know about whole numbers.

(3) We must remember that the same rational number has many
names. We will want to be sure that the result of an operation
on two numbers does not depend on the special names we choose for
them. For example, we want the sum of % and %, to be the same
number as the sum of % and %.

These three ideas will guide us in defining the operations
of addition, subtraction, multiplication, and division of
rational numbers.

Additlion and Subtraction

As an 1llustration of addition, we might think of a road
by which stand a house, a school and a store as shown in Fig. M.
If it is %- mile from the house to the school, and % mile
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from the school to the store, then we can

see that the distance from the house to house school store

the store is % mile. le— § ——>k— 15l
From such examples we can see the Fig. I

utility of defining addition of rational numbers by using the

number line. To find the sum of % and i we would proceed as

5
in Figure N.

o
ols

e ]
etk —3———

Fig. N

1

Using a ruler, we can locate the point on the number line
corresponding to the sum of any two rational numbers. For
example, with appropriate rulers, a child can locate the point
that corresponds to the sum of é and %. But a child would
also like to know that the point for the sum located with a
ruler is one for which he can find a fraction name--a fraction
that names a rational number. Of course, one name for the sum
of % and % is % + 85 but what is the single fraction that
names this number? Also, he is interested in knowing whether
or not the set of rational numbers is closed under addition,
since he knows that this is true for the whole numbers.

Using the number line, it 1s evident that the sum of %
and % is %. This suggests a way to find the sum of two
rational numbers that are named by fractions with the same
denomlnator. For such fractions, we simply add the numerators.
Thus, % + % = §—§-£ = g. This definition matches the idea of
Joining two line segments.

But we are not finished! For suppose that we want to add
2 and %. We know that there are many other names for the num-

3
ber named by %. Some are:
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Likewlse, there are many names for the number named by %. They
include:

2 3 4
g 12° 7I%°

In order to find the sum of these two rational numbers we simply
look for a paif of names with the same denominator--that is,
with a common denominator. Having found them, we apply our
simple process of adding numerators.

Thus we can write a fraction name for the sum of two
rational numbers if we can wrilte fraction names wilth the same
denominators for the numbers. This we can always do, for to
find the common denominator of two fractlons, we need only to
find the product of their denominators.

This provides a good argument as to why

2 + 1 _ 11
37T T 17
8 3 11
It is clear that =—= + =5 = == If the ldea that the same

iz +t1z < 12

number has many names makes any sense at all, it must be true
that

2 1 8 3

I S -l -

Suppose that 1n our example we had used a different common

denominator, as 24, Would we get a different result? We see
that we would not for:

2 _2x8 _ 16
33 X8 ZF
1 1x6_ 6
T=Tx6~2F%F
2 1 22
ItT =2
22 11

and 271' =T§.

Little needs be saild here about subtraction. Using the

number line we can visualize % - % as in Figure P.

L
4

{4

[
|

Fig. P
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Thus we can define % - % as the number n such that

% + n= E Again, skillfully chosen names lead at once to the
solution:

8
Ttn=Ts
1

n =iz

Properties of Addition for Rational Numbers

Our rule for adding rational numbers has some by-products
worth noting.

We can see, for one thing, that addition of rational num-
bers is commutative. Our number line diagram illustrates this.

In Flg. O we see the diagram for i + 2 and for g-+ %.

575 5
o] !
Ly
o

¢ QI

| , 2
1 8§

¢V

v

Py ° O

k1 §+4} o

Fig. ©
The commutative property also can be explained in another

way.
1 2 1+ 2 2.1 _2+1
5 + 5 = 5 and 5 + 5= 85—

We know that 1 + 2 2 + 1, so we see that % + §-= % + %.

il

In

general, to add rational numbers named by fractions with the same
denominator we simply add numerators. Adding numerators involves
adding whole numbers. We know that addition of whole numbers is
commutative. This leads us to conclude that addition of rational

numbers is also commutative.

We can use this type of discussion or the number line
diagram to see that addition of rational numbers is also asso-
ciative.

Here is another interesting property of addition of rational

numbers. We recall that g, 5
Thus O + % E + % ~—4E—§ %.
of 0 and any rational number is the number.

%, etc. are all names for O.
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Similarly we recall, for example, that %- and % are

fraction names for 2 and 3 respectively. Thus

as we would expect (and hope).

Addition of rational numbers is not difficult to understand,
once the idea that the same rational number has many different
fraction names has been well established. The technique of
computing sums of rational numbers written with fraction names
ls 1in essence a matter of finding common denominators. This 1is
essentially the problem of the least common multiple and thus
is a problem about whole numbers.

Addition of Rational Numbers Using Other Numerals

Often it 1s convenient to use numerals other than fractions
to find the sum of two rational numbers. Those commonly used
are mixed forms and declmals.

The first kind of numeral can be easily understood once
addition has been explained. We can see with line segments that

2 + %

1s a rational number, and 1t is also easy to see that is
another name for this same number. Similarly, %?- 3% Indeed,
these 1deas can be introduced before any formal mechanism for
adding two rational numbers named by fractions has been developed,
because the idea that 2 + § % goes back to the number line
idea of sum. To adopt the convention of writing 2§ as an
abbreviation for 2 + 3 1s then easy, and we may use a numeral
like 2§ as a name for a rational number. It is these we call
a numeral in mixed form.

The use of decimals is still another convention for naming
rational numbers. For example, 3.2 names a pational number;
other names for this number are

2 3.2 2 3l 16 32 320

3+ 15 St % B Tor Too
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16 32 320 . 2
of theie, 5 1o and Too are fraction names while 3I5
and 3§ are mixed forms.

The methods for computing with decimals are direct outcomes
of their meaning. For example, to compute 3.4 4 1.7, we may
proceed as follows:

mn
3.4=3+E
_ 7
l.7 =1 + 10
11

Y4355+ 15

Hence 3.4 + 1.7 = 5.1.

We want the child to develop a more efficient short-cut
procedure for finding such a sum. However, the understanding
of the procedure can be carried back, as shown, to the knowledge
he already has about adding numbers with names in fraction or
mixed form.

In a similar way, the procedures for subtracting, multi-
plying and dividing numbers named by decimals can be understood
in terms of the same operations applied to numbers named by
fractions.

Multiplication

By the time the child is ready to find the product of two
rational numbers such as % and %, he has already had a number
of experiences in understanding and computing products of whole
numbers.

He has seen 3 x 2 in terms of a
rectangular array. He can recognize the
arrangement in Fig. Q as showing 3 3¢ * 3x2
groups of objects with 2 objects in 2
each group. Fig.Q

Also, he has seen 3 x 2
in terms of line segments.

(Fig. R) that i1s, as a union
of 3 two-unit segments. L

Furthermore, he has interpreted

Yoo
L2

> 3x 2

Fig. R
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Figure R in terms of travel along a line. For example, if he
rows a boat 2 miles an hour across a lake, then in 3 hours
he rows 6 miles.

Finally, 3 X 2 can be related to
areas as in Figure S. Thus, a child
has seen that the'operation of multi- 3 3x2

plication can be applied to many Units unit squares
physical models. He has related

several physical situations to a single 2 units

number operation. Fig. S

The "Rectangular Region" Model

U=

May we remind you that the idea of multiplying % and
was not invented for the purpose of writing arithmetic books.
Instead, people found some applications in which the numbers

% and % appeared and also f% appeared. For instance, in
Fig. T we see a unit square separated
into 15 congruent rectangles. The
measure of the shaded region 1is f%

2 square unlts. On the other hand, we
3 have already used the operation of
multiplication to compute areas of
rectangles having dimensions that are
Fig.T whole numbers. Hence it is natural to
gay:l Leﬁaus call f% the product of % and % and write
IX5 715 2 1

Logically, T X 5 1s a meaningless symbol until wezgefine
it. It could mean anything we choose. Our choilce of 5 for
a meaning seems, however, a useful one, and indeed it is.

Yet, children need many more examples before they can see
the general rule that in multiplying rational numbers named by
fractions we multiply the numerators and multiply the denomi-

nators.
We should recognize that although the formal introduction
of % X % 1s deferred untll the sixth grade the development 1s

anticipated by many earlier experliences. Among them are: the
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identlification of a fraction with a region and the various steps
in finding the measure of a region.

The "Number Line" Model

The product of two whole numbers also can be visualized on
the number line. A few natural generalizations to products of
rational numbers can be made from these kinds of experiences.

For example, if we can think of 3 x 2 as illustrated by
Figure U, (a), then it is natural to identify 3 x % with the
situation pictured in Figure U, (b).

(b) O, 3x¥

Fig. U

In the same way we can identify, for example, 3 x ; with
2 2 2 .6
TrTrTT T
Again, if a man walks 4 miles each hour, then (2 x &%)
miles 1s the distance he walks in 2 hours. (Fig. V) Once
more it is also natural to relate % X 4 with a distance he
travels--this time with his distance in % hour.

x4 4 ¥xa 2x4
Fig.V
Suppose, now, that a turtle travels % mile in an hour.
In 2 hours, it travels 2 x l, or 2 miles. We identify the
5 5

product %—x -%- with the distance it travels in % of an hour.
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Fig. W diagrams the turtle's travels.

o ¥4 &k 4 j2x)  33xi ,
She $nr Lhr 2hr 3hr 4hr -
Fig. W
; 2 1 . . 1
We locate ] of 5 on the number line by locating 53

cutting the %— segment into 3 congruent segments, and counting
off two of them, as in Figure X.

o
[~}
-4
J
) al—
Y

3 congruent
segments

Fig. X

More specifically, we first cut the unit segment into 5 con-
gruent segments. Then each of these 1s cut into 3 congruent
segments. Ve thus have 3 x 5 segments. We counted 2 x 1 of

them. We see that % of %—- is associated with the point
2 x 1
3 X 5° 5

l. When we talk about % of

% we are explaining a situation in which we have a pair of
numbers (-g— and 1) associated with a third (15) We have,
in short, an ogeratlon, it 1s natural to see whether it is an

We had two numbers: 3 and

operation we know. We find that it is.
We already had agreed, using the rectangle model, that
2,1.2x1_2
3757 3Xx5 15
. 2 1 2 1
ence, we now see that we can identify T of 5 with T X 5
Moreover, we notice that if we use the ildea of travel on
the number 1ine (Fig. W) it 1s agailn natural to identify

2 1
E-X-S- with '3 of -5'.

71



The "Sets of Objects" Model

We speak, in everyday usage, of % of a dozen of eggs. We
visualize this as the result of separating a finite set of 12
objects into 3 subsets each with the Same number of objects and
then uniting 2 of the subsets. The relation between this con-
cept and that involving a 12-inch segment can be seen from
Figure Y.

! |
0 4 8 12 '
——— . + QQ0Q000ANQ0Q
$of 12 $of12
Fig. Y
We sometimes use such examples with very young children to

emphasize the idea of %. But this 1is a 1little misleading, for

we should note that § of 12 1is again a situation involving
two numbers, 3 and 12, Again we can verify that § of 12
is computed by finding 3 X 12,

Summary

From the standpoint of defining the operation of multipli-
cation for rational numbers, it would be entirely sufficient to
use one interpretation. However, because products of rational
numbers are used in many types of problem situations the child
ought to recognize that the definition does fit the needs of
each.

wir

x %- can be visualized as:

(1) the area in square inches of a rectangle with
length % in. and width + in.
(2) the 1ength of a line segment formed by taking %
of a E inch segment.
Out of the number line model come many problem situations.
For example, 1f a car travels %- mile per minute, it travels
-g-x%f miles in %— minute.
Moreover, 3 X 12 can be interpreted in ghe ways noted and
also can be related to finite sets. We use 3 X 12 where we

want to find the number of eggs in % of a dozen.
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Mathematics is powerful because a single mathematical idea
(1ike § n) often has many applications. Children can fully
understand a product 1like § E only when they have had
experiences with several applications.

We should observe that our definition of the product of two
rational numbers 1s consistent with what we already know about
whole numbers. We know that 2 x 3, for example, is another
name for 6, All is well, for tge product of % and %, as
computed by our definition, is T and T names the same number
as 6. We note, too, that our definition leads us to
3 x % = % X % = %, as was anticipated earlier.

We should notice, too, that although our metnod for finding
the product is expressed in terms of specifilc names for the

factors, the product is not changed if we change the names. For

example, % Pl % = %. Renaming % and % we have
3,6 _18
578~ 18

18 3
I8 is another name for B-

Properties of Multiplication of Rational Numbers

Again our definition has convenient by-products. For, we
observe that the associative and commutative properties hold
multiplication of rational numbers. They hold here as a direct
result of the same properties for multlplication of whole num-
bers.

The following example shows how we may explain the
commutative property of multiplication.

our rule for miltiplication tells us that 5 x F = 2.
Our rule tells us also that %-x % %—é—g. We know, however,
that 1 x 2 =2x1 and 3 X 4 = 4 x 3. These facts are

instances of the commutative property of multiplication of whole

numbers. Hence we see: % X % = % X 7.
We also can visualize thils property using rectangular

regions as in Figure Z.

N
-

Fig.Z

win

L 1L
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The associative property of multiplication holds, in

essence, because it holds for whole numbers., FIFrom the associa-

tive property, we can compute —(4 X 5) as either % X (4 x 5)
or (% X 4) X 5--a fact which is sometimes helpful in using the
formula for the area of 3 triangle.

We observe, too, an interesting multiplication property of

0. Our rule for multiplying two rational numbers named by frac-
tions leads directly to the conclusion that the product of 0
and any rational number is O:

2 _0._2
OX'§=T><§'-

Of interest, too, is the multiplication property of 1. It

is easy to see that the product of 1 and any number is the
number:
1x&-dixz.Llxe2 2
3 1 3 Ix3°3
Agaln this is a direct result of the same property of whole
numbers. Now 1, of course, has many names. One of them, for
example, is %u When we multiply % by 1 we can write

1\<)_4_§_X£A3X}L_E__£
573 5 3X57T315° 5"
This result shows that multiplying the numerator and denominator
of a fraction by the same counting number is equivalent to
multiplying 1 by the number named by the fraction.

Finally, the distributive property for rational numbers is

an outcome of our definition. The distributive property tells

2 (2.2 _ (241 L 2.2
us that, for example, T X (5 + 5) = (3 X 5) + (5 X 5). Our area
picture helps us to understand this
easily (Fig. AA) The smaller rec- 2
tangles have areas % X % and % g 3 Fig. AA
The area of their union is 2 x (& + 2),

5 3 3 5 7 5 [ 1
or = x . ' s s
3~ 5

The distrlbutlve property is useful in computing a product
like 5x3— We can say:

5 x 3% = (5 x 3) + (5 x %) = 15 + g-= 17%.
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We can also recognize that we have essentially applied the
distributive property in writing

% = 3 x % = (1 +1+1) x % = % + % + %.

Before leaving the toplc of multiplication of rational
numbers, we ought to notice that the product of certain pairs of

rational numbers is 1. For example, the product of % and %
is 1. The number % is called the reciprocal of Q, and %
2

is the reciprocal of 3- The reciprocal of a number is the num-
ber it must be multiplied by to give 1 as a product. Every

rational number except O has exactly one reciprocal. When the
number is named by a fraction, we can easlly find the reciprocal

by "turning the fraction upside down". Thus the reciprocal of
3
-8- is 3'.

In particular, the reciprocal of the whole number 2 1is
%, which can be verified easily since 2 x % =1,

O has no reciprocal. For we know that the product of O
and every rational number is 0. Hence there is no number we
can multiply by O to give 1.

Division

In the rational number system, as in the counting numbers,
we want to use division to answer questions of "what must we
multiply". 1In a division situation we are given one factor and
a product. Thus % + % 1s the number such that:

(% <+ %) X % = %. In order to compute %-+ % we must solve:
where m and n are counting numbers.

To acquire an understanding of the division process, chil-
dren need many concrete experiences in its use. These experi-
ences parallel those with multiplication, since division problems
can be interpreted as problems in finding an appropriate multi-
plier. Thus typical problem situations include: 1) finding the
width of a rectangle when the length and area are known;
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2) finding what fractional part one set is of another;
3) finding the number of segments of given length that can be
made by cutting a given segment.

The Idea of Reciprocal and Division

We already have seen that the product of any number and
1ts reciprocal is 1. For example,

2x3-8%5.

We also know that 1+ 2 n means 2 X n = 1. Thus, the
reciprocal of — (which 1s 2) is the number by which one can
multiply 3 to obtain the product 1.

Now suppose we want to find the number m such that

% X m 3.

Since 1 x 3 = 3, we can write: = x m = (1 x 3).. But since
2 5 2

EXE= 1, we also can write: 5 Xms= (% X %) X 3. Using the

assocliative property, we can write again: % X ms= % X (g x 3.)
We now see that m = g x 3.
We can use the same reasoning to compute % < %. We must

solve:
Pxm-3.

We know that % X % = 1 and that the product of a number and
one 1s the number itself. So,

Fx3) x3=-%

FxGxP -3
Therefore, m =§-x§-= g—%—g-: 29—0

We note: To divide % by %, we multiply % by the reciprocal
of %u
We have seen a way in which we can derive the general rule:

To divide by a non-zero rational number, multiply by its recip-

and

rocal.
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We see that for whole numbers our rule gives the results we
would expect. For example,

. L2 16
6?2=—'-—-——'X'§—§~3.

In particular, the reciprocal of 1 1s 1, since 1 X 1 = 1.
Thus when we divide a rational number by 1 we multiply it by 1
and obtain the original number, as we would expect.

Our rule for division identifies dividing by a number wlth
multiplying by its reciprocal. Thus when we wish to find %
of 18 we may use either multiplication by %- or division by 3.

We now see that: % = 3 X % = 3 + 4, One important inter-
pretation of % as the result
of dividing 3 by 4 can be

visualized using line segments.

3
Q : .

(Fig. BB) * !

I can be seen, too as the

-

Y 4

answer to the gquestion "How 4 congruent segments

many 4's in 3 ?" More pre- Fig. BB
cisely, % is the number by which we must multiply 4 to get
3.

Some texts for later grades define rational numbers by
using the idea of division. That 1is, % is defined from the
outset as the number x satisfying uix = 3.

The set of counting numbers is not closed under division--
that is, with only counting numbers at our disposal, we can not
solve an equation like 4 x n = 3. But having introduced the
set 7 rational numbers, we can always solve an equation of
this type. We can divide any rational number by any number dif-
ferent from O. Hence the set, made up of all the rational num-
bers except O, 1s closed under dlvision. We can interpret the
extension of our idea of number from the counting numbers to t!
rational numbers as a successful effort to obtain a system of
numbers that 1s closed under division.

It is an interesting paradox that now, having defined
division by a rational number as multiplication by the reciprocal
of the number, we could really get along without division en-
tirely, since to divide by a number we can always multiply by
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its reciprocal. Later, we introduce the negative numbers to
make a system closed under subtraction. Once we have done so,
subtracting a number can be replaced by adding the opposite.

Fractions--A Symbol for a Pair of Rational Numbers

Thus far, we have restricted our use of fraction to that of
belng a symbol naming a pair of whole numbers. Let us now give
3

meaning to symbols like —%;, lﬁ?’ etc. in which the pairs of
1

numbers are rational numbers instead of whole numbers.
We call that we already know E and 3 + &4 are two names

for the same number. That is, for 4 xn =3, n = E % = %.

3
This suggests that we might say that the symbol —%— will mean
3 + 6, and the symbol 1—55- will mean 1.5 + 5.

A Definition 3

When we say, let % + 6 = —%—, we are defining the meaning
of those symbols which hitherto has had no meaning for us.
There is nothing illogical wlth defining a new symbol in any way

we like. However, simply assigning to % + 6 the symbol —%—

does not permit us to treat this new symbol immediately as if it

were a fractlon of the kind with which we are familiar. For
3 2 X 3

example, although we know that T =3xT We cannot be certailn
that % = 2 x‘% Too, Jjust because we know 1.2 we

8t % =zx5 Too 1 13; I3
cannot conclude (without argument) that I+ 3 ='T'

In practice, chilldren in the elementary school are unlikely
to add or to multiply many numbers named by these new fractions.
Yet, examples as -—2- willl be familiar when usling decimal names
in division of rational numbers, In later years, they can find
solutions to such examples as 12—9g<n‘ 120 by solving
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Thus, 1t seems necessary to "know" if 1t is possible to multiply
the numerator and denominator of lji by 10 to obtain another
name for the same number. )

Again, let us make some observations about division. Does
multiplying the dividend and divisor by the same number change
the result? We observe

6 +2=23
(6 x2) + (2 x 2)

3 or 12 + 4 = 3

(6x%)+(2x%) 3 or g+-§=3+1=3.

We also need to be sure that when we multiply the numerator and

2

denominator of a fraction, as, —%—, by the same number, we
T

obtain a new fraction equal to the original one,.

Does g+%=—§-—?
T

We know that g—+%=%xn=§- and n=%x§-=%9.
Let us now multiply both numerator and denominator of the frac-

tion —%—— by the same number g-

T
4 §x4
g-x3-_ X
3x¢‘3x1r
TX3 TX3
20
Is %— the same as %?

If it 1s, then %’- +1= %9

We do know that this is true since the product of 1 and a
rational number is that same rational number.

Thus g-+%=%9 and -§-=292; 8o, g-%=-§—
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TEACHING MATERIALS

Physical models are of utmost importance for developing the

concept of rational numbers, and of the product of two rational

numbers.

We suggest a number of kinds of materials which

teachers have found effective. Such materials, and others which

may be equally useful, should be used freely.

For Teacher:

(1)

(2)

(5)

(6)

Cards A-W on pages &o, 63, and &4 should be copied
by the teacher on foot square paper, preferabvly card-
board. Use a foot square of colored acetate to indicate
shaded areas so that cards may be reused.

Figures 1-12 on page &5 should be copied on card-
board by teacher.

Number lines on page &5 should be copied on a large
plece of paper. Iumber lines might be grouped or used
individually. Suggested groups would be (1) A-E,
(2) F-H, and (3) 1I-J.

Fraction chart on page &7 should be enlarged for
class use, on heavy paper.

Models of Pocket Charts and cards for work in reading

and writing decimals are suggested on page &k,

Pictures of arrays which are used in this development

to represent L 1 ¥ x 1 L A1 and 1
2 3 T 5 B B 10 Iz 16

of a set of objects are shown on page 59 and could

be enlarged on heavy paper for class use.

Other devices

Flannel board and fractional parts

Ruler

Yardstick

Clock

Measuring cups showing halves, thirds, fourths, etc.
Scales
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1" cubes

Play money

Pegboard

String marked with colored ink or colored beads to
congruent line segments.

Strips -of paper for folding

Circular, undecorated paper plates - one to represent
the unit, others separated into congruent reglons
representing halves, thirds, fourths, fifths,
sixths, eighths, and tenths,

Thermometer

Groups of concrete objects

Egg cartons

Carton dividers

Material for Pupils:

Dittoed copies of models used by teacher in development
of unit, especially number lines and fraction
chart.

Activities for Pupils:

Fraction "trees" suggested on page 91
Magic squares
Fraction Games - puzzle 1s suggested on page g0
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Card C

Card B

Card A

e e — . s, e}

Card F

Card E

Card D

Card I

Card H

Card G

— T

Card L

Card K

Card J
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Models for Figures 1-12
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Set C
0 0,00| [00;100| [00:00}| [0!010,0]
OCO0OO [0QOO| 100100 [0]000]
©0i00| [000O]| [00I00] [0I0i0i0]
ooloo]| |[00Olo0O| [00!00] [0I010!O

These arrays could be helpful in seeing %, %, %L-, %, %, %,
1%, ilq';, and T16 of a set of objects. Used with acetate paper

you could show %, %, %, %, etc. of a set of objects.
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Puzzle

oI~

>

UNIT |

[or

(4)

—
®
L d

(1) (2) (4)

(16)

nj—

A[_

(8)

(2) (4)

Shallow top of square box may be used as frame. Cut out frac-
tlonal parts shown above in proportion to frame. Numeral below
each part 1ndicates the number of that part to include. Let
children see in how many different ways they can cover the unit.

You might also have puzzles for (1) halves, thirds, sixths, and
twelfths and (2) halves, fifths, and tenths.
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Praction Trees
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TEACHING THE UNIT
RATIONAL NUMBER (REVIEW)

Objectives: To review the meaning of and the use of rational
numbers.

To review the symbolism for rational numbers:
fraction, decimal, and mixed form.

Materials: Cards A-G page 82 iy colored acetate; number lines I,
page 86 ; flannel board and models of unit regions
cut into congruent regions.

Vocabulary: Unit square region, unit line segment, congruent
separated, measure, union, rational number, fraction,
denominator, numerator, region, line segment.

Suggested Teaching Procedure:

Teachers should use only as much of this
sectlion as 18 needed by the pupils in his class.
It 1s intended to bring into focus those ideas
assoclated with rational numbers which are used
in the development of multiplication.

(a) Meaning of unit and part of unit.

Have ready materials such as the Cards A
through G on page 82. The shading of the
diagrams below shows how one might use trans-
parent materials to cover that part of the
region., Each card represents a unit region.

The purpose of this development is to help iden-
tify that rational number which indicates the
relationship between the part of the unit and
the unit, Use also paper plates and felt pieces
on flannel board to represent circular regions
and number line I on page 86,
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Card B Card C : Card D
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The class discussion can be developed in
” the following manner.

Look at these cards. (Models on page 93) They represent
Square reglons. The dotted lines separate each region into

smaller congruent regions. Look at Card B. If 1 is the

measure of the region represented by the card, what number is
the measure of the part that is shaded? (%) What part is un-
shaded? (%) What part of Card C 1is shaded? (%) What part is
unshaded ? (%)
Continue these questions with the other
” cards.
Why do you say f% of Card F 1s shaded? (The square
region 1s separated into 10 congruent regions. Each of them

is f% of the whole region. Three of these regions are shaded.)

w

10 1s the measure of the shaded part of Card F.

The measure of the region represented by Card B is 1.
The measure of the shaded region is %. What is the measure of
the unshaded region? (%)

The measure of the region represented by Card D 1is 1.
What is the measure of the unshaded region? (%) What is the

measure of the shaded regions? (%)

Continue as needed.

Line segment. You may then wish to use
paper plates or models on the flannel board to
represent other regions such as circular regions,
triangular regions, ete., before representing a
line segment on the chalkboard. Mark the seg-
ment to show five congruent parts. Let the
measure of the line segment be 1. Then ask
for the measure of the union of two of the con-

gruent segments; (%) the union of four of the
congruent segments. (§) ete.

Observe other representations of rational
numbers. You may wish to note that commonly we
use a ratlonal number to indicate the measure of
a line segment or of a region.

Summarize these experiences by recording
the measures of the shaded regions of the cards
(or whatever materials were used). They might
be; L 1, 2 3. 3. 5
> 3‘: s 6: 5: 10’ 8‘~
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(b) Vocabulary.

Each of these names is called a fraction.
Each fraction names a particular pair of numbers.
The number named below the line 1s called the
denominator. Have pupils name the denominators
in Tractions listed. (3, 4, 6, etec.) Each of
these fractions also has a numerator. It 1s the
number named above the line. Name the numerators
in the fractions listed. (1, 1, 2, etc.)

Continue to bring out the idea that a
rational number may ke 1lllustrated by:

(1) Using regions.
Have the pupils look at the cards and tell

what each denominator indicates. (The 3 of %
shows that the region has been separated into 3
smaller reglons of equal measure; the 8 of g

shows that the region has been separated into 8
smaller regions of equal measure. )

Have them look at the cards and tell what
each numerator indicates. (The 1 of % tells
that 1 of the 3 congruent regions 1s shaded
on Card B; the 6 of the-{% tells that 6 of
the 10 congruent regions are shaded on Card G.

(2) Using line segments.

Represent a llne segment AB on the chalk-
board. State that it is to be the unit segment,
so its measure is 1. Separate 1t into 16 con-
gruent parts. Locate point C so that AC 1is
the union of 3 congruent parts. Ask for the

measure of line segment i (f%), and then ask
for the measure of line segment CB (%%) and

for the measure of line segment AB (%%). Ask

pupils how they determined the numerator and
denominator of each fraction.

A c B

& & o Py & . & o Py Py & & o

8- &

Identify other situations where rational numnbers
are used as:

days is what part of a week

ounces is what part of a pound

inches is what part of a foot

apples 1s what part of 16 apples, etc.

=3 oW
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Chapter 2
RATIONAIL NUMBERS

RATIONAL NUMBER (REVIEW)
Rational numbers may be used for the measure of a region and
for the measure of a line segment. Think of other uses for

rational numbers. Look at the figures below.

e,
Zéf&2&57/47// c D

U200 07707

770012747777 - .

V22, 277 prs

L 7,007,274 A E B

NN
N
N
N
N
A\
N
A
AN

WO ¢
W e
S LV
Wi @

The shaded region is two-thirds of the square region. AE
1s two-thirds of AB. Two-thirds is the measure of TD.

Two-thirds may be represented by the numeral %, which 1is
called a fraction. The 3 below the bar indicates that both the
square region and AB have been separated into three parts of
equal measure. The number 3 1s called the denominator of the
fraction.

The 2 above the bar in % tells the number of thirds we
are using. There are 2 thirds shaded in the square region and
2 thirds used for AE. The number 2 1is called the numerator

of the fraction.
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Exercige Set 1

77777777777, 77777 A77,7 7777, 77T ITTA7 77777, TITTTIIAT 77,777,
o 7L ’79’4///54;4/’/ v, 2//4,55399;///7,;///; 7 ?;;4/%’///’7/5’;;;
MRS AAULS 7// Aaply, ;//////// G, U777 7770, X rzzs 0l
22227277 M AR R 7727 4 k2 7 0777
ZIPIITEIIIL PR IANNYLY oA Vo)

% 0 Z/-/—/é-’/’ 795 MR A K 7/
% B wpAn s i
77 0 - —
) 9y
99PN, DA, |
A B C D
1. Answer the following questions for each region above:

a. Into how many parts 1s each separated?(A,3) (8,4),(c.¢), (0,7)
b. How many parts are shaded? (A-2),(8-3)(c-5) (0-3)
c. If the measure of each large square region 1s 1, write

the fraction that indicates the measure of the shaded

regton. (- 1), @- 3), (¢~ £),(o-3)

2. a. What do the denominators you wrote represent? (Lede .
numngﬂbqfcan ) 1#4¢ﬁb4mﬁh~»£kl;t&P,Z¢A?L.xyﬂuw&,xigéc"
b. What do the numerators represent? (. e ninrndan of
Comgrasid foaile in he  hadd szio )

3. For each figure above, write the fraction that indicates

the measure of the unshaded region.(A-%) (8-4)(c-¢),(D- z)

b, a. what do the denominators you wrote for Exercise 3

represent ? (e esondoe 72 WWJMM,«JAJ he vl
‘7&40—JU1«”~A01¢G4%f

b. What do the numerators represent? (As rnomollse 74
Comprutd fraste om hs inabadell et gion) .

c. %-= -;2,7 + %‘_— is shown in the shaded region of Figure B.

Write similar mathematical sentences for the shaded

pargs of Figures A, C, and Da: (A +++=4%)
3 ]
(C:g+d=% ¢+2=F) (D:8+5=%
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o>

=
N

3

a.

b.

c.

o

lr(‘)

Mo § &=

5 & 5 6 7T 9 10
2 z 3% 7 % 5 7

o [l 2
s AN

— 7
What fraction names the measure of AB? ( ‘I)

What does the denomingtor represent? (efe numbic

at ddes the numerator represent? f%/mymﬂn %
% = ;2- + "]5 Write a mathematical sentence for your

answer to Exercise 5a. Is more than one sentence

possible? (ﬂ;,u.u)
(= £+2)

+£)

+%)

N

(¥ iN
1
wlw vk

J

Ho ¢o

Mo
Ho 9
Ho ¢
o= e

What fraction names the measure of line segment Eﬁ?( %‘)

What does the denominator represent? (

% = %— + %— Write a mathematical sentence for your

answer to Exercise 6a. (#+#=%), (¥++=%)
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7 E F
0 1 2
o 1 2 3 ¥ 5 6 1 8
5 3 3 3 3 3 3 3 3

' e a
a. wWhat 1s the measure of EF?( E)

b. wWhat does the denominator represent9(¢£;/nunné$c 7£

c. what does the numerator represent?(}zﬂL,naﬁdﬁt ﬁZ

&MMMMMM EF covaen)

d. write a mathematical sentence about the measure of EF.
(+++=%
T T2

8. In Figures A - E, each figure represents a region whose

measure 1s 1. Copy and complete the chart.

'4/.'} —
Xzl
;"',:q
7, (AT CKAA

;’:,,,’K;/: V05707007, ,1,,;, T//,z"; P V. 7
V221057 A ,/, Y =5 ‘431/ L2725
:?1 ;// 4/’// X 1% r,'/'j' -

224224 YA Li2i4iz. e

Number of congruent Number of Parts Measure of Shaded
Parts Shaded Region
A 3 2 s
B (4) (3 @
c ) &, (£)
D (8 , (@) F o )
E (8) © b P
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g. Draw simple figures to show segments or regions whose

measures are the numbers: %—, %, %—, ] % (JAM-—MW/W&#)

10. a. What 1s the 2 called in these fractions:

2 2 2 2
T3 I 35 7 (numerdder)

b. What are the 3, 9, 11, and 25 called in the
fractions? (’ﬂbna”u“az7g)

11. Complete the sentences below, using the Figures of
Exercise 8.
a. The denominator of the fraction % shows that
Figure B 1in Exercise 8 has been separated into

(4) congruent parts.

b. The numerator of the fraction g shows that Figure E
has QC) parts shaded.

c. The denomlnator of the fraction % shows that
Figure A has been separated into §3) congruent
parts.

d. The denominator of the fraction g shows that
Figure D has been separated into 53) congruent

parts.

Use rational numbers to answer these questions.

12. What part of a week 1s:

a. 1 Aday (1%) c. 5 days (%U
b. 3 days ({%) d. 7 days (%:rtl)
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13. what part of one year is:

a. 9 months (7% ot % c. 6 months (75 ov-L)
b. 4 months (75 ot %) d. 10 months (4 ot F)

14, what part of an hour is:

a. 45 minutes (%5 ot 3) ¢. 15 minutes (45 o* %)
b. 30 minutes (25 ot =) d. 10 minutes ( %5 D,

15. what part of a pound is:

a. 4  ounces (,i'(; ot T’-) c. 12 ounces (%v‘t/%)
b. 8 ounces & ort) d. 15 ounces (72)

16. What part of a yard is:

a. 1 foot (§) c. 3 feet (Zovl)
b. 2 feet (3) d. 4 feet (For /P

17. what part of a foot 1is:

a. 9 dinches (rEov2) c. 4 inches (£ o 4)
b. 8 inches (o< %) d. 12 inches ({Z ot 1)

18. What part of a day is:

a. 6 hours (%5 ot %) c. 8 hours (& ot¥)
b. 60 minutes (i, ot 35) d. 12 hours (4 ov4)

19. what part of a mile is:

a. 2,640 feet (%‘%’n -9':) c. 1,320 feet ri—-‘::’;’ ot ’)

b. 660 fee’c(‘—fﬁo ot ‘i‘r’) d. 330 Ffeet %0“7’7)
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DIFFERENT NAMES FOR A NUMBER (RATIONAL NUMBER)

Objectives: To review the idea that the same rational number
can be named by differegt fractions, decimals, and
3 1 1
mixed forms (e.g. 5 T 1%3 1.5, 1.50, 1z,

etc. are all numerals for the same rational number.)

To provide further practice in determlining other
names for a number when one or more names are
already known.

Materials: Figures 1-6 page 103; dittoed copies, one for each
pupil, are useful; each figure 1-6 represents a
unlt square region separated into smaller regions;
number lines A, B, C, D, I, and J on page 86.

Suggested Teachlng Procedure :

Different fractlons for the same number.

The measure of the region represented by each of the six
is 1. (See figures below) What is the measure of each of the
shaded reglons? (The shaded region of Figure 1 is 1 )

1 3 3 2%
Wrlte these fractions on the chalkboard. (5, T & B I

%)

you tell? What do you notice about the shaded regions of all of

Ask 1f six unit square regions are all congruent. How can

them? (They are congruent.) Do they have the same measure?
(Yes) To show in writing that these measures are the same, we

2 3 4 6
=1r=6= =ﬁ=-1%

write:

noj=
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Fig. 1 Fig. 2
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}

e = ——— = ———
H

Fig. 4

Are there other fractions which name this same number?
(Yes) List some. (-1%-; IzI; etc.) How many could you list?
(More than you can count.)

(Examine Fig. 1-6 again.) Which of them shows with dotted
lines a region which is %F of the unit square region® (Fig. 2,
4, and 5). What is the measure of these as shown by the dotted
lines of the paper? (%;-; g-; :—L%).

what is true about these fractions which you have used to
name measures? (They name the same rational number.) Are there
other ways of naming this number? (Yes. {%; %%; %1'%8)' How
many fractions belong to this set? (More than you can count. )

Write other names for each of these numbers. I will begin

the sets of names for you.

set A= (3 & )
Set B = [i%, %: )
Set C = [g-, %, }
Set D = g, %—g, }
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How did you decide what other fractions to write in Set A®
(I looked at E of Figure 2 and folded it into smaller regions.
Since each of the ﬁ' regions was separated into 8’ then % = g.

This can be separated again...... )

Do you know another way to find a fraction that names a
same rational number without using pictures? Examine the sets
we have written on the chalkboard.

Let children mark models as needed to show
other names to be included in Set A, Set B, etc.

Set A = {%; g; 155 %%; %%; cess %%9; -

Set B = (%; %; gﬁ %%s cees %g; cens %%; .
Set C = {gg %%% % 3 §§5 %%; cees %%gg; cel)
Set D = [g; T%ﬁ cees %g, - Sgg, vl

Question the children about the reiation
of fractions in each of the sets. Help to
generalize thelr observations as suggested below.

If you knew only the fraction %g in Set C and could not

fold paper or make pictures, how could you find other names for
the number 122 (We could multiply both 10 and 16 by the
same number.) Could this same plan be used for fractions from
the other sets? (Yes) We could multiply the numerator and

denominator of a fraction by the same number. Letts try this.

Teacher and chlldren should follow a similar
procedure until the children generalize from
experience that the numerator and denominator of
a fraction may be multiplied by the same number
to find a fraction which names the same number.
Then ask 1f any whole number can be used. Point
out that the numerator and denominator are never
multiplied by zero. Prepare number lines A-D
on Page 86. Teachers should also construct a
number line similar to the one below to show that
different fractions name the same rational num-
ber.
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DIFFERENT NAMES FOR A NUMBER

Reglons are measured in terms of a unit square region., We
may decide what unit square region we wish to use,

Let us use the unit square region shown in Figure 1. (We
may sometimes call 1t a unit square instead of a unit square

region. You must remember, however, we mean unit square region.)

A AP ="
L |
.
o |
7 7, 7, 7,

V7,257 70 s 7V, %, 777,77, AT A AN
N i
INIA AL Lo 22477 WA

Flgure 2 Figure 3 Figure U4

The shaded region of Figure 1 has the measure 1. The
shaded region of Figure 2 has the measure 2 because it can
be exactly covered by 2 wunlt squares. The shaded region of
Figure 3 has the measure % because it is one of the two
congruent parts of a unit square.

A region may have the measure 1 and not have the same
shape as the unit square of Figure 1. The shaded region of
Figure U4 has measure 1. The unit square is sketched in with
dotted llnes to help you compare the shaded area with a unit

square.
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[ T ]
T 71|/— /"L'/’Vl
7,77, 777777 N 7777 TN
A 4 70004 FARAAAAL
i s Wity
A B C

The unit square regions above are all the same size and
shape. The measure of each 1s one.

Each reglon is separated into smaller congruent regilons.
One-half of Region A 1is shaded. Two-fourths of Region B
is shaded. Three-sixths of Region C 1s shaded. The three
shaded regions are the same size and shape. Thelr measures are
equal.

The fractions %5 %, and % are all names for the same
rational number.

There are many other names for %. They may be found by
drawing dlagrams like A, B, and C. They may also be found by
multiplying the numerator and denominator of the fraction by

the same number.

A number has more names than you can count. Some other names

for one-half are:

1_2_3_ 4% 5 6 L - 100
2= F=5=8B=I0°-12°1F° - 200
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Exercise Set 2

1. The shaded regions in A, B, and C suggest other names for
1
2
A B C
2. The number line below suggests different names for rational
numbers -g, %—, %, and %
0 1
-—P— @ . o>
0 1 2 3
3 3 3 3
0 1 2 3 4 5 6
[} [3) () () B [3) [}
0 1 2 132 4 5 6 7 8 9 10 1 12
7 Iz 12 2 T2 12 12 T2 12 T2 T2 IZ

Write the names suggested on the number line for %- ({;,%
Write three other names for %—
On the number line above, other names for 1 are
suggested. Write these names, and three others.
3,63, & 5,4

There is no other name for Tlg shown on the number
line. Write one other name you know for' i}f (;a.‘;.)

If the number line were extended to the point g—, what

other names would you write for g— ? (—f—, %)
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3. Draw simple figures to show

4, Write the fractions which rename 1 as suggested by the

1 _2, 1 _ 2, _ b, 2
T=% F=% T=% 1=>5

shaded regions in the figures below.

&?) €3 £)
2 + [
A KA LA,
Lo o050,
.7 /A//,/, AL
V71747 %7,17 27/
Ve 2reMe 27\ 7Y,
Ly LA TR
AR,
SN 702772
LA N7
ARV YA
I IV IIIY. V777

A B C D
5.

9 e L —a 2 — . . 3.
0 1 2 3
T 1 1 T
0 1 2 3 y 5 6
z z 2 2 z z z
0 1 2 3 4 5 6 T 8 9 10 11 12
T T I T T I T T T r T T T
0l 23 4567 891011 121314151617 1819 2021 223 24
8888 B 888 88088 68 B8 B8 B8 B8BTS B

a. Write 3 other names for 1%. ("‘;3., -ac:) ’/s%)
4+ 2
b. Write 2 other names for -186-. (%, + %)
C. Wrlite four names for the number matching the point
halfway between 2 and 3. ({ %O', ggg/ —7%/ 2%)
d. If the number line were extended to the point matching

4, write the set of fractions with denominator 4 that

you would write below the number line.(% %} L;:, 1;.&
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e. If you wrote % on the number line in the row of

fourths, between which two fractlons would 1t be placed? E
(%, %)
f. If you wrote a fraction for a number halfway between

g and §, what would 1t be? (42

Below are sets of names for numbers.

2 3 3 2 20 11
Set A = [ﬁ: T B T T: 10’ -% ﬁ}
13 3 2 3 4 11 4
Set B = [gg, 7B 9 ior 310 1> '%']
a. What fractions in Set A are other names for ?

(2}, 4, 0, /0)
b. What fractions in Set B are other names for
13 2 3 &+ 5

—

3,/ 6, q} Iﬂ-//{

Wi

Which of the following rational numbers are the same as

whole numbers?
12 1 3 71 0 1
T, 'g: §, '%: %: g, 5‘[
(%:6)/ (% -:.r)l (—;—:3)

Write the names of whole numbers between % and %.ﬂ,1>%4)

Replace n with a numeral to make the statements below true.
a. % = % (4 £. %% = % (7)
b. F=§ (2 g. 3=2 @
e. 2-180y . 1=2 ()
d.  F=& (2) 1. £-3 (20
e §-7 . F-3@
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10. Which number is gréater?

e g or 3 (3) a For 2 @)
o For 5@ e #® oo i ()
c. -)f-:- or %— (% f. g- or % (,:/)
11. Mark each statement true or false.
(T a z=1 (M e 3-3% i B-&
(Ao %=3% £ E-5 M. Loy
(M e. %=%—§- ™) e- %=£% () k. %:%
(P a %=z (Mh. &-5 (A 1. 12-18
12. Complete, using ">", "<", or "=" 1in each blank.

(Recall that ">" means "iS greater than" and '"<" means

"is less than.")

a. %-_(_?)__'}I €. 73I () 'l%'

b. %__(é_)_% £, o5 _ ) ?—8

c. Q_I_ZL_%- 8. 3%‘_1:"1_;59

a. 13 (=) e §5_1Q9 3

13. Write fractions that make true statements.

N S B N e N N>
123 -6-@ -3 -6 - F
B @ (3

dlb ) L) 6D ). Y
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14, Which of the following fractlons are other names for %— ?
6 6 8 10 9 ,. ¢
'8‘: §: T?: i%" 2‘: TS" 15 ( 7' 75 Tlg)

)

15. Which of the following fractions are not names for

ioho
]

2 3 24 2 6 18
R - R e

/

16. Arrange in order from least to greatest.

1 1 10 11 £ 7 1 10
5 5 b B % 465759

17. Name the greater number of each pair. See also 12a, 12b.
6 s 1 32 2
a. g- or =¥ -5') d. 'Z' or (:3?)
2 8 /3 8 11 1
b. 8' or ? (i) e, 3- or -4— (..;
l 1 ] ll ]
c. 7§ or Tg (T) f. % or T T’i)
18 3 mav be th 1 1 1 " Lyan
. 5 y be ought of as §+§+§ or as "three 5-5 or
as % + % or as %
ll-Jé- may be thought of as 4 + % or 9 X % or as
1 1 1 1 1 1 1 1 1
PRS- S-S - S S B B
3.7 may be thought of as 3 + 0.7 or as 2.3 + 1.4,
Write three other names for each of these numbers:
a. % b. § c. 2.5
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FRACTIONS AND MIXED FORMS

Objective:

Vocabulary:

To review the idea that a rational number may be
named by a mixed form as well as by a fraction;
that is, 2% and % both name the same number.
(We 'call 2% a mixed form and we call g a
fraction.)

Mixed form, simplest form, simplest mixed form

Suggested Teaching Procedure :

(a)

Using physical models.
This is a review topic. You will find the

number line or circular regions on the flannel
board quite helpful. For example, locate point

on number line that 1s assoclated with g. Also
see that using unit segments, of 1, that you
can also name this 4%.

You may wish to consider the segment of the
number line between 1 and 2. Note how you
can use fractions and then mixed forms.

If circular regions are used, then show for

example how % can be arranged to form two unit
regions and a % unilt.
(b) Using numerals.

Name rational numbers by fractlions. Plan
sequence of experlences so that pupils can
observe that all rational numbers greater than
one can be named using a numeral for a whole
number and a fraction. (This is what we call
a mixed form. You probably know 1t better by a
mixed number. )

Fractdon to Mixed Form.
en, show what computation procedures may
be used to go from a fraction name to a mixed

form name.
2
e.g. %? =<%r + %

Show that we name the 15 as a sum of the
largest multiple of 4, equal to or less than
15, plus that which is "left over."
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Mixed Form to Fraction.

Show what computation procedures may be
used to go from a mixed form name to a fraction
name:

3 _2x4% 3 _8+3 11
e.g. 2n'=m+-lr=—zr—=_a_

It is often necessary or desirable to rename
a number named by a fractlon b’ a ggeater
than b, in mixed form. For example, 5= 16
or 13- The numeral 13- 1s called the simplest
mixed form for thils number,

The development of a method for renaming a
number in mixed form is based on the mathematical
sentence used for recording the result of divi-
sion of whole numbers presented in Grade 5,
Chapter 3. When 257 1is divided by 5, the
quotient 1s 51 and the remainder i1s 2. So
257 = (5 x 51) + 2. If your students have
learned to divide and check by traditional
methods and are not familliar with this way of
recording the relation, they can be introduced
to it by recalling the method they have learned.

1
5)737 Check: 51
2, 258

The division 1is correct if 257 = (5 x 51) + 2.
This type of mathematical sentence 1is
described by the form 257 = (5 X n) + r. Since
the remalnder should be less than the divisor,

it 1s required that r be less than 5.

114




P40

*RACTIONS AND MIXED FORMS
It is easy to see that 2% and % are names for the same

number. % is a fraction name and 2% is a mixed form for this

humber.
2l -2 +'l % _ 8 4 1
T= T =TT
2 x 4 1
=Ixo5*tT =%
8 1
=T+7F
1
5= %
Suppose you have less famillar numbers.
5 18
185y =T+ 1
_18 x13 5
=T x 13 13
_ 234 +
=13 71
5 _ 23
18% - 3¢

Consider the number l§£. How can it be written in mixed

form? You know that §»= 1.

%ﬂ=8+166 ;g}_=16+1§8

or
8 166 16 158
-§ g * 0
166 158
= 1=g= | -2+ 3g

Az

Recall that a fraction is in simplest form when the numerator

and denominator have no common factor, except 1. In the simplest
mixed form for a rational number, the fraction is in simplest

form and names a number less than 1. Is either mixed form
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above in simplest mixed form? To find the simplest mixed form
for l%i write the numerator, 174, in the form (8 x n) + r,
with r 1less than 8. what operation do you use to find n

and r ?
174 = (8 x n) + r
174:(8)(21)-{6
%&_(8x21)+6
- 8
_8x21 6
=—8 '8

%5 21+g=2lg=21%-

Exercise Set 3

Write names for these numbers in the form shown. In Exercise 12,

be sure r < 6.

1. 38 = (6xn) + r("‘=¢,/“”z,) . 69 = (14 x n) 4 r(n:4,r13)
2. 55 = (3 x n) + r(n=12,r=1) 5. 124 = (25 x n) + r(n:4,r-29)
3. 72 = (12 x n) + r(n:6, r0) 6. 34%7 = (18 x n) 4 r(n=1q,r:5)

Name these numbers in simplest mixed form. Show your work as

in the examples above Exercise Set 3.

. R 5. 5 (+%) u. 3245

8. Z(op) 0. F(e%) 12, (et
Find fraction names for these numbers.

3. (%) 5. 12(9) . s} (2)
14, 93(185) 16. 23%(-2{"—@ 18, 29,57(—2—3—5)
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ADDITION AND SUBTRACTION OF RATIONAL NUMBERS

Objective: To review addition and subtraction of rational num-
bers using fractions, decimals and mixed forms.

Materials: Have Fig. 7 through 12 page 85 available for use.

Vocabulary: Prime factorization, greatest common factor.

Suggested Teaching Procedure:

(2) Describing the union of regions by addition.

Look at these figures which are separated into congruent
parts. What part of each figure is shaded? (% of each is
shaded.) Some of the parts which show % have been separated
into smaller parts,

Have children describe the shaded part

? = % + g, the shaded part of

Figure 9 as % = % + f%, ete.

of Figure 8 as
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(b) Adding rational numbers. ,
We can use these figures to find the sum of two rational
numbers. Find these sums:

(a) 12;+-Ilr=n (c) 1—12-+T%-=n
(b) T36+T35=n (d) %+%=n

(Figure 7 shows that -12;+ %_- = % Figure 10 shows that

-1% + -1% = T86 Figure 11 shows that -1!'5 + -122- = l%' = %- Figure
12 shows that -16'+%=%= %.)

Did you need these figures to find the sum of these numbers?
(No. They were named by fractions with the same denominators. )
what procedure do you use to add two numbers with the same
denominator? (To find the numerator of the fraction name of the
sum add the numerators of the fractions. The denominator of the
fraction name of the sum is the denominator of the fractions.)

Some numbers which we wish to add are not named by fractions
with the same denominator. Look at these.

The numbers in the exercises below are those
whose sums can be read from the figures. If
children recognize that T86 =12I or % they

should not be discouraged by the teacher. At
the same time the teacher may point out that
these numbers are being used to find a method
for the addition of any rational numbers.

(e) %—+-1—86=n (£) -ﬁ-+%=n (g) %+-}r=n

After expressing this sum of two numbers,
children may find it easier to use vertical form
to compute sum,
To add two numbers named by fractions with different denomi-
nators, you can first name them by fractions with the same
denominator. How can you rename %1- and 15 in Exercise (e)

so they have the same denominator? (Rename %- as Tug-) what
is the sum? (1%- + I% = %%)

Repeat questions for Exercise (f) and “

().

118



The renaming and addition 1s sometimes written like this:

() *-r (£) 3-7 ) 2=2
8 8 3_ 6 1 1

16 = 16 [ Y T= 7

12 3

1% ] 7

Write only what you need. Some of you may not even need
to write f%. You may Just think 1t.

In Exercise (e) and (f) the sums should be expressed in
simpler form. Give the simpler names. (—5 E’ f% = %)

Figures 9, 12, and 7. The children may need
further review.

These sums may also be found by use of H

(c) Subtracting rational numbers.

Looking at Figures 7 through 12 again, can you find the
unknown addend in these subtraction examples:

(h) %—:%—+n (1) %=%+n (J) % 1%+n
(From Fig. 7, % - % = %. From Fig. 8, % % g From

S 1 _ y
Fig. 11, 15 5 = Tg)°
‘ Do you need to use the figures to find the unknown addend

of these numbers? (No. It 1is easy to subtract them because the
fractions have the same denominator. We subtract the numerators.)
What 1s the denominator of the fraction name of the unknown num-
bers which are subtracted.)

How are these numbers subtracted?

(k) g = % +n (1) % = g + n (m) % = % +n

(They can be renamed so the fractions have the same denominator.)

How will you rename % and % to subtract them? (Rename %

as %- Then g - % = %).
How will you subtract in Exercise (1)? (Rename % as g.

o)

01
omm
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How will you subtract in Exercise (m)? (Rename % as f%
and + as == —%-- CI. J% )

3 2 12-12°12

The form of recording your renaming and the subtraction is
sometimes written like this:

£ =8 @ F-§ m i-5
i-F 8-% t-%
8 B %

(d) Summary.

The children may need further review.

Have the children summarize the method of
addlng and subtracting rational numbers:

(a) to add rational numbers name them by
fractions that have the same denominator; add
the numerators to find the numerator of the
fractlion name of the sum; the denominator of the
sum 1s the denomlnator of the fractions for the
numbers added.

(b) to subtract rational numbers name them
by fractions of the same denominator; subtract
the numerators to find the numerator of the
fractlon name of the unknown addend; the denomi-
nator of the unknown addend is the denominator
of the fractions for the numbers subtracted.

The review includes the addition and sub-
traction of numbers written in mixed form,

1 1 1 1
e.g., U5+ 2% and b5 - 27. It may be neces-

sary to use class time for review of these
processes,
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ADDING AND SUBTRACTING RATIONAL NUMBERS

Recall that 1t 1s easy to add or subtract two rational

numbers 1f they are named by fractions with the same denominator.

2
5+
y
kI

15 - § - 252

2+1 3
-5 7%
b .2 2
=T33

11 -5_6_3

To add or subtract rational numbers named by fractions with the

same denominator, we add or subtract the numerators to find the

numerator of the result.

The denominator of the result is the

same as the denominator of the two original fractions.

If the denominators of the two fraction names are not the

same, one or both rational numbers are renamed so the fractions

have the same denominator.

Add:
2 10
I=I15
s-f5
-1t
Subtract
5-8
1 i
2°8
1
8
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Exercise Set 4

D7
Ll

A B c D E

Figure A pictures the addition fact %+ 5 = 5 = 1.
What addition facts are suggested by the shaded and

unshaded reglons of Filgures B? C? D? and E?

(6-5+3:3=) C-2+4-3) (-0 (-5 5820

Figure B also shows that 1 - % = % and 1 - T= %.

What subtraction facts are suggested by the shaded and

unshaded regions of Figure A? Flgure C? Figure D?
rigure B2 (A- 1-3-8) (C- 1-2:4) (0-1-4:%)
(e-1-2:%)
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T
L

Choose one of the rectangular regions A, B, C, or D to

find the sums of the numbers in the chart below,

Nunbers Rectangular Region Used Sum
a. | 3 ana § B .
b | § o g (8) (%)
oo | B we 3 () @)
G | B3 (o) (3)
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Recall what 1is meant by the "prime factorization" of a

counting number. Complete:

Fraction| zation of |  zation ot | Common |  Form .
Denominator Numerator Factor

a. g 2x2x2 2x3 2 3

b %5 | 2 x5 (ex2x2) | (D [(%)

.| & | (2x2x3) (3x3) (3) 3

a.| § | (2x2x2) (2x1) @) | (3

el & | (2x2x3d | (2x2x2) | () | (2

r.l I | (2x2x2x2) | (2x7) (2 | ()

o ¥ | (2.3 |(x3x3) | (@ | @

n 2 (2x 3) (3x3) (3) |(3~2)

.l % (3x3) (2x3) (3 | (%)

sl F | (3x3x3) | (3x3x3x2) | (27) | (2)

Rename each pair of numbers below so the fractions have

the same denominator.

possible.

1
a. §

2(3 4 2

and <§(g)53 c. T
1

2

b. g and %(%)%a d.

ana  3(&,2

124
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57
and {%Co)lgf.

Use the smallest denomlnator

3 45 16
T d 20’20,
2 30 9
3 and S«S’EQ
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Express in simplest form:

SR SR
B0 - BE o 3@

c. l?(li) e T (1) 1. %}(l‘%)

Find the sum of each pair of numbers and express it in its

simplest form:

a. § oana 2(15) . ¢ a2 (i
b, & ana 2 (1) . 2 ana 6(7%)
c. 2k and 3 (5%) h. 75 and 2%(\0%)
a. 1% ana 3d (433 1. % aa (1%

.

e. 125 ana £ (16%% L ana 5%(\0—‘6-

Find n. Express n in its simplest form.

e n-3-32) e n-1f-3E) » n=9§.(53;i.)
S B CRNRRIE S O P

gl
c. n=:1l-%-(6% g. n=13§-11(2’58-‘33- n.—_-9-_io

p
'.—l
o
~
ol
\\J‘)
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8. Find the numbers n, p, w, and 80 on. Express the numbers
in simplest form.

a.

b.

C.

%+1-11r-n<h=2%> 3-1§+§=m(m=3>
%+%-1=D(P=O) f. 9§+I%-%=x(4-=q;:}
Jedobow(onf) o egheoshoade sl

2-g-+%-=s(s:|7"—) h. U5k - 193 - 264 = 2(2:0)

®
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USING PARENTHESES

Objective:

Vocabulary:

To learn how parentheses are useful in helping us
write what we mean.

Parentheses.

Suggested Teaching Procedure:

the use of parentheses, these pages are for use
if needed at this time. Or, you may wish to
use them to re-emphasize the use of parentheses.

several mathematical sentences on the chalkboard,
such as,

and ask pupils to find n for each sentence,
(Hope you have different answers. )

and ask that they find n for each sentence.
(Now, hope there is agreement.)

the name of a number using addition, subtraction,
multiplication, division, etc. That is (3 + 2)
for 5, (8 x2) for 16, etc.

exploration in pupil text before pupils do the
Exercise Set 5,

Although your puplls may be famillar with !

This lesson can be motivated by writing

2 x4 4+ 3 =n

8 -5 4+ 1 n, ete,

Then write again,

(2 x4)+3=n

8 - (5+1)

n, etec.

Then ask what made the difference?
Emphasize the use of parentheses expressing

Summarize this discussion by using the
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USING PARENTHESES
Very early in your study of mathematics you learned that
a number can have many names. 7 + 1, 2 x 4, 14 - 6, and
16 + 2 are all other names for 8.
Did you realize, however, that all of the different names
for a number must be names for Jjust that one number?
For what number is 6 + 3 x 4 another name? 1Is the
number 36 or 18 °
To remove any doubt about what one number 6+ 3 x U
names, very helpful symbols called parentheses are used.
Notice that (6 + 3) x 4 and 6 + (3 x 4) represent two
different numbers.
(6 + 3) x &
6+ (3 x 4)
The use of parentheses 1s very helpful in writing correctly

9 x 4 = 36

6 + 12 = 18

the mathematical sentences for story problems.

Exerclise Set 5

1. Which of the followlng pailrs of numerals name the same
number? 61)
a. (3+2)+5 and 3 + (2 + 5)
b. (16 +8) +2 and 16 * (8 * 2)
c. (15 ~3) -2 and 15 - (3 - 2)
4. 2 x (4 +5) and (2 x 4) +5

3 1 1 3 1 1
e. F-(3+3%) and (F-3)+7
2. Place parentheses in the following so that

a. 2x@-+@=8 c. @)(@-1=]]
b. 2 +(4 x 3)= 14 d. (2-1)x2=22
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write in numerals, using parentheses,
2 3 1 312
a. Subtract the sum of 2=, i and 35 from 10.(J23%

b. Divide the product of 32 and 67 by 16. (134)
c. Add 5x 8 to the product of 4 and 7. (63%)
4. Divide 2750 by 5 and multiply the result by 3.(1650)

Exercise Set 6

Read each problem carefully. Then write the relationships in

the problem as a mathematical sentence. Solve, and wrlte the

answer in a complete sentence.

1.

\n

Sue and Tom are twins. Sue is 46% inches tall. Tom is

48% inches tall. How much taller is Tom than Sue?
(4-6%-”1:48% Towm s \%’ inches +a“er.)
Mary walks % of a mile to school. Jane walks % of a

mile to school. How much farther does Mary walk than
| .
Jane?@‘-t%:n Marg walks 5 mile far"'l'\er)

In Mrs. Hardgrovet!s class %- of the class goes home for

lunch and % of the class eats in the cafeteria. The
other boys and girls eat bag lunches in the room. What

paft of the class eats in the room?

(-5' +:_|5—+P = l —E— of the C(ass ea+s n H’\C \v‘oom>
Halet!s record shop had a "%~ off the original price"
sale. what part of the original price did each record

‘ R
cost? (%_T:S Recovrds cost % the O\'IS'\ﬂa’ pr"cay

Peggy made a two piece playsult for herself. The pattern
requlred % yards material for the blouse and l% yards

for the skirt. How much material was required for the

playsuit? (2%"' ‘—é cw  The P/aysuﬂz FE’.%UH;CCX Z"‘F jd)
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10.

11.

12.

For lunch, Ted ate % of a peanut butter sandwich and %

of a jam sandwich. How many sandwiches did Ted eat for
1unch?(%+—é-= n chl a‘te_ ll_,f- SaHJw:c,”lcs For ,U"'Cl\)

%1- of the student body of Oaks Junior High School attended

Ward Elementary School. g- of the student body attended
Morgan Elementary School. What part of the student body

attended elementary schools other than those mentioned?

| - ‘; +-§—).— s —é— of “he s+uc‘cn'\' 50&‘{ athended other sc‘\nls)
Mrs. Green used Ilr of a dozen eggs in a cake and % of

a dozen eggs in a salad dressing. What part of a dozen

eggs did she have left? 7 |e;4?>
E"("'T"\C% Y Mys. Green \'\5’A ic dozen €393
Bob had a plece of balsa wood one foot long. He cut off

two pleces % and 31; foot long for the model he was

making. How many inches long was the plece he had left?
((- (%*%’)" w Bob had a piece € vVaches \Ohi \e'?‘{’.)

Janet filled %T of her stamp book with. American stamps and

%— of the book wilth stamps from other countries. What part

of the book was not fillled? .
<l—(7l}_+§_>= v I_‘Z_ OF ‘{He book was ho‘l -Cn“<<§>

If you attend school G months of the year, what part of

the year are you not in school?

(""?7_" n You are net i'n SQ/wo/ i of the \yeal’.)

Alice weighed 693 pounds at the end of June and 71%
pounds at the end of July. She galned % pound in August.

How much dild Alice gain in July and August together?
2 ! I : :
<7I3— 697 +5 - P Rlice Salnca} 27% Poundsl)
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DECIMAL NAMES FOR RATIONAL NUMBERS

Objectives:

Materials:

Vocabulary:

To recall the decimal system of notation, including
its application in naming rational numbers.

‘To name measures of regions which are parts of unit

square regions, using decimals.

To find fractions and decimals which are names for
the same rational number.

Pocket chart and cards for place value, Page 38
cards M-W, Pages 83-84; number line J, Page 86.

Decimal, place value, digit, the fraction form.

Suggested Teaching Procedure:

R,

value system of notation.

to indicate by decimals the measures of the
shaded regions, Use Card P, and suggest that
the shaded squares can be rearranged to fill one
column Stenth), with five more squares (hun-
dredths

decimal 0.15 = 0.1 + 0.05. Continue with Cards

named by decimal numerals, 0.5, 1.2, and so on.
You may wish to draw on the board a number line
with a scale of tenths labeled with decimals.
Then consider placing a point to be labeled
0.01, and label the tenths scale in hundredths,
0.10, 0,20, etec. Then locate points for

0.52, 1.38, and the 1like.

pupils in ordering rational numbers named by
decimals. Locating points for pairs of numbers,
0.5 and 0.14%, for example, helps them to de-
cide which of the two is the greater number.
familliar--the fraction form of a decimal.

and many fraction names; for example, the num-

If necessary, review the decimal place-

Use Cards M, N, and 0, and ask the pupils

. Relate this new arrangement to the

T, U, and V.
Number line J can be used to locate polnts

The number line can be of assistance to the

Note the use of a term which may not be

A rational number has many decimal names

25 _5 _1_ 50 _ -
Zzi 0.25 = 100 =36 =% = 300 = 0.250 = 0.2500,
The purpose of this lesson is to develop an
easy way to find one special fractlion name for a
number named by a decimal. This is done by
observing that the digits in the decimal indicate
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the numerator of a fraction whose denominator is
indicated by the place value of the last digit
on the right. Consider the decimal 1.52. The
digits are 152, so the numerator of the frac-
tion 18 152. The last digit, 2, is in hun-
dredths place, so the denominator is 100. Thus
152 152 152

1.52 = 122, 15.2 = 88, 150, - 122,
152
0.152 = 1600°

In each case we have found a fractlon name
for the number named by the decimal, but we
cannot say we have found the fraction name,
since each number has many others. For example,

_ 152 _ 76 _ k56
1.52 = 1% = &5 = 355
We call the fraction whose denominator is

indicated by the place value of the last digit
in the decimal the fractlion form of the decimal.
So the fraction form of the decimal 1.52 1is

i52
100"

b
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DECIMAL NAMES FOR RATIONAL NUMBERS

As you know, any rational number has many fraction names.
Certain numbers can also have decimal names. This 1s true
provided the denominator of the fraction name 1s 10, or 100,
or 1,000.

Do you recall the meaning of numerals like 23.64% 2 Think

of the place value system of numeration.

n &
0 o P
T 0 L T
£ g o
g o n O o
0 & S L o®
S g9 o n P Y3
2552552
ﬁ & O & T é

2 3.6 4

23.64 means 2 tens + 3 ones + 6 tenths + 4 hundredths or
23.64 = (2 x 10) + (3 x 1) + (166) + (1%6)

Look at the last two terms,
60 4

A
* 300 - 10
0

olor
(-

64
16

So you read 23.64 as "twenty-three and sixty-four hundredths".
You can write it 23f%%.

Since 23{%% =23 + f%%
. 2300 64
= 7100 100
_ 2364
- 166!
03.64 - 2364

100
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Do you see that you can find a fraction name for 23.64 1in

the following way?
The digits

2364 1indicate the numerator.

The place value of the last digit in the decimal 23.64

indicates the denominator.

We shall call the fraction found in this way the fraction form

of the decimal.

Now consider the decimal 4.206.

What 1s the numerator of

06)
1ts fraction fo::-m')(~ What 1s the place value of the diglt 6 2
(1000) (f-houscndf'/\s

What 1s the denominator of 1ts fraction form=»

fraction form for 4.206 written?

4

OOO)

Exercise Set 7

How is the

Which of the following decimals have fraction forms with

the same numerator?(qd)g amd § 3 b)?laMAi_‘

a.
b.
c.
a.

e.

Which of the decimals in Exercise
forms with the same denominator? <a ¢, od £ ; b, e mméﬂ,
Are there any two of the numerals listed in Exercise

that are names for the same number® (h/o)

0.13
2.5
7.85
0.013
78.5

134

0.25
1.3
0.785
0.025
13

J

¢, h awd e)

1 all have fraction

Ma>
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4, wWrite fraction names:
32
a. 0.32 (,oo
b. 18.04 ('*0"
c. 0.075 (_7§_>

1000
d. 462.5° (%zs

e. 9.1 (%

5. Write decimal names:

. & (o)

b. Tl‘c% (0.48)
. 12 (1.32)

a. 255 (0.028)
e~ & (7%)

Exercise Set 8

Each of regions A, B, C, D, and E 1s a unit région.

N N
1 O O A
O el
o - [
0 1 N () N 1
I [ N ) I
I T 1
AT T T 11 [ 1) O T
T - 2 I . [
HFE O T [ 7 T I (T
A B C D E
1. a. write the fraction that represents the measure of

each shaded region. (A 10 B;o (B )(D ao)

b. write the decimal that represents the measure of
each shaded region.(A 0. 3)(5 o-TXC 0'5)<D °~9)(E 0'9)
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2. a.

2 . 10
10 ~
What addition sentences are suggested by A, B, C

B .3 . Lg_’ 5 S _ 10
wmad b (AHETE B R [AeAa ke

E suggests the addition sentence %% +

E suggests the subtraction sentence =% - — = =

What subtraction sentences are suggested by A, B, C,
_-—-Z. BLQ.._Z_-—Z— Z—Q—_"::i
and D ?(A7 10 0 /0 10 /0 4o 1O )

Use decimals to write the subtraction sentence

uggested by E. Suggested by A, B, C, and D.
gr0-0.8-02 A I1.0-0.3=Q07 B (.0-0.7-0.3
 1.0-0.5=0.5 D /10-0.9:0.1

G H

HH) L5 [

il

F, G, and H are unit regions.

a.

Write the fraction that represents the measure of each

shaded region. /oo> (C IOO> ( 1oq>

Write the decimal that represents the measure of each

shaded region. (F 0.Z7>(6' 0. 5?) <H O-37>

L, What addition sentences are suggested by F, G, and H ?

Write them a) using fractions and b) using decimals.

_——

1,73 _1oo S8, 4L 100 37 63 109 21+0.732 1.00; ©.58+0.47= 1.00; 0.37+0.6371. )

— T w— S

100 60 1002 100 Too '°°J:oo‘:oo oo A0

5. Write the subtraction sentences suggested by F, G, and H.

Write them a) using fractions and b) using decimals.

e 21,13, 108 58 (AL, 100 3183 ;5 0.27-0.13; 1.00- 0.500.42; 10 -0.37% 0,63
(00 (00 "106) 100 160 1e0 ) 100 TY /oo
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10.

Describe a region you would shade to show O.CC1 o ©ohsz

unlt square F. (&Farﬂle 3 Sma// SZuzrc /n'lld 10 ¢0n3rucn‘} r—csmns
and s/vacle one of ‘f’ACM)

Describe a reglon you would shade to show C.00. oI the

unit square G. (Fegléhs Similer to Those For *¢ . Shade

5 snceller rejm/ir s )

For each decimal, write the numerator of a fraction form.

a. o4 (9) a. o.1 (1) g. 7.25 (725)
b, 0.25(25) e. 0.37 (37)  n. 13.28(s32%)
c. o0.00 (i) r. 1.8 (19) 1. ko= (4250)

what 1s the denominator of the fraction form for each

decimal in Exercise 8 %/a /° e /00 L /000
4 100 £ o

¢ 1060 ?-/ 160
(/ 10 /‘ b0
Write as decimals: ‘

a. %%(0,45) d. 4%%(4.38) g. 15 (0.75)
b. ET% (2,7> 2. i%c—)(o,o 5) h. %%(/.457)
2o &loq) o @) 1 17395 (1. 050)
Write as fractions:

a. o.65<—%> d. o.3<T35> g. 0.10 (,—'093

b. 0.8 % e. 0.07(,—755> h. 7.87(Z%L

c. :..70(‘,—1-06 £, 1.1 %> 1. 0-1230—0%%

Find n 1in each sentence:
3 2 i 1 4 A
A. -4-+ 2%+ 35 = n<74> C. 2‘é-+ §+ 1l = n(l}lo
C 2.3 ik a(7H) 63 4 111 + X n(iel
33'+ 2-5; . J‘é-' ni iz d. + ll-;r+ 5 = n 'E?_O/'

arrange in order from least to greatest:

0.52, 0.056, 1.04, 0.09, 3.68, 0.1, 4 ¢
(0-056) 0.09, 0./, 0,52 , /.04, J.e¥%, 4.oo>
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14,

15.

16.

Find

a.

b.

2 o

n-13-75(63)
2-13=n (—,',_—) g-
%o ()
% 5 (%) -
n=7- ;- (6 ') 3.
t:

t = 0.9 - 0.71(0.:q>

t = 0.72 - 0.395(0.325) &.

t = 0.8 - 0.47(p,33)

t = 0.35 - 0.2 (0, Is) 1.
t = 27.53 - 8.9(19.63) J.

0.5 and 0.39(b.9?>
0.73 and 0.6(/.33)
15.01 and 1.9(i5.91)
1 and 0.1 (1.1)

138
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16.32 - 3.79 = t(;z,a’s)
1.2 -0.09 =t (1.11)
5.65 - 0.3 =t (5.35)
9.7 - 3.6T = ¢ (6.03)
15 -7.48 =t (7.52)

7.8 (Q.%>
9.072 (56.172)
4.3 (4.37)
0.201 (20.301)

2.16 and

47.1 and
0.07

20.1

and

and
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Exercise Set 9

Read the following carefully. Show the relationships in each
problem using a number-line diagram. Then answer the gquestion
asked in the problem.

1. Jack ran the 50 yard dash in 8.7 seconds. Brian ran
the distance in 11.0 seconds. Who won? By how many
seconds ? (”,o -9.7=n Jac[ won 57 2.3 seconc/s.)

2. During the first six months of a year, 14.8 1inches of
rain was recorded. During the next six months, 9.79

inches fell. How much rain fell during the year?
(/‘l.f’ +9.79=+ 24.59 inehes Felf f‘a/ }/cdk,)

3. The Empire State Building in New York City 1s 1250 feet
high. The Statue of Liberty in New York harbor is
305.5 feet high. How much higher 1s the Empire State
Building than the Statue of Liberty? (/z so0- 305.5 =v

y, The average annual rainfall of Loulsiana is 57.34 inches.

ﬂc Elq,?/rc Sta (] ﬁU//J/A./ /s P44 5 [ee 6/. Aer.)

The average annual rainfall for Nevada 1s 8.6 ches.

what is the difference between the annual rainfall averages

of these two states? (5'7' 34-9.6=m The o Fherence s

4L 714 /n}'_4es) o
5. The normal body temperature is 98.6 . Billt!s temperature

was 0.8° above normal. Wwhat was his temperature?
(??.6 «0.9=m Bils ﬁq}er;ﬁre wes 99,¢9

6. Jeffts garden 1s 30% feet long and 17% feet wide. How

many feet of wire will it take to put a fence arognd 1t?
(30% +30F + 174 ¢ 175 - q The fence will Fobe 96F £ of sire)
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10.

11.

12.

Below are the lengths of four Italian ships:

Leonardo da Vineci 761.2 ft. Leonerdo I Vines
CA—:.; 7‘2‘ 'foro ('o/u»léo

Augustus 680.4 ft. GU///:b Cesare
4U( US%US

Cristoforo Columbo 700.0 ft. J

Guillio Cesare 680.6 ft.

List the ships in order, from longest to shortest. Then

make up three problems about the lengths of the ships,
pro‘/c;ds 14-/1// /8’7

The highest average annual temperature for the world was
88°F. recorded in Africa. The highest average annual
temperature for the Unlted States was 77.6°F. recorded
in Florlida. What 1s the difference between these two

. . o
temperatures?(93-77. 622 The o Herence is 10.4°F.)
Pat rode his bicycle 195 miles one day and 15§ miles
the next day. How much farther did he ride his bicycle

] 2
the first day than the second?(lq? 155 = Fet vode
FH mites Forther The Firs# dayp.

3.2 1inches of railn fell on Monday, 3.0 inches on Tuesday,
and 2.4 1inches on Wednesday. How many inches of rain
fell on_the three days?(3'z +3.0+24= x 26 mehes of
rein /;// or //e.rc_ c/ay:-)
The British ship, Queen Ellzabeth, is 1031 feet long.
The Andes, another British ship, i1s 669.3 feet long.

How much longer is the Queen Elizabeth? (103|.0—66<I.3=r
The Queerr £/iza BeFh s 3617 FF /onfer,)

The equatorial dilameter of the world is 7,926.68 miles.
The polar diameter is 7,899.99 miles. How much greater

18 the equatorial diameter than the polar diameter?
(7926 68 -7 399.49=5s 7Ae egus torsz/ drometor is 2669

vy fes o/r/e#
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PRODUCTS OF ANY TWO RATIONAL NUMBERS (OVERVIEW)

overview of the Next Few Lessons.

Before suggesting teaching procedures for
the lesson of immediate concern, let us first
outline briefly our plan for developing an under-
standing of the multiplication of rational num-
bers. Three different kinds of physical models
are to be used in each of three related devel-
opmental lessons. These are models of
(1) rectangular regions, (2) line segments on the
number line, and (3) collections of groups of
objects. The developmental lessons will follow
that sequence. For example, we will see how we

can assocliate the product % X %,
(1) with rectangular regions:

L

o - oM P

[ | c

Ex 3= i% 18 assoclated with the
shaded region.
(2) with line segments on the number line:

2y 3
3 X%
- N -~
A 1 1c ID JB

% x ¥ = %- 1s associated with the

measure of line segment WAC.
(3) with a collection of objects:

IO
o}{o}{o}-

% x 8 = 6 is assoclated with the number
of unshaded rings. Also, consldering
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the set as a unit, % X % = g 1s

assoclated with the number of rings with
dots.

Assoclating a Product with a Rectangular
Region.

The first model used for developing the
multiplication of rational numbers is the rec-
tangular region. This choice 1s made in part
because of its similarity to the array which was
used to develop the concept of multiplication of
whole numbers. You will recall that the product
3 x 4 was represented by an array of 3 rows
and 4 columns.

I3 x4 =12,

In a rectangular region, the measures of whose
sides are whole numbers, we have for a 3 by 4
region this picture.

Separating the rectangular region into unit
square regions, we again have 3 x 4 = 12,
That is, the measure of the region is the pro-
duct of the measures of the sides.

We now assume that the same relation between
measures of sides and measure of a rectangular
region should be true when the measures of the
sides are rational numbers. Therefore, we begin
our study of multiplication of rational numbers
by examining a rectangular region contained in a
unit square region. .%

3
'y

The shaded region is a % by % region. Vhat

part of the unit square region is the shaded
region? We separate the unit square region by

drawing lines through the % division marks on
one side and the % division marks on the other,
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thus separating the unit square region into
4 x 2, or 8 congruent rectangular regions.

Each of these 1is é- of the unit square region.
The shaded region covers 3 X 1, or 3 of these,
so the shaded region 1is g- of the unit square
region, and the measure of the shaded region is
g. After investigating a number of similar

examples, we assoclate the measure of the region
with the product of the measures of the sides.
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RECTANGULAR REGIONS (REVIEW)

Objective: To review the properties of a rectangular region.

Vocabulary: Simple closed curve, rectangle, square, interior,
rectangular region, right angle.

Since understanding of the measure of a
region, and specifically, of a rectangular region
whose sldes have measures which are whole numbers,
is basic to the development of multiplication of
rational numbers described in the preceding
section, the purpose of this lesson is to assure
that the pupils have these baslc understandings.

First recall what is meant by (a) a simple
closed curve, (b) a simple closed curve which is
the union of 1ine segments, (c) a simple closed
curve which is the union of four line segments,
and finally, (d) a simple closed curve which is
the union of four line segments and which has
four right angles. Note that in the rectangle,
opposite sides are congruent. Some rectangles
have all four sides congruent, and are called

squares.
é% % <<:i::::;;7 [:::i::;7 [ ; c
¢ b c c
rectangies d d squares

A rectangular region 1s the union of the
rectangle and its lnterior.
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Recall that to measure a segment, we use a
unit segment. If we choose the unit segment
shown,

A B
| | -
unit
segment

Then the measure of segment AB (written
rAB) is 4, since AB is the union of 4 seg-
ments, each congruent_to the unit segment. Note
that the measure of AB 1is a number,

To measure a reglon, we use as a unit square
region. If the unlt square region shown below Is
chosen,

D E
| 1
I l
: B I N
unit T i
square | |
region J |
c F

then the measure of the rectangular region CDEF
is 6, since the regilon CDEF can be separated
into 6 square regions, each congruent to the
unit square region.

In dealing with rectangular regions, we
choose a unit square region whose side 1is a unit
segment.

unit segment

unit

square
region

When the sides of a rectangular region are
measured using the unit segment, and the regilon
is measured using the related unit square region,
we note that the product of the measures of the
sides 1s the measure of the region.

For example, if the sides are 3 1inches
and 5 1inches in length, the measure of the
region, in square inches, 1is 15.

Care should be taken to distinguish the
measure of the rectangular region, for which a
unit square region is used, and the perimeter of
the rectangle, which is the sum of the lengths
of the sides, and is therefore found by using a
unit segment.
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RECTANGULAR REGIONS: REVIEW

We are going to use rectangular regions to find a way to
multiply rational numbers. Do you remember all you learned
about rectangular regions?

Do you recall what a rectangle is? It is a simple closed
curve which 1s the union of 4 segments and has 4 right
angles,

PA\

Figures A, B, C, D, and E all represent simple closed

D E

curves,

Which figures are the union of four segments?(é,llamd’£i>

Which figures have four right angles? (0 and /f)

Figure D represent a rectangle. The union of the
rectangle and its interior is a rectangular region.

Rectangle D and the shaded part make up a rectangular

region.

Figure E also represents a rectangle. It is also a
8q e. Why" (4 /lﬂC Sejmc”#_{ are COH(7kl/£n%)
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Do you recall what kind of region is usually used to
measure a rectangular region? It 1s customary to use a square

reglon with sides 1 unit long.

|
Suppose Figure F 1s a rectangle, with sides 3 units

and 2 units 1n length. How do you find the measure of the
rectangular region? (?_ Xx3= 6)
3 3

4 4
T T

F F
By drawing lines, we can separate the rectangular region
into 6 congruent square regions, each having sides 1 unit
in length. These 6 square regions "cover" the rectangular
region, so the measure of region F 1is 6.
You see there are 2 rows of square regions, with 3 in

each row. Or there are 3 columns of square regions, with 2

in each column. So there are 2 x 3 or 3 x 2 square regions.

what 1s an easy way to find the measure of a rectangular

region when the measures of its sides are whole num}zi? 17
(Mo///ofv The measvre of ome sidle é/ Fhe measvre © Se o e»y)
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Exercise Set 10

1. a. Draw a rectangle 4 1n. by 3 in. (This means
4 in. long and 3 1in. wide.) (.See bottom o//aejc)
b. Shade its interior.
c. Draw lines to separate the rectangular region into
unit square regions.
d. Find the measure of the rectangular region. (IZ sz.in)
e. What is the name of each unit square region? (/sZ. in.)
2. Suppose the rectangles A, B, and C below have sides
with the measures shown. Find the measures of the

rectangular regions.

JCIRIN®) s ©2)

A B

3. Suppose the measure of a rectangular region is 2U,
what pairs of whole numbers could be the measures of 1its

sides? (5 X 4’)(5)( 8)(2 X |2)<? X Z‘l’)
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b, Rectangle D has sides whose measures are 7 and 3.

What is the measure of the rectangular region? (2|>

7 4 3

5. Figure E 1is the unlon of two rectangular regions. Find
their measures. Find the sum of their measures.(lz+1?:2l)
6. Do Exercises 4 and 5 show that

I x7=(3x4)+ (3x3) 2 (722)
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PRODUCTS AS MEASURES OF RECTANGULAR REGIONS

Objective: To develop an understanding of finding products of
rational numbers by using measures of rectangular
regions.

Materials: Cards D, G, H, J, K, and L, page 82

Suggested Teaching Procedure:

The pupils have reviewed the relation be-
tween the measures of the sides of a rectangle
and the measure of the rectangular region, when
the measures of the sides were counting numbers.
Now propose study of a rectangle the measures
of whose sides are ratlional numbers,

(a) Reglons less than a unit square.

You know how to find the measure of a rectangular region
when the sides have measures which are counting numbers. Now
suppose you have a rectangle whose sides have measures % and
%. We call this a % by % rectangle. To represent these
measures we must start with a unit segment. Let us show this
segment as the side of a unlt square region. (Sketch A on the

board).
unit segment

€
sl umit
€| SQUARE
o| rEGION -
[ ]
=
3
A ( 1$'STAGE) 8 (2 sTAGE) ¢ (34 STAGE)

Now let us show the %- by % region in the unit square region.

In B, the % by % rectangular region is shaded. What part
of the unit square region is shaded? To find out, draw lines
through the % and 3 division marks (C). We have now |
separated the unit square region into eight rectangular regions.
Each 1s congruent to the shaded region. What rational number
indicates what part of the unit square region is shaded? What

i1s the measure of the shaded region?
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Ewphasize that (§ by %) and § are both

associated with the same region.

Repeat this exploration using other pairs
.of rational numbers as measures of the sides of
rectangular regions. Here are some suggestions.

3 3 3
A AN 70777, 707727,
a5 A )7 20007
V27, 7/ 72000, VM 2N/
A A 2 x
) o V7 ’,/,/'35023 3 705005
/ /
%_ .1«1/4%1.4/ — 5 A 74 5’;’,} | T E£55 ,;// -
U, 04,7742.7, AL S
| l '“"“‘"4"“‘1‘ — — z/, 7% ;a
[ 1 L 11 | |

TN, YT 1
'/l’/:r'l‘f o 2003 1,’4 LA DY
0% 7,57 7737,% ’ AU IVA L
,j,”,' 7,237 'ij AL
/, L/
td
,/

Y, e
Lyrs) 7,827 477 /,a- +—|--
Z f,,’f, ;},,},,/

NI +
[4 t"&
%:;,, sels, —1-
4
/e

win
\“‘
AW
A ‘\\‘P\
39 N\
o\
NN
AN ‘Q[
\‘\\\\\\ O
\t\ 3
NN ‘:\ N
\tQ ‘i\si\\\\
SRR :‘i? N
mw
XXV
KRN

3
-+
X
-
_f.

i

=&

&

R

+

+

(b) Regions greater than a unit square.

Then suggest rectangular regions whose
sides have measures which are rational numbers
greater than one. However, name the measures
by fractions rather than by mixed forms.

For example, suppose we have a rectangular
reglon whose sides are g- and gu Again, start

with the unit square.

The diagram of this region will be 8lightly different from
others we have made. How shall we separate the unit square
region to make the diagram? (Separate one side into three con-
gruent parts and another side into two congruent parts.)
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2 |

3 | |

— T

| I

73 I R B |

2T ' |
|
|

| |
| —__"I

I —
1st Stage 2nd Stage F- {_ _k i

I R SO
3rd Stage

The region we have drawn (2nd step) pictures a % by %
region. VWhat is the measure of each of the six small congruent
regions? (%) We wish to represent a % by % region. that
should we do to make one slde have measure % and the other
(Make the region larger.) Tell me how. (Extend the % side to
make it %. Extend the % side to make it %.) Now separate
the whole region into congruent regions.

The region shown now (3rd stage) is % by %. What is the
measure of each of the small congruent regions in the diagram.
(%) How many of them are there? (15)

R 3 . 1
what is the measure of the % by 5 reglon? (7?)

?

rojw

Have the class summarize their results on
the board in a table:

Measures of Sides Measure of Rectangular
Region
1 1 1
T YW 3 g
1 2 2 . .
5 by 3 z (Do not simplify)
2 3 6
3 W 5 5
ete. etc.

Work through the Exploration with the class,
emphasizing that (a) the measures of rectangular
regions have been found by using diagrams
(Ex. 1-6); (b) the operation used to answer
similar questions when the measures were whole
numbers was multiplication (Ex. 7); (c) we
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therefore call the measures of the regions in

Ex. 6 the product of the measures of the sides;
(d) we can now (Ex. 8) write the mathematical

~ 1 1 1 2 3
sentences 5 X T=% IFXI-= 57 ete. to show

the relation between measures of sides and
measure of rectangular region.
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PRODUCTS AS MEASURES OF RECTANGULAR REGIONS

Exploration

You know how to add and subtract rational numbers. Now we
shall study multiplication of rational numbers.
ff 1. Figure A shows a unit square region. Flgure B shows
2 the same unit square region. It also shows a shaded

rectangular region whose sides are % unit and % unit in

bl B O

length.

N\

A 8 C

You can separate the unit square region into rectangular
regions which are congruent to the % by %- region, as
shown in Figure C.

a. How many congruent regions are there? (6)

b. What fraction names the measure of the shaded

!
rectangular region? C§>
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Figure D shows a %- by % rectangular region shaded.

Figure E shows the unit square region separated into

congruent rectangular regions.
1

a. How many rectangular regions congruent to the T by
% region are there in the unit square region? (8)
b. What 1s the measure of the % by %' shaded region?(%)
3 3

W, A,

al-

A D E

Figure F shows a shaded rectangular region % by %.

Figure G shows the shaded rectangular region and also

the unit square region separated into congruent rectangular

regions.
3
4
2
¥
A F
a. How many small rectangular regions are there in the

unit square region? (IZ)
b. How many are there in the shaded region? (6)

c. What 1s the measure of the shaded region? f%)
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y, Flgures H and I show a shaded 4 by % rectangular
12
region. What is its measure?(%ﬁ)

2 3

S . c/ |
% % ,Jﬁ
% %//j =1
Y  hea
44468 4 - —
Lyt

A H ]

5. Figure J shows a shaded rectangular region larger than

the unit square region. The unit square i1s shown in dark
lines. J 1is & % by % region. Figure K shows the
shaded rectangular region and the unit square regilon

separated into congruent rectangular regions.

K} 4
s 3
7.
2 2 //
% 7,
A J K
a. How many small rectangular regions are there in the

unit square region?(éa

b. wWhat is the measure of each small rectangular region%%)
C. How many are there in the shaded region?(!Z)
d. What 1s the measure of the shaded region?(%f)
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6.

Complete this table about the shaded regions 1ln Exerclses

1-5.
Measures of Sides Measure of Region
ERE (2)
% by % (%%)
g by % (é%>
3w} e

Now consider some rectangular regions the measures of

whose sides are whole numbers. Complete this table.

Measures of Sildes Measure of Reglon Operation Used

2 by 3 (¢) @wuhéfbtaﬁob)
5 by 8 (40) (Mu//ig//té/Mh)
7 by 6 (42 (Moltplriation)

In Exercise 7 you used multiplication to find the
measures of rectangular regions, the measure of whose

sides are whole numbers.

We will also call this operation multiplication when the

measures of the sides are rational numbers. We will say

that
% X % = %, because a % by % region has measure
% X %-: %, because a % by % region has measure
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8.

Write mathematical sentences to show the relation between

the measures of the sides and the measure of the region for
2 3.6 4 3 .12

the other regions in Exercise 6. (_3 X7z . % 7 50
3, 4. 12
2 3 G

The measure of a rectangular reglon whose sides have
measures that are rational numbers is the product of those

rational numbers.
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The measure of

1.1_1
X3~ &

Exerclise Set 11l
1.

a mathemacical sentence which shows how the measures of
the sides are related to the measure of the region.

the measure of the region.

the measure of each side.
Underline the measure of each shaded region.

The regions below are unit square regions.
For each shaded region, write
The sentence for A 18

each whole region 1s

P76

1.
a)
b)
c)

T
1] i
Kasd. - JArl. N\ OV
//,.,/m. _ mu,w,woa;z_
RN\ NN
= u//W//z//f///_
|
“ " _ RS [T
. — .||—' —]—
Ly
Q — O — - |
N mune CRNRTes
N | — AN
N m_ N RN

T
I4|4I|

S— — o SR 4 w
T Tt
N T
aWoymM_ NN |
,////y///_

1
_
L _ .”ul
_
_

w
_ < NN
N
RO e "u/ﬂ//
WM/,W//M_ N
NN
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In each figure below, the unlt square is the region bounded

by s0lid lines. For each shaded region, write

a) the measure of each side.

b) the measure of the region,

c) the mathematical sentence which shows the relation
of the measures of the sides to the measure of the

region, Underline the measure of each shaded region,

M

Ay AT A, N
Vs, ’//// MLIAIZA N //j

KA AL Ve 7,5 YL P 0
RN p Yy P IA e AL

55///’,/,', :7//4/@////7/;51 //// Zi ’7/2”775 4 y/’//’,/’//'//// o //;’7/—)
5% 7 RN % v N ks
X g o7 A A IO A
IS NEPIR A M ;/// V7% //////] Yy ‘6"," /{/7‘ 7
ooy W % % i/ s R 7 5 7o o

ARSI s N s 2 T AL R Yo,
027,077, /ff//// AN VAN I

, v/ 7, A, VNI Ay

Crelod 200028252507 ALY VI VOl Vrrsovz 72022524

Draw a unit square region. Show 1 of this region by
8

drawing lines and shading the region.

What mathematical sentence describes the shaded region of
Exercise 3 ?

Draw a unit square region. Show % of this region by
drawing lines and shading the region.

wWhat mathematical sentence describes the shaded part of
Exercise 5 ?

Draw a unlit square region. Show %? of this region by
drawing lines and shading the region.

What mathematical sentence describes the shaded part of

Exercise 7 2
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Answers - Exercise Set 11
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RATIONAL NUMBERS AND WHOLE NUMBERS

Objective:

To consider the product of a pair of rational num-
bers which are also whole numbers, to find a clue
which might lead to a procedure for computing the
product of any two rational numbers.

Suggested Teaching Procedure:

Use additional examples if necessary.

finding the product of the numerators and the
product of the denominators of fraction names for
2 and 3 produces a fraction name for 6, raise
this question:

of fractions are not names for whole numbers?

Work through the Exploration with the class.
If the pupils make the generalization that

Will this relation be different when pairs
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RATIONAL NUMBERS AND WHOLE NUMBERS

Exploration

You can use what you know about multiplication of whole
numbers to study multiplication of rational numbers. Consider

the product 3 x 2 = 6.

1. Here are some fraction names for the numbers 2, 3, and 6:
b2 _k_6_20
=127 3710
3 6 12 15
3 = T = g = T = «é
6_§_12_ 8 30 _ 36
i - B - SN Y
Since 3 x 2 = 6, should %x % be another name for 6 °
. (#6s)
should 5 X 5 be another name for ? ?)
Ves)
I
should ;Tlg' X g— be another name for 6 2

(Yes)

is a g— by -g rectangular region. Should

=

2. a. Figure is a 3 by 2 rectangular region.

oo

Flgure

A and B have the same measure? ( //C’S)
" .

2 0
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b. Region A 1is separated into unit square reglons to

show that its measure is (3) x (2) or (é) .

c. Region B 1s separated into _@f_)_ congruent
rectangular regions.

d. The unit square is shown with dark lines. Each small
rectangular region 1is iﬂ_ of the unit square region.

e. From c¢ and 4 , you know that the measure of

(&2
region B 18 \&6/ .

f. Does Reglon B show that g- X % = '3'6§ 2 (ch)

g. Compare your answers for b and f. Are the measures

(Yes)
of reglons A and B the same? Does

3x2=§-x§?<}/cs>

Consider 2 = g- and 3 = -g

Since 2 x 3 = 6, should g-x g— be another name for 6 2

Yes
Try some operations with the numerators and denominators

to find a fraction name for 6.

Is g—’—_:—g = 6 a true statement? (/\/o>

Is g——:—g = 6 a true statement? (’V‘)

6+6 6

Is 5 = a true statement? (M’)

Is g—-—ﬁ—g = 6 a true statement? (}éSJ

Without using a drawing, try to find the product 2 x 3 by
using a different palr of fraction names for 2 and 3.
Did you find any operation on the numerators and

denominators which seemed to give a fraction name for 6 ?

(Ansuer-s wil! Var;x)

164



COMPUTING PRODUCTS OF RATIONAL NUMBERS USING FRACTIONS

Objective: To develop a method for computing the product of
any two rational numbers by finding the products
of counting numbers associated with the fraction
names. (numerators and denominators)

Suggested Teaching Procedure:

Review the observations made about measures
of sides and of rectangular regions, and the
observations made about the product of a pair of
rational numbers which are also whole numbers.
Ask children if these observations suggest a way
of finding the product of any two rational num-
bers. The serles of questions you ask should be
for the purpose of motivating children to arrive
at the generalization that the product of the
numerators will indicate the numerator for a
fraction, that the product of the denominators
will indicate a denominator for a fraction, and
that this fraction indicates the unique rational
number that is the product of the two rational
numbers.

Continue as needed. Hope that soon chil-
dren will say, "We do not need to think of
diagrams. We can find the numerator of a frac-
tion name for the product by multiplying the
numerators of the fractions, and the denominator
by multiplying the denominators of the fractions.

Also, observe that using different names
for these rational numbers still does not change
the product. For example,

3 2 3 x 2 6

X3 = %E X 3; =31z

y L (6 x 4) _ 24
[ 58 X 6; = 18
6

15 and %g name the same number.

oqon

Observe that we use products of counting
numbers which we already know,

Here are some other pairs of rational num-
bers. Suggest that the pupils find the product
without use of diagrams if they can. If some
need dlagrams, let them use them.
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@) 3x5-3%5-3
(b) f5xg5=n
(c) gx7=n
(a) T61-x§-=n
@)§x§=n
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=

(f)
(8)
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(3)
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COMPUTING PRODUCTS OF RATIONAL NUMBERS USING FRACTIONS

Exploration

If your work for Exercise 1 in Exercise Set 11 was

correct, you wrote these mathematical sentences:

1 1 1 4 3 12
A. = x T=% K. 5 X5=73
1 1 1 4 3 12
H 3*X5=18 M. o 3xz2=%
2 2 4 2 3 6
I. 3'X3-= 3 0. §-X§-= T
1. Look at sentence A again, Does %_ 1 ); 1 (es)
In H: Does i =+ 23 o(}/ )k: Does 22 = (}/es
: I8 = 3T x 6 \eS/ ™ 30
I: Does %= %—-’-;—% ?(%é) M: Does 162' (K‘-’S)
o oo S22 1 (709

2. If a and b are any counting numbers, what 1s the

Ix/ /
product %x % ? (a_xé a.xé)

3. If a and c¢ are any whole numbers, and b and d are

a ¢ a.x¢
any counting numbers, what 1s 5 Xq ? bxd
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Exerclse Set 12

P81
Find a single rational number for the product expressions:

7 o
T e ~ 78 08 - 2 . .2
8 S s 2 S = a2 ]
> T Iofnd Ol ~— ]
2—‘ ~| ~— Z_ ~ O o o|® '—.
~— — SN—r 1_0 ~} © -~ ® X
(4] oo — ~ ) X
oy o~ nm X o | - "le
X X X X X X .w N
o © 0 J
oy 7_1 akn =m lm lﬁ i T NN
0 X X oo .
. . . . . 0 A
— ] ™ =t n O t~ O = o
o Y Q Y] N I N unu wle
e~
—_ T ~ . . N\
T 1 - B R SR S
IJZ o|_.b Z_I o 3 ; .
~— N~ (c_l L i P LI N = m L2
N—— N — o a
~Oo ok ol alm A ol 1_3 .ﬂ..
X X X X X X X o
i o alm o al~ qakm kv »
[} wje
o
. . . o ]
o ™ = n O ~ (o) o wlw
~ \ul/ — ~ - L ~- % "
I <\ —
B_M ~1{ns RaAG Qv_O & —le
~—— N— P 6ﬂ ~ 'y
—~ % s a0 e b o
O e Y2 DY e we 3 “
== s L 2R 5 N
R k. ok qkd S T in ok 8 ko AR e /
X X X pd b4 X X .w X X T
v ok qld Sk ok kv Ol (TR AV To ,/V
=z
= il
) =+ 0" ¥} ~ © o0 8 © o ©
Qq o~ o
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Exercise Set 13

The table shows some measures of rectangular regions.

Complete the table:

Measure of Measure of Measure of
One Side Other Side Rectangular Region
2 2 A
8. 3 3 (CJ
3 15
b. L
% ¥ (l b
2 3 6 3
¢ 5 T zo loi)
1 1 l
2 1
& 3 2 (c; )
3 4 2
f. T 5 zo )
2 3 L
g 5 7 (35)
n a ¢ axC
) 3 d bxd

Rename each of the following in mixed form or as a whole

e 20D e 8 (9 . 2 (2
([%J d. % (,) (W z)

Rename each of the following by a fraction in simplest form:
7 3
a. 3% (3{) c. 1% (f{) e. 5% i%)

&9 o 2 - 3@

number:

Ho ofi
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NAMING PRODUCTS WITH DECIMALS

ObJectives: To 1llustrate the use of decimals to lndicate
measures of the sides of a rectangle and the meas-
ure of the rectangular region.

To show that the measure of the region may be found
by (a) using a diagram of a unit square region,

and (b) using fractlion names to compute the product
of the measures of the sides.

Suggested Teaching Procedure:

In addition to developlng the ideas pre-
sented in the Pupll Text, you may also wish to
consider the relation of the measure of the 0.7
by 0.8 region found from the diagram in the

. text to the decimal system of notation. By
rearranging the small shaded squares it can be
shown that the 56 small squares will cover 5
strips (tenths of the unit square region) and
6 additional small squares (hundredths of the
unit square region), or (0.5 + 0.06) of the unit
square region.

Formal procedures for computing products of
rational numbers using decimal names are devel-
oped later in this chapter.
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NAMING PRODUCTS WITH DECIMALS
Exploration

1. a. Draw a unit square. (/&‘/MWJM’M %M)

b. Draw dotted lines and show by shading a 3% by 1%

region of the unit square.
c. What 1s the measure of the shaded region? ( T,l,‘o> |
d. Write a mathematical sentence suggested by your
diagram, (ﬁ,‘ “,—'o' < 1_;—0'
2. a. Draw a unit square. (5“ U,,',,[ sgoare in la )
b, Draw dotted lines and show by shading a 0.1 by 0.1
region of the unit square.
c. What 1s the measure of the shaded region? ( 0.0/)
d. Write a mathematical sentence suggested by your
diagram, (0./ x 0.1 = 0.0/)
3. How are the mathematical sentences you wrote for Exercise

1 and 2 alike? [0/ and ;—f,- dre nomes oo the some nomber.
2.0/ Md/# Pre names for e same """"e'ﬂ

L, Finish these sentences without the use of diagrams.
1.1 . 1 1 ,L_) 1 _ [/
o Toxfo= (32 o 5% 1ho ~(a) - 1"1'6=(/02

b. 0.1 x0.1=(28)a. 0.1 xo0.000000s 1401 ~(0.)

The products you have just found are important

for you to remember. You will use them often.
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The product 0.7 x 0.8 1is represented in the dlagram,

270 22707 X777 X72Y7 77777 7,
;’:’/,///// (20 Yy ///; /.7 ,/’, /%
KN AL A8 A A VAP v Ve
20X Ve VP9 Al i L2 VoY
R A% ORA 72 O A T
DAL AR A, I A Ko
V72 A72. 007787 2 Nt 2AZ0 Ve 2 Ve 7/
b2 7 7
R A A P v R k.
A I XA PP Y KPP AP
7 21 7707, " ¥7270 1777, O3 AR R
N A A AR A
VY X5 A 8 (R A RA Y,
7/ - .
ool A 1%
/ .
W Q2N 07 R AL ZAYY,
V2 N2 eV e 77 Vs 7 7 s A7 7.7 A
ASADZ A 720340 V2, N A7)
SN KN AB D VAP 2N,
2 77 T V., e Lore 27T, 2
[ "6t VA L2 APA NAA AW
'/ 7, AL 6 KON A KA ALA AT
Zs VAl 77YAVIFY VIV 7 DY)y

The shaded region 1s a 0.7 by 0.8 regiqn, so its
‘measure 1s 0.7 x 0.8.

The unlt square region is separated into 10 x 10, or 100
congruent square regions. So the measure of each smali square
region i1s 0.0l1. The shaded region covers 7 x 8 or 56 small

square regipns, 80 1ts measure is 56 x 0.01, or 0.56.
0.7 x 0.8 = 0.56

The product of the numerators of the fraction forms
8
(-{% and ﬁ) for 0.7 and 0.8 1s 7 x 8 or 56. The
product of the denominators is 100. & fraction with numerator

56 and denominator 100 names the same number as 0.56.

Exercise Set 14

1. Draw a unit square region. Separate it into 10 x 10, or

100, congruent square regions. Use this unit square region
to find the products below. (S?C /;/P/araf/an)

a. 0.2 x 0.8 (0./6) c. 0.9x0.7(0.63)
b. 0.6 x 0.3 (0./8) d. 0.5 x 0.4 (0, 20)
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Complete the table.

The table shows measurements for rectangular regions.

pength of | Leneth of Perimeter Area

One Side Other Side

1% 1in. 3 in. 1l 1n. 1§ sq. 1n.
1 rt. 2% ft. (ég-.ﬁ-f—) (25 55 1) |
3 rt. 2f Tt (s ) (/%53. £4)
7 in. g in. (15% n) (4% 55 in)
0.7 mi. 0.5 mi. (2.4 m:) [0.33}2 i)
F mi. 6 mi. (132 mi) (4755 mi)
73 ¥a. 2 yd. (19yd) (15 s¢ yd)
L in. 3 1n. (3% i) (%5 sgin)
be | g | G3g) |(bah)
0.8 in. 0.3 in. (2.2 ~m) (01247 ;.)
0.12 mi. 0.5 mi. (124 wi) (0,060 55 )
b | B | () | (55 )

173




PRODUCTS OF RATIONAL NUMBERS USING THE NUMBER LINE

Objective: To use segments on the number line as a model for
multiplication of rational numbers.

Materials: Number lines, page 86
Vocabulary: Scale.

Suggested Teaching Procedure:

We have developed the ldea of the product
of two rational numbers by use of rectangular
regilons., It would be unfortunate if a child
assoclated the product of two rational numbers
with only this one kind of physical model. We
turn now to a second model, segments on the num-
ber line. This model 1s very important, because
it 1s a useful model as an ald in problem solving
and because we have already associated the
rational numbers with points on the number 1line.

Start by drawing‘a number iine on the chalkboard. Write
the whole number scale above and the scale in fourths below.

L | J

1
A c D B

FNTNY S
dlo -
o |-
Bl -
Do N

1 1
2 3
4 4

dlo o
o=

Identify the unlit segment. Ask how we can represent a
segment whose measure 1is %. (One endpoint should match O and
the other g) Draw AB. mAB = %. (We must separate AB into
three congruent segments.) Mark C and D to do this. iC,
CD, and DB each have measure % of %. Since AC has point
A at 0, the number which matches ¢ is % of %.

What number is this? To find out we must separate the unit
segment into smaller congruent parts, just as we separated unit
square regions. How many should we make? Would separating each

segment with measure %- into three congruent parts do?
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Separate each % segment on the number line into three
congruent segments. Each small segment is what part of the unit
segment? (T%) Write the scale of twelfths.

A c D B8
|
0 f 2

U N Y P O L Y P P
o I 2 3 4 5 6 7 8
2 4 4 3 4 4 &4 a4 a1
3 Ae 2 B3B8 R B

what number matches C? (f%) Then mAC = f%. ¥ of %»= 1=
What segment with endpoint A 1is % of AB? (AD)
What number does D match? ( ) What is % of % ?

Continue with the Exploration. Following
Ex. 1-3, the results are summarized. These are
compared (Ex. 4) with the products of the same
pairs of numbers found by computation. Ex 5

emphasizes the observation that 5 of 5 as

interpreted with segments on the number line

ylelds the same result as %‘x % found by compu-

tation and Ex. 6 and 7 reinforce this idea.
In common language, we often speak about

% of E of a thing. For example, we walk %

of a distance which is known to be E of a

mile., From the Exploration we can note that
such a situation may be properly assocliated with
the operation of multiplication of rational num-
bers.
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~ PRODUCTS OF RATIONAL NUMBERS USING THE NUMBER LINE
Exploration

We have used the relation between the measures of the sides
and the measure of a rectangular region to give a meaning to the
product of any two rational numbers.

If we wish, we can always picture %-x g- as the measure of

a é- by % rectangular regio}x. There are, however, other
., &a,¢c_axece
situations which lead to the same rule: P XTI b xa
We shall now study some of these other meanings for the
product of rational numbers.

First let us use the number line to think about what we

usually mean by "5 of :1;" or "g- of %-".
1. Begin by representing % of %- Look at the number line
and 1B.
Ao D B
(0] | 2
“—o—0—0—0—0o o= ~——>
S L 2 3
3 3 3 3
AP has measure %-

To represent l o 1, locate D to separate AB into
k-3 k}

congruent segments AD and DB. AP 1is %- of AB. So

mAD should be %— of %-
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a. % of %— should be a number which matches D. To
find this number, you need a scale with a smaller

unit. What scale? (5/17%.:)

D
A, D .8
0 | 2
T L2 H S
3 3 3 3
o 1 £ 3 &4 8 &
¢ ¢6 6 ¢ s ¢ ¢

You see that D matches %;, so the diagram shows that
1 1 1
7 of 3%
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2.

Now consider % of

A

Q.ll\)

c D B

I

4
wioe O

o=@
wio @
e @ —
TN ]
]

wje

What segment has measure %- ? ( KB)
How do you find a segment which_is %_ of 7B ° L)

(Srfﬁ.rsﬁ AB it congreent sc,neu
What segment with endpoint A has measure F of 3- ?

(AL
4
g O
To find g- of %-, you must find a number on the

What segment with endpoint A has measure

\MM
-

number line which matches point (D) .

You need a zcale marked with a smaller unit. what
(Fl‘F}(CH by

unit? Should separating each :1;- segment into §

congruent segments do? (Vcs)

C D B
—o—o—0—0—o

g.

h.

GG wjw ¢—
ule @
wia @
wie PN

v

4
What number matches D? <T§>

8
If ;i_-t- of %-n, what number is n? ,s)
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3.

Now find %- of % using the number line.
A C D E B
*r—=—0—0——0
o) | 2 3

e - * *——e *~—0— >
] Y 2 3 s s s
2 2 2 2 2 2 2

a. AB has measure (%) .

b. To represent {- of %, first separate AB 1into S‘Q
congruent segments. 7AB 1s separated into congruent
segments by points (c> , (D), and E) .

c. what segment with endpoint A has measure %‘- of E% ?

; ot anend O

d. To represent %- of %, you need (7) of these
segments. AB 1is not long enough to represent {-
of %’ so draw three more segments: BF, FG, and OH.

A C D E B F G H
0 | 2 3
€@ a4 . 4 -9 L 4 — 00— ->
i3 1 2 3 5 3 s s
2 2 2 2 2 2 2

e. Segment (ﬂ) has measure %- of g-

f. To find %- of %, find what number matches point ( H) .

g. You need a scale in smaller units. A scale of (c'j "‘H"’)
will do.

A C D E B F G H
0 | 2 3
@ 0—0—0-0-0—0-o—0-0-0—0-0 . —0- >
s 1 2 3 L3 s s
4 2 2 2 2 2 2
° s [] -] ] 2 24
[] [} [ [} [ ] [] []
21
h. what number matches H ? (7)
/ 2!
i. %- of %: n. ns=2? (‘{)
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Now look at your results for Exercises 1 - 3.

In Exercise 1 you found that %— of

il
o.ﬂ-'

In Exercise 2 you found that 5 of

Mo W o
it
a2 o

In Exercise 3 you found that {- of

a_c axec
y, Use the rule bPXT=pxq to find
1.1 i —
a. 2- X 3- ( 6
y 2 (5
b. 5 X 5 (,5
3 (2
c. %‘ Xz ( ?)
How do your products compare with your results for
Exercises 1 - 3 ° (7'46)' ere He same)
5. Are these reasonable statements? (I’eS)
On the number line, ,‘)‘- of §-= 1-85
8 4x2 4 -
I x385%X7
4 2 4 2
So g of 3= '5- X T
6. On the number line below, the measure of AB is %—
A C B O E F 6 H | J K L M
*——0—0—0—0—0—0—0 —9—0—0o—2
0 | 2 3
C——0— 00— 0 —0—0—0 o o o oo >
° 1 2 3 s s s
2 2 2 2 2 2 2
s 1 2 3 4 s s 1 S8 2 w0 u 12
4 4 4 4 4 4 4 4 4 4 4 4 4
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Find a segment with endpoint A whose measure is:

a. %- of g (AC) %— of é- = ( )
b. 2 ot % (3B 2 of 3= )
— R
c. g— of" % (AD) g— of %—: (4)
a. 4 or % (AE) 4 of %= EXD,
e. 2— of %— (A—F) g- of %= (%“’7:‘>
6 !
£. g of % (AG) g of %=(7r”"z)
7 On the number line below, the measure of AB 1is %-
A 8 N P Q R S
[ o @ L @ ——i- . . J
9 . ! . 2 . 3
T e L H 3 a s s
2 2 2 2 2 2 2
a. Find a segment with endpoint A whose measure is
_ 2
%+%.(AN)%—+%=(Z“‘) .
b. Find a segment with endpoint A whose measure is

§+§+§~(AP)§'+ ﬁl’.ﬁ

Find a segment with endpoint A whose measure is
— 1
3 x %-.(AP)3 X % -G~ l‘i).

Your answer to Exercise 6f should show that

6 1 6

z o z=1

Your answer to Exercise 7c¢ should show that
1 3

3 x g = 5.

Are 16{ and g— names for the same number? (’/“)

Is this true? g of %: 3 x%—?(’/cs)
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Exercise Set 15

1. Draw number lines and segments to show
a.%of%— d.%oflo
b. %of% e. gOf':zli'
c. % of %
2. Find by using %-x §-= %—%}ﬁ- /
s ix} (% a. $x10 (%P
b $x2(8) e. §x}(8)
3

3. From your results in Exercises 1 - 2, 1s it true that

ar 30353078 a0 Ba3nB oD o L-dxEr
Look at the number lines and segments in Exercises 4 - 7.

y, In the diagram below, find a segment whose measure is:

o 3 (0E

—\
c. %? (ny
D E F
(0] | 2 3 4
oo P ~—>
o0 1L 2 3 4 5 & 7 8 5 1B U 1213 4 5
4 4 4 4 4 4 & 4 4 4 o L) 4 & 4 4
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5. In the diagram below, find a segment whose measure is:
a. 5 (G—H>
b, 3xs (83)
.. 1 (83)
G J H
o) . I g ; 4 5
8 L 2 3 45 87 803 U w3 MBS K TR 2
4 4 4 4§ ¢ & 4T T T 4 4 &4 ¢ 4 4 T4 7
6. Find a segment whose measure is:
a. g (/J—B)
b. %;-xg (;‘-(‘/>
. m (#0)
A ¢ — B
0 |
e L TITTITTESTTTY
[3 [3 [3 [ ] [ [ []
i) L3 S 2 L 20 24
24 24 24 24 24 24 24
Find a segment whose measure 1is:
a, ; (KL)
u —
b gxg(KM
28 Iy
c. 1 (Km
K_ L M
(o | - -
€———00900-90-09-0-0-06-0-000-—90-0-0-0-— s —
s 1 & 3 & 5 s T 8 9 10
8 -] ] ] [ L] 8 S L] 1] L]
5 3 ¢ 9 2 e 8 2 324 272 N
18 3 [ ] [} [} ] 1] 8 18 8 -]
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Make a number line dlagram to represent each problem. Then
write a mathematical sentence to represent the problem and
answer the question in a complete sentence.

8. The Scouts hiked from the school to a camp 3% miles
away. They stopped to rest when they had gone %- of
the way. How far had they walked when they stopped to
rest? (3/'x3'é'=/"- 77:/ A“/,‘Me 1% miles)

9. Jane had % yard of ribbon for badges. She made 4

badges of equal length., How long was each badge?
(4 xF =+ Eeck badse was 2 of @ yord /°'<7')

10. A 5 story building is 48 feet high. If the stories
are of equal height, how far above the ground is the

3 48 _ Y
ceiling of the third story? ('5‘* ¥=p Tke ce /’”/

was 28% feetd above grovad.
11. Bill put up shelves in his room, each 2-,11- .feet long.

How long a board did he use for 3 shelves?
(3X27'L =€ He u:cc/ 5%‘&0‘.)

12, Sue used % of a piece of toweling to make a place mat.

o ,

If the plece was = yard long, how long a piece did she
. /

use for the place mat? (f"%"’ The preee was T /‘“"’/ AV'
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USING MATHEMATICAL SENTENCES TO DESCRIBE PROBLEMS

Objectives: To assist pupils in writing mathematical sentences
for problems requiring more than one operation for
solution.

To direct attention to certaln parts of mathematical
sentences and consider their relation to the problem
situation.

To emphasize the use of the number line as an aid in
writing mathematical sentences.

Suggested Teaching Procedure :

Have the pupils read the Exploration. Then
reread the second problem and raise questions
about the sentences suggested, such as the fol-
lowing:

In the second sentence, (7 - 35) + 26

what does the numeral (7 - 3%) represent?

(Number of yards left after the first costume is
made,
In the third sentence, 7 = (35 + 26)

what does (3§ + 26) represent? (Number of yards

used for both costumes.)
In the fifth sentence, n + (3§-+ 25) =7,

what does the whole left slde of the equation
represent? (Sum of number of yards left and
number of yards used.)

Call attention to the use of the number line
for representing the relation between the numbers
in the problem.

Discuss the third problem in a similar man-
ner, and illustrate it by using the number line,
Propose some mathematical sentences and
ask the pupils to make up some problems they

represent.

Samples: 100 - (52 + 26) = n. (Joe bought eggs
costing 52 cents and bread costing
26 cents. How much change should he
get from $1.007)

80 + (n x 30) = 350. (Jane has 80
cents, If she can save 30 cents a
week, 1in how many weeks will she have
| $3. 50‘7
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USING MATHEMATICAL SENTENCES TO DESCRIBE PROBLEMS
Exploration

1. Richard's new foreign car travels 29 mlles on one gallon
of gas. .How many miles will it travel on 7 gallons?
20 xT==¢
203 = ¢
Richard?s car will go 203 miles on 7 gallons of gas,
» What relationship in the problem is expressed in the

mathematical sentence? (Gu— Frovefs. 7 trmes 25 Lor i 7hours

&s Ihn /Acwf)
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Consider the problem: Mary'!s mother bought 7 yards of
material to make two costumes. She used 3%- yards for one
costume and 2%, yards for the other. How many yards of
material did she have left?

To solve this problem, what question should you ask first?
Should you ask, "How many yards did she use in all for the

two costumes?"

Suppose you call this number k. Does
3§'+2%=k?
what question could you answer next?

Suppose n 18 the number of yards left, Does 7 - k =n ?
which of these mathematical sentences 1s & correct
representation for the problem?

7 - 3%+ 2%‘= n (UkOf’i)

(7 - 3%-) + 2%'= n (w'a"'j)

7 - (3%4. 2%) =n (corrccﬂz)

what about these sentences? Would any of them be correct
also?

(7-38) -2k=n (Correet

n + (3§-+ 23) = 7 (?brrecf{)

2 4)

33.4_ 2%-7 -n (Correc

Can this problem be represented by segments on the number

ine 1ike this?(%s) 32 2L n

0 | 2 3 4 5 6 7

> " g >

v
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Below is a diagram of Steve's garden. He wants to put a
wire fence around it. The wilre costs 13% cents a foot.
what will be the cost of the wire?

3
53 1.

{
= ft
IO3

Do you have to know how much wire is needed before you can

answer the question, "What will be the cost of the wir?y"
/es

ILet m represent the perimeter of the garden in feet.
Does (10% x 2) + (15% X 2)=m? (/éé)

what question could you answer next?

Let n = the number of cents the wire costs.

Does 133 xm = n ? ( fes)

Which of the following mathematical sentences best expresses

the relationship in the problem?

15% x [(2 + 10%) x (2 x 13%)] =n (az*oﬂf)

(15%X 2) + 10% x (2 x 13%-) =n (uron})
n (wroﬁj)

3 1 1
[(157 x 2) + (10§ x 2)] x 135
Notice symbols [] called brackets are used to group

parentheses that name only one number.

What about these sentences? Would any of them be correct

also?

[(15%- + 15%) + (1015- + 10%-)] X 13% =n (:on—eu/)

[(15% + 153) x 13}) + [(10} + 105) x 133] = n
correc
(15% + 15% + 10% + 10%) X 13% =n (C””’Cté
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Exercise Set 16

Read the followling carefully, write the relationship in each

problem as a mathematical sentence, solve, and answer the

questlion asked in the problem:

3.

1

A recipe calls for T cup butter. If you make only %—

of the recipt_eZ how much butter do you need? ( zx * =f
Vou need § cop of utFter.)
John lives %— mile from school. Harry lives only half

that distance from school. How far from the school does

. N .
Harry live? (‘é‘ x3’ -n ﬁ/an-/ lrves < /m/e Fiom ;g/.,/.)

Mrs. Morgan bought half a cake for her family of four.

If she made all servings the same size, what part of a

S B £ ac erso
cake was each person served? ( grxz=w P “”

/
was served § ea

Exercise Set 17

Peter bought %- pound of cheese for school lunches. The

first day he used %— of the amount he bought. How much

cheese did he use? (’;" * "Z sv He vsed T P"""J of c/e“e')

Sara 18 supposed to practice the piano % hour each day..
She practiced only %- of that time on Saturday. what

part of an hour did she practice on Saturda,zv.
(j % fert praa_/u.'eo/-g- Ao«ar onrn fc r-c/l)/'

Terry ate -3- dozen cookies after lunch. He ate -11;- dozen

cookles after dinner. What part of a dozen cookies did he
cat? (5+ 4 =n Terry sfe G dozen coobres.)
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11.

The distance from the library to the city hall 1s % of

a mile. What part of a mile will you have gone 1if you

3 3. ' 72
walk 131- of this dista.nce?(ff"d, = d /0” ol have wslbed
% w}/c.)

Ned needs a plece of canvas Bﬁ- feet long. He has one

plece 2% feet long and another pilece 3-15' feet long. How

! ! 2y, wr. 7
much does he still need?(f¥ ’(32 ~2%)=1 He 7 e

2£1F of eanvas.)
One-half the pupils of a school are going to a concert.
These children will be taken in 5 buses. Wwhat part

of thef puplls of the school will ride in each bus? / Y, )
oS,

"E‘X—Z- -m -‘Lo o-[ ﬂ( puP,.[r 01" 7%( .\’c/oo/ wl'// r//r v eac¢

A gallon of cream weighs 8.4 pounds, a gallon of milk
weighs 8.6 pounds, and a gallon of water weighs 8.3
pounds. How many pounds will a gallon of cream, a gallon

of milk, and a gallon of water weigh together?
(9.4+%.’E,+ .3+ //7;//”, a/dkeabg Fl 72//M o ””/é/ 3"/8
bja://on ok water we//S/ 25.3 povnds /a/u//er.)

rol feeds her dog T pounds of meat’ daily. She feeds

him twice a day. What part of a pound of meat does the

3 4 3 pound
dog get at each mefl‘i('z xg=s 7 he ﬁ/ eets § po s
Ofuea/ aF (T M(a/,j

The record speed for an airplane in 1960 was 1,526 miles
per hour. The record speed for an automobile was 394,19

miles per hour. How much greater was the speed recorded
w T he ;/ec/a///e

for an airplane? (/Jeé -394.19 = 20

Plose 15 H3/ &7 islos pev hovcs Fred
Mary weighs 62% pounds. Her brother weighs %. as much

as she welghs. What does he weigh? ('EX E2s=n /’%r}/;
brotbe wu;‘: 37 /Daun/s,)

George lives 2.7 milles from school. He makes one round

trip each day. How many miles does he walk to school each

week?(2-7"5=z ﬁgoyic walls /3.5 miles Ho sehool eock bee{)
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12.

13.

14,

15.

Mrs. Marks bought a 5% pound roast and -,3;- pound of

ground meat, How much meat did she ,bw altogether?
(5—;'— -+ _2. =wm Mrs. /’/a;—é; Aou/ /47‘ 6 Pouﬁa/s o £ ’”557'/)

Mr. Hayes drove 42.3 miles per hour for 3 hours.

= . Hayes
How many miles did he drive? (6’2.3 x3=v Mr Hay

(/kovc /126.9 MII/¢$.>

Mike's garden is 15%- feet by 20%- feet., What is the
I Lo e & 7 .

area of the garden? (155 %203 7 Hikes geroen ¢s

3'7% S%, pf.

Timt's dog eats 111- pound of food in the morning and %-

pound of food in the afternoon. How much food does Tim's

dog eat during one week? (7x (-';'«é—)_—_ﬁ Tims o/o/ eats

4,”2 /ppuna/_s /»"I one ween.
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RATIONAL NUMBERS WITH SETS OF OBJECTS

Objectives: To review ways of plcturing products of rational
numbers using regions and segments.

. To review use of a rational number to describe part
of a set of objects.

To give added meaning to multiplication of rational
numbers by assocliating them with sets of objects.

To show that finding such numbers as % of the
number of objects in a set (% of &4, % of 12,
% of 16, etec.) is an operation which gives the
same answer as multlplication.

Materlals: Collections of objects which can be separated to
show subsets; arrays suggested on page 89 number
line,

Vocabulary: Set, subset, array.

Suggested Teaching Procedure :

Recall how rectangular regions and line seg-
ments have been used to give meaning to products
of rational numbers such as §-x 4, % X %;

3 x %, etc, You may wish to have children 1llus-

trate how these different physical situations
give meaning to these products, as,

2 2_4 8
(a) -3-><4=n -srX']—.'=3- mﬁ:i
L4 \ m =
mAD _-% X 4
mAF = £ x 4
nfF = 3
_A C D _F B
°>o .1 , 2 , 3 4
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unit region

Then recall how, in earlier grades, we gave
meaning to rational numbers by such models as
subsets of objects (shaded) compared with the
set of objects, as shown here:

2 @ @ @ C 222
@ O @ @O ONG)
3 4 3
T [ 5

Then suggest that we think again of a set
of four objects. Arrange on a number line.

Find % of the objects--as we did in (% x U4),

0 ] 2 3 4
ﬁ: § i 1 |
I L
Z 2

1 L 4
-2—Of T_§—2.
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Use some other similar examples, but be
certain to include one like:

What 1s 2 of 7 obJects? What
mathematidal sentence can be written
to represent this?

b~

v

2 14 2
Fxf-%-%

of course, in application, if objects are not
congruent and cannot be separated into congru-
ent parts, rational numbers should not be used.
Instead, the mathematlical sentence
p=(nxgq)+r 1is appropriate.

SContinue with the exploration in the pupil
text.

The followling development is included 1if
teacher wishes to extend the discussion to
finding % of § of 12. It is enrichment
material and its use 1ls optlonal,

Take a collection of congruent objects
(e.g. & set of 12 obJects) such that each
obJect can be separated into congruent parts.
Arrange in a series of arrays such as suggested
below. For each arrangement suggested questions
and comments are glven,

(1) Using a2 2 by 6 array: Two problems
using a 2 by 6 array.
(a)

/X1 § ONOL®,
@00 OO0

Find % of 12 objects. Separate into
2 equivalent sets. We can write:

1,12 _
-2-><T-n.
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(b) No. 1

DD\ QR
Q@ 0O OO0
(b) No. 2
DD DDD
@ é @D 0
Find % of $ of 12 objects. First

find -4- of 12 objects (No. 1). We
can write: % X ig = n. Now using this
same set of obJects find é- of the set

of 9 objects. (See No. 2). Now we
can wrlte the complete sentence:

2 @x P -

(2) Us%a 3 by 4 array: Two suggested
problems using a~ 3~ by 4 array.

(2)

(b)

@@ |0 O

@@ |0 O

@@ O O
Find 2- of 12 ob,jects. The mathemati-
cal sentence: %x 5 = n.

Q Q|0 D

QD

OO0 O

Find §- of % of 12 objects. First

find ¢ of 12 objects, then find 2
of 8 objects, [or ('6' X ) obJects]
See that each %— of 8 41s (-4- 3-)
Then, -3- of 8 1is (4 + -3-) or 53- 'L‘he
mathematical sentence: 3- X ('6 )
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(3) Using a 1 by 12 array. One suggested
proB%em using a "I by %2 array also,
wlth association with number line.

OCOO0O0OO0OO0OO0O0O0OO0O0
Q0000 @2 0O0

(a)

Find %- of % of 12 objects. First

find % of 12 objects. Then find %-

of this set. See that we must separate
1 object into 3 component parts.

(b)

Q000 w000
v a @

1 12 1 60
Ix@xP =FxP
_ 1 % 10 10 _ 31
=3I T3 EC3
Also associlate this with the number line,

CQOOO0OO0OO0OOOO0OO0O0
. Q 1 2 3 4.5 67 8 910111

- ————

>

————— ———

P Gx¥P) (Ex®

The dotted line shows (%-x %?J separated into
3 congruent line segments.
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RATIONAL NUMBERS WITH SETS OF OBJECTS

You have illustrated products of rational numbers by using
rectangular regions and by using segments on the number line.
Multiplication of rational numbers can also be used to

answer some kinds of questions about sets of objects.
Exploration

Picture A represents a set of golf balls. In picture B
this set 1s separated into subsets, with the same number of

balls i1n each subset.

qpﬁb
o OO0

A (12)

1. How many balls are in the set? What rational n?mber

© 9
@

represents the part of the set in each subset? 6?{ow many

(2

balls are 2 balls,describe this situations ( Ves)

balls are in each subset?' "Does the sentence, % of 12

2 Draw plctures of the set of balls separated into fewer
subsets, with the same number of balls in each subset.

Can you do this in more than one way? (A”’NCV"bu’/ V3r77

(4;ugse7é 3;4/1556/5/ 2subs
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Pictures C, D, E, F, G show the balls arranged in arrays.
The broken lines in each picture show the separation of the

set into subsets, with the same number of balls in each

subset.
Ri0ig| (2. 8] [01016
POV IVl 006 |86
ORQ| 1000 |©e 8 9,60
RO KILIQ 808 90
C D E F

=6k

© 0 ©

D0

I}

G

Write a sentence like the one in Exercise 1 which

| - L -flz-:_#
describes each picture.(b.i’°£-'2—6 D.3°
Egof 223 FgoFiz=2 G J5of 12:1)

Use the pilctures to find

a. % of 12 bams (#)  a. of 12 balls (6)
: (
b, g of 12 balls () . of 12 balls (b)

\
of 12 balls (6)

qu\ Hro o -

c. 5 of 12 balls (5) .
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Is %— of 12 the same number of balls as %—x 11—2 ?(Ves)

Is T% of 12 the same number &as 172- X %g ? (Ve$>

Is % of 12 the same number as %x }12- ? (/es)

Can you use multiplication of rational numbers to find
the number of objects in a part of a set? (/"5)

your answers in Exercise 6 agree with what you found

be true when you used segments on the number line?

Draw a picture to represent a set of 12 1licorice
sticks (’//N///////)
You wish to divide the licorice sticks among 5 boys.
Draw rings around subsets to show the whole sticks
each boy will get. (@@@@@”)
Show on your drawing how you will divide up the

e - , 2z
remaining sticks. ( [Jt/ lfo/v w//cﬂ/ kg
Write the rational number which represents the number

of sticks each boy will get. Is your result equal to

%—x-lle—? (}/")

Exercise Set 18

Draw pictures of golf balls. Then write the mathematical

sentences.

a.

b.

c. 1% of 30(‘,%"3?9=tui‘z7) f.

g of 15(%*i,§:”J‘n:)Z>d. %
§ of au(Fr2torre2l) o L of 20(%x?,_"=P;?=2?)
7

of 24 (2;:" %ﬂ:*)'*::@

or 28(33rw 1)
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Find n

a. %x%:n és—o)m(lz) d %X%E}_:n(%ﬁ)u-(]z)
o BxZen(Sef) e xR n(s)er (9
c. i%xgl—o- n":—zq>ar(2ﬁ r %x%=n('—3—9)0" (3‘9

Compare your results in Ecercises 1 and 2.

Only two-thirds of the pupils in Bedford School can be
seated in the auditorium, so only two-thirds of the classes

may go to the assembly. There are 33 classes. How many
classes may go?(—g—x33=£ .22 e/asses Ma}/ja,)

Jim said that i% of his 40 tomato plants had tomatoes

on them. How many plants had tomatoes? How many did not?

T x40er; 40 -vat 36p/ants hoof Fomstoes Fove polomd
(lo A ne Toneo oeS) £ od ! ?3 per pramTe
The refreshment committee estimated that T of the pupills

and parents would come to the class picnic. If there were
84 pupils and parents, how many people did the committee

think would come?(3 of §4= . 7he comm/Fee Hogd¥ €3
Pcople cuouleS come.)

A class had a supply of 1 gross of pencils (144) when
school began. A month later they had 84 1left. What

rational number tells what part of their supply they had

-
left~ (z)

Jane had 24 questions right on a test with 30 questions.

What rational number tells what part of the test she

24
answered correctly? (3 0
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PROPERTIES OF RATIONAL NUMBERS (OVERVIEW)

In these three sections we inquire whether
the famillar properties of the operation of
multiplication of whole numbers apply when the
factors are rational numbers, and whether the
rational numbers have any new properties which
the whole numbers do not have.

In the first of the three sections
(Properties of Rational Numbers), the Commuta-
tive and Assoclative, and the Properties of
Zero and One are verified for multiplication of
rational numbers., The Distributive Property is
also verifiled,

One purpose of the second section (Prob-
lems about Travel) is to call attention to a
property which pupils often associate with
multiplication, but which is actually true only
when both factors are larger than 1. This has
to do with the relation of size of product to
size of factors. Puplls frequently generalize,
on the basis of experience with whole numbers,
that "when you multiply you get a bigger num-
ber." This tends to confuse them when they
multiply rational numbers and the generaliza-
tion does not necessarily hold.

In the third section (A New Property of
Rational Numbers), the Reciprocal Property is
developed., If the product of two numbers is
1, each number 1s the reciprocal of the other.
While the fraction numeral provides an easy
clue as to what the reciprocal of a given num-
ber must be, 1t is important to note that the
Reciprocal Property applies to the rational
number, not to the fraction numeral, For, ex-
ample, the number named by the fraction

has as reciprocal the number named by %, or
Eg%, or 0.75, etc. The Reciprocal Property

is important in itself, because 1t will be
used in the development of the operation of
division of rational numbers. It is also im-~
portant as an instance of a property possessed
by the set of rational numbers which was not
possessed by the set of whole numbers. For
example, there 1s no whole number u such
that 8 xu = 1,
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PROPERTIES OF RATIONAL NUMBERS

Objective: To verify the Commutative, Assoclative, Distributive
Properties and the Properties of Zero and One for
the rational numbers.

Materials: Number line, rectangular regions.

Vocabulary: Commutative, associative, distributive, closure,
properties of zero and one.

Suggested Teaching Procedure:

You know several properties of multiplication of whole num-
bers, Can you give examples of some of these properties?
(Pupils should suggest such 1llustrations as 3 x 4 = 4 x 3,
2x (3x4)=(2x3) x4 2x3 1is a whole number, 0 Xx 5 = O,
1x5=1. Also, 2x (3 +4)=(2x3)+ (2 x 4), which relates
multiplication and addition.) What are the names of these prop-
erties? (Commutative, Assoclative, Closure, Zero, One, Distri-
butive. )

Do you think that multiplication of rational numbers has
the same properties? The exercises on these pages suggest ways
of finding out,

Have the puplls do the exercises in the
Exploration and tell how the results suggest
that the properties do hold for rational numbers.

Summarize by developing a 1ist (with -
illustrations) of the properties.
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PROPERTIES OF RATIONAL NUMBERS
Exploration

You know several properties of the operation of
multiplication with whole numbers: Commutative, Associative,
Closure, Property of Zero, and Property of One. You also know
the Distributive Property, which relates multiplication and
addition of whole numbers.

1. Illustrate each of these properties with whole numbers.
4”Sw¢r: N'//Vd"y

Make dlagrams (using rectangular regions or segments on
the number line) to 1llustrate the following products:

2. a. %x

b. #x%

3. a.%

(,4;\/;4./(»5 w:// we/

(//-rw¢’.r A "a”/j
b. 3 X %

4,  Find the products in Exercise 2 and Exercise 3 using

a . _¢c_axe 16 10 .. s
Brg-pig (e iy i se g sl

2 2
5 a. Is » X %-= %x 7 a true statement? (/cs)
b Is % =3 X -g- a true statement? (}/es)
\ 6. what property for multiplication of rational numbers is

suggested by Exercises 2 - 5§ ? (('omnu/ﬂ 74,;:)
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Find
7 .

10.

11.

12.

13.

Find

14,

s and ¢t:
4.
a. s=(%-x§-)x% (53\
b tekx GxB ()
a s=(7x-¢)x%(’°°)
b. t'.=7x(-,1-x~g)(’°s
a. What 1s true of the products s and t in

Exerclse 72 ( 774c/v dre <[ua/J
b. wWhat 18 true of the products 8 and t in
Exercise 89 (7Z¢/ asre e—[ua/_)

What property of multiplication of rational numbers is
suggested by Exercises 7 - 82 (4 JSoe/a'//'.w)

Find the numbers n and t by using dra;wings like the

7z
ones on Page 7O for Exercise 4 7.7
12° 24

4
z

a. n=%x(§-+%)

~

o}
x

Gin

b. t=(%—x§-)+(%x%—)

Which of these sentences 1s true in Exercise 1‘:" *
n>¢t n==¢ n<t

(n-+4
State a property of rational numbers suggested by
Exercises 11 - 12. (D/s A butiie)

r and s:
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15. vhat property of rational numbers does Exercise 14

suggest? (Ma/f,/)/,('aﬁ;g /D;—a/u,.;}/, e Zgro.)

16. Find r and 8. Express your answer in simplest form.

"3 3 q_3 = E(lq:_z

17. Compare each product in Exercise 16 wilth the factors.
What do you observe? ()pl-oa/ua% €g a&/r one Fac /w)

18. State a property of rational numbers suggested by

Exercise 16. //70/%/,/,‘,,5/,” /‘7/-0/”,-'7;, o fﬂ/w.)

19. You are used to working with rational numbers that are
easy to plcture. Here are some names for less commonly

used rational numbers: %-Z% and -1%1-5- .

a. Can you imagine a rectangular region whose sides have

these measures?

How would you find the measure of the region?(é}—; x,‘:__’s>

¢. What kind of number would your result be?(.fe fion a,/)

Auvswers wit! vdry)
Make up two other strange rational numbers./‘ If they

o

g Ve o XN P
o)
.

were measures of the sides of a rectangular region,
what kind of number would the measure of the region

be? (ﬁlﬁoﬂa/)

e, What property of multiplication of rational numbers

! does this suggest? (('/a:u,—c : T’{C/vroc/uc/ o/au/ Hao
/"d//apa/ ﬁuu/gr: s @ "d%/m}&/ Ponr /e")
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Exercise Set 19

Copy and complete these multiplication charts. Express products

in simplest form,

1. 2.

1l (2 |3 |4 123
X il Xl T 5 X 0 -] T = 1
1 11 [|L)]3})=2
2T | 3|85 oloflolololo
2 | Lfa|lL|s 1 ! 13|
313 (92 [ 1% 7|3 |7 |Z
3 3 |1 [afs < N I T
T | 8|2 |Te|s 303c,23
b2 8|3 |le 3 3flrt14a9]z23
sls |5 |75 |91 Z 7] ®

1 2 | 3
Yoz |3 |+ |!
3.
1234
xX1Z13 1% 15
< or} ! I 3
2 5.1 l3 lz| 5
3 Lé 2 Zﬁ 2%
s |2 |22 3 (3%
5 |2z]|35 (33| 4

L, What property (or properties) do you find illustrated in
each chart? //, (’0""”7‘874-/.( 5}3( p% /or‘o/o:./_p c. éumu?ﬁ#ﬁ,ej
Zu—oJ 0,4/:/ Srae ¥ /D-—o/acé, I Ssée o/ /a'ﬂt/uc,?(s.)
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SIZE OF PRODUCTS

ObJective: To call attentlon to the relation of size of product
to slze of factors, Some products may be less than
either factor.

: Materials: Number line,

See also notes on Page 202

g Children often recognize that finding the

% distance travelled in 3 minutes at a given

4 rate per minute can be done by using the opera-
tion of multiplicatlion, but fail to see that the
same operation (multiplication) applies in case
the number of minutes 1s less than one. Hence

; the first line in the table has the last entry

: written "4 x 600 = 2400", rather than merely
"2400", The same form should be continued for
the other entrles to emphasize that they are all
instances of multiplicatlon.

The number line 1s used in the Exploration
to serve as a geometric model for the generaliza-
tions about size of products called for in
Ex, 11.

Ex. 10 reinforces the observations about
properties of rational numbers and size of pro-
ducts of ratlonal numbers.

70 Yoos T RPN

i)
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SIZE OF PRODUCTS
Exploration

A bug named Willie crawls along a crack in the floor. He
travels 2 feet per minute.

Suppose the crack represents a number line.

v

d 1 ] I | |
0 | 2 3 a 5 6
A C D E F G
(GFuJ‘)
1. How far does Willie crawl in 3 minutes? If he starts
(c
at A, what point does he reach in 1 minute? 4n 2

£)
minutes‘?( in 2§- minutes'?( }in 3 minutes? (9)

2. For each part of Exercise 1, write a mathematical sentence
which shows the relation between the time Willie crawls,

his speed, and the distance he goes, (Fx2=6; Ix2°2;
2274, 2ix2=5; 3xz:8)

3. Between which labeled points will w1111e be when he has

(e-F) -pé @-¢), (#-8)
crawled 211- minutes? 174' minutes? minute? 5 minute? i
i
L, Write a mathematical sentence for each part of Exercise 3, ‘
23xl=57. 1hx2=24, £ez=13%. 2,2:4)

5.  What operation 1s indicated in each mat ematical sentence
in Exercises 2 and 49 (ﬁu/?‘////ce /ad) |

6. a. If Willie starts at A and crawls less than one ‘

minute, on which segment must he beo ( 47)
b. If Willie starts at A and crawls more than one
)
minute, where will he be? (54/"'0/[/ or em rey :
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Exercise Set 20

A jet plane travels 600 miles an hour. At that rate,
how far does it travel in U4 hours? in 3 hours? 1in
2% hours? 1n 1% hours? 1 hour? % hour? % hour?
%— hour? 1'16 hour?

Record these facts 1n the table below.

JET PLANE

Number of Hours Number of Miles Total Number of
per Hour Miles Traveled

Y 600 4 x 600 = 2400
3 600 (3x 600 = l?oo)
2 600 (23 x 600 =1500)
14 600 (14 x 600> 750)
1 600 (Ix 600 = God)
%_ 600 (_% « OO0 = 450)
5 600 (4 % 600 = 300)
:1; 600 (x 6o0= 200)
5 600 (L «500=60)

what operation did you use to answer each part of

Exercise 1° (/40//7///4’{0;")

Suppose the Scouts hike 3 miles an hour. At that rate,
how far do they walk in 4 hours? In 3 hours? Make a

table  Alke the one, above s USg | the same numbers %f hoursg
\ /]

Ln ; ‘;J' Ixyed; -\ -l
] +x3s) '—i3~
Pl
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y, A fast, lively turtle walks é— mile an hour. Make a table

like the one above for the turtle. what operation do you

‘.L —!}- Z -
use to f£ind his distanceso(lu/ clorn : 4 Al ~ ;3% % o

1.5 x.L 1.3, DL T
W" ‘}z. g g, rtcies T*TTe 3ty u'lo ' :a)

2l

4

Use your tables for Exercises 1, 3, and 4 to answer these

questions.
5. Make these sentences true by putting >, ¢, or = 1in the
blank.
Plane Scouts Turtle
a. 4 x600 (> 600 4 x3 (>) 3 4 xg (> %
b. 3 x600 () 600 3 x3 ) 3 3 xg ) %
c. 2Fx 600 (>) 600 22x3_O) 3 22 x § () &
d.  1f x 600 (>) 600 13 x 3 (>} 3 1%x§ > %
e. 1 x600 () 600 1 x 3 ) 3 1 xé—(rz %-
£. 3 x 600 «) 600 3 x3 « %x§g<2§
g. & x 600 (£) 600 % x3 (L %x§£<2§
1 1 1 1 1
h. T x 600 (<) 600 T x 3 (<) 3 T XB §42 B
1 1
1. {5 X% 600 (£) 600 75 x 3 (<) 3 I%x§gg> %

6. Look at the column in Exercise 5 about the jet plane.
a. What factor 1is shown in each product expression? ( 6 00>
b. In which lines of the table is the produvet greater than
this factor?(“'bé‘&ﬁal to this factor?  less than this
factor? (»Cg, /: )

c. How do you explain your observation in b 2(07%r Faek- 1,2 ’,)
or<l
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Look at the column in Exercise 5 about the Scouts.

a. What factor is shown in each product expression?( 3)

b. In which lines of the table is the product greater
than this factor'.gﬁ"éguil to thils factor?(e)less than
this factor?(¥,q,h, ;)

c. How do you explain your observation in b ?(fuc os € C)

Answer the questions in Exercise 6, using the turtle

column. (SQMC /,ﬂswerg)

Examine your answers for Exercises 6, 7, and 8.

Fill in >, =, < -to make these sentences true. Put the

same symbol in both blanks of each sentence.

a. wWhen one factor in a product expression ( > 1, the
product LZ)_ the other factor.

b. when one factor in a product expresslon (= 1, the
product (=) the other factor.

c. when one factor in a product expression Q< 1, the

product @) the other factor.

o\"/ order

(TA(;( qusa/ers ¥-4.4 /f ur/#c” /"y
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A NEW PROPERTY OF RATIONAL NUMBERS: RECIPROCAL PROPERTY

ObJective: To develop a new property of rational numbers, the
Reciprocal Property, which was not possessed by the
set of whole numbers,

Vocabulary: Reciprocal.

Suggested Teaching Procedure:

See notes on page 202,

Have the pupils do the exercises in the
Exploration to discover a new property of the
set of rational numbers, not possessed by the
set of whole numbers.
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A NEW PROPERTY OF RATIONAL NUMBERS: RECIPROCAL PROPERTY
You have seen that some properties of whole numbers are

also properties of rational numbers. Do you think that rational

numbers may have some properties which whole numbers do not have?

Exploration

1. Find - 1in each sentence.
a. r=3xg() e r=-23x2() e r=BxZ()
b, r=fx2()a r-gFx2P()r r=2x ()

2. what do you notice about the product in each part of
Exercise 12 (I7 /s 1)

3. Write the two factors in Exercise 1l-a. What do you notice
about them?(ﬂe hm-.er.;/or- owd Hhe denomimatsr ore 1;74—-(;/;47</.)

4, Do you notice the same thing about the factors in
Exercise 1-b through 1-f? (}/c:)

Find the rational number n which makes each sentence true.
5. %-x n=1 (fﬂ%)
6. nx 1% =1 (n z ’70
7. 1= % X n (,,;7")

8. nx;se-=1(n:,%)

g- is called the reciprocal of %
g is the reciprocal of .-E;-
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10.

11.

12,

13.

14,

15.

16.

17.

What 18 the product when a number 1is multiplied by 1ts

reciprocal? (’)

Find n 1n each sentence:

a. n=0xg(5) c. n=g-xo(0) e. n=-}%x§%(o)
b. n=3x80) a n=$x8(c)r. n=o0xi ()

What property of multiplication of rational numbers does

' Exercise 10 111ustrate?(/~/ ratrowe/ Humber ””/’;';/“/44 & 0')

If possible, find a rational number n which makes each

sentence true:

0
a. XxXn=20 c. nx0=1 .

3 (uouc fosu/4)
0

b. nxg=1 d. 0xn

Is there a rational number which does not have a reciprocal?

(i’cs)

Is there more than one such rational number? ( Ko )

Can we state this property for rational numbers? For

every rational number %, if a 1is not O, and b 1is
not 0, §x2- 1. (fes)

Could the property in Exercise 14 be stated this way?(re-Q

Every rational number except O has a reciprocal.

Think of the set of whole numbers. Can you find a whole
number n such that ()

a. 5xn=12 b. nx8=12?

Does the set of whole numbers have the reciprocal property

stated in Exercise 159 (/Vo)
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18.

19.

20.

1.

Find a rational number n such that the sentence in
l
Exercise 16a 1s true.(?)Do the same for the sentence in
[
Exercise 16b.( F)

Do you see an easy way to find the reciprocal of a rational
number? (In‘/cre./Wj: f'/w ﬂ“ﬂcraAr' auJ Jlnlm';.’/h-,)

The measure of a rectangular region 1s 1. Find the

measure of a side, 1f the measure of the other side 1s:
4

a. % (%) c. %(T) €. %(%

v. 15 (4% a. 13 (%) £, 0.25 (L22

If the product of two rational numbers is 1,

each number is the reciprocal of the other.

Exercise Set 21

Mr. Brown bought 6.1 gallons of gas on Saturday and 7.9
gallons on Sunday. How many gallons of gas did Mr. Brown

buy on the two days together?ﬁG.I +7. ?):n Mr. Browr
Aou/gé# 4 g allons o-Fias.)

One jet averaged 659.49 miles per hour on its test flight.
Another jet averaged 701.1 miles per hour. How much

greater was the average speed of the second plane?
(70'. 1-659. 49 = P T he JQUﬂJ/‘c/ Toavele/ #1-C1 wles ;o-‘avr {.7.514»)

If the average rainfall in a state 1s 2.7 1inches per

month, what will be the total rainfall for the year?
(le 2.7 =+ THhe f,/;/ rarw ol For Hhe year os 32.4;-‘(‘&:,)

What is the area of a rectangular room whose sides are 12%

feet and 15 feet long?(‘z':—’“‘-“ The eree of He room
/s /9/':7 3. ﬁ?‘.)
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10.

11.

12,

13.

Jim is 50%— inches tall. Sally is 483 inches tall.

L _4gdip Som is 13
How much taller is Jim than Sally? (-”'0?_ —4ggop S 5 /g

ywehes Taller)
A recipe called for 1%- cups oatmeal, and 1% cups flour,

and 1%- cups raisins. How many cups of dry ingredients

3 d 4.
were called for in the.rec:!.pe?(/Tf*L Iz +13=¢ There

were 4% cops of 4/‘—7 /nir-u//c:» )

Joel has planted ;,_31- of his garden in vegetables. % of
this section 1s planted in tomatoes. What part of the

whole garden is planted in tomatoes? (—3-;(-?& = x Joe!/
beos % oF Ais 72ra/en p/au/C/ w ﬁmazeg

If 1 day 1is 1 of a week, what part of the week is 12

71::e/uc Abvy.y Qre T/‘I 07[ -4 UCCZJ

U
hours?(zx; =p

Allen drinks 1% cups of milk three times a day. How

many cups of milk does he drink in one week? 3x("'i”7)" h
Al en a/»-/u'/.r 3!% Cops oF wmill 1aa wce{.)
Eddle's house is 3 mile from school. How far does he

8
walk each day if he makes two round trips? How far does

2,4 Ao welds 15 me, 4 do,
he walk each week?(i’ x4qra Edefre walhs 2 wiles ece ‘7

I"Z‘xi'zf ‘ £Ja//é M.’//_r 7-% wirles 1w ome wecé.)
For the summer, Rick and Sam cut lawns for the neighbors.
Together they charged 3 dollars an hour. They worked

7% hours each day. How much did they earn 1in one day?

(
in one week (5 days)?(é’x 73 = h ﬂf eerwed 233 dollars
pev a5 233 x 5=a 'f/;c, eirned M6 g dollows Per week.)

Bill 1is 2%- years older than Bob. Bob is 3-%— years
older than Jack. How much older is Bill than Jack® /)

(2%"31?::" Bl /s 5% /tl"-" older o» §years 10 months olde- Fhau See

The measurements of the sides of a rectangular sheet of
metal are 17.2 1inches and 9.8 1inches. What is the

area of the sheet in square inches?(/lz x 9.9 =a 7 Ae areq
of Zhe .s/cc/ /s /76%. 56 si' ,y&éq,)
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14,

California had 3.6 1inches of rain in January, 5.1 inches
in February, 5.8 inches in March, and 4.4 inches in
April. The total amount for the year was 23.0 inches.
How much rain fell during the other eight months?

(3.6 +5/+58+4fzm 23 - = m//p/mz,/ )}&JZ

15-

Mrs. Jackson baked 25 dozen cookles. For lunch Helen
ate -}1- dozen, Janet ate %- dozen, Dotty ate %— dozen,
and Ellen ate 117 dozen. How many dozen cookies were

left. (ﬁ+§+é+/—’2—+ﬂv:2é a%vm/)%

Lgere L~
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COMPUTING PRODUCTS OF RATIONAL NUMBERS USING DECIMALS

Objective: To extend the decimal system of notation to numbers
including hundred-thousandths.

Materials: Pocket chart and cards on page‘88

Vocabulary: Expanded notation,

Suggested Teaching Procedure:

In Chapter 1, the decimal notation for num-
bers has been developed to thousandths., In this
section, the system 1s extended to hundred-
thousandths. Since the pupils now can multiply
rational numbers, review the decimal system of
notation and let them discover what the name of
the fourth and fifth places to the right of the
decimal point should be. Some pupils may wish
to go farther and name the sixth and seventh
places also,

Write a numeral such as 238.467 on the
board.

How do you read this numeral? What number does the 2
represent? the 3? etc. What 1s the place-value name of the
place in which 2 1s written? in which 3 1s written? etec.

u Write the place-value name above each digit.“
How does each place value compare with the place value to
1 = L = =
its left? (10 = o X 100, 1 = 16 ¥ 10, 0.1 = 15 X 1, ete.)

Suppose you have this numeral: 238.4671. How can you find
what number the 1 represents? (f%-x Té%ﬁ) What should be its

place-value? (It should be f%

thousandths. )
Could you continue to find the names for new places in the
same way? What should be the place-value for a digit wrltten

1 "
X 1600° It should be “ten-

1 1 _ 1
after the 1 in 238.4671° (T5 X 15,000 = Tﬁﬁ?ﬁﬁﬁ)‘ what 1is
another numeral for 10092 for 1000? for 10,000? for 100,000°?

If pupils cannot answer, suggest using
exponents.
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Objective:

To find products of rational numbers named by
decimals by using (a) computational procedure for
multiplying whole numbers and (b) the law of ex-
ponents for multiplication.

Material: Pocket charts and cards page 88

Suggested Teaching Procedure:

To this point, pupils have multiplied ra-
tional numbers named by decimals by thinking
about the numerator and denominator of the frac-
tion form for the decimal. In thls section use
is made of the propertles of rational numbers to
show that such products can be found by
(a) using the computational procedure for multi-
plying whole numbers, and (b) using the law of
exponents for multiplying powers of the same
base to help determine the correct place value
of the product.

Some pupils will probably discover the
relation which is often stated as a "rule" for
placing the decimal point in a product. How-
ever, it is important that the suggested vertical
form for multiplication be followed so that they
see that the relation they have observed is an
outcome of the system of decimal notation rather
than a mechanical "rule".

Before teaching this section you may find
it advisable to review the laws of exponents
studied in Chapter 1.
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COMPUTING PRODUCTS OF RATIONAL NUMBERS USING DECIMALS

Exploration
(Extending Decimal Notation)

1. You know that 45,687 means
(4 x 10) + (5 x 1) + (6 x 55) + (8 x 185) + (T X 1950)

Suppose you s<e the numeral 45,6872, wWhat number does
(2xio"
the diglt 2 represent? t should be the place-value

(7”’ —ﬁ‘ou"-’dﬁS)
name? In the decimal system of numeration, the value of

each place 1s f%- the value of the place on its left. For
example,
0.1 =15
0.0l = 15 X T5 = T0O
0.001 = 7% X 165 = T=550"

So the value of the next place 1s f% X T_%ﬁﬁ’ or IUJBGU'
2 ’

The digit 2 in the numeral above represents 2 X 151%55’
2

‘or 2 ten-thousandths.

2. Suppose the numeral is 45,.68723. what number does the 3
3x jo*
represent? What should be the place-value name?

(I/wu/n/— #00501'///4‘)
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3.

Does the chart below agree with your answer? (l’es)

0

el

B T
8 2§
0 o P 0
3 o g 3
05 mﬁo
£ n g K<)
P n © S P a P
2% 3883 5234
om.czﬁm mwﬁ.c:m
o MNP 0 N S & P N
A 98 1 3 v nu o P g 3 1 -
S8 5285255855
En:gtszzagé'-’ia:tss:n
4y 5.6 8 7 2 3

Exercise Set 22

Express the meaning of the numeral 37.04682 1in expanded

rotation, [Ge10) - (1) (015) + (4r75) (e o) ooy (245

Jack wrote his answer this way:

(9x10)+(7x1)+(0x116)+(4x1—%—6)+(6xﬁ6)+

(8"1'0',1%'66) + (2X_T_5510}0 )
Bill wrote this:
(9 % 10) + (7 x 1) + (0 x §5) + (4 x L) 4 (sx—;;m
10 1

8 x __4_1 ) + (2 x 1 )
( 10 155
Whose answer was correct? (607‘/)

Show that 0.2761 = ngg_%)o' by first writing 0.2761 1in
>

expanded notation.[(ox 16)+(2 x-’-:-)) +(7“'116-)+(6 ,,710.,)_,, (, X#Q]
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4,  write the decimal name for
a. 234 thousandths (0.234)
b. 17 ten-thousandths (0.0017)
c. 34 hundred-thousandths (0.00346)

5. Write the fraction form for

2567
a.  0.2567 (i, ooo>

b.  0.01682 (L2

100, 00

c. 32.5678 (22181f)

10,000

6. Suppose you wanted to separate a unit square region into
square regions to show ten-thousandths. How many congruent

segments should you make on each side of the square? (loq)
Exploration

You know that you can multiply rational numbers with
decimal names by thinking about their fraction names. 1Is there

another way?

Consider the product 4.53 x 0.007
453 1 1
a. 4.53 = T%G = 453 x = 453 x
160 10°

1 1
b. 0.0W=ﬁ6=7)(m=7x;01-

c. So, 4.53 x 0.007 = (453 x -127) x (7 x I%;)
d. = U453 x (Iig X T) X I%g '
e. = 453 x (7 x I%g) X I%g

£, = (453 x 7) x(i%gxl—lﬁ
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(453 x 7) x —xX24
10 x 10

18}
0

1

h. = 3171 X ?
1

1. = 3171 x oo} 55
j. = AL _ 0.03171

100, 00
453 . v form for 4.53.
Explain llne a and line b. (:oo 's ﬂac)‘ton form For

T i Fracthon form For 0.007)
/

What property of rational numbers is used in 1line d 2 in

line e ? 1in line ¢ ?(d, assoc/:a/w'c L.uumufzﬁh ‘
f.assocm""/‘)

What is done in line g %(7oux-=, hos becn rcpamed)

What law of exponents is used in line h ?(}3 ~v/92ﬂ4* Faso
Pow ers of The seme base, add The exponents

How 1is the 100,000 obtained in line 1 ?60x/o::o::o.;o=M6°a9

Lines f and g show that you can find the product of two

rational numbers named by decimals by a) multiplying as

though they were whole numbers and b) placing a decimal

point to indicate the correct place value.

The first step 1s familiar. How can you tell where the
decimal point should be? Look at 1line k below.
k. 4,53 x 0.007

453 x 1 ) x (7 x 1 )
(58 x 72 x T x 13

(453 x 7) x (1%5)

0.03171.

Do you see an easy way to tell what each exponent should be?
Is there an easy way to declde how many digits in the
product there should be to the right of the decimal point?
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6. Write these products as shown in line k.

a. 2. 46 X 68
(246 ,_3 (}3“_ (ucxz)x (wa> (‘5"’10‘ t({x ) (l68t5) (,o)
b.  0.513 x 9.2 d. 6.2 x 049

(5rsx,°.) v(azxk ) (513»92)r(35) (Bzx ) (1049 x;55) =(62x 1049)x (,m)

Since you find the product by first multiplying as with
whole numbers, 1t is convenient to arrange your work in

vertical form and record your thinking like this:

1.0409 1049 x
109
6.2 62 X -
2 0298 o
6 2 9 4
6.5 0 38 65038x—1n-
10

Exercise Set 23

Use the vertical form as shown to find »r.

1. 1=3.25x 0.04(0.1300) 6. r=0.96x7.7(7.392)

2. r=6.17 x 0.29(1.7843) 7. r=0.18 x 0.056(0.01008)
3. r=0.088 x 1.46(0.0700% 8. r=3.68x 1.42(5.2256)

4, r=3.1x0.307 (o,qsn) 9. r =19.03 x 8.5(161.755)

|
e ]
]

58 x 7.'23 (4!‘\.3‘?)
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RATIONAL NUMBERS WITH DECIMAL NAMES

Objectives: To direct attention to the fact that some, but not
all, rational numbers can be named by decimals.

To note that thls fact can be explained by con-
sldering the prime factorization of 10 and powers
of 10. ‘

Suggested Teaching Procedure:

- Every rational number can be named by some
fraction whose numerator and denominator are
whole numbers--in fact, by many such fractions.
At this stage we have decimal names for some, but
not all, rational numbers. For example, %-: fﬁ%,
and therefore 0.25 418 a decimal name for %.

So are 0.250 and 0,2500.

But consider the rational number whose sim-
plest name is %. If it 1s to have a decimal
name, then the decimal will have a fraction form
with denominator 10, or 100, or 1000, or some
higher power of 10. But is there any whole num-
ber n for which the sentence % = f% true?

l_n 1 _ 1
or the sentence 3 =160 ? or T = 1066 ? You
know that there is no such whole number n. The
reason can be found by considering two familiar
facts:
(a) Since % is the simplest name for the

number, other fractlion names for the number can
be found only by multiplying the numerator and

denominator of % by some counting number.

(b) The prime factorizations for powers of
10 go like this:

10=2 x5
100=2x2x5x%x5
1000 =2 x2x2x5%x5x5
10000 =2 x2x2x2x5%x5x5x5

We can note the relation between the
factorization of the denominator of a given
fraction and the place value of its simplest

decimal name, 1In %, since 4 = 2 x 2, the power
of 10 in the denominator of the fraction form
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of 1ts decimal name must have a factorization
wlth two factors of 2, which requires that 1t

be 10°. In 7, 16 =2 x2x 2 x 2, s0 the
decimal must have a place value of —lnu In f%u
10

12 = 2 x 2 x 3, and no power of 10 has the
factor 3, so f% has no decimal name.
You may see the expression

3= -3
The numeral .33% i1s not a decimal numeral, how-
ever, It 1s a mixed form which 1s an abbrevia-
tion for .33 + (%-x T%E)'
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RATIONAL NUMBERS WITH DECIMAL NAMES

You know that the decimal name for a number can be written
easily if the fraction name has denominator 10, 102, .103, ete.
What about numbers whose fraction names have other denominators®
Can you name the number % by a fraction with denominator 10,
or 100, or 10007 Since 7 = y%5 F and 0.25 name the same

number,

Exercise Set 24

1. If possible, for these numbers fina fraction names with
whole number numerators and with denominator 10, 100,

1000, or 10,000,

& 3§ 72556> r. % %)

b g Teoloic: £. -,11- (—%o%

e § (wtprith) n 3 (sl possibh)

d. %(755) | .3 (E

.- ¥ (ie,000 5. & (wtpessibl)
2.  You should have found fraction names with whole number

numerators for all but three of the numbers in Exercise 1.
Explain why you could not find fraction names with whole
number numerators for these three numbers. (Hint: Find the
prime factorization of 10, 100, 1000, and 10,000. Find
the prime factorization of the denominators of éhe fractions

for the three numbers.) (s 3. ne & Factor of 1, 100, 1000, or /6,000)
(/7.6=Zx3J 10 .2x5, 100523k 5%, 10 wo power of 0 Ass I o5 ¢ Facts. )

(/' 7/ sne¥ & Lochyr of , 56 /¥ is no? 2 Fochr of HO, 1609 +r /4“")
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3. Write decimal names for the other seven numbers.
(a,: 0.75 b:0.825 d: 0.6, €:0.0625, f. 0.4, q: 0.5, L'.o.an')

y, In your answers for Exercise 1, which fractions have the

same denominator? (o_ amlj Cdand f A and 4;)
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USING THE DISTRIBUTIVE PROPERTY

Objective:

Materlals:

To suggest another way to find the product of some
rational numbers by applying the distributive prop-
erty.

nectangular regions.

Suggested Teaching Procedure:

numbers, both greater than 1 and one of the
numbers a whole number, an easler procedure for
computation 1s usually found by applying the
distributive property than by finding fraction
names for both numbers. This page 1s included
to suggest this possibility to the pupils.

material for class discussion. Children may
then do exercises 1, 2, and 3 on pupll page
232 independently.

For computing the product of two rational

Use the upper half of page 231 of pupil
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USING THE DISTRIBUTIVE PROPERTY

You have found products of rational numbers by using their

fraction names.

6 x 5k 6 11=_6£=33

First way 55 =T X% 5
Since 5% =54 %-, you could also use the distributive property.
1
Second way 6x5§=6x(5+%)
= (6 x 5) + (6x%—)
= 30 + g
= 30 + 3
6 x 5% = 33
You can 1llustrate the second way by using rectangular
regions. .
1
5 2
-|N
3
©
6 6 x5 6
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1.

Exercise Set 25

Find n by using the distributive property. Write each

product in simplest form.

a. n=8x2%(22> d. n =125 x 24 (zq;)

o
o
|

- 5%-)(7 (37'3L> e. n 6-‘?1->< 30 (202'?)

- 4 x 16} (66) f. n

e}
e §
I

1l+x9:73- (IJZ)

Draw a rectangular region and separate it to 1llustrate one

of the products in Exercise 1. (/?n_wcrx will W"}’)

Find the products in Exercise 1 by using % X ﬁ- = %:_%‘

Write the simplest name for each product. Which way is
L !
easier? (4,:22} b 373} c:66, d:zai, e: 2027, F: 132)
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ESTIMATING PRODUCTS

Objective: To encourage children to look critically at the
size of the rational numbers on which they are
operating and estimate the result.

Material: Number 1line.
Vocabulary: Estimate.

Suggested Teachlng Procedure:

When pupils are computing with rational num-
bers they frequently fall to detect gross errors
in their own work because they do not think
critically about the size of the numbers involved.
The purpose of this discussion and Exercise Set
is to direct their attention to the facts that

(a) any rational number lies between two
consecutive whole numbers, and

(v) the product (or sum) of two rational
numbers lies between the product (or sum) of the
two lower whole numbers and the product (or sum)
of the two higher whole numbers.,

You may want to use a number line %to show

the interval in which 23 x 8% must lie.

3X9
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TATIMATING PRODUCTS

When you are multiplying rational numbers, 1t is a good
idea to estimate the product first.

Consider the product

2%- X 8% How large should the product be?
2% > 2 8% > 8

80 (2% X 8%‘) > (2 x 8). The product must be greater than 16.
2%- <3 8% <9

So 2%)(8% is between 16 and 27.

i

In the drawlng, the unit square region and the 2% by 8%-

K

region are in dark lines,
Name the 2 by 8 region. (AF_ b Gr)
Name the 3 by 9 region. (A HJ K)
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Exercise Set 26

Which of the answers below may be right? Wwhich ones must
be wrong? Answer by finding two whole numbers between which

the product must. be.

1. 3% x5k = 209 . 23 x 5280 = 15,840
2. 12116x3§=32§% 5. §x6=68
3. 53+ 24§ = 323 6. logk + 261-5 = 69

5,8 mz 2y be rig // z,3 3 4 ma;f be wrong )

Between what two whole numbers must each sum or product be?

7. 23+3 (s5-7) 12. 8} x 32 (24-36)

8. 7+ 153 (22-24) 13, o x 1185 (99-120)
9. 105 + 12k (22 -24) b 68 x 832 (43-63)
10. 1283 + 25122 (373- -375)  1s. 15} x 108} (150 176)
1. 56.7 + 38.5¢ (94-96) 16. 7.28 x 0.3 (0-%)

17. Which can you estimate more closely by the method
described: the sum of two numbers or the product of the

same two numbers? (SUMJ
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Exercise Set 27

1. Below are three unit squares. Each 1s separated 1nto

smaller congruent squares, and the border squares are

shaded.
A AT 7 AR AT
///// ////, /// 7// 7, '/// 471
/7 / 77,7 7/ 7//; ////. ///
Z??;' 2;42? 77 eéx 2%7 %
7/ 7 _
A A A /7 7 %
000 ) man
00, AN A R 2%
A B C

a. what 1s the measure of a slde of the unshaded square
] 2 .3
region of each? (/423} Bz ag C- 5)
b. What 1s the measure of the unshaded square region of
L ! . q
each? (A-q/ B:7, C'E?)
c. what 1s the measure of the shaded region of each?

.3 . 16
(a:€ B-7, Uigs
2. The sides of the unit squares in Exercise 1 are separated

into 3 congruent parts, 4 congruent parts, and 5
congruent parts. Draw another unit square; separate 1its
sides into 6 congruent parts. Separate the unit square
region into smaller square reglons, and shade the border
region.

Answer questions a, b, and ¢, from Exercise 1 about

2 A/G 4

(aﬂ “"‘0"—" , = ov —— C _Z_.O-cr-—s—)
your unit square. "6 3 3e 9 36 9
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3.

A tile floor, pictured to the

right, 1s made of tile of the
two sizes shown. The measure I l

of tile D 18 1 and tile E

1 []
T

I I
Floor

What 1s the measure of the part of the floor covered
with small tile? ( —';:i or 3%’)

what 1s the measure of the part of the floor covered
with the large tile? (4) |

What is the measure of the floor? (7%J

The square pattern to the

right was made by fitting
together black and white
square tile, The pattern

has been used by artists

for many years.

a.

AT AK,
%25t

,
7
(4

J§§&&§S§§

N
N
N
N

If the measure of the
whole region is 1, what
is the measure of each
i

tile? ( 4"‘q>

24
What is the measure of the white outer border?(:ﬁf
What is the measure of the white inner border? (-3-)

49
What is the measure of the black outer border? (#%)
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5.

Below are two arrangements of 15

squares. On the left,

they are arranged in a rectangle; on the right, they are

arranged in four squares.

c.

R

If the measure
is the measure
If the measure
is the measure
If the measure

the measure of

F G H

of the rectangular region is 1, what

qQ
of each square region?(f-',‘fg: Fiiz, Gig, H:7%
of the square region H 1is

15 \£>
of the rectangular region?(q °* !73

l, what

of square region G 1s 1, what is

the rectangular region?(ﬁii or 3%)

Write each of the following in its simplest form:

a.

b'

c.

%(19

78 (33)

178 (17%)

d. %— (7;‘) g.
e, 12181- (/Af) h.

£, 1% (%) 1.

203
1555 (Tes

# ()

238



Pl132

Exercise Set 28

Supply the missing numerators:

a. 15- <3£) 4. %= (1'%%

b. 5% = l@ e. 178 =(’§°>

c. 1 =(§> £, - %

Complete the chart below:

Rectangle Measurement of Perimeter Area
AdJacent Sides Regions

A u%- ft. by 63 ft. (21% #4) (zgészﬁj
B 12,75 ft. by 18.18 ft. | (63./0FF) [239.75.4)
c 9 ft. by 3 ft. (24 £t) (2755.F)

a. How much greater is the measure of rectangular region

A than C ? (Iz%)

b. How much greater 1s the measure of rectangular region

B than C °? (212.7)

C. How much less 1s the measure of the perimeter of A

than C 2 (23‘)

d. How much less 1s the measure of the perimeter of C

than B ? (3q. ld)

Arrange from least to greatest:
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b, Arrange from least to greatest:

0.5; O0.49; 1.8; 7.09; 0.001; l_% _
.4, . T
(0.601; 55 0-49; 0.5 I.8J7,0Ci> ,
5. Subtract:

a. 5% c. 29% e. 90%
12 173 163
42) ) 43 &
b 14 a 571% £ 71%

6. Find the simplest fraction name for:

a 2x3 (%) a. 1hx22 (4

b 7x5§-(3q3£> e. g-x 10 (62‘;)
e %X% (_2'§> £, u%xsé(ls,'—'z
7. Add
a 1% c. Op e. 1013
23 82 472
(3_2_7 9% ( /‘-DS’I_E;d )
b. 73 a 34% £. 692
3 7 o
) (50% (52 F)
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Exercise Set 29

1, Name the following numbers by fractions:

a. 0.7 (%) c. 2.57(23] e. o0.072(%%)
b. 0.04(%c> a. 3.6 (372) £. 1.25 (f—::%>

2. Name the following numbers by decimals:
a. I% (O.‘i) c. %%% (I.ZS) e. :‘l% (4-3)
b. 1&36 (0.49)  a. i% (1.0 r. 1%;6 (0.417)

3. Find n.
a. 7.29 + 0.7 = n(n:'(.qq) c. 0.37 + 0.8973 = n(n=|.2.673)

b. 314259 =n(n:33.59) d. 5.235+ 4 + 6.25 = n
(n=15 485
4, Find n.
a. 0.90 - 0.4 = n(ﬂ=0-50) c. 4,205 - 1.74%6 = n
n=2.4634)

b. 6.7 - 4,25 = :2.45 d. 47 - 0.478 =
7 5 = n(n=2.45) 7-048=n .

5. a. 0.3 x 0.4=n(n- 0.17) d. 148.8 x 0.56 = n(h=27.822)

o

b.  7.03 x 0.9 = n(n=6.327) 0.9% x 6.8 = n(n=6,392)

c. 0.78 x 0.5 = n(r=0.390) f. 3.42 x 8.6 = n(h:'l-q.ﬂ?-)
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Exercise Set 30

when the Smith family left on their vacation, the odometer
read 19,628.6 miles. When they returned, it read 22,405.3.

How many miles had the Smiths traveled? (1a62g.6+n=22408.3
75: —Ym/f/: Frovele 2776-7)

Mrs. Williams bought four pieces of steak weighing U4.7

pounds, 5.2 pounds, 5.3 pounds, and 3.8 pounds. At

99¢ per pound, how much will the four pleces cost?
(‘/.7-0— 5.2+ 5,3*5-8):(0"?% N 7he mcaj aw'/}eo.ﬁ{ /5 &/ 0/0//4'/'4)

Jack'!s mother bought his fall clothes on sale. Shoes
originally priced $7.89 were marked off. A sult

originally priced $15.96 was marked off. A coat

TR )

originally priced $19.98 was marked 5 off. How much

! { .
money did Jack's mother save? (3‘ X T gq>+(—,_'rx |5, qg)+(-,_-x l‘l.‘i8>-h
J;¢ § mo% er Sauca/ 76.67 Jolars

when Mark pulled his lobster traps, he had 9 lobsters

each welighing 1% pounds, 13 lobsters each welghing 1%

pounds, and 8 1lobsters each welghing 1% pounds. How

many pounds of lobster did he pull?}(?)x/é)*(ﬁ"’z':)*(ax )= n
-,

Meoré f?u//to/ 44-':: founr/-f of lodste

The Ward'!s house is 42,8 feet by 68.5 feet. Their land
1s 105.5 feet by 236.2 feet, How many square feet of

land do they have surrounding their hoyse?

((1os.5 x236.2)-(42.9 x 81.5)=n. They 7ave
.SUPk-o:/nc//'n Zheir bovse.

One day, Helert and Rosemary were each given a gulnea pig.

2/9§7.30 feet

Helen's guinea plg weighed 0.60 pounds and gained 0.07
pounds each day. Rosemary's guinea pig weilghed 0.48
pounds, but ate more, and gained 0.09 pounds each day.

Whose guinea pig was the heavier a week later? How much

heavier-[(o.50+(7xo,o7)=n,-n:1.oc,) (0.4g+(7xo.m)=p; p= 1.11) .
(/.// -1.09=¥F; r= O'Ol) (,Po:emaryé /zu/o was 0,02 )70.07(/5 /mwz:)]
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10.

In a swimming test, Dan stayed under water 2.3 times as
long as Charlie. Charlie stayed under water 19.8 seconds.

How long did Dan stay under wa.t:er'?}z-3 x19.8=n. Dor
J;‘;;,eo/ vnder water 485.54 seconds

Races are sometimes measured in meters. A meter is 1.094
yards. What 1s the difference 1n yards between a 50

meter race and a 100 meter race? [(“0" ‘-0“"4)'(50"'0"4)’P
TAe o fFerence 15 54.7)/.!»-%.7

Paul weighs 40 pounds. Jerry weighs 1% times as much
as Paul. Mike weilghs 1% times as much as Jerry. How

much do Jerry and Mike each weigh? (/‘}"40’"- ‘/“"7’ “’“7/"
7‘7/’0”"/" /:.’-!'X75=P . M be uer;/; 120 pounds

Ethel 1likes to collect colored rocks for her rock garden,
but she can carry only 18 pounds of rock in her basket.

If she puts in more, the basket will break. She puts six
colored rocks in her basket. The first weighs 3.4 pounds,
the next three weigh 3.1 pounds apiece, and the last two

rocks weigh 2.6 pounds aplece. Will she break her

basket? Explain. (3.4+{3x3.))+(2x2.6)=n.‘ A/a, she w///;
ot break fher basked. The ;-oc,[: WCI/A oaé- 11.9 povn s‘.)
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Chapter 3
SIDE AND ANGLE RELATIONSHIPS OF TRIANGLES

PURPOSE OF UNIT

1.

To provide the pupil with the opportunity to become
aware of different kinds of triangles.

To provide the pupil with the opportunity to compare
sides and angles of trilangles first by tracing, then
by using straightedge and compass.

To provide the pupil with the opportunity to explore
the properties of different kinds of triangles.

To develop the following understandings and skills:

a. An lsosceles triangle has at least two angles which
are congruent to each other. These two congruent
angles are opposite the sides which are congruent
to each other.

b. Equllateral triangles have three angles congruent
to each other. Equilateral triangles are a subset
of 1sosceles triangles; since they have three
congruent angles they necessarily have two congruent
angles,

¢. In scalene triangles the longest side lies opposite
the largest angle and the shortest side lies
opposite the smallest angle.
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Materlals Needed:
Teacher: Chalkboard and chalk, strips and fasteners,
chalkboard compass or string compass, scissors
Pupil: Tracing paper, paper and pencil, strips and
fasteners, compass and straightedge, scissors

Vocabulary: Relations (in the title of this section), and
scalene

In these activities, children will be comparing
sides, angles, and triangles by using tracings. The
construction work will need to be done carefully so
that the models will be as nearly congruent as is
possible.

You may want to introduce this work by recalling
with the children that they have just learned about
many things in geometry such as congruent segments,
angles and triangles, how to compare the size of
angles, and how to use the compass and stralghtedge.

The children will now be working with special
kinds of triangles. The isosceles and equilateral
triangles have been previously introduced.
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OVERVIEW

This unit, like the two geometry units preceding it in
Grade V, Congruence of Common Geometric Figures and Measurement
of Angles, 18 designed to provide the pupil with the opportunity
to study different kinds of triangles and the interrelations of
their sides and angles. The pupil first makes comparisons by the
use of tracings. He then proceeds to make these comparisons by
carefully constructing geometric figures using straightedge and
compass. Since he has learned about congruent segments, congruent
angles and congruent triangles and how to compare the slzes of
angles, he is ready to explore properties of different kinds of
triangles. He learns the following facts:

1. 1In an isosceles triangle at least two angles are
congruent to each other.

2. In an equilateral triangle all three angles are
congruent to each other.

3. In a scalene triangle, no two angles are congruent
to each other.

The facts listed as 1, 2, and 3 may be summarized in
the following chart.

Triangles
1
Scalene Issgheles
(No two angles (at least two angles congruent)
congruent ) i L —
(Exactly two Equilateral
angles congruent) (a1l %Eree angles

are congruent to
each other)

4, fThe largest angle of a scalene triangle lies opposlte
the longest side and the smallest angle lies opposite the
shortest side.
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5. This chart may be helpful. If triangles are classified
as to relative lengths of sides this classification shows the
relationship.

Triangles
Scélene Isosceles
(No Two sides (At least Two congruent sides)
congruent) | | '
(Exactly two Equilateral
congruent sides) (a1X %Hree sldes

are congruent to
each other)

On baslis of lengths of sides, trlangles are either scalene
or isosceles. If they are isosceles they may be equilateral also.

The pupll next explores the sum of the measures of two
angles which have a common vertex, a common ray and interiors
which do not intersect. D

A B
He proceeds rapidly to extend the situation to more than two

angles and further, to the case where one ray of the first
angle and one ray of the last angle lie on & line.

P Q

R

@o—

- -
v »

M

MR and MT 1ie on RT and m/TMQ + m/QMP + m/PMR = 180,
in degrees.

This understanding is the basis of activities involving folding
and tearing models of triangles and their interiors. It leads
to the observation that the sum of the measures (in degrees) of
the three angles of a triangle is 180. Measurements made on
physical models are, at best, approximations, limited by the

248



precision of the scale of the measuring instrument, by the
thickness of the pencil point, by the eyesight of the observer,
etc. In view of these facts we do not expect the pupill to find
that the sum of the measures of the three angles of the par-
ticular model of the triangle he 1s using is exactly 180. The
variation in sums found does not change the mathematical fact.
This 1s just another illustration of the difference between a
provable mathematlcal fact and observations made on representa-
tions of mathematical figures.

Some opportunity for deductive thinking (argument based on
agreements and pre-established facts) is provided for the more
astute pupll. Braintwister exercises may lead the pupil to
recognize that we can find the sum of the measures of the angles
of a polygon knowing the sum of the measures of the three angles
of a triangle. We may draw selected lines connecting the
vertices of a polygon, thus creating triangles. Exercises set
up in the childrent!s book then lead to the statement that the
sum of the measures (in degrees) of the angles of a polygon is
(n - 2) 180 where

n 1s the number of sides of the polygon
n - 2 18 the number of triangles we formed

180 is the sum of the measures (in degrees) of
the angles of each triangle formed.

It is not expected that this formula will be presented to the
pupll but some may perceive this intuitively.

Triangles of specilal interest are characterized by the
sizes of their angles. These include the equilateral triangle,
each of whose angles has a size of 60°; the 45°, 45° gnd 90°
triangle; and the 30°, 60°, 90° triangle. While it 1s true
that two triangles are congruent if they have congruent corre-
sponding sides, it is not necessarily true that two triangles are
congruent if they have congruent corresponding angles. Such
triangles have the same shape but not necessarily the éame size;
they are said to be similar.
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The exploration on page 137 reviews the defini-
tion of the isosceles triangle whille the exploration,
page 141, Angles of an Isosceles Triangle, cevelops
the property that there are at least two congruent
angles in an isosceles triangle. Exercises 5-7
in this exploration help the children locate the
congruent angles in relation to the congruent sides.

The exploration, Equilateral Triangles, page 143,
gilves a review of equilateral triangles. The
exploration, Angles of an Equilateral Triangle,
page 148, is concerned with the idea that equilateral
triangles have three congruent angles.

Exercise Set 5, page 152 serves as an
introduction to scalene triangles and the relation-
ship of sides and angles in triangles. Pupils may
need help in completing these exercises but it is
expected they will work independently. The
exploration of Scalene Triangles, page 154, leads
to the understanding that the largest angle of a
triangle lies opposite the longest side and the
smallest angle lies opposite the shortest side.

All the explorations referred to in this
section are in sufficient detail in the pupil text
to provide a sultable development for the teacher %o
follow.
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Chapter 3
SIDE AND ANGLE RELATIONSHIPS OF TRIANGLES

ISOSCELES TRIANGLES
Exploration

What do we call a triangle which has at least two congruent
sides? You have seen many of these triangles and no doubt are

able to give them their correct name--isosceles triangles.

1. Make a model of a triangle using the strips and fasteners.
For two sides, choose two strips of the same length, the
longest ones you have. For the third side, choose a

strip about half as long as the others you used.

Recall that a trisdngle with at least two congruent sides is

called an isosceles triangle,

2. Draw an isosceles triangle in which the congruent sides
are each two inches long and the third side is three

inches long. Do you need to use your compass? GyﬁL)

3. Which of these are isosceles triangles? (7/\-‘.'7&4 AD, and F)
How di1d you decide? (,.lu_ wohether at brat

Lve acolea) ate CornghecenT ﬁ%wu@z;&auhgyvama¢'”$¢‘Auz}

VAL
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4. Use your compass and straightedge to copy this figure.

In the figure, place

the letters B and ¢C
at the intersection of
the arc and rays. What
segments are congruent?
(48X 4Z)  Does this

figure suggest a method
for making an isosceles

triangle?

Exercise Set 1

1. Use the method of Exploration
Exercise 4 to draw ah isosceles
triangle, starting with a
figure 1ike this. How many

such triangles could you draw?

Gum“‘ongﬁan;Zldzxxoon‘LkJ
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Draw a line segment congruent to XAB. Name your line

segment, CP. How many isosceles triangles can you make

on CD if it is not one of the congruent sides? (d&/)ulyu
yoo ploass) Draw several of them. Must all these

triangles 1ie on the same side of TD ? (70)

Can you see any examples of isosceles triangles in our
room? Could you, by drawing one line on the door, show an
isosceles triangle? Do you see any other ways of making

isosceles triangles in our room by drawing just one line?
A B

door c Make BA = BC.

1

As you go home tonight look closely at things around you to

see if you can find any examples of isosceles triangles.
You may find some good examples in your neighborhood, at
the dinner table, or even in your car. Most magazines have

some good pictures of isosceles triangles in them, too.
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BRAINTWISTERS

5.

Draw two line segments of different lengths. Name one of
them EF and the other one TH. Now draw an isosceles
triangle with two sides congruent to EF and the third
side congruent to @H. 1Is it easier if you draw the
third side first? (/w) Did you have any trouble drawing
the 1sosceles triangle? (/yuwnbecs the m GF >m £F »mEZ)

See if you can stump your teacher. Ask her to work
problem 5 after you have marked EF and GH for her.
Be sure to choose lengths so that she cannot draw the
isosceles triangle. How did you do this? (ﬁtad. ” 6‘2>m'
EF +.m EF)
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ANGLES OF AN ISOSCELES TRIANGLE

Exploration
You have done many things with isosceles triangles.

Let!s look aé them even more closely.

1. Draw an isosceles triangle with the congruent sides
6 1inches long. Make the third side any length you

choose. , " Do you have to be careful

6 of the length you choose?

{yu) Could you choose 12

inches for the length of the third side? (\78) Why?
(Becawte cides of Longth & inches, b ipchaa, and sz
inehes will mot make a Duangl)

Could you choose a length greater than 12 1inches

for the length of the third side? (2o) Why? (Becacue

Dhe aum g4 Lhe meacued sf any dov cides Fad %
2. Cut out your 1sosceles triangle with its interior.

Label the vertices so that AB ¥ BC. Now fold 1t

through point B 8o that side BC fits on side EA&.

3. These sketches show what you did.

Fold Here Folded

Where did vertex C fall? (mwerdy 4) Is /C
congruent to ZA? (;(14,) If you made the 1sosceles
triangle carefully, AC should fit exactly over

/A so that /C = /A.
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L

5

6.

7.

Construct a triangle DEF with DE ¥ FE. Trace

A DEF on a sheet of thin paper and label the vertices.

Turn the sheet over and place
vertex D on F,
vertex E on BE,
vertex F on D.

Is o DEF A FED? (7“)/ If so, which angles are

congruent? (L—D X /F )

We call /D the angle opposite FE since FE Joins
points on the sides of Zp. In a similar manner,
we call /E the angle opposite DF, and /F the

angle opposite ED.

In 1sosceles & DEF, which are the congruent sides?

(.D?WF_'? ) Are the congruent angles opposite the

congruent sides? é;q/

Can you finish this sentence?

It seems to be true that if two sides of a triangle

are congruent, then the angles (W mb‘-édto
a&&r¢oq?~uu»i&)

Summary

In each isosceles triangle with which you worked you

found at least two congruent angles. Every i1sosceles triangle

has at least two congruent sides and at least two coﬁgruent

angles, and the congruent angles are opposite the congruent

sides.
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Exercise Set 2

In this drawing, AB ¥ CB
and AD ¥ CD. What kind
of triangles are A ABC

and A ADC? WW/

Which angle has the greater

measure, /BAC or /DAC?

&)
Is /DAC = /DCA? &w/

How many triangles can you
find in this drawing? ga, aﬂ?a,u_
AABC awdd AADC and AAREC.

If AB=TB, &D = CDh,
and AE = CE, what kind of
triangles are they? ( <eaecelea

‘ i) A o

If /ACE ¥ /CAE and /DCA = /CAD,

are all four angles congruent? (Zo;zﬂ-uz-««l— E w e
v“n«oﬂzmyﬁ‘"’ avdl ales iwr He Wiécn]
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Bob's

This drawing shows the location House

of Tom's house, Bob's house and
their school. Bob and Tom

live the same distance from

school. VWhy 1is the angle at Tom’s
House
Tom's house congruent to the T

one at Bob's house? ZLV224°“ij o ; -
er,\,&ucm(,d,d ¢ Fatece MM"%"‘"M

aidew a) The Dinngle )

Suggestion: If Bob's house 18 directly north of the

school and Tom'!s house is directly west of the school,

what do you know about /TSB. ( L7s8 xld_,.a//u'?/ir 4”%)

In A ABC, &AB T CB. Choose any way you want to show

that /BAC = /BCA.
A C

( Tl esnelictiore cart Lo heachad é}:lﬁhﬂuhi?z

Ly fotding, oLy siaing prapulics yche

, ot -
mu.éw,t'.pu%ﬂw mfd?;b 142 .)
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EQUILATERAL TRIANGLES

Exploration
A triangle which has three sides congruent to each other

1s called an equilateral triangle.

Make an equilateral triangle by using strips. Choose any

strips you want, but you must be careful about one thing.

What 1s 1t7 (22l the Biipa el Lo 2he amrce
q£a¢u4¢¢5-aou.??4LL£‘25kal.Jié¢ﬁ?£L f&;/:bﬂun&myu;mmladﬁqj

Exercise Set 3

1. Which of these are pictures of equilateral triangles?
(A DEE Aan)

D H
A
E 6
B
¢ I
F J L
2. Draw an equilateral triangle using your compass and

straightedge. Use the length of AB as the length of a

side. Ae —e B

3. Draw three equilateral triangles. Make the first one with

sides 1% inches in length, the second with sides aé

inches 1n length, and the third with sides )% inches in

length.
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4. Figure ABCD 1s a square. A B
What do you know about the

sides of a square?

Name the congruent segments.
(3 3¢ b, 24

Trace figure ABCD on your D C

paper.

Draw an equilateral triangle, using AB as one side.
Draw the triangle so that its interior lies in the
exterior of ABCD.

Draw equilateral triangles on BC, UD, and XD so
that the interior of each triangle lies in the exterior

of ABCD.

A B
D C
ABT BC T CD=D4

Is the triangle with side KB ocongruent to any of the
other triangles you have just marked? ((ue b sehdq the othtr
shes 3 g y
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5. How many equilateral triangles
can you draw which have a vertex
at point A and another vertex

at point . B? CQZU'ﬁ) Draw them.

6. How many equilateral triangles with a side 2 inches long
can you draw which will have one vertex at point B? (en
aadaﬂit/nv«“4-) How many isosceles triangles can you

draw which will have a vertex at polnt A and a vertex at

point B? Caozaaxniéznmaﬁxi/7uéfnzaﬁd
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ANGLES OF AN EQUILATERAL TRIANGLE

Exploration
You know that an equilateral triangle has three congruent
sldes. Is there anything else that you think might be true
about 1t? (e artecders/ccillorary.

1. Draw an equilateral triangle which has a side &4
inches long. Name it A ABC, putting the letters on
the interior 1like this:

What must be true about 1B,
BC, and AC? (A#%482,4C %42, ACIAR)

2. since AB ¥ BC, what can you say about ~ /A and /C?
(L2=Le)
Since BC ¥ AC, what can you say about /A and /B?
(a2 )
Now what can you say about /A, /B, and /C?

(A2/8,(62/c fe3La)

3, Cut out triangle ABC with its interlior. Fold it
through point B so that BC falls on BA. Does
/C fit exactly on /A? é?uuyf Now open up the
figure and fold it through point ¢ so that BC falls
on AT. Does /B fit exactly on ZA?(?«49’ Open the
figure and fold it through A, so AC falls on 1AB.

Does /C fit exactly on /B? Lpee/
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éﬁJKL

2.

Exercise Set 4

Use your strips to make an equilateral triangle. Make

another equllateral triangle that 1s congruent to the first

one. Labél the first triangle GHI and the second JKL.

Can you place A JKL exactly onAAGHI so that vertex J

falls on vertex G, K falls on H, and L falls on I%?q
Are there other ways in which AJKL will fit

exactly on, that 1s, be congruent to & GHI?

YA GCHL AKLIT O GHL A KILEAGHL A\ LIKEAGHL, ALKIE AGHL)

Draw an equilateral triangle with a side whose length is
l% inches. Are all three angles congruent? éyﬂty

Draw an equilateral triangle with a side whose length is
1
25 inches. Are the three anglgs congruent? 6?¢¢¢

When you folded your equilateral triangle, in the
Exploration, the folds made lines on it as in the drawing.
Notice that we have named the folds AF, BD, and CE.
Name all of the different

triangles you can find in the

~ G//

figure. Name each triangle
2K

~N

only once. Can you find 16 ~

~
~

!
I
triangles? A D
('AA'BC; A 482, ACED AAFC’AAPGJ ACEB,ACFA,AAGD)

(a D¢ ACGCE AGCFE ADGE A GEA, &SNABC, ACGE A AGJ)
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BRAINTWISTER
5, Draw an equilateral triangle ABC with a side of
length 3 1inches. Draw another equllateral triangle
DEF with a side 4 1inches long and another
equilateral triangle with a side § inches long. Are
these three triangles congruent? Pncd Are the angles

in all three equilateral triangles congruent?éyze/

BRAINTWISTER
6. 1If you drew an equilateral triangle with sides 8

inches long, would the angles be congruent to those of
an equilateral triangle with sides 4 1inches long?§nq

Would you expect this?éyléd

BRAINTWISTER
7. Can you draw an equilateral trlangle wlth 1ts angles

congruent to these three angles?

(70 G bpucilativat trinreghe Raw hrte apgpuocot acigles)

-
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Exercise Set 5

l. Divide the triangles below into four sets:

Set A - Trlangles with exactly two congruent sides
(AWRA4, 4 X yz}

Set B - Triangles with three congruent sides
(8 6HI, A VKAL)

Set C - All triangles not in Set A or Set B
(B8 AHY, AMNP, 4 QVI}

Set D - All ?riangles with at least two congruent sides

‘4u Sal B

N

Av P

2. All the triangles in Set A or in Set B are (M)

triangles.

All the triangles in Set B are ((wgwctaZnal) triangles.

All the triangles in Set A are (Md.) triangles.

5. What can you say about the triangles in Set C?

(7acang mo,éojmwnfztmm
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4, Dpivide the triangles above into four new sets.

Set E - Triangles with exactly two congruent angles .(JsfZ-Js%4)
(If you need to, trace the angles on
paper to help you decide.)
Set F - Triangles with three congruent angles.@‘df: &ta)
Set @ - Triangles with no two angles congruent .@':fa-dc)
Set H - Triangles with at least two angles congruent.

(Set 4= St p)
5. Look at the eight sets you have listed. Which sets have
exactly the same members? (See eruweis B oxencioes)

which sets in Exercise 1 are subsets of other sets?
(%Ad a wubsel of Sl D. el B i a subnl of St D. loek

<t A awbel of ilael )
6. What 1s the intersection of Sets A and B2(fef4a {acHI,4uKkL})
Wwhat is the intersection of Sets G and B?(4e empdy <ef)

What 1s the union of Sets H and C? {AXHU,AWRA,GHI,AJKL,AMNE
4Qyw, AXYZ}
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SCALENE TRIANGLES

Exploration
You know that in a triangle the angles opposite two
congruent sides are also congruent. What do you think about

angles opposite sides of unequal length?

T )
1, InARST, RS Z RT, so which angles must be congruent?
(L73ss)
2. Which is longer, R§ or I (37/

3. What angle is opposite T.J? (Arj
What angle is opposite T (L’?/

4. By tracing on thin paper compare /R with /T.

Which angle has the greater measure? ( R )

5. Which side is opposite the greater angle, RS or 'ST?(G—T}
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*

10.

In triangle MPK choose a pair of sides which are

not congruent. (MP art IR or Phard ;\77)

Tell which angle is opposite each of the sides you

shose. [ K spopeeile T TP /:7407}«-"!-—7"?)
L e apaniZe 5 TR

Compare the sizes of the two angles.

(1/(..;.,,&47.4,.5&“ 25, 121 o Loagon P /—’-7
Arrange your answers for Exercises 6, 7, 8 1like

this:

Longer side: <—Mp er Px_J Shorter side: ( & )
Angle opposite longer side: ( (K oo é"?)

Angle opposite shorter side: (Zfz

Larger angle:(l'fﬂ/i”) Smaller angle: (Zﬁ)

Is the larger angle opposite the longer side or the

shorter side? é@*?"" d’"j‘&"w WLB&Z";WMJ
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11.

12.

13.

14,

A c

Are any two sides of AABC congment?(«r) What is
this kind of triangle called? Cm)

Arrange the sides in order of length. Then name the

angle opposite each side.

Longest side: (4_2',) Opposite angle: ( /& !
Next longest side: ¢ 5 Opposite angle: éC _)_

(48)
Shortest side: _ (B¢ ) Opposite angle: (/4 ,

Compare the sizes of the angles:

Largest size angle: ( /& /
Next largest angle: ( ZC-Z
(ea)

Smallest angle:

What do you notice about your answers to Exercises

Cﬂ
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Exercise Set 6

l. Draw a scalene triangle. Name it with letters.
2. List the sides in order of size from longest to shortest.
3. List the angles in order of size from largest to smallest.

Y. Which length side is opposite the largest angle?
(e Loregadt aiole o spypoaii Ko Lourgosl acisls )
Which length side 1s opposite the smallest angle?
5. Can you make a triangle out of three sticks whose lengths

are 5 inches, 7 inches, and 9 inches?é?a4¢/ If so,
where wlll the greatest angle be?
(e Cargeat avglnciice G apouaily th eite cosknn

6. What kind of triangle can you make out of three sticks
of length 8 4inches, 8 1inches, and 6 inches? (ieseeelas

Vhat should be true about the sizes of the angles of the

He arcatitacyle il % cfiphpaile 2e é sicell acdte.)
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MEASURING ANGLES OF A TRIANGLE

ObJective: To develop the following understandings and skills.

1. (a) the V point of the protractor must be placed
on the vertex of the angle

(v) the zero ray of the protractor may be placed on
elither ray of the angle

(¢) the sides of the triangle on which the rays of
the angle lle may have to be extended

Materlals Needed:
Teacher - Straightedge, chalkboard protractor
Puplil - Straightedge, protractor

Vocabulary: No new words in thils section
B

v

A C

To check the measure of ZA, the pupil places the
zero ray of the protractor on RKC. At this time it
is well to stress the point that V must be on the
vertex of the angle beiné measured as above, so
that the error plcture elTow does not occur.

(The V of
the protractor
is not on the

vertex of
B angle A, the
angle being

measured. )
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ANGLES OF A TRIANGLE

Exploration
You have learned how to measure an angle with your
protractor. Now we wlll measure angles which are determined

by triangles. Suppose we wish to measure the angles of ZBPQR.

Q

P R
1. Where will you place the polnt V of your protractor

to measure /QPR? (p,&_e.,w Vo e foFanton o srriuP)

If you place the point V of your protractor on P,

along which ray of Z? may the zero ray of your

%otr ctorw];%ﬁigq)(fﬂ M0 ray of LA protiacio snay
2. If you place the zero ray along PR, which side of

/P should you extend, if necessary? (73)

A plcture of the protractor placed to measure é?

would look llke this:

what is the measure (in degrees) of /P? (m /r=40)
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Now place the protractor so the point V of your
protractor is on P and the zero ray is on PQ.
This 1s a picture of the protractor in this
position.

To find the measure of éP, should you look at QR or
'P'ﬁ"(?—’_k') Do you get the same reading on the protractor
for the m/P as before? (m /2= +#0)

On which vertex of &OPQR must we place point V of the
protractor to measure éPQR? G““"‘ qQ )Along which sides or
APQR may the zero ray of the protractor be placed?(ﬁné'ﬁ)

Do you get the same measure of /Q both times? @M’)
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5. Measure Zﬁ by placing the zero ray of the protractor
along one of the rays of the angle. Repeat by using the

other ray of the angle. Are the two measures the same?

Cpees = £2232)

Summary

To measure an angle of a triangle, the point V of the
protractor must be placed on the vertex of the angle. The
zero ray may be placed along either ray of the angle. The

sldes of the trlangle on which the rays of the angles lie may
have to be extended.
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Exercise Set 7

Use your protractor to measure the 3 angles of each triangle.
Check your measure (in degrees) in each case by placing the

zero ray of the protractor along the other ray of the angle.

1. n/T=&8 T R
n/s = (ve5)
m/R = (a0
E S
2. m/C = (99/
m/D =(92)
m/E = (%)
c D
z
K
3. /X = (70j b m/K =(69
m/Y =(72) m/M 2
m/z =79 m/L =&2)
L
X Y B
5. m/BAD = (#5)
m/ABD = (#5)
m/BDA = (9o)
A D c
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SUM OF MEASURES OF ANGLES OF A TRIANGLE

ObjJective: To develop the following understandings and skills:

1. The sum of the measures, in degrees, of the three
angles of a triangle is 180.

2. The sum of the measures, in degrees, of the angles
of a quadrilateral is 2 x 180.

3. The sum of the measures, in degrees, of the angles of
a polygon of n sides is (n - 2) x 180.

Materials Needed:
Teacher - Stralghtedge, chalkboard protractor, 2
demonstration models of triangles and their
interiors, flannel board

Pupil - Straightedge, compass, ruler, scissors

Vocabulary: No new words in this section

Octons--introduced in the fifth grade chapter,
Measurement of Angles.

This exploration lends itself well to teacher
demonstration. The two experiments which lead to the
conclusion that the sum of the measures (in degrees)
of the angles of a triangle is 180, both depend upon
the understanding developed in the section Sum of the
Measures of Angles. The experiment involving tearing
the trlangular region and placing the angles so that
their interiors (if all points in their interiors are
considered) fill the half plane 1s efficiently done
using a flannel hoard.

Exercise Set 8 puts to use the conclusion
reached in the Exploration and provides arithmetic
application 1n the first exercise. Exercises 2-5 are
developmental and intended to give the pupil an
opportunity to do some very simple deduction in
establishing that the sum of the measures of the
four angles of a quadrilateral is twice that of a
triangle, 360. The answers to exercises 6-9 are
intended to be reached by deduction (because the
pupil knows the sum of the measures of the angles of
a triangle) and not by actual measure. There should
be class discussions following the completion of the
exercises,.
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SUM OF MEASURES OF ANGLES OF A TRIANGLE

Exploration

P — P
< —

D A B

If K]? and ﬁ are on a line, then, in degrees,
m/DAC + m/BAC = /80 , and, in octons (see Grade 5 text,
Chapter 6), m/DAC + m/BAC = 8

Check with your protractor.

‘PS

P — >
< —

M P Q

If EQ is a straight line, then in degrees
m/MPS + m/SPR + m/RPQ = /% and in octons
m/MPS + m/SPR + m/RPQ = §~

Check with your protractor.
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If %—]? is a straight line, for which three angles is
the sum of the measures (in degrees) exactly 1,80? Check

with your protractor. roe, [6CF; amd fFCE)

Use your protractor to see if the following‘stateméht
seems reasonable.

m/UYX + m/UYW + m/WYZ = 180 |
/m[f_/yx rm&(/Wf’"L’_"/L:/I’O.&dM%W D reiZaZss

LI
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5. Draw a triangle whose sides will have measures, in inches,
of 3, 4, and 5. cut i1t out with its interior. Hold

it like this:
B

A 5 C

Mark the midpoint of KB and the midpoint of XG.
Fold A\ ABC through the midpoints; B should fall on
m.

Then fold so that C falls on point B.

b ——— -

c

A
Then finally, A falls on B.

Complete the mathematical sentence
m/A + m/B + m/C = (Fo).
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6. Cut out any triangle with 1ts interlior. Label each angle
of the trlangle. Tear the model like this. (Keep all the

parts)

Place the models of /C and /D so that /C and /D

have a common vertex, P, and a common side.

AN
Then place /E so that /D and /E have the same

vertex, P, and a common side.

What do you observe?

Complete the sentence

m/C + m/D + m/E = (1)
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7. In Exercise 5, ZA, ZB and Zp were the three angles of
a triangle. 1In Exercise 6, /C, /D and [/E were the
three angles of a triangle. 1In each case what did you
find to be the sum of the measures in degrees of the three

angles of a triangle? (/Ioj

Vhat do you think is the sum of the measures of the three
angles of &N GHI? (V49

Use your protractor to find the measures of the angles

m/G = (s5o)
m/H = Qoc)
méI==Cjaj

Add the measures. If your sum is not 180, can you
account for this? @d%mw@/ia&twoy

2epe/
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Exercise Set 8

1. In each trlangle below the sizes of certain angles are

shown. Find the size of each angle whose vertex is named

with a letter. Sides marked “ are congruent segments.
C
a) b) , ¢c)
90° 100°
300 450 R E
45° 40
(é00> A (70°) ( o)
d) e) oo
45
60° D
90° 5 )
(459
K
g) H h) i)
87°
50° u 26
n !
(go. | J L o
g ) (40°) (é 7°)
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45°
Al/45°

45¢
459

What is m/D? (%0)

What 1s the measure (in
degrees) of /DAC? (45)

What is m/CAB? (¢5)

What is m/DAB? (50)

Is m/DAC + m/CAB = m/DAB?(yes)
What 1s the measure of /BCA%%%)
What is m/ACD? (#5)

what 1s m/BCD? (%0)

Is m/BCA + m/ACD = m/BCD?(y=a)

what is m/B? (90)

Complete the sentence:

m/DAB + m/B + m/BCD + m/D = (360)

Complete the sentence;
m/DAB + m/B + m/BCD + m/D =(360)

What 1s the sum of the measures of the &4 angles of the

quadrilateral ABCD? (360)

283

What 1s the sum of the
measures of the three angles
of AABC?(780) What is the sum
of the measures of the three

angles of AADC?(/80)
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130° B

4i° 68°

What 1s the sum of the

measures of the angles of
O\ GDF2( §4Juhat is the sum of
the measures of the angles of
AN DEF?(/#0)What 1is the sum of
the measures of the angles of

quadrilateral DEFG?(QBGQQ

m/B =(12/)

How do you know?

CZﬁbAaqufzﬁcAmwaaquOJM,aﬁzmM4va/

guaarlodnal < 360.
g whes.
g each %& < /80.) Lt

BRAINTWISTERS

284

Complete the mathematical sentence:

m/BAE + m/B + m/BCD + m/CDE +

m/E = (d’#“!
Hint: How many triangles
have been made to fit in the

interior of the filgure ABCDE?Cﬂ

What is the sum of the measures
of the angles of the figure
ABCDEF?  (720)
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lo.

11.

12.

13.

What 18 the sum of the measures of the angles of a polygon
of 7 sides? (700. 71,/,“. .L._Mw,u(?-.z) Y 180 = 900)

What is the sum of the measures of the angles of a polygon

of 202 sides? (36,000. e /ym Ard 202 aitbs 00 (202-2)r/80-36000)

Name some numbers which are the sum of the measures (in
degrees) of the angles of a polygon.(uwamm?//uwyj
Name the six smallest such numbers.(/eaaéo,d'ﬁd,kd,w‘m(/oao)

Draw a polygon with more than 4 sides. Mark a point in
its interior. Name the point, C. Draw line segments
from C to each vertex of the polygon. In the interior
of the polygon draw a small circle using C as a center.
From your drawlng tell why the sum of the measures (in
degrees) of the angles of a polygon is (n - 2) x 180
or n x 180 - 360.(%:%9*%4}«%&4/4&44%{4!6%
2 nclodia e measwier o Yo engled ol C. Vie awm <of

the o S anglew al C o 360. e anglet al C should
ael b ineledad.. Hortee we subliaet 360 frem nx/80.)

Could the sum of the measures (in degrees) of the angles

of a polygon be 250? Why? (/zo,awza. 250#@-2)!/80)

Could the sum of the measures (in degrees) of the angles

of a polygon be 160°? Why?(/b,,a}ﬂa. e awm of Zhe mesdaned
Cin Atgree) of o poliigon st al ool /80,01, aince 160 #(n-2)x/80.)
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MEASURES OF ANGLES OF SPECIAL TRIANGLES

Objective: To develop the following understandings and skills:

1. The measure (in degrees) of each angle of an squilateral
triangle is 60.

2. To make an angle whose measure (in degrees) is 60,
you may draw an equilateral triangle.

3. Two triangles of special interest have angles whose
sizes are 30°, 60°, 90° and 45°, h5°, 90°.

L. Two triangles which have 3 pairs of corresponding
angles with the same measures are not necessarily
congruent.

Materials Needed:
Teacher - Straightedge, protractor
Pupil - Straightedge, protractor, chalk

Vocabulary: No new words in this section

This Exploration is also one which the teacher might
allow a group of students to do independently.
Several of the understandings of this section are
developed in the Exercise, Set 9. Therefore it is
essentlal that when the pupils complete this exercise
they check their results with the teacher. If

time 1s short this section might be included only

for pupils with interest and ability for independent
study.
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MEASURES OF ANGLES OF SPECIAL TRIANGLES
Exploration

You have studied angle relationships in some special

triangles

1. Use your compass to draw an isosceles triangle, with
the length of each of the congruent sides the same
as the length of AB. How many such triangles can
be drawn? (u Eanatsr 4 wrwmj

A o— —e B

Measure the angles. What seems to be true about the

angles of an isosceles triangle?

dhbauncaﬂt.Zua4722v44¢.4é14a4#42uta¢ywﬁc4aéa¢r -
eynawnt '1aoez%c4uunz4a4a¢a&5§ﬁ;4»9922212::;k¢

2. Did each one of your classmates find that the congruent
angles of hils isosceles triangle had the same measure?

If the answer is "no," can you think of the reasons

for this?
[Zzﬂ""‘%‘/ G h ﬁﬁMJE%:
the sl s %wﬂ "‘_5:)
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3.

What did you learn about the angles of an equillateral
triangle? How should their measures compare? Use
your compass to draw an egquilateral triangle. Choose
any convenient length as the length of a side.

Measure the angles. How do the measures compare'7

How many different equilateral triangles were made in
answer to question 3? How did the measures of the
angles of your triangle compare with the measures of

the angles of the triangles of your classmates?

ol tamid S oy
% qW Lyt
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5. What number is the measure, in degrees, of every angle
of an equilateral triangle?® Using only compass and
straightedge, draw an angle whose measure in degrees
is- 60. Did you draw an equilateral triangle?

Did your drawing look like this?

]
e
A B
Was it necessary to draw CB to complete the triangle

in order to draw an angle whose measure is 609

Check your construction with your protractor.
Gﬁt;bndipuuumuyzédquEEZ»amyﬁalziufuoﬁ?&uaaauabzs
draecd ar %M@Wu 40.)

Summary

Angles opposite congruent sides of an isosceles triangle

have the same measure.

Sixty is the measure (in degrees) of each angle of any

equilateral triangle.
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Exercise Set 9

1. ANPQR is isosceles with QP = QR.
Use your protractor to find
Q m/P. VWhat do you expect
for the m/R? Check your

answer by using the protractor.

(mee=mir )

2. A triangle whose angles have measures (in degrees) of 45,
45, and 90 1s of speclal interest because there are so
many examples of it in your surroundings. What examples of
right angles can you see in your classroom? Be ready to
show how to complete a 45°, 145°, 90° triangle by drawing

one segtn{ent .

3, C In ACDE, TD & TE. wuhich

angles have the same measure?

Use your protractor to find

the following measures.

(79)

=
N

e}

1

/e = (77
° £ wE- o)
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b, AMKL 1is an isosceles
triangle. MK ¥ KL. Find
wx - (2]
ni = G
L= (g
K L

How do these measures compare wlth those of Exerclse 3%

AreA A CDE andd MKL  congruent? (»ﬁcw-u« Za&@.?&,

agg.tdh~44ﬂ¢¢}&422<>¢:o£'a4u4.£;/ﬂKLﬁ“““@'" )

5. Have you seen other examples of triangles which were not

congruent, and whose angles have the same measure? MW
: iiao ; o L tri ammzé; y

4«,‘d4w&~¢¢u¢aguu0‘r Drinugles coca coannl

Tell whether thlis statement is true or false: Two

e )

triangles may have three pairs of corresponding angles

with the same measures and still not be congment.(&:ﬂ—,

RSt b /N )

6. How many triangles are
there in this figure?(3)
One of them 1s an
equilateral triangle.
Which one?(AA8c) Name 3

angles whose measure is

60 .(L{lc, pe8, j48<)
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7.5 FGH 1s an equilateral triangle,

10.

(mﬁ_;; o, MZ_/’_‘fﬁa Fo, m F/;‘Esan

and EH is drawn so that /HEF
is a right angle. Look at.N FEH.
For whlech angles do you know the

measures?

G —H
Look atoN EGH. List the measures of the 3  angles of
AEGH.(MZG'-‘ée ™ [JCEN >0, au m fG HE =30)

Are all triangles whose angles have measures of 30, 60,
and 90, congruent? (Acdj

A triangle whose angles have measures of 30, 60, and 90
is another triangle of special interest. Look around you
for models of right angles. Be ready to show how to draw a

300, 600, 90° triangle by drawing one segment.

Complete the following statement:

(2a) The measure (in degrees) of any angle of an equilateral

triangle is (602 .

(b) Two triangles of special interest have angle measures

(in degrees) of 45, ¢, 9% and P, 60, 9.
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Write A,

Suggested Test Items

B,

or C 1n the space provided to show the

triangle, or triangles, for which the sentence 1s true.

AVASSS

Isosceles

A¥B (a)
£ (b)
8 (e)
AsB (d)

B (e)

_C_(£)
A__(8)

Equilateral (and Isosceles)

The triangle
congruent to
The triangle
The triangle
The triangle
congruent to
The triangle
congruent to
The triangle

The triangle

congruent to

The triangle

congruent to

Scalene

has at least two sides which are
each other.

has no congruent angles.

has three congruent angles.

has at least two angles which are
each other.

has three sides which are

each other,

has no congruent sides.

has exactly two sides which are
each other.

has exactly two angles which are

each other,

293



A ABC 1s an equilateral

triangle. If /A and /D are
both the same size, how do you
expect éc to compare in size
with /D? Tell what facts you
learned to make you think your

answer is correct., £C = LD
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Practice Exercises

Find the number that y represents. Express all answers in

simplest form.

1. a) %+%~_—y (g) e) 7-%4- 5%=y (13%)
b) 8+ 13-y (155) £) £+ %=y (1)
c) 5§+ 6§=y (113) g) %+%;=y (%)
d) +3=-y  (f) n) 63+ 55-y (1)
2. a) 36.3+23.0=y (59.3) e) 876+ 867+ 972+659=y 4
337
b) 5.46 + 1.48 =y (6.94) f) 993+ 364+ 848=7y 22053
c) 269 + 287 =y (556) g) 8.98 + 4.07 =y (13.05)
d) 881 +482+886=y (2249) h) 698 + 589 = y (1287)
3. a) 0.3x0.3=y (.09) e) 92 x 7.309 = y (672.428)
b) 1.lx2=y (2.2) £f) 5x0.9=y  (4.5)
c) 64.1x9=y (576.9) g) 10x3.6=7y (36)
d) 6.3 x8=y  (50.4) h) 10 x 8.54 =y (85.4)
hoa) 5ov-g£ B e) v -53-2% (&)
) y-5=8 (% £) 2 -1g-y (§)
) ¥-3p-y (135) g) $-%-y ()
4 WB-y=1% @ h) y-22-3%  (67)
5) a) $xz=y L) e) HxL,-y ()
277 | (1z ) 5 102 (103
) Fotg=y (B f) px6-y  (15)
c) 5 x % =y (%) g) 47 x 5% =y (244%)
d) %% xg=y () h) $or36-y  (27)
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6. a) 30 x 478 =y  (14,340)
b) 256 x 100 x 2 =y (51,200)
c) (40 x 984) + (6 x 984) = y (45,264)
d) (7,000 x 875) + (200 x 875) + (5 x 875) = y (6,304,375)
e) 106 x 470 = y (49,820)
£) (300 x 9,150) + (80 x 9,150) = y (3,477,000)
g) 400 x (600 + 52) =y (260,800)
h) 209 x 63, =y (133,551)

7. a) (2,200 + 99) =11 =y (209)

b) 69,360+ y = 17  (4,080)
c) 3,332 =49 = y (68)
d) 4,984 =56 =y (89)

e) 331,705 +y = 407 (815)
£) (217,200 + 33,304) =~ 724 = y  (346)
g) 50,542 +683 =y (74)

h) 546,984+ 642 =y (852)

8. a) & - 7% (21) e) 13-§ (14)
) §-ef (3 ) &-% (6)
) 5= % (12) g) £-12 (48)
d) é%=§ (8) h) 2%.;{5 (22)

9. a) 32 xy- 72 (8) e) 3 xy = 512 (8)
b) y + 7° - 62 (13) £) 43 = yl+ o* (27)
c) 81+3% -y (9) g) y+5°=4 (100)
d) 60=y+ 6 + 4% (8) ) I%lx;g=%3 (10)
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10 a) s5=4 (9
b) (56,100 + 187) + (15,718 = 187) = y (384)
¢) 58 x2x273 =y (31,668)
d) %ﬁé X f%g =y f§4)
e) 55- 4=y ()
£) 10 x 7.936 =y (79.36)
g) 875+ 374 + 923 = y (2172)
h) 62+ % = v (16§)
1) 3'+ 9=y (3% or 9)
11  a) -g-+%=y (lg-)
b) 16.58 + 8.28 + 787.54 + .56 =y (812.96)
c) 10 x 29.2 =y (292)
d) 12-13-y ()
e) gx2=y (3
f) 3x3x2,8/5=y (25,875)
g) 595,161 +y = 603 (987)
h) &-% (3)
1) 32 x 22 = y (27 or 128)
Braintwisters

l. What four consecutive odd numbers, when added together,

will equal 80? (17, 19, 21, 23)

2. Can you find any two prime numbers less than 100 whose

sum is an odd number? (2 and 3 are the only pair.)
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SET 1
Part A
l. Express in exponent form.
a) 5% x5°2. 50 e) 16+ 8 = 2t 23, o1
b) 16x2= 2'x2'-2% £) 100 x 1,000 = 10%x 103 = 105
c) 73+ 7° - 7 g) 4 x 32 = 22x 25 . 27
a) 125+ 52 - 53+52.51 ;) g +3- 3% 3l _ 38
2. Find the number that n represents. The first one 1is
done for you.
a) 5- % n= 10 d) %=71Ig n=2
b) %-=§r36- n =12 e) %:% n=4
c) %-z %g n=2=6 ) % = %? n = 30
3. Arrange according to value, putting the smallest first.
Example a 1s done for you.
a) 3.%5.-% G.3.8 0 8.2.% G.5.8
2 3.5.5 .50 0 B 5.k .. B
0. 5.5¢. 5.9 0 %.3.% &. 5.0
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4, What exponent does n stand for in 3" - 9? You L;now that

3 x 3 =9, Then 32 =9 and n = 2. Copy the problems

and find n for each.

a) 22=8,n=_3_ £) 5" =625, n=_4

b) 6" =216, n=_3_ g) 3"=81,n=_4_

¢) 3" =243 ,n=_5_ h) 4n=64,n=_3_

d) #'=1,024 ,n=_5 1) 6%-1,206, n=_4
e) 7™ =234 ,n=_3 j) 10" = 100,000 , n = _5_

5. Place parentheses in the following to make the sentences

true. Example: 3 + 13+4 =4, (3 + 13) + 4 =4

a) 3+1x3=09 e) 6-2%-+1%—=4%
(3+1)x3=09 o 2
(6-2-3—)+1§=)4-3-
b) 14 -2+ 5=7 £) $x58- 25 = 23
4 - (2+5) =17 3 1 l
(EXS%)'EE:Q'ZI
c) 4 x5+ 2= 28 g) 3+ 3% -1l = 1.8
b x (5+ 2) = 28 e 10

3+ (33 - 145) = 4.8
80 n) 13 - 93+ 22 = =
) 13 - (93 + 28) = &

6. Estimate the two whole numbers the sum or product must be

d) 17 + 3

between. An example 1is done for you,

Example: 2%+ 3%, 5 and 7

a) 65+ K5 15and 17 e) 8.9 x 7.50 56 and 72
b) 3.25x 2.4 6and12  r) 1254 158 27 ana 29
c) 2x i 0 and 5 g) 232 x % 0 and 24
d) 5% + 7—2— 12 and 14  h) 853 + 928 177 and 179
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7. In each polygon below the slzes of some of the angles are
shown., Write the measure of each angle whose vertex is

named by a letter. Tell what each polygon would be called.

Sides marked ]I are congruent. Example a 1is done for you.
it A
b 1)
2 ) U ) ° ) 80 °
90° i 120°
70° D
90° N B . 90°
" Ll m /D = 90
m /B = 90 m /A= 90 Quadrilateral
Rectangle Square
a) e) £)
9 Q
90° 3 = o 80°
° ° 80° G
60 E 90 c
B m/C = 90 m /G = 110
m/E =30 . Rectangle £

Triangle (Scalene) Quadrilateral

8. Complete the chart below.

Approximate distance | Approximate distance

Name of Star in miles, using in miles, without
exponent form using exponent form
Procyon 65 x 10° 65,000,000, 000, 000
Betelgeuse 18 x 10%* 1,800,000, 000,000,000
Regulus 41 x 1013 410,000, 000,000, 000
Altair 11 x 1013 110,000,000, 000, 000
Vega 16 x 10%3 160,000,000, 000, 000
Alpha Centauri 22 x 3% x 10%° 1,080,000, 000,000
Rigel 32 x 10°" 3,200,000, 000,000,000
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Part B

Write a mathematical sentence (or two sentences if necessary)

and solve. Write an answer sentence.

1. If Mrs. Jones cut % of a ple into three equal pieces,

each plece is what part of the whole pie? %-x %-= a, a-= %

Each plece of pile 1s % of the whole pie,
2. Jim has a triangle design on his garage door. The triangle

has one side 8 inches long and the other two sides each
6 inches long. The angle opposite the 8 inch side is
80°. What is the sum of the measures of the other two

angles? 80 +n =180 or 180 -80=n, n = 100
The sum of the measures of the other angles is 100.

3. Ruth lives g- mile from the library. Linda lives twice as
far from the library as Ruth does. How far does Linda live

1 2 1
from the library° g x2=d4d, d-= T? or 1§ or 1y
Linda 1lives lﬂ' miles from the library.

4, The length of the playground at the Pine Grove School is

150 ft. The width of this playground is 60 ft. The
playground at the Recreation Center has the same area as the
playground at the school. The width of the Centerts
playground is 90 ft. What must be the length of the
playground at the Center? 60 x 150 =n, n -+ 90 =

Yy =100, 60 x 150 =y x 90 The playground must have the
length of 100 ft.

5. Mrs. Brown bought 14 yards of cloth to make curtains. She

used % of the material for the kitchen and bedrooms. How

much material is left? E X1l4=pr, r-= 10§ 14 - 105 = n
n = 3%. Mrs. Brown has 3§- yards of material left.
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6.

8.

w

A recipe for dessert for six persons calls for T cup

of sugar. How much sugar will be needed to make the

qessert for three persons? % X %-: r,r= %

% cup of sugar will be needed.

In 1950. the population of India was estimated to be

5 X 23 X 107. Express this as a base ten numeral.

5 x 8 x 10,000,000 = p , p = 400,000,000 The population
would be ﬁO0,000,000 people,

A planet moves around the sun. When it 1s closest, 1t 1is
fO million miles from the sun. When it 1s farthest, it

is 90 miliion miles from the sun. What 1s its average
distance from the sun? Write the average in exponent form.

(70,000,000 + 90,000,000) 2 = 80,000,000 Its average
distance is 80 million miles or 8 x 107.

Jack's sister in high school has an average of 2% hours of
home work each school night. How many hours will she spend

on home work each school,.week? 5 X% Zl - n n - 112
Jack'!s sister spends 113 hours each Week on home wdrk.

Braintwisters

"Clock Arithmetic"

Is 10 + 6 always equal to 162 (No)
If 1t 1s 10 a.m. now, what time will it be 6 hours
later? (4:00 p.m.)
In counting hours what happens on an ordinary clock after
the hour hand gets to 12 ? (It goes to 1)
The answers to problems in Example A are correct only

for "clock arithmetic".

a(1) 3+4 7 (2) 7+9 =14 (3) 8+6=2 (4) 11+ (=6

Use "clock arithmetic" to write the sum for these.

b (1) 9+6 =3 (2) 10+7=5 (3) 11+11=10 (4) 5+4=9

Can you find products in "clock arithmetic"? (ves)
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Review

SET II

Part A

1. Tell which property is illustrated by each of these
mathematical sentences. Write the first letter of each
word that names the property. For example, write A P M

for associative property of multiplication.

a) (a+b)+c=a+ (b+ec) AP A
b) c+d=4d+c CPaA
¢) ax (dxc)+ (axd) xe APM
d) &x<-= S X s CPM
e) (a+b)xc=(axc)+ (b x ¢) DPM
f) axb=axb None

g) (b+c)+a=(b+a)+ (c= a) DPD
h) axc=c¢cxa CPM
i) %+§-:%+§ None

J) (% X %) X % = % X (% X %) APM

2. Write the repeated factor form and the numeral for each of

the following. Example a 1is done for you,

a) 2% - 2 X2x2x2-=16

b) 40 - i x4 x4 - 64 e) 10° - 10x10x10x10x10x10 -
5 5 1,000,000
c) 6°=6x6= 36 £f) 8 -8 x8x 8= 512

e

d) §o . Ax4xhxdxh=1024 g) 5

it

5 X5 X5 x5=625
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Answer yes or no to each of the followlng questions.

a)
b)
c)
d)
e)
£)
g)
h)
1)
J)

Write the following as decimals, fractions,

with denominator in exponent form.

Does o.15+2.3+7=-11%+$_20+-71-g? Yes

Does 4,2 x 3.5 = Egzggéi ? _Yes
Does ézigé = 0.56 ? _No
Does 0.032 = %T%ﬁ% ? Yes
Does 4_{i,g,%2—,},§-] _Yes
Does %—1’%——8? No
Does ?—%—%——;(—%=—g-x%? _Yes
Does 7x%x%=%x§x%? No
Does 3-é-x5%= 20-196+T2:? No
Does %xg-zgxl? _Yes

and fractions

Example a 1is done

for you.

a)
D)
c)
d)
e)
£)
g)
h)

1)

T™wo and four tenths

(2.4, 24 2,

’ T6 ’

Twenty-four hundredths (0.24 , ,

306 *
6]

(3.06 , 100

Three and six hundredths
Four and thirty hundredths ( 4.30,

Five and sixteen thousandths (5.016, %O—Cﬁ ,

Three hundred twenty-four hundredths (3.24,

164
10 °?

Thirty-nine and seventy hundredths (39.70 ,

20041 2004130
10 1

One hundred sixty-four tenths (16.4,

Two thousand four and one tenth (2004.1,
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5. 1In each triangle below the sizes of some of the angles are
shown. Write the measure of each angle whose vertex is

named by a letter. Tell what each triangle would be called.

Sides marked are congruent Example a 1s done for you.
/\ A C)
40°
mLB:=55 m LC=60
Eguilateral 100° =
Scalene v * mLAs k0
T sosceles
/5\ %o\ f) 9)
70° H /[er c G K
mLH:T0 m LC= 63 m LG =30 e LIKE (50
I Sosceles SC&\QV\Q- I sosceles E%UJ \d‘(\‘d.\

6. Some countries use the metric system to measure length. It
is a decimal system as shown below.

10 millimeters (mm) 1 centimeter (cm)

10 centimeters = 1 decimeter (dm)
10 decimeters = 1 meter (m)
1000 meters = 1 kilometer (km)

Fill in the blanks.

a) 1lmm=_.1 ecm d) 1m= 1000 mm
b) 1mm= .01 dm e) 1m= 100 ecm
¢) 1mm= .00lm
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7. An astronomer was trying to find how many miles it is from
the center of the earth to the center of the moon. This
was his mathematical sentence, (6 x 101) x (4 x 103) = n,

How many miles is 1it? (240,000 miles)

8. The mass (not weight) of the earth is 6,000 million million
million tons., Uslng exponent form this could be written

as 6 x 10%. What number does n represent? (n = 21)

g, Some scientists say the earth is about five billion years old.
Write the age of the earth four different ways.

(5,000,000,000 = (5 x 1,000,000,000) = 5 x 10 x 10 x 10 x 10 x
10°x 10 x 10 x 10 x 10 = 5 x 107

Part B

Write a mathematical sentence (or two sentences if necessary)

and solve. Write an answer sentence.

1. George bent a plece of wire to form a triangle. He found
the size of one angle to be 90o and the size of another
angle to be 30°., What will be the size of the third angle?

180 - (90 + 30) =n , n= 60, 90 + 30 = 120, 180 = 120 = n
n = 60 The size of the third angle will be 60°.

2. James can run one-fourth mile in 2% minutes. At thils speed

how long will it take to run one mile? 4 Xx 2% =n, n=79
James can run one mile in 9 minutes.

3. Eddie rode his bicycle 3.7 miles in fifteen minutes., At

this speed how far does Eddie travel in one hour? 4 x 3.7=r
r = 14,8 Eddie travels 14.8 miles in one hour.

4, An airplane is traveling at 24 X 52 miles an hour. Express

this as a base ten numeral., 16 x 25 =8 s = 400
The plane is traveling at 400 mlles an hour.
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5.

In many countries a standard unit of measure 1s the meter.
A meter equals 1.0936 yards. How many yards more than

100 yards is a 100 meter race? (1.0936 x 100) - 100 = y

¥y =9.36, 1.0936 x 100 = n, n - 100 = Yy ¥y = 9.36

A 100 meter race is 9.36 yards longer than a 100 yard race,
Dan bought' % pound of lunch meat. The first day he ate

1

T of the lunch meat. How much lunch meat did he eat?

1 X 1 =8, 8 = 1 Dan ate ’ pound of lunch meat.
277 8 8

A musical tone 1s made by vibrations. When struck, string
E vibrates 256 times a second. String C vibrates l% times
as much as string E. How many times a second will string C

vibrate? 256 x 1%- =n , ggé % % =n, ns= Zgé or 384

String C vibrates 384 times per second.

Group Activities

Relays Using Sequence-- The object of the game is to discover

the rule and to write the terms of a sequence. The teacher
dictates the first three numbers of the sequence to the
first player of each team. The first player writes them
and then returns to his seat. After a brlef time, during
which the class discovers the rule of' the sequence, the signal
to begin is given. Each player, going up in turn, adds a
term to the sequence. The relay continues until the teacher
calls time. The winning team is the one with the longest
correct sequence.

This game can be adapted for many kinds of interesting

practice,.

307



P190

Part A

1.

Review

SET III

Arrange in the order of size from least to greatest.

a) O0.74, 0.014 , 1.40 , 0.7
b) 0.65, 0.8, 0.07T , 0.10

(0.014, 0.7, 0.7k, 1.40)
(0.07, 0.10, 0.65, 0.8)

¢) 1.1, 1.32, 1.0, 1.85 (1.0, 1.1, 1.32, 1.85)
Write the pair of equal fractions in each of the following.
The first one is worked for you.

1 2 4 1 i 5 1 20 5 20
a) ?:5:'8’ (5:'8') d) 9:3%:3? (9:?6)

3 9 3 3 9 11 21 33 (11 33
b) 5?15 * 10 (5:15) e) o » | ) (T: 12)

2 4 2 4 10 1 1
) 3:%.5 (5.7 ) 2.2, 3.3
Find the number that the letter represents. Express answers
in simplest form.
a) % + %-= n n = % e) 2.81 x0.7=p p= 1.967

13 3 1
1 _ 5 £) -n = n =

b) gx5= p= % 6 T 6
c) 3.6 x0.6=r = 2,16 g) 16.3 x 0.09=Db b = 1.467

4 4 2 1 5 1
d) g—g'—:d =7 h) 6X51I—C 0—31'5
Find the number that n represents. Tell whether 1t is a
prime or a composite number.
Examples: 23+ l=n, n = 9 composite; 23- l=n, n= 7 prime
a) 92 -1=n n = 80 composite e) 62+ 1=n n-= 37 prime
b) 22 _1-n n-=31 prime f) 52- l=n n=24 composite
c) 33 +1=n n= 28 composite g) 73+ l1=n n =344 composite
d) 2 4+1=n n-= 17 prime h) 4. 1=n n=1023 composite
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5. Express each of these numbers as a product of primes,

Example: 16 = 2 x 2 x 2 X 2

a) 125 = 5 x5 x5 £f) 68 =2x2 x17

b) 8l=3x3x3x3 g) 39=3 x13

c) 27 =3x3x3 h) 32=2x2x2x2x2

d) 21 =3 x7 1) 48 =2x2x2x2 x3

e) 12=2x2 x 3 J) 243 =3 x3 x3 x3 x3
Which of the above numbers could be written in exponent

form as a power of two? Example: 16 = 24. Write them
= (32 = 29)
Which could be written in exponent form as a power of three?

4

Write them. (81 = 3, 243 = 32, 27 = 33)

6. A ten foot ladder is leaning against a wall. The top of the

ladder is 8 feet from the ground. The bottom of the ladder

is 6 feet from the wall. What kind of triangle does this
suggest? (Scalene) Where will the largest angle of that

triangle be located: where the ladder touches the wall or

ground, or where the ground and wall touch? (Where the ground

and wall touch)
Part B

Write a mathematical sentence (or two sentences if necessary)

and solve, Wrilte an answer sentence,

l. Ji1ll is cutting out a pattern. One plece has the shape of
an equilateral triangle. One side of the triangle is 34
inches long. How many inches will Jill cut when she cuts

out the triangle? 34 x3 =n, 34+ 34 + 34 =n, n = 102
Jill will cut 102 inches.

CE?”?frf"ronnn‘*”““ y
TR LnRARY
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2.

There were 36 children in Miss Heyler!s class in January.
Three-fourths of the class had perfect attendance. How

many children had perfect attendance? % Xx36=a, a=27
27 children had perfect attendance.

A snall crawls % of an inch in one minute and % of an

inch the next minute. How far does he crawl in the two

minutes?l-g %_n,é; uo—n,n=§%or2§¢ The snail
crawls 2?? inches in ¢ miffutes.

Dan caught a lake trout that weighs 2% pounds. How many

ounces does the trout weigh? 16 x 2%-: w, 16 x 2 =W,
= %? or W= 40 The trout weighs 40 ounces.

An astronaut 1s traveling around the earth at 52 X 103

miles an hour, He travels 75,000 miles each orbit. How

long will it take him to make one orbit?

25 x 1,000 x y = 75,000 or 75,000 +(25 x 1,000) =y y =
One orbit will take 3 hours.

David's father weighs 196.5 pounds. Davidfs weight is %

of hils fatherts weight. What is Davidts weight? w = 65.5
196.5 x %-: w Davidts weight is 65.5 pounds.

A dress patterﬁ calls for 3%- yards of material. Mother
wishes to make dresses for Mary, Jan, and Denise, How

much material does she need? 3 x 3% =m m-= 11% s
3 X %?-: m m= %? Mother needs 11%- yards of material.

Braintwister

The following statements are true. What number base other
than ten is used in each?

a) I am 13, years old. In three years I will be a

teen ager. (Base seven)

b) There are 100, inches in one yard, (Base six)

¢) My birthday is in October, the 12, month of the year.
= (Base eight)
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Chapter 4
INTRODUCING THE INTEGERS

PURPOSE OF UNIT

The purpose of this unit is to extend the concept of number.
The concept which the children now have is based on experiences
with three kinds of number: counting numbers, whole numbers, and
fractional numbers. In this unit a fourth useful kind of number,

the Integers, are introduced.

The specific purposes are:
1. To introduce the meaning of integers
2. To introduce a symbolism for integers

3. To introduce the operations of addition and subtraction

wlth integers by use of diagrams

4, To guide children in the use of integers and the

realization of their importance

Thils unit is intended to provide an introduction to integers.

The purpose 1s one of meaning and awareness rather than the
development of skill. It is recommended that the teacher not drill
for mastery of addition and subtraction of integers., This skill
will be developed in later units.
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MATHEMATICAL BACKGROUND

Introduction. The integers are a new kind of number to the
children. The kinds of numbers which they have studied are:

counting numbers: 1, 2, 3, ...
the whole numbers: 0, 1, 2, 3, ...

1 8 1
fractional numbers: cees D eees T oeees 7;, cen

Each of these kinds of numbers arose historically out of a
practical need. The integers arose from situations where counting
or measuring in whole unlts was with respect to a fixed reference-
point from which the direction of counting or measuring was impor-
tant, Examples of such situations are measuring temperature in
degrees, or altitude in feet. One talks about a temperature of 30
degrees above zero or 30 degrees below zero, an altitude of 300
feet above sea level or 300 feet below sea level.

The integers will be denoted by

- - + +
cees 2, 1, 0, "1, "2, ...

" "zero," "positive one,"

" o= n n + n

" "negative one,

read: ..., "negative two,
"positive two," ... . The superscripts
describe the relation of the integer to the reference number O,

Zero 1s written without a superscript. In the Pupils' Book no dis-

tinction will be made between integer as a number and integer as a

and

symbol.

Pairs of integers such as *t1 and i, or t2 and T2 are
said to be "opposites." Thus "2 1is the opposite of +2, and T2
1s the opposite of ~2. Zero is considered to be its own opposite.

Using integers, one could speak of a temperature of +32
(positive 32) degrees which we agree to mean 32 degrees above
zero or an altitude of ~300 (negative 300) feet, which we agree
means 300 feet below sea level.
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Geometric representation. The integers may be represented
geometrically as follows. A line is drawn with a series of equall
spaced dots on it as in Figure 1.

& —— L g @

L
¢
(

1

Figure 1

A dot is then selected somewhere near the middle of the line and
labeled 0. The dots to the right of 0O are next labeled succes-
sively +l, +2, +3, ... as far as convenient, and the dots to the
left labeled similarly 1, "2, 73, ... . The result of this pro-
cedure is shown in Figure 2.

4
]
p
p
p
p

--— o 7 ° . ! o
-6 -5 ‘4 -3 -2 -1 0 + +2 +3 *q +5 *6

Figure 2

Figure 2 is a diagram of relations between integers. The
equally spaced, labeled dots are the most important feature of the
line. This 1s thought of not only as a number line, but also as
a gulde to the eye in moving from dot to dot. The equal spacing
of the dots is important in this and similar diagrams later in the
unit, because the addition and subtraction of integers will be
presented graphically.

Figure 2 makes it apparent that the positive integers may be
thought of as extending indefinitely to the right of 0, and the
negative integers indefinitely to the left of O. Pairs of
opposite integers such as "% and "4 are represented by pairs off
dots spaced symmetrically to the right and left of 0.

The order of the integers. The integers shown in Figure 2 pr
sent themselves to the eye in a natural order from left to right.
We say: +5 1s greater than +2, because we must add +3 to +2
to get +5. This 1s the same explanation we used with whole numbe
to determine if one is larger than the other. That is, a >b 1if
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some number ¢, greater than zero can be added to b 8o that
a=b+c. "2 1is greater than "4, because 6 must be

added to "4 to get T2. "3 1is greater than 710, because

+7 must be added to ~10 to get ~3, or in mathematical
symbols, 15 s %*e, *o s "u, "3 s T10. wWe may also say 12 1s
less than 5, 4 1is less than '2, writing 2 < 's5,

"4 < %2, Note that 1n Y5 > *2, *2 574, and "3 > 710, a
positive integer was added to the smaller number to indicate that
the other number was the larger of the two numbers. We have
agreed that positive integers will be shown to the right of zero
on the number line and negative integers to the left of zero, and
that going from left to right is golng in a positive direction,
while going from right to left is going in a negative direction.
We can say, then, that any integer represented by a dot on the
number line 1s greater than any integer represented by a dot

on the number 1llne i1f this second dot lies to the left of the
first dot.

Counting with integers. Starting with any integer, for exam-
ple +2, we can count forward by ones, +2, +3, +h, +5, ces oOP
backward by ones, T2, +1, 0, 1, 2, ... as far as we please., We
.can also count forward or backward by other numbers, e.g., by

threes: 2, 5, 8, ™11, ... or Yo, "1, Tu, 7, ... .

Addition of whole numbers can be described as repeated
counting. Addition of integers may be similarly described. The
only difference is that we may have to count backward (to the
left) as well as forward (to the right). For example, the
addition 15 + "2 = 3 may be thought of as "Count forward five
from O and then count backward two from positive five to posi-
tive three"; the addition 5 + T2 = ™3 may be thought of as
"Count backward five from O and then count forward two from
negative five to negative three." ~5 + "2 would mean, "Count
backward 5 from zero and then count backward two from negative
5 to negative 7." This method of approaching the operation of
addition has some advantages, but it is not emphasized in this
unit because it has the disadvantage that little knowledge of
the nature of the operation of addition 1s imparted by it.
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Representation of lntegers by arrows. An integer such as
+5 may be represented by drawing an arrow five spaces long
parallel to the number line. In Figure 3, three such arrows are
shown. We agree that arrows for positive numbers shall point to
the right and arrows for negative numbers shall point to the left.
The arrows all point to the right because +5 is positive. Each
arrow 1s placed so that 1t begins at one dot and ends at another
dot on the number line. It may be started at any point that 1s
convenient. An arrow 1s identified by writing the name of the
integer which 1t represents directly above it as in Figure 3.

*5
*5 *5

v

85 3737271 01 *2*'3 *4t5*6*7

Figure 3

Figure 4 illustrates the arrows used in graphical represen-
tation of integers and the names used to describe the arrows.

Integer reprgsented

by arrow.
*5
Tail e o>~ Head
osy///
Head”™ %4 r~Tail
Figure 4

The number of spaces between the head and the tall of the
arrow is called the measure of the arrow. In this unit it is a
whole number. This conforms with what children already know
about measurement; that is, that a measure is a whole number.
The measure of the arrows in Figures 3 and 4 is 5 (a whole
number).
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In Figure 5, arrows representing 5 and ~2 are shown.
Note that they all point to the left. The measure of the 5
arrow is 5. The measure of the ~2 arrow is 2.

In all graphical representations, positive is thought of as
"to the right" and negative as "to the left."

5

I

T8T5 4 T3IT2TI O tI *2*3 %4 *5 *g *7
Figure 5

Renaming. Considerable use has been made previously of
renaming a number. For example, the whole number three may be
renamed 2 +1 or 4 - 1 and the fraction 1 may be renamed
% + % or % - %. In these names the symbols " + " and " - "
denote the operations of addition and subtraction. Observe that
2+1 and k4 - 1 do not denote the performance of these opera-
tionson 2 and 1 or 4 and 1, but the result of performing
the operations; "2 + 1" and " 4 - 1" are simply other names
for the whole number 3. This fact 1s expressed by the mathe-

matical sentences 2 +1 =3 and Nv- 1 =3,

In this unit, the symbols ™ + " and " - " have other uses
beside denoting operations on integers. When " + " 1s used as a
superscript, as in " +2," it is a part of the name of the number

"positive two." It does not denote an addition. As a superscript,
it serves to distinguish the integer positive two, +2; from the
whole number 2 and the fraction %. It also distinguishes posi-
tive two from its opposite, "negative two." Similar remarks apply
to the symbol " - " when used as a superscript.

The operations of addition and subtraction of integers are
denoted by the same symbols " + "™ and " - " as the like-named
operations on whole numbers or fractions. The operations have
very much the same properties. For example, addition of whole
numbers and addition of fractions are both assoclative and commu-
tative operations. Addition of integers i1s also an associative

316



and commutative operation.

The assoclative property for addition of integers will not
be developed in this unit, but extensive use will be made of the
commutative property.

Renaming integers is convenlently done by using the arrow
representation on the number line and renaming either from the
figure or by counting. This is illustrated on pages 351, 352, and
355 of the Teachers! Commentary.

The mathematlcal sentences used to describe a renaming are
similar to those used to describe renaming whole numbers or frac-
tions. For example, the integer +5 may be renamed *y + +l or
*7+ 72 or %7 - 2. we shall see that 5 also renames
+7 - +2, +7 + 72 and tu 4 +1. Observe that the expression
+7 + T2 denotes the result of operating with addition on the
integers +7 and "2. It does not denote the performance of the

operation.

To perform the addition or to add '7 and "2 is to rename
the integer +7 + 2 in as simple a way as possible. To indicate
the performance of the operation, one writes +7 + "2 = 8. Here s
is called the sum of +7 and 2. It represents the simplest name
for "7 + T2, When it is found that the sum is *5, the addition

has been performed. If the sum is unknown, it is called an unknown

sum, The addition has been indicated, but not performed.

It 1s immaterial how the sum s 1s found. s may be found
informally by counting back two from +7 or s may be found
graphically by the method presented in the following section. s
could also be found by a suitable computation with the whole num-
bers 7 and 2 which the pupils will learn in later mathematics
courses,

Whatever method is employed, the result is the same: the
integer denoted by s in the mathematical sentence below is
renamed 5.

try T2 =g
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Graphical addition of integers. The procedure of graphical

addition and subtraction using arrows and the number line diagram
1s chosen in this unit as best fitted to teach the meaning of the
operations of addition and subtraction as applied to integers.
The process of graphical addition is explained by the following

diagrams.

Figures 6 through 9 illustrate a variety of simple addition

sentences,

-8 (sum)_______ »

*4 (second_addend)
*3 (firsg addend)

7785 AT3T271I O Y1 *2t3*4t5%6*7
+3++)4=S; S=+7

Figure 6

¢———=5__{sum)

<2 (addend)
3 (addend)

T7TTBTS AT3T271 0*I *2%3 ‘3t5%%*?

"3+ T2 = s; s =5
Figure 7
(sum) 8 _
(addend) *¢ >

>

< (addend)

TTT8T5 B3T3 T2T1I O t1 t2+3 *4 t5 %67
1+ Y6 = 5; s =75

Figure 8
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(sum) s,
<! (addend)

(addend)'s

Figure 9

Certain general features of the process of graphical addition
presented here should be noted,

(1) In an addition b+ c = s where b and c¢ denote
integers and s the unknown sum, the arrow for the
first addend b 1is always drawn first, 1Its tail
is directly above zero. It is drawn just above the
number line. It is drawn to the right if b is a
positive integer and to the left if b 1is a negative
integer.

(2) The arrow for the second addend c¢ 1is drawn next,
Just above the arrow that represents the first
addend. Its tall starts directly above the head of
the arrow for b and its direction depends on
whether the integer ¢ 1s positive or negative. If
¢ 1s a positive integer, its direction is to the
right. If c¢ 1is a negative integer, its direction
1s to the 1left. :

(3) The dotted arrow giving the unknown sum s 1s then
drawn just above the arrow which represents the
second addend. Its tall is always directly above
the O dot. 1Its head 1s directly above the head
of the second arrow. The sum s is the integer
directly below its head.
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Adding opposites. The fact that the sum of two opposite inte-
gers 1is always zero may be shown by graphical addition. Figures 10
and 11 indicate the procedure. No arrow for the sum can be drawn
i1n these cases.

"5 (addend)

— 5 (adgend)

3737271 O* *2*3 *4*5 Y67
+ 5 = 8; s =0

Figure 10

t4 !agdend)
4 (addend)

T7TT8T5 3737271 O Y1 *2*3 %4 *5%*7
ho+ Ty = o s =0

Figure 11

Subtraction of integers. Before the operation of subtraction

in the set of integers is developed, the meaning and vocabulary of
the operation of addition and subtraction of whole numbers should
be reviewed. See Chapters 3 and 6 of Grade Four. No speolal lan-
guage for subtraction of integers 18 needed. It is the same as the
language for the subtraction of whole numbers as summarized in the
followlng paragraphs.

In a mathematlcal sentence lndicating addition as
(a) 5+ 13 = s,

(1) the 5 and 13 are called "addends" or known
addends; and

(2) the s 1is called the "unknown sum."
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To perform the addition indicated by the sentence (a) is to
find a more convenient name for 5 + 13 thereby finding the sum
B.

In an addition such as
(v) 5+n =18

(1) the 5 and n are called "addends," 5 1s the
"known addend,” and n is the "unknown addend";

(2) the 18 1is the "sum."

Children have been taught that subtraction is the operation
of finding an unknown addend. Sentence (b) may be rewritten as

(c) n=18 -5
and n then is found by Ssubtracting.

The connection between sentence (b) and sentence (e) should
be noted.

(1) The 18 1is the sunm.

(2) The 5 1is the known addend, and the n 1is the
unknovn addend.

The sentences (b) and (c) have exactly the same mathematical
meaning, and in both cases n 1is called an unknown addend.

In the same way, if m denotes an integer, the six sentences
below have the same mathematical meaning. In each sentence m
denotes the unknown addend +2.

(a) Y3+ m="s (d) 5 =734+ n
(b) m+ T3 ="5 - (e) 5= m+ *3
(¢) 5 -*3=mn (£) m="s . *3
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Graphical subtraction. Figure 12 is another graphical repre-
sentation of an addition sentence. Figure 13 illustrates the
naming of the unknown addend m in the sentences +7 = +3 +m or

+7 - +3 =m. Figure 12 is included here for purpose of comparison

with Figure 13. 8 (unknown sum)

*4 (known addend)
+3 (known addend)
22"

77675 4737271 0 *1 *2*3 *atstet?

ta oty - +

+ S; s =7

Figure 12

Note the similarity of the location of the arrow for the sum,
and the arrows for the first and second addends. ©Note also that in
Figure 12 the unknown sum is sketched as a "dotted" arrow and in
Figure 13 the unknown addend is sketched as a "dotted" arrow. A

dotted arrow will always +7_ (known sum) >
represent the unknown m (unknown addend)

——————— >
integer.

+3 (known addend)
R S

“77675 3737271 O *I *2*3 *a*5'6*7
tr =t am m ="y

Figure 13

The procedure for drawing the arrow diagram of the sentence
+7 = +3 + m of Figure 13 1is:

(1) Draw the +3 arrow for the known addend Jjust above

the number line with its tail directly above O.

(2) Draw the 7 arrow for the sum at the tép as in
arrow diagrams for addition. This arrow has its
tall directly above O and 1s drawn to the right
because +7 is a positive integer.
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(3) Draw a dotted arrow from a point directly above
the head of the +3 arrow to a point directly
below the head of the ¥7 arrow. fThe "dotted"
arrow represents the unknown addend. Thus m = +4.

Figures 14 énd 15 also 1llustrate the Subtraction of integers.
In each case the construction procedure follows the pattern used
for the construction of Figure 13. Other arrow diagrams appear
with their explanations on pages 373-376 of this Teachers! Commen-

tary. ~3 (sum)
«— M (addend)
*5 (adgdend)

T7TTETS 4T3T27T1 0 *1 *2*3 *ats ‘6t

- + - + -

3 ="54+ m 3 -5 =m m="8
Figure 14

*5 (sum)

o _(addend)
* 7 (addend),

T7TT8TS AT3 271 0 Yt *2*3 %4 's tete

5=t am s tram me o

Figure 15

Subtraction of integers can be easlly illustrated with arrow
dlagrams as was done above., Pupils are already familiar with the
language of subtraction using whole numbers; that is, "In a sub-
traction problem, I am trying to find the unknown addend. "
Children should ldentify the addends and the sums in many mathe-
matical sentences involving integers before drawing arrow pictures
of them. It might be most helpful to have children rewrite sub-
traction sentences as addition sentences; e.g. "3 - t6 = m or
B=m+% or m+ Y6 = “3. This need not be done, of course,
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especially 1if children are very adept at recognizing the addends
and the sum 1n a subtraction sentence which contains integers.

Relations between addition and subtraction. Subtraction of
an integer is used as undoing the addition of that integer, just
as subtraction of a whole number undoes the addition of that whole
number. Thls is important because 1t shows that the operation of
subtractlion may be dispensed with in working with integers; every
subtraction may be replaced by finding an unknown addend in an
addition sentence. For example, the subtraction sentence
"5 - *7 =m 1s replaced by 5 =m + *7 1in which "5 is the
sum, +7 the known addend, and m the unknown addend.

Other Symbols for positive integers. In later work in mathe-
matics, when meaning has been developed, the symbols +1, +2, +3,
... Wwhich denote positive integers are usually written without
superscripts thus: 1, 2, 3, ... . This substitution of the symbol
"M opor "ty,m mom opop *2," etc. does not mean that the
whole number three and the positive integer +3 are the same
number. Later in his study of mathematics the pupll may find that
the counting numbers and positive numbers are used interchangeably
although they are different numbers. The following three para-
graphs show why this may be done but 1t is not intended that this
be presented to the pupils at this time.

Let us establish a one~to-one correspondence between the
counting numbers and the positive integers. This 1s done by
simply saying that 1 and * correspond to each other, 2 and
*2 correspond to each other, etc. If the sets of counting num-
bers and positive integers are sets A and B respectively, the
one~to-one correspondence may be indicated this way:

A=[$, i, ¢ i cees 3, ceeel
B= (%1, *o, ™3, tu, ..., *a, ....].

Now we consider sums and products of two numbers in set A
and the corresponding numbers in set B. The sum of any two num-
bers in set A 1s a number in set A and the sum of any two
numbers in set B 1s a number in set B, If we find the sum of
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any two numbers of set A and the sum of the two corresponding
numbers of set B then the sums willl be corresponding numbers in
sets A and B. For example &4 <—->+4, 5<—-—>"’5, 4y +5=09,
ty o4 +5 = +9 and 9 and +9 are corresponding numbers in sets
A and B respectively. Similarly if we find the product of any
two numbers of set A and the product of the two corresponding
numbers of set B, then the products willl be corresponding num-
bers in sets A and B. For example U4 x 9 = 36 and

ty x *tg = *26 and 36 and Y36 are corresponding numbers in
sets A and B respectively.

The preceding paragraph may be summarized by saying the sets
A and B are isomorphic, or they are abstractly identical, and
the numbers in the two sets may be used interchangeably. Con-
sequently the positive integers may be used for all purposes for
which the counting numbers are used. As numbers, they are
different from the counting numbers, but they are operated on and
ordered in precisely the same way. '

If the pupils are to realize fully that the integers are
new numbers (i.e., new in the sense that they are introduced after
the counting numbers) it is necessary that the superscript " + "
in the symbol for a positive lnteger be retained. If it 1s not
retained the numbers 2 and 12 will likely be identified with
each other without any justification. Consequently 1t 1s recom-
mended the superscript be used throughout this unit.

325



TEACHING THE UNIT

INTRODUCTION TO INTEGERS

Objective:

Materials:

Vocabulary:

To introduce the meaning of and symbolism for
integers, a new kind of number

" 1}

To introduce the arrow "—>" or "e—" asg
a means of diagraming an integer on a number line

Number lines made on paper with dots labeled with
integers for teachers to fold to show oppositeness
of palrs of integers

Dittoed copies of number lines for children
(See suggestion on page 355)

Number lines made on cardboard to use on the chalk
tray or bulletin board as a time-saver. These
may be made 1n sections and fastened together with
masking tape for ease in folding for storage

Integer; " 75 " read "positive five;" " T2 "

read "negative two"; arrow diagram; measure of
arrow; directlion of arrow; pair of opposites;
head of arrow; taill of arrow; reference dot

Suggested Teaching Procedure:

discovegz.

discussion, followed by having the children read the
material written for them on pages 193 and 194 in
thelr books and doing Exercise Set 1. This Exercise
Set should then be discussed in class after which
children may read page 197 in their books and com-
plete Exercise Set 2 independently. .

The method suggested for teaching is that of

* »* *

The integers should be introduced in a class
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Present a line on which dots are located at
equal intervals as shown in Figure 16. Arrows
are used at the end of the line to show that it
extends 1n both directions without ending.

W

Figure 16

The dots on the line should then be numbered
as the teacher says, "We are going to put some
symbols for new numbers on this line." The zero
should be located first, then pairs of dots so the
children will understand the relationship of the
numbers of a pair. ILocate the pair +1 and "1
next, then "2 and "2, etc. After zero and
several palrs are located, call them integers and
read " T2 " as "positive two," " T2 " ag
"negative two," etc. See Figure 17.

5 3737271 0*1 *2'3 %a s
Figure 17

The similarity of this number line to other
scales should be discussed. These scales and
others should be drawn and the method of indica-
ting direction from a reference dot made clear:

(a) Thermometer: Scale drawn with language
"below zero" and "above zero" indicated
with "+ " and " ~,"

(b) Scores: 3Some games result in scores
that are "in the hoie" or "out of the
hole." Scores "in the hole" are repre-
sented with negative integers while
scores "out of the hole" are represented
with positive integers.
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(c) Altitude above and below sea level.
Altitudes above sea level are repre-
sented with positive integers and below
sea level with negative integers.

It should be brought out by questions that all
of these lines have dots indicated at equal inter-
vals, have a definite reference dot, have dots
marked in pairs on each side of the reference dot,
and have pairs of dots marked to indicate opposite—
ness. It should also be clear that by agréement
either direction may be positive if the opposite
direction is5 negative.

Connect the pairs of number symbols as shown
in Figure 18. Discuss the fact that integers
appear in pairs and that the members of the pair
number dots the same distance from zero. ~1 is
paired with 11, ~3 with *3, and zero with
itself,

° 1 N .
) -2 “l 0] * *2 *3

4
2
)

Figure 18

Emphasize the opposifeness of the members of
each pair of integers. Show this oppositeness by
folding a number line at zero so that +l falls
on 1, etc, Discuss symmetry of dots to the
right and left of zero, that 7“3 1s the opposite
of "3, that '8 is the opposite of 8, etc.
And, that zero is its own opposite.

Discuss with the pupils the order relations of
the Integers. You will recognize that it is not
possible to define "greater than" and "less than"
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in terms of addition at this time since the pupils
have not yet studied addition of integers. After
addition has been studied you can show a >b 1f
there is some positive integer ¢ so that
a=D>b+c. For example "2 >3 since

t2 =73 4+ %5, 6 > 710 since "6 = "10 + tu;
0>73 since 0 = "3 + *3, But for the present,
the meaning of "greater than" and "less than" for
integers will need to be made clear intuitively
by use of the number line for integers. The dis-
cussion with the pupils might go somewhat as
suggested in the next paragraphs. In the pre-
sentation use the number line which shows the
-integers.

Is the whole number 5 greater than the whole number 2%
(Yes. The pupils may say this is true because they must add to
2 1in order to get 5 or they may say 1t is true because 5
1s to the right of 2 on the number line.)

Does the greater one of any two whole numbers always label
a point farther to the right than the other one of the whole
numbers? (Yes.)

Are all the other whole numbers greater than the whole
number 0? (Yes. 1 >0, 2 >0, etc.)

We want to be able to tell when one integer i1s greater than
another integer. What would be an easy way to do this? (The
integer that is farther to the right on the number line is greater
than the other.)

We can write t2 > t, *u s t*3s, *6 5 %5, and so on. Also
we can write 1 < te, t3 ¢ *fy, *5 ¢ *g,
Now think of two of the negative integers, for example ~3

and 5. Which one is farther to the right? (~3) Then we will -
say that "3 1is the greater and write ~3 > 5,

Which of the two integers ~4 and "1 1s the greater? ("1
1s greater than “4 since "1 1s to the right of “4,) We can
write "1 > 74 or T4 ¢ T1.
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The order relations between two negative
integers may be harder for the pupils to accept
than the order relations between the positive
integers. It may be helpful to lead to this
by first talking to them about the order relations
between the positive integers and negative
integers. The thermometer scale and games
which score "in the hole" and "out of the hole"
may help. Try such questions as: (1) Is it
warmer when the temperature 1s 2 degrees
above zero than when it 18 3 degrees below
zero?, and (2) Is a score of "10 out of the
hole" better than a score of "10 1in the hole"?.
Then from these order relations proceed to those
between two negative integers.

Try such questions as: (1) Is it warmer
when the temperature is 5 degrees below zero
than when 1t is 9 degrees below zero?,

(2) 1Is a score of "10 in the hole" better
than a score of ."20 in the hole"?.

The correct answers to these questions
should help the pupils recognize that the
greater of two negative numbers is represented
by a dot farther to the right (or farther up
on the thermometer scale if this is represented
on a vertical line).

Pupils may use "count forward" or "eount
to the right" interchangeably. Also, "count
backward" and "count to the left" will have the
same meaning. The following discussion ques-
tions should assist in clarifying order rela-
tions of the integers,
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Suggestions to stimulate discussion:

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)
(11)

Why is the " 7 " symbol needed as a part of " "5 "o
(To distinguish " "5 " from " ™5 " and to locate a
particular dot on our number line)

Are the integers to the right of zero greater or less
than zero? (Greater) why?

Are the integers to the right of " 7 " greater or less
than " *t7 "o (Greater)

Are the integers to the left of zero greater or liess than
zero? (Less) To the left of " "3 "o (Less)

Are the integers to the right of any integer n greater
than or less than n? (Greater)

Are the integers to the left of any integer n greater
or less than n? (Less)

How many integers are to the right of zero? to the left
of zero? (More than you can count)

How many integers are to the left of positive four? to
the right of positive five? (More than you can count)

Count forward five spaces from " '3 "; from " T2 ",

from " 0 "; etc. Count backward ten spaces from
"5 " ppom " T2 ", etec.

Count forward from zero. Count backward from zero.

Write the integers in set notation.
(..., 73, 72, 71, 0, "1, T2, *3, ...}
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Chapter 4
INTRODUCING THE INTEGERS

A NEW KIND OF NUMBER

>
>

PN 5. P Py &

7 6 5 T4 T3 T2 Tf 0 Y t2 3 tg 5 +g +7

This is a number line. It has a point labeled 0O Jjust
like the number line you saw in Chapter 2, But the other
points on this one have new labels. These labels are the

names of some new numbers we are going to study.

Find the dot numbered 0. As your eye moves to the right,

the dots are labeled +l, +2, +3, ess » AS your eye moves to

the left from zero, the dots are numbered ~1, ~2, 73, ... .
The dots on the line represent numbers that are called integers

The set of integers is
(.e0s 73, 72, 1,0, M1, 2, 3, L)

The integer " *2 " i3 read "positive two." The integer
" 77 " 48 read "negative seven." The 0O 1s read "zero." Tt

is neither positive nor negative.

Integers on the line can be thought of in pairs, *6 1s

+.

paired with ~6; "1 1s paired with '1; %10 1s paired with

“10; and zero is paired with itself.

These pairs are called opposltes. *12 18 the opposite of

+

T12; Yy 1s the opposite of "4; "1 1is the opposite of T1;

ahd zero 1s 1ts own opposite.
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INTEGERS AND A NUMBER LINE

————o o o
+2 +3 tq +5 +6 +7

A part of a number 1ine is shown above. It may be extended
and numbered with integers as far as you wish. Try to imagine how

many integers there are.

Look at the dot labeled +5. Positive five is greater than
*4, or 0, or "3, or 8. 1In fact, positive five is greater
than any integer which labels any dot to the left of the dot
labeled by *5. The mathematical sentences ... *s5 > tu; Y5y s
e 5505 T5571; ... 55 7h; ... are ways of writing this.

Look again at the dot labeled *5. Positive five 1s to the
left of and less than *6, or *7, or *127. 1In fact, positive
five 1s less than any integer to its right. The mathematical
sentences "5 < *6; Y5 < t7; ... t5 ¢ tig; L. t5 ¢ tizrg L .

are ways of writing this fact.

An integer represented by a dot on the number line is greater

than any integer represented by a dot to its left; an integer

represented by a dot is less than any integer represented by a dot

——  m— —————

to its right on the number line.
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b,

Exercise Set 1

Draw a number line like the one belcow and beneath it write the

integers that are missing,

—

& .
< A4

g @

G "3 (D o * *4 *s5

O
\ 4

On a number line like the one below, locate and write each of

these integers: ~1, 5, "4, *2, "6 below the dot which it
labels.

T T (-7) o (= = em
Match each set with its best description:
a. E=(1, 2, 3, 4, ...} (&) Whole numbers
b. P=1(...73, 72, 1, 0, "1, ...} (©Fractional numbers
c. N = (... %, cee %, cee %, .+«.} (®Integers
d. T=1{0,1, 2, 3, ...) (#) Counting numbers

Copy and complete the following sentences by writing the

correct symbol in the blank space, " >," " (" or " -,

a. T2(0) 75 r. a9 (> fua1
b, 12(<) T4 g. 89 (&) Y95
c. T8(x) 6 h., 726 (=) 26
d. T1(x» "9 1. "3(>) s
e. 716 (») "32 J. o (> 7

Name the integer that 1is .
a. 3 greater than "12. () d. 5 1less than ~2. 7
b. 7 1less than O. <;7) e. 6 greater than 0 (e

c. Y greater than '16. tm? less than g, (¥7)

oY
n
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6.

Arrange the members of the following sets in the order they
would appear on a number line from least to greatesc:

(*4, 76, o) (i-¢,074)
(719, 2, *17, ~36) Q—,z)-/?,*.z) */7})
("1, *5, *3, 77, “e0) ({w,777473,*5%)
(13, T11, +1; T31, '3}6-3,,—//,'3, */,*13}3
(26, *u, +9, +12’ =2} G"u,’l,*‘ﬁ*?,*/“‘}

i

H o =2 =m 9
]

1l

Compare the numbers a, ~4, b, O, ¢, e, +3, and d
which are pictured on the number line below. Copy and fill in

the mathematical sentences. Use the symbols "y," "¢ M op W n

"4 b 0 ¢ *3 d e
a. a (¢) "4 d. e () *3 g. 0(> a
b. b () 0 e. d (> b h., e¢(>) b
c. e (=) e f. Th(>) a 1. *3(>2)

Name the integers which are
(-1,0,71,72,%3)

a. greater than "2 and less than b,
(-6-17679)

b. 1less than “5 and greater than ~10.
¢. greater than “72 and less than 67, (—7/'-70’—47’ —4,5/)
d. less than "4 and greater than "1, ('3,°2, *1,0)
greater than +9 and less than +lO. (W)

{4
.

Describe these sets of integers as was done in exercise S a-e.
a. (77, 76, 75, b Zhaw "8 aud Loce’ Thaw ~3)
. [ ) 1 3

v, (M1, *12, 13
[[+1] (]%ma*vvm © )
c. 1
- Thar "?)
d. {710} (%mﬁvvﬂaw [ el faoe
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INTEGERS AND THEIR OPPOSITES

Expressions like "five degrees below zero," "five hundred feet
above sea level," "two points in the hole," and "three yards loss"
are very common in our language. We may use integers to express

these 1ideas:

Five degrees below zero "5 degrees
Flve hundred feet above sea level +500 feet
Two points in the hole 2 points
Three yard loss “3 yards

Look at the diagram above. Each integer 1is one of a pailr.
*h and 4 form a palr., Their dots are the same distance from
the zero dot. T4 1s the opposite of “4; ~4 is the opposite of

*y, zero is its own opposite.

Every integer has an opposite.
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Exerclse Set g_

Which of the number pairs below are opposites: (d,e,f)
3 c. tr7; 72 e. 0; O

b. 75; 75 da. 78; o . "1y tiy

Choose the greater integer, if possible, from each pair of
opposites below.
a. "13; hi3 (13 c. "7 Y7 ¢ e. *9; "9 (*1)

b, Y6 6 (P6) a. o; o (meswws) o -11p0 +i1ofus)

Write in words the opposite meaning of:

a. e% z d. 270 t ab 1
(/3.° oW er zgo )é‘iee a i‘f._ ea leve
b. "S5 1in the hole" e. 15  north of the equator
Vst sPdk) (5°soscth of he )
c. $10 profit f. 110° eas of Prime Meridian
(% /o lrse) (j10° et 8f Prie Prariciie,)
Write the opposite for each integer below.
(-3) c. 0 (o) e. Tr7 (1)
b, 7 (7 d.. 2 (*a) £, 256 (*ase)

Use an integer to help describe each of the following.

a. Twenty degrees above zero *+20) degrees
b. Two hundred feet below sea level — Qoo) feet

¢c. Two points in the hole _[:'El points
d. Forty degrees south of the equator [—_42) degrees

Write an expression similar to those glven in exercise 5 for
each of these integers. (MM "'“7)

a. Ti7 c. 0 e. -

-~

b. 22 a. Ti06 r. ‘21
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T. Write numerals for:
a. negatlve two thousand twenty-two. ("2.,0.22)
b. positive five hundred fifty. (* §50)
¢. negative sixty-one. (‘él) :
d. positive eighty-nine. (+89)
e. negative one thousand one. <;400/)

f. positive ten thousand four hundred ninety. (f@;%?a)

8. Write words for:

317, (W Z:" )
203 . (W . Kmdied . ity
c. ~6,060. (ﬂ;vazﬁaro ain HHhowsand :

d. To0, (&t” e e Rermcbrad Low

-+

9. What integers are represented by the points labeled by

letters on these number lines?

(2) « * *> . - * * * = = >
| 20 o b 0O ¢ %Yo *I5 4
! c5) o) (*5) (*a0)
(b ) < & ¢ L L -0 @ s 4 . 2 @ >
e ~10 0 f g h
() () () (e
(e) o . - .- S - . . * >
h m 0] *200 n p
CONNED (*300) (400)
(d ) <+ - L -0~ L - o —— . y ! y | ’ 1 .- >
) ¢z © w6e) '8 2 ()
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lo.

11.

12,

Write these sets of integers.

a.
b.
c.

d.

greater than ~1 and less than 11 ({0_0
less than 3 and greater than 6 ({'5/-"‘-9
greater than 5 and less than 5 ({ E)

less than O and greater than O (§ })

Write these numerals.

negative three hundred fifty-four ('35 4)

(-60°®

(+ 23 000

negative six thousand elght
positive twenty three thousand
positive forty seven thousand two hundred (*47 200)
negative eight hundred four ("80‘!-)

negative five thousand nine 5, oo9)
positive two thousand twenty (+2'020>

negative twenty-rive Cl 5)

Write words for:

o

*+ag ( W M
4,008 ( Wﬁa’é“" )
tre 2ight)

8 MWM)

*606 | W
?5 W t:l ZKPLM anwetey )
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ARROW DIAGRAMS

Suggested Teaching Procedure:

Draw a number line with dots labeled with
integers on the chalkboard or place one previously
prepared of tagboard on the chalktray so that
writing may be done above it. The latter sugges-
tion is a real time-saver.

Have a child begin at 2 on the number line,
count 3 spaces to the right, and tell the number
that labels the dot where he stops. Repeat, begin-
ning at other labeled dots and counting to the
right and to the left, e.g., "At what dot will
you be if you start at "2 and count to the left
3 spaces?"

The children should make arrows above the
number line to record these counts. The arrows
begin at the first dot counted and stop at the
last dot counted. The heads of the arrows show
the direction of the count. See Figure 19. Arrow
a 1in Figure 19 shows the result of beginning at
*o  and counting 3 spaces to the fight on the
number line, Arrow b shows the result of begin-
ning at 7 and counting 6 spaces to the left,

b

L

—a

3737271 O Yt *2*3 *a*s5 67

Figure 19
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After many number lines and arrows have been
drawn, discuss the need for a way of naming the
arrows so the chlldren can speak of them and a
listener can understand the properties of the
arrows without actually seeing them. The ques-
tion, "How can arrow a be described?" should
be answered, "It can be described by the direc-
tion of counting and the number of spaces counted."

Tell the class that counting from left to
right is conslidered a positive direction and is
indicated by a " T "; counting from right to left
is considered a negative direction and is indica-
ted by a " ~."

Have the children indicate both the direction
of counting and the number of spaces counted on
the arrows they have just drawn on the board. See
Figure 20.

*e -3

5 3737271 0 *1 *2*3 *a‘'ste*?
Figure 20

The number of spaces counted is the measure
of the arrow. In Figure 20, the arrow repre-
senting '6 has a measure of 6 (a whole number),
and the arrow representing 3 has a measure of
3. Remember that the measure 1is a whole number.
The concept of measure is developed further in
the next unit.

Pupil pages 201 and 202 are a summary of the
material above. Exercise Sets 3 and 4 can now
be done independently by the pupils.
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ARROW DIAGRAMS

Diagrams may be used to show the result of counting. You can
count forward or backward. An arrow can show many things about
counting. The arrow in the diagram below shows:

(1) where you begin to count
(2) The number of spaces you count
(3) In what direction you count

(4) Where you stop.

v

I
~N e
1
D e
|
o
f
H e
|
we
|
N e
|
Qe
+

In the diagram above, we began at the zero dot and counted 4
in a positive direction to the '4 dot. 4 1s called the measure
of the arrow. The arrow 1s named ‘4 to show the direction of

*  shows direction, 4 shows the

count and the measure. The
measure. The tall of the arrow is at zero; the head of the arrow

18 at tu,
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The dlagram below shows some other arrows. Name them with

integers. (a. + 7) (& 3) (c. *2) (o[ -2)

0 -
b c d
+*-— —_— *-—
7 "6 5 4 "3 "2 -~ 0O *I *2 *3 *4 *5 *g *+7

We have agreed that counting in a positive direction means
counting to the right from a reference dot on the number line.
This may be shown by an arrow diagram and labeled with the

+
symbol " ", *g means that you start at a reference dot and

count six spaces to the right. The measure of the arrow is 6.

Counting in a negative direction means counting to the left
from a reference dot on the number line. The symbol ™ ~ " on an
arrow dlagram shows this; , ~6 means that you count six
spaces to the left from a reference dot on the number line. The

measure of the arrow is 6.

The figure below shows two arrows with the same measure. One
indicates a count in the negative direction; the other a count in

the positive direction.

*te

1
~ ¢
1
[ ) ]
|
(6]
|
H
|
N e
|
Ny
|
(o) )
+
+
n ¢
+
[ONI )
+
b e
+
e
+
D e
+
~ ¢
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Exercise Set 3

1. Look at the arrows on the number line below.
. . ) .
a. How are they alike? (&4 Koo measune 3 culifodice dere )

X  a— )
b. How are they different? (3’3 *‘7«-» aud il al dffrnt

c

—_—
a b N d _
—————— > -»>
-7 -6 "5 "4 -3 T2 71 0 Yy t2 t3 tgq tg g t7

2. Draw a number line. Label it with integers. Draw five T4

arrows that begin at these dots: '1, "2, 6, T3, "3,
+ v g
"‘4 > 4 > "4 >

- - o &

7 6 5 4 -3 2 1 & % ey

3. Look at the arrows on the number line below.
a. How are they alikev(wﬂ‘d’w

b. How are they different? @jﬁ Wﬁ

— <

= & Py

o &
A g @

8- P

7T 76 75 T4 T3 T2 7| g | tp +3 +4 +g *e t7
%. Draw a number line. Label it with integers. Draw four ~3
arrows that begin at these dots: -3, *a, %6, -1,

«—3 —
4—-3_ qi_
b
T 6 T5 T4 T3 T2 | 0 ¥ +2 +3 +4 +5 +g 7

5. Write the number name for each arrow below.

- WD
D {"3) c(*3) d 43)
7 76 75 T4 "3 "2 | g + +o t3 44 45 +g +7
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6.

7.

8.

9.

Draw a number line. Label special points with integers. Dra
the arrows described below and label them.
a. Begin at O and end at Tk,

b. Begin at '5 and end at 7. )
- ¢ d-4 \
c. Begin at O and end at "2, 2 it
—a'%a
d. Begin at "2 and end at - 40—0—0—0—0—0—0—0—0—0—0—0—0—0—0
“76 5837271 0% *2%%*5%";
Write the number name for each arrow below.
L. b (@ d (*5)
< a (4) c (4
L o s e - L . 2 < L . & L - L < . . L >
"7 "6 75 "4 "3 "2 "1 0¥ t2 t3 *q t5 *te¢ t7
Draw a number line. Label special points with integers. Dré

the arrows described below and label them.
a. Begin at ~4 and end at

b. Begin at "2 and end at ‘4, - a8
- + [
c. Begin at *6 and end at ‘7, +—2% —f—» 4

€ —0—0—0—0—90—0—0—0—0—0—0—0—0—9
7 76 - = - o+ g+ +
d. Begin at *3 and end at -1.76513'2|O|z*s45*37

Which arrow has the greater measure?

a. 2 to Y6 or Y2 to *6 (‘21{3*4’)

b. 8 to *1 or *8 to N1 (sst~1)
c. 0 to T4 or "6 to O (—étro)
d. *s to 73 or T3 to 5 (% 3)
e. & to 8 or Y6 to 9 (ﬂfﬁ 8)
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Exercise Set 4

At what integer on the number line will you stop, if you

a. begin at and count to the right? (*7)

b. begin at and count to the left? ('é>

and count to the right? (*3)

0]
2
c. begin at 76
0]

d. Dbegin at

e. begin at 6 and count to the lert? (0)

+

3 and count to the right? (*5)

7
M
9
and count 5 to the left? (~5)
6
f. begin at 2
M

g. begin at "4 and count to the right? (O)

Draw arrows to represent each answer 1n exercise 1. ILabel

with an integer.

Copy and write the opposite for each integer below. Underline

the greater integer in each pair,

a. "7 (*) c. *g9 (9) e. *6 ()
b. 0 (o) a. " (*4) £, 5 ()

Write in words the names of the following integers.

a. ('*9- _ waéza b. (éELr) c'(7%;¢ﬁzeltiou
Label the arrows below using 5, +4, -3, Y6,
o (*4) .
o b (79)
) c (*6) -
d (73)

& Y o &

-

+| +2 +3 +4 +5 +6 +7 g

[
\‘
|
[N ]
|
o e
|
He
!
W e
1
NN e
Qe
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[0)

]0.

Some of these mathematical sentences are true and some false.

Mark them T if true and F 1if false.

a. T17 > "99 (D e. 6> o (F)
b. 17> ~99 (T) . 16 (T)
c. "2<75 (F) ' g. T14% s "14 (T)
a. tocts (T) h., "1 < tia (T)

Choose the largest integer from each set,
dnatoly .1 &utﬁﬁg

a. P = (729, *3, T31, 50, "1} (s3) (50
b. = (*s5, *1, "2, "1, 75) (*5) cs)
c. W= (23, "1, "30, *29, *20) (*a9) ¢4/
a.  F=1(0, 73, "7, 2, "6) () €7
e 6 = (74, ‘10, f15, 79, 1} (*5) (-7)

Choose the smallest integer from each set in Exerclse 7.

Would the arrow drawn for each of the followlng be named by a

positive or negative 1nteger°

a. from ~3 to c. from 5 to ].Q%mﬁ>*>
b. from T2 to ("ﬂ"‘ﬁ‘"’) d. from ~4 to O(}Mﬁ"‘)

Name these sets of numbers. The letter used for each set

should help you remember the name of the set.

C {1’ 2: 3: ,4, ...] (W W&“")

} 1 4 17, Eirmal Hesodors)
R={(..., Zs ceea g neer B ) (%
2

I=¢(..., 2,1, 0, M1,
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1l1. Draw a picture diagram like the one below on your paper,

Label the sets given in exercise 10,

12. Write these subsets of the set of integers.
a. Integers which are positiwe ({*L 2,73, T ‘D
b. Integers which are negative (f’”'_45—3/1%-1k>
¢. Integers which are neither positive nor negativeGOD
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ADDITION OF INTEGERS

Objective: To use arrow dlagrams as an aid in renaming integers
ke 5+ %2; T34 77, 54ty fy g,
To use mathematical sentences to rename integers

To add integers with the aid of an arrow diagram

Materials: Demonstration number lines; (The teacher will find
1t most helpful to prepare sheets of number lines for
the children from a ditto carbon to save time. See
page 355.)

Vocabulary: Rename integers

Suggested Teaching Procedure:

The material in the Mathematical Background,
pages 312-325 1is useful in this section. The

teacher may find i1t helpful to reread these pages.

Have the children do Exercise Set 5, page 208,
as an exploratory lesson.

Place figures 2la, 22a, 23a, and 24a, page
351, on the chalkboard prior to class.

You have drawn arrow diagrams for Exercise Set 5. 1In each of
the exercises you drew three arrows. The second one began where
the first one stopped.

Help me describe the diagrams.

In exercise 1 you drew a *3 arrow and then began where it
stopped and drew a +5 arrow. Wwhat was the next thing you were
asked to do? (Draw an arrow from the tail of the +3 arrow to the
head of the *s5 arrow, )

What can we name the dotted arrow? (78)

What does the dotted arrow represent? (The measure and
direction of the other two arrows together.)

I Repeat with exercise 2. I
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Exercise Set 5 (Exploratory)

Draw a number line. Label it with integers from ~8 to '8.
a. Begin at zero and count 3 spaces to the right on the

number line. Draw an arrow above the number line to

show this count. Label 1t '3,

b. Begln at a point directly above the head of the +3
arrow and count 5 more spaces to the right. Draw
another arrow to show this count. Label it +5. Your
dlagram should look like this:

5 .

-3
G———0— 00— 0———0—0——0——0—0—0—0—0—0—0—0—0—0—0—0—P
1079 877 654 321 O* *2*3% *5*% *7°*8 *9°*10
¢. Put a finger on zero where you started counting to make

the +3 arrow. Put your pencil on the dot where the +

5
. *
arrow ends, What integer does thils dot represent? “Above
the 5 arrow draw a "dotted" arrow, with its tail above
the zero, and 1ts head directly above the point where you
stopped counting, 8. Label the "dotted" arrow with an

integer. Your diagram should look 1like this:

4—-_0—0—;0—0—0—4—0——0——0—-—0—5
_ t O %l *2*3 %4 *5 %6 *7 *8
a. Change exerclse 1 by beginning at zero and counting 3 to

the left then 7 to the right. Show both of these

*q
counts with arrows  ———-=— -
07 _
L -—3
AR EREEEREREEEEREE M

b. Draw a "dotted" arrow which begins at zero and ends at
the dot where the counting stops. Label the "dotted"
arrow with an integer.
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T7TTET5 B3T3 271 0 Y1 *2*3 %4567
Figure 21a

-—
—

TTTET5 4T3T27) 0 Y *2%'3 *at54g 7
Figure 22a

TTTETS AT3 T2 0 *| *2%3 %4 *s ‘6 *7

Flgure 23a
—_—
?:::3:::;:?:::%
7875 4737271 0% *2%3% *5% *7
Figure 24a

Refer to Figures 2la, 22a, 23a, and 24a on
the chalkboard. The discussion should follow the
plan below for each of the figures one at a time.
(Figure 2la is used as an example):
(1) Name the arrow which begins at zero. (¥3) Where does
the arrow end? (%3)

+

(2) Name the arrow which begins at "3, (+4) Where does the

arrow end? (*7)

(3) Draw one arrow with dotted lines to show the measure and
direction of both the arrows together. (See Figure 21b)
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What do we name this arrow? (%7) we call *7 the sum
of +3 and +4. It shows the measure and the direction

of the arrow sum.
—_—_———
*4
—————

*3
_

7T €5 4 T3T27T1 0 YN *2*3 %456t
Figure 21b

A similar discussion of Pigures 22a, 23a, and
24a should result in Figure 22a appearing as 22b,
Figure 23a as 23b, and Figure 24a as 24b.

7675 4 37271 0 *2*3*4a'5% T
Figure 22b

+
-—Z»

— "4

06 o
-

765 4 37271 0 % *2%3*g3*5% 7
Figure 23b
-3

¢ — = ———

-5

— >

T €75 4 37271 O YL *2*3 *3%'5% *7

Figure 24
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(1)

(2)

(3)

which the second arrow stopped. By studylng the
arrow diagram, the pupil can write the mathemati-
cal sentence showing the renaming. See Figures

Review and extend the ideas developed by the
following discussion about Figures 21b, 22b, 23b,
and 24b, Direct the discussion with these ques-
tions and suggestions (Figure 21b is used as an
example):

In each of the diagrams, you first drew two arrows.

Name them for Figure 21b. ('3 and *y)

You showed 13 and *u by drawing arrows. Then
you drew one "dotted" arrow which showed the sum of
the two arrows. Name this arrow. (77)

You have shown the sum of the two integers in two ways
with arrows: first, by drawing two arrows, the second
one beginning at the point where the first arrow stopped;
and then by drawing one dotted arrow which represents

the sum of the two arrows. Write a mathematical sen-
tence to show this. (+3 + ty = +7) The first arrow

+3. The second arrow

you drew represents the addend
you drew represents the addend i, The dotted arrow
represents the sum,

The mathematical sentences which the children
should write for each of the figures are these:
Figure 21b: *3 4+ *y = *y
5
2

Figure 22b: "2 + 73

Flgure 23b: 16 + "4 = *

Figure 24b: *2 + 75 = =3

Have the children find several ways of
renaming +6. They should draw two arrows, the
first beginning at zero and the second starting
at the point where the first arrow ends and end-
ing at t6. The third arrow, which represents
the sum, can then be drawn. This should be a
dotted arrow extending from zero to the point at

25, 26, and 27.
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Children should understand that each of the
first two arrows they draw represents an addend
and that the dotted arrow represents the sum,
which was unknown. Label the arrows as appro-
priate, with the words "addend" or "sum." Note
that the dotted arrow represents an unknown
integer, the sum.

(sum) *e _ _
(addend) *8

2 (addend)

>
>

GO0 0—0—9—0—0—0—0—0—9>
765 437271 0 *H*t2*3%'3*5% 7

t6 = "2 + 78

Figure 25
(sum) ___*6__ __
(addend) *4
(addend) *2
— »
O ——— P
765 437271 0 * *2*3%'3°*5% *7

te = to 4ty

Figure 26
+
(sum_ __ 76 o
<! (addend)
(addend)*7 R
90—
765 43271 0 YN *2*3 *at5%e *7

Y6 =7+

Figure 27
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The chlldren should now read the material in
thelr books on "Renaming Integers," page 209 and
do the exercises of Set 6 which they need.

* * *

This model sheet may be dittoed by the
teacher for the pupils to use in doing the
Exercise Sets. One number line is not labeled
8o that different scales can be written in
and used,

‘L‘7 6 5 Th T3 T2 Tl o fpote xRy kg g+
- 6 5 Th T3 T2 T1 o oty g oy 45 g
© 6 5 Th T3 T2 1 o oty o tg by 4y 4
= T 7675 Th T3 T2 1 oty ot oty by 4y g
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RENAMING INTEGERS

Arrow dlagrams may be used to rename integers. The diagram
below renames '3 + °5 as 2. This may be shown by the
mathematical sentence t3 4+ 75 = T2,

"2 _sum

- — — —=

addend S

Qo eis

addend t3 |

& o & »

+' +2 +3 +4 +é +6 +7

& o o
- o

7 "6 "5 °

Do
[}
i ¢
|
N
1
[oX ]

The diagram is made by following these steps:

(1) Begin at a point directly above zero and draw a solid
arrow for the first addend (+3). Draw to the right
for positive.

(2) Begin at a point directly above the head of the arrow
for the first addend and draw a solid arrow for the
second addend (75). Draw to the left for negative.

(3) Above this arrow draw a "dotted" arrow from directly
above zero to the head of the arrow for the second
addend. This arrow (~2) renames t3 + 75, It is

+ -

the sum of 3 and 5.

Follow this plan: (1) draw the arrow fer the first glven
addend directly above the number line; its tail should be at O;
(2) draw the arrow for the second addend above the flrst arrow,
starting at the point where the first arrow's head ends; and
(3) draw the ngotted" arrow representing the sum above these two
arrows. This dotted arrow begins directly above zero and ends
at the head of the second arrocv. If this plan is followed, we

will better understand our dlagrams.
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Exercise Set 6

Study the arrow dlagrams below. Write a mathematical

sentence fqr each: ( +4+'7:_n )
e_ _sum__ ty 47T 3
o addend
addend .
a'% * . *® 4 * * * * > * * *——>
"6 75 74 T3 T2 7| o *| tp +3 +4 +g5 +4g
__sum B+TE=m
addend . 3+75="2
addend
D. e ° . . . L . . L L . - >~
6 75 T4 T3 T2 T 0ty *tp t3 4g tg +g
«——_8um (*,2'#-7:7’1/
- addend *2+77 =75
addend > .
e o . . e e e o " R
6 75 T4 T3 T2 1 0 *y tp +3 tg4 g +g
+5+‘/&:f’>
——_sum_ (*5*"”:_5
- addend
addend ->
d.‘L............,ﬁ=
6 75 T4 T3 "2 7| g *| *t2 +3 +4 +5 +g

Draw a number line and use arrows to illustrate each of these
mathematical sentences. [F"""’ Anaiers pes Tracksro M.?)

gagt 358.
a. *3 4 T3-tg a. th 4 7= -3
b. T2+ "1 = 73 e. 5+ tgty
S £f. 76+ T3 = 3
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Answers for

exercise 2, Exercise Set 6

(sum)_‘6__ __ __,
(addend) 3
(addend )3

5 437271 0 ' *2*3*47*5 %

«—2 (sum)
<\ (addend)
«2 (addend)

49—+
5 4 3T271 O *H*t2*3 *q*5*e
«-— — 8 _(sum)

o2 (addend)

-4 (sum)

5 437271 O *l *2*3 *4°*5*¢6

«_3 _(sum)
- "7 (addend)
(addend) *4
-6 -5 —4 -3 —2 —| o fl 02 #3 0'4 0'5 06
(sum) *4 _
(addend) ‘9 >
-5 (addend)
5 437271 0 *1*2*3*'4*5%6
«—3 (sum)
(addend) *3 |
" -6 (addend)

5 437271 0% *2*3%**5%
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Rename each integer in Column A by matching it with another
name in Column B. You might be able to do this without
drawing arrow diagrams. Look at the first sum in Column B.
It is +13'+ “2. Can you "imagine" a number line which has
the arrows %13 and "2 on 1t? The 113 arrow would
begin directly above zero and have its head directly above
+13. The ~2 arrow would begin directly above the head of
the +13 arrow and would be drawn 2 spaces to the left.

+

Its head would be directly above 11. So the arrow for

the sum would begin at zero and have 1ts head directly above

1, Thus, *13 + "2 = *11; and d 1s the answer.

A B
a. Ti7 (4) (13 + ~2)
b. 78 (€) (720 + ~u)
c. *o (® (T9+78)
da. *n () (75 + *2)
e. 24 (@) (75 + 73)
£, 73 ) ("1 + *1)

Complete with an integer.

a. v+ 3= (1) e. 7+ %1y (*7)

b. T2+ T = [2) £, "8+ T3 -(t5)
c. T34+t5 (g g. 11+ Y10 =(D)
d. g oT9 = (05) he "9+ 7 =[k)
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5. Complete these mathematical sentences.

8 +(23) = 715 e. "2+(18)="16
b. (& + "9="15 £. (7)) +*5="6
c. Yoo+ (¥)="15 g. (13 + *3="6
d. "1+ (k) ="15 h., *9+(3) -"%6

6. Use an integer from Column B to rename a, b, c, and 4 1in

Column A.

A B
a. 5+ & (d> *g
b. T5+ b (&) 79
c. 5+ Ty (& *H
d. "5+ " (¢) "1

7. Mark true or false,

"2 is anothey name for: *3 18 another name for:
a. 5 +73 (F) a. o+"3 (T)
b. “7+75 (F) b. Y9+ "12 (F)
c. "8+% (T) e. w4ty (T)
a. *t24+ o (F) a. "7+t (F)
e. 0+ 2 (77 e. 0+ 3 (F)

8. *4 may be renamed, for example, 1+t or "1+ 15,

Rename each of the following integers in two different ways.

- Gﬁhgummvéﬂle““a)

a. 3 e. 775
b. "4 r. "8
c. N g. 100
da. o0 h. *100
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BRAINTWISTER: Rename each of the following numbers with a

numeral.

e. 5+ 774+ 754+ %7 (0) e. B+¥84+ 54+ 54h
b. "3+t (M) £, ta5 4 w6+ 1 (0)(*1)
c. T7+%6 (_1) €. 2+ 2+ "24 2 (B
d. 137 + "136 (‘1) h. *s+*5 4+ 10 (0)
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Suggested Teaching Procedure (Continued after children have
completed Exercise Set 6)

Make sure that the children have an under-
standing of the addition of integers and can find
sums like 13 + 55 Th+ T3; "7+ Yo, Yo to,
and "8 + '8 by drawing arrows on a number line
and then writing mathematical sentences like
*3 4 5 ="2; T4+ 73 ="7; etc. Then you are
ready to tell the children that what they have been
doing 1s adding integers and have discovered how
to do so themselves.,

The children should now read
"Renaming Sums" and "Using the Number Line."
These may be followed by Exercilse Set 7.

Exercise Set 8 is an exploratory exercise for
helping children discover that when opposites are
added, the sum 1is zero. The exploration should be
page 220, and Exercise Set

followed by "Opposites,'
9, page 221,

Exercise Set 10 is an exploratory exercise
for helping children discover that in the addition
of integers, the order of addends may be changed
with no change in the sum. The exploration should
be followed by "Order of Addends," page 224, and
Exercise Set 11, page 225, '

It may be desirable to integrate the explora-
tion of "Opposites" and "Order of Addends" into
one development,
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RENAMING SUMS

When +5 + 2 is renamed +7 from a diagram, when +5 + 73
is renamed Y2 from a diagram, and when "2 + "3 1g renamed 5
from a diagram, you are finding sums. The sum of +5 + T2 is
i Ys+ 73 =%2; and 24 73 - s,
It is not always necessary to draw a dlagram. Some of you

can look at a number line and imagine the arrows without making
them. Try this.

Find the sum in this sentence: =4 + "2 = 8. Look at the

number line below. No drawings, please! Imagine the -4 arrow,

then the ~2 arrow. What is the name of the arrow for the sum?

It may help to outline the arrows with your eyes or a finger.

o

I o *

o »
@ -

+£ +5 +; +§ +g +;

1
ﬂ

t
D e

}
U oe

|
Do

{
We

|
N e

The operation we use when we think of two integers 1ike ~i
and "2 and get "6 1is calleq addition. It may be possible for
you to add two Integers without arrow diagrams or without even

looking at a number 1ine. Try it with these: +3 + +5; 73+ o
5+ *s,
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USING THE NUMBER LINE

The integers and arraw diagrams may be used to solve problems,

The diagram below was drawn by a girl to show where a new friend

l1ived. This is the way she explained 1it:

The line below represents my street and 1is marked
off in blocks. I live at the dot named zero., My friend
lives on the same street three blocks east of me. The
*3  arrow shows this. A new girl has moved in four
blocks east of my friend. The *4  arrow shows this.
The +7 arrow shows that the new girl lives 7 blocks

east of me,

__sum ___d___ >
addend ‘4 .
addend *3
"7 "6 5 "4 "3 "2 "I 0 Y Y2 *3 *q 5 tg *7

The diagram above shows the three arrows. The "dotted" arrow

shows the sum of the other two arrows. Living seven blocks to the

east 1s the same as living three blocks to the east and then four

blocks farther east. This is the meaning of the mathematical

sentence which shows addition:

t3 4+t -

I
[o7)

|
+
-ﬂ

t3 4+ Ty <
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"15

—_

“35

20

20

15

The change of temperature as shown by a
thermometer may be illustrated by arrow

diagrams.

Look at the thermometer scale at the
left., It is a vertical number line. It is

labeled with integers,

There is an arrow diagram at the top of
the thermometer scale which shows a rise of
20° in temperature (720) and then a fall
of 15° (715). The result of these two
changes is shown in the diagram by a "dotted"
arrow (¥5°). The mathematical sentence

which shows this is '20 + "15 = 's,

The arrow diagram at the bottom of the
thermometer scale shows a fall of 15° (715)
in temperature and another fall of 20°
(T20). The "dotted" arrow shows the total
change in temperature. The mathematical
sentence which shows this is 715 + ~20 = ~35,

Draw a thermometer scale; sketch in
arrows to show two changes. Draw a "dotted"
arrow to show the total change shown by the

two arrows.
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Exercise Set 7

Write a mathematical sentence showing addition for each diagram

below.
—_———fum
(*3+7%="1) addend
addend

l. v+ ——r—r—t——o—»

"7 "6 75 T4 "3 "2 Ty 0 Y t2 *tz t4 t5 tg *7
—_———Bum _ _ __
('*Lfo + %0 = *50) addend
addend

&
—

2. ————————————0—0— 80— 90— 0—0—0—0—p
~70 760 50 40 "30 20710 0 *10 *20*30%30 *s50*60*70

<« addend

” addend

3. e—0— o o e o o o o+ + o
35730725 720715 710 "5 0 *s *i0 *is t20*25t30 t3s

<+500+72w=*300) ——F———

addend .

b, e e . . . . -
-

~500 ~400 ~300 ~200 "100 O

.
-

00 o0 *ico *200 *300 *400 *500
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Solve these problems by drawing diagrams 1if necessary, like those
on page 217. Write a mathematical sentence, using integers, for
each problem.
5. Charles and John are playing a game. The boy with the
greater total score for two games 1s the winner. Charles has
2 B8scores. One of them is 5. The other 18 "3 in the
hole." John has 2 Scores. One of them is 3. The other
is "4 1in the hole."
a. What is Charles! total score? (Z) '
b. What 1s John's total score? (ﬁ-Au‘tA*-fthﬁj)
¢. Which boy is the winner? (620*2“”)

6. The temperature in a mountain cabin was 15 degrees above
zero. During the night the temperature fell 20 degrees.

What was the temperature then?- C+/5+‘,w:zf, £:75,Hhe

7. A scientist invented a "subcopter." (a helicopter which can
also go beneath the surface of the water like a submarine, )
The "subcopter" was 30 feet above the water. It dived Uuo

feet. How far below the surface of the water was it then?
(1-50+‘1fo: A, Tz, Wune ﬁi%ﬂcﬂd—«/@u)
8. Three girls were Playing a game. They played it twice. The

girl with the smallest total score was the winner. Janels
Scores were "5 1in the hole" and ™8 1in the hole." 3andy's
Scores were "6 in the hole" and 4. Helen's sScores were

"9 1in the hole" and 2.

a. What was Janets tctal score? (/73;@;2%L‘f5417

on13

("2 e £ Lol +r72)

ey - -7)
c. What was Helen's total score? ( 7 i te Kb, o1

d. Who was the Winner‘? @'dmd./ Wt‘.l— W)
€. Which girl was second? LJNL44V““V¢4//¢¢¢0““)

b. What was Sandy's total score?
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10.

Exercise Set 8

+

Draw an arrow diagram to help rename 5 + ¥5 «—B8

!!0'8'4 5‘2 -1 Oal
e
+u -

A 4
qo—o—0—0—0p
0 * %213 %

Draw an arrow diagram to help rename ~4 +

Draw an arrow diagram to help rename 112 + "12,
-i2
"-g _

»

<

I O %1 *2 %3 % *5 %6 *7 %8 *9 0% Y2
wWhat arrow did you draw for the sum in exercise 1? Exercise

2? Exercise 37 (71"’“’>

How are the answers to exercises 1, 2, and 3 similar?
(;MQ? ase ate 5;40)
What do we call pairs of integers like 5 and 5, and

4 ana *uy (ofpeets)

Choose another pair of opposites and draw an arrow diagram to

£1nd 1ts sum. (Awawers will ""7'>

Is the sum in exercise 7 the same as those in exercises 1,

2, and 37 ( ’y“‘)
What 1s the sum when opposites are added? ( é””’)

Write a sentence in words about adding opposites.

(W“*“-“"W‘“’“"ﬂ‘ pesne Lo gere)
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OPPOSITES

You were asked to rename 5 + t5; ~y 4 +4; and *12 + "12

in Exercise Set 8.

The diagram you drew to rename 4 + T4 was like the one

below. The others were similar.

ﬂ
}
ne
)
e
1
He
1
wWe
|
N e
|
(o)X |
+
—_9
+
N e
+
W e
+
He
+
[$, I }
+
ne
+
~ ¢
'

No arrow was drawn for the new name of ~4 + "4, You would be

drawing an arrow from zero to zero. Counting 4 backward and &

forward undo each other.

You found: "4+ *4 =0; "5+ *520; anda 12 + 12 = 0.

"4 and tu are opposites; "5 and +5 are opposites; 12

and "12 are opposites. We can Bay;

When opposites are added, the sum is zero.
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Exercise Set 9

1. Which of the number pairs below are opposites?

- + -
a. 3, '3 e. 8, O
- - (4J%.£> + -
b. 5, 5 6, 6
c. 7, 72 g. 1,
d. +2) T2 h., 4, +y

2. ©Pill the blanks 80 the sentences are true.

a. "4+ (H= 0 a. *9+ 9=0
b. “7+(1= o e. 0=0+0
c. 0=C5+"5 £. 6 +(-0) =0
3. Which of the following are names for zero?

a. "8+ %8 (e, f, £) e. ‘t24+t2

b. 6+ O £, "16 + 16
c. "3+ 73 g. T+ °

d. "4+ b h. '54+4 75

4, mTell whether each of these is a true mathematical sentence.

o Q=

Write "Yes" or "No."

a. (+2 +tu) + (73 + 73)

b, (*5+ 73) + (54 %3) =0 (ye)
e. ("7+%6) + (*64+°7) =0 (W)

4. (*8+ 76) + (b 4+ ~2) =0 (7

e. (3+™M)y+(v+F3) =0 (@4‘9
£, (Y9+ -12) + (2+ 1) =0 (7
g. (‘26 + *5) + (718 + “13) = o (Y
h., (17 + *3) + ("2 + *16) = 0 /?“”9
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Which statements are true about 0%

a.
b.
c.
d.

e,

It 18 neither positive nor negative. CT?

It 18 equal to its opposite. (77

It 18'less than any negative integer.

It 1s the sum of any integer and 1ts opposite.( 7
It is less than any positive integer. (7))

Use "positive®™ or "negative® to complete these

sentences.

a.

e.

If an integer is greater than its opposite, the integer
is a bt integer.
If an integer 18 less than its opposite, the integer 1is a

fhzgaﬂi&o) integer.

When you add two negative integers, the sum is a

[ hegative) integer.
v

When you add two positive integers, the sum is a

integer.
When you add a negative integer and a positive integer,
the sum 18 » (pscbve)  integer if the dot labeled

[
by the positive integer is farther away from O than

the dot labeled by the negative integer.

When you add a positive integer and a negative integer,
the sum is a (ﬁxgde;dL) integer if the dot labeled
by the negative 1éQeger is farther away from O than

the dot labeled by the positive integer.
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Exercise Set 10

1. Show the addition of these addends on a number line by
drawing arrow diagrams.

- - «-——_5___ - ——8
a. y + T2 -2 -4
- - ‘—‘ﬂ—_ ‘———-2
b. 24+ 74
4-0—0—0—0——0—0—0p o—0—90—0—0—0—0—p
5 432710 - -

2. Look at your diagrams for exercise 1. Answer these questions.

8. Wnat 1s the first pair of addends? (4 2«d 2)

Y R
b. What is the second pair of addends? (2' )

c. How are the two pairs of addends alike? (JL?W%”‘“")

d. How are the two pairs of addends different?

e. What do you notice about the new names you found for the
two pairs? (J&, Namas/ ate Lhe pacs.)

3. Rename U4 + 13 ana *3 + -y by drawing arrow diagrams.

Answer exercises 2a through 2e for these pairs of addends.

<4-- -“--
__’3_. q-“4
4 _*3
4+ 0—0—0—0—0—0—0—p +—0—0—0—0—0—0p
5 437271 0 271 0 Y1 t2t3 %
4T3 =y ‘3 + 4=~/
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ORDER OF ADDENDS

In Exercise Set 10 you drew diagrams to rename ~4 + "2 and

2 4+ 7k, and to rename U4 + *3 and 3 + "4, You found

something very interesting.

The dlagrams below are similar to ones you drew. They show

the renaming of '3 + "7 and 7 + 3.

“«——_4 sum_
- 7 __addend
addend *3
T 6 5 a3 2 1 0 M 2 %3 4 s e tr
«—_—_4 sum
addendr3
- _7 addend
< & L L & & < @ L L @ — —-o0—————9—P
7T 6 75 T4 "3 "2 T} o0 ¥ *t2 t3 t3 tg +g *7

These diagrams show that "3 + 7 and 7 + '3 name the same

integer, 4,

You found "4 + 2 and "2 + "4 each names ~6; and that

"4 +% and Y3 4+ b each names 1.

Your work shows that:

the order of adding two integers may be
changed with no change in the sum,

Addition 1s commutative Zn the set of

integers,
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Exercise Set 11

l. Pill the blanks so the sentences are true.

a. 7T+ Y3 t34-7 e. 514+ T5=7"5 4151
b. fiv 4 tg-rg 4t £f. 19+ 718 ="18+ 19
c. “4+ 6= 64+ "4 g. 6+ 7/7 ="17+ 76
d. *29 + /2 = T12 + 29 h, ~/64+ %37 = *37 4+ 716

2. Complete these mathematical sentences. The order of adding
two addends may be changed without changing the sunm.
a. 7T+ “h=—%+77 e. /3+78 =78+ 713
b. —b+ /2 ="12+ 76 £, 6+ T9="9+ 76
c. t3 4+t - t/+*3 g. 10+ 5 =75+ "0
h.

d. =26 + 77 + - 5 +732

w
n
+
=
\O
i

3. Complete the mathematical sentences with " >," " ¢ " or " =,

a. 3+ 76(=) "6+ 73 e. +7+'2{fz+7++2
b. T34+ 76() 3+ %6 £.o T2+ T (=) T+ T2
c. +6++3§22'3+'6 g. 2+ 7() 24+
d. 6+ %3 (=) *3+ 76 n. 2+%7 (> 7+

4, If "6 + T2 1s written in each blank below, will the

sentence be true or false?

a. > 8+ %8 (F) e. <4+ "2 (F)
b. < o+ t5(T £, < o+ 6 P
c. > *6 + *2 (F) g. > *5 + 10 (T)
d. > %6 + 2(F) h. <7+79 (F)
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5. Write the set whose members will be:
a. the integers > "4 anda < t2, ({’3) 27, O,*ID
b. the negative integers > 5. ({ %3 ~2,71}
¢. the integers > "3 and < O. (i’l.”}}
d. ‘the integers between *2 ana 2. ({7273

e. the positive integers < 3. (i'fl,*[})

6. Add the following. Use arrow diagrams only when necessary.

a. *s5+ +8==f‘_13) d. +9+"26=(‘_/7)

b. T+ T4 =('_[Q e. “34+ 't - (23)
c. *o3 4+ *o3 =¢‘fé) f. 5+ 0= E)

7. In each pair of statements, only one is true. Write the
. correct statement.

a. *78 > “93; 78 > Y93 (*78 7773)
b. T15> "2; 715 ¢ T2 (/5 <« 2)
c. M125¢ 726, T125¢tes  (/25¢< *ac)

a. *s11> 58y tsy s tseg (57 7 7569)
C-f-;;, < *35 )

(*45 > ©)

e. "2¢ "35 *2 ¢ *35

£. a5 > o *u5 5 o
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8.

10.

An alirplane pilot saw that the temperature outside his
plane was 23 degrees below zero. A little later, as he
was approaching a landing fleld, he saw that the outside

temperature was 40 degrees higher. What was the
2s+tuo=Z ,t=*(q >

temperature outside the plane then? Hateons t"”::;l;ﬁ:w
The teacher places the end of a pointer on a number line in
a sixth grade room, She then moves it along the number line.
If 1t was placed at a point labeled *8 and moved 9 spaces

to the left, at what point did it stop? ('54:7 ={2£€f{"9e

These are the scores of three girls on a game.
Betty "6 1in the hole."
Mable "9 1in the hole."
Ruth "8 1in the hole."
On the next game, each girl make a score of 12 points,

What 1s each girlt!s score then?

(Bvda,u C+tizz e bl T +2=73,; Bk 812 = *4)
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SUBTRACTION OF INTEGERS

Objective: To subtract integers with the aid of an arrow diagram
- To subtract integers by the "short cut" method
Vocabulary: Undo; unknown addend

Suggested Teaching Procedure:

The followlng development is for the purpose
of helping children draw arrow diagrams to find
unknown addends and is dependent on the arrow dia-
grams used for the addition of two integers.

The rereading of the section of the Mathema-
tical Background, pages 320-324 may be found

helpful.

Place Figures 28a, 29a, 30a, and 3la on the
chalkboard and through the suggested class dis-
cussion develop them into Figures 28b, 29b, 30b,

and 31b.
+3 (su.m]

L (known addend)

b

TTTETS A T3 T2TI 0 4l 4243 +4 +5 +6 +7

+

1 +n="3

Figure 28a
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(sum) +3

-3 (known addend)
<—.—

e

T7TT6T5 4T3 7271 Ot *2+3 *4 5 *6 *7

Figure 29a

. -4 (sum)

+3 (known addend)
—_—

b

77675 4T3 7271 O * +2+3 *4 5 *6 *7
*34+n="4

Figure 30a

5 (sum)

-3 (known addend)

e

TTTET5 T4 T3 T2 T Ot +2+43 4 5 6 7
3 +n="5

Figure 3la

should center around questions and suggestions

A discussion of each of the four figures "
like those which follow for Figure 28a.

+

(1) What integers are represented by arrows? (73 and *1)

(2) In the sentence, '1 + n = *3, what do these arrows
represent? (The +3 arrow represents the ' sum and the
+1 arrow represents the known addend.)
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(3)

(4)

(5)

(6)
(7)

draw in the arrow for the unknown addend. Review
the final form of Figure 28b. The children should
note the similarity of the diagrams for finding
the sum in fl + 1o =g and the unknown addend in
+1 + n = +3. Help children see that the arrow for
the known addend is drawn first and then the arrow
1s drawn for the sum. In n + ~3 = '3, the known
addend 18 "3 so its arrow is drawn first. The
arrow for the sum,
for the unknown addend is drawn last--just as the
arrow for the unknown sum was drawn last. This is
a dotted arrow and represents an unknown integer.
Thus, the dotted arrow always represents an un-

known integer. +3 (sumk

What does n represent in the sentence? (The unknown
addend)

Remembering the diagrams for renaming two addends as a
sum, sketch 1n the arrow for the unknown addend. Put it
in as a "dotted" line between the '3 arrow and the T1
arrow. (See Figure 28b. The arrow for the unknown addenc
should be drawn from the head of the known addend arrow
to the head of the sum arrow.)

Where does the arrow you sketched for the unknown addend
begin and end? (It begins at 11 and ends at +3.)

Label it by direction and measure. (+2)

What is the unknowm addend in the mathematical sentence,
4+ n="Ta (n = T2)

Figure 28a becomes Figure 28b as the children

+3, 1s drawn next. The arrow

(unknown addepgl_’

(known addend) I

TTTEBTS A T3 T2T1 0 4 4243 +4 +5 +6 +7

+l +n = +3; n="o

Figure 28b
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Similar discussions of Figures 29a, 30a, and

31la should follow and the arrows representling the
unknown addends drawn. The figures then appear as
Figures 29b, 30b, and 31b.

+3 (sum)

(unknown addend)___'

3 (known addend)

T7TTE6T5 4 T3IT2TI O t v2+3 v4 *5 6 7
n+ "3 ="T3; n = "6

Figure 29b

4 (sum)

PR .0 S5 ZE M- 1015 -2 41S,
+3 (known addend)
—_—

TTTETE B3T3 T2T1 O 1 *2+3 4 5 46 +7

+3+n='4; n="7
Figure 30b
5 (sum)

<~ {unknown addend)

"3 (known addend)

TTTETE B3T3 T2TI Ot *2+3 *4 +5 6 7
"3+ n="5; n="2

Figure 31lb

A discusslon of the comparison of the arrow
diagrams for finding a sum and one for finding a
missing addend should follow.

When the use of arrow diagrams to find an un-
known addend is understood by the children, they
should read "Introduction to Unknown Addends",
page 228 and do Exercise Set 12, Time will be
saved 1f dittoed coples of number lines are
provided.
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INTRODUCTION TO UNKNOWN ADDENDS

Diagrams may be used to rename a sum when one addend is
unknown. If the sum 18 17 and one addend is 2, the

mathematical sentence is 17 = "2 + a op "2 +a="%. e

+

diagram below renames 7 as "2 and the number represented by

the "dotted" arrow.

*7 sum

»
-

G unknown addend

_________________ >
2 _known addend

Tl 0 *) t2 t3 tq tg tg 4y

|
ﬂ
i
[¢))
I
(8]
|
H e
1
w e
|
N e

The arrow for the known addend, ~2, 1s drawn directly
above the number line. It is a solid line because it is a known
addend. Notice that the arrow representing the sum, +7, is

“the top arrow. It is a solid line because it 18 a lnown sum.

The arrow representing the unknown addend is drawn as a
"dotted” 1line between the other two arrows. Tt must be drawn so
that the sum of it and the arrow representing the known addend is

the sum arrow, +7.

The arrow for the unknown addend is drawn from the head of
the arrow representing the known addend to the head of the arrow

representing the sum. In this sentence the arrow represents +9.
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Exercise Set 12

1. Study the arrow diagrams below. Write a mathematical sentence
to rename the sum. Find the uninown addend.

*4
————— - E————-——-—-—————P
@ - >
o (**-ﬂf:'O)
Qeq—o—o—o—0o—o— . ~—s
6 "5 "4 "3 "2 "1 0 Y| *2 *3 *q *5 *¢
_____.+3 3="5rw
_______________ > n="%
- "5
Do *-—o——0———0——0 *~—o . * . >—>p
6 "5 "4 "3 "2 "1 0 Y *t2 *3 *q *5 *¢
"3
e — 3 l-r‘na
* = ) 7):"'/

[ S,
Cot—o—o—o—0——0—¢—0—0—0—0—0o—¢—0—>
6 "5 "4 "3 "2 "I 0 Y *2 *3 *q *s5 *e

* (*I=“{-+w
—_
—————— - n=">5
< 4 A
d-: ® — ® > - L L < >
"6 "5 "4 "3 "2 1 o0 * +2 +3 +4 t5 +g
2 (1 T4+
n="6
G e e . — ———— — — —
tq
C.e—0—o o+ . ——o—>
"6 "5 4 "3 "2 71 o* +2 "3 +4 +5 *6
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2, What integer in Column A may be used to complete each sentence

in Column B?

A B
a., “o a. (C12)+ "6 = -18
b. "12 b. 18+ (27)-"*n
c 3 c b+ @)a *2
d. 7 d. ()+ *5= *3
e. 6 e 9 +(*3)= "6
£, 2 £, T54+(+9) = 1

3. Complete the following sentences.

a. *7 +('_3_)-+ll e. (‘_‘_‘Q++3= “6

b, (-8 + 6 = 2 R R G )
c.(*14)+ 8 ="*6 g. '8 +(’1?= 0

d. "9 +(1z)=*3 . (=0) + *9 = 2

"&. Rename the integers below by completing the mathematical

sentences,

a. *t3 4 (16)= +9 e. *y +w = "12
b (£18) + =9 = *g r.(~2) + *18 = 12

c. 15 +@+)= *9 g. () + 76="12
d. "1 +(1L0)=+9 n. "17 +(*5)= "12
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5. Diagram each of these mathematical sentences to find the
unknown addend.

a. 5+ m="3 (*8) d. Y248 = "3 '5)
b. n+1=% (*7) e. "7+t ="%10 (*3)
c. r+th="7 (-”) f. 2+p= "9 (_7)

6. Column A represents temperatures at 6:00 a.m. Column B
represents temperatures at 4:00 p.m. Find the total change
in temperature between 6:00 a.m. and 4:00 p.m. Use an

integer to indicate the amount and direction of change.

A B
Monday “5° 0 (*7 7
Tuesday +go =30 ('/ 7-0)
Wednesday +30 o° (‘3 °)

T. Below 1s a list of cities and the location of each., We think
of directions north of the equator as positive.

Hilo 20° north
Rio de Janeiro 23° south
San Francisco 38° north
Lima 12° south

Complete:

a. San Francisco is (6/) degrees north of Rio de Janeiro.
b. Lima is (322 degrees south of Hilo.

c. Rio de Janeiro is (4‘-32 degrees south of Hilo.

d. Lima is (5—0) degrees south of San Francisco.
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Suggested Teaching Procedure (Continued):

(1)

(2)

(3)
(%)

(5)

those exercises discussed which need to be dis-
cussed, a summary of the method of finding an
unknown' addend is recommended. Suggestions for
this are (write these two mathematical sentences
on the chalkboard: ¥5+ "3 =n and "5+ n = "2):

After Exercise Set 12 has been finished and

How have you been finding n 1in sentences 1like
+5 + "3 =n? (By dlagraming the sentences with arrows on

a number line)
In the sentence +5 + "3 =n, what operation is indica-

ted? (Addition) What are ¥5, "3, and n called in
the addition sentence? (+5 and "3 are addends. n is

the sum.)

What are you asked to find in the sentence? (The sum)

Dilagram the sentence. (See Figure 32) What integer
does n name? (+2)

(sum)_m_,
«—3_(addend)
(addend)__ +5 _

875 473 "2 Ty O *| *2*3 +4 +5 +g
54+ 3 =n t5 4 =3 =t
Figure 32

You have renamed +5 + "3 as +2. You have been adding

integers. You have also been finding n in sentences
like 75 4+ p = "2, How did you find the Integer n¢?
(By diagraming the sentences with arrows on a number line)
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(6)

(7)

(8)

(9)
(10)

(11)

this unit is to develop vocabulary and meaning
for addition and subtraction of integers by the
use of diagrams. Mastery is not expected or
desired at this time. Each child should be able
to add and subtract integers using an arrow dia-
gram. Some children will be able to add and
subtract integers without a number line; however,
do not require this of all students.

known Addend", page 232;and do Exercise Set 13,
page 233.

In the sentence +5 +n=_2, give the names for +5,
for n, and for "2 in the sentence. (+5 and n
are addends. +5 is the known addend and n 1s the
unknown addend. ~2 1is the sum.)

what are you asked to find in the sentence? (The un-
known addend)

Diagram the sentence. (See Figure 33) What integer
does n name? (°7)

‘ ————————————————
(addend) *5 o

675 337271 O *I *2*3 *4*5*6

Figure 33

How is the sum ~2 renamed by the diagram? (s + 77)

By renaming the sum you found the unknown addend. What
operation is used to find an unknown addend? (Subtrac-

tion)

Write the addition sentence *s + n = "2 as a subtrac-
tion sentence. (n = "2 - '5)

The teacher should remember that the aim of

The children should now read "Finding an Un-
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FINDING AN UNKNOWN ADDEND

The process of finding an unknown addend in a sentence like
"5 +n = "7 1is subtraction.

+ -
The diagram on page 28 renamed 7 as "2 + '9. It helped
you find an unknown addend which is the result when you subtract

"2 from 17.

The sentence n + +7 =%3 1s diagramed below and the steps

outlined.
_ 3
@ - — o ———
+- R
"7 76 5 T4 3 T2 Ty oty Y2 *3z *g t5 tg Y7

(1) A s0lid arrow for the known addend, 17, 1s drawn
(2) A solid arrow for the sum, +3, is drawn.

(3) A "dotted" arrow for the unknown addend, n, 1is drawn
from the head of the 7 arrow to the head of the 13

arrow.

(%) The "dotted" arrow is named U4,

The subtraction of integers may be shown by drawing arrow
dlagrams. To show subtraction by the use of arrow diagrams, you

must find an arrow to represent an unknown addend.

387




P233

Exercise Set 13

Find the unknown addends. (Use an arrow diagram.)

a, 'l&+(+_7)= *3 e. T7+(t5)= "2

b, (*3)+ "10= 7 £, [/7)+ 12 = s
c. 116 +(*8) = *34 g. 7 +(*___/§2= *6

"10

d. Y12+ (9= *3 n, (*5)+ 715

Use arrow dlagrams to find each unknown addend below,

a. 5 +@=+4 e. (*3)+ 2="3
b, (*5)+ "7 = "2 £, *7 (0= 3
c. *e +("_'i)= 6 g. 5+(m)=*7
d. *5)+ 5= o0 “h (D t3 =

Diagram on a number line

a., Two trains started from the same station but traveled in
opposite directions, Train A traveled north at the rate
of 46 miles per hour. Train B traveled south at the
rate of 53 mlles per hour. How far north of train B

would train A be at the end of the first hour?
(’r’la' Awdh79»~&.¢_ r«i&.gMB)

b. In a game, Jane's score was 56 and Mary's score was "23

in the hole." How many points was Jane ahead of Mary?

(Jama e 77 foiute 4«47)1@?),
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The "Short Cut" Method For Subtracting Integers

Suggested Teaching Procedure:

The children should now be able to recog-
nize a short cut for finding an unknown addend,
l.e., for a subtraction. Some of them may have
made the observations to which you should now
| direct theilr attention. It will be important
to observe again that subtraction is finding an
unknown addend and that, for example 5 - 3 = p
has the same meaning as 5 = n + °3.

In finding the integer represented by n in +5 - "3 =n
we are finding the unknown addend in +5 =n+ 3. We know how
to make the arrow diagram.

*S  (sum) >
______ (unknown addend)  _ _ __ __
. "3 (known addend)
< - - . - * . > . * * ° >
4 3 "2 | o * 2 '3 *4 5 g

Is the arrow that represents the unknown addend drawn from

a point just above the head of the arrow representing the known
addend? (Yes.)

To where is it drawn? (To a point directly below the head
of the arrow representing the sum )

Which one of the symbols " + " and " - " can we use to
denote the direction in which it 1s drawn® (+)

What is the measure of the length of the arrow which repre-
sents the unknown addend? (8)

The number 8 gives us the measure of the arrow. The
" + " denotes the direction in which it is drawn.
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Can you see an easy way to tell what the unknown addend
18? (Yes, it is t8. We use 8 to mean the arrow has measure

8, and *8 to mean the arrow is drawn 8 spaces to the right.)

+

We can write ¥5 - "3 = *8; also 5 = *t8 + "3,

Thls type of discussion should follow several
exercises in finding unknown addends by arrow dia-
grams. The children should have acquired consid-
erable skill in making the diagrams. The short
cut to which you are now leading is the following:
In finding the unknown addend in an addition pro-
blem, count the number of spaces from the head of
the arrow that represents the known addend to the
head of the arrow that represents the sum. This
number 1s the measure of the arrow in spaces. The
direction in which you count determines the super-
script symbol for the numeral which names the
number of spaces in the length of the arrow. The
superscript is positive if you counted toward the
right and negative if you counted toward the left.
This integer is the unknown addend.

Example: ¥7 + n = ~6. Count from the point

labeled *7 on the number line to the point labeled

"6 on the number line. There were 13 spaces
counted. The counting was toward the left Then
the unknown addend is ~13. We write t7 + ~13 = ~6;
also, 6 - Y7 ="13. Precision in language is not
expected of the pupils at this stage It would be
better to accept "Count from *7 to ~6; the count
is 13; the count is to the left: the addend is

13; “6 - *7 = T13," than to insist on more
precise wording and have the pupils lost in a
linguistic maze.

In the sentence 5 + n = 3+ count from the
known addend (75) to the sum (73). Two spaces
are counted. The counting is toward the left so
the unknown addend is ~2.

Some degree of proficiency might be expected
in use of the "short cut in subtraction" or "short
cut in finding an unknown addend" before the pupils
are asked to do Exerclse Set 14. No exposition is
glven to the pupils in their book preceding this
Exercise Set. It will be better for you to develop
the "short cut" with demonstrations on the number
line and by leading the pupils in class discussion
than to have the pupils read an exposition which
at the briefest would be very long.
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Some puplls will quickly understand that
they need not "count" to get the answer. They
will in the example "7 + n = §, think some-
thing like this, "'o go from 77 to "6, I
go from 7 to 0. This i1s _7 spaces to the
left. Then I go from O to ~6. This is six
spaces to the left. I have gone 7 + 6 _or
13 spgces to the left so my answer is ~"13."
For 5 +n = 3,+ a pupil might think, "I
go from 5 to 3. This 18 5 - 3 _or 2
spaces to the left. So my answer is ~2." oOur
goal at this stage 1s not to have all the pupils
thinking in a rather sophisticated manner, but
certainly any such observations by the pupils
should be encouraged.
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The "Short-Cut” Method For Subtracting Integers
Exercise Set 14

1. One addend in each of the following is represented by n.

What integer does n represent in each?

a. 2 4+n="16 (*4) f. Y7 +n="2 (—q)
b. o0+n-=7*6 (*¢) g. t54n="2 (1)
c. 2+n="6 8 h, 34+n="2 (%)
d. "4 4+n="6 (*i0) 1. Hen="2 (3
e. 64+n="76 (4’2> Jo Tl 4n="2 C’O

2. What addend is represented by n 1in each sentence?

8. n+5="10 (5) d. n+* ="10 (")
b. n+73="10 (7) e. n+*3="10 (73
¢. n+ 1="10 (’?) f. n+ %5 ="10 (757

3., PFlnd the unknown addend.

a. M12=n+* (8 d. *9=*t24n (*7)
b. "7="3+n (4 e. 14 =na+2 (6
¢c. “8=na+t*e (M) £. 2<"14+n (-1

4k, wWhat integer must be added to each of the following to

obtain a sum of 162

a. *3 (*3) a. *g (3
b. 73 (*9) e. "9 (*15)
c. 0 (+G) r. %6 <+3>
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5. Write a true mathematical sentence using addition and these

integers:

a. 6, *8, *14 Answer: '8 = 6 + *11
b ‘5, 73,8 (3275478

o u e, 6 (g=r2rV

a. *6, *3, *9 @‘?-‘-*6**3)

. 6159 (62737
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WRITING SUBTRACTION SENTENCES
Subtraction is the operation of finding an unknown addend.
Sentences like these have unknown addends.
n+  5="8 6= n + *2

8 =*24+ n

n
+
=
]
(%)

To find n, the known addend 1s subtracted from the sum.

To find n in n+ 5 = +8, “5 1s subtracted from T8.
To show this in a mathematical sentence you may write

n="18- 5
2+ n =75 may be written a8 n= "5 -
6= n + %2 may be written as n = 76 - *2

*8 =12+ n may be written as n = T8 - “12
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Exercise Set 15

1. Write the following subtraction sentences as addition

sentences,
a. “h- T34 (""'-‘5**3) £. T18 - 13_=)
y + (77 =4+ Clozge™
b. 9 - 12 =1 g. 19-35-
o ened) Gy - niris)”
c. T - 9=x (7=%+ h. *y T17 =

+£+5":d.+"l7

a. tor - tos =g (*27=f*+“5) 1. "4 - *8 =g
"'JJ) (’L 45 =6L‘**9'>

e. 35 -121=n (’35’=4* J. T12-M16=¢
Cla=c+"16)

2. Rewrite the following subtraction sentences as addition

sentences. ( W atntivcts oy bo warol)
a. h-"2=¢g ("f=3+_2) e. 76 -"13 =

s - (C+’/3"’6)

b. 7 -"5=1 (*7”*5) £ +7(- 9—3
- rT=a+"7

3-TT= "’_7=3) . ho o 5.t

c. 3 T=r é" g @(1:2**5>

h. 9. T1=38

Cr=s+V)

3. Choose an integer from Set A to use as an unknown addend in

a. 2--8=41 (+2=[+—g)

each of these,

a. t3. 6 = t2 (+1)
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b,

5.

Rewrite as addition sentences. Then find the unknown addend.v

a. "17 -*5=n e. t9- *3=n
(-/7= Nn+t5, n="22) (f7=~e\+-3,-f,=+4)
b, f10-"2=e f, 7 - T32 =8
rio=C +72, C=~f/2} C7:=e+°32, c=71as)
c. "3-78-=a g. t2_-tg-r
(—3 :a.+*8’,4--’--”) 69_=)r,+"'l9,/‘—=-’7)
. *2-"6=c¢c 2 h, "3 - 716 =8
(ra=cr6,c="2 Cazes it s=20)

Copy and complete the followlng sentences by writing the

correct sign of operation,

a. 5@ 7= T2 e. T1(x) *6= "5
b. f1(#) 1= o r. 118 (=) "3 ="a
c. f13(-) "10 = *23 g. "2(-) "n= *2
a. "9 (+) Tr= "2 h, ‘26 (=) "1 = *15

Mark true or false,

a. 2+ 3="3+"2 (T) e. T3 ."12="12-. 13
(F)

b. Y6+ "8 ="y 46 (T) £, T2+ 3= t3_ 2
(F)

c. 5-"3="-3-"5 (F) g. 116 + "18 = "18 + *16
)

d. 7+ 5="54+ "7 (T) h, tin - Fg = tg . i
(F)
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SUMMARY

Objective: To summarize the meaning, need, and use of the set of
Integers in addition and subtraction

To extend the commutative property of addition to the
set of integers

To extend the closure property to the set of integers

To urge more able students to discontinue use of arrow
dlagrams when adding and subtracting integers

Materials: Dittoed copies of addition and subtraction charts
on pages 241 and 243.

Suggested Teaching Procedure:

Exercise Set 16 is intended to summarize the
ideas developed regarding integers. It may be used
as independent work for pupils, as class discus-
slon, or as a combination of the two.

These exercises are extremely important
because they help children restate the commutative
property of addition and realize that in this new
set of numbers, the integers, subtraction as well
as addition, is always possible.

The more able pupils should be urged to use
the arrow diagrams only when necessary or to check
their work; the less secure children, however,
should be encouraged to use these ailds. Indeed,
many children at this grade level may never advance
beyond this point.

There 1s a set of supplementary exercises
included on pages 404%-408 for use in review or as
test items.
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REVIEW
Exercise Set 16

1. Add these integers. Try to add them without the use of

arrow diagrams.

a. T+t (+p0) a. b4+ (o)
b. “6 + *g <+3> e. T14 4+ *6 (;3>
c. flo+75 (*5) f. “9+ "19 ('-’13)

2. Try to find the unknown addend without the use of arrow

diagrams.

a. 7-"3 ('4) d. T12 - %5 (‘/7)
b. *6-+ (2) e. *18-"2 (*20)
c. *6-* (*3) £, ts--5 (10)

3. Perform these operations. Try to perform them without arrow

dlagrams. _

a. B34+ 76 (¢ 3) . "1+ "y (= 75)
b *5. o (=73) e. ho -3 (=71)

c. "8+t (= *5) £, *8-*o (¢ 2)

4. BRAINTWISTER. Perform the following without the use of arrow
diagrams.

a. 7625 - *25 (="5°) d. *2,300 + “300 (-*2%0)

b. *9g9 - *t1 (= *998) e. "7,225 + ‘125 (="7/0)
~5/0)

c. 455 4 "s5 (: £. "4,376 - ~u,376 (= 0)
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5.

On any number line, how many units apart are:

‘a. the 9 dot and the 4 dot? (&)

b. the "6 dot and the '3 dot? (9)
c. the ~10 dot and the *10 dot? (20)

John has a score of ~8 points ("8 points in the hole") in
a game, How many points would he need to earn to get

to a score of '5 points ("5 points out of the hole")?

We can think of this in this way: "what integer must be
added to "8 to get a sum of ‘tgon"

*5

n=*13

"8 +n =

He would need to earn *13 points.

&. How many points would he need to earn to get to a score
of ¥87 (”‘)

b. of ‘102 (*/8)

c. of Yoo (+/")

d. of 0% (*8)

The lowest tempe:ature ever recorded in the United States was
70° below zero at Roger's Pass, Montana. The highest
temperature ever recorded in the United States was 1314° at
Death Valley, California. How many degrees higher was the
temperature recorded at Death Valley than the temperature
recorded at Roger's Pass? (+/3"" - 7o = *20%4 He

naeoded at Bastl Vatley urne acs degroce £ighess)

Mt. Everest 18 29,028 feet above sea level. The Dead Sea
is 1,280 feet below sea level. How much higher is Mt.

Everest than the Dead Sea? (’29,028 — /260 = *30,308 7 Goendd
ior 30,308 foul Riplon thow ta Dead Sen.)

399




P24

9. Complete the addition chart below. Add to each integer
glven in the left column the integer given 1in the top row,.

Use arrow diagrams if you need them.

ADDITION CHART

Addend
Addend

L I s T T o | 1| 2 | 3 | #y
* o Ji a3 |74 [+5 | |77 |3
S ytlo |*1]* [+5 [<¢ [ 5 [=¢ |- 7
2 |2 |1 "L [*2 Y3 [r4 [*s5 |+
B a [ ] e [+ |+ 3 |4 [+s

O =4 |-3 |2 | -1 © | *1 |*2 [*3 |*4
L5413 -2 [-1 1o *1 %2 [ *3
2 le 5|43 |2 ]-1] o0l =
311 l6l5 |4 [-3 2|71 | o | *2
4 | -g T 76 |5 | -4 3 |72 | -1 =

10. Examine the chart and 1ist as many relationships as you can.
Rame tnd theae suma ang L2 a ae~ ; Lack Zf'
“— s NBW A oua.awuaiv s
Cacd , Py Q,MWMWWMM T . 3

. L | oo cdded Fo g iTogen, Lo Hhat i
Juet aborre X | 3ere :%?7 .
QZ +t3 -2 o The nawe ae -’21—"’3‘@1—‘*{*“‘/""‘""‘“’
o torimtatiic fropoty for addition)
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11. Complete the subtraction chart by filling in the unknown

addends. Subtract from each integer given in the left

column (the sum column), the integer glven in the top row

(the known 'addend row).

There are three ways to find integers to complete this chart.

Suppose you are subtracting ~3 from °~5. You could write

5 -« "3 = n, You can write this as an addition sentence

A.

=n+ 3.

Then use the addition chart. ~5 1s the sum and ~3 1is
one addend. Find ~3 in the left column of the chart.
"5 1s in the row to the right of ~3., The integer in
the top row in this column is ~2. So ~2 1is the
number that is represented by n. "2 belongs in the
subtraction chart in the row to the right of 5 and in
the column headed by ~3.

You can use the counting method to find an unknown addend.
You would count from the known addend ( 3) to the sum
(5). This count would be to the left for 2 spaces,

so n is "2,

You can draw an arrow dlagram to find the unknown addend.
You would draw the arrow for the known addend (~3) and
for the sum ("5). The arrow for the unknown addend
would start at ~3 and have its head et ~5. The

arrow would be labeled ~2.
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SUBTRACTION CHART

Known Addend

Sum | T4 | 3| =2 | = o |1 | 2| 5 | #y
s 1 Tg | 7T | te | TS | e |3 |*2 |+1 | o
+3 +7 +é +5 +q_ +3 +2 +l o -1
2 (46 |+5 | +q |+3 [+2 [+1 | o 1|2
* t5 | +q | *3 | *+9 [+1 o |~ 2073
O I*4 ] *31*2 |*L ]o L ]2 |73 |4
1 [tz [ *2 | *1 0 -1 2173 | -4 -5
2 )2 1*1 o -1 -2 |-3 |4 [-5 |~
3 [Pl o |1 |2 |-3 -4 |5 |- |-7
b lo 1t |2 | -3 |=# |-5 |- [-7 |-s
12. PExamine the chart and 1ist some relationships you noticed
&8 you made the chart.
When two whole numbers are added, the order of
the addends may be changed without changing the sum.
13. What property of addition is stated above9</ j 7 i)
14, Select at least five pairs of whole numbers. Add them to
11llustrate this property,
15. Select some pairs of integers and add them.. Décide 1f this
property also applies to the addition of integers. (3f49“)
16, Ir this proper of addition of whole numbers also applies to

integers, write the statement of th;mg;operty on your paper.
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17. Fill in the chart below:

Sum Addend Addend Operation
1. | (—3) *2 "5 (addeFras )
2. | (*3) 3 *6 (add i)
3. *7 9 (-2) (s bractios)
b, | (—4) ~6 *a (addtiow)
5. | (-6) y "10 (additiows )
6. | -7 ! (-8) L bteactiin)
7. | (0) +8 "8 (add s )
8. | (—/) "9 7 addL o))
9. | (-5) *7 ~12 (addtioe )
0. | *3 (+9) "6 _(oubtinctins,)
11. | (+15) 12 *3 (0ddtions)
12, “11 (-7) "y (pubteting )
13. | (+3b) +ay 12 (addticn)
14, | "8 “2 (*20) Lewltbact o)
15. [ (0) ~y +y (additirs)
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The following exercises are included for the
teacher to use as review or as suggestions for
test items.

SUPPLEMENTARY EXERCISES

1. Mark true or false:
a. 7> 0 (1) e. 2> 717 (1)
b. 3>%3 (F) f. T6> 0 (F)
c. 9379 (1) g. o< u (1)
d. 0< 76 (F) h. ¥35 5 56 (1)

2. Write in words:

a. +7 [MM} b. 73 (/»74.&&,%@)

3. Draw a number line. Locate the members of Set A on it.

- + - +
-5 A = [ _5,, 46 O, l, 3} +3 -
<ﬁa -5 i -3 2 ] ) ] *2 *3 4 ﬁ)

4, Let set ¢ represent the set of integers. Write 3 subsets of
Set C so that ﬁ?e union of these 3 subsets will 1nclude
every integer, gﬁxgyaaa ‘jZ¢o] /;44qu,¢,¢szézzz

Odu,d M)

5. Write the integer that is
a. 3 1less than zero.(;j) d. the opposite or T2, '2)
b. 4 more than 8, (-4) @ 7 less than 15, (+g)
¢. 5 more than 16, (*11) f. 9 more than <4, {fS)

6. Copy and write the opposite of each integer below. Underline

the greater integer of each pair:

a. "7 (*7) b. *6 (15) c. 0 (b)
(_) —
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How many integers are there? ( Mowe thas cave Ao crenZect.)

Choose an integer from Column B to rename each number in

Column A.

A B
a. 3+ 8= (c) a. T19
. 74+ 9= (f) b, 31

f. T2

[oR
+
N
+
w
)
-~ ™
N I
EKtﬁ
(o}
N

Complete each expression with an integer.

a, 2° below zero _61;2_ degrees
b. 5,280 feet above sea level (5,280) feet

c. $200 profit (#200) gollars
d. 38° north of the equator szél degrees
e. a gain of 6 pounds _(*6) pounds
Complete:

a. If an integer is greater than its opposite, the integer

is (ﬁwm;Z&Ab)
b. If an integer is the same as its opposite, the integer
is (34¢0) .

c. Every negative integer is [4444/) than any

positive integer,

4os



11. Choose the correct answer:

7 1s another name for: *1 1s another name for:
(a) "2+ 15 (a) "1 -T2
(p) *8 + 71 () o-Hh
() "7+ o0 () ™5 - "k
(d)(_i:_B_) (d)(1-2)
0 1is another name for: *6 1is another name for:
(a) To+ 79 (a) *u 4+ 2
(b) ('4 + Ty ) (b) "6+ O
() 7+ 77 (e) Jo+ 15,
(a) 5+ 0 (a) “4 + "2
*5  could be the sum of: "4 could be the sum of:
(a) 2 negative integers (a) 2 positive integers
(v) a negative number (b) a positive integer
and zero and zero
(¢) a pair of opposites (c) (2 negative integers
(a) (2 positive integers) (d) a pair of opposites)

12. Which mathematical sentence is diagramed?

¢ —— —

-
-

——
5 3737271 0 * *2*3*°*5

a. 3+ Ty

I
\]
Q
\]
+
w
1l
+

=

]
w
[o]]

1
w
+

+
=

i
(@)

+ - -
b. b+ 77
(
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13.

14, .

15.

16.

17.

Mark true or false:

a. T2ty oty o (7) e. 7 -7"5="5_% (F)
b, Yo 4"y =ty 4o (F) f. frets ot L5 (1)
c. T2+ Tw=tyyto (F) & 7T+ 75="54+77 (F)
d "2_"4='11-'2(F) h. +7—+5=-7-+5(F)
Add:
a. "9+ 73 =_(*6) d. T10+ "4 = _(-¢)
b. '6++7= (*+1) e. '11++7 = (‘4)
c. Ts54tuo (+9) £, M2+ T12=(0)
Subtract:
a. 5-"3= (-2) a. Yo - -y = (*g)
b, T6 - 2= (+8) e. 7 - Tu= (+3)
c. Ts_*9= (-4) £. 77 - T11 = (*4)
Complete:
a. 6 -"3="34+ (+/2) e. M1 - "y o t9y (*6)
b, Th-T2="24 (p) £, 3 -Mi7 264 (-8)
c. 7T -"9="94+ (r25) g- 1+ T1="1- (%)
d. TH - T7 =77 4+ (*0) h, T3. fa--3, +3)
Complete the table so that a+ b= "5,

a 6 | o] ts | g 15 | Y3 [*t12 | T13

b | (1) [(-5)]| (70) | ¢4) | (-13) [(#10) (-8 | (/7)) (+8)

ho7



Complete the table so that a - b = 1,

a | 7|3 2|91 "1 ol 6| *s

v | 8] (2)| ¢3) |(0) | C0)| (+2) |¢1) | 5) | (*¢)

Mark true or false:

(T) a. Addition is always possible within the set of
integers.

(T) b. Subtraction is always possible within the set of
integers.

(1) c. addition is always possible within the set of
negative integers,

(F) 4. subtraction is always possible within the set of
positive integers.

JQEZ e. Subtraction is always possible within the set of
negative integers.

(7T) f. The sum of a pair of opposites is zero.

(F) g. The sum of any integer and 0 1is zero.
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Chapter 5
COORDINATES
PURPOSE OF UNIT

The pupillts experience in mathematics has developed
understanding of certain sets of numbers and operations with
them. He has also been introduced to basic concepts about
Sspace and certain sets of points in space. The association
of ideas about space with ideas about numbers has been limited
to the number line and to use of numbers as measures of
segments, angles, and regions.

This unit presents the idea that the locatlion of sets
of points in a plane can be described by the use of reference
lines and numbers which are called coordinate systems. The
particular coordinate system emphasized is the rectangular
. coordinate system, in which points are located with reference
to two perpendicular lines.

MATHEMATICAL BACKGROUND

The idea of relating concepts of number and concepts of
space is one which developed late in the history of
mathematics. 1In fact, not until the work of Rene Descartes
(1637) was the idea developed in a substantial fashion.
Because of Descartest contribution, the system of coordinates
studied in this unlt is sometimes called the Cartesian
System.

The system 1s based on a one-to-one correspondence between
a set of numbers and the set of points on a 1line. To set up
a correspondence, we choose any point A on a line and agree
to let 1t correspond to the number 0. We choose any other
polnt B on the line and assign to it the number +l. Using
AB as unit, other points are located to correspond to the
numbers +2, +3, +4, and so on. In the opposite direction
from A, points are located to correspond to "1, T2, "3, and
80 on, so that the points corresponding to a number and its
opposite are the same distance from the O-point, 4.
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The positive or negative number which corresponds to a
given point on the number line is called the coordinate of the
point. Tne point on the number line which corresponds to a
given number is called the graph of the number.

In this unit, the only numbers used as coordinates are the
integers. However, other numbers will be used as coordlnates
in more advanced work. For example, there is a point on the
line corresponding to eacn positive and negative rational number.
Also there are still other points on the line corresponding to
numbers called irrational numbers which cannot be expressed as
rational numbers.

The process of graphing a set of numbers consists in
locating on a number line the points which correspond to those
numbers. Consider the set of integers: (73, ts, "1}

To graph this set, a line is chosen as a number line, the

points corresponding to O and *t1 are selected and labeled,
and a scale is marked off. A heavier, darker dot is then placed
on the number line at each point which corresponds to a number
in the set. The three heavier dots are the graph of this set.

The segments connecting these dots (except for their endpoints)

—
Cd

1t f3 o *s
are not part of the graph. This 1s true because all points of
the segments, other than the three marked by dots, correspond to
numbers which are not members of the set to be graphed.

By using coordinates, many geometric questions may be
answered by the methods of arithmetic. For example, suppose
we wish to find the length of the segment whose endpoints are
G, with coordinate ~3, and C, witn coordinate *2 on the
number line above. If we subtract the coordinate of one
point from the coordinate of the other point, we obtain an
answer which tells us the number of units and dlrectlon from
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the first point to the second point. Since Yo - 3 = +5,

we know that point ¢ 1is 5 wunits in a positive direction
from point G. In a similar manner, 3 - + "5, shows
point G 1s 5 wunits in a negative direction from point (.

]

In either case, the points are 5 units apart and we say the
length of GC (or TG) 1s 5 wunits.
' This system makes 1t possible to describe sets of points
on a line by using coordinates. TFor example, we can speak
of the segment whose endpoints have the coordinates ~6 and
7, or the ray whose endpoint has coordinate T2 and which
contains the point whose coordinate is T1. However, this
System does not make it possible to describe geometric figures
whose points are not all on the Same line, such as a triangle.
To do this, some way of using numbers to describe the location
of any point in a plane is required.

A second number line is therefore introduced which
intersects the first at the point corresponding to 0. 1In
the coordinate system presented in this unit, the second
number line is perpendicular to the first. The same point
corresponds to O on both number lines, and the distance
between the points corresponding to 0 and 1 is the same
on both lines. We now call each number line an axis. It 1is
conventlonal to draw the first number line in a horilzontal
poslition. It 1s called the x-axis. Polnts corresponding to
the positive numbers are to the right of the 0O-point. The
second number line, in a vertical position, is called the
y-axis. Points above the O-point correspond to positive
numbers. The point of intersection (which corresponds to
0 on both axes) is called the origin,

To 1ldentify a point A in the plane, we assign it
two coordinates, determined as follows: From A, lines
are drawn perpendicular to the x-axis and the y-axis.
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Suppose the perpendicular to the x-axis intersects the x-axis

at the point corresponding to ~3. This number is the first
y
A A+,
-1
-l ! ! ] o +1 +1 ] | L X
P 2 "1 7)1 T3 Ty
"2

coordinate, or x-coordinate, ofvpoint A. Suppose the per-
pendicular to the y-axis intersects the y-axis at the point
corresponding to *2. This number is the second coordinate,
or y-coordinate, of point A. The location of A 1is thus
described by the pair of numbers, 3 and *2. e use a
standard mathematical notation for the two coordinates by
writing them within parentheses, with the x-coordinate always
written first. The coordinates of point A are (3, t2).
Since the order is important--the point with coordinates
("3, t2) is not the same as the point with coordinates
(+2, “3)--these pairs of numbers are called ordered pairs.
The fact that (73, t2) 1is the only ordered pair which
can ldentify the point .A with reference to these axes and the

glven unit is assured by these facts: from A there 1s only
one line perpendicular to the x-axis; this 1line intersects

the x-axis in exactly one point; and the point of intersection
corresponds to exactly one number on the x-axis, 3. Similarly,
there 1s only one possible y-coordinate for A.

Suppose now we wish to graph the point P which
corresponds to the ordered pair (%, ~5). The two coordinates
uniquely determine the point P for the following reasons:

At the point corresponding to *4  on the x-axls, there is,

in the plane, only one line perpendicular to the x-axis.
Similarly, only one line in the plane 1s perpendicular to the
y-axis at the point on the y-axis which corresponds to 5.
These two lines intersect in only one point, the point P, and
its coordinates are (+4, 5).
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The two coordinate axes separate the plane into five sets
of points: the set of points of the coordinate axes themselves
and the remaining four sets of the plane, called guadrants.
These quadrants are numbered in a counter-clockwise direction
(using Roman numerals) as in the sketch. We can thus glve some
information about a point and about its coordinates, by stating
the quadrant or axis in which it lies. For example, if a point
is in Quadrant II, then its x-coordinate is negative and its
y-coordinate 1s positive; if a point is in the y-axis, then its
Xx-coordinate 1s zero.

ny
+
2 1
T I
B
- 1 L 1 1 1 >
372 "1 VIO o x
-
Im 1 §AvA
Y

To assist in identifying accurately the points (or in
representing accurately the points whose coordinates are known )
it is customary to use graph paper on which equally spaced
horizontal and vertical lines are printed. Any pair of perpen-
dicular lines may be chosen as the x and Yy axes,.

We have seen earlier that the graph of a single number
is the point on a number line to which it corresponds.
Similarly, the graph of an ordered pair consists of the point
in the plane to whicn it corresponds. The figure on the next
page shows the graph of this set of ordered pairs:

[(+1+, -3)-’ (+2) +2)’ (-15 o)’ (OJ +3)}

It 1s customary to label the graph of an ordered pair with
its coordinates.
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1
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The method discussed earlier for finding the distance
between two points of a number line may be used to find the
distance beeween two points on any line parallel to the
x-axls or parallel to the y-axis. Consider the points
a(*3, "2) ana B(*3, . *4). Since these two points have the
same x-coordinate, Kﬁ 1s parallel to the y-axis and 3
units to the right of it. Thus AB has the same length as
the segment on the y-axis whose endpoints have coordinates
*y and "2, and this length, as we have seen, can be found
by finding the difference of these y-coordinates. Since
4y - "2 =%, point B 1is 6 units above A. Likewise,
"2 -%4 =76, so A 1s 6 units below B. Thus the
length of AB 1s 6 units.

- B(*3%4)

43210 "1 72373 %
-2 +A(t3,72)
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It is interesting to explore the effect on a polygon of
adding an integer n to the x-coordinate of each vertex,
leaving the y-coordinate unchanged. We find that this
operation "moves" the polygon n units to the right if n
is positive and n wunits to the left if n 1is negative, but
the new polygon is congruent to the original one. In a similar
manner, if an integer m is added to the y~coordinate of each
vertex, the polygon is moved upward by m units if m 1is
positive and downward by m units if m 1is negative,

It is also interesting to explore the effect of multiplying
both coordinates of each vertex of a polygon by the same
number. We find that the polygon whose vertices have the new
set of coordinates will have the same shape, but not the same
slze, as the original polygon. (The polygons are said to be
similar. )

Coordinates may also be employed in the study of
reflections. The concept of congruent figures is a familiar
one, as is the informal test for congruence by placing a
tracing of one figure on the other, to see whether each point
of one falls on a point of the other. In a similar fashion,
one figure is the "reflection" of another if they are so
placed in the plane that by "folding" along a line in the
plane the congruence of one figure to the other can be
demonstrated. One figure is thus seen to be the "mirror image"
of the other. The particular lines of "reflection" emphasized
in this unit are the coordinate axes. If figure A 1is a
reflection of figure B with respect to the v-axis, then
for every point of A there will be a point of B with the
same y-coordinate but with the x-coordinate replaced by its
opposite; and likewise for every point of B there will be
a corresponding point of A. If figure A is the reflection
of figure B with respect to the x-axis, then for every
point of A there will be a point of B with the same ‘
x-coordinate but with the y-coordinate replaced by 1ts opposite.
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In some cases half of a figure 1s the reflection of the
other half with respect to some line. Figures of this type
are sald to be symmetric and the line is called the line of

symmetry or axis of symmetry. This means that a symmetric figure
1s a very speclal case of a reflection--that reflection in which

the line of reflection goes "right through the middle™ of the
figure.

B C Polygon ABCD is a symmetric
figure. The reflection of ER,
AD, and DF in EF are FE,

BC, and TF, respectively.

E F_ Also, the reflections of EBE, KT,
and CF in EF are ER, 7D,
and DF, respectively. The line
of reflection, Eﬁ, 1s also
called the line (or axis) of
symmetry of the symmetric figure
ABCD,

A coordinate system different from the system of rectangular -
coordinates discussed above 1s the system of polar coordinates.
In this system, a horizontal ray O0X extending to the right of
the endpoint O 1s used for reference. The two numbers used
to describe the position of a point in the plane are the measure
of a segment and the measure of an angle. The endpoint of the
ray, O, 1s called the pole. In the sketch below, the position of
point P may be described by stating the measure of angle POX
and the measure of OF.

P

P

0 ) &l

It is understood that the measure of the angle is to be made
"counterclockwise"--that 1s, OP 1is in the direction from OX
which 1s the opposite from that suggested by the movement of the
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hands of a clock. It is clear that if OF has a length of
6 units and m/POX in degrees 1s 40, point P is uniquely
determined.

The polar coordinate system is not discussed in this unit,
but one of the methods for locating a point discussed informally
in the first section makes use of the idea of this coordinate
system.

OVERVIEW OF THE UNIT

The first section of the unit presents the problem of
finding a way to identify a point in a plane. Three methods
are discussed informally. One of these depends upon the ideas
of a rectangular coordinate system (the one we will use), and
another of a polar coordinate system, although these terms are
not used. The third depends upon the fact, familiar to the
pupll, that any triangle whose sldes are segments with three
glven lengths 1s congruent to any other triangle whose sides
have the same lengths.

Coordinate systems are then introduced, first on a line
and then in a plane. The coordinate of a point on a line is

defined as the number which corresponds to it, and the graph
of a number as the point which corresponds to it. A method

for finding the length of a segment by means of coordinates
1s developed. The use of two perpendicular number lines and
an ordered pailr of numbers to describe the position of a
point in the plane is explained, and practice is provided in
finding coordinates of points and graphing ordered pairs. 1In
some exerclses, segments connecting pairs of points to form
polygons are used, and the effect of changing coordinates on
the size and shape and position of the polygon is explored.

The final sections deal with the use of coordinates in
studying the reflection of a set of points in the x-axis and
in the y-axis, and with the concept of symmetric figures.
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TEACHING THE UNIT

In this unit each section is divided into two parts--
Exploration and Exercises. The Exploration is intended to be
& teacher-directed class activity. During the exploration
period the pupils should participate fully. In most cases
the pupils!' books will be closed. However, for some sections
the teacher may want the pupils to work through the Exploration
item by item with their books open. After the understanding
1s developed, or the skill is learned, or the generalilzation
is reallzed, the pupils may open their books.

The Exploration is included in the pupll book and serves
as a printed record of the activity in which the class has
participated. The teacher should decide the extent to which
the Exploration should be repeated with the books open. In
most cases, the pupils will glance quickly over the printed
Exploration and then proceed to the Exercises. However, if
the pupils have had trouble with the section, the teacher
may prefer to have the pupils read the Exploration in detail
to reinforce the ideas that have been developed. This may
be done as a group activity or an individual activity.

Independent work by the pupils should be done on the
Exercises. The Exercises will help provide further under-
standing or will provide for drill and retention of material.
The Exercises also develop concepts and therefore should be
used as a basis for class discussion after pupils have had
opportunity for individual study.
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DESCRIBING LOCATIONS

Objective: To introduce the general problem of describing a
location and to develop the notion that there are
several ways of describing a location.

Vocabulary:

Materials Neé&ded:

Teacher: chalkboard compass, blackboard protractor,
stralightedge.
Pupil: pencil, paper, protractor, compass, straightedge.

Teaching Procedure:

Follow the Exploration in the pupll text.
Give the children opportunity to “discover " and
to discuss.

Essentlally there are three methods presented
for locating a point. The methods are by using
rectangular coordinates, polar coordinates, and
triangulation. )

Encourage the pupils to proceed step by
step along with the Exploration in order that
they may understand and "get the feel" of
what 1s being done. Solicit 1deas from the
children about other ways of locating a point.

It is often helpful for the pupils to see
an example of each method of locating a point
before they try to do it. Place a dot as a
representation of a point on the chalkboard
and find its location using the three methods
proposed in the exploration.
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Martha's method illustrates the use of
rectangular coordinates--the method used in
this unit. A sketch might look like this:

After gaining this first understanding
relative to locating a point of a plane the
children should be prepared to work the exer-
cises and arrive at the desired conclusions.
Two other methods are presented for the purpose
of contrast; however, after the exploration
only "Martha's method" will be used.

Jane's method is one of triangulation. The
point of intersection of the circles drawn from
each corner would mark the location of the point.
There would, of course,
be another point of
intersection of these two
circles, but this point
would not be on the desk.

Joe's method illustrates the use of polar
coordinates. This system of locating positions
1s commonly used in piloting, for example.

A sketch of Joe's method might be:

© There is another ray that
6& makes an angle whose
0-\(\ o measure in degrees is 40
N> 40 but i1t would be in the
N 5 ~other half plane, as shown
A0 by the dotted line in the
AN sketch,
A
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Chapter 5
COORDINATES
DESCRIBING LOCATIONS
Exploration
1. How many points are there 1n a plane?/4 Is each point
(13;4‘, in Loctan.)
different from every other point? " How can we find a way

to identify a particular point? (tmonsmss vl ey )

2. Think of the top of your desk as a part of a plane. Place
a small object to represent one point on your desk top.

How could you describe its locatlon?(¥ry yrvy, %o wrr o

3. Ted said, "The point is 7 1inches from the lower left-hand
corner of my desk." Does this give you enough information?ég)

How many points are 7 1nches from the corner of the deg£§k})

4, Martha said, "I didn't measure from the corner. My point
is 7 inches from the left-hand edge and 8 inches from

the lower edge." Is Martha's information enough to locate

/

the point? (es)
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5. Jane said, "I can use Ted's information and some more
information to describe a poilnt. My point is [ 1inches
from the lower left-hand corner and 19 1inches from the
lower right-hand corner." Does this give you enough
information? (Yeo )

How many points are 7 inches from the lower left-
hand corner&ybﬁzw many points are 19 inches from the
lower right-hand corneré?bﬁgw many points of the desk top

are at the correct distance from both corners? (- 2Zreyl <
P hndUed Ly ey Tyl

6. Joe said, "I can use Ted's information and some different
information. My point is 7 inches from the lower left-
hand corner. It is on a ray that makes a 40° angle
with the ray from the corner on the lower edge of my desk."

How many such rays are there'.(uwn es Joe's metnod work?[@#4,
[/o, 40°) are calll) r.l..p oo e .

7. Are there at least three ways of des?fibing the location

of a point on the top of the desk?wﬂaan you think of
others? (Q'Wv‘“ A-"-””"‘a)
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Exercise Set 1

Suppose a rectangular region 6 inches long and 4

inches wide represents a picture, and a point C 1is.a

particular point of the picture.

1. Use your ruler and protractor to draw a rectangular region

to represent the picture. Label it as shown below.

DR is 6 inches in length. AD 1is 4 4inches in length.

D H

A B

2. Suppose C 18 5 inches from A and 3% inches from B.

a)

b)
c)

Use your compass to locate C. Is C exactly one
point of the picture? (%P*)

wgpt perty of r%gf les is illustratedO(liaulblhqlL
What information was used to locate C° What 1xed
(AarlB)
polints were used? How far apart are these fixed
— -— N A 5
points? ( A8 = 6. , AL =S, BCabd 572 )

Nore: dee TC.M 42{)1«&.;_..;).
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3.

a)

b)

c)
d)

e)

Make another copy of the rectangular region.

Draw ﬁ so that the union of ITC.P and E

1s an angle of 37° . (7o dmoyac TC pore 425

on AC 1locate point C to make AC 5 inches long.
Is C exactly one point of the picture?(%*“)

What information was used to locate (C? JLILtZQ;'iZ ol

e
2 el (_g q37°
What fixed point and line were used? (foi A ad 4‘5)

Your drawing should look about like this:

D A~ H

A B

Copy the rectangular region again.

a)

b)

c)

d)

Iocate a point E on AB so that XE is 4 inches
long. ‘

Draw a ray. Put its endpoint at E. Make it so that
1t and EA form a right angle.

Locate a point F on AD so that AF 18 3 inches
long.

Draw in the rectangular region a ray with éndpoint F
perpendicular to ﬁ

Does the intersection of the rays you have drawn locate

exactly one point (C? (")‘-‘—)

4ol
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Answers: Exercise Set 1

Exercises 1-2-3-4

6"

37°

5"

B E

hog

2"
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n

f) What information was used to locate (2 (24 77 ‘:}
«
g) What fixed lines were used?@54~453)

Look at Exercise 2 in this Exercise Set. 1Is the method
used in it the same as the method used by Jane in

Exercise %4 of the Exploration? (1?““)

Look at Exercises 3 and U4 in this Exercise Set.

a) Which of these exercises uses the same method that Joe
used in Exercise 6 of the Exploration? (5*-3)

b) Which of these exercises uses the same method that

Martha used in Exercise 4 of the Exploration? (664)
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II. COORDINATES ON A LINE

Objective: To develop the concepts of coordinate of a point
and graph of a number.

Vocabulary: coordinate, graph, horizontal, vertical
Materials: stralghtedge, pencll, paper

Teaching Procedure:

A short review of the general concepts of
the number line would be most helpful here,

The previous chapter on integers 18 a very good
reference. The amount of review depends on

the ability of the class to retain the facts
learned and also the depth of learning which
took place in the previous unit. After this
review, or if no review is necessary, the
teaching procedure should follow the explora-
tion in the pupll?!s book.

Call particular attention to Exercise 4
of the Exploration as this is the definition
of a coordinate and the "heart" of this
section. BEmphasize that a coordinate of a

oint on a line tells both dIstance and dIrection
ol a point from a given point.

Discuss at some length with the puplls the
meaning of the word graph as used in this section.
Begin to use the worg "graph" rather than "plot
the points" as soon as possible. +

As in the chapter on the integers, 3
;s"read "positive 3," and 3 1is read "negative
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COORDINATES ON A LINE
Exploration

The methods you have considered for locating a point in
a plane all involved using:
a) at least one fixed point and at least one line from
which measurements were made; and

b) at least two measurements of segments or angles.

1, Think of a situation in which you are glven a fixed

-
point A on AB. Can you describe the position of another

point C by Jjust one measurement:gw’wrlere Just C lle if this
. Ao A
18 possible? (LZh wylt f A2 2 bftgd o 48 )

2, Look at the number ray below.
. . . . , . B
1 2 3 b 5 6 7 8 9 10 11 12

-
>

-
-

E
+

If you know the distance of C from A 1is 6 units and that
C 1s on AB, do you know exactly where C 1s? ,)7A17/A )

3. Now look at the number line below.

a) What kind of numbers are shown on this number line?
( HagaZoos aud poadoct msnccbes)

A B

It n 4 s i " n P

Y d . . +. +. +3 +h +é +64r
b) If you know the distance of a point C from A, and that

o
c) What must you know beside the distance 1n order to locate

exactly one point ¢ ? (2 Ak o fen A)

C 1s on AB, how man different points cquld be named (2
&&WJ-#

428



P251

4 what kind of numbers tell both the direction and

distance of a point from A? {}a«j«—u a,-«(,«wa;ﬂw)

A number that tells both distance and direction of a

point on a line from the O-point is called the coordinate of

the point.

5. On the number line below, what 1s the coordinate of
8 %0r cf%hr pol )

D B
F 5 b 3 % 0 1 B T3 T 5

- \E
6. Wwhat point has the coordinate 3? What point has

coordinate +5?(F)

When you mark on a number line the points which have a
certain set of numbers as coordinates we say you are drawing

a graph of the set of numbers.

Below 18 shown the graph of a set of integers. The three
heavy dots are the graph of the set (1, +2, +5]. Is this a

different kind of graph from those you have e efore?
(2L v/, Z*P?MMS

rainl
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7. Sometimes vertical (up and +s ¢
down) lines are used. What set of +5
integers is graphed on this line? +lI

£t2,%1,718
o4
"1
-2
-3
‘5
8. Draw a vertical number line and ::
graph this set of integers: 2
*
("4, *4, T2, *2, o). 0
=1
b 4
-3
-+
1

9. What is the coordinate of the point half-way between
-2
A and B on the number line below? 1Is the coordinate an

1nteger?@?*)

—

g
-

+

= ¢
&4 a

F E &
——t———t—e—]
6 "5 T4 Tz T2 <

w4 o

1
¥
5
10. What number s oulq be the coordinate of a point half-
133 'L ) )
way between C and D? half-way between E and ? Aré

these coordinates 1ntegers?(7z )

Many points have as coordinates numbers which are not
integers. 1In this unit, however, we shall use points whose

coordinates are integers.
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Exercise Set 2

Draw number lines showing the integers from ~10 to %10 and

graph these sets. Use some horizontal and some vertical number

lines. Evonmys B Yogeil
1. [—93 -6: -1, o, +8} O R  EERR AL ¥y
2. (The positive integers less than Y6} ) o .
= = T 0 =
3. ({The negative integers greater than 71} .
e ——- = >
5. [The integers less than ~3 and gréater than ~11)} .
e 2> ) o te "
5. {(The positive integers less than 11 which are divisible
by 5, and their opposites)
{.; Y A .} A A A ol A e ‘i A A A A '/Ao ?
6. {The integers less than *2 and greater than ~11)
p—— 2 o )
7. {The integer which is 3 greater than ~2 and the

integer which is 3 1ess than ~2}

0 <+ 0 5 ‘o *

List or describe the sets of integers whose graphs are shown

below.
§-5, 3,7/, % ,%3, %%
8, -<— - t - } . '8 . + * -—>
B 5 T4 T3 T2 1 o h ot ty +y +g
f"l, "3,72,71, *IJ ‘21 *3 4 “/"?
9o - - — + + P Fiane
¥ "3 T2 T1 0 h ta ts o +g +g 4
Fw,73,72,71,0,%,%2¢
10.=—+ 1 t t —
50k T3 T2 1 0 o o B oty ot tg
fo}
Nttt
s Tk T3 T2 T1 0 o ety oy g 4
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III. COORDINATES IN A PLANE

Objective: To develop the understanding of identifying a point
by using two number lines and an ordered palr of
numbers. To gain facility in identifying points
using ordered pairs, to introduce the use of graph
paper, and to use the terminology of x- and y-
axes, x- and y- coordinates with reference to
the point of origin.

Vocabulary: ordered pair, perpendicular, graph paper, x-axis,
y-axls, axes, x-coordinate, y-coordinate, origin

Materials:
Teacher: straightedge (yardstick), chalk, square chalk-
board or poster board
Pupil: pencils, graph paper, straightedge

Teaching Procedure:

This section should be divided into two
lessons. It might be beneficial for some pupils
to keep books open during these explorations.
The first exploration and Exercise Set 3 will
constitute a lesson with the second exploration
and Exerclse Set 4 making the next lesson.

Remind the children that a number line may
extend in any direction but for our use here
the two number lines we will consider are
perpendicular lines, one being vertical and the
other horizontal. It would be helpful to make
a diagram using the chalkboard as the lesson
proceeds through the first Exploration. It
would be a big help if one of your chalkboards
1s ruled 1iike graph paper. A music staff
writer might be used to construct one.
Perforated grid stencils using chalk dust from
erasers may be coinstructed for blackboard use.

Bring out the fact that in an ordered pair,
such as we are using, the first number tells
the direction (left or right) and the distance
from zero on the horizontal line. The second
number of the pair gives the distance and
direction (up or down) on the vertical line.
The order 1s always the same, the number on
the horizontal line first and then the number
on the vertical line. This, of course, is just
a convention, but it 1s a standard one.
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The graphing of ordered pairs suggested in
the Exploration Exercise 2 should be done as
a class exercise in order to provide guidance
to pupils. They will need help in determining
which horizontal and vertical line to use for
thelr problems. After work on numbering the
lines, pupils will be more able to work
Exercise Set 3 independently. Pupils should
be required to label axes as described in the
text, and to label points with their coordinates.

The second Exploration introduces the terms
x-axls, y-axis, x-coordinate, y-coordinate, and
origin. Now the pupils are ready to develop real
skill in graphing. Exercise 3, might well be
done as a demonstration at the chalkboard.

Mark off a squared section of the chalkboard,
draw the axes, and identify a few points.

Some children might also identify points on
the squared section at the board. After this,
pupils should be ready to do Exercise Set U
independently.

After the children have had practice in
making and marking coordinate axes, much time
can be saved by furnishing them duplicated sheets
with axes and numerals marked. Numeral labels
about & inch or 3 inch apart seem to be about
right.”™ g .
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COORDINATES IN A PLANE

Exploration

Look at the number line and the points P and Q below.

P.

(SN 8

5 b 3 2 10 4 %2 3 a7
Since Q 1s on the number line we can state its position

by naming its coordinate, ~1. On the other hand, since P

is not on this number line, we cannot state its position by

naming its coordinate. It seems to be directly above ~1 on

the line, but we need a way to tell how far above the line it is.
We can find a way to do this by using a second number

line which 18 perpendicular to the first number line and has
A

+y

the same zero point. T
+

3 4

P.T l

Hl

5 -~y -3 -2 4w O +i +5 -% +), +5'

-1 1

- 1

-5 |

v

b3y
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We see now that P 1isg directly to the left or *2 on the
vertical number line. We can describe its position by using
the two numberp, "1 and +2. Is there any point except P
which 1is exactly above ~1 on the horizontal number 1line and
also exactly to the left of 2 on the vertical number 11ne°(”1)
What is meant by * exactly above" and "exactly to the
g e e o o tt
The position o P can thus be described not by one
number, but by the pair of numbers, ("1, *2}. tThe numbers
"1 and *2 are called coordinates of the point P.
The first number tells the number exactly below it (in
this example) on the horizontal number line. The second number
tells the number exactly to the right (1n this example) of P

on the vertical number line. The order in which the numbers

are named is important, so ("1, +2] is called an ordered pair.
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Let us think more precisely about finding the numbers
which describe the position of a point. Look at point R

marked below. 4

4
A line segment from R 1s drawn perpendicular to the

horizontal number line. It intersects the number line at ~&,

A line segment from R 1s drawn perpendicular to the
vertical number line. It intersects the number line at ~3.
The location of R 1s described by the ordered number pair
(T4, "3).
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We can use perpendicular

a point.

ordered pair

Consider the point which

(*2, 71). Look

lines to find the position of

is described by the
at the drawling below.

the horizontal number line.

Since the first number is

*2, find the point for ‘2

A line segment perpendicular to

the number line is drawn at this point,

Find the point "1

A line segment perpendicu

drawn at this point.

on the vertical number line.

lar to the number line is

437
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The two perpendicular line segments intersect at the point

labeled Q. Q 1s the point whose position 1s described by
the ordered pair (%2, "1).

[+2)
Its first coordinate 1s 2 .
Its second coordinate 1is ?(ﬁ?

Do the ordered pairs (%2, 1) and (71, *2) descrive
two different points in the plane? U}u*)

Briefly, we can think:
To locate the point ("4, ~3), start at (0, O)

count 4 units to the left and then 3 unilts down,

To locate ("1, *2), count 1 wunit to the ‘2 and

)
then 2 units (‘f? .

v o (2) ()
To locate (72, "1), count _? units to the _ 2
(0, (alom)

and then unit ? .

To assist in describing accurately the position of points
it is customary to use graph paper. On graph paper sets of
perpendicular lines are printed forming segments of equal
length. Any pair of perpendicular lines may be chosen as the

number lines.
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The ordered pair (75, “3) is graphed below and the point
it identifies 1s labeled A. Notice the ordered pair is written
in parentheses beside the point.

1. Write the ordered pairs which are the coordinates of

points B, C, D, E, F, and G. Write your answer like
. B('%,%2) , c(2*)  p(43°3),
this: A(75, "3) E(*,0) , E(0,7) , G (4 *)

L

y

+2 B

E
98768543210 172737475 %677°879 X

*A(5,73) 73
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2, Use a sheet of graph paper with lines one-half inch apart.
Choose two perpendicular lines for number llnes and draw
heavy lines on them to show the lines you have chosen.

Label the number lines from 6 to *6.

Graph these ordered pairs. Tabel each with its letter and 1ts
coordinates.

H(5, T4)

J(6, "3)

K(0, *6)

M("2, 0)

R("2, *5)

s(*u, ¥3)

When number lines are used in this way, we call each
number 1line an axis. The horizontal number line 1is called the
x-axis and the vertical number line is called the y-axis.

The point of intersection of the x-axis and the y-axis 1is

called the origin. ?FT Ktote)
. ; \
. sl ds)
2 aloea
. V)(.J'o) >
y 4
st
H{%s, )
v
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When you draw graphs you should always label the axes

("axes" 1s the plural of axis) in a certain way as shown below.

Y

+s o (Yat*s)

, + Horizontal Axis
Origin— !
- hY A*A:::;’

47372710 TIT2t3ta s x

+—Vertical Axis

'

write "x" and "y" near the arrows on the rays of the axes
which show the positive integers.

Label the 0-point and several points on each axis.

When you graph an ordered pair, label the point with the
ordered pair.

Label the x-axis and the y-axis on your graph paper for

Exercise 2.

1y




pP262

Exercise Set 3

1 Write as ordered pairs the coordinates of the
labeled points.
y &
(3%6) *7 *F(t9.*7)
Ee | t6
*5
Me(8,") +419(0,4)
+3 *A(*4,*3)
+2
- +)
- Cc("5,0) -—
o ~9787776 547372 "l_lO *1¥2*3*arstetr e te X
373 2
h 3
~4 B8+('10,74)
*D("8,”5) -5 +6(*4,75)
)
~7¢K(0,7)
-8
Y
2, Graph the following ordered pairs. Use graph, paper and
label the x-axis and the y-axls. Label each point.
A("7, *3) p(o, *10) (( For ackdom anx
TC poge #43.)
B(*4, *9) E(75, "8)
c(*6, ~s5) F(*s, 0)
3. Can you write an ordered palr of numbers to tell the

location of your town on the earth's surface? What _
9 .
would you use for number lines? 24 LT & u)

i



Answers: Exercise Set 3

Exercise 2

yd

*10 $0(0;"10)
+9 e B(*4}9)

F(*s,0)

=76 5 4-3-2-10] 172737478 %6 X

e c(ts5)

*E(5,8)
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Exploration

(X-Coordinates and Y-Coordinates)

You have been using two perpendicular number lines with
the same zero point. We called these number lines the x-axis
and the y-axis. These lines help you identify the point in

a plane which 1s the graph of an ordered palr of numbers.

We say "ordered pair" because the order in which the two
numbers are named 1s important. The point named by the pair
("3, *6) 1s a daifferent point from the one named by the
pair (*6, ~3).

The first number in an ordered pair, which tells how
far the point is to the right or left of the y-axis, is

called the x-coordinate. The number which tells the distance

of the point above or bélow the x-axis is called the

y-coordinate.

E(3)  J(o)

Exercise 1 of Exercise Set 3. fgﬂ; gg',;)g kg”’))
-

b) Name the y-coordinate of each ogc%Lese ﬁgznts.
Al'2) ECL) g ()
8(°#) FO i (-7)

cco) -
oee 8855 MY

1. a) Name the x-coordilnate of each_piﬁgf graphed in )

huy
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2.

3.

Write as an ordered pair the coordinates of these points:

A: Xx-coordlnate
B: y-cobrdinate
C: x-coordinate
D: x-coordinate
E: x-coordinate
F: y-coordinate
G:

X-coordinate

Graph the points whose

is

is

is

is

is

is

is

+3,
*10,
0,
5,
g,
6.
T,

X

y-coordinate

X-coordinate

"y—coordinate

y-coordinate
y-coordinate
X-coordinate

y-coordinate

is
is
is
is
is
is

is

-7,

3.

A(*3,77)
B("3,7/0)
¢ (0,'4)
p(5.,0)
E(*0,*))
F(%,74)
G (°7,3)

and y-coordinates are given

in Exercise 2. Label each with its letter name and its

ordered pair.

*G("7,%3)

8
3,10) Y4

0(°5,0)

*e6
*s
*q
*3
*2
*)

1c(0,%4)

E«('8,*1)

7654372710

il
2

1
0 b

!
~ O

445

*F('4,76)
*A(*3,77)

—

+|+2+3+4+5+6+7 +8 x
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1.

2.

a)

b)

c)

a)

b)

Exercise Set 4

Graph the points whose coordinates are given below.

Label each point with its letter name and its ordered

pair. (;"“t“?‘ ac TC popn ‘*7)
a: (71, *7)
B: (T4, 0)
c: (Y2, o)

Draw AB and AC. The union of AB, BC, and AT 1s
a triangle. What kind of triangle is 1t? (M)

The base of W) triangle ABC 1is on the
(%) axis.

Graph these points. Label each point with 1ts letter
name and its ordered pair,

D: x-coordinate ~3, y-coordinate

- - TE. Lo 447
E: x-coordinate l, y-coordinate 3
F: xecoordinate 5, y-coordinate 1

G: x-coordinate +3, y-coordinate "'5

Draw DE, EF, F3§, 0OD. which of these names describe
the figure IDEFG? ( !, 2. 3,5,7)
1) Simple closed curve 5) Square

2) Polygon 6) Isosceles triangle
3) Quadrilateral 7) Rectangle
4) Square region 8) Union of four ‘angles

Draw DF and EJ. what are the coordinates of their

intersection? [ Y, )

146



Answers: Exercise Set 4
Exercises 1-2

v

1 c(2,0) ¥5 %6 X

EC13)
4

Bu7
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3. a)

b)

Write three different ordered pairs in which the second
number is O. [““‘“’""“"‘””‘"} Aos spamplee aei (*3,0) (“Io).t)

Graph these ordered pairs, [ﬁ-«-r-l- u-J/ﬂ-HJ

Where do the three points lie? JL;‘-"” L o~ e 7‘"“"‘)

Write three different ordered palrs in which the first :

number is O. ( Gonts ‘-"”"""} dnu 4...-,—4.“4-(0 ts), (. ‘)ZC)

Graph these ordered pairs using the same axes you used
for b,
Where do these points lie? (M;b“ﬂb”‘il‘ "2""““'>

Any point whose x-coordinate is O 1lies on the(“ ? ) .
Any point whose y-coordinate is O 1lies on the(x'#‘ )

What are the coordinates of the intersection of the

x-axis and the y-axis? (0,0)

what special name is given to the point of intersection

of the x-axis and y-axis? (f""?‘"‘)

448



IV. USING COORDINATES TO FIND MEASURES OF SEGMENTS

Objective: To lead pupils to find lengths of segments, first
by counting unit segments when either the
x-coordinate or the y-coordinate remains constant,
and second, to find the length by computation.

Vocabularv: unlt segments
Materials: graph paper, pencil, squared chalkboard, straightedge
Teaching Procedure:

Before the children open their books, graph
a set of ordered pairs on the squared chalkboard.
These ordered pairs should be chosen so that
either the x-coordinate or the y~-coordinate is
the same for all pairs. Help the children to
reccgnize that the points lie along a line
segment. ©Notice the position of the line
segment. Is it to the right or left of the
y-axis or above or below the x-axis? The
teacher might desire to repeat this development
wlith the segment parallel to the other axis.
With practice children can visualize the
location and position of a line segment by
locking at a set of ordered pairs.

Now give the children the opportunity to
follow the exploration. They should learn to
find the measure of segments (in units), if the
X-coordinate or y-coordinate is the same, by
counting and then by finding the difference by
computation. This activity will direct them to
the generalization stated in Exercise 7.

The area of the quadrilateral region ABCD
in Exercise 5 of Exercise Set 5 is the sum of
the areas of all the right triangular regions
plus the area of the rectangular region EFGH.
Recall that the area of the rectangular region
is obtained by rmultiplying the measures of the
length and the width. The area of a right
triangular region is found from the formula
Elééll where b and h are the measures of the
segments which determine the right angle. 1In each
right triangle the base may be considered as either

4hg



side of the right angle. For example, in CGB
if /G 1s the right angle, side GC or side
GB may be considered as the base. The area is
in square units. Some of the children may want
to do other exercises similar to this to see
that it is possible to find the area of almost
any polygonal region by dissecting it into
rectangular and right triangular regions.
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USING COORDINATES TO FIND MEASURES OF SEGMENTS

a)

[W

b)

c)

a)

b)

c)

a)

b)

c)

da)

Exploration

Write '5 ordered pairs which have the same x-coordinate

do not use O0) and different y-coordinates.
(all“* *&”M}-)x‘\'ﬂ. ‘M" arL ﬂy(*.;," N 3%,*3) ;C("’J”),D@’l-,)ltj

Graph the points for the ordered pairs. (4 775-/"‘““2)
Are all five points on the same line? (74“-)

Write 5 ordered pairs which have different

x-coordinates and the same y-coordinates (do not use 0).
Jﬂnh)'- L‘- M-— art. A -3,,3-), 8[*4,1"- J c ‘Ilf"-)l a("l“)l“?:]

Graph the points for the ordered pairs. (47X pepe ves)

Are all five points on the same line? (‘r'—)

What d ou hotice about the lines suggested in 1 ¢ d
Z ¥ 2L x-a~n24J§-¢«1i4 Aot xé%ﬁgu.,qu.1.~:z‘1!.§3
2 ¢)?

By g coerleitey et T a2y L o dem 2 ) L

Graph the points R(72, *¥7) and s("2, *3) éfr'rl “*)
T paga 452

What 18 the measure of K3 1in unit segments? (4 M)
Could you find the measure of RS, without counting

7-73:= %
unit segments, by using the y coordinates?z.(% (- wait)

Graph the points A("3, ~5) and B(*4, ~5) [;_-;rria;a,
Subtract ~3 from *4. *u . 3.2 (*7)
Subtract Y4 from ~3. "3 - ty = 9 (_7)

Does your answer to either b)) or c¢) tell you the

length of B2 (Y, 2y LY LU Ll o 8. M 7‘-..#1.-,)

451



Answers: Exploration
Exercises 1b-2a-4a-5g
yi
b il actste
*s
+4
*+3 Be(*3,*3)
+2 Ex. 2b ¥}
+ -1+
! X B 5)+5 B(*4.*s)
_. - - [ ) * [ ]
3721 'o ¥ +2+? 7475 A(!3‘+5)+ c(*1.1s) o.(“e.*.':)
~5 c(*3, A
3
-3 g
4 D‘(+3._4) +|
-5 Ee(*375)
\ “4°372 ‘l_? T1*2*3+*4*5 g *77g 79
—2
\
Ex.40-5a y ﬁ
R(2}7)e *7
+6
+5
*4
S("2t3)e *3
*2
M|
_ =
47372 'I_IO *1tat3 *qts
"2
-3
~4
* -5 O —~
AC3.S) _ B("4,75)

452

-t
X



P268

a) Consider the points ¢(*t105, *s8) and D(*105, *69).
Without graphing C and D, can you find the length
CO 4o / avill it Samgzd, 59711 ot Up-tsE= 0]
of TD? ”M leaes Z-towrsliaks are 2p.d. )
b) What i1s the length of RS if R has coordinates
(73, "579) and S has coordinates (73, ~468)?
RE v /11wt l--,,ﬂ 599~ "#e2="N ; ‘449-‘3'71:*/19
From your observations in Exercises 1-6, complete this

sentence:

To find an integer which tells the measure, in units,
of the segment between two points:
a) 1f the x-coordinates are the same W) one (’#)

coordlinate from the other.

b) 1if the y-coordinates are the same adl=d one (Z)

coordinate from the other.

453
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Exercise Set 5

1. Here are names of points and the coordinates of each:
a(*s, °7)
B("2, *3)
c("2, °7)
p(*2, 77)
B(*s, *3)
F("8, "1)

ﬁf?.-l[,f

en fi d the length of the segment Joining each pair.
FC = /oa.«zl 7.y ) )

b he pairg of poin s ith the same rdinate,
) F% S C(%, g Al}a, 7. 2,°7) ; L‘(‘zan} o}("a 73 ?aﬁ_,) e(’.s:*:_,_\)
'rhen find the length of the segmen dining e h pair.,
(,qc-;?.«..x AD—JM, CD‘“M 72-7 ?

a) Tist the p‘aﬁrs of _p731nt5 with same x-c??rdinate.
/

¢) Check your answers by graphing the ordered pairs and

counting unit segments. ( 4w 7. j v 455, )

2. a) Graph this set of ordered pairs of integers and label
the points of the graph. (A(*2, *9), B(*2, ~2),
c(*7, ~2), o(*7, *9)) ( dux TC page 455)

b) Draw X5, B¢, OB, DE.
What kind of quadrilateral is ABCD? ( <tiyl )

¢) Pind the lengths of A8 and KX. (Don't count,

BC = .S'Ao-‘t
subtract coordinates. )(AB e ; BC

d) What is the area of region ABCD? (55"}“"""“:‘1)

454



Answers: Exercise Set 5

Exercises 1lc-2a-3a-3b

Ex. lc v}
*4
B(2;'3) « 3 <E('5,*3)
t2
+
! X
T978°77654 321 9 t|tat3tgtstet7tgtg
F(8,71) -2
-3
4
5
"6
c2;7) 7 | *D(*277) *A(577)
Exercise 3
i 2
nyfm > M E's;8)
A(*2t9) D(*779) 7
+9 *6
+8 +5
+7 *4
-+
6
+ '3
5
2
+4 "
'1'3 - N
t2 -2 -u_lol i*2*34+t8%¢ X
+
X 2
Lo TIT2t3 g5 tetttg X -
3
-2 G(1;4)_
-3 B(*272) Ct+772) S
v '

455
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3. a) Graph these points E(*5, *8), F(71, *8), a("1, ~4).
(Fot ympd , ane T.C. aogn 465 )
b) Draw EF, FG, EG. What segments are the base and )
FF tould Lo FG tout) de2ls L..j! A
height of AEFG?( EF b -l Fe
AEFG = £ » fonnr L.,lf
c) Find the area of AEFG. ﬁz‘,:,t “ »
= 12 simids
ﬂ*gZEF5= kr62/2 = 3l gon
4, a) wWrite on your paper the coordinate)s of each labeled
R(5.7¢ P(~2,72
point in the figure below. f/(,;’.,:,f} (%, -2)
S(t7,t6)
Y
.,
[ {
R z+ 16 W S
L‘—E
7
\ i /
\ o /
o /
- \ a ]
4 4 | ‘:x\'ze 1 3 T "h‘ ‘}r"‘é; T 87 X
B = p
"z
P
ol
5
—6
Y

456
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b)

Pind: 1) a set of four labeled points with the
same y-coordinate. (ﬁ’,Z, "/: 5 )

2) a set of two labeled points with the same
y-coordinate. (P, T)

3) two sets of two labeled points with the

same x-coordinate.( Zed P Wed T )

Find the lengths of these line segments: -RZ, 7W,
RZ = 3 wunle ZP = e
WS, ZF, WT, PT. I 2 b aside \Z_T":f»“-‘t_
Name two triangles and a rectan 1? in the figure,
aesARZP = 12 ogmude .
and find the area of each region.esAWsT= 20 ap et
ot h VTP 49 ag ik

What is the area of the region bounded by

uadrilateral RSTP?
q e ‘/I‘J_Lb.(sﬁs'rl’: (a #ao*‘»‘«_"

90 4y

457
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5. a) Write the coordinates of each labeled point in the
figure.
B
+g ala.te)
A ] P c(“/o,’k‘)
ty o( '3,;3)
\+a 1L o ¢ Ew"‘)
O F(", ()
.’,A b(*‘nhl)
-0: H{?J '*)
TN
\
IEEEERERELECE RN ER
pa
- \
T
=¥
=6
=T
|
b) Pigure ABCD 1is a r o (puadrddonl N(kﬂx‘r")
¢) What set of three points have the same x-coordinate?
Can you find another set? (E, HadD ; B F elG
d) what three labeled points have the same y-coordinate?
Can you find another set? (ﬂ,f,""JF ; /""G/“'JC)
e) Find the lengths of base and altitude of each right

triangle with labeled vertices. (There are four.)
4 AeD A AFB 4 BCG 4 Hed

ﬁE K g o ﬁ_:— M C-»—C: l}u-.t AC = 74‘—.:

ED = 7 amde BF = Quads BG = ¢k HD = 7awds

458
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f) Find the area of each triangular regi
au.:/A AED = 224 o
of the rectangula lon f@mao/a Ar8 = ¢ RV -
gular region ‘“;‘ :cc: g 7“_‘:
= ,.n‘u‘
g) Find the area of the region A& A ERGH 276 op and
(ﬂaﬁ ‘/u)-,.... ABCD= 224+ 9 49 424k 4 ‘)
= &9
6. Battleship Game 1: Here is a“game you might find

Q

o]

[+

o}
[
<t
ks
R
e }

[+4]

interesting. It requires two people (or two "sides") to

play it. Here are the rules. They are stated for two

players. If there are two “sides" with several players

on each side then the "sides" play alternately with each

player on a side playing in turn. The game can also be

played on a piece of paper, rather than on a chalkboard.

a) Draw (on the chalkboard) x- anq y-axes and mark each
axis with numerals from ~10 té +o0.

b) One player marks (with white chalk) 10 points
(battleships) each having coordinates which are integers.
Do not label the points with their coordinates.

c) The opponent player marks (with colored chalk) 10 new
points (battleships) for his side, each point having

coordinates which are integers. Do not label the
points with their coordinates.

d) The first player calls out an ordered palr of integers.
If there is a point (battleship) marked with these
coordinates then the marking is erased (battleship
sunk). (Sometimes a player makes a mistake and sinks
one of his own battleships.) If there is no point
marked with these coordinates then the opponent has

his turn.

459
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e) The second player now has his turn to carry out

Rule d.
f) Players now play alternately.

g) The player whose battleships are all sunk first (after
each player has had the same number of turns) loses
the game. If all battleships of both sides are sunk,
then the game is a tie.

BRAINTWISTER

1. a) Write the coordinates of each labeled point in the

figure:

Y
g K .
» A&.*3)
Et | N 3(%.,")
T~k LN\F
A 1' C(*PI‘I)
+ 4 by
i ! KRN o(2, s)
N ! E(','5)
' ’0 o + ‘0 + ”+ 0w > F(*"/v)
B AN EE] P*3 %4 4 . -
-l > -~ I L ) 6(‘-(/ 2)
A (5 H(o,"1)
e L
(M} _ D

460
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Figure ABCD 1is a (5““4“&z;j°ﬁj 7 )
Draw EF, TFG, TH, and HE.

Figure EFGH 1is a (F‘*JM’?M) .

On the graph mark:

(1) A point J whose x-coordinate is the same as
the x-coordinate of point A and whose y-
coordinate is the same as the y-coordinate of
point B.

(2) A point K whose x-coordinate is the same as
the x-coordinate of the point € and whose
y-coordinate is the same as the y-coordinate of
point B.

(3) A point L whose x-coordinate is the same as
the x-coordinate of point C and whose
y-coordinate 1s the same as the y-coordinate of
point D.

(4) A point M whose x-coordinate is the same as
the x-coordinate of point A and whose y-coordinate
1s the same as the y-coordinate of point D.

Figure JKLM is a ﬁdnoZ;ﬂXQ) .

Compute the area of the region JKLM. (/20 ‘1‘“‘*¢J

Compute the lengths of the base and altitude of each

of the right triangles, AAJB, ABKC, ACLD, and

"o - E—’a:“&-t m:‘
= z [TB ¢ st - - s
ADMA.?;‘?._.;“_;JJ A= bst RCzbssd &L= §aned

Compute the areas of each of the triangular regions

whose sldes are the triangles of Exercise h .(L~1A0”0=“1h49
a-c..{AﬁJB-‘Il‘—tl arn YA BKC= 12 X ,m{ CLD = 19 ucts.)

What 1is the area of the polygon region, ABCD?
Aran o/ T polyap ABED = 120 — (16472 412418)
= /30~ 5% .
= 614’...—:4,-—0‘
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V. CHANGING COORDINATES

Objective: To show that a change in one of the coordinates of
each point of a figure, while the other remains
constant, will "move" the figure to the left or
right or up or down, and that the direction and
distance may be predicted by observing the amount
of the change and whether it is in the x- or
the y-coordinate.

Materials: graph paper, pencils, straightedge, chalkboard.
(Opaque projector or overhead projector if
available)

Vocabulary: changing coordinates

Teaching Procedure:

To introduce this section the teacher might
i1llustrate the relation between two figures.if
the coordinates of the points of the second
figure are obtained from those of the first by
some simple change. This can be done with a
line or a figure on the graph by the use of a
chalkboard or an opaque or overhead projector.
Following the Exploration as given would be
very effective using one of these visual aids.
The climax to this demonstration would be
exercises 9 and 10. In using an opaque projector
the steps could be shown by using overlays, each
successive step being shown on a separate sheet
of graph paper. The overlay sheets should be
prepared in advance of the lesson. In using an
overhead projector or the chalkboard the points
are identified as the demonstration proceeds.
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CHANGING COORDINATES

Exploration

Suppose that P 1s the point (*1, ¥2) and R is the
point (*3, *6).

How many segments are there with P and R as endpoints'(m)

Graph the ordered pairs P and R 1in Exercilise 1 and
draw PR.

Is (%2, *4) on ?ﬁ)ﬁxi; so, mark and label it S.
Graph the ordered pair T(*s5, *2) and draw KT.

Is the point (Y4, *4) on ﬁ;\\ﬁ\}ark and label it W.
Draw 3W.

What letter does the figure look like? (£7¢21ﬂ‘4>

The set of ordered pairs you have graphed is:

(r(*1, *2), s(*z, *4), r(*3, *6), w(t4, *4), ana T(*s, *2)).

Form a new set of ordered pairs by changing the coordinates

of these pairs as follows: Add ¥7 to each x-coordinate and,
add O to each y-coordinate.

Name the corresponding new points, A, B, C, D, and E.

a) Graph and label the set of ordered pairs you found

in Exercise 8 and draw the segments AC, CE, and BD.
b) What does this new figure look like? (Cﬁ;ﬁj A)

c) How is the new figure related to the old figure?

(e rnte quarad 7 ane X U gkt T < trmgrins
ey Salalies
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Answers: Exploration
Exercises 2-3-4-5-6-8

Ex.2,3,4,56 v}
+6 R(*3,%6)
*5
+4 S +4 +
3| SN Y
+2
+ P(*I,Y2)  T(*5.*2)
~ -6-54-3-2 i AR X
2
-3
-4
-5
V
Ex. 8 yl
+e c(*10,%e)
*s
*q B(*9,*4q) D(*11,*4)
+
3
*2
+ A(t8,%2) E(*12,*2)

[

54 32 'c_lo ¥ ¥2¥3 7415 7677 78 *9 107111271314 X

"2

o
O M b W
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Exercise Set 6

Graph and label this set of points: (?ar;r-rl,mTC‘/“)
(a(*s, "1), B(*5, *5), ¢("4, *5), D("4, "1))

Draw AB, BC, CD, Da.

What kind of polygon is ABCD? (weeloglr , zeudnlZit )

Form a new set of ordered pairs by subtracting O
from each x-coordinate and subtracting +g from each

y-coordinate of the set of pairs of 1la.

Plot this set of points. (call the corresponding points

E) F, G, H.) /}”7‘7‘11"""‘ TQ’?‘“)

Draw EF, FG, GH, HE.
Is EFGH congruent to ABCD?(%)

How 1is the new figure we got by changing the y-coordinates
related to the old figure? (%"‘( ’d/f‘"‘ s Pl
B o cogrnt 2 LA Ly )

Graph this set of ordered pairs. Label the points.
(a(73, *7), B(*1, *9), c(*1, *4), D(*3, 0))

( Forgeopd, 4ne page #62)

Draw AC, BC, CTD. What letter does the union
of tnese segments look like? [erat/ 7')
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Answers: Exercise Set 6

6(4,73) -; F(*5,73)
~4
s
~6
-7
-8
H(3,79) 9 E(*5,79)
[] “l o' h ]

Exercises 1-2
Ex. | 17 )
+6 ?
c(ats) +g B(*s,75)

tq

+3

+2

+|

_— -—5 —1—3—2 —Lpl +‘ +2+3 +4+§ +6+7 +8+9 i
D(74,71) _'2 A(*5,71)
-3
V
Ex. 2 yh
+6
ts
tq
+3
+2
*
T T 6543210 et aseT %
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a) Form a new set of ordered pairs (E, P, G, H) from
the o0ld set of Exercise 3a as follows: Add +3 to
the x-coordinate and sybtract %6 from the y-coordinate.

b) Graph this set of ordered pairs. Draw Eg, N and OW.

( o s0an page 468
¢) How does the shape and position of this figure compare

£ £ 39 (2 el fos
;,iz;h/.f; 0312 or Exercrl;i_..tiﬂ%dé’::z b-,.:-;"

Suppose you wanted to "move™ the figure of Exercise 3

five units to the left. What change would you make in

the coordinates? /w a +~5'f—- /4 t-f-ﬂ‘—;‘u-)

What change in the coordinates would "move® the figure

three units up? (4l o *3 Z X Y- el tl)

Battleship Game 2: The rules of this game are the same
as those for Battleship Game 1 (see end of Exercise
Set 5) except that Rule d is replaced by:

d#) (1) The first player calls out something like "2
units exactly to left of (%1, *3)". If there
is a point (battleship) marked with the
coordinates ("1, +3) then the marking 1is
erased (battleship sunk).

(2) If the first player said "2 units exactly to the
right of (*1, *3)" then the marking at (*3, *3)
would be erased.

(3) If the first player said "3 units exactly below
(*1, *3)," then the marking at (+1, 0) would be

erased.
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Answers: Exercise Set 6

Exercises 3-4

Ex.3 y |
+9 B(*;t9)
+8
AC3rT) +7
\:
+4 ¢ (t174)
t3
+2
+
| D(*3,0)
a 4320 1172737 x
-2
-3
Ex.4 'f
*4
+3 F(*4}3)
t2
+) {(0.‘" 1)
-3 T, Fa+z a8 TeT g
32 |_|0r 1Te¥3 4 t5tety X
-2 G(ta72)
-3
-4
-5
-6 ) H(*676)
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(4) if the first player said "3 units exactly above
(*1, +3)," then the marking at (*1, *6) would
be erased.

(5) 1If there is no point marked at the coordinates

described, then the opponent has his turn.

BRAINTWISTER: In the Exploration exercises you graphed
ordered palrs and drew segments which formed the letter
"A". Draw some other capital letter on a sheet of graph
paper. Write on a separate sheet the coordinates of the
endpoints of the segments that form the figure. Hand the

instructions (but not the graph) to some other student.

See if he can follow the instructions to obtain the same

letter you have on your graph paper. (16 4.11....;,...1/ /v-.-}>
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Vi. GRAPHS OF SPECIAL SETS

Objective:

Materials:

Vocabulary:

To provide readiness for ideas of reflection and
symmetry. To show that the graph of the points in
which coordinates are in certain definite relation-
ship lie on lines other than the axes.

pencils, graph paper, stralghtedge, squared
chalkboard

congruent

Teaching Procedure:

sufficient detail to follow. However, if more
development is needed, it might be advantageous
for the teacher to show the line segments whose
endpoints are graphs of ordered pairs. First,
a large chart could be completed at the chalk-
board. This chart would be an aid in the
discussion of the exploration.

most pupils will be able to graph ordered pairs
with 1ittle or no assistance. Individual help
may be necessary for a few puplls.

the idea of similarit¥. For example, 1f a polygon
has coordinates of a vertices doubled, tripled,
or halved, then the resulting figure will

be similar to the original one.

similar triangles, the second has sides twice

as long as the corresponding side in the first
triangle. Corresponding angles are congruent

although the corresponding sides are not.

polygon, depending upon the ordered palirs chosen
by the pupil. In any case, the figure obtained
by multiplying each coordinate by 3 will result
in a figure that is similar to the first but
which has correspondIng line segments which are

3 times as long as those of the first figure.

The Explorations in this section are in

At this stage of the unit it is hoped that

The Braintwisters are designed to develop

aintvwister Exercise 1 results in two

Braintwister Exercise 2 may result in any
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GRAPHS OF SPECIAL SETS

wish to write the set of all the ordered pairs of numbers

such that both numbers are in this set.

1,

Exploration

Suppose we have Jjust the set [+l, +2, ts, +4, +5}. You

Follow a system so you do not omit any pairs.

First 1list in the first row all pairs which have *1 as
first number. Then 1list in a second row all which have

*2 as first number; and so on.
Arrange your pairs in a chart as shown below. bel»i¢u7t-471>

("1, Y1)y ("1, o) (Y1, 9)  (*1, 2) (1, o)

(Y2, Y1) (Y2, ) (2, ) ( ) )

Does the chart contain all ordered pairs with both

numbers in the set [+1, to, t3, Tu, *s5)0 <?*4>
+1 s

T w’jhlum)
second number? / With 2 as second number? With *4i

as the first number? (24 Mm)

Where in the chart are all the pairs with

k71



Answers:

Exploration and Exercise Set 7

Exercises 3b-4b-5b-6a-0b
Exercise 1

-

Exercise 1

| +| +2 +3 +4 +5 +6

g7

(+,)'+[)

(*1, *3)

*1.74)

(1, *5)

("2.*4)

(*2 5)

(2.,71)
(*3.*)

(*2,*3)
(*3,%3

(*3 *4)

('3, *5)

(4, *1)

)| (4 ,+3)

("4, *4)

(*4 ,+5)

("5.71)

(*5,"2)

(%5,*3)

(*5,*4)

(*5.75)
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3, a) Find in the chart the ordered pairs in which the x-
coordinate and y-coordinate are the same. List the pairs.
[, (%2,02) [ (73,%3) (%, *0) (%5, #5) |

b) Graph these ordered pairs. (& Te- ‘-/-72)

4, a) Find in the chart the ordered palrs in which the second
number is greater than the first number. List them.

[ (71,02), (41,29), (1, 9),(11,%5), (¥2,73), (*2,%4),(*2.%5), ('3, ty )% *5)('4’-49]
b) Graph these ordered pairs, using a red crayon. Use the
Same axes you used for Exercise 3b. (»J-'- 7¢ "472)

5. a) Find in the chart and list the ordered pairs in which
[(*f’h‘j) s(s:e_cg)n(c}: r*x:.)m ?; {./)1 ?ngl? fl"ef’z)tzl'}?nﬁ)tk}gy "2) ( 34, (*2, */)]

b) Graph these ordered pairs on the same axes you used for
Exercise 3b, using a green crayon. (Ju. TC-4 71)
6. a) Find all the points whose y-coordinate is +5. Draw
in black the line segment through these points. (LTC“’79
b) Do the same for the points whose x-coordinate is +
[J.L 7C- 471)
3,73 1023 ((1.-3) [ (6,3 [ (*,9) | (%2, 5 (73, ‘3)
(3.-2 |(2,-2) | (71,72) | (0,-2) *1,2) | (*%2,72)| (*3, -2)
(z3.=1 | C-2,-1) [ (~1.-1) | (o, ) | -0 (%2, -1) (*3,-1)
(73,0) [(72,0) | (-1,0) |(0,0) | (*,0) | (%2, 0) (*2.0)
C3,7) 1G240 [ CrtD) o, *) (4, +0) | (%2, %) (*2, */)
(03,%2) 1(°2,2) | (-1,%2) | (0, +2) | [+, 2) | (72, *2)| (%3, *2)
(03,43) |C2.*3) | (473) | (o, #3) | (*1,*2) | (2, *3)| ('3, #3)
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Answers:

Exercises 2-3-4-5

Exercise Set T

-Braintwilster 1

Ex. 2-3-4-5 v G.-‘“ &
+ > v
4 QO' *0'
N +3 o\ o\ N
o« *24 . Q\°
+ )
| ® er
T T4 3-2-10F172%s%ats %
@ rl o o
e ~2 o @
[ ] -30 .f
-4 %,
s,
Y 604/
17}
F('s,*10)
*10
te
+e
+7
+
6
g c(*3’s)
+q
+3
+
+12 ECI02)
AtM, 1) 8(*s,*1) -
e 32 °|_? FI*273%4°576°7°8°9710 X
—2
-3
~4
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Exercise Set 7

Use the numbers in this set: (73, "2, "1, o, *1, *2, +3}.

Make a chart of all ordered pairs of numbers with both
numbers in the set above. How many should there be? (47)

List the set of ordered pairs in the chart in which the

two coordinates are the same. Graph this set in red. (LTC 474)
[(-3, -3) ,L'J,‘a)) (1, ‘/), (0,6) , (*1, 1) , (*2, +2) :Q"a ;3)1

List the set of ordered pairs in which the second number is

2 greater than the first. (There should be five such pairs.)
[€3,71) (-2,0) (-1.*1) (0,%2) (#, *3)

Graph this set in green on the axes you zsed Iéor Szercise 2.
TCa4?

List the set of ordered pairs in which the second number is

3 1less than the first. (There should be four such pairs.)
[(2,3),(*,"2) (%2, /), ('3, o)J
Graph this set in blue on the same axes. ( L.TC—"‘ 7‘/')

List the set of ordered pairs in which the second number 1is

the oppoAsite of the first. (There should be (7) ?
[Cs.9 02,02 C10D, 0,0),00,7D (.72 , (45,73y)

Graph this set in black on the same axes.(,l.,,Tc 4-'74)

pairs.)

Does the set of red points suggest a line?(?‘?he green
points{."r}:he blue pointsgv‘)the black"r)
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BRAINTWISTERS

1. Graph the set of ordered pairs (A(*1, *1) B("5, *1) c(*3, *5)¥
Draw AB, BC, TA. Form new ordered pairs by doubling

each number. @araph the ordered palrs and call the points

D, E, and. F. Draw DE, EF, ¥D. 1Is A arc congruent

to A DEF'.&ﬁpgoes it have the same shapé’?‘?‘)Are corresponding
angles congment?\?’) (;"T‘f’l ase 7C 47+) 1

2. Draw some other figure whose vertices have positive
integers as coordinates. Find the cocordinates of each
vertex. Multiply eazh coordinate by 3 and draw the
corresponding new figure. Are the figures the same shape?

3. Write a sentence that tells what you have observed from

Exercises 1 and 2. [.ZLA«. are _agu_,,..d L aee A—'l-uu;l""-)
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VII. REFLECTIONS

Objective: To develop an understanding of geometric reflections.

Vocabulary: reflection, reflection in a vertical axis,
reflection in a horizontal axis, reflection in a
line

Materials: graph paper, pencil, stralghtedge, squared chalkboard

Teaching Procedure:

Use the chalkboard graph for the set of 3
ordered pairs given in Exercise 1 of Exploration.
Follow the procedure as outlined in the pupil
text. This will show a reflection of the figure
in the vertical axis. The triangle DEF should
be drawn on the chalkboard prior to the beginning
of this Exploration.

A different figure than that given in the
Exploration may be used. After this introduction
ask the pupils to follow the Exploration in the
pupils text. A small group that is having
difficulty would profit by additional help from
the teacher.

If the entire group finds this section
difficult, then as a class, work out several
examples similar to that of the Exploration.

The mathematical idea of reflection in a
vertical axis is given at the end of Exercise 1.
The meaning of reflection in a horizontal axis
1s brought out Dy Exercise 2.  Txercise T and
Exercise 2 are designed to help children under-
stand the mathematics at work in reflections.

Exercise 2 of Braintwister gives many
ordered pairs. If the pairs are graphed
correctly and the segments drawn as indicated,
the figure will roughly resemble an Indian.
Children might enjoy making similar exercises
for their classmates to graph.

W7
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REFLECTIONS
Exploration

You already know at least one meaning for "reflection."
We think of a mirror or a pool of clear water as giving a

reflection. Let us see what reflections are in geometry.

1. a) Graph this set of ordered pairs:
(a(*2, *7), B(*9, *5), c(*3, "))

Draw segments AB, BC, and AC. The union of these

segments is a ?<;L¢~f¢&)

Does your triangle ABC 1look like triangle elow?
y g 5o 31 T

This drawing shows also trlangle DFE which 1is a

reflection of triangle ABC Do you sge why it is

EA‘M C
3 daa«-n.-n«..tor
called a reflection? Z:J i'@o‘l g i
“x f ;J . A(&y*ﬁ D *2)
g |
4/V e \\\
-1 <
K o C
P
+O
L

[ ed

"1-4-8-7 6 4-4 32 -19+1 33 4 574 89 |x

£ N O W

\\n

p—y
-t
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b) Copy the table below and write the coordinates of

g)

h)

points D, E, and F. Fill in the distance of each

point from the y-axis also.

Point Coordinates of Distance of point
point from y-axis
A (T2, *7) 2 (2m-t)
D (-2, +7) 2 (2 ad)
B (Y9, *s) 7 (9ut)
F (79, *s) 2 (Faid)
c (*3, *u) 2 (3.il)
E (73 *4 ) ? {3,...;.1.)

What do you observe about the coordinates of points
A gafa; D 2l Z Y Lpf of 24~y ohin.)
What do you observe about the distances from A to

the y-axis and from D to the y-axis? (4 « 2 m«l ZH4
Al S gl D o 2w Z RS S - ghia.)
Are the observations you made for the points A and

D similar for B and Féﬁﬂ}or C and E??rb

Mark and label points D, F, and E on your graph.
Draw triangle DFE.

Fold your paper along the y-axis and ?old your paper up

(7=

to the 1ight. Does 4 fall on D?° Does B fall on
)
#M¥e on E? o)

Is Aasc */\DrE? (‘;}PQ
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Point D 18 a reflection of point A 1in the y-axis.
Point F 18 a reflection of point B in the y-axis.
Point E 1s a reflection of point C in the y-axis.

Z&DFE is a reflection of [XABC in the vertical axis.

Note that we get a reflection of a point in the vertical axis
when the first coordinate of the point is replaced by its

opposite, and second coordinates remain the same.

A figure 1s a reflectiorr of another in the vertical axis
1f corresponding points are the same distance from the vertical

axis but in opposite directions from it.
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2. How can we get a reflection of AABC in the horizontal
axils? In the drawing below, does triangle 1KJ look like
a reflection of triangle ABC in the horizontal axis?(@P’)

y$

9877765432710 *17273°475767778'9 X
-2
-3 J
-4
I K
-6
-2l L

0|

a) Copy the table below and fill in the missing facts.

Point Coordinates Distance from
of point X-axis
A (*2, *7) 2 (7mnit)
L (*2,77) 2 (7i2)
B (+9: +5) ? (5'«-«1)
K (*9, -5) ? _ (sad)
Cc (+ y +3) ? (34«0‘)
J (t3, °3) 2 (3ast)
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b) What do you observe about the coordinates of:

(1) & and L 2 (2 %-ewoded it aans. ”:;:j“‘"‘u ;f';’i

(2) B and K"(Jln& trorclints iy 2y avnd . B 4o Sisnds ahora 2o
A afin e Ko St Bados 2 X-afiv.)

(3) C and J ? (2l x- toerlill .U amene. 04.3“...2.4.....
b~ --,(«a.JJ,«SAJ%ﬂoK'

¢) What do you observe about the distance of:
(1) A and L from the x-axis? (7‘“‘;11>
(2) B and K from the x-axis? (5mit)
(3) ¢ and J from the x-axis? (3*~¢t)
d) How do these observations compare with those you hade

ey comnbetes ant Zooara L%,
from the table in Exercise 17 1}_&,&-‘ tovelockin ap e aas .

e) Along which axis would you fold this drawing so that
A, B, and C would fall on the corresponding points
L, K, and J7 (el bl Z-glia.)

f) When the second coordinate of each point 1is replaced
by 1its opposite and the first coordin?te remains the

.4
same, we get a reflection in the ? axis,

A figure is a reflection of another figure in the horizontal
axis if corresponding points are the same distance from the

horizontal axis, but in opposite directions from it.

3. a) Graph this set of ordered pairs:

A(T5, T2) D("9, "10) 6("7, 76)

B("1, T4) E(79, 74) H("7, "10) /4
¢("1, T10) r(9, ") (7 ;“T‘{’;ﬁ,f)ﬂ
praw AB, BC, ¢°D, DE, EA, TG, GH. (V>

This figure looks like a drawing of a
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b)

d)

Graph the reflection of point A in the y-axis.
The reflection of A in the y-axls should have the
sSame 7) coordinate as A. Its ,(f coordinate

should be the opposite of Ats.

Point A and 1ts reflection in the y-axis should be

the same di/sétzance from the ‘(13')1_ axis. ( Md—ﬂ;‘ ﬂ‘:—:
Lt ;:; 3

Graph the reflections in the y-axis of the other labeled
points. Draw segments to get the reflection of the

flgure.

Do your figures look like the ones in the graph below?

(=)

Label the points of your reflection figure as shown.
4

y

I

H o Jr F

~

P

@
45}
2

i “M 7 i
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f)

g)

h)

Name palrs of points s8¢0 that one point is the

reflection of the pther. Tell how_far each point is

e fao«»l; Aed T, Sune; Eavd Kk, 9o
from the y-axis. 7/ 8 P )t Favd R 9t
c::f1l et Gad S, 74l
Dot L. 9t ? Hed7, 742t
Find a point on AE halfway between A and E.

Call it W. What are the coordinates of W? (“7,’3)

Find a point on JK halfway between J and K. Call
it N. What are the coordinates of N? (*7,—3)

Is N the reflection of wé’ Do you think all polnts
of one figure are the reflections of corresponding

points of the other? (3*“)

Along what line can you fold your graph so that

points of the reflection fall on corresponding polnts

of the figures (ol b y-ain.)

This 1s an example of reflection in a line. The line

of reflection in this case is the y-axis.

Draw the reflection of polygon ABCDE in the

horizontal axis. ( A=T7C ‘/35) (o)

(1) 4is this an example of reflection 1n a line?ﬂﬁ;f 8o
what line? /1'64;)

(2) Does the line of reflection always have to be

the x-axis or the y-axis? (725)

184




Answers: Exploration

Exercise 3h

yd
2
D' H' c

0

‘8

F' ¢’ *6

10 "8 6 4 2 o *2
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Exercise Set 8

1. a) (1) Graph this set of ordered pairs. Label each point
with its letter and coordinates. [xL¢7rC 497)
(a(*e, *u), B(*s, *2), c(te, 1))
(2) praw 7B, BC, AC.
(3) 1Is your figure a triangle?(zﬁuﬁ)

b) Graph the reflection in the vertical axis of AABC.
Label each vertex of this second triangle with its
coordinates. [JL. 7C #47)

¢) Graph the reflection in the horizontal axis of AABC.
Label each vertex of this third triangle with 1ts
coordinates, (/A“JTC'¢£7)

2. The line of reflection v 4

in this drawing is the

) _axis, O [

N A /

J

3. The line of reflection in this drawing is the ?<%;laxis.

y“

TIM I MIT
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Answers: Exercise Set 8
Exerclises la,b,c-%a,b

Ex.la,b,c y4
("674) +q A(*6 4)
t82) *2 B8 2)
!
- e cten 4_
710 "8 6 4 -2 o *2 *a %6 +8 Ho x
- (*e, 1)
2 (*8;2)
-4 (*6,4)
6 ‘
Ex.4a,b Y?
t4tn)
+6
Ce6}s)
4
('3'."3)+2
C7te)
“10 -8 -6 & -2 o 2 *&a Fe Fs Fio
F(772) -2
EC373)
-4
G(675)
-6
0{(4,7) -
8
 j
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4, a) Graph this set of ordered pairs: ()_u TC 487)
( o("4 77), E(73, 73), F(77, 72), a(76, 75))
Draw DE, EF, FG, GD.

b) Graph the reflection of quadrilateral DEFG in the
horizontal axls and label each vertex of this new
quadrilateral with its coordinates. (4s7C 487)

5. a) Draw the triangle whose vertices are points with
coordinates A(*H, ~3), B("3, ~2), c(-2, ~10) (ATC 491)

b) Graph its reflection in the horizontal axis. Label each
vertex of the new triangle with its coordinates. What
is the line of reflection? (1‘4*9{)

¢) Graph the reflection of the triangle in Exercise 5a
in the y-axis.

BRAINTWISTERS

1. a) Graph this set of ordered pairs. Label each point as
you graph 1it.
a(*s, ~2) a(*3, ~6) M(te, ~u) v(t18, ~3)
B(*16, ~10) H(*1, ~6) P(*8, ~8) w(ti3, ~7)
c(*4, T13) a(*1, 75)  r(Y16, T1)  x(*14, 78)
p(*2, "13) K(*s, 5)  s(*10, 73)  y(*20, 75)
E(*3, ~9) L(*7, 75) t(*11, 75)  z(*17, T11)

b) Draw A&B, c) Draw EF, d) Draw KL, e) Draw TV,
BC, ©CD, FG, GH, M, ™K, W, XY,
and DE. HJ, and AR, RS, Y8, and

JA. and EP. BZ.

188




Answers: Exercise Set 8

Exercises 5a-5b-Braintwister 2

c'c2ro) vl

+

*6

+4

B'('4*3)
A'(C3.12)
~ "¢ a4 "z O *2 % X

A('3,'2)_2
cC2,71on
‘4 )

t+2

T 208 1G4 12108 6420

v: R -2




Answers: Braintwister 3

- ~4-372 -10] F172734%F5 %
/'—l
il —2*
/7
-
-4
-5

#
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4,

P w B s T o A Moan T T o, Yoo, fr T S P

This is a drawing of Chief Pointed Head. Draw his
reflection 1in the vertical axis. (j“- 7e 45/4)

The reflection of the letter A 1in the vertical axis is
also a letter A, but the reflection of the letter A 1in
the horizontal axis is not.

_AlA M

- 7 )

lx > X
v

Can you think of any other capital letters which would be

the same as their reflectionsg in the vertical axes? The
hlodali: H,I,M, OT, U, VWX, Y2

horizontal axes? both axesYMenZl«s.: 8,¢, 0,6, 4,1 K 0,5

M‘,‘l-d bt ”,I,ﬂ,/r

See the chart for Exploration Problem number 1 on page 280 in

your text. (Can you find an illustration of reflection of

a set of poin%s in a line which is not the x-axis and not

the y-axisyr“if 80, Wrilte the coordinates of a point and)jhe

[64,45) s G 18) ; (13.85) e (8578); (P2 %6 Dae (15, %2) : (%), 1Y o (%5, %
coordinates of its reflection./ What do you observe? Test

your observation on three other points.éZJL&?Cﬁéﬁz;udaosz

Battlesﬁip Game # 3: The rules of this game are the same as :
those for Battleship Game # 1 (see end of Exercise Set 5)

except that Rule d) is replaced by: ‘
d)** (1) The first player calls out something like "reflectioni
of (%1, +3) in the x-axis". If there is a point

(battleship) marked with coordinates (Y1, ~3) then ‘
the marking there is erased (battleship sunk). If

there is also a point marked at (+1, +3) it is erased

4ol f
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at once.

(two battleships sunk at one firing!) 1If there
is no point marked at (*1, ~3) (even though there
might be one at (Y1, *3)), then no markings are
erased and the opponent then has his turn.

If the first player calls out something like
"reflection of (Y1, *3) in the y-axis" then the
marking at ("1, ¥3) 1is erased. If there is also
a point marked at (¥1, *3), then that marking is
also erased. If there 1s no point marked at

("1, *3), then no markings are erased and the

opponent has his turn.

Make up some rules for a harder Battleship game which
illustrates the ideas of this chapter. Hint: see 1if

you can use symmetry ideas to sink 3 or even 4 ships

kg2



VIII. SYMMETRIC FIGURES

Objective: To develop an understanding of symmetric figures.
To reinforce the ideas relating to reflection
through the study of symmetry.

Materials: graph paper, squared chalkboard, scissors, pencil,
straightedge, compass

Vocabulary: symmetric figure, line symmetry, line of symmetry,
axlis of symmetry

Teaching Procedure:

The Exploration and set of Exercises contained
in this sectlon are in sufficient detail in the
Pupil Text to follow. Worthwhile review in
graphing points of ordered pairs, review in
constructing reflections, and stimulating
challenge to the quick, able pupil are given in
this section. Do not expect complete mastery
by all pupils in the short time allotted for this
section. Encourage each pupil to proceed as far
as he can.,

In the Exploration for this section, 1)
is a very good activity which can be very easily
combined with work in art. Some figures which
can be made in this manner are valentines, snow-
flakes, Christmas trees and many others.

After all have had a chance to study the
materlals, discussion should center around the
problems whilch pupils find puzzling or difficult.
Encourage pupils to ask each other questions about
the material. This crystallizes the ideas for
those asking the question and is very meaningful
for the pupils answering the question.

It is interesting to note the many examples
of symmetry that one sees each day. Many of these
are not Jjust one figure, as for example a fireplace
and mantle,
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SYMMETRIC FIQURES
Exploration

1, ©PFold a piece of paper and crease the fold. Mark a point

A and a point B on the crease.

Start at A and draw a curve which does not intersect

itself and ends at B.

Use scissors to cut along the Crease

curve. Be sure to cut o -

through both parts of the
sheet of paper. Unfold the
part of the paper you cut

out.

The curve 18 a symmetric figure. The union of the curve
and 1ts interior 1s also a symmetric figure. Eilther set
of points furnishes an example of line symmetry because

when the paper is folded along the line suggested by the
crease one part of the figure fits exactly on the other.

The line represented by the crease is the line of symmetry

or axis of symmetry.

2, Qeorge has a "crewcut", Is this picture of his head

(
a symmetric figure;yuif 80, lay your ruler along the

</V.rz: A[l“"‘a Z zz’,&&m%x
e ey gt duds oo
w4 '/‘r-—l‘;)
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3. Chilef Pointed Head made an arrowhead.
It looked 1like this:

Is 1t symmetric? If so, what is

J
7 J:l g
the axis of symmetry? ( % )

4, Trace these symmetric figures on a sheet of paper. Then

use your ruler to draw the axis of symmetry on each of

your tracings. (Ghew 4/474..\.2),«4@.\ o LI L. )

|
: ! |
‘ '
i
- |
|
i
) !
a b c

d e f

/

5. Must an axis of 3ymmetry necessarily be either horizontal

or vertical? (7 )

495



pP297

Use your compass and straightedge to construct an
equilateral triangle. Let the length of each side be
three inches.

Cut out the triangular region.

a) Can you fold the paper to show an axils of symmetry?@#“)
Can you show another axis of symmetry* éow many axes
of symmetry are there?(-u“-‘-/ b Mlde Jran 2, aad Z—«)

b) Can a figure have more than one axis of symmetny%ﬁrﬁ%st
1t have more than one?@L)

Trace this drawing of a A

rectangle.

If so, draw as many axes

|
i
!
!
a) Is it a symmetric figure?{‘r) - T === - -
I
|
o :
|

of symmetry as you can.
b) How many axes of symmetry does a rectangle have? (a”°)

c) How many axes of symmetry does a square have?(}i~¢)

Construct a circle with a radius of two inches. Cut out
the circular region.
a) ?ow many axes ofq?ymmetry do_you think a circle _has?

b) What I's the intersection of all the axes ‘of symmetry of a

circle? (F el 7"(' "‘"’4)

Are there examples of symmetric figures in your classroom?éhﬁ

If so, describe the axis of symmetry for each figure.

(e ell o))
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As you go home this afternoon look for examples of
symmetric figures. Notice where the axis of symmetry is.
You will find many examples. Look about your home for
symmetric figufes. Be especially alert at the dinner table

in finding symmetric figures.

Exerclse Set 9

1. This is a drawing of a

O O

it a symmetric figure? (_\ r)

)
U

2. Which of these drawings seem to be symmetric figures?(/r,cla[,e)

\ !
‘ y !
) ~ \ '
b e

3. An insect might look like this. Does 9
—f ‘ -
it appear to be a symmetric figure?(y__)

front of a wide bus. 1Is

4o7
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Polygon
ABCD 18 a .

square. Triangle \

ADE 1s an E< -~ -#--1

equllateral /
triangle.

Trace this flgure on your paper.
a) Name three symmetric figures.

J}....«L ABCH, Teausl FAD | Polyyon ABCOE)

b) Draw all of the axes of symmé€try for square

(L el Lo i foirs o, s 4 oloe o acguniZs.)

c) Draw all of the axes of symmetry for equilateral

¢riangle ADE.(den LS Le & Lo lo b ,ZL.‘AJ#»)

d) 1Is there an axis of symmetry for polygon ABCDE?(audiL*

Ao B,

e) Look carefully at your drawing and the axes of symmetry

you have drawn. If you consider these axes as well

as the original figure, do there appear to be even

more symmetric figures?(%k4’)
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5. Which of these are true statements?

a) Axes of symmetry do not need to be vertical or

horizontal. (:ZLJ,)

b) A symmetric figure must have twc axes of symmetry. Cfﬁ&u)

c) A figure is symmetric 1f half of it is a reflection of

the other halr. ( A=)

d) An isosceles triangle is an example of a symmetric

figure. (/z;*)

6. Print the capital letters of the alphabet. Which are

examples of symmetric figures?

W%J/J,«.J) BC DEHTOX K,

/4-~r~} AH, I, Mo T, U W VXY
xi’«,,.u..,/m:./@/i, Z: 4,70,x

kgg



IX. SYMMETRY AND REFLECTION

Objective: To develop the understanding that the axis of
symmetry can also be the line of reflection; to
give further practice in graphing ordered pairs.
Materials: graph paper, pencil, squared chalkboard, straightedge
Vocabulary: No new words are used
Teaching Procedures:
The development in the Pupil Text 1s in
sufficient detail to be used.
Braintwister 2 is qulte long but should .
prove a challenge to some children. The pupil

willl be successful only 1f he follows the
directions carefully.
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SYMMETRY AND REFLECTION
Exploration

Is an axis of symmetry the same thing as a line of
reflection? Think about this question as you work out these

exerclses,

1. a) Graph this set of ordered pairs.

A("10, *6) D("1, *u) a("11, *u)
B("2, *6) E(73, ~4) H(™8, *u)
c(7y, *u) F(79, ~k)

braw AB, BC, ©TD, bBE, EF, TG, GH, and HE .

Does your drawing look like the one below? (?Y‘)

4 y
J B ¢

|
J
|
¢ H I ¢ Dy),
|
]
!
[}

*1
X o
< =5 B=7 65 -§-3- O[T 723 56 T BT
-2
-3
-y

F X E

(#is /»‘7—1:)

- - — — -

}—
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b)

c)

d)

£)

g)

h)

Is polygon ABCDEFGH a symmetric figure?(?juu)
Use your straightedge to draw the axis of symmetry,

Suppose you folded your paper on the axis of symmetry.

On what points would these points fall?
A on ?(5) H on ?(c) G on ?<D) F on QE)

Call the point where the axis of symmetry intersects
AB, point J. What are the coordinates of J2 ('4,*5)

)

Do A, B, and J have the same y-coordinate? ’ How
long is 3E?U+wa long is 3K?Q+ )
Are A and B the same distance from the axis of

symmetry? Cﬂr‘)

Call the intersection of the axis of symmetry with TFE,

by o4
point K. Are F and E the same distance from JK?
(=)
i
Are H and C the same distance from JK? (Yu)

——t
Are D and @ the same distance from JK? (?”9)

What are the coordinates of the point of intersection
__'g—/o,o) ﬁé‘llo -t (_L o)

of the x-axis with GF? with ? with JK? ’

Do these three points determine congruent segments on

the x-axis? (ek~)

Since corresponding points of the curve are the same

gl
distance from JK, one part of the curve is the reflection of

s o
the other. JK 1is the line of reflection.
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Curve JBCDEK 1s the reflection of curve JAHGFK.

Curve JAHGFK 1is the reflection of curve JBCDEK.

-
The axis of symmetry, JK, is also the line of reflection.

2'

a)

b)

d)

Choose a point R in the interior of polygon ABCDEFGH

whose coordinates are integers. (Do not choose a point

~on the axis of symmetry.) What are the coordinates of

the point you chose? (}Lq,,b,-unlﬁ,~u3,)

Find the point which 18 the reflection of R 1in the

-l
axis of symmetry, JK. Call it S. What are the

coordinates of S°? (J‘L ‘}'*""*«z {SA-J’L 2l 2aen oo 2h
Y- Corle B -{/7)

Find the point which is the reflection of R in the

x~axls., Call it T. What are its coordinates?

(ﬂc X—M MLZLM.)
Find the point W which is the reflection of R in

the y-axis. What are the coordinates of W?

(e g oo ilh e 2o for W ol K.)
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g;ercise Set 10

1. Trace this square on paper, and cut out the square and 1its

region. How many axes of symmetry does it have? C;%imr)
1

N\ 7/

AN
N
N
, AN
7/
s

1
|
|
!
|
\
+*
7
1
|
|
¥
|

2. a) Graph this set of ordered pairs. (A&‘ TC 57”7)
a(*3, *3), B(*3, "3), ¢(73, "3), D(73, *3).
Draw AB, B¢, ©5, and TA.

b) What kind of quadrilateral is polygon ABCD? (4r¢w;)

)

¢) The square ABCD has how many axes of symmetry?bkﬁgme them,
(R)ITB/M‘,(‘?‘@,Z‘}-%@) P .
d) what point is a reflection of A in the x-axis? 1in
th P 3 (@
e y-axis? In BD?

e) Wwhat point is the reflection of B 1n the x-axis?Cq)
%C) -.-.-(D) - ( B )
in the y-axis In AC? In BD?
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Answers: Exercise Set 10

Exercise 2 - Braintwister 1

Ex2,P-305 y}
4
D("313) A(*t3}3)
2| -E
F
~—= |2 o *2 |4 x
G.
-2
Cc(3,3) B(*3,3)
4
!
Ex.3, _,_44 y
y4 T(t7+3)
+2
L
==
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graph the set: R(™2, 73), s(*4, 76), o(*t7, *3).
Draw triangle RST. ( Ao TC 505 )

Draw the reflection of triangle RST 1n the y-axis.
Call the reflection triangle XYZ.

Is the union of triangle RST and triangle XYZ a
symmetric set of pointssxrzf so, what 1s the axls of
symmetry? (13-%L‘)

BRAINTWISTERS

Look at your drawing for Exercise 2, Set 10. Graph the
point (Y1, *2), and 1avel 1t E. ( A 7€ s05)

What point is the reflection of E 1in the x-axis? 1in
«>
the y-axis? in AC (call this reflection point F)?
>
in BD (call this reflection point G)?
What do you notice about the coordinates of these

reflection points.

graph this set of ordered pairs: (‘Z; 77:~507)

A0, T9) p(o, *10)
B(*4, *9) E(*3, *1)
c(*3, "10) F(0, 1)

Draw AB, ¢D, CE, FE, TDF.
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Answer: Braintwister 2

+ E

"5 747372 ‘I_|0 tjt2t344ts

-2
-3
—4
-5
-6
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b)

d)

Graph these points using the same axes. ()“TC 507)

a(*2, *3) L(*1, *s5)
H(*2, *o) M(0, *6)
J(o, *2) P(0, ¥5)
k(*1, *6)

Draw GH, HJ, &J.

Draw KL, KM, WP, TIP.

Graph this set of ordered pairs using the same axes.
R(*1, *8) 1) (A Te 907)
s(t2, *8) v(*te, *7)

Draw RS, 3V, VT, and TR.

Draw the reflection of the figure you now have in the

vertical axis. ( /i"- TCse 7)

You have a picture of Dandy Dan. Is it an example

of a symmetric figure? ( %)
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