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Windows and Panes

(Some of the appropriate responses are shown here.)

C I I

R/ /AR Vit . 12
GV e [ U J 15
L T ] 1 [ e[ ] X
T s N s

General Comments about “Windows and
Panes”

This page begins a series of nine “Windows and
Panes” activities, and it is helpful to make some
general comments at the outset. A “window” is a
group of squares framed by a double line. A “pane”
is a small square inside the “window”. There are
some simple rules for placing counters on the
windows pictured at the top of the page:

(1) If you put a counter on one pane in a window,
you must put a counter on every pane in that
window.

(2) You may not put more than one counteronany
one pane.

(3) You may use as many windows as you like.

You may want to introduce these activities with a
much more elementary version of “windows and
panes”. On this page, children are asked to place
counters on windows with two or three panes, and
there are only three of each kind of window
available. A teacher, aide or volunteer could use the
same problem in a different context with a group of
beginners. They might gather around a table, and
each person might get a group of counters.

1a

“Can you put them in groups of three each?
Depending on the number of counters, they may or
may not be able to do so.

“Can you put them in groups with two or three in
each group?” VYes, if we allow an unlimited number
of groups of two or three each.

“How many groups of two and how many groups
of three did you use?”

“Now let’s all start with eight counters. Can you
put them in groups of three each?” No, it cannot be
done.

“Can you put them in groups with two or three in
each group?” Yes, it can be done.

“How did you doit?” Some children may have four
groups of two, and others one group of two and two
groups of three.

“Who has the fewest groups?” (Those who have
two groups of three and one group of two have only
three groups.)

“Let’s take another counter so everyone has nine.
Please put them into groups of two or three—and
make the fewest groups you can.” There are two
alternatives to make nine: three groups of two and
one group of three (four groups), or three groups of
three. The second alternative, of course, has fewest
groups.”

“Now use ten counters in all, and put them in
groups of two or three. Use the fewest groups! How
many groups do you have?” Some children will have
five groups of two. Others might have two groups of
two and two groups of three; just four groups.

“Try 11 counters. Use groups of two or three, and
try for the fewest groups.” Some may use four
groups of two and one group of three; others may
have three groups of three and one group oftwo. No
one has fewer than four groups.

“Let’s add another counter, to make 12 in all. How
many different ways can we arrange them in groups
of two or three?” Surprise! There are three possible
outcomes:

1) six groups of two
2) three groups of two and two groups of three
3) four groups of three

At some point along the way it might be appropriate



Windows and Panes (continued)

to keep some kind of record to indicate these
combinations.

A slightly different setting for this activity can
introduce a new constraint for the problem and
make it closer to the type of activity on this and the
following pages. We can limit the number of piles of
each kind. For example, a sheet of paper can show
places for just three groups of each kind.

The new limitations are directly felt when one puts
12 counters on the page. Space is not provided for
six groups of two or four groups of three—but three
groups of two and two groups of three can be shown.
Under the new constraint, this is the only solution.

Now, how many counters can be placed on the
page in two different ways? Six counters can be
shown as two groups of three or three groups of two.
Nine counters can be shown as three groups of three
or as three groups of two and one group of three.

The numbers of panes in the windows and the
numbers of windows available can be varied in this
activity, until children have a good sense of how to
proceed.

Introducing the Problem

When children are ready to use the activity page,
some time must be spent talking about how to
record results. The number at the right of each strip
of small boxes tells how many counters must be
placed in the windows. After the counters have been
placed, children should record their solution by
coloring in the boxes with the dots that correspond
to the windows they used. Each box with two dots
represents a window with two panes; each box with
three dots represents a window with three panes. Ifa
number cannot be done, it should be crossed out.

In the example above the double line that calls for
nine counters, there are two possible solutions.

Children should be on the lookout for others that
might have two solutions as well.

Talking about the Problem

(1) Which numbers of counters couldn’t be placed
in the windows according to the rules? (One
counter, fourteen counters, and any number of
counters larger than fifteen couldn’t be
placed.)

(2) Which numbers of counters could be placed in
two different ways? (Six counters and nine
counters.)

Extensions and Surprise Endings

There is another way to approach the problem.
How many panes are there all together? There are
fifteen. To put on fourteen counters, or one less than
fifteen, we would have to leave just one pane without
a counter. That can’t be done under the rules of the
game. To place thirteen counters, which is two less
than fifteen, we have to leave two panes out. That's
easy — just leave out one of the windows with two
panes, and put counters on all the rest. The same
strategy can be used for 12, 11, 10, and so on.

One could also make a chart of all the options for
placing counters in this arrangement of windows
and panes.
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Clearly, all numbers occur in the chart except one
and fourteen. Also, six and nine are the only
numbers that occur in the chart twice, and they are
the only numbers of counters that could be arranged
in two different ways.

ciates, 1974)

The activity on the reverse side of this page is
taken from Drilf and Practice at the Problem
Solving Level (Curriculum Development Asso-

1b
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Windows and Panes

(Some of the appropriate responses are shown here.)
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Introducing the Problem

Rules for placing counters are the same as for the
previous windows and panes problems. in this
activity, the available windows have three panes
each or four panes each.

The number at the right of each strip of small
boxes tells how many counters must be placed in the
windows. After the counters have been placed,
children should record their solution by coloring in
the boxes with the dots that correspond to the
windows they used. Each box with four dots
represents a window with four panes; each box with
three dots represents a window with three panes. If a
number cannot be done, it should be crossed out.

Talking about the Problem

Which numbers of counters could not be placed?
It is impossible to place five or 16 counters with this
array of windows and panes.

2a

While there is no rule for recording the
combinations of windows used, it would be
interesting to discuss one recording strategy when
talking about the problem. A rather interesting
pattern develops when we make it a pointto firstuse
those boxes on either side of the center line which
separates the boxes of three from the boxes of four.
For example, to show 3, use the first box of three to
the right of the line; to show 4, use the first box of
four to the left of the line.

=) 2
B

These choices suggest a movement from right to
left, one box at a time.

To show 6, 7, and 8, we start with the two boxes of
three to the right of the lineand “move” one “step” to
the left each time.

HHyH
Hi JH
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Combinations for 9, 10, 11 and 12 done in this way
suggest a similar movement.

HEADD AR
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Combinations for 13, 14, and 15 “move” four boxes
at a time, and combinations for 17 and 18 move five
boxes at a time.

What is behind this movement? Quite simply, with
each “step” to the left, three dots are dropped off,
and four are gained. The net effect is the addition of
one more dot.
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Winidows and Panes

(Some of the appropriate responses are shown here.)
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Introducing the Problem

Rules are the same as for previous windows and
panes activities. Here we are using windows with five
or three panes. Following the rules, we can place five
counters by using just one window with five panes.
Six can be done with two windows of three panes
each. There is no way to do 12, but 13 can be done
with two five-pane windows and one three-pane
window. The fact that there is no way to do 12
suggests that others on the page may also be
impossible under the rules.

3a

Talking about the Problem

Which numbers couldn’t you do? There is no way
to place 7, 12 or 17 counters. (Nor isthere any way to
place 20, 22 or 23 counters.)

Are there any that can be done with different
combinations? Of course, five counters could be
placed in any one of the three five-pane windows,
but we mean essentially different ways. The answer
iS no; no number can be shown in more than one
way. {See chart below.)

As in the previous activity, a chart can be made
which shows all possible combinations for this set of
windows.

[ [TT)
013] 6 9
5181 1 4
o |13 | 1o 19
18

21 24

Again we see that it is impossible to show 7, 12, 17,
20, 22, or 23. They do not occur in the chart of all
possible combinations.

There is another way to reason that some of these
numbers cannot be done. If we put one counter on
every pane in all the windows, how many counters
would we use? We would need 24 counters. Now,
how many would we have to remove in orderto have
17 left? We would have to get rid of 7. But that is
impossible under the rules. Reasoning in this way
can save us a lot of work, especially when
considering the larger numbers in the list.
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Windows and Panes
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Introducing the Problem

Rules for this activity are the same as for previous
windows and panes problems. In this variation, each
window has a different number of panes. The
numbers in the small squares indicate the numbers
of counters that must be placed in the panes. For
each problem, chiidren should place the appropriate
number of counters and then loop the numbers that
correspond to the numbers of panes in the windows
they used. :

The three examples above the double line indicate
that:

(a) itis permissible to loop asingle number as was
done for one counter,

(b) more than one number can be looped as for six
and eleven counters, and

{c) the numbers looped do not have to be
neighbors in the list.

Talking about the Problem

(1) Which examples did you think could not be
done? (Actually, there is a solution for all
examples, but this is not obvious at first.)

4a

(2) Did you find two different ways of placing the
counters for any of the numbers? (None of the
numbers have two possible ways.)

Extensions and Surprise Endings

There are fifteen panes all together in this
collection of windows. Every number of counters, 0
through 15, can be placed on these windows in one
and only one way. The numbers 1, 2, 4, and 8 are a
very special group of four numbers. No other
selection of four numbers would provide unique
combinations for all numbers, 0 through the sum of
the four numbers. If we added a window with 16
panes, there would be a unique combination for all
numbers, 0 through 31.

The Game of “One More and One Less”

This page can be used as a playing board fortwo
children for the game of “One More and One
Less”. Rules for placing counters remain the same.
Player A puts one counter on the board. “A” mustdo
this by placing a counter in the window with one
pane. Then player B must put “one more”, or two
counters on the board. To do this, “B” must move the
counter played by “A” to the window with two panes,
and add one more counter to fill up the window.
Next, player A must add one more counter, and so
on.

There is a surprising resuit. Every time player A is
to add one more counter, the window with one pane
is empty and ready for one more counter. But every
time it is player B’s turn, the counters on the board
must be moved around to make a place forone more.
All player A needs to do each time is place a counter
in the empty window with one pane; player B has to
do all the work in rearranging counters.

When all the panes are full, it is time to play “One
Less” and player B goes first. “B” removes the
counter on the 1-pane window. Then “A” must
remove “one more”. That requires removing a
counter from the 2-pane window and moving the
other counter to the 1-pane window. “B” simply
removes that counter, ieaving the 4-and 8-pane
windows full. To remove “one more”, player A takes
one off the 4-pane window and moves the remaining
3 to the 2-pane and 1-pane windows. So the roles
have been reversed; player A is doing all the work.
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Windows and Panes
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introducing the Problem

Rules for placing counters are the same as for
previous problems with windows and panes. The
number in the small square indicates the number of
counters 1o be placed in the windows. For each one,
children should place the appropriate number of
counters on the windows, and then loop the
numbers in the list that correspond to the numbers
of panes in the windows they used. Forexample, the
record

G2 =17

indicates that two windows with three panes each
and one window with one pane were usedin placing
seven counters.

The three problems used to introduce this activity
show that sometimes asingle number will be looped,
sometimes “neighboring” numbers are looped, and
sometimes numbers that are not “neighbors” will be
looped in the record.

5a

Talking about the Problem

(1) Can any numbers be done in more than one
way? (No, assuming that we acknowledge that

@330)=1> and (3)3(G D=2

represent essentially the same combination of
windows: one with nine panes, one with three,
and one with one.)

(2) How many panes are there all together?
(There are 17 panes.)

(3) Which problems could not be done? (18
counters could not be placed.)

Extensions and Surprise Endings

The “Human Computer” Game

A fun game can be played with a set of three large
cards bearing the numbers “1”, “3” and “9”. Strings
should be attached to the cards so the players can
hang them around their necks. A team of four
players is organized. Three players wear the cards,
and one serves as the team coach.

A player can indicate the number on his card by
raising one hand. He can also indicate twice the
number on his card by raising two hands. Numbers
are called out, and with the assistance of their coach,
the team raises their hands to show the specified
number. The group pictured below is responding to
“7”. The player wearing the three raises both hands,
and the player wearing the one raises one hand (3+3
+1=7).

Several groups of four players can be organized
into teams and demonstrate their skill with the help
of a coach.

With more able groups (adults included) a card
which bears the number “27” can be added to the
set. Now there will be a combination for all numbers
through 80. This activity was developed by Wallace
Manning of Idaho Falls for a workshop of the Idaho
Council of Teachers of Mathematics.
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Windows and Panes
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Introducing the Problem

Rules are the same as for previous windows and
panes activities, except that this is a coloring
activity. Instead of placing counters in the window
panes, you must color the panes. If you color one
pane in a window, you must colorthe whole window.

Activites thatuse movable objects have the unique
quality of permitting trial and error without a record
of mistakes. Coloring introduces a certain hazard—
if you start out wrong, you must cope with the error
in some way. Thus, if some children have difficulty
with the activity, they might use small counters,
arranging them on the windows until they have a
solution. Then they can remove the counters and
color in the windows they used. You might also
provide children with plastic folders and grease
pencils for this type of activity. Erasures can be
easily made and there are no traces of the error.

Further ideas for using this page are given in the
comments for previous windows and panes activit-
ies.

6a






Coloring Sums

(Some of the appropriate responses are shown here.)
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introducing the Problem

Each strip of blocks in the left hand column on this
page contains blocks with four, one, three, and two
dots. Those in the right-hand column contain blocks
with one, two, four and five dots. The number at the
right of each strip indicates the number of dots to be
colored in. Children should color in blocks
containing dots that will sum to the specified
number. Solutions for three of the problems above
the double line are given. The fourth solution has
been started, and could be compileted by the group.

7a

Talking about the Problem

(1) Was it possible to find a combination for each
number in the left-hand column? (Yes.) Was it
possible in the right-hand column aiso? (Yes.)

(2) How many dots are there in each diagram on
the left side of the page? (Ten.) How many in
each diagram on the right-hand side of this
page? (Twelve.)

(3) How many numbers on the lefthand side could
we show in more than one way? (3, 4, 5, 6, and
7.) Which numbers on the right-hand side
could be shown in more than one way? (six
and seven.)

Extensions and Surprise Endings

Suppose you wanted to choose four numbers so
that you could find combinations for the most
numbers, starting with one. Which four numbers
would you choose? The combination 1, 2, 3, and 4
allows all numbers, 1 through 10, to be done. The
combination 1, 2, 4, and 5 allows all numbers, 1
through 12.

Is there a combination that allows us to go further
than 12? We need 1 to get 1, and 2 to get 2. Once we
have 1 and 2, we can make 3, so we don't need 3. To
get 4, we need 4. With 1, 2, and 4, we can go all the
way to 7. If we then used 8 as the fourth number, we
could show all numbers 0 through 15. Thus, the ideal
combination is 1, 2, 4, and 8.
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Coloring Sums

(Some of the appropriate responses are shown here.)
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Introducing the Problem

Each strip of blocks on the left hand side of the
page has a block with two dots; a block with three
dots, a block with four, and one with five dots. The
strip of blocks on the right-hand side uses only the
abstract numerals “1”, “3”, “5” and “7”. Children
should colorin blocks which indicate the sum given
at the right of each strip.

8a

Talking about the Problem

(1) Were there any examples that couldn't be
completed? (Yes; in the right-hand column, 14
cannot be done.)

(2) In the examples in the left-hand column, which
of the numbers could be indicated in more
than one way? (Seven and nine could be done
in more than one way.)

(3) In the examples on the right-hand side, how
many numbers could be indicated in more
than one way? (None.)

(4) How many dots are there in each strip of
blocks in the left-hand column? (Thereare 14.)
Suppose you tried to show all numbers, 1
through 14. Which ones could not be shown?
{One and thirteen.)

(5) Whatis the sum of the numbers in each strip on
the right-hand side? (The sum is 16.) Suppose
you tried to show all numbers, 1 through 16.
Which ones could not be done? (Two and
fourteen.)

Extensions and Surprise Endings

Once you know that each strip on the left has a
total of fourteen dots, it might be easier to do the
sums 8 through 12 by asking how many dots you
should leave out. For example, to get 8, you could
leave out 6; to get 9, you could leave out 5; to get 10,
you could leave out 4. A similar procedure can be
used for the examples in the right hand column.
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Windows and Panes
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Introducing the Problem

Arrays of blocks are shown which contain
numbers. The problem is to color in patterns of
blocks in as many different ways as possible. Before
children color the sketches above the double line,
they might place movable objects such as beans or
buttons on the squares to indicate different combi-
nations. After eight different combinations have
been found (including one without any beans or
buttons), they can be recorded by coloring in,
crossing out, looping or any other method the
children want to use.

W+l XX+ [Jelv]

The problem is the same below the double line, but
there are now four blocks in each array.

Talking about the Problem

Did you find 16 different ways to color in the 16
examples below the double line? Yes, if we include
one in which no squares are colored. Are there more
than 16 different combinations? No, unless some-
one changes the rules.

9a

How many started with a plan? Did the plan hold
up all the way? Someone who had a plan might give
the first two or three examples and let the other
children guess what combination came next. A
typical plan starts by coloring no squares, then one
at a time, two at a time, three at a time, and finally
four at a time. A diagram of these results might look
like this:

©) - l

7% m
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This plan pays no attention to thelabels 1,2,4 and
8. Why do you think those labels were selected? Why
not1,2,3and 4 ora, b, c and d? Does this kind of a
beginning suggest a reason and a plan to follow?

‘]2 r VN |z

+ 8] [4]8] [4]8 8

! z 142 n
(3)

This plan might proceed,;

2 ! 1|2
TE 8 3| |47
|+ 2+ 1+2+4 (8)
(5) (6) (1)
W Z / Z 7 1|z
b 7 a
4 t Y
3 243 1+248 0+8
C)) (10) () (12)
2 2 G 1|2
/
/ 418
(13) (4) (15) (0)

The labels 1, 2, 3 and 4 could have been used, but



Windows and Panes (continued)

then we would have to require that all combinations
for each number, 0 through 10, be shown:

2| 2 | g |1 |2
304 304 314 ALf
(0) o (2) (3)
7z, |2 izl |2
[3]u] 2P u| Fgu
(3) (4) ) ()
//Z | 2 Z% i [2
3 7 3 4 Z
() (&) (o) (1)
2 2| |1 g
3/ / 7 i
| = Z 77
(1) {8) G (10)

Extensions and Surprise Endings

Let’s take a further look at the approach in which
we colored one at a time, two at a time, and so on.
Let's first consider the problem above the double
line on this activity page which has three squares in
the array. We will record the number of ways to color
no squares at a time, one at a time, two atatime, and
so on.

man

no. of squares colored |Of1[2]3
different wagtocdor [ [3]3]1] 8
't'ofa\

The results from the problem below the double fine
can be summarized in a similar way.

no. of squares colored [2]1]2 /24
different waysfocolor [t {46 (w1 ] 16
Yotal

Now suppose we had other coloring problems that
involved smaller numbers of little squares:

L]z}

no. of squares coloved [0 !]2
different waystocolor | 1121 ] 4

fotal
no. of s?vares colored O] !
differemt wags tocolor [1]!| Z
tofal

Consider the second line in each chart above, that
tells the number of different ways to color various
numbers of squares. These lines of numbers can be
arranged in an interesting way:

totals
| [ 2
] 2 e y
[ 3 3 j_______- 8
I % o 4 oo 16

Except for the “1’s” on the end of each line, each
number is the sum of the two numbers “diagonally”
above it:



Windows and Panes (continued)

This pattern of numbers can be extended indefinite-
ly. It arises in many different contexts in mathemat-
ics and has been named “Pascal’s Triangle” after the
French mathematician who studied it extensively.
The patterns that can be discovered in Pascal's
Triangle seem to be almost endless. Amateur and
professional mathematicians continue to study its
inner relationships.

Does that arrangement give you a hint of what
might happen if there were five little squares to color
in?

|
4|8

What would you suggest as a label for the fifth or
additional box? ‘16’ would be a good choice.

I {2
NEA
no. of squares coloved |0 |1 ]2|3|y|5
different wagtocolor |1 [5i0]i0]5]17 32
“otal

The patterns we have noticed as a result of
studying this little coloring problem can be generat-
ed in a very different way:

I I 21

|1 33}
x!  sll LA X 1]
[T 121 1331 T4 64|

However, this method can be continued only with
difficulty:

4ol

* |
1 5(10)(10) 51

or
161,05

Clearly, the series 1, 2, 4, 8 and 16 in which each
successive number is twice the previous number can
be continued indefinitely. Can it be extended in the
other direction? Yes, it can, if we use common
fractions.

9c

This series of fractions suggests the way in which an
inch is divided on some rulers.

The members of this series of numbers are often
referred to as “powers of two” and are written in
shorthand in this way:

=3 =
| = ! =2° 1
2_—_L =2 !
Y= 2x2=2"

B=2%X2%x2=2°
lo= 2% 2%x2%x2=2%
32=2%x2%x2 %2 %x2=2°

The “exponents” or little numbers written to the right
and slightly above the ‘2" are obviously successive
integers. The pattern has been maintained by an
agreement that 1 will be written as ‘29 and 2 will be
written as ‘21". We can catch a glimpse of a powerful
shortcut that can be explored later:

]

2 '1 2P % 2% =25
Y=2

3=2> lox8=___
lb=7f Z4x23_21
32.=2°%

64=2¢ bY+lo=____
,281; 27 26 = Zl}- _27_
ek.

We had extended the series using common
fractions, and it turns out that we can also extend the
“exponents” or “powers” by using a -° Another
glimpse of a shortcut appears:

While such extensions may be interesting to onty a
small group of students, teachers and parents, they
do introduce powerful notions that anticipate what
lies ahead in mathematics in a context where the
numbers are small and non-threatening.

Another long, but very different exploration of this
sequence of numbers (1, 2, 4, 8 and so on) can be
found in the introductory book which accompanies
this bank of problem solving activities.
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Which One Isn’t Like the Others?

¢Cual es diferente de los olros fres? Which one isnt fike the ofher theee?
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Introducing the Problem

Different pictures are shown in each set of four
small boxes. Children consider the four sketches
and decide which one does not betong; which one s
not like the others.

This activity is used widely by the TV program
“Sesame Street”, and many children will already be
familiar with the procedures. Children might first
play the game using real objects. A table top that
has been divided into four parts with masking tape
serves nicely as a “game board”. Children could
work in two groups. The first group might choose
four objects, arrange them on the table, and
challenge the second group to find out which one
doesn’t belong, according to their plan. Then the
second group could choose four objects and ask the
first group to guess what scheme they used. Several
experiences of this type with real objects will
prepare them to play the game on the activity sheet.

In example A, most children will feel that the
square doesn’t belong. It is a different shape. But

10a

often a child will argue that the smallest circle orthe
largest circle doesn’t belong because of its size.
There is no ‘“right” answer. A more appropriate
concern is whether the responses are reasonable.
Do they make sense? In example C, where four
arrows are pictured, strong differences of opinion
can arise.

“The bottom right arrow doesn’t belong because
it's the only one going toward the top.”

“No, the bottom left arrow doesn’t belong because
it's the only one going away from the center.”

“No, the top left one is different. It's the only one
that goes the way weread, from left to rightand from
top to bottom.”

Talking about the Problem

The discussion will probably reveal differences of
opinion, particularly in problems E and H. In
problem E, only one arrow (bottom right) points
toward the center. Only one arrow (bottom left)
points to the letter E. Only one (upper right) pointsin
a different direction than the others. Only one
(bottom right) would hit another arrow if it alone
moved in the direction it is pointing. Only one arrow
(bottom left) does not point toward one of the four
corners of the large frame.

in problem H, only the upper left diagram has no
triangles inside. It is also divided into three parts,
while the others are divided into four. The upper
right-hand shape is divided into different kinds of
shapes. In the bottom right diagram, the sides of all
the shapes are the same length, and there are no
square corners in any of the shapes.

Skill in grouping by attributes can be encouraged
by asking children to classify or sort objects
according to size, shape, weight, uses, color, length,
volume, texture, smell, and so on. Those involved in
early childhood education must realize the
importance of activities such as these. They are of
far greater value in preparing children for success in
school mathematics than the early introduction of
arithmetic involving symbol manipulation with
pencil and paper.
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Which Two Aren’t Like the Others?
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Introducing the Problem

Different pictures are shown in each of the six
small boxes in each problem. Children should
consider the six sketches and decide which two
don’t belong; which two aren’t like the others.
Hopefully, children will first be given lots of
opportunities to play the game using real things.
Perhaps a table could be sectioned off with masking
tape, and various objects could be placed in the
sections. Children might search for the one that
doesn’t belong, or for the two that don't belong, and
so on.

This is a social activity which allows wide latitude
for individuals to express their own ideas and
preferences. A collection containing objects such as
four oranges, an apple and a banana seems to call
for a given response. But in these problems, the
response usually depends on how you look at
things.

11a

Suppose we have the following objects arranged
on a table.

Which two aren’t like the others? Some answers will
provoke heated discussions.

“The boat and airplane don’t belong because they
don’t have wheels.”

“But airplanes have wheels.”
“Some seaplanes don’t have wheels.”

“Well, it’s the boatand airplane because they don't
have wheels on the ground all the time.”

Another possibility:

“l think it's the boat and the tricycle because they
don’t have four wheels.”

“But big jets have more than four wheels.”

“0.K., the boat and the tricycle don’t have four or
more wheels.”

Still another line of argument:

“It's the truck and the airplane because the others
don’t carry lots of luggage.”

“Don’t sailboats carry luggage?”
“Not usually.”

After discussions and explanations about which
two don’t belong, the advocate is asked to remove
the two that don’'t belong, to find two objects
somewhere in the room that do belong, and to put
them in the empty sections of the table. When these
replacements have been made, the question is
reopened: “Now which two don’t belong?” After
discussion, those two are taken off and two objects
that do belong must be found. The game can go on
for as many rounds as the participants want to play.

All the while the players are developing increasing
familiarity with important mathematical ideas by
going through the processes of classifying and
sorting.



Which Two Aren’t Like the Others? (continued)

When the children begin to work on this page, they
will still come up with different reasons for choosing

the two that don’t belong. In problem A, forexample,
“All arrows are falling except two.”

“Only two arrows have sharp ends pointing at
each other.”

“Only two have their tails together.”
In example B,

“There are two that are going to hit each other
while the rest will escape.”

“All are pointing to the left except two.”

“Only two are pointing at corners of the big
frame.”

“Which ones are those?”

“The one at the top on the left side and the one at
the bottom on the right.”

“But what about the middle arrow on the top? It
would get to a corner sooner or later.”

We need only be concerned with the
reasonableness of the responses. Do they make
sense? Can the reasons be put into words or
otherwise clearly expressed?

Talking about the Problem

After children have made their own decisions
about examples C through H, find out how many had
similar explanations in each example. Discussion
will again emphasize that the choices depend on
how you look at things. Here are some of the many
reasonable comments.

Problem C
“Four of the shapes have a single dot inside.”
“Four of them have more than one dot outside.”
“Only the bottom corner boxes have four dots.”
“Only two of the shapes are circles.”

“Only two of the shapes are triangles.”

Problem D

“Al have three dots below the line except the
middle top and bottom right.”

“Only two have exactly two dots above the line.”

“Only two have the same number of dots above
as below the line.”

Problem E
“All except two have three shaded parts.”

“Four have a group of three blank areas with
sides that are together.”

“Only two have white squares with sides that
don’t touch each other.”

“Four have a single shaded part in the bottom

row.

Problem F

“In four of the boxes, the numbers could be
arrangedinsequence:1,2,3,4; 2,3,4,5,6,7,8,9;
and 7, 8, 9, 10. The other two sets of numbers
can't be put in sequence.”

“Only two have 8’s.”
“Only two have 4's.”

“Only two have the two smallest numbers on
top.”

“Only two have both a six and a seven.”

Problem G

“Four have at least one even number; the other
two have only odd numbers.”

“Four examples have an even number on the
bottom.”

Problem H

“In all examples but two, each dotis connected
to every other dot.”

“In only two cases is there a dot inside.”

“There is a pair of diagrams with four dots and
another pair with five dots, but the others don’t

belong to a pair.”
11b
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Lines and Crossing Points

(Some of the appropriate responses are shown here,)

5 gr less vertici| lineg on
each side of+he sketch.

~ o)

il
m

4 + 5 =9 8 + 0 =8
C D
_r[:% I
5 + 8 =13 9 4+ O =9
E. L FI
T
2 4+ 5 =11 e + 0. =1b
G. W
= =
0O + 8 =8 O + 6 =6
T. J
[
(!
——
O + 10 =1Io ¥ + 9 =13

Introducing the Problem

Rules for this activity-are simple. You may draw
five or fewer ‘ertical lines on either or both sides of
the sketch. All vertical lines drawn on a side must
cross all the horizontal lines on that side. Arecordis
made to show the number of crossing points created
on each side and the total number of crossing points
created.

Sketch (A) is complete, but the report is not. We
must record that five crossing points were created
on the right-hand side of the sketch and thatthere is
a total of nine crossing points. Sketch (B) is typical
of all the problems that follow. The total number of
crossing points is given and vertical lines must be
drawn to create that number of points. In (B), thereis
only one way to draw an appropriate sketch — two
vertical lines on the left side, and none on the right
side. The report will read “8 + Q0 = 8".

If beginners have not previously been introduced
to this activity, please let them use sticks at first (half
toothpicks will do nicely). They can lay the sticks on
the sketch until they find a combination that “works”
and then they can draw in the lines. This “toothpick
arithmetic” eliminates any need for erasures. (See
Patterns and Problems, Level C, of CDA Math for

12a

more activities with “toothpick arithmetic”.)

It might be useful in the beginning to work out
several examples which do not specify total
numbers of crossing points. You might let a
volunteer draw five or fewer lines {(as many as the
child chooses) on either or both sides and draw in
the crossing points. The report is then written as a
simple description of the result, and no “problem” is
involved. This strategy allows the children to
become familiar with the activity before they have to
contend with a given sum; before the “problem”
enters and brings with it a jump in complexity.

Itis wise to suggest early onin these activities that
actually drawing a dot on each crossing point is
unnecessary. The dots need only be shown when
difficulty or confusion occurs.

Talking about the Problem

Did you find any examples you couldn’t do?
Although there is asolution foreach probiem on this
page, some children probably will not be able to do
some of them, and these need to be talked about.

Using sketches like those on this page, whatisthe
smallest total of crossing points that can be created?
Zero; 0+0=0. What is the largest number that could
be drawn in any sketch on this page? Five lines on
each side of the sketch in (C) or (F) would lead to
25 + 20, or 45 crossing points. This would be the
largest number

Extensions and Surprise Endings

How many of the exampies can be completed with
two different sketches — and two different reports?
On this page, only (1) canbe doneintwo ways:

10+0 =10,0r 0+ 10 =10.

Let’s remove the “five or fewer” limit and look at
the different sketches with another questionin mind.
In each case, is there a largest number of crossing
points that cannot be shown? For example, in (A),
there are two horizontal lines on the left and five on
the right. A record of those numbers of crossing
points that can and cannot be done would look like
this:




Lines and Crossing Points (continued)

There is no way to show either one or three crossing
points. Will there be a way to show all numbers
larger than three? It seems likely, but can you be
sure?

Well, we know we can show every even humber
using the two lines on the left side.

01,2,34%5 46

78,910

’

All the odd numbers larger than six can be shown as
an even number plus five:

15 +5
Op*: Z,ﬂ, L*" 51 6: -7:§l qll—ol Il) ’Zl ,3

+5 +5

Since we can easily show even numbers, and since
we have five horizontal lines on the right side, we can
do any even number plus five, for as large a number
as we like.

What about the situation in problem B?

-+ =

Is 5 the largest number of crossing points that can't
be shown? Yes, but why?

The largest numbers that can’t be shown in the
various sketches are:

2's and 5s—3
3's and 4's—5
Ys and 5s—I|
3s and. 5s— 17

If you would like a bit of an extension to pursue,
notice this:

(2X5)-(2+5)=10-7=3
(3X4)-(3+Y4)=12-7=5
(4X5)-(4+5)=20-9= ]
(3X5)-(345)=15-8=7

It looks as if the largest number that can't be
shown in any of the sketches is an odd number. This
will in fact always be the case. Can you think of any
reasons why this will be true?

12b
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Lines and Crossing Points

5 v less vertical lines on
each side of the sketch-

A. 8.
HH
= ==
3+ |0 =18 12 o+ 2 =24
C__j D. \
:—% — ‘_L__
1S + o =15 © + 20 =20
E | F |
—+H |
T T
. H
+ IR
3 + 25 =128 4+ 25 =24
[ H.
Ll
{ -
[
—t=1 e
b + 20 =20 20 + 10 =30
1. J]
[
i S 5 %
2 4+ 25 =27 o + (S =3l

Introducing the Problem

If the children have not been involved recently
with the previous activity, you may want to have
them consider several examples from that page in
order to review the rules for lines and crossing
points.

In problem A on this page, the sketch shows eight
of the required 18 crossing points. Ten more
crossing pointsare needed. These can be created by
drawing two vertical lines on the right-hand side of
the sketch. The report can then be completed to
show that 8 + 10 = 18.

Problem B simply specifies that 24 crossing
points are to be shown. Some children may want to
use six vertical lines on the left-hand side (6 x4 = 24),
or eight vertical lines on the right-hand side (8 x3 =
24). But both of these solutions violate the rule that
says only five or fewer vertical lines can be used on
each side. The only valid solution to problem B
shows 12 crossing points on each side: three vertical
lines on the left and four on the right. The report
would read 12 + 12 = 24.

13a

Talking about the Problem

Were any problems given for which no appropri-
ate sketch could be drawn? No, there is asolution for
every problem on the page. Is there any example in
which there could be two different sketches and two
different reports? No, not if the rule is followed that
limits the number of lines on each side to five. But
suppose that you could draw as many lines as you
like on each side. Now how many problems could
have more than one solution? One could find

se other solutions.

A.

3 + 0 =(8
(also 18 + O  =18)

B:24 + 0 =24 H: 30+ 0=230

0 +24 =24 o+ 20=30
D21+ S5=26 O +30=30
E: 18 + 10 =28 I {2+t5=27
FF2y + 5 =29 22+ 5=27
G138+ B=206 3. 23 + 3=3|

Y +27=3|

Extensions and Surprise Endings

There is an activity called “loop arithmetic” in
which numbers in a list are looped to show a given
sum at the bottom of the column. For example,

WWww W FFF £ F
FFEFFEFFOOOON
OO w L W
Mao o uwwww e
G+ FF FF

— — ——— —— S——

Can you complete the other examples of “loop
arithmetic” shown above? All of them can be done.
Are these examples in any way related to the
examples in the activity page we have just complet-
ed? Yes, they are simply another way of asking the
same question posed in problems A through F.
Essentially five of each of two numbers are available



Lines and Crossing Points (continued)

to create a given sum. But in this activity we no
longer have crossing points to count if we need
them. We must rely entirely on our memory for
addition facts.

The basic questions asked in both “lines and
crossing points” and “loop arithmetic” can be putin
still another setting: “Please fill in the missing
factors with numbers 0 through 5.”

( x2)+( X5)=1|
( X4)+( x3)=24
( X5)+( XP=15
( X3)+( x5)=26
( X3)+( Xx5)=28
( Xp)y+( x5)=29

Suppose we wanted to find out which multiplica-
tion facts occurred on this and the previous activity
page. We might be most interested in those with 2, 3,
4 and 5 as the largest factor. The solution to problem
A on this activity page involves two facts:

4%2=3 or 2%X4=3
and.
5Ex 2210 ovr 2R5=10

We can build a chart and taliy each multiplication
fact that arises. When ‘4 x 2 =8’ occurs, itcanalsobe
considered as ‘2 x 4=8’,and wedon’twanttoshow it
in the frequency chart twice. We will agree to place
our tally in the column headed by the larger factor.
Here we show atally forthefacts ‘4 x2=8and ‘5 x1=
5.
largest factor

+ 4
z)3|45

1<+ 5%l or IXS
| < Y4y 2 or 2%4

+4
| £[w|n]-|0

What would such a “frequency chart” look like for
this activity page?

gjE[wiNn|— |0

What would it look like if the facts from the previous
activity page were also shown? In the chart shown
below, facts encountered on this page are indicated
by a tally mark; those from the previous page are
recorded with a dot.

2{3|4|5
ol 1= F
T ORORE
2|0 [ne [reene
3 TET
m =t
5 i

in summary:

2131415
oN RIVARRIK
Ty (vjzy3
2132143
3 21312
Y 213
5 3

The more difficult facts in general occur more often
than the easier ones, which need less practice. But
the frequency is reasonably balanced. Activities
such as “lines and crossing points”, though they
may look ‘“unconventional”, do in fact provide
substantial practice in basic computational skill. it
might be interesting to have the children themselves
create such "“frequency charts” for various activities.

13b
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Lines and Crossing Points

:ntroducing the Problem

Suppose we draw a sketch on the overhead or
chalkboard, or construct an arrangement on a
flannel board that looks like this:

We want to talk about the “lines” and the “crossing
points”. There are two lines “going up and down”
(vertical lines). There are three lines “going across”
(horizontal lines). There are six “crossing points”.
We would like to record all of this information in a
simple, direct way — a kind of shorthand. One way
we might do this is:

e

6

There are many other ways to make arecord, but this
is the method we will use on this activity page.

14a

The following notation can be interpreted as a set

of directions:
| »

-4

(a) Draw four vertical lines.

(b) Draw two horizontal lines, each of which
crosses all the vertical lines.

(¢) Find the number of crossing points created.

(d) Record that number in the box in the lower
right-hand corner.

The notation can be varied to indicate other
directions. Before work begins on the page, the
variations shown below should be discussed with
the children.

JMe o

@) (b)

_"l 1

() (d)

In (a), there are four vertical lines (and we assume
that no more vertical lines are to be drawn.) We are
asked to draw three horizontal lines and record in
the small box the number of crossing points. In (b),
we are asked to draw five horizontal lines, and then
draw enough vertical lines to produce exactly ten
crossing points. Two vertical lines will achieve this
goal. In (c), we are asked to draw four vertical lines
and then enough horizontal lines to produce exactly
12 crossing points. In (d), we are asked to produce a
sketch with only one crossing point. There is only
one possibility — one vertical line crossing one
horizontal line.

Talking about the Problem

Did everyone draw the same kind of sketch in each
example? (There is only one possibility for each
problem on this page.) What would happen if the
directions said to draw 0O vertical lines?



Lines and Crossing Points (continued)

How could you complete the sketch? (Draw as many
horizontal lines as you like.) How many crossing
points would there be? (None, no matter how many
lines you draw.)

Look at these directions:

We are asked to use no vertical lines, and to get four
crossing points. It can’'t be done!

Extensions and Surprise Endings

How many different sketches can you make for
each of these two problems?

Bt

In each case, there are two appropriate sketches:

:t;or‘ff‘ and 32'%_

How many different sketches can you make that
follow these directions?

There are three different sketches.

—4

—

+ HH

Can anyone find a number of crossing points that
can be made with more than three different
sketches? The answer is yes. The smallest number
of crossing points for which more than three
different sketches are possible is six. There are four
possibilities.

[T

FTTTTT

it i

JUSUUE

Is there any number of crossing pointsthatcan be
made with more than four different sketches? Yes;
12 can be shown in six different ways and 16 in five
different ways. Such an investigation can be
pursued as far as the children want to take it.

14b
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Lines and Crossing Points

(Some of the appropriate responses are shown here.)

-
3,0 A
3]0 allz‘

= g} 2

Introducing the Problem

If the children are not familiar with the previous
activity page, please read the comments there about
introducing “lines and crossing points”. On this
page another piece of information about the
sketches isintroduced. Inthe upper left-hand corner
in these problems we record the total number of
lines used in the sketch. Also, a record keeping
device is introduced in the lower right-hand corner
which provides a summary of information about the
sketch.

number of lines — 61 Y 4— vertical lines

hovizontal lines 2 | 8 + crossing points
-

Our purpose in selecting this particular format for
recording information becomes more apparent, if
we eliminate two bits of information and the broken
lines. It becomes a most familiar bit of notation.

-é— 8! becomes 2' 8

-

15a

Talking about the Problem

Did everyone draw the same sketch in each case?
{There may be different sketches for (F).) Did
everyone have the same summary of results? (There
might be different summaries for (F).)

Did you notice any example that was different
from the others? Problem (C) is the oniy one below
the double line that has a completed sketch.
Problem (G) is the only one in which 0 occurs. Is
there an example in which there is no information
about either the number of horizontal orthe number
of vertical lines? Yes, in (F), we are only given the
total number of lines and the total number of
crossing points. As a result, there is more than one
sketch that is appropriate:

e

Extensions and Surprise Endings

Let’s talk about problem (F). Will there always be
two different sketches for problems in which you
know the total number of lines and the total number
of crossing points?

given—>@ | |
® - given
-

The answer is yes. If you have trouble convincing
yourself, try working out several such problems.

Will there ever be more than two different sketches
possible when the number of lines and the number
of crossing pointsare given? No — and that may be a
bit surprising. (Try some examples if you're in
doubt!)

In (F), the total number of lines used is greater
than the number of crossing points. Can you think of
other examples in which the total number of lines
will be larger than the number of crossing points?
This will be the case for any example with only one
horizontal or one vertical line.



Lines and Crossing Points (continued)

Suppose you only knew the number of crossing
points.

In which cases can you draw a sketch that uses the
same number or fewer lines than there are crossing

points?
+ o+ 3
+
-
7 3 9

Four crossing points can be created with just four
lines. Six, eight and nine crossing points can be

created with five, six and six lines respectively. All
the other numbers of crossing points (except forone
crossing point) can be drawn in just two different
ways. In each case both of them require more lines
than there are crossing points.

o Fo

(3)
34 ::E
o it E

(5) (M

Notice that the numbers for which thisis true are the
prime numbers.

Which numbers of crossing points can be shown
in three and only three different ways? After some
investigation, we would begin to see a pattern: 4, 9,
25, 49, 121, etc. These are the prime numbers

multiplied by themselves, or the “prime numbers
squared”.

Questions such as these, usually appropriate only
for some intermediate grade children will help give
them a new insight into “prime” and “composite”
numbers. The next activity provides a format that
can be used to keep track of such investigations.

15b
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Lines and Crossing Points

(Some of the appropriate responses are shown here.)

Introducing the Activity

If children have not been involved in either of the
two previous activities, then they need to
understand that each example on this page is a
description of a sketch of “lines and crossing
points”. A completed description includes four
pieces of information, located in the diagram below
by a, b, c and d.

ci b

example 1

il -
11 zi o
——ye——_—d

1) In position ‘a’, we record the number of
horizontal lines (there are two in thisexample)

2) In ‘b’, we record the number of vertical lines
(there are five in this example)

3) In ‘¢’, we record the total number of lines in the
sketch (there are seven in this example)

4) In ‘'d’ we record the number of crossing points
created (10 in the example)

af d

=

Examples A-D above the double line on this

16a

activity page are really simple pairs of directions for
drawing a sketch. For example, problem (C)
indicates that four harizantal lines and a total of
seven lines should be drawn. Three vertical lines are
needed to comply with this condition. Problem (D)
calls for three horizontal lines and enough vertical
lines to produce nine crossing points. Three vertical
lines are needed.

Problem (E) is different. It is like all the examples
below the double line. The total number of lines and
the total number of crossing points is all the
information that is given.

There are four different sketches that will produce
the required eight crossing points:

= i
1
(lines) 9 6 6 9

But since the sketch must have sixlines, we can only
use either (b) or (c) above. The completed example
would be

As was the case here, there will often be two
appropriate reports. Children should know thateach
one is equally acceptable. Both are “right answers”.

Talking about the Problem

Are there sketches that meet the requirements in
each example? Yes. Could you imagine directions
you couldn’t follow? Consider these directions:




Lines and Crossing Points (continued)

The first set of directions suggests a sketch thatis
already “drawn’ before we put pencil to paper. It
requires no horizontal and no vertical lines! The
third set of directions is the same as problem (J) on
this activity page, and requires two horizontal and
two vertical lines. But the second set asks for the
impossible. There is no way to use just two lines to
create two crossing points.

Were there two different sketches for each
example on the activity page? No. Which ones could
be drawn in only one way?

LI R 3 IS R
| IR | o |
(K) () (N)

Can you think of other examples that give the total
number of lines and the number of crossing points
for which there is but one sketch?

Each such sketch we can think of will be a square
arrangement, and has the same number of
horizontal and vertical lines. The numbers of
crossing points are 1, 4, 8, 16, 25, 36, etc. These
numbers are called the “square numbers”.

Extensions and Surprise Endings

Suppose we consider sketches in which all we
know is the number of crossing points. Are there any
situations in which there would be only one way to
draw the sketch? Yes.

What about these directions?

2 Ts |+ |5

How many different sketches are possible for each?

‘-‘H— $ (Zwaqs)
M
+HH- IH: i (Bways)

?Hﬁi

(2 ways)

€] o] v

(2 waus)

What other numbers of crossing points can be
shown in more than one way under the rules? How
about these?

Of these, seven crossing points is the only number
that cannot be shown in more than two ways. What
about the numbers 11 through 20? How many can be
shown in only two different sketches?11,13,17,and
19 can be shown in only two different ways.

Take a good look at these numbers that have two
and only two possible sketches: 2,3,5,7,11,13,17,
19, etc. They are called “prime numbers”, and will
come up time and again in mathematical
investigations. Sometimes they are called the
“unruly numbers” because they seem to have no
regularity.

People often say that a prime number is a number
with exactly two differentfactors — the number itself
and one. This is another way of saying that if we
consider the number as anumber of crossing points,
it will have exactly two possible sketches. This
definition is arbitrary, and was chosen to exclude ‘1’
from the famiiy of primes. The whole number factors
for "1’ are not different.

Starting with the number four, all numbersthatare
not prime are called “composite”. They have more
than two factors.

b=I1nzxz =1x 4
6=1%x2%3 6=1%X6
B=I1xX2®r2Zr2 9 8=1X8
9=1%x3%x3 9=1x9
10={x2x5 [o=Ix K
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Lines and Crossing Points

(Someofthe appropriate responses are shown here.)

Different ways

-
TIIT

i

3 + 20 40 =23

Introducing the Problem

it the children are familiar with either of the two
previous activities, this activity will need little
introduction. Once again itinvolves drawing vertical
lines to create crossing points in each section of
horizontal lines. In these sketches, a vertical line can
produce three, four or five crossing points, depend-
ing on the section in which it is drawn. The number
of crossing points created in each section is
recorded below that section, and the total number of
crossing points in the sketch is given at the right. In
all examples on this page, the total number of
crossing points is given. The problem is to draw
appropriate sketches. However, here we lift the
restriction that you must draw no more than five
vertical lines in a section. You may draw as many as
you like. Problems A, B and C each ask for a total of
14 crossing points. The others call for 23 crossing
points. When two or more problems call for the same
number of crossing points, the sketches must be
different, and consequently the final reports must be

17a

different. One solution to problem A is

S G

O+ Y +io=14

Once children understand the notion of “crossing
points”, they need not draw dots to indicate the
points.

Can we find a solution to problem A that doesn’t
use any lines with five crossing points? Yes, two
vertical lines in each of the other sections will give us
a total of 14 crossing points.

The final report would be ‘6 + 8 + 0=14". Still another
solution would have the record ‘9 + 0 +5 = 14".

Talking about the Problem

There were three problems that required 14
crossing points. But there are seven problems
asking for 23 crossing points. That means we must
find seven different ways to make 23 crossing points
with this array of lines. Did anyone have a planin the
beginning or develop one along the way? One
strategy is to first figure out how many ways a sketch
can be drawn using no vertical lines in the section
with five horizontal lines; then to figure how many
ways a sketch can be drawn using just one line in the
“5’s section”.

3+ 20+40=23
154+ 8+0=123

and.

6+1245=23
184 O0+5 =23

A continuation of this strategy yields three more
solutions, bringing the total to seven.

A+ 4 +10=23
O+ 8 +15=23
3% 0420=23

Extensions and Surprise Endings

Suppose we begin to summarize these resultsina
chart. We might record the number of vertical lines



Lines and Crossing Points (continued)

drawn in each of the three sections for a given
solution.

25

23
23
23
23
23

NN
O|wl—|N|OI&
— =™ |0 |F

C

Notice that in the fourth entry in the table, (2, 3, 1),
there are three 4's (12 crossing points) indicated.
These three 4's can be interchanged with four 3's
(which also represent 12 crossing points). If we
make this switch, the result is described by the fifth
entry in the table (6, 0, 1). So, when we have a
combination that involves at least three 4’s, such as
the first one shown below, we know that we can
“exchange” three 4’s for four 3's to get a second
different combination.

3s's |55
{150 (23

-y

1= I 1
121419423

I

If we make a record of the numbers of different
ways to sketch certain numbers of crossing points
using the array of lines on this page, a very
interesting pattern develops for numbers beyond 16

crossing points.

s [16|17)8|19|z0]21z2]2s| s o a1
sicicnes |4k 4 5[0 Je 6 [7]8 ]88 ]q]

In verifying these results or in extending the
investigation to even larger numbers of crossing
points, the notion of “exchanging” three 4’s for four
3’s is a most useful shortcut. For example, one
solution for creating 48 crossing points uses one 3,
ten 4’s and one 5. Three more combinations can be
written down without much computation. in each of
these new combinations, a group of three 4’s is
replaced by a group of four 3's.

%'s |4 | 55
(l o)1 148

5171 |48
(q g 1 |48
g!S L1148

Another solution for 48 uses just twelve 4's.

Again, four more combinations can found by
successive exchanges of a group of three 4’s for a
group of four 3’s.

3s (U
(o]

Ojwio|olN

43
48
48
43
48

m
9
12
l6

oiololelc|ly

17b



(Answers for the two following pages are shown below.)

A
2xO+(Axl)= 0 +9 =19

All factors should be
q or less.

B
(Bx )+(3x1)= 8+3 =1l

{(2x06)+[{9x0)= 124+ 0 =12
(2x3)+(9Ax2)=_6+18=2Y4

(8x2)+13x0)= 1er 0= 16
(8x0¥+(2xT= O+ =2]

(Zr5Y+{qn3)=10+27=37

(8x3)+(3x5)= 29+ 15<39

(2x1)+(9x5)= 2+ 45=47

(8x 1)+(3x3)=32+ 9 =41

(2X8)+(9%x4)= l+3b=52

(B x5)+(3xbk)= 40+ 18258

{2 24)+(4xb)=_8+54=p2

(8 )+ 3xM) =48 +12 = 60

(2x7)+(axT) e M+ 63=T717
(2 %x2)+(92x9)= 4 +81 =85
(2x9)+(9x8)= IB8+72 =%

(8x81+(3x2)1= 444 b =70
(8x714(3x9)= Sb+27 =83
(8x9)+(2x8)=72+24 =96

C
(2x5)r (1 x6)= 10+ b =1b

D.
(Ox)4li xN=0+7 =1

(L x5+ (2x6)= S+ 1217

(Ox5)+(H x6)=_0 +24 = 24

(5x5)+(0X6)=25+ O =25

(5 x4)+(0xT)= 204 O =20

(Zx4)+(2xT)= 8 +14 =22
(xR +(3xT)= 4 +21=25

(3x8)+(3x6)=(S+18=33
(lx 5)+(& x6)=30+3k =66

(4x )+ (5xD=_t1+35 =5l
(LxH)e(d 7)o 24x28252
(7 x Yy +r{LxPl=28+42=T0

(4 x5)+{Bxb)=_20+48=68

(9 x B5)+(Sxb)=45+30=T75

(Bx5)+(7%6)= H0+42 < B2

(3x)+(FxTN=12+L3=75
{9 x M) +{7 x D= 36+49 =85

(7 x5)+{1Xx6)= 35+54 =89

(8 xW+(8x7)=_32+50=88

8

17¢c

Al factors should be
9 or less.

E
x4 (340=840 =8

£
{35+l xB=i15+8 =123

(2x1)+(3x2}= 24+ 6 =8
(2x0)+(Bx7)= 0+ 21 =2]

(1 x5)+(3x8)= 5 +21=29
(Ox 5}+(4x8)z O +32=-32

{223)+(3x5)= G+ 15=2l

(7 x5)+{0x8)=35+ 0 =35

(2x0}+{(3x3)=12+9 =2|

(6 % 5)+(2x8)=3011b =46

(Zx9)+{32)=18+ 3 =2}

(S x5)+{ b xB)=25+48=13

(2x2)+(3 Q)= H +24=28

(2% 5)4(8x8)= 10464 =T4

(2% 5)+(3x6)=10+18-28

(4 x5)+(7 x8)=_20+56 =76

(2 x8Y+(3xH)= 1b+12=28
(2x7)+(3x9)=14 +2] =41

(B x5)+({5x8)= 4o+ 40 =80

(41X 5)+(4 £48)=45+72 =17

G.
(OxW+(2x3)= 0 +18=18

H
(6 XxO)+(TxiIN=0+7 =7

(5 24}+(0OxQ)= 20+ 0 =20

{6 XxZ2)+(7%x0)= 124+ Q =12

(oA W)l «P=2Y+ 9 =33

(6 x 1)+{7x2)= L+ (9= 20

{4 X W) +04 xD= 1L +36=52
(8eW)+(3x9)= 3242759

(6 X ) +{7 x3)=_36+21 =57
(G xT7Y+ (T x )= 4242870

(7x YI4+{5xA)= 20+45=73

(6 253+ (T ab)s 30+422 72

(3x W +{7x =12 +63=75

(x4 )+(7x8)v 29+ 5680

(1L x W+ (8xUNN= Y+72=76

(6x3)4(7 %)= 18463 =8I

(2 x4N4(9 x )= 8 +81 =83

(AxM+(6xA) =36+ 54290

(o xB)4{7x5) = 48+35 83
(6 2V {TrTV= S4+49 =102

11




Todos los fachores All £faclors should be

deben ser 90 menos . 9 or less.
A. B.
(2x Y+(9x )= + =9 (8x Y+(3x )=+ =1l
(2x )+(9x )= =+ =12 (8x Y+(3x )= + =16
(2x )+(9x )= + =24 (8x M (3x )= + =2|
(2x Y+(@Qx )= + =37 (8x I+(B3x )= =+ =139
(2% )+(9x )=+ =47 (Bx )+(3x )=  + =4I
(2x )+(9x )= + =52 (8x )+(3x )= + =58
(zx D+(9x )=+ =62 (8x )+(3x )= + =60
(2% )+(Ax )=+ =T1 (8x )+(3x )=+ =70
(2x Y+(9%x Y= + =85 (8x )+(3x )= + =83
(2x Y+(Qx )=+ =90 (8x J+(3Xx )=+ =96
C D.
( xB)+( x6)= + =1b ( x4 xNN= + =7
( x5)+( x6)= + =17 ( x¥Y+( xT)= + =20
( x5)+( x6)=_ + =24 ( x¥)+( xT= + =22
( x5)+( x6)= + =25 ( x¥)+( xTN= + =25
( x5)+( x6)l= + =33 ( xY4)+( xT= + =5l
( x5)+( _x6)= + =66 ( xH)+( xTl= + =52
( X5)+( xb)= + =693 ( x4)+( x7)= + =70
( xB)+( xb)=_ + =75 ( x¥)+( x7)= + =75
( xB)+( x6)= + =32 ( xH)+( xN= 4+ =85
( x5)+( x6)= + =29 ( xW+( xN=_ + =88

© 1976 CURRICULUM DEVELOPMENT ASSOCIATES, INC. I8



All factors should be Todos {05 faCTOYGS

9 or less. deben ser 90 menos.
E. F
(2x W(B3x )= + =8 (X514 x8=__+ =123
(2% I+(3x )=+ =38 ( x5)+ %8)= + =29
(2x Y+(3x )= + =2| ( x5+ x8)= + =32
(2x M+(3x )=__+ =2l ( x5)+( x8)= + =35
(2x )+(3x )=+ =2l ( x5)+( x8)=_+ =Y
(2x )+ (3% )= + =2| ( x5)+( x8)= + =73
(2x Y+H(3x )=+ =28 (x5 x8)=__+ =74
(Zx Y (3x )= + =28 ( x5)+( x8)=_ + =76
(2x Y+(3x )=+ =28 (_ x5)+( x8)= + =80
(2x )4(3x )=+ =4] ( x5)+( x8)= + =7
G. H.
( XY+ x9)=_ + =13 (6x )+(7x )=+ =17
( xW)+( x9)=__ + =20 (ox Y4+(7x )= + =12
( xW+( x9= + =33 (6x )+(I1x V= 4+ =20
( x¥¥+( x9)=_ + =52 (6x Y+(7x Y=+ =51
( xW+( x=_ + =59 (bx Y+(7%x )= + <70
( xW+( xN=_ + =73 (6x V+(7Tx Y=+ =712
( xW+( x9=  + =75 (bx Y+(7x )= + =80
( xW+( x9N=__ + =76 (ex Y+(7x )= 4+ =8|
( xW+( x9)= + =89 (6x J+(7x )= + =83
C xH+( xD=_ + =90 (6x Y+(7x )= + =103
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ENCONTRANDO EL CAMINITO
adicidn y sustraccion

HIDDEN PATHWAYS

addition and subtraction

A
+ - 5\
BXEX
\6

7 5 3

3

s Puedes hacerlos 4odos? Canyou do them all?

D
_‘___Lk
7 13 9
6
G
+_7
g 6 15
2

E
+_
m 12
H
4 -
4 12
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Hidden Pathways

(Some of the appropriate responses are shown here.)

ENCONTRANDO Fu cAMINITO
adicion y sustraccion

HIDDEN PATHWAYS
addition and subbvaction

Introducing the Problem

“Hidden Pathways” is an activity that can involve
the use of multiplication and division or addition and
subtraction facts. This page begins a series of seven
pages of variations on the “Hidden Pathways”
problem. The comments given here cover ail of
those pages.

The most challenging versions of “Hidden
Pathways” allow the use of all four operations. In
variations on this page addition and subtraction
facts are used. The object of the game is to find a
“pathway” through all of the numbers in the array
using addition and subtraction, such that each
number is included once and only once on the
pathway. Moves from one number to another can be
one space horizontally, vertically, or diagonally in
any direction, much as the king can move in chess.

the] |
>t 1
Al ¥

In the arrays on this page, there are four possible
moves from the center square, and three possible

20a

moves from each of the other squares.

f;‘ (o]
L4+}-» L ¥
| |

Every pathway has two endpoints. It turns out that
the pathways are reversible and that there may be
more than one pathway through the numbers. For
example,

+-]° 34528 and 8256
3 2I.._8 and in reverse
@ 6+2=8 and 8-5 =3
S B—6=2 and 2+3=5
312 (8 and. in reverse
Z 5-3=2 and 2+6=38

In"problems A and B on this page, the starting and
ending points are indicated by circles. Butin the rest
of the problems, there are no clues. Several possible
starts can lead to dead ends, as shown below:

+-|5 Here are some {alse starfs
3|2|8| 8-2=6 8-5=3
5-2=3 2+3=5
6 3t+2=5

Occasionally, there are two or more basic pathways
for the same array:

® A
@ - 1]ele

5 5]

Before setting to work on the problems below the
double line, children should know that for at least
one of them, no one has found a pathway that
includes all numbers.

Talking about the Problem

Were there any problems for which you couldn’t
find a pathway? We have not yet found a pathway for
problem H. Most children will have recognized this
as the one with no solution. Some may even be able
to make an argument based on trial and error as to
why it cannot be done. No matter where you start,
you always run into trouble somewhere along each
route.



Hidden Pathways (continued)

Extensions and Surprise Endings

Using Larger Arrays

The problem can be made more complex by
increasing the number of entries in the array. As the
number of entries increases, the starting points are
more difficult to locate, asin the following examples:

@ WI%—‘?
-4 @ 515

G 7+3

F—r\\ T
1
I+

9)]

In a given 3 by 3 arrangement, there is usually just
one basic path, although there may be several
different places along that path that could be
starting points. It is difficult to constructanexample
that will support two basically different pathways,
but it can be done.

-
0
é_)

L

B ru

1z 191!

et

w-
9
~
s
e

[

-~
\

[

S

Of course, there are arrangements for which no
hidden pathway has been found. We make it a point
to include at least one of these in every group of
problems, and tell children that one such problem is
there. If they think that they have found one that
can't be done, they learn to persevere a bit longer,
for it may be just more elusive than the others. Some
children even find ways to argue for impossibility.
Consider the problems below:

+-| 7 +-1 2|38

z|4% |8 or 714 [ !
3|2 317 |5
a b

If there is only one way into or outofa number, it has
to be an endpoint. In example (a) above, the number
8 must be an endpoint, since there is only one way
for it to be on a pathway that involves only addition
and subtraction. But if we follow that pathway, we
come to a “dead end”.

<+
1

mTee
w | F
&)

Thereisnowaytoconnect7,4,and2. So8cannotbe
on a pathway, andsince it can’t beincluded, we can't
follow the ruie that all numbers must be included
once and only once.

in the second example we were considering, one
might reason that no pathway can include the
number two. None of the following trios can be used
in true addition or subtraction facts:

2+348 | 2,3, 8
. 2,31
| »
(s 2, %4
31713 2371
or
213481 243 245
7Tl | B8 2w
i 24,1
3 5
or
VEAE P
T4 | ! 21 Y%
3[7(5| 277

Since 2 cannot be a part of any pathway, no pathway
can include all numbers. Such investigations and
arguments are forerunners of mathematical proofs.

Using Multiplication and Division

Another variation on this activity uses
multiplication and division instead of addition and
subtraction. The procedures are basically the same.

X+ |12 6X2=12 and 12+ 4=3
Y@tz | er
3 3x 4 =12 and 12+ 2=6
X+ X+
hep2 (2 an OL D
C )
8 |5 | and. 8 |56
3 {24 L 3124y

20b



Hidden Pathways (continued)

While there may be different pathways, as in the
problem above, in all cases either endpoint can be a
starting point.

20+5 =4, 4x2=8 8x3=2% Z24i4=¢6
and. 6x4=24 24+3=8 8+2=4, 4x5=20
or
Zx4=8 8x 3=24, 24+ 6zY4, 4%5=20
and 203 524, Y4xbz2y 24+3:8 8+4=2

Some problems have been made for which noone
has found a complete pathway.

rI5 2|8 4 128 (20
5147 2415117
1z |2\ & |20
a b

In (a), we might notice that the only numbers given
in the array that are factors of 21 are 3and 7. Soonly
3 and 7 could be along a pathway to or from 21, But
they are not positioned so they can be connected. In
problem (b), the number 20 occurs twice, so there
would have to be two pairs of factors whose product
is 20. The only factors of 20 in the array are two 4’s
and one 5. One of the 20’s could be connected to
both 5 and 4, but since thereis only one 5, the other
20 cannot be on the pathway.

“No Operations Barred”

The most lively hunts for hidden pathways
develop when “no operations are barred”. Addition,
subtraction, multiplication, and division are all
permitted in any order. For example,

+—-x=+

f—'@ 7 2x5510, 1044 =14, 1437x2, 2-220
jo |14 ] 2. | (@nd of course, inreverse)

+— O+2=2, 2xT=1%, 14~4=10, (0522
412710

As the pathways become longer, trial and error is
almost indispensable in determining where to begin.
Let’s look at this problem:

224 33
316 |t {lo
4171812

20c

Since 7 and 11 have no factors other than
themselves and 1, they must be on sections of

pathways that involve addition and subtraction.
There are two possible parts of the path that might
involve 7: 3+4=7,0r4 +7=11. But 11 can be
included in justone section: 11 -7 =4 (or4 +7=11).
Thus, 11 must be an endpoint.

With that beginning, the pathway unfolds:

H=T=Y; 4X3z12; (2+2:6; 6+4:10; 10-8=2.
(and the reverse PAIH\\)

When no operations are barred, it becomes
increasingly difficult to find the examples that
apparently cannot be completed, for there are so
many different possibilities. A pathway can be found
for at least one of the following examples:

lofiz|{2 |3 |o-6\83|z
2|7]4[3]6 27 N6tz [y
35l6n‘7 36—5-1111

Are pathways possible for both?

Constructing “Hidden Pathway” Problems

Until you become more familiar with constructing
hidden pathway problems, you may begin by
designing a pathway to be followed:

]

®

Then start with any number and decide to add or
subtract or multiply or divide by another number.
Now you can fill in three cells of the array, using
either end of your planned pathway as a starting
point. For example, using 7 - 3 = 4, we would have

4: @ <77 |~
(13{A] or | (]V].3
ol Y@
Going on from 4, add or subtract another number,
and you have the next two steps along the pathway.

N




Hidden Pathways (continued)

Suppose we choose 4 +6 = 10:

4et-6 1@ <7 10O

1073 P or 16 |V

7\

10 Lo

Now start with 10 and add or subtract anything you
like. If we choose 10 - 2 = 8, we have the next two
cells:

~

N

46 @ 512 10
1033 Lo 10,3

’
i L 1

Z'I_—LB/ O é-rLf" @

Finally add or subtract some number from 8 to
complete the example. After the pathway plans are
removed, the problem would look like this.

o V6 |7 12|
o 1311 or 10
2 8|1 6|47

If you look away for a few minutes, you will probably
forget which numbers are at the ends of your
pathway—and you, too, will have to use some trial
and error to find a starting point that works!

It is usually surprising to both adults and children
that examples are so easy to construct and yet often
are difficult to solve. This leads to challenges:
“Here’s one | made up; do you think you canfind the
pathway?”

Circular Pathways

Thus far we have considered examples of
pathways connecting 5,7, 9, 11, or 15 numbers. Why
did we always use an odd number of numbers?
Three numbers are required to begin a pathway. For
example,

AX 7=2\

Each additional statement adds two new numbers.
So all together there will be an odd number of
numbers, for we start with three numbers and then

keep adding numbers in pairs:

3xT=2; zI¥1=22; 22-4=18; 1836=3

[ S
start with 2 mote numbers 2 more numbers 2 more Aumbers
3numbers

A2+ 2+2 =9 numbers in pa\‘hwa\j

Some children might like to make up “circular”
pathways, in which ends are joined together. Here
are two examples:

el [l
3)] Io 3 @€ (2
[T @177 |05

a b

These circular paths can be entered at the points
indicated by circles. Such pathways require an even
number of cells.

(Some of theappropriate responses for the activities
on the following pages-are shown here.)

ENCONTRANDO EL CAMINITO
adicion y sustraccion

HIDDEN PATHWAYS
addition and subtvaction

?

¢ Pvedes hacerlos todos? Can you do all of them”?

20d



(Some of the appropriate responses are shown here.)

HIDDEN PATHWAYS  ENCONTRANDO EL CAMINITO

T -
adicién y sustraccidn Lo 1 :
addifion and subtraction ';,%14:\

T T

Can you do all of them?  d Puedes hacerlos fodos ?
T T

—

HIDDEN PATHWAYS
multiplication and division

ENCONTRANDO €L CAMINITO
molkipheation y disida

—_—

HIDDEN PATHWAYS .
multiplication and division

ENCONTRANDO €L CAMINITO
multiplication y divisién

Can you do all of them? 2 Pyedes hacerlos todos?

ENCONTRANDO EL CAMINITO  HIDDEN PATHWAYS

multiplication 4 divisidn

multiplication and divicion

! A
—Ii0

w2
o
o 914

[+]

’@L?Q, 7

2Puede hacerlos fodos?  Can you

do all of them?




ENCONTRANDO EL CAMINITO
adicion y sustraccidn

HIDDEN PATHWAYS

addifion and subtraction

6
el

+ -

9

Y 8
_l +
10—

| \

9

o

-+

®, 4

(8

@

+

_

C
. _|a
6 B Y
.—+ _*.___4
7‘l3[l7

J Pvedes hacerlos todos?

E

|4

D
- — 8
2 9
- 4+ 4
3 4 5
| 1
G
|t
I &6 10
- + + —
9 7‘/6
|
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Can you do all of them”?

F
+_7
4 8 I5
4+ 4+ 4
5
‘i\ LB
1
6
+_
9 17 I5
-+ -
zsllqlu
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adicion y sustraccidn

addition and subtraction

HIDDEN PATHWAYS

ENCONTRANDO EL CAMINITO

Can you do all of them?

b

[ |
5 2 7
+ e
9 5 5
+ + -
[ 10 |2

_o“‘L c:; o B “L ﬂJ - “[LC % )“
}M37 _TT“ % o]
! [ l I
7 4% 2 3 5

S I
3 3 0 4
i + Tt
IO 3
LZ . L |
¢ Puedes hacerlos todos?
l I l \

2 5 Y I 5 2
-+ o+ 4 F o+ S
4 7 3 5 8 4
-+ 4t
Qa 3 | 2 & IO
l | | 1

l l
[ 6 T 3
2 5 Y 2 |0
-+ 4 - -

8 b6 |0 & 9 ¢
-t 4 F -
7 2 Yy 2 5 |l
il { 1 1
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HIDDEN PATHWANS

multiplication and division

ENCONTRANDO EL CAMINITO

multiplicafin y division

Can yov do all of them?

|8

e

@

%

E

[ 2

|0

2.
5 5J

3

15
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C
|24
X ==
B
6

dPuedes haceylos todos™

F
oz
X = ,
¢ 2 ]
3
I
x|t
6 2% 2
3

23



HIDDEN PATHWAYS

multiplication and division

ENCONTRANDO EL CAMIM\TO
multiplicatidn Y divisidn

e

i ]

/O
X =

A B
EY @
I 6 5

| M~~~ |

]

z_lq

2 3 Y
r++“

(o) O
53

Can you do all of them 7

¢ Puedes hacerlos todes™

D E

X = 4 | X+ +
8 3 2 3 b5 6
- 4+ T+ — 4+ 1
3 6 I 3 24 20
l 1 | |

G ' H

[O

X = l+_ X—'.—‘

4 b 30 4 7 5
-+ R

4o
318 |5 3‘:7L L8

2%

F'
e
X
36 4 ©
_++4
w9 24
N S

T
24
x—-
2 72 2
4 4+
819l7
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ENCONTRANDO EL CAMINITO  HIDDEN PATHWAYS

muHipl'l(a:h'(;n Y divisién

| !
Lt

multiplication and division E'M 5

‘ A

ST

[
2—10 8 3 6

B 6—z0| |@u

¢ Puede hacerlos fodos?  Can you do all of them?

' | | 1 |
6 72 2 ° T 4 28 | 2. | 2 6
-+ 4+ S - 4+ + - -+ +
24 1z El 2 14 28| Fl Y4 3 5
-+ 4 S - 4+ 4+ A -+ 1+ -
2 Y4 8 47 a 2 3 5
| N I [ | 1
[ G [ |
7 9 3 20 6 2 7
+ - — — —  +
8 3 3 1 10 2 12 1Y
- + + A H+ + 4+ 94 I+ +
3 6 3 21 1518 4 24 12
- + + 14 -+ + 4 .+ + -
9 14 | © 2 5 | 6 8 2 2
[ | |
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ENCONTRANDO EL CAMINITO

HIDDEN PATHWAYS
usando

using
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HIDDEN PATHWAYS

ENCONTRANDO EL CAMINITO

using + 4 F;?fi! _

usando

r—%———}——}—-*—‘*‘—”"{"‘k"ﬂ
N L | 1
e I S N
[ 1 L1 L1

"f“ﬂ‘Jr—“Jr—‘l—J — + 4+
I R R L
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ENCONTRANDO EL CAMINITO

HIDDEN PATHWAYs | | | [ jooal  [TG00P)
usando ",w £ \:\‘ B JrO*O‘ C%O'
using ‘M" L 0,0,

1 l l I T ‘
-+ o+ 4 F + o+ 4 b o+ 4+ -
4+ 4 - 4+ 4+ A -+t S

| | l [ l |

| T T | I !

- 4+ 4 - + + 4 + + + -
- + + 4 F + + 4  + + -
r 1 | I | I
1 |
+ — n — 1

R T S
- 1+  + -+ T - + + -
| | | l L
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How many differerit combinations?
.- - uSINg abeandick—qor 1, 2,3, 4 and 5.

¢Ciantas combinaciones diferentes hay?

-~usando un"pafifo de a diez "pava 1,2, 3, 4 45

00
@,
3

(9_7/237/5:)2:@4 2/2{3\4
7A23'+5~123 4517@3454
@%%34J'234512345
@>""£—345[1 234|512 3/4|5]
@{12345~123\4JSA2345
|2345~123451/2J3H5
@-{12345_123145_;ZY3}45
@-ﬂ 2 3lu(sll1]2]3]4 5111 23«5 |
(3= 11z ]3]u]5][ 1]z sul5|[112]3]4]s
@—L’ 2|3 4\51112(3 4\511 2|3 |45
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Beansticks

H w many different” combinations?
- uswg apeangtice for 1,2, 3 4 and 5.

“usando un'patito de a diez"para 1,2, 3,4 y 5. //%/
@i a@{l 36 usu%ﬂ
&7 W T

CCuﬂld:\“ combinaciones diferentes hay”?

@—@/’Mﬁ n

@-C%WMMV Y17 3%
W '/,m,;// r

o

Introducing the Problem

Some children will prefer to use real beansticks for
this activity. They will need a 1-stick, 2-stick, 3-stick,
4-stick and 5-stick. The number in the hexagon at
the left of each row of numbers tells how many beans
must be picked up. Any or all of the five beansticks
can be used. Each block of numbers, 1 through 5,
provides a place to record a combination of sticks
the child used to pick up the given number of beans.

In the first example, we could get five beans by
picking up a 1-stick and a 4-stick. Thus, we colorin
the “1”" and the “4” in the first block of five numbers.
But we could also get five beans by simply picking
up the 5-stick. So, we color the “5” in the second
block of five numbers. Is there another way to pick
up five beans?

Talking about the Problem

This problem is more difficult than it seems
because it is rather easy to find three different
combinations for the numbers, 5, 6, 7, 8, 9, and 10.
But with 11, difficulty arises. Aimost everyone

26a

expects to find three ways, but can’t do it. Likewise
with 12. With 13 and 14, only one way can be found in
each case.

Extensions and Surprise Endings

Did anyone notice that the solutions for seven
beans and eight beans can be seen as the same
question?

There is a total of fifteen beans. If you pick up
seven, then you leave eight down. So, to show
combinations for eight, color in what you didn't
color in for seven. For nine, all you need to do is
reverse the coloring for six.

For ten, simply reverse the coloring scheme for five.

Really, the easiestapproach to this problem would
be to start from the bottom of the page and work up.

@ — How many was {o leave Lot colored? (1)

@ —> How many ways Yo leave 2 not colored7(1)

@ — How many weys 4o leave 3 nat coloved ?(2)

@ —> How many ways o leave 4 not olored 2(2)

How would the problem change if we started out
with just four beansticks: the 1-, 2-, 4-, and 8-sticks?
Amazing! The results would reveal that:

(a) there is a stick oracombination of sticks forall
numbers one through fifteen, and

{b) there is only one stick or combination for any
number one through fifteen.

There is one and only one way to pick up one
through fifteen beans. There is no other
combination of four sticks for which statements (a)
and (b} are true.
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Beansticks
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- A 6 7 afg_p_g_)(}(m 15
3. 4.2 1.5 ¢c789 oW 2XXis
3.4, 5.2, X789 X 12131415

L2592, 6 X 8.9 W 123 15
4352, K7 8aXioW e uis
A4, 532 WX 8 2 00X 2B Hs
J5.3.4.2, s 1789 XK s
s 8.3, 67 X9 0 W zB k5

Introducing the Problem

Children may feel most comfortable in this
activity if they have their own set of beansticks. They
will need a 1-stick, 2-stick, 3-stick, 4-stick, and 5-
stick. Beansticks should be arranged side by side, as
shown in the diagram on the activity page. The
arrangement should be recorded as shown in the
example.

The object of the game is to find two or more
beansticks whose beans add up to 6; then two or
more whose beans add up to 7,then to 8,t09,and so
on for each number through 15. However, the
beansticks chosen must be neighbors; that is, they
must be next to one another. Children vary the
arrangements of sticks and for each arrangement,
they try to find a combination for each number, 6
through 15. Ifanumber cannot be done, that number
should be circled or crossed out in the record. With
the arrangement shown in the diagram at the top of
the activity page,

1203, 1,54,

there is no way to show neighbors for7, 8,12, or 14.

27a

As they work at the problem, children should be
on the lookout for an arrangement of the beansticks
that will allow them to do all the numbers, 6 through
15.

Talking About the Problem

(1) Did anyone find an arrangement that allowed
all numbers to be done? An arrangement that
allowed all but one? An arrangement that
allowed all but two? There is no arrangement
such thatallnumbers can be done. Noris there
an arrangement that allows all numbers but
one. Several arrangements can be found that
allow all but two numbers to be done.

(2) For what arrangement did you have the most
numbers crossed out? The arrangement

4,2,%3, 1,5,

has no combination of neighbors for five
numbers — 7, 8, 12, 13, and 14.

(3) Suppose we wanted to arrange the sticks so
that we could get combinations for as many
numbers, 6 through 15, as possible. How could
we do this? We might start by figuring out how
the sticks should be arranged to allow 15, then
to allow 14, to allow 13, and so on. Since there
are 15 beans all together on the five sticks, any
arrangement will allow you to do 15. Fourteen
is a bit more difficult. To do 14, we have to be
able to leave just one bean out. Therefore, the
1-stick has to be at one of the ends of the

arrangement. So the plan begins to take
shape:
| 1 i —l ' ]
or
;‘J 1 B N )

To get 13, we have to be able to leave 2 beans
out. Thus, the 2-stick must be on the otherend
of the arrangement. So we have

l_z‘lllll\

or

| 2

{ 1 A I\ 1 A

With the 1-stick and the 2-stick on the ends,
the three remaining sticks (the 3-, 4-, and 5-
sticks) will be neighbors and will add to 12, no
matter how they are arranged (3 + 4 +5 = 12).



Beansticks (continued)

So,wegoontolookat11. Toshow 11, we must
leave 4 beans out. Thus, we have to putthe 3-

stick next to the 1-stick:
L 2 1 1 3 1 l

1 )

or

12

Now we have the 4-stick and the 5-stick left,
and these can be placed in two different ways,
leading to four possible arrangements:

¢l3\ 1

24,53, 1 J,3,5,4,2,
and or and.
1 2,5,%,3.1, (3,452,

None of these combinations can show 10
beans as neighbors. It is also impossible to
show seven beans with either of the top two
arrangements, or six beans with either of the
bottom two. There will always be at least two
numbers that can’t be shown.

(4) What would happen if you could use any five
beansticks and they didn’'t have to be all
different? The arrangement:

, 1,3 3

can show all numbers of beans, 6 through 15:

6t=3+3 1l=1+7+3

T=1 [2=1+ 1+ 7+3
g=1+7 12=1+3+3
Q=1+ i+7 =|+7+3+3
fo=17+3 5=+ +T+3+3

Extensions and Surprise Endings

Suppose the sticks were arranged in a circle:

o o
' ) or \ )
‘X ‘3. .2

Most circular arrangements allow you to show all
numbers, 1 through 15, as individual sticks or
neighbors around the circle. There are just twelve
basically different circular arrangements, if we
consider arrangements such as these to be the

same.
® )
.
(3_(+) B_GY

There are just two basic arrangements which do not
allow all numbers to be done:

(doesn t a\ \ow (doesn+ allow
bor9g Tord)

ciates, 1974)

The activity on the reverse side of this page is
taken from Drill and Practice at the Problem
Solving Level (Curriculum Development Asso-

27b
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Neighbors on a Circle

(Some of the appropriate responses are shown here.)

Introducing the Problem

On this page circles are pictured containing
sections that have various numbers of dots. Neigh-
boring sections (sections that share a side) must be
colored which have a total of dots equal to the
number given in the center of the circle. This activity
is similar to a beanstick activity in which a 1-stick, a
2-stick, two 3-sticks and two 4-sticks are arranged in
a circle as shown below:

K

= GO

b4

Five beans can be shown with the 3-stick and the
2-stick that are neighbors. No two neighbors have a
total of six beans, but the neighbors with two, one,
and three beans have a total of sixbeans. The pair of

28a

neighbors with three and four beans will have a total
of seven. The two sticks with four beans on each will
have a total ofeightbeans, as will the combination of
neighbors with four, three and one beans. There are
two combinations with nine beans;one of them uses
three neighbors and the other uses four neighbors.
There are two combinations with ten beans; one with
three and the other with four neighbors.

This same problem can be presented in still a
different way, using a set of six cardboard triangles.
The triangles should have sides that are ali the same
length. Counters can be glued onto the triangles.

AVONAV VAN

These loose cards can be put into the arrangement
suggested by the problems that are given on this

+op of Page boltom of page

Using the cards, groups of neighbors can be pulled
out of the configuration and considered more easily.
For example, to get ten counters,

Talking about the Problem

If you consider the arrangement shown in the first
six examples on the page, how many different sums
can be shown using just two neighbors? We can
show five sums: 3, 4, 5, 7 and 8. Which sums can be
shown with just two neighbors in the other arrange-
ment shown on this page? We can show four sums:
3,5,6and 7.

How many dots are there in each circle in the first
two rows on the page? There are 17. How many in
each circle in the last two rows on the page? There
are also 17. The same numbers of dots are included
on all of the circles. They are simply arranged
differently.






Neighbors on a Circle

(Some of the appropriate responses are shown here.)

Introducing the Problem

if children have worked with the activity on the
previous page, this one will need little introduction.
Once again, the problem is to color in neighboring
sections in the circles which have numbers that sum
to the number in the center of the circle.

You may want to introduce the activity for some
children in another setting. Sixdice can be arranged
inacirclesothat1,2,3,4,5and6arerepresentedin
the same order as they are shown on the wheels on
this page.

Can we find combinations of neighboring dice to
represent all numbers, 7 through 187 If there are two
possible ways to make a number, list both of them.

29a

Talking about the Problem

What numbers can be shown with more than one
combination? The numbers 8, 9, 12 and 13 can be
shown in more than one way. Are there combina-
tions for numbers that are larger than 187 Yes,
combinations can be found for 19, 20 and 21.

Extensions and Surprise Endings

If we were allowed to use just one section of the
circle at a time, how many numbers could we make?
We could make justsix: 1,2, 3,4,5and 6. If we could
use two sections ata time, how many numbers could
we make? We could make five: 3,6, 7,8and 10. Let’s
compile this information in a chart:

number of

neighbors
0-———-0
J——--1,2,3456
2-————3,6,7 8,10
3----8912,131%15 /8
U--==111213 14158
5----16,1718,19,20
6—---2I

Now suppose that we rearrange this information and
look for interesting patterns.

number of
neighbors

O-—
6___

f=—-1, 23 4 5 6 .
B b+156=2]
5——-zo,|q,$8,|7,lb,15:]

2-—-3 6 1 8,10
v 6 LS, o+=21
Y4--—8, 1514 ;G,Hj' 1=Z

3---8, 912,13 -
(Goaiz g 5 d 12+e=2!
This result should not be too surprising. The sum of
all the numbers in the circle is 21.

When one section or a combination of
neigboring sections is selected to represent some
number, then the neighbors that are left out must
add up to 21 minus that number. For example, if a
combination of neighbors is used to show 9, the
remaining neighbors must add up to 12, since 21 -9
= 12. If one section is colored, then five neighbors
are not colored; if two are colored, then four are not.
This is why the patterns emerged in the table we just
created.

0
I:]0+21=zl






Neighbors on a Circle

(Some of the appropriate responses are shown here.)

Introducing the Problem

This page is clearly a simple extension of the
previous activities. We now have eight numbers
around the circle, instead of six. All of these “Sums
of Neighbors” activities grew out of “Beanstick
Neighbors” activities, and you might want to use
beansticks to introduce this activity to some of the
children. Suppose we had eight beanstick “neigh-
bors” living in a row in order from one to eight.

100080E ¢

(N @ (3) W (5) (b) (1) (8)

Can neighbors be found that have nine beans? Ten
beans? Eleven beans? What is the smallest number
of beans that cannot be shown with neighbors?
Sixteen is the smallest. What other numbers up to
and including 20 cannot be shown as neighbors? 19
is the only one that can’t be shown. Of the numbers
larger than twenty, 23, 29, 31, 32 and 34 cannot be
shown. Of course, since there is a total of 36 beans,
any number larger than 36 cannot be shown.

30a

The activity on this page can be looked at as a
record of a similar activity which would use eight
beansticks in a circular arrangement. Notice that in
this arrangement the 2-stick and the 3-stick have
changed places. All the other numbers are in their
natural order as you go clockwise around the circle.
Neighbors which add to the number in the center of
the circle are to be colored in.

Talking about the Problem

Could you find a combination for every number?
Yes, there is one for each. Why do you think that the
two and the three were switched around? Itturns out
that if the numbers were in their natural order, there
would be no combination for 17. There would also
be no way to do 19. Since the total of all the numbers
is 36, if 17 cannot be done, neither can 19, for36-17
=19.

Extensions and Surprise Endings

Let’s consider the numbers 1, 2, 3,4, 5, 6,7 and 8.
Can you see an easy way to find the sum of aii those
numbers?

The sum of the firstand lastis 9. Moving in from both
ends, we find three more sums of nine:7+2=9,6+3
=9,an